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Abstract

We present here a novel framework within which the implementation of sub-Doppler cool-

ing, in prevalent form manifest as polarisation gradient cooling, on atomic systems subsis-

tent in both a free-space regime and one in the presence of a deep, far-off resonant dipole

trap, can be fundamentally understood. We develop first a theoretical means through

which the predicted presence or absence of atomic cooling, for an arbitrary frequency of

an incident cooling field, on the 𝐷2 line of 85Rb can be made. Following such a develop-

ment, the framework itself is applied to both free-space atomic systems and those under

which the imposition of a dipole potential is physically realised, in the pursuit of making

transparent the mechanisms governing the integration of polarisation gradient cooling in a

diverse array of systems. Excellent agreement is evinced between theory and experiment in

all atomic systems investigated, suggesting that the theoretical framework developed pro-

vides an adequate description regarding the mechanisms of polarisation gradient cooling

pertinent to its implementation on the 𝐷2 line of 85Rb.
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Chapter 1

Introduction

1.1 Motivation

The basis of modern atomic physics is predicated upon the optical manipulation of mi-

croscopic systems, a conceptualisation first asserted by the conclusion of James Maxwell

that, in a medium through which (electromagnetic) waves propagate, there exists a pres-

sure normal to the waves and numerically equal to the energy contained in a unit vol-

ume [1]. Whereas the quantification of the force borne from electromagnetic radiation

is encapsulated, in its entirety, within Maxwell’s theory of electromagnetism, experimen-

tal realisations of this “radiative force” were demonstrated only at the dawn of the 20th

century [2], with the extension to atomic species exemplified some decades later [3, 4].

The advances, pertinent to laser technology, of the post 1960’s were concurrent with the

original proposals of modern laser cooling. Established upon the notion that laser light

allows for particulate accelerations on the order of 105 times that of gravity, radiation

pressure incident on micron-sized spheres, culminating in particle motion in the direction

of the light, demonstrated the viability of lasers in the pursuit of optically manipulating

microscopic systems [5]. The extension to control of atomic ensembles is quite natural;

to circumvent the general transparency of atoms, one invokes the use of light resonant

with an atomic transition to elicit photonic absorption which, in concert with isotropic re-

radiation through spontaneous emission, yields a net force in the direction of the incident

light [6]. Atomic motion can hence be suppressed when the directions of light propagation

and atomic velocity are anti-parallel.

With radiation pressure providing a framework for laser cooling, interest in the late

1970’s turned to the optical cooling, and subsequent confinement, of atomic samples.

Similar endeavours using ionic species had proven successful [7], but the complications of

optical pumping and Doppler shifts hindered the extension of optical cooling to ensembles
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INTRODUCTION

of neutral atoms [8–10]. Of these, solutions to the latter incorporated elegant uses of

“chirp cooling” [11], broad-band laser sources [12, 13] and “Zeeman cooling” [14, 15]. In

particular, the implementation of Zeeman cooling proved to be an efficient means through

which optical pumping could be avoided [16–18] and, with ameliorations to earlier schemes,

was instrumental in procuring collections of atoms suitable for trapping [19].

Early conceptualisations for the confinement of cold atoms were proposed on the basis

of both magnetic [20] and optical [21] mechanisms. Observations of magnetically trapped

atoms [22] preceded those of an optical nature owing, in part, to the requirement for

scattering-force traps to overcome the limitations of the “Optical Earnshaw Theorem” [23,

24]. Nonetheless, building on the critical role of the Doppler effect in radiative cooling, the

advent of “optical molasses” beautifully demonstrated the optical confinement of sodium

atoms with temperatures consistent to the Doppler cooling limit [25]. While confined, the

atoms were emphatically not trapped; there exists no restorative force keeping the atoms

in the molasses, only a viscous inhibition of their escape.

The elusivity of optically trapping an atomic ensemble was surmounted through the

use of optical molasses to load a single-focus laser trap [26], from which further, “proof

of principle” demonstrations of the trapping configuration were inspired [27]. Such traps

were established on the basis of the “dipole” or “gradient force”, a force manifest through

the interaction of an induced atomic dipole with the intensity gradient of an optical electric

field [28]. To produce traps reliant on the scattering force, circumvention of the optical

Earnshaw theorem is predominantly realised with the inclusion of a weakly inhomogeneous

magnetic field, which serves to break the symmetry of the otherwise-degenerate Zeeman

sub-levels, into an optical system akin to that of optical molasses [29, 30]. Today, such a

configuration is referred to as a magneto-optical trap (MOT) [31].

Amongst the collective euphoria over the advances in laser cooling and trapping how-

ever, the behaviour of optical molasses had come under more rigorous investigation. In

particular, measurements of the molasses lifetime as a function of both optical detuning

and intensity imbalances, sharply contrasted those calculated on the basis of Doppler cool-

ing theory [32]. Further observations of temperatures significantly below the theoretical

Doppler limit, as well as dependencies therein on various experimental parameters that

deviated from the predictions of Doppler theory [33, 34], all prompted new insights into

the mechanisms underpinning laser cooling. The theory that emerged elegantly combined
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INTRODUCTION

an admixture of multilevel atomic structures, spatially-varying polarisations, light shifts

and optical pumping operating in concert to dampen atomic motion, and was christened

polarisation gradient cooling (PGC) [35,36].

The serendipitous discovery of PGC sparked a highly productive line of research, rang-

ing from atomic fountains [37, 38] to atomic interferometry [39]. Given the scope of this

thesis, of particular interest are treatments pertaining to the applicability of the PGC

mechanism to atoms confined in an optical dipole potential [40,41], a direction which has

the obvious allure of subsequent experimentation on trapped, low temperature atoms. In

the pursuit of realising ever lower atomic temperatures, most notably those below the

single photon recoil limit, PGC predominantly serves as a precooling mechanism for sub-

sequent free-space cooling schemes, such as velocity-selective coherent population trapping

(VSCPT) [42,43] and Raman cooling [44,45]. The viability of dipole potentials as a plat-

form to in-trap cooling has driven the application of Raman cooling to far-off resonant

dipole traps (FORTs), wherein three-dimensional cooling of sodium atom ensembles to

subrecoil temperatures has been achieved [46,47].

Recent developments in Raman side-band cooling have intertwined PGC and FORTs

by implementing PGC as a precooling mechanism on single Rubidium atoms confined

to an optical tweezer, thus ensuring that the side-band cooling is initialised far into the

Lamb-Dicke regime [48, 49]. Of particular note from these efforts is the use of optically

trapped individual atoms, an area which has garnered considerable interest in recent years.

Trapped single atoms present themselves as candidates for quantum information through

the potential to operate as a string of interacting qubits with long coherence times [50]. An

array of optical microtraps, with each site storing a single atom, is an attractive working

arrangement to fulfill such a criteria [51], and schemes purposed to implement this have

incorporated PGC as a form of post-molasses cooling [52,53].

Further to the above consideration of atomic cooling imposed upon individual, confined

Rubidium atoms, prior to the research embodying this thesis sub-Doppler temperatures

have been measured for single, optically trapped atoms subject to cooling light tuned to

both the 𝐷1 and 𝐷2 lines of 85Rb, near-resonant with those transitions originating from

the 𝐹 = 2 and 𝐹 = 3 ground states, respectively. While, again, such culminations offer

alluring avenues from which the experimentation on trapped, low temperature atoms can

be initiated they are realised, in stark contrast to the predicate of this thesis, in shallow
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INTRODUCTION

FORTs: the following research investigates rather, and in particular, the implementation

of sub-Doppler cooling on the 𝐷2 transition line of a single 85Rb atom confined to a deep

far-off resonant dipole trap.

To effect atomic cooling in an deep optical dipole trap is to operate within a regime

whereby the difference in light-shifts imparted upon individual magnetic states in the

excited state manifold of the 𝐷2 line is comparable to the hyperfine splitting of the manifold

itself. As such, the absence of atomic cooling from within this (previously unexplored)

deep regime was supposed, based on the predicate that individual 𝐹-states constituent in

the 𝐷2 (excited state) hyperfine manifold were not selectively addressable. Rather, any

semblances of atomic cooling were predicted on the basis of the light tuned to address the

𝐷1 transition line wherein are observed light-shifts independent, under the imposition of

a linearly-polarised optical trap, of the pertinent magnetic states, with the light on the

𝐷2 line serving merely to optically pump those atoms that fall in the 𝐹 = 3 ground state

back into the cooling cycle.

The use of deep optical traps, while practical for PGC on confined atoms, has there-

fore the drawback of inducing large light shifts on atomic energy levels. Typically, this

requires that the PGC light be frequency shifted in order to accommodate for the A.C

Stark shift effect on the atoms. Efforts to circumvent this complication have involved the

use of doughnut-mode (Laguerre-Gaussian) dipole potentials as optical traps, whereby

atoms confined to the dark centre of the mode are subject to PGC [54]. Pulsed PGC

of 85Rb atoms, where the cooling light is periodically applied at times coincident with

the trap being shut off, has proven effective in avoiding such problematic light shifts [55].

Despite these complications, in-depth investigations into the correlation between atomic

temperatures obtained through PGC and trap polarisation have been performed [56].

Motivated by the aforementioned experimental realisations, this thesis sets out to com-

prehend assiduously the implementation of sub-Doppler cooling in deep, far-off resonant

optical traps. Contrary to the above scribed expectations, we find that the dominant cool-

ing is imparted by the cooling light addressing the 𝐷2 transition, with that light tuned to

the 𝐷1 line offering only a marginal improvement, in addition to acting as a repump beam.

Moreover, we show that the atomic cooling realised is manifest as a generalised form of

Sisyphus cooling in which all magnetic states constituting those excited states to which

the 𝐹 = 3 ground state is coupled (namely, the 𝐹 ′ = 4, 𝐹 ′ = 3 and 𝐹 ′ = 2 hyperfine
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INTRODUCTION

levels) are employed. Consequently, we develop a model that predicts both the presence

and absence of this Sisyphus cooling in those instances where cooling light, of an arbitrary

frequency, interacts with the entire excited state manifold and unearth agreement between

its culminations and those experiments undertaken in both free space and in a deep optical

trap.

As a final point of clarity, we deem it incumbent upon ourselves to stipulate that, for

the remainder of this thesis, reference to the atomic cooling (or lack thereof) of optically

confined atoms implicitly assumes the implementation of a deep trap regime, rather than

that of the previously-investigated shallow trap regime wherein it is permissible to address

each excited state in the hyperfine manifold individually.

1.2 Thesis Roadmap

The structure for this thesis follows the progressively increasing complexity of the physics

encountered throughout the course of the undertaken research. Specifically, the framework

for this thesis is as follows:

Chapter 2 provides the theoretical background required to understand the mecha-

nisms pertinent to the optical cooling and trapping implemented in this research. We

first review the theory of Doppler cooling and derive its associated limitations, following

which we detail the principles of polarisation gradient cooling as we delve into the sub-

Doppler regime. We also analyse the fundamental concepts of the far-off resonant trap,

with particular focus on calculating the light shifts induced upon a multilevel atom.

Chapter 3 is structured into two parts signifying two differing, yet interconnected,

elements of this research. The first section advances the mathematical treatment of the

previous chapter through extending the results therein to a more useable framework within

which a theoretical foundation, purposed with elucidating the functional dependence of

atomic cooling on the frequency detuning of the cooling field, can be established. Section

II investigates the experimental validity of the theory encapsulating the previous section

by analysing the effect of polarisation gradient cooling on an ensemble 85Rb atoms in

free-space for a range of cooling frequencies within the hyperfine manifold.

Chapter 4 presents the pièce de résistance of this research by evaluating the theo-
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INTRODUCTION

retical predictions made in the wake of the previous chapter against the experimentally

obtained results pertinent to the atomic cooling of a sample of 85Rb atoms confined to a

deep, far-off resonant dipole trap. Preliminary comments regarding the concurrence, or

lack thereof, between theory and experiment are presented, in addition to the manner in

which the experimental findings are procured being expounded upon.

Chapter 5 aims to conclude this thesis by providing a further, in-depth discussion of

the results obtained in the previous chapter. We discuss the possible underlying mecha-

nisms responsible for our findings, and examine the agreement between the computational

and experimental outcomes. Finally, we consider the potential applications of our work,

and outline the future directions that the interested reader could address.
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Chapter 2

Theoretical Background

The experimental procedures described in this thesis are predicated on the invocation of

polarisation gradient cooling (PGC) on atomic samples, where the atoms themselves may

either be confined to a far-off resonant dipole trap (FORT) or subsisting in free space. As

such, an understanding of those principles pertinent to laser cooling is critical for a reader

following this research. The first sections of this chapter will address these mechanisms

directly by following a story-like progression through the history of laser cooling; the theory

surrounding Doppler cooling will be reviewed and then extended as the magneto-optical

trap (MOT) is introduced, following which sub-Doppler cooling will be explored through

PGC in both bright and dark molasses.

Optical dipole traps are an integral component of this work, as those atoms subject

to in-trap PGC are confined to a deep FORT. Thus, knowledge of both the formation of

a FORT, and the effects of the trapping light on the atoms, is crucial. The final sections

of this chapter establish the basic concepts of atomic interactions with a far-detuned light

field, presenting both the confinement of atoms to an optical potential and a quantification

of the light-shifted atomic structure as a result.

2.1 Doppler Cooling

2.1.1 Scattering Forces

As is often required when presenting a theoretical background, one must determine a

suitable point from which to begin. For our purposes, let us assume that the work of

Maxwell [1] is well understood, such that we may commence our discussion by considering

the radiative forces resulting from photon-atom interactions. The conservation of momen-

tum stipulates that an object undergoing radiative absorption will experience a change in

momentum, resulting in a force equal to the rate at which light imparts momentum to the

7
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object.1 Radiation of intensity I incident on a surface of area A therefore exerts a force

given by,

𝐹𝑟𝑎𝑑 = 𝐼𝐴
𝑐

, (2.1)

where the quantity IA represents the absorbed power: in the interest of perspective, an

object irradiated by a power of 1 W will experience a force on the order of nano-Newtons.

For macroscopic objects, such a force is negligibly small and thus ignored in one’s everyday

reality; for atoms, however, the case is quite the opposite. When directed onto a sample

of narrow-band absorbers (such as the atoms of a dilute gas), the use of laser light elicits

large absorption cross sections and considerable forces on very light objects. In the context

of an atom subject to a counter-propagating laser then, the radiative force takes the form,

𝐹𝑟𝑎𝑑 = −𝜎𝑎𝑏𝑠𝐼
𝑐

, (2.2)

where 𝜎𝑎𝑏𝑠 represents the atomic absorption cross section, and the negative sign indicates

a force opposing atomic motion. While Eq. 2.2 does not enforce a quantum description

of the radiative force, it is often convenient to consider the processes in terms of photon-

atom interactions. Thus, the scattering force, originating from the atomic recoil following

photonic absorption,2 can be written as,

𝐹𝑠𝑐𝑎𝑡𝑡 = ℏ𝑘
𝑁𝑝ℎ

Δ𝑡
, (2.3)

corresponding to the momentum, ℏ𝑘, imparted by one photon multiplied by the number

of photons, 𝑁𝑝ℎ, absorbed per unit time, Δ𝑡. Alternatively, one may view the scattering

force as the rate at which the absorbed photons impart momentum to the atom,

𝐹𝑠𝑐𝑎𝑡𝑡 = (photon momentum) × (scattering rate). (2.4)

1This force is equivalent to the quotient of the energy delivered by the light per unit time and the speed

of light, since 𝐸𝑛𝑒𝑟𝑔𝑦
𝑀𝑜𝑚𝑒𝑛𝑡𝑢𝑚 = ℏ𝜔

ℏ𝑘 = 𝜔
𝑘 = 𝑐

2Until stated otherwise, we assume a two-level atom.

8
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We denote by 𝑅𝑠𝑐𝑎𝑡𝑡 = Γ𝜌22 the scattering rate, with Γ the natural linewidth and 𝜌22, the

fractional atomic population in the excited state, given by, [57]

𝜌22 =
(Ω

Γ )2

1 + 4 (Δ
Γ )2 + 2 (Ω

Γ )2 , (2.5)

where Ω is the Rabi frequency, and Δ = 𝜔 − 𝜔0 is the detuning. With the scattering rate

defined thus, insertion into Eq. 2.4 yields,

𝐹𝑠𝑐𝑎𝑡𝑡 = ℏ𝑘Γ
2

2 (Ω
Γ )2

1 + 4 (Δ
Γ )2 + (Ω

Γ )2 , (2.6)

or, as is more standard, in terms of intensities,3

𝐹𝑠𝑐𝑎𝑡𝑡 = ℏ𝑘Γ
2

𝐼
𝐼𝑠𝑎𝑡

1 + 𝐼
𝐼𝑠𝑎𝑡

+ 4 (Δ
Γ )2 , (2.7)

where 𝐼𝑠𝑎𝑡 is the saturation intensity for the addressed atomic transition. Eq. 2.7 marks

our first quantitative derivation of atomic cooling, and as such merits further examination.

We observe that the scattering force reaches its maximum value at resonance (that is,

for Δ = 0); this feature is consistent with, and indeed arises from, the scattering rate

exhibiting identical behaviour for the same resonance condition. Taking the limit as 𝐼 → ∞

(or equivalently, setting the derivative of Eq. 2.7, with respect to 𝐼, equal to zero), we

note that the force saturates to a limiting value of ℏ𝑘Γ
2 . This limit is particularly clear:

above saturation, an atom is continuously undergoing photonic absorption and gains a

recoil momentum ℏ𝑘 at the maximum rate of Γ
2 , which is limited only by the lifetime 1

Γ

of the excited state.4 For weak-field radiation however (𝐼<<𝐼𝑠𝑎𝑡), the scattering force is

simply proportional to the light intensity. The dependency of the scattering force on both

the light detuning and intensity is delineated in Fig. 2.1.

3Here, we use the relation 𝐼
𝐼𝑠𝑎𝑡

= 2Ω2

Γ2
4The factor of 1

2 arises from the fact that, for large intensities, the population of the excited state

approaches an upper bound of 1
2 owing to the saturation of the transition.

9
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Figure 2.1: Functional dependence of the scattering force in Eq. 2.7 on the detuning, Δ,

from the atomic resonance and on the laser intensity, 𝐼. (a) Depicted is the Lorentzian

lineshape signifying the relationship between the scattering force and the frequency detun-

ing of the incident light field. On-resonance is observed the peak value for the scattering

force, with the magnitude therein decreasing as 1
Δ2 for non-zero detunings. (b) Delineated

are the various profiles for the scattering force under the imposition of differing radia-

tion intensities. For weak-field radiation, the scattering force is simply proportional to the

light intensity (green curve); for increasing intensities, the scattering force commensurately

increases (blue curve) and saturates to a limiting value of ℏ𝑘Γ
2 (red curve).

Even for an atom, the momentum imparted by a single photon is incredibly small. As

a case in point, an atom of Rubidium-85 (85Rb) will move at a thermal velocity of 300

ms-1 in a temperature of 300 K, while the velocity change induced by the absorption of

a single resonant photon5 is merely 6 mms-1. To bring an atom to rest would therefore

require 5 × 104 scattering events, a condition readily surmountable with the advent of

the laser. A 85Rb atom, irradiated beyond saturation with resonant light, experiences a

5This is referred to as the recoil velocity, and is defined as 𝑣𝑟𝑒𝑐 = ℏ𝑘
𝑚
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maximum scattering force of 1.6 × 10−20 N, corresponding to an acceleration some 10,000

times larger than that of gravity. It is upon the foundation of such drastic decelerations

that the first observations of atomic cooling were made.

Radiatively cooling an atomic beam to rest by the treatment described above requires

that the atoms are subject to a constant deceleration, which in turn requires sustained

photonic absorption. As previously mentioned, Doppler shifts hinder an atom’s ability to

continuously absorb photons: for resonant light, atoms will experience a large scattering

force only over a narrow band of velocities, given by Δ𝑣 ≃ Γ
𝑘 , for which the corresponding

range of Doppler shifts is approximately equal to the natural linewidth of the transition.

An ingenious solution to this problem is that of Zeeman cooling, a method in which

the perturbation of atomic energy levels is induced by a spatially-varying magnetic field,

such that atoms remain resonant with light of a constant frequency. A simple kinematic

treatment shows that, for a constant deceleration, the atomic velocity as a function of

position is,

𝑣(𝑧) = 𝑣0√1 − 𝑧
𝐿0

, (2.8)

where 𝑣(𝑧) is the velocity at position 𝑧, 𝑣0 is the initial velocity and 𝐿0 is the minimum

distance required to bring an atom to rest. To account for the change in Doppler shift as

the atoms decelerate from 𝑣0 to the selected final velocity, the frequency shift induced by

the Zeeman effect must satisfy the condition,

𝜔0 + 𝜇𝐵𝐵(𝑧)
ℏ

= 𝜔 + 𝑘𝑣. (2.9)

On the left-hand side of Eq. 2.9 is given the Zeeman shift for an atomic magnetic moment

𝜇𝐵 subject to a spatially-varying magnetic field 𝐵(𝑧), which acts to increase the atomic

resonance frequency from the zero field value of 𝜔0; the right-hand side describes the

addition to the laser frequency 𝜔 by the Doppler shift 𝑘𝑣. Despite, in practice, a given

atomic sample having a wide spread in initial velocities, the experimental premise of

Zeeman cooling lies in the implementation of a magnetic field whose maximum strength, at

a particular point in space, is given such that the field-induced Zeeman shift, in conjunction

11
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with the velocity-induced Doppler shift of the atomic transition frequency, serves to realise

atoms with initial velocity 𝑣0 as resonant with the incident laser light: consequently, this

velocity class of atoms undergoes photon absorption and therefore decelerates. While the

ensuing change (read: decrease) in atomic velocity elicits a commensurate change in the

associated Doppler shift, the change is compensated by the Zeeman shift as the atoms

travel to a point in space where the magnetic field is weaker, such that atoms with initial

velocities slightly lower than 𝑣0 come into resonance and thus also begin to decelerate.

This process continues with the initially (relatively) higher velocity atoms decelerating

and remaining on-resonant with the incident light, while initially slower atoms shift into

resonance and decelerate as they move in the magnetic field. Eventually, the entirety of

those atoms with velocities lower than 𝑣0 are brought to a final velocity dependent on

both the details of the laser tuning and the applied magnetic field.

To realise the nature of the magnetic field profile required by Zeeman cooling, one

notes the insertion of Eq. 2.8 into Eq. 2.9, such that,

𝐵(𝑧) = 𝐵0√1 − 𝑧
𝐿0

+ 𝐵𝑏𝑖𝑎𝑠, (2.10)

for 0 ⩽ 𝑧 ⩽ 𝐿0, where,

𝐵0 = ℎ𝑣0
𝜆𝜇𝐵

and 𝐵𝑏𝑖𝑎𝑠 = ℏΔ
𝜇𝐵

. (2.11)

Fig. 2.2(a) shows the magnetic field profile for on-resonance light (that is, 𝜔 = 𝜔0 and

therefore 𝐵𝑏𝑖𝑎𝑠 = 0), for which the field attains its maximum value of 𝐵0 for 𝑧 = 0; Fig.

2.2(b) shows the field profile for a non-vanishing value of 𝐵𝑏𝑖𝑎𝑠, where the field drops to

zero and subsequently reverses. Owing to the abrupt cessation of the field, the latter

configuration in particular is conducive to atoms having sufficient velocities to traverse

beyond the extent of the magnetic field, to regions where further cooling, trapping or

observations can be performed.

12
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Figure 2.2: Magnetic field profiles, described by Eq. 2.10, for 𝐵𝑏𝑖𝑎𝑠 = 0 (a) and 𝐵𝑏𝑖𝑎𝑠 ≠ 0

(b). Note in both cases the decrease in magnetic field strength with increasing 𝑧, a be-

haviour which compensates the decreasing frequency observed by an atom as it decelerates.

2.1.2 Optical Molasses

In the pursuit of complete atomic cooling, an atom’s motion must be damped in all three

dimensions. The natural progression of our discussions thus far (in which we have subject

an atomic beam to a single counter-propagating laser beam only) is therefore to extend our

uni-directional treatment to two, mutually counter-propagating laser beams. As delinated

in Fig. 2.3(a), the symmetry of such a configuration imparts no net force on an atom at

rest; for an atom in motion however, the Doppler effect will cause preferential absorption

from one of the beams, culminating in a non-zero resultant force experienced by the atom.

To examine this claim further, consider the reference frame of an atom moving to the

right in a pair of counter-propagating beams tuned to the red of an atomic transition, as

in Fig. 2.3(b). In this frame, the Doppler effect blue-shifts the observed frequency of the

light propagating in the direction opposite to the atom’s velocity to resonance, thereby

increasing the rate of absorption from this beam, whilst simultaneously red-shifting the

co-propagating beam further from resonance. Expressed mathematically, the total force

13
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Figure 2.3: A one-dimensional optical molasses configuration in which an atom is irradi-

ated by two counter-propagating beams with frequencies tuned to the red of an atomic

transition. (a) A stationary atom experiences no net force as both beams elicit identical

photonic scattering rates; a moving atom however, as in (b), scatters more light from the

beam propagating in the direction opposite to the atom’s velocity as a direct result of the

Doppler effect, culminating in the damping of atomic motion.

is simply the sum of the scattering forces from the individual beams,

𝐹𝑡𝑜𝑡 = 𝐹𝑠𝑐𝑎𝑡𝑡(𝜔 − 𝜔0 − 𝑘𝑣) − 𝐹𝑠𝑐𝑎𝑡𝑡(𝜔 − 𝜔0 + 𝑘𝑣),

≃ ℏ𝑘Γ
2

𝐼
𝐼𝑠𝑎𝑡

⎡⎢
⎣

1

1 + 4 (𝜔−𝜔0−𝑘𝑣
Γ )

2 − 1

1 + 4 (𝜔−𝜔0+𝑘𝑣
Γ )

2
⎤⎥
⎦

, (2.12)

where the first term in the square parentheses is the force generated by the red-shifted co-

propagating beam, while the second term is that of the blue-shifted counter-propagating
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beam.6 A small velocity expansion of the equation above yields the simple result,

𝐹𝑡𝑜𝑡 ≃ −𝛼𝑣, (2.13)

which describes a frictional force with damping coefficient,

𝛼 = −4ℏ𝑘2 𝐼
𝐼𝑠𝑎𝑡

2Δ
Γ

[1 + (2Δ
Γ )2]

2 , (2.14)

which is positive for a configuration of red-detuned light, Δ = 𝜔 − 𝜔0 < 0, in accordance

with the experimental arrangement prescribed above. The damping of atomic motion

with the use of counter-propagating laser beams, to which the force described by both

Eqs. 2.12 and 2.13 is inherent, is innately reliant on the Doppler effect, thereby prompting

the technique to be christened “Doppler cooling”; in particular, the frictional character of

the force in 2.13 lends the name “optical molasses” to the physical configuration outlined

above. The typical force profile associated with Doppler cooling is shown in Fig. 2.4.

Despite Eq. 2.13 accurately describing the atomic dynamics at small velocities it

cannot, in principle, be used to predict conclusively those atomic temperatures realised

through experiment. For a pair of beams propagating parallel to the 𝑧 axis, a straightfor-

ward classical treatment yields,

𝑑𝐸
𝑑𝑡

= 𝑑
𝑑𝑡

(1
2

𝑚𝑣2
𝑧)

= 𝑚𝑣𝑧
𝑑𝑣𝑧
𝑑𝑡

,

= 𝑣𝑧𝐹𝑡𝑜𝑡,

= −𝛼𝑣2
𝑧,

= − 𝐸
𝜏𝑑𝑎𝑚𝑝

, (2.15)

for an atom of mass 𝑚, and a damping time 𝜏𝑑𝑎𝑚𝑝 = 𝑚
2𝛼 . Eq. 2.15 suggests the phys-

ically unrealistic prediction that the atomic energy can be made arbitrarily small given

sufficiently long cooling times. In reality, the equilibrium between the cooling elicited by

6Note Eq. 2.12 is written for the low intensity limit, 𝐼<<𝐼0.
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Figure 2.4: Doppler cooling profile described by Eq. 2.12 (solid lines), shown for a red-

detuning of Δ = −Γ
2 . In the small velocity regime, the force exhibits a linear dependence

on the atomic velocity, while the damping coefficient 𝛼 is proportional to the slope of

the force curve under the same constraint. Note that the force is negative for 𝑣 > 0 and

positive for 𝑣 < 0, a characteristic which culminates in atomic deceleration irrespective of

the direction of atomic velocity. The forces produced by each of the beams separately are

shown as dotted lines: not shown in the figure are the cases for 𝑣 = 0 or Δ = 0, whereby

the forces from the two beams cancel for all velocities.

the mean force detailed in Eq. 2.13, and heating instigated by the discrete nature of the

absorption and emission processes, imposes a finite limit for the temperature attainable

by Doppler cooling. The physical mechanisms by which heating occurs, namely the force

fluctuations induced by both spontaneous emission and by inconsistencies in the number

of absorbed photons in a given period, determine a diffusion in velocity space of the atom

akin to that of Brownian motion for microscopic particles in air. In the absence of cooling,

this “random walk” in velocity space is ascribed to an average squared velocity growing

linearly with time, for both absorption and emission processes, described by,

⟨𝑣2
𝑧⟩

𝑠𝑝𝑜𝑛𝑡
= 𝜂𝑣2

𝑟𝑒𝑐𝑅𝑠𝑐𝑎𝑡𝑡𝑡 and ⟨𝑣2
𝑧⟩

𝑎𝑏𝑠
= 𝑣2

𝑟𝑒𝑐𝑅𝑠𝑐𝑎𝑡𝑡𝑡, (2.16)
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where 𝜂 represents the angular average of the recoil kicks arising from spontaneous photonic

emission. Inserting the heating descriptions of Eq. 2.16 into the string of simplifications

entailing Eq. 2.15 yields,

𝑑 ⟨𝐸⟩
𝑑𝑡

= 1
2

𝑚
𝑑 ⟨𝑣2

𝑧⟩
𝑑𝑡

,

= 1
2

𝑚 𝑑
𝑑𝑡

(⟨𝑣2
𝑧⟩

𝑠𝑝𝑜𝑛𝑡
+ ⟨𝑣2

𝑧⟩
𝑎𝑏𝑠

+ ⟨𝑣2
𝑧⟩) ,

= (1 + 𝜂)𝐸𝑟𝑒𝑐(2𝑅𝑠𝑐𝑎𝑡𝑡) − 𝛼 ⟨𝑣2
𝑧⟩ , (2.17)

where we have assumed the total scattering rate to be 2𝑅𝑠𝑐𝑎𝑡𝑡, owing to the implementation

of two counter-propagating beams, and have defined by,

𝐸𝑟𝑒𝑐 = 1
2

𝑚𝑣2
𝑟𝑒𝑐, (2.18)

the recoil energy. Eq. 2.17 describes the balance between heating and damping for one-

dimensional atomic motion. Let us now extend our derivation to a three-dimensional

configuration, wherein pairs of red-detuned, counter-propagating beam pairs are affixed

to each of the coordinate axes. Under the assumption of a symmetric light field, and

equating Eq. 2.17 to zero, we find,

⟨𝑣2
𝑧⟩ = 2𝐸𝑟𝑒𝑐

2𝑅𝑠𝑐𝑎𝑡𝑡
𝛼

, (2.19)

with identical results along the other beam directions. The kinetic energy of motion

parallel to the 𝑧 axis is related to the temperature through the equipartition theorem,

such that,

1
2

𝑘𝑏𝑇 = 1
2

𝑚 ⟨𝑣2
𝑧⟩ . (2.20)

Substitution for 𝛼 and 𝑅𝑠𝑐𝑎𝑡𝑡 gives,
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𝑘𝑏𝑇𝐷 = ℏΓ
4

1 + (2Δ
Γ )2

(2Δ
Γ )

, (2.21)

which takes its minimum value for Δ = −Γ
2 , giving,

𝑇 𝑚𝑖𝑛
𝐷 = ℏΓ

2𝑘𝑏
. (2.22)

The Doppler temperature defined by Eq. 2.22 characterises Doppler cooling in the low

intensity limit, and depends only on the natural linewidth of the atomic transition being

addressed. Our derivations and explanations outlined thus far have assumed a level of

simplicity not reflected in reality, and we now progress to examine atomic cooling in a

more rigorous framework.

2.1.3 Magneto-Optical Trap

While optical molasses presents an elegant means through which atomic ensembles can be

optically cooled and confined, it is imperative to realise that atoms cannot be indefinitely

trapped within such a configuration. To actively trap an atomic sample is to impose a

position-dependent restoring force acting toward a well-defined trap centre, such as that

realised with the advent of the magneto-optical trap (MOT).

To examine the principle of operation for the MOT, consider the one-dimensional

representation shown in Fig. 2.5. An inhomogeneous magnetic field of the form B(𝑧) =

(𝛽𝑧) ̂𝑧 is applied to an atom for a 𝐽 = 0 to 𝐽 ′ = 1 transition, where J represents the usual

atomic fine structure arising from the coupling between the orbital angular momentum L

of an outer electron and its spin angular momentum S, effecting a disruption in the spatial

symmetry of the otherwise-degenerate Zeeman sub-levels in the atomic excited state. Light

arranged in a configuration akin to that of optical molasses, whereby counter-propagating

beams tuned to the red of an atomic transition are affixed to the coordinate axes, subjects

the atom to both 𝜎+ and 𝜎− radiation, wherein the polarisations are defined relative to

the ̂𝑧 quantisation axis.7. An atom displaced from the trap centre along the 𝑧 axis for

7Note that the quantisation axis is not defined according to the magnetic field direction (which reverses
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Figure 2.5: The mechanism of a magneto-optical trap illustrated for the case of an atom

with a 𝐽 = 0 to 𝐽 ′ = 1 transition. In a magnetic field gradient, the Zeeman splitting of

the sub-levels varies linearly with the atom’s position. Two counter-propagating beams of

opposite circularly-polarised light irradiate the atom, and the selection rules for transitions

between the Zeeman states culminate in an imbalance in the scattering force from the

beams that actively force the atom toward the centre of the trap.

𝑧 > 0 will observe the 𝑚𝐽 = 0 → 𝑚𝐽′ = −1 transition shifted nearer to resonance, thereby

leading to a preferential absorption from the 𝜎− field; as a consequence of the atom-photon

interaction, the atom experiences a radiation pressure force toward the centre of the trap.

For the case of an atom located at 𝑧 < 0, the situation is reversed and the most probable

process is photonic absorption from the 𝜎+ field which, again, produces a net force toward

the trap centre.

Quantitatively, in the low intensity limit once more, the total scattering force is given

by,

crossing 𝑧 = 0) or to the light propagation direction (which is opposite for the two beams)
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𝐹𝑀𝑂𝑇 = 𝐹 𝜎+

𝑠𝑐𝑎𝑡𝑡 (𝜔 − 𝜔0 − 𝑘𝑣 − Δ𝐸(𝑧)
ℏ

) − 𝐹 𝜎−

𝑠𝑐𝑎𝑡𝑡 (𝜔 − 𝜔0 + 𝑘𝑣 + Δ𝐸(𝑧)
ℏ

) ,

≃ ℏ𝑘Γ
2

⎡
⎢⎢
⎣

𝐼
𝐼𝑠𝑎𝑡

1 + 4 (𝜔−𝜔0−𝑘𝑣− 𝑔𝜇𝑏𝑧
ℏ

Γ )
2 −

𝐼
𝐼𝑠𝑎𝑡

1 + 4 (𝜔−𝜔0+𝑘𝑣+ 𝑔𝜇𝑏𝑧
ℏ

Γ )
2

⎤
⎥⎥
⎦

, (2.23)

where the position-dependent Zeeman shift of excited state sub-levels is defined by,

Δ𝐸(𝑧) = 𝑔𝐽′𝜇𝑚𝐽′𝑏𝑧, (2.24)

for which 𝑔𝐽′ is the Landé factor of the excited state 𝑚𝐽′ , 𝜇 is the Böhr magneton, and the

field gradient 𝑏 is chosen such that 𝑔𝐽′𝑏 > 0. Expanding Eq. 2.23 for small displacements

𝑧 and small velocities 𝑣, one finds that the total force exerted on the atom is,

𝐹𝑀𝑂𝑇 ≃ −𝑚𝜔2𝑧 − 𝛼𝑣, (2.25)

which describes the force imposed on a damped harmonic oscillator. Eq. 2.25 is easily gen-

eralised for atoms with different electronic configurations or to three-dimensions, whereby

cooling light is implemented in the remaining orthogonal directions: the qualitative re-

sults are unchanged, and Eq. 2.25 holds vectorially, providing the possibility for optically

cooling and trapping atoms in three dimensions.

2.2 Sub-Doppler Cooling

2.2.1 Polarisation Gradient Cooling

The theory of atomic cooling as presented thus far was initially considered a complete

description, elegant both in its simplicity and apparent truth. When subject to further

investigation however, discrepancies between theoretical predictions and physical eventu-

alities of optical molasses prompted new insights into the principles that govern atomic

cooling. Of particular note were the observations of atomic temperatures significantly
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lower than those constrained by the theory of Doppler cooling, and it is now to this that

we turn our attention.

Doppler theory is built on the framework of a two-level atom, a characteristic rarely

reflected in reality. To advance our description of atomic cooling, we must account for the

complete, multi-level structure of real atoms. The Zeeman structure of the ground state

in many alkali atoms in particular, while adding theoretical complexity when compared

to a two-level treatment, allows for the emergence of new cooling processes.

There exist several schemes of sub-Doppler cooling, depending on the choice of the

polarisations of the molasses beams. Inherent to all, however, is the dissipation of atomic

energy through the harmonious combination of multilevel atomic structures, spatially-

varying polarisations, light shifts born from the atomic interaction with an external electric

field and optical pumping. The theory consolidating these features into a framework of sub-

Doppler cooling is termed polarisation gradient cooling (PGC), of which exist two variants:

namely, the 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 (often, and herein, referred to as “Sisyphus PGC”) and 𝜎+ − 𝜎−

configurations. Our treatment of PGC here will be initially limited to a one-dimensional

discussion of a transition whereby a photon absorption event serves to increase the total

angular momentum by one (referred to as “bright molasses”): To that end, suppose that

we have an atom in 𝑧 with multiple Zeeman sub-levels in the ground and excited states 𝑔

and 𝑒, irradiated by two red-detuned laser fields that propagate along opposite directions

on the 𝑧 axis. Treating the radiation as plane waves, we find,

𝐸+(𝑧, 𝑡) = 𝐸+
0 𝑐𝑜𝑠(𝑘𝑧 − 𝜔𝑡) ̂𝜖,

= 𝐸+
0 (𝑒𝑖(𝑘𝑧−𝜔𝑡) + 𝑒−𝑖(𝑘𝑧−𝜔𝑡)) ̂𝜖, (2.26)

𝐸−(𝑧, 𝑡) = 𝐸−
0 𝑐𝑜𝑠(−𝑘𝑧 − 𝜔𝑡) ̂𝜖′,

= 𝐸−
0 (𝑒𝑖(−𝑘𝑧−𝜔𝑡) + 𝑒−𝑖(−𝑘𝑧−𝜔𝑡)) ̂𝜖′, (2.27)

where we denote by 𝐸+
0 and 𝐸−

0 the amplitudes of the waves propagating in the positive

and negative 𝑧 directions respectively, with ̂𝜖 and ̂𝜖′ representing the polarisations of the

light fields. The total electric field in 𝑧 at 𝑡 is thus,

𝐸(𝑧, 𝑡) = 𝐸+
0 (𝑒𝑖(𝑘𝑧−𝜔𝑡) + 𝑒−𝑖(𝑘𝑧−𝜔𝑡)) ̂𝜖 + 𝐸−

0 (𝑒𝑖(−𝑘𝑧−𝜔𝑡) + 𝑒−𝑖(−𝑘𝑧−𝜔𝑡)) ̂𝜖′,

= ℰ+(𝑧)𝑒−𝑖𝜔𝑡 + ℰ−(𝑧)𝑒𝑖𝜔𝑡, (2.28)
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where ℰ± represent the positive and negative frequency components of the total electric

field. For our purposes, we require only the former, given by,

ℰ+(𝑧) = 𝐸+
0 𝑒𝑖𝑘𝑧 ̂𝜖 + 𝐸−

0 𝑒−𝑖𝑘𝑧 ̂𝜖′, (2.29)

Eq. 2.29 serves as the foundation from which we explore the polarisation gradient element

of PGC. As previously noted, there exist two distinct implementations of PGC, and we

progress now to investigating the underlying principles for them both.

A. The 𝜎+ − 𝜎− Configuration – Pure Rotation of Polarisation

Let us first consider the simple case in which,

̂𝜖 = ̂𝜖+ = − 1√
2

( ̂𝜖𝑥 + 𝑖 ̂𝜖𝑦) , (2.30)

̂𝜖′ = ̂𝜖− = 1√
2

( ̂𝜖𝑥 − 𝑖 ̂𝜖𝑦) , (2.31)

where Eqs. 2.30 and 2.31 define 𝜎+ and 𝜎− polarised light in terms of the linearly polarised

basis vectors { ̂𝜖𝑥, ̂𝜖𝑦}.8 Eq. 2.29 now becomes,

ℰ+(𝑧) = 1√
2

(𝐸−
0 − 𝐸+

0 ) 𝜖𝑋 − 𝑖√
2

(𝐸−
0 + 𝐸+

0 ) 𝜖𝑌, (2.32)

→
√

2
𝑖

𝐸0𝜖𝑌 for 𝐸−
0 = 𝐸+

0 , (2.33)

where,

𝜖𝑋 = ̂𝜖𝑥𝑐𝑜𝑠(𝑘𝑧) − ̂𝜖𝑦𝑠𝑖𝑛(𝑘𝑧), (2.34)

8Note that we have taken the propagation direction to be along the 𝑧 axis, thereby enforcing the

oscillations of the electric field to be constrained in the 𝑥𝑦 plane.
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𝜖𝑌 = ̂𝜖𝑥𝑠𝑖𝑛(𝑘𝑧) + ̂𝜖𝑦𝑐𝑜𝑠(𝑘𝑧). (2.35)

The total electric field in 𝑧 described by Eq. 2.32 is the superposition of two fields in

quadrature, with amplitudes (𝐸−
0 −𝐸+

0 )√
2 and (𝐸−

0 +𝐸+
0 )√

2 and polarised along 𝜖𝑋 and 𝜖𝑌, deduced

from ̂𝜖𝑥 and ̂𝜖𝑦 through an angular rotation of 𝜙 = −𝑘𝑧 about the 𝑧 axis. The polarisation

of the field is elliptic, and maintains the same ellipticity (𝐸−
0 −𝐸+

0 )
(𝐸−

0 +𝐸+
0 ) for all values of 𝑧; as one

moves along the 𝑧 axis, the axes of the ellipse simply rotate about the 𝑧 axis by an angle

of 𝜙 = −𝑘𝑧. The two incident light fields often propagate with equal amplitudes, such

that 𝐸−
0 = 𝐸+

0 , leading to a total electric field polarised linearly along 𝜖𝑌 as described by

Eq. 2.33. Moving along the 𝑧 axis one finds that the polarisation direction again rotates,

and its extremity forms a helix with pitch 𝜆, as depicted in Fig. 2.6(a).
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B. The 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 Configuration – Gradient of Ellipticity

Suppose now that the two counter-propagating waves are polarised along mutually orthog-

onal linear directions, such that,

̂𝜖 = ̂𝜖𝑥, (2.36)

̂𝜖′ = ̂𝜖𝑦. (2.37)

Let us further stipulate that the amplitudes of the incident waves are equal, prompting,

ℰ+(𝑧) = 𝐸0
√

2 [𝑐𝑜𝑠(𝑘𝑧) (
̂𝜖𝑥 + ̂𝜖𝑦√

2
) − 𝑖𝑠𝑖𝑛(𝑘𝑧) (

̂𝜖𝑦 − ̂𝜖𝑥√
2

)] . (2.38)

Again, we observe that the total electric field is the superposition of two fields in quadra-

ture, with amplitudes 𝐸0
√

2𝑐𝑜𝑠(𝑘𝑧) and 𝐸0
√

2𝑠𝑖𝑛(𝑘𝑧), and polarised along two fixed or-

thogonal directions defined by ̂𝜖𝑦± ̂𝜖𝑥√
2 parallel to the bisectrices of ̂𝑒𝑥 and ̂𝑒𝑦. Unlike the

previous case however, Fig. 2.6 (b) reveals that movement along the 𝑧 axis now elicits a

changing ellipticity of polarisation; simple substitutions for values of 𝑧, increasing from

𝑧 = 0 in increments of 𝜆
8 , yields a polarisation gradient as the ellipticity passes through

a cycle of linear, circular and elliptically polarised light. Such a result holds generally;

for all other configurations implementing differing admixtures of light polarisation for the

counter-propagating beams (with the exception of the 𝜎+ − 𝜎− configuration), there exist

gradients of ellipticity for movement along the propagation axis.

C. Connection with Multilevel Atoms: A Physical Analysis of Polarisation

Gradient Cooling

After now having introduced the basic premise of polarisation gradients associated with

both 𝜎+ − 𝜎− and 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configurations of PGC, let us now examine how the interac-

tion between an atom with a multilevel structure, and an electric field whose polarisation

ellipticity exhibits a spatial dependence, culminates in atomic cooling. Consider, in 𝑧, an

atom whose ground state is described by 𝐽 = 1
2 and excited state by 𝐽 ′ = 3

2 , such that
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Figure 2.6: (Figure adapted from [36]). The two variants of polarisation gradient cooling

(PGC) in a one-dimensional optical molasses and the corresponding implications for the

atomic structure of a 𝐽 = 1
2 → 𝐽 ′ = 3

2 transition. (a) 𝜎+ − 𝜎− configuration, whereby two

counter-propagating beams, 𝜎+ and 𝜎− polarised, produce a linearly polarised electric field

that traces out an ellipse in space. (b) displays the 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configuration in which two

waves of orthogonal, linear polarisations elicit a resultant field with a polarisation ellipticity

that varies along 𝑧. (c) shows the atomic energy level structure under consideration, with

the Clebsch-Gordon coefficients for the various transitions. (d) delinates the (negatively)

light-shifted ground state sub-levels induced for the 𝜎+ and 𝜎− configuration: the light-

shifted energies do not vary with z, whereas those of (e) oscillate in space with a period

of 𝜆
2 as a direct consequence of the polarisation gradient for the 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configuration.

there exists two Zeeman sub-levels in 𝑔 and four in 𝑒, as shown in Fig. 2.6(c). Concerning

the ground state sub-levels in particular,9 one clearly observes a marked difference in the

𝑧 dependence of the light shifts induced as a direct consequence of the cooling light for the

9We restrict ourselves to the low intensity regime, such that the dynamics of the Zeeman sub-levels in

the atomic ground state dominate over those in the excited state.
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two polarisation configurations.10 In the presence of a total electric field characterised by a

constant linear polarisation and field intensity for all 𝑧, such as that described by Eq. 2.33,

the light-shifted energies of the ground state sub-levels are equal and emphatically do not

vary with 𝑧, as shown in Fig. 2.6(d). In contrast, the differing Clebsch-Gordan coefficients

for the various 𝑚𝐽 → 𝑚𝐽′ transitions, in concert with the spatially-varying nature of the

field polarisation, effects an oscillation in 𝑧 for the light-shifted energies of the Zeeman

ground states in the 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configuration (see Fig. 2.6(e)): at the extremes, the 𝑚𝐽 = 1
2

sub-level has the largest shift for purely 𝜎+ polarised light, whereas the 𝑚𝐽 = −1
2 state ex-

periences the largest shift for purely 𝜎− polarised light: both sub-levels are shifted equally

for a linear polarisation of the total electric field. While the magnitude and oscillatory

nature (present or otherwise) of these light shifts imparted for the atomic ground states

are intimately linked to, and inherently depend on, the polarisation configuration incident

upon them, each implementation nonetheless realises a common element. Specifically,

that, under the previously-made supposition of a red-detuned cooling field, the Zeeman

ground states all experience negative light shifts, where such a characterisation is under-

stood through the energies of the atomic ground states being lesser, in modulus, when

irradiated with the cooling light relative to the corresponding energies for those instances

in which the incident field is absent.

To analyse how this behaviour of the Zeeman ground states facilitates atomic cooling,

let us consider the effect of optical pumping on an atom for the 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configuration.11

Suppose an atom is at rest in 𝑧 = 𝜆
8 , such that the field polarisation is purely 𝜎−. Following

repeated photonic absorption (and subsequent emission), the atom is optically pumped

to the 𝑚𝐽 = −1
2 ground state, such that the steady-state populations of 𝑚𝐽 = −1

2 and

𝑚𝐽 = 1
2 become 1 and 0, respectively. We also note that, since the 𝑚𝐽 = −1

2 → 𝑚𝐽′ = −3
2

transition is three times as intense12 as the 𝑚𝐽 = 1
2 → 𝑚𝐽′ = −1

2 transition, the amount

by which the 𝑚𝐽 = −1
2 ground state is shifted by the cooling light is three times larger

(in modulus) than that of the 𝑚𝐽 = 1
2 ground state for the same light polarisation.

10The light shifts in question are related to both the field intensity and the strength of the addressed

transition, discussed further in following sections.
11The predicate for further theoretical treatments within this thesis is precisely the 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configu-

ration, and as such we leave discussions of the 𝜎+ − 𝜎− configuration for later sections.
12The square of the Clebsch-Gordon coefficients of Fig. 2.6(c) represent the transition probabilities.
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Figure 2.7: (Figure adapted from [36]). Depiction of the spatially varying light-shifted

energies for the Zeeman ground states of a 𝐽 = 1
2 → 𝐽 ′ = 3

2 transition in the 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛

configuration and for negative detuning. Represented by filled circles are the steady state

populations of the two ground states: the lowest sub-level, having the largest negative

light shift, is also the most populated.

For an atom located at 𝑧 = 3𝜆
8 where the polarisation is entirely 𝜎+, the previous

conclusions are exactly reversed. Now, the atom is optically pumped to the 𝑚𝐽 = 1
2

ground state, enforcing that the ground state populations for 𝑚𝐽 = −1
2 and 𝑚𝐽 = 1

2 are

equal to 0 and 1, respectively. Contrary to above, we now observe that the 𝑚𝐽 = 1
2 ground

state undergoes a light shift three times larger than that of the 𝑚𝐽 = −1
2 ground state.

Finally, symmetry considerations reveal that an atom irradiated by linearly polarised

light (such as in 𝑧 = 𝜆
4 ) will experience equally populated ground state sub-levels that

undergo the same light shift equal to 2
3 of the maximum light shift effected for purely

𝜎+ or 𝜎− polarisation. This result, and those considered above, are summarised in Fig.

2.7 which delineates the 𝑧 dependence of the light-shifted energies for the ground state

sub-levels of an atom at rest in 𝑧. It is apparent that these energies exhibit an oscillatory

behaviour with a spatial period 𝜆
2 and that, for a given 𝑧, the lowest-energy ground state
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Figure 2.8: (Figure adapted from [36]). Mechanism of Sisyphus polarisation gradient

cooling in the 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configuration. An atom moves from a region of 𝜎− light to one of

𝜎+ whilst remaining in the same Zeeman sub-level. As the intensity of the 𝜎+ increases,

the atom is optically pumped to the lower-energy 𝑚𝐽 = 1
2 state, whereafter it is located

at the bottom of a potential valley. The process is repeated such that, on average, the

atom is predominantly climbing potential hills and thus dissipating energy.

is concurrently the most populated one.

Of course, an atom in an optical molasses is not likely to be at rest as we have subsumed

above. Let us suppose now that the atom is initially located in 𝑧 = 𝜆
8 where the field

polarisation is purely 𝜎−, and let us assume that the 𝑚𝐽 = −1
2 ground state is populated

to unity. Let the atom move with velocity 𝑣 to the right in the polarisation landscape, as

depicted in Fig. 2.8. Given that there exists a finite time 𝜏𝑝 over which optical pumping

between the two ground states occurs, should the atomic velocity be such that the condition

𝑣𝜏𝑝 ≃ 𝜆
4 is satisfied, the atom will remain in the same Zeeman sub-level as it scales the

potential hill, before undergoing optical pumping to the other sub-level upon reaching the

peak due to the pure 𝜎+ polarisation of the cooling field at this position. Consequently,

the atom is now located at the bottom of the next potential valley (occurring at 𝑧 = 3𝜆
8 in
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Fig. 2.8), following which the same sequence is repeated. From the atomic reference frame,

the time lag, 𝜏𝑝, causes the atom to ceaselessly climb potential hills, thereby dissipating

atomic motion by transforming part of its kinetic energy (carried away by spontaneous

emission) into potential energy. Such a process recalls the Greek myth of Sisyphus, a

mortal condemned to forever roll a boulder up a hill, prompting the mechanism to be

christened as Sisyphus PGC.

2.2.2 Grey Molasses

Although the predicate for the plurality of this research is on sub-Doppler cooling mech-

anisms implemented for “bright molasses”, later sections will reveal considerations per-

taining to optical cooling in so-called “grey molasses” or “dark molasses”, and as such we

briefly investigate the concept now.

As the name suggests, optical cooling in a bright molasses regime addresses those atoms

whose entire Zeeman ground state structure is ubiquitously coupled to the incident light

field for all positions in 𝑧, a feature observed on those transitions for which the previously-

examined 𝐽𝑔 → 𝐽𝑒 = 𝐽𝑔 + 1 condition is satisfied. Conversely, the basis of grey molasses is

in the interaction of light with a multilevel structure represented by either 𝐽𝑔 → 𝐽𝑒 = 𝐽𝑔

or 𝐽𝑔 → 𝐽𝑒 = 𝐽𝑔 − 1 nature transitions, for which an admixture of bright and dark states

(ground state sub-levels coupled/decoupled from the light field, respectively) exists [58].

To further expand upon this notion, let us consider, as a case in point, an atom in 𝑧

characterised by a Λ-type 𝐽𝑔 = 1 → 𝐽𝑒 = 1 transition, as shown in the inset of Fig. 2.9.

Suppose further that the cooling field is arranged in the 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configuration with the

light tuned, in stark contrast with bright molasses cooling schemes, to the blue side of the

atomic transition. By virtue of the incident light thereby coupling to a 𝐽𝑔 → 𝐽𝑒 = 𝐽𝑔

nature transition there exists, for every location in 𝑧, at least one linear superposition of

Zeeman substrates that is fundamentally decoupled from the cooling field [58]. Specific to

the transition evaluated here, these dark states take the guise of the 𝑚𝐽 = −1 and 𝑚𝐽 = 1

sub-levels for fields comprised, whether in whole or part, of 𝜎− and 𝜎+ polarisations,

respectively. The premise underpinning this claim is evident upon reference to the inset

of Fig. 2.9: for a cooling field characterised by, in the first instance, a pure 𝜎− (resp.

𝜎+) polarisation, the dark state in question is that of the 𝑚𝐽 = −1 (resp. 𝑚𝐽 = 1)
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Figure 2.9: (Figure adapted from [60]). Cooling mechanism pertinent to grey molasses

for the 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configuration. An atom, initially located in a pure 𝜎− polarised field,

is confined to a dark state in the ground state manifold. Motion in the polarisation

landscape allows the atom to transfer from the decoupled state into a coupled level with

higher energy, at points in 𝑧 where the bright manifold experiences a node in the light-

shifted potential. As with bright molasses, the atom undergoes dominant optical pumping

at the top of a potential hill and decays back into the dark manifold via spontaneous

emission, thereby reducing the sum kinetic energy. INSET: atomic energy level scheme,

and associated Clebsch-Gordon coefficients, for a 𝐽𝑔 = 1 → 𝐽𝑒 = 1 transition.

magnetic sub-level on the basis that, for an atom subsistent within this specific energy

state, no physically realisable transition exists through which atomic excitation can be

effected. Consequently, for those positions in 𝑧 concurrent with pure 𝜎− (resp. 𝜎+)

polarisations of the cooling field, one concludes that the linear superposition of magnetic

sub-levels constituting the dark atomic states is comprised exclusively of the 𝑚𝐽 = −1

(resp. 𝑚𝐽 = 1) Zeeman substrates.

The presence of such uncoupled states is emphatically not limited to those regions in 𝑧

corresponding to purely circular polarisations of the incident light; indeed, this evaluation
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further generalises to those points in the polarisation landscape whereby the cooling field is

characterised by, in the second instance, arbitrary admixtures of 𝜎− and 𝜎+ polarisations.

Consider, without loss of generality, a position in 𝑧 where exists an equal measure of

the two circular polarisations (for example, at 𝑧 = 𝜆
4 ). Contrary to the case detailed

above, here the requisite dark state(s) exists as a linear combination of both the 𝑚𝐽 = −1

and the 𝑚𝐽 = 1 magnetic sub-levels [59], rather than being comprised of purely one

substrate or the other. Here, the underlying premise rests in the notion that the cooling

field is component-wise polarised along both of the �̂�− and �̂�+ basis vectors, such that the

𝑚𝐽 = −1 and 𝑚𝐽 = 1 sub-levels function simultaneously as the requisite dark states under

the affliction of the 𝜎− and 𝜎+ polarised elements of the cooling light, respectively. As

such, one observes that there exists, for every point in 𝑧, a linear combination of Zeeman

substrates that is ubiquitously dark to the incident field. By virtue of the decoupled

nature of these dark states, in the dark manifold is comprised an energy landscape that

is everywhere both static (that is to say, void of any spatial modulation) and near-zero

in energy.13 Conversely, those bright atomic states that freely interact with the cooling

field exhibit the spatially-dependent energies commensurate with bright molasses, with

the alteration that the bright manifold experiences now positive light-shifts (rather than

negative) as a direct consequence of the blue-detuned light implemented for grey molasses.

As a result, and as detailed in Fig. 2.9, the optical potentials of the coupled states lie

above those static potentials of the uncoupled states.

Despite the evident disparities pertinent to the nature of those atomic states implicit

in both the polarisation gradient and grey molasses cooling processes, the underlying

principles upon which each scheme is reliant in order to elicit atomic cooling are remarkably

similar. In particular, whereas the former scheme operates on the basis of coupling between

those atomic states constituent only in a bright manifold, the latter is predicated on

the coupling between such bright atomic states and those comprising the dark manifold

intrinsic to a grey molasses system. Indeed, one gains insight into how such coupling

wrests atomic cooling in a dark molasses scheme by considering, as delineated in Fig. 2.9,

an atom initially confined to the dark manifold at 𝑧 = 𝜆
8 . While the inherent decoupling of

13Off-resonant coupling to higher excited states, as well as polarisation impurities in the optical system,

elicit deviations from both the spatial staticity and zero-energy nature of the dark manifold in reality.
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such dark states from the cooling light prohibits atomic movement to the bright manifold

through optical pathways, the transfer of atomic population from a dark sub-level to one

coupled with the incident field is permissible via motional coupling to the bright manifold.

In particular, the probability of population transfer scales as [60],

𝑃𝑡𝑟𝑎𝑛𝑠 = ∣ ℏ
𝐸𝑐

⟨𝑁𝐶∣ ̇𝐶⟩∣
2

, (2.39)

where |𝑁𝐶⟩ and |𝐶⟩ represent the non-coupled and coupled states respectively, and 𝐸𝑐

defines the light-shifted energy landscape of the coupled state. It appears, then, from Eq.

2.39 that atomic transfer into the coupling states primarily occurs at those points in 𝑧

where there exists a minima in the potential 𝐸𝑐 [60–62], such as that observed at 𝑧 = 3𝜆
8

in Fig. 2.9. Atoms now populating states in the bright manifold scale a potential hill in a

manner consistent with bright molasses, and are optically pumped into the dark manifold

preferentially for points in 𝑧 where the light shifts of the coupled states are largest (see Fig.

2.9) [63–65]; kinetic energy is thereby extracted from the atom by Sisyphus mechanisms

akin to those outlined for bright molasses.

As a remark concluding our detailing of the grey molasses cooling scheme, we stipulate

that, while the discussion of grey molasses presented here concerns a 𝐽𝑔 → 𝐽𝑒 = 𝐽𝑔

transition for a blue-detuned 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configuration, the premise is readily applicable to

transitions of a 𝐽𝑔 → 𝐽𝑒 = 𝐽𝑔 −1 nature, or the implementation of a 𝜎+ −𝜎− arrangement.

2.3 Far-Off Resonant Dipole Traps

2.3.1 Theory of the Dipole Force

The photon-atom interactions that we have examined thus far have been developed on

the predicate of optically cooling atomic samples by way of repeated absorption-emission

processes. The natural progression in the pursuit of trapped, low-temperature atomic

ensembles is the investigation of those schemes pertinent to the optical confinement of cold

atoms. Indeed, Section 2.1.3 considered radiative (scattering) forces and inhomogeneous

magnetic fields operating in concert to trap cooled atoms; this section, however, attends

to a different force arising from the interaction between an atom and an incident light
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field.

Consider the induction of an atomic dipole moment 𝜇 arising from the interaction

between an atom of (complex) polarisibility 𝛼 and an external electric field 𝐸. The dipole

moment oscillates at the driving frequency 𝜔 of the incident light, and in the usual notation

is given by [66],

𝜇(𝑟, 𝑡) = ̃𝜇(𝑟)𝑒−𝑖𝜔𝑡𝜖 + 𝑐.𝑐, (2.40)

where we have defined by ̃𝜇(𝑟) the amplitude of the dipole moment,

̃𝜇(𝑟) = 𝛼𝐸, (2.41)

for which 𝐸 is the amplitude of the incident electric field, whose form is given by the

three-dimensional extension of Eq. 2.26. The interaction energy of the induced dipole

with the electric field is given by,

𝑈𝑑𝑖𝑝 = −1
2

⟨𝜇𝐸⟩ ,

= − 1
2𝜖0𝑐

𝑅𝑒(𝛼)𝐼, (2.42)

where the relation 𝐼 = 2𝑐𝜖0𝐸2 has been invoked to directly observe the field intensity con-

tribution. The angular brackets stipulate that the time average over the rapidly oscillating

terms has been enforced, and the factor of 1
2 reflects the induced, rather than permanent,

nature of the atomic dipole. We observe that the potential energy of the atom embedded

in the external electric field is proportional to both the field intensity and the real compo-

nent of the atomic polarisibility.14 Given that the interaction potential described by Eq.

2.42 is conservative, the dipole force is expressible as,

𝐹(𝑟) = −∇𝑈𝑑𝑖𝑝

14Specifically, 𝑅𝑒(𝛼) describes the in-phase component of the dipole oscillation, relative to the driving

field, responsible for the dispersive properties of the atom-light interaction.
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= 1
2𝜖0𝑐

(𝛼)∇𝐼(𝑟). (2.43)

It is therefore a conservative force, proportional to the gradient of the intensity of the

driving field.

In order to elucidate an explicit form for the dipole potential, the polarisibility 𝛼 must

be determined. To that end, let us consider the atom in the Lorentzian model of a classic

oscillator, whereby an electron of mass 𝑚𝑒 and elementary charge 𝑒 is considered to be

elastically bound to the core by a harmonic potential, with an oscillation eigenfrequency 𝜔0

corresponding to the optical transition resonance. By integration of the familiar equation

of motion ̈𝑥 + Γ𝜔 ̇𝑥 + 𝜔2
0𝑥 = −𝑒𝐸(𝑡)

𝑚𝑒
for driven oscillation, one obtains for the polarisibility

[66],

𝛼 = 𝑒2

𝑚𝑒

1
𝜔2

0 − 𝜔2 − 𝑖𝜔Γ𝜔
, (2.44)

where,

Γ𝜔 = 𝑒2𝜔2

6𝜋𝜖0𝑚𝑒𝑐3 , (2.45)

is the classical damping rate, from which the on-resonance damping rate, Γ, is derived

with the simple substitution 𝜔 → 𝜔0.15 Substitution of Γ into Eq. 2.44 produces the

result,

𝛼 = 6𝜋𝜖0𝑐3
Γ
𝜔0

2

𝜔2
0 − 𝜔2 − 𝑖 ( 𝜔

𝜔0
)

3
Γ

. (2.46)

To apply our results for the atomic polarisibility and the dipole potential in a way that

constitutes reality would require an account of the quantum nature for the atom-field inter-

action to be considered. In particular, a marked difference between a quantum-mechanical

15This Γ is the classical analogue to the spontaneous decay rate of an atomic excited state used in

previous sections and quantitative agreement, to within a few percent, between the two is realised for

atoms with strong dipole-allowed transitions.
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and a classical oscillator model emerges when one considers saturating radiation; for large

intensities of the driving field, the atomic excited state becomes strongly populated and

Eq. 2.46 is no longer valid. Fortunately, optical dipole traps often operate in the far-off

resonant regime, such that the dipole scattering rate, given by,

Γ𝑠𝑐𝑎𝑡𝑡(𝑟) = 1
ℏ𝜖0𝑐

𝐼𝑚(𝛼)𝐼(𝑟) (2.47)

is much smaller than Γ, validating the use of Eq. 2.46 as an approximation for the

quantum-mechanical oscillator. Substituting our expression for the atomic polarisibility

into Eqs. 2.43 and 2.47 yields,

𝑈𝑑𝑖𝑝(𝑟) = −3𝜋𝑐2

2𝜔3
0

( Γ
𝜔0 − 𝜔

+ Γ
𝜔0 + 𝜔

) 𝐼(𝑟), (2.48)

Γ𝑠𝑐𝑎𝑡𝑡(𝑟) = 3𝜋𝑐2

2ℏ𝜔3
0

( 𝜔
𝜔0

)
3

( Γ
𝜔0 − 𝜔

+ Γ
𝜔0 + 𝜔

)
2

𝐼(𝑟). (2.49)

These expressions for the dipole potential and dipole scattering rate assume both large

detunings and small field intensities, and are valid for any driving frequency 𝜔.

The familiar notion of atomic resonance is challenged by Eqs. 2.48 and 2.49; besides

the usually considered resonance for 𝜔 = 𝜔0, the counter-rotating term Γ
𝜔0+𝜔 , present in

both expressions, observes resonance for 𝜔 = −𝜔0. In practice, field detunings are such

that Δ ≡ 𝜔 −𝜔0 satisfies the condition |Δ| << 𝜔0, therefore allowing the counter-rotating

term to be neglected under the rotating-wave approximation. In the case of main practical

interest, then, Eqs. 2.48 and 2.49 simplify to,

𝑈𝑑𝑖𝑝(𝑟) = 3𝜋𝑐2

2𝜔3
0

Γ
Δ

𝐼(𝑟), (2.50)

Γ𝑠𝑐𝑎𝑡𝑡(𝑟) = 3𝜋𝑐2

2ℏ𝜔3
0

( Γ
Δ

)
2

𝐼(𝑟). (2.51)

Eq. 2.50 shows that the sign of the dipole potential directly depends on the sign of Δ. For a

red-detuned driving field, the trapping potential is negative and the interaction therefore

attracts atoms into the potential minima of the light field, corresponding to regions of
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high field intensity. Conversely, a blue-detuned driving field elicits a repulsive interaction,

therefore expelling atoms from the light field in which potential minima are now coincident

with minima in intensity. Eq. 2.51 demonstrates that the scattering rate scales as ( 𝐼
Δ)2,

whereas the dipole potential falls off only as 𝐼
Δ : to minimise photonic scattering and

simultaneously maintain a given trap depth, therefore requires large detunings and high

driving field intensities.

2.3.2 Extension of the Dipole Potential to Multilevel Atoms

The classical oscillator model outlined in the previous section provides an accurate de-

scription of the dipole potential for the postulate of a two-level atom. To progress our

analysis of low-temperature atomic ensembles confined to optical potentials, let us now

examine the implications of far-detuned driving fields on atomic energy states. Akin to

the derivation of Eq. 2.42, suppose that the interplay of an atom with an external elec-

tric field 𝐸 is represented by an interaction Hamiltonian of form ℋ̂ = ̂𝜇 ⋅ 𝐸, for which

̂𝜇 = −𝑒𝑟 denotes the electric dipole operator. Given that the effect of far-off resonant

light on atomic energy levels is often treated as a perturbation, to second order, of the

electric field, the energy of the 𝑖-th atomic state (of unperturbed energy ℰ𝑖) is shifted by

an amount [66],

Δ𝐸𝑖 = ∑
𝑗≠𝑖

|⟨𝑗| ℋ |𝑖⟩|2

ℰ𝑖 − ℰ𝑗
. (2.52)

For the desired energies ℰ𝑖, it is often conducive to analyse the atom-light interactions

in a “dressed state” framework, wherein the atom and field are considered together as a

single entity. An atom subsisting in a bare (undressed) ground state possesses no internal

energy whereas the driving field, in accordance with the number of photons 𝑛 in the

absence of dipole interactions, has energy 𝑛ℏ𝜔: the total energy of the dressed state in

this configuration is therefore ℰ𝑖,𝐷𝑟𝑒𝑠𝑠𝑒𝑑 = 𝑛ℏ𝜔. Upon excitation by a resonant photon,

the sum of the internal atomic energy ℏ𝜔0 and the field energy (𝑛 − 1)ℏ𝜔, yields a dressed

state with energy ℰ𝑗,𝐷𝑟𝑒𝑠𝑠𝑒𝑑 = ℏ𝜔0 + (𝑛 − 1)ℏ𝜔 = −ℏΔ𝑖𝑗 + 𝑛ℏ𝜔. The energy differential

between the two dressed states is therefore ℏΔ𝑖𝑗.

For a two-level atom of ground state |𝑔⟩ and excited state |𝑒⟩, Eq. 2.52 simplifies to,
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Δ𝐸𝑖 = ±|⟨𝑒| 𝜇 |𝑔⟩|2

ℏΔ𝑖𝑗
𝐸2,

= ±3𝜋𝑐2

2𝜔3
0

Γ
Δ𝑖𝑗

𝐼, (2.53)

where the upper and lower signs correspond to the energy shifts of the ground and excited

states, respectively. Eq. 2.53 constitutes an identicality when compared to Eq. 2.50: for a

given field intensity, the optically induced shift16 of the ground state corresponds exactly

to the dipole potential of a two-level atom. Should the intensity of the driving field exhibit

a spatial dependence as exemplified by Eq. 2.50, one can interpret the spatially-varying

ground-state energy as the relevant potential for the motion of atoms. These ideas are

summarised in Fig. 2.10.

Computation of the light-shifted atomic states for atoms whose electronic transitions

contain a multilevel sub-structure is inherently more complex than the two-level system

outlined above. To apply Eq. 2.52 to a multilevel atom, requires that the dipole matrix

elements 𝜇𝑖𝑗 = ⟨𝑒𝑗∣ ̂𝜇 |𝑔𝑖⟩ between specific electronic ground |𝑔𝑖⟩ and excited ∣𝑒𝑗⟩ states are

known.17 We analyse now a simplified means through which this requisite is realised.

Consider, by the matrix element ⟨𝐹 𝑚𝐹| 𝑒𝑟 |𝐹 ′ 𝑚′
𝐹⟩, the two hyperfine sub-levels |𝐹 𝑚𝐹⟩

(ground state) and |𝐹 ′ 𝑚′
𝐹⟩ (excited state) coupled through the dipole interaction.18 In

computing these matrix elements, it is often conducive to factor out the angular depen-

dence 𝐹, and write the matrix components as the product of a Clebsch-Gordan coeffi-

cient ⟨𝐹 𝑚𝐹|𝐹 ′ 1 𝑚′
𝐹 𝑞⟩ and a reduced matrix element ⟨𝐹| | ̂𝜇| |𝐹 ′⟩, in accordance with the

Wigner-Eckart theorem, such that [67],

⟨𝑒𝑗∣ ̂𝜇 |𝑔𝑖⟩ = ⟨𝐹 𝑚𝐹| ̂𝜇 |𝐹 ′ 𝑚′
𝐹⟩ ,

= ⟨𝐹| | ̂𝜇| |𝐹 ′⟩ ⟨𝐹 𝑚𝐹|𝐹 ′ 1 𝑚′
𝐹 𝑞⟩ , (2.54)

16This effect is often referred to as the “A.C Stark shift”.
17A laborious task, given that a single ground state can couple to multiple excited states in an atom

with multilevel structure.
18F denotes the total atomic angular momentum, with 𝑚𝐹 representing the projection of ̂𝐹 on the

quantisation axis.
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Figure 2.10: A.C Stark shift induced on a two-level atom coupled to a red-detuned driv-

ing field. (a) For a given intensity, the ground and excited states experience an equal-

magnitude energy shift with a negative/positive directionality respectively. (b) For a

spatially-varying field intensity, such as that of a Gaussian beam, produces a ground-state

potential well in which an atom can be trapped.

where 𝑞 is an index labeling the component of 𝑟 in the spherical basis,19 and the double

bars indicate that the matrix element is reduced. In terms of a Wigner 3 − 𝑗 symbol, Eq.

2.54 becomes, 20

⟨𝐹 𝑚𝐹| ̂𝜇 |𝐹 ′ 𝑚′
𝐹⟩ = ⟨𝐹| | ̂𝜇| |𝐹 ′⟩ (−1)𝐹 ′−1+𝑚𝐹

√
2𝐹 + 1 ⎛⎜

⎝

𝐹 ′ 1 𝐹

𝑚′
𝐹 𝑞 −𝑚𝐹

⎞⎟
⎠

. (2.55)

The reduced matrix element can be further simplified by extracting the 𝐹 and 𝐹 ′ depen-

19Put another way, q represents the polarisation of the light field, and takes the value 0 for linearly

polarised light and ±1 for 𝜎± polarisations.
20Note that the Clebsch-Gordan coefficient vanishes unless 𝑚𝐹 = 𝑚′

𝐹 + 𝑞
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dence into a Wigner 6 − 𝑗 symbol, leaving a matrix element dependent only on the 𝐿, 𝑆

and 𝐽 quantum numbers via the intermediate expression, 21

⟨𝐹| | ̂𝜇| |𝐹 ′⟩ = ⟨𝐽| | ̂𝜇| |𝐽 ′⟩ (−1)𝐹 ′+𝐽+1+𝐼√(2𝐹 ′ + 1)(2𝐽 + 1)
⎧{
⎨{⎩

𝐽 𝐽 ′ 1

𝐹 ′ 𝐹 𝐼

⎫}
⎬}⎭

, (2.56)

which, after a final reduction, gives the desired result [67],

⟨𝐽| | ̂𝜇| |𝐽 ′⟩ = ⟨𝐿| | ̂𝜇| |𝐿′⟩ (−1)𝐽′+𝐿+1+𝑆√(2𝐽 ′ + 1)(2𝐿 + 1)
⎧{
⎨{⎩

𝐿 𝐿′ 1

𝐽 ′ 𝐽 𝑆

⎫}
⎬}⎭

, (2.57)

The numerical values for ⟨𝐽| | ̂𝜇| |𝐽 ′⟩ can be computed from either Eq. 2.57 or from the

radiative lifetime of the atomic states under consideration, given by [67],

1
𝜏𝐽𝐽′

= 𝜔3
0

3𝜋𝜖0ℏ𝑐3
2𝐽 + 1
2𝐽 ′ + 1

|⟨𝐽| | ̂𝜇| |𝐽 ′⟩|2 , (2.58)

In light of these derivations as a modification to Eq. 2.54, the full dipole matrix element

can therefore be expressed as,

𝜇𝑖𝑗 = ⟨𝑒𝑗∣ ̂𝜇 |𝑔𝑖⟩

= 𝑐𝑖𝑗 |⟨𝐽| | ̂𝜇| |𝐽 ′⟩| , (2.59)

for which,

𝑐𝑖𝑗 = ⟨𝐹 𝑚𝐹|𝐹 ′ 1 𝑚′
𝐹 𝑞⟩ (−1)𝐹 ′+𝐽+1+𝐼√(2𝐹 ′ + 1)(2𝐽 + 1)

⎧{
⎨{⎩

𝐽 𝐽 ′ 1

𝐹 ′ 𝐹 𝐼

⎫}
⎬}⎭

. (2.60)

Using Eq. 2.52 with Eqs. 2.59 and Eq. 2.60, one can compute the A.C Stark shift

imposed on the energy levels of an atom of any ground state |𝐽 𝐹 𝑚𝐹⟩ to any excited state

|𝐽 ′ 𝐹 ′ 𝑚′
𝐹⟩.

21𝐿, 𝑆 and 𝐽 denote the orbital, spin and total angular momentum of the electron, respectively.
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2.3.3 Physical Realisation of a Dipole Potential

The discussion thus far has followed a theoretical passage regarding the implications of a

far-detuned driving field on a multilevel atom, but has made no mention as to the physical

realisation of a dipole potential. Aligned with the criteria of Eq. 2.50, one observes that

a spatially-varying field intensity is imperative for the formation of an optical dipole, a

requisite satisfied by a Gaussian beam. In particular, the intensity profile of a Gaussian

laser is given by,

𝐼(𝑟, 𝑧) = 2𝑃
𝜋𝜔2(𝑧)

𝑒𝑥𝑝 [− 2𝑟2

𝜔2(𝑧)
] , (2.61)

for a beam propagating along the axial direction 𝑧 at any off-axis coordinate 𝑟 and with

optical power 𝑃. The position-dependent 1
𝑒2 radius 𝜔(𝑧) is designated,

𝜔(𝑧) = 𝜔0√1 + ( 𝑧
𝑧𝑅

)
2

, (2.62)

where 𝜔0 is the beam waist and defined by 𝑧𝑅 = 𝜋𝜔2
0

𝜆 is the Rayleigh length. From the

intensity distribution, one can derive the optical potential due to a Gaussian beam by

using Eq. 2.50, for which the trap depth ̂𝑈 is given for ̂𝑈 = |𝑈(𝑟 = 0, 𝑧 = 0)|.

A particularly useful approximation for the potential arises in the regime wherein the

thermal energy 𝑘𝐵𝑇 of an atomic ensemble is much smaller than the potential trap depth:

the extension of the atomic sample is therefore radially small compared to the beam waist,

and axially small compared to the Rayleigh length. The dipole potential can, in this case,

be modeled as a cylindrically symmetric harmonic oscillator [66],

𝑈(𝑟, 𝑧) ≃ − ̂𝑈 [1 − 2 ( 𝑟
𝜔0

)
2

− ( 𝑧
𝑧𝑅

)
2

] , (2.63)

from which emerge the radial oscillation frequency 𝜔𝑟𝑎𝑑 = √ 4�̂�
𝑚𝜔2

0
and the axial oscillation

frequency 𝜔𝑎𝑥 = √ 2�̂�
𝑚𝑧2

𝑅
of an atom confined to the dipole potential.

Specific to the work encompassed in this research is the implementation of polarisation

gradient cooling to single 85Rb atoms confined to a far-off resonant dipole trap. A com-
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Transitions Wavelength, 𝜆 (𝑛𝑚) |⟨𝐽| ̂𝜇 |𝐽 ′⟩|2 (𝐶2𝑚2)

5𝑆1/2 ↔ 5𝑃1/2 794.98 6.43 × 10−58

5𝑆1/2 ↔ 5𝑃3/2 780.24 1.28 × 10−57

5𝑃1/2 ↔ 4𝐷3/2 1475.86 1.16 × 10−57

5𝑃1/2 ↔ 5𝐷3/2 762.10 3.28 × 10−58

5𝑃1/2 ↔ 6𝑆1/2 1323.69 3.09 × 10−58

5𝑃1/2 ↔ 6𝐷3/2 620.80 4.54 × 10−59

5𝑃1/2 ↔ 7𝑆1/2 728.20 4.04 × 10−59

5𝑃1/2 ↔ 8𝑆1/2 607.24 4.53 × 10−60

5𝑃3/2 ↔ 4𝐷3/2 1529.26 2.36 × 10−58

5𝑃3/2 ↔ 4𝐷5/2 1529.37 2.13 × 10−57

5𝑃3/2 ↔ 5𝐷3/2 776.16 7.83 × 10−60

5𝐷3/2 ↔ 5𝐷5/2 775.97 7.04 × 10−59

5𝑃3/2 ↔ 6𝑆1/2 1367.67 6.56 × 10−58

5𝑃3/2 ↔ 6𝐷3/2 630.10 5.64 × 10−60

5𝑃3/2 ↔ 6𝐷5/2 630.20 4.95 × 10−59

5𝑃1/2 ↔ 7𝑆1/2 741.02 3.23 × 10−59

5𝑃3/2 ↔ 8𝑆1/2 616.13 8.81 × 10−60

Table 2.1: Dipole-allowed transitions of 85Rb used for the calculation of the light shifts

induced by the dipole potential on the 5S1/2, 5P1/2 and 5P3/2 states and the corresponding

wavelengths |⟨𝐽| ̂𝜇 |𝐽 ′⟩|2 values [68].

prehensive treatment for the implications of the trapping light on the cooling mechanism

therefore requires knowledge of the light shifts imparted to the atomic energy levels. As

such, we consider a linearly polarised far-off resonant driving field with a Gaussian inten-

sity profile and wavelength 𝜆𝐷𝑖𝑝𝑜𝑙𝑒 = 1064, focused to a spot size of 𝜔0 = 1.161 𝜇m and

power 𝑃 = 24.55 mW at the position of the atom. In computing the A.C Stark shifts

induced by the dipole light, we consider several transitions originating from the 5S1/2,

5P1/2 and 5P3/2 states, shown in Fig. 2.11 and Tab. 2.1, which are chosen due to the

large transition strengths and small detunings.
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Figs. 2.12 and 2.13 delineate the calculated light shifts for the relevant hyperfine and

magnetic levels in 85Rb imposed by our dipole trap. The creation of a potential well is

apparent from Fig. 2.12, which shows that the ground-state light shift is independent of

𝐹 and corresponds to a potential depth of ℎ × 39.1 MHz at the trap centre. The optical

shifts for the excited state manifolds on both the 𝐷1 and 𝐷2 lines as a function of 𝑟 and 𝑧

are also displayed, and have been computed assuming a uniform population distribution

across the relevant 𝑚𝐹 states. Fig. 2.12 reveals that the 𝑚𝐹-state averaged shifts for each

hyperfine state in the 𝐷2 manifold is equal, with a similar behaviour observed for the 𝐷1

levels as well. This is expected for linearly polarised fields that are sufficiently far-detuned

to permit the trapping light to interact with the full 𝐽 → 𝐽 ′ transition [67].

For the intensity at the centre of the trap, Fig. 2.13 shows the light shifts for individual

𝑚𝐹 and 𝑚′
𝐹 states on the 𝐷2 line. We observe that the effect of the trapping light elicits

energy shifts comparable to the hyperfine splitting of the excited states on the 𝐷2 manifold,

a feature of particular significance for later discussions of polarisation gradient cooling on

optically confined atoms. Not shown are the equal-magnitude light shifts for the magnetic

sub-levels on the 𝐷1 line, which is a consequence of the equal sums of the squared Clebsch-

Gordan coefficients for those dipole-allowed transitions involving the 𝑚𝐹 states involved

in 𝐷1 excitations.

Given these realisations, and in particular the culminations of Section 2.2, we gain

here our first semblances of clarity pertinent to the relative complexity of the research

undertaken for this thesis. The predicate for the implementation of sub-Doppler cooling

on a given atomic species rests in the permissibility of selectively addressing a single excited

𝐹-state in the hyperfine manifold with an incident cooling field an interaction elicit, as per

the details of Sections 2.2.1 and 2.2.2 in particular, from the coupling between the cooling

light and those specific magnetic states comprising a given, individual 𝐹-state. In a scheme

whereby atomic cooling is sought in either a free-space or shallow-trap regime, such an

atom-light interaction is relatively simplistic given that the magnetic states upon which

the mechanisms of sub-Doppler cooling rest experience either zero or small-magnitude

light-shifts (respectively) relative to the hyperfine slitting of the excited state manifold.

Consequently, addressing a select excited 𝐹-state is achievable on the predicate that the

constituent magnetic substrates are accessible without an appreciable interaction between

the cooling light and those magnetic states inherent to other 𝐹-states existing.
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THEORETICAL BACKGROUND

Figure 2.11: Dipole-allowed transitions of 85Rb used for the computation of the A.C Stark

shifts for 5S1/2, 5P1/2 and 5P3/2. The transition wavelengths, quoted in nanometres, are

labeled alongside the transitions represented by arrows. The vertical electronic energy

scale is not drawn to scale.

Should sub-Doppler cooling be effected in a deep-trap regime however, as in the re-

search embodying this thesis, the requisite of addressing a single excited 𝐹-state becomes

rather more onerous. Given that the realisation of a deep-trap regime is one in which the

difference in those light-shifts imparted upon the magnetic states in the excited manifold

are comparable to the hyperfine splitting within the manifold itself, the feasibility of ef-

fecting an atom-light interaction dominated by a single excited 𝐹-state inevitably fails.

In particular, the reader’s attention is directed, again, to Fig. 2.13 wherein are delin-

eated the light shifts for the individual magnetic states on the 𝐷2 line of 85Rb subject
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Figure 2.12: Light shifts on the 𝐷1 and 𝐷2 lines of 85Rb induced in the radial (upper plot)

and axial (lower plot) directions of a far-off resonant dipole trap. The light shifts are com-

puted as the average of the 𝑚𝐹 sub-levels and assume a uniform population distribution

across them.

to the deep FORT implemented in this research. On the premise that atomic cooling on

the 𝐷2 line of 85Rb often utilises light red-detuned from the cyclic 𝐹 = 3 → 𝐹 ′ = 4
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Figure 2.13: Light shifts of individual 𝑚𝐹 sub-levels on the 𝐷2 line of 85Rb for peak field

intensity at the centre of the trap, shown as a deviation from free-space. The magnetic lev-

els in both ground states experience equal light-shifts, while those of the excited hyperfine

states exhibit a thoroughly non-trivial behaviour.

transition (thus placing the 𝐹 ′ = 4 hyperfine level as the single excited state with which

the cooling light interacts), one immediately observes that the addressing of the 𝐹 ′ = 4

excited state, so simply achieved in either a free-space or shallow-trap regime, does not

extend into the use of a deep optical trap. The reason why is evident upon reference to

Fig. 2.13: for those magnetic states comprising the 𝐹 ′ = 4 and 𝐹 ′ = 3 excited states

in particular (depicted as blue and red squares in the figure, respectively), the difference

in the corresponding light-shifts is, for a collection of these magnetic substrates, on the

order of the hyperfine splitting between these 𝐹-states22. In essence, this culminates in

an incident cooling field red-detuned from the 𝐹 = 3 → 𝐹 ′ = 4 transition interacting

appreciably with magnetic states constituting both the 𝐹 ′ = 4 and 𝐹 ′ = 3 excited states,

such that the requisite addressing of a single excited 𝐹-state demanded by atomic cooling

mechanisms is emphatically not met.

22The hyperfine splitting between the 𝐹 ′ = 4 and 𝐹 ′ = 3 states is approximately 120 MHz.
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Chapter 3

Generalisation of Polarisation Gra-

dient Cooling to “Multi-𝐹” Atomic

Structures

The principles governing the optical cooling of atomic ensembles detailed thus far have been

formulated on the predicate of a model 𝐽𝑔 = 1
2 → 𝐽𝑒 = 3

2 transition. While informative,

the level of complexity for such a system bears little semblance to that of the multilevel

structure present in the 85Rb atoms incorporated into this research: in particular, the

disparity concerning the presence of only a single hyperfine state within the excited state

manifold in the former system and multiple hyperfine excited states in the latter1 forms the

basis for the plurality of this chapter, wherein we generalise our treatment of polarisation

gradient cooling to atomic systems of arbitrary size and complexity.

To that end, the structure of this chapter is twofold. The first section advances the

mathematical treatment of Section 2.2.1.B by extending the results therein to a framework

within which the periodic nature of the 𝜎+/𝜎− polarisation amplitudes for a 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛

configuration is readily apparent. These derivations seamlessly integrate into an algorithm

purposed with providing a theoretical foundation that encapsulates the generalisation of

PGC to 85Rb atoms with complex “multi-𝐹” transition sub-structures, as depicted in Fig.

3.1,2 from which the functional dependence of atomic cooling on the frequency detuning

of the cooling field is subsequently determined.

Section II addresses the experimental validity of the algorithm developed in the pre-

ceding section by analysing the effect of PGC on an ensemble of free-space 85Rb atoms

1For the 𝐽𝑔 = 1
2 → 𝐽𝑒 = 3

2 transition, the upper 𝐽𝑒 = 3
2 level constitutes a single “hyperfine” excited

state.
2“Multi-F”, in this context, simply refers to atoms with multiple excited “𝐹” states in a hyperfine

manifold.
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Figure 3.1: Illustration of the hyperfine structure on the D2 line for 85Rb. Depicted are the

multiple hyperfine levels present in both the ground and excited state manifolds, arising

from the coupling of J with the total nuclear angular momentum I , within which are

embedded the various magnetic sub-levels, represented by the empty squares.

for a range of frequency detunings within the hyperfine manifold. In accordance with the

algorithm structure, the only parameter pertinent to PGC considered is that of the cooling

light frequency.
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3.1 Section I: Theoretical Extension and Algorithm Devel-

opment

3.1.1 Recasting the Total Electric Field

Let us first consider an atom in 𝑧 subject to a pair of counter-propagating beams arranged

in a 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configuration, and let us suppose that the total electric field assumes the

form described by Eq. 2.38. As it stands, ℰ+(𝑧) is therefore represented in terms of

the linearly polarised basis vectors { ̂𝜖𝑥, ̂𝜖𝑦}, which are themselves defined with respect to a

quantisation axis aligned to the propagation direction 𝑧. While Eq. 2.38 clearly reveals the

gradient of field ellipticity experienced by an atom moving in 𝑧, extracting the amplitudes

of the 𝜎+ and 𝜎− components of the electric field for a given 𝑧 is much less obvious.3

Far more conducive is to express the field in the { ̂𝜖+, ̂𝜖−} basis, the vectors for which are

defined by Eqs. 2.30 and 2.31. A simple manipulation gives,

̂𝜖𝑥 = 1√
2

( ̂𝜖− − ̂𝜖+) (3.1)

̂𝜖𝑦 = 𝑖√
2

( ̂𝜖− + ̂𝜖+) (3.2)

such that we may express the total electric field as,

ℰ+(𝑧) = 𝐸0√
2

[ ̂𝜖+ (𝑐𝑜𝑠(𝑘𝑧)(𝑖 − 1) − 𝑠𝑖𝑛(𝑘𝑧)(𝑖 − 1)) +

̂𝜖− (𝑐𝑜𝑠(𝑘𝑧)(𝑖 + 1) + 𝑠𝑖𝑛(𝑘𝑧)(𝑖 + 1))],
(3.3)

such that,

𝐸 ̂𝜖+
= ∣ 𝐸0√

2
(𝑐𝑜𝑠(𝑘𝑧) − 𝑠𝑖𝑛(𝑘𝑧))(𝑖 − 1)∣ , (3.4)

3Since the propagation direction is parallel to the quantisation axis, the field cannot elicit 𝜋 transitions.
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Figure 3.2: Spatially-dependent amplitudes, described by Eqs. 3.4 and 3.5, for the 𝜎+/𝜎−

polarised components of the total electric field in a 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configuration of polarisa-

tion gradient cooling; the red curve represents the 𝜎− amplitude, whereas the blue curve

represents the 𝜎+ amplitude.

𝐸 ̂𝜖−
= ∣ 𝐸0√

2
(𝑐𝑜𝑠(𝑘𝑧) + 𝑠𝑖𝑛(𝑘𝑧))(𝑖 + 1)∣ , (3.5)

define the (spatially-varying) amplitudes for the 𝜎+/𝜎− polarised components of the total

electric field, which are displayed in normalised form in Fig. 3.2. Note the expected

qualitative agreement between this figure and, for example, that of Fig. 2.7: both show

the presence of pure 𝜎+ and 𝜎− polarisations for the same 𝑧, as well as the occurrence of

linearly polarised light for those positions in which there exists an equal admixture of 𝜎+

and 𝜎− polarised light.

3.1.2 System Hamiltonian in a Dressed-State Formalism

Our approach to realising a complete description of an atomic configuration with ar-

bitrarily complex hyperfine structure, follows the derivation of the system Hamiltonian

representing the atom-field interaction in a free-space dressed-state formalism for which
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the atomic energy levels and the field energy are considered together as a single entity,

such that the dressed states are expressible as a linear combination of the bare atomic

states. It is incumbent on the reader to address Appendix A for a full mathematical de-

velopment of the requisite Hamiltonian, as the derivation itself is subsidiary to the final

result. We will however, briefly outline the essential details of the treatment so as to

ensure a comprehensive evolution for the account of this research.

To that end, suppose that the action of an external, time-dependent potential elicits

an alteration in the quantum state of an arbitrary atomic system. The temporal evolution

of the system is naturally described by the associated Schrödinger equation,

(−ℏ2

2𝑚
∇2 + 𝑉 (𝑟) + 𝑉𝑒𝑥𝑡(𝑟, 𝑡)) Ψ(𝑟, 𝑡) = 𝑖ℏ𝜕Ψ

𝜕𝑡
, (3.6)

for which the first two terms on the left hand side define the unperturbed atomic Hamil-

tonian, 𝑉𝑒𝑥𝑡(𝑟, 𝑡) denotes the external potential and Ψ(𝑟, 𝑡) represents the system wave

function. Given that the wave function can be expressed as a linear combination of the

stationary-state orbital functions Φ𝑛(𝑟), Eq. 3.6 can be recast into the following form,

𝑖ℏ ̇𝑎𝑚(𝑡) = 𝐸𝑚𝑎𝑚(𝑡) + ∑
𝑛

𝑎𝑛(𝑡)𝑉𝑚𝑛(𝑡). (3.7)

where 𝐸𝑚 is the energy of the 𝑚-th atomic level, 𝑎𝑚(𝑡) represents the time-dependent set

of expansion coefficients for Ψ(𝑟, 𝑡) in the basis of Φ𝑛(𝑟), and 𝑉𝑚𝑛 is the matrix element

of the external potential defined in the usual way. Suppose that our system is subject to

the external potential detailing an atom-field interaction,

𝑉𝑒𝑥𝑡(𝑟, 𝑅, 𝑡) = −𝑒𝑟 ⋅ 𝐸(𝑅, 𝑡) (3.8)

where 𝑟 defines the relative electron-nuclear distance, 𝑅 is the location of the centre of

atomic mass and E(𝑅, 𝑡), given by Eq. 2.28, defines the external electric field. With the

inclusion of Eq. 3.8, the matrix elements of 𝑉𝑒𝑥𝑡 now take the form,

𝑉𝑚𝑛(𝑡) = −𝑒𝑟𝑚𝑛 ⋅ 1
2( ̂𝜖𝐸0𝑒−𝑖𝜔𝑡 + 𝑐.𝑐), (3.9)

50



GENERALISATION OF POLARISATION GRADIENT COOLING TO “MULTI-𝐹”
ATOMIC STRUCTURES

which assumes the restriction 𝑚 ≠ 𝑛 under the dipole selection rule, and defines by 𝑟𝑚𝑛

the matrix elements of the electron position. Introduction of the parameter,

𝜒𝑚𝑛 = 𝑒(𝑟𝑚𝑛 ⋅ ̂𝜖)𝐸0
ℏ

, (3.10)

allows us to reform Eq. 3.7 as,

𝑖 ̇𝑎𝑚(𝑡) = 𝐸𝑚
ℏ

𝑎𝑚(𝑡) − 1
2 ∑

𝑛≠𝑚
(𝜒𝑚𝑛𝑒−𝑖𝜔𝑡 + 𝜒∗

𝑛𝑚𝑒𝑖𝜔𝑡) 𝑎𝑛(𝑡). (3.11)

Although entirely valid, the applicability of Eq. 3.11 to systems of arbitrary complexity

is not particularly elegant. In order to address the realities of energy degeneracy and

coupling between a ground state manifold and multiple hyperfine levels within an excited

state structure, let us recast Eq. 3.11 into two distinct equations of motion,

𝑖 ̇𝑎𝑔(𝑡) =
𝐸𝑔

ℏ
𝑎𝑔(𝑡) − 1

2 ∑
𝑒

(𝜒𝑔𝑒𝑒−𝑖𝜔𝑡 + 𝜒∗
𝑒𝑔𝑒𝑖𝜔𝑡) 𝑎𝑒(𝑡), (3.12)

𝑖 ̇𝑎𝑒(𝑡) = 𝐸𝑒
ℏ

𝑎𝑒(𝑡) − 1
2 ∑

𝑔
(𝜒𝑒𝑔𝑒−𝑖𝜔𝑡 + 𝜒∗

𝑔𝑒𝑒𝑖𝜔𝑡) 𝑎𝑔(𝑡), (3.13)

where we denote by the summation indices 𝑔 and 𝑒 respectively the ground and excited

states of our system, and understand by the summations themselves that coupling exists

only between such states. Taking the zero of energy to 𝐸𝑔 such that 𝐸𝑒 → 𝐸𝑒 − 𝐸𝑔, elicits

the following simplifications to Eqs. 3.12 and 3.13,

𝑖 ̇𝑎𝑔(𝑡) = −1
2 ∑

𝑒
(𝜒𝑔𝑒𝑒−𝑖𝜔𝑡 + 𝜒∗

𝑒𝑔𝑒𝑖𝜔𝑡) 𝑎𝑒(𝑡), (3.14)

𝑖 ̇𝑎𝑒(𝑡) = 𝜔𝑒𝑔𝑎𝑒(𝑡) − 1
2 ∑

𝑔
(𝜒𝑒𝑔𝑒−𝑖𝜔𝑡 + 𝜒∗

𝑔𝑒𝑒𝑖𝜔𝑡) 𝑎𝑔(𝑡), (3.15)

for which 𝜔𝑒𝑔 represents the resonance frequency between the states |𝑔⟩ and |𝑒⟩. In order to

solve this system of coupled differential equations, suppose that the energy difference be-

tween the ground and excited state manifolds is much larger than that between individual

excited states, such that we may adopt the trial solutions,
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𝑎𝑔(𝑡) = 𝑐𝑔(𝑡), (3.16)

𝑎𝑒(𝑡) = 𝑐𝑒(𝑡)𝑒−𝑖𝜔𝑡. (3.17)

which, upon insertion into Eqs. 3.14 and 3.15, culminate in the following elementary

working equations,

𝑖 ̇𝑐𝑔(𝑡) = −1
2 ∑

𝑒
𝜒∗

𝑒𝑔𝑐𝑒(𝑡), (3.18)

𝑖 ̇𝑐𝑒(𝑡) = Δ𝑒𝑔𝑐𝑒(𝑡) − 1
2 ∑

𝑔
𝜒𝑒𝑔𝑐𝑔(𝑡), (3.19)

for which the steps entailing Eqs. 3.18 and 3.19 have assumed the validity of the rotating-

wave approximation, and defined by Δ𝑒𝑔 = 𝜔𝑒𝑔 − 𝜔 is the atom-field frequency offset, or

detuning.4 The equations of motion described by Eqs. 3.18 and 3.19 can be represented

by a system Hamiltonian,

𝐻𝑔 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 ⋯ −1
2𝜒∗

𝑒1𝑔1
−1

2𝜒∗
𝑒2𝑔1

−1
2𝜒∗

𝑒3𝑔1
⋯

0 0 0 ⋯ −1
2𝜒∗

𝑒1𝑔2
−1

2𝜒∗
𝑒2𝑔2

−1
2𝜒∗

𝑒3𝑔2
⋯

0 0 0 ⋯ −1
2𝜒∗

𝑒1𝑔3
−1

2𝜒∗
𝑒2𝑔3

−1
2𝜒∗

𝑒3𝑔3
⋯

⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮

−1
2𝜒𝑒1𝑔1

−1
2𝜒𝑒1𝑔2

−1
2𝜒𝑒1𝑔3

⋯ Δ𝑒1𝑔1
0 0 ⋯

−1
2𝜒𝑒2𝑔1

−1
2𝜒𝑒2𝑔2

−1
2𝜒𝑒2𝑔3

⋯ 0 Δ𝑒2𝑔1
0 ⋯

−1
2𝜒𝑒3𝑔1

−1
2𝜒𝑒3𝑔2

−1
2𝜒𝑒3𝑔3

⋯ 0 0 Δ𝑒3𝑔1
⋯

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (3.20)

which constitutes a complete description of the system. As a case of validation, should

our system be that of a two-level atom, one clearly observes the reduction of Eq. 3.20 to,

4Note the definition change for the frequency detuning compared to that of previous sections.
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𝐻𝑡𝑤𝑜−𝑙𝑒𝑣𝑒𝑙 = ⎡⎢
⎣

0 −1
2𝜒∗

21

−1
2𝜒21 Δ21

⎤⎥
⎦

, (3.21)

which is the familiar interaction Hamiltonian for a two-level atom subject to an external

electromagnetic field.

Armed with Eq. 3.20, we are now in a position to tailor our extension of PGC to the

multilevel structure present in the 85Rb atoms examined in this research. Given that our

cooling light couples the 𝐹 = 3 ground state to the 𝐹 ′ = 4, 𝐹 ′ = 3 and 𝐹 ′ = 2 hyperfine

excited states on the 𝐷2 line of 85Rb, the system Hamiltonian reduces to a matrix of

dimensionality 28, reflecting the number of distinct magnetic sub-levels embedded within

these ground and excited state manifolds. It is from such a Hamiltonian that we now

advance the development of the correlation between the cooling of ensembles of 85Rb

atoms and the local field detuning.

As discussed in Section 2.2.1.C, of particular interest are the spatially-varying energy

profiles of those (dressed) states on which the mechanism of PGC is inherently reliant. By

integrating the position-dependent amplitudes for the 𝜎+ and 𝜎− polarised components of

the total electric field, derived in Section 3.1.1, into those 𝜒𝑚𝑛 terms present in Eq. 3.21

that represent the coupling between bare atomic states, one can subsequently diagonalise

the now position-dependent Hamiltonian described by Eq. 3.20, and thereupon determine

the eigen-energies (herein referred to as the dressed state energies) of the system, which

prove to be instrumental in the formulation of the aforementioned correlation between

atomic cooling and the frequency of the cooling field.

Diagonalisation of Eq. 3.20 additionally presents a means through which the extrac-

tion of the eigen-states (hereupon termed dressed states) of the atomic system is made

permissible. In general, the dressed states themselves are constructed as linear combi-

nations of the bare atomic states from which an arbitrary system is comprised: specific

to our research however, is the representation of the dressed states in the basis of those

magnetic sub-levels present within both the 𝐹 = 3 ground state of 85Rb, and the hyperfine

excited states to which it is coupled (see Fig. 3.1). Note the omission of the 𝐹 = 2 ground

state from this description: we deem those dressed states containing admixtures of the

magnetic levels embedded within the 𝐹 = 2 manifold to reside outside of the set of dressed
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states imbued with the potential to facilitate the cooling of our 85Rb atoms through the

mechanism of PGC.

3.1.3 Derivation of the Correlation Factor

While our algorithm thus far generates both the dressed states and the correspondent

spatially-varying energy profiles for a system of 85Rb atoms, it does not yet allow for the

elucidation of the presence (or lack thereof) of atomic cooling for a given field frequency.

In order to incorporate this capability, we now derive a correlation factor purposed with

combining the results of the previous section with expressions detailing certain atomic

transitions appropriate for cooling to be elicit. First, we recall that an atom moving in

a spatially-dependent polarisation landscape satisfies the requisite for Sisyphus cooling

when optical pumping between differing (dressed) atomic states is dominant at the top

of a potential hill. This condition suggests that, should the probability function detailing

the likelihood of an atom to undergo, via spontaneous emission, a change in dressed state

be considered against the correspondent energy profile of the initial dressed state, by

observing at which positions in 𝑧 optical pumping is prevalent one can determine the

average contribution of a given dressed state to the overall optical cooling experienced by

an atom.

To that end, suppose that we first represent the transition probability per unit time

of a dressed state changing event as the difference between the probability per unit time

to decay from any initial dressed state and the probability per unit time to subsequently

reside in the same initial dressed state following the decay,

𝑃𝐶ℎ𝑎𝑛𝑔𝑒 = 𝑃𝐷𝑒𝑐𝑎𝑦 − 𝑃𝑅𝑒𝑚𝑎𝑖𝑛. (3.22)

The predicate for the derivation of explicit expressions for the two terms on the right-hand

side of Eq. 3.22 is on the spontaneous emission rate describing the transition between two

coupled dressed states. As such, we employ the Einstein A coefficient,

𝐴 = 𝜔3
0

3𝜋𝜖0ℏ𝑐3 |𝓅|2 (3.23)
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where we represent by 𝓅 = ⟨Ψ𝑏| 𝑒 ̂𝑟 |Ψ𝑎⟩ the coupling between the final and initial dressed

states |Ψ𝑏⟩ and |Ψ𝑎⟩. Given that our dressed states are constructed from linear combi-

nations of specific magnetic sub-levels in 85Rb, we are at liberty to define |Ψ𝑎⟩ and |Ψ𝑏⟩

as,

|Ψ𝑎⟩ = |𝒾⟩

= ∑
𝑚′

⟨𝑚′|𝒾⟩ |𝑚′⟩ + ∑
𝑚

⟨𝑚|𝒾⟩ |𝑚⟩ , (3.24)

|Ψ𝑏⟩ = |𝒻⟩

= ∑
𝑚′

⟨𝑚′|𝒻⟩ |𝑚′⟩ + ∑
𝑚

⟨𝑚|𝒻⟩ |𝑚⟩ , (3.25)

where |𝒻⟩ and |𝒾⟩ now denote the final and initial dressed states, the indices 𝑚 and

𝑚′ represent those magnetic sub-levels contained within the ground and excited state

manifolds respectively. While Eqs. 3.24 and 3.25 constitute a complete description of

both the final and initial dressed states respectively, the integration of these equations, in

their entirety, into our derivation of the correlation factor is not required. Indeed, given

that we seek to employ the use of the Einstein A coefficient, we need only consider the

excited state component of the initial dressed state and the ground state component of the

final dressed state, on the premise that the second sum in Eq. 3.24 and the first sum in

Eq. 3.25 correspond to differing photon numbers in the light fields which are orthogonal,

thus negating any subsequent contribution to the Einstein A coefficient. As such, the

components of the final and initial dressed states to be incorporated into the correlation

factor derivation are,

|𝒾⟩𝐸𝑥𝑐𝑖𝑡𝑒𝑑 = ∑
𝑚′

⟨𝑚′|𝒾⟩ |𝑚′⟩ , (3.26)

|𝒻⟩𝐺𝑟𝑜𝑢𝑛𝑑 = ∑
𝑚

⟨𝑚|𝒻⟩ |𝑚⟩ , (3.27)

where |𝒻⟩𝐺𝑟𝑜𝑢𝑛𝑑 and |𝒾⟩𝐸𝑥𝑐𝑖𝑡𝑒𝑑 detail specifically the ground and excited state components
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of the final and initial dressed states, respectively, that contribute to the Einstein A

coefficient. Considered together, these revelations suggest the following modification of

Eq. 3.23,

𝐴 = 𝜔3
0

3𝜋𝜖0ℏ𝑐3 |⟨𝐽| |𝑒 ̂𝑟 | |𝐽 ′⟩|2 |⟨𝒻| 𝑒 ̂𝑟 |𝒾⟩|2 , (3.28)

from which we henceforth concern ourselves only with the proportionality between 𝐴 and

|⟨𝒻| 𝑒 ̂𝑟 |𝒾⟩|2, on the basis that the constants appearing as coefficients in Eq. 3.28 will be

common to all subsequent expressions.

A. Decay Probability from an Arbitrary Initial Dressed State

In the context of the 85Rb atoms analysed in this research, let us now return to Eq. 3.22

and, with Eq. 3.28 in hand, consider first the probability of decay from any initial dressed

state to an arbitrary final dressed state, such that,

𝑃𝐷𝑒𝑐𝑎𝑦 = 𝐴𝐼𝑛 + 𝐴𝑂𝑢𝑡. (3.29)

Here, the subscripts “𝐼𝑛” and “𝑂𝑢𝑡” describe the transition rates to a final dressed state

that resides either within or outside the set of dressed states with the potential to elicit

atomic cooling: specifically, “𝐼𝑛” and “𝑂𝑢𝑡” constitute the decay of an atom to the 𝐹 = 3

and 𝐹 = 2 ground states, respectively. In order to further examine each of the terms on

the right hand side of Eq. 3.29, we observe that the dipole operator can be represented

in the { ̂𝜋, �̂�+, �̂�−} basis such that |⟨𝒻| 𝑒 ̂𝑟 |𝒾⟩|2 = |⟨𝒻| ̂𝜋 |𝒾⟩|2 + |⟨𝒻| �̂�+ |𝒾⟩|2 + |⟨𝒻| �̂�− |𝒾⟩|2.

Since the action of these three dipole-operator components differ only in which transitions

between magnetic states can be addressed, we are free to consider the effect of only one

element, and assume that similar results hold for the other two.

To that end, let us develop an explicit expression for 𝐴𝐼𝑛 for the ̂𝜋 component of the

dipole operator. Drawing from the definitions of Eqs. 3.26 and 3.27, we have the following,

𝐴𝐼𝑛,�̂� ∝ ∑
𝒻

|⟨𝒻| ̂𝜋 |𝒾⟩|2 ,
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= ∑
𝒻

∣( ∑
𝑚

⟨𝒻|𝑚⟩ ⟨𝑚| )| ̂𝜋|( ∑
𝑚′

⟨𝑚′|𝒾⟩ |𝑚′⟩ )∣
2
,

= ∑
𝒻

∣ ∑
𝑚

⟨𝒻|𝑚⟩ ∑
𝑚′

⟨𝑚′|𝒾⟩ ⟨𝑚| ̂𝜋 |𝑚′⟩ ∣
2
,

= ∑
𝒻

∣ ∑
𝑚=𝑚′

⟨𝒻|𝑚⟩ ⟨𝑚′|𝒾⟩ 𝑀�̂�,𝑚,𝑚′ ∣
2
, (3.30)

where the final step has imposed the condition that 𝑚 = 𝑚′ under 𝜋 excitations, and we

have introduced the parameter 𝑀�̂�,𝑚,𝑚′ to represent the coupling strengths of the various

𝜋 transitions originating from the 𝐹 = 3 ground state on the 𝐷2 line of 85Rb. Expanding

Eq. 3.30 reveals,

𝐴𝐼𝑛,�̂� ∝ ∑
𝒻

∑
𝑚=𝑚′

∑
𝑛=𝑛′

⟨𝒻|𝑚⟩ ⟨𝑚′|𝒾⟩ ⟨𝑛|𝒻⟩ ⟨𝒾|𝑛′⟩ 𝑀𝜋,𝑚,𝑚′𝑀∗
�̂�,𝑛,𝑛′ ,

= ∑
𝑚=𝑚′

∑
𝑛=𝑛′

⟨𝑛| ∑
𝒻

|𝒻⟩ ⟨𝒻|
⏟⏟⏟⏟⏟

=𝛿𝑚𝑛

|𝑚⟩ ⟨𝑚′|𝒾⟩ ⟨𝒾|𝑛′⟩ 𝑀�̂�,𝑚,𝑚′𝑀∗
�̂�,𝑛,𝑛′ ,

= ∑
𝑚=𝑚′

∣ ⟨𝑚′|𝒾⟩ ∣
2
∣𝑀�̂�,𝑚,𝑚′ ∣

2
, (3.31)

where the inclusion of the Kronecker delta 𝛿𝑚𝑛 has enforced the restriction that 𝑚 = 𝑛.

We obtain similar expressions for the �̂�+ and �̂�− components of the dipole operator,

𝐴𝐼𝑛,�̂�+ ∝ ∑
𝑚=𝑚′−1

∣ ⟨𝑚′|𝒾⟩ ∣2∣𝑀�̂�+,𝑚,𝑚′ ∣2, (3.32)

𝐴𝐼𝑛,�̂�− ∝ ∑
𝑚=𝑚′+1

∣ ⟨𝑚′|𝒾⟩ ∣2∣𝑀�̂�−,𝑚,𝑚′ ∣2, (3.33)

such that,

𝐴𝐼𝑛 ∝ ∑
𝑚′

∣ ⟨𝑚′|𝒾⟩ ∣2(∣𝑀�̂�,𝑚,𝑚′ ∣2 + ∣𝑀�̂�+,𝑚,𝑚′ ∣2 + ∣𝑀�̂�−,𝑚,𝑚′ ∣2). (3.34)

Let us now consider an expression for 𝐴𝑂𝑢𝑡, again from the premise of 𝜋 excitations. Given
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that the final dressed states for this case constitute an atom decaying to the 𝐹 = 2 ground

state of 85Rb, we define |𝒻⟩𝑂𝑢𝑡 = ∣𝑚𝑔⟩, where it is understood that ∣𝑚𝑔⟩ refers to any

magnetic sub-level in the 𝐹 = 2 ground state manifold. Thus,

𝐴𝑂𝑢𝑡,�̂� ∝ ∣ ⟨𝑚𝑔∣ ̂𝜋| ∑
𝑚′

⟨𝑚′|𝒾⟩ |𝑚′⟩ ∣2,

= ∣ ∑
𝑚′

⟨𝑚′|𝒾⟩ ⟨𝑚𝑔∣ ̂𝜋 |𝑚′⟩ ∣2,

= ∑
𝑚′

∣ ⟨𝑚′|𝒾⟩ ∣2∣𝑁�̂�,𝑚𝑔,𝑚′ ∣2, (3.35)

where the parameter 𝑁�̂�,𝑚𝑔,𝑚′ represents the coupling strengths of the various 𝜋 transitions

originating from the 𝐹 = 2 ground state. As above, we obtain similar results for the

remaining elements of the dipole operator such that,

𝐴𝑂𝑢𝑡 ∝ ∑
𝑚′

∣ ⟨𝑚′|𝒾⟩ ∣2(∣𝑁�̂�,𝑚𝑔,𝑚′ ∣2 + ∣𝑁�̂�+,𝑚𝑔,𝑚′ ∣2 + ∣𝑁�̂�−,𝑚𝑔,𝑚′ ∣2). (3.36)

With the definitions of Eqs. 3.34 and 3.36, we are now able to recast Eq. 3.29 as,

𝑃𝐷𝑒𝑐𝑎𝑦 ∝ ∑
𝑚′

∣ ⟨𝑚′|𝒾⟩ ∣2(∣𝑀�̂�,𝑚,𝑚′ ∣2 + ∣𝑀�̂�+,𝑚,𝑚′ ∣2 + ∣𝑀�̂�−,𝑚,𝑚′ ∣2+

∣𝑁�̂�,𝑚𝑔,𝑚′ ∣2 + ∣𝑁�̂�+,𝑚𝑔,𝑚′ ∣2 + ∣𝑁�̂�−,𝑚𝑔,𝑚′ ∣2),

= ∑
𝑚′

∣ ⟨𝑚′|𝒾⟩ ∣2, (3.37)

where the simplification entailing Eq. 3.37 reflects the unity condition for the sum of the

squared transition coefficients (see Appendix B). This result satisfies intuition, whereby

the probability to decay by spontaneous emission is proportional to the population in the

excited state manifold.
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B. Decay Probability to the same Initial Dressed State

To complete our representation of a dressed state changing event, we consider now the

probability to remain in an initial dressed state following spontaneous emission. Treading

an identical treatment to that prescribed above, we hence develop an explicit expression

for 𝑃𝑅𝑒𝑚𝑎𝑖𝑛 through the evaluation of the proportionality relation between 𝐴𝑅𝑒𝑚𝑎𝑖𝑛 and

|⟨𝒻| 𝑒 ̂𝑟 |𝒾⟩|2. Considering again the ̂𝜋 component of the dipole operator and subsequently

assuming a similar expression for the �̂�+ and �̂�− elements, invocation of Eqs. 3.26 and

3.27, with the modification that |𝒻⟩ → |𝒾⟩, yields,

𝐴𝑅𝑒𝑚𝑎𝑖𝑛,�̂� ∝ ∣ ⟨𝒾| ̂𝜋 |𝒾⟩ ∣2,

= ∣( ∑
𝑚

⟨𝒾|𝑚⟩ ⟨𝑚| )| ̂𝜋|( ∑
𝑚′

⟨𝑚′|𝒾⟩ |𝑚′⟩ )∣2,

= ∣ ∑
𝑚=𝑚′

⟨𝒾|𝑚⟩ ⟨𝑚′|𝒾⟩ ⟨𝑚| ̂𝜋 |𝑚′⟩ ∣2

= ∣ ∑
𝑚=𝑚′

⟨𝒾|𝑚⟩ ⟨𝑚′|𝒾⟩ 𝑀�̂�,𝑚,𝑚′ ∣2, (3.38)

from which we obtain the following relations for the �̂�+ and �̂�− components of the dipole

operator,

𝐴𝑅𝑒𝑚𝑎𝑖𝑛,�̂�+ ∝ ∣ ∑
𝑚=𝑚′−1

⟨𝒾|𝑚⟩ ⟨𝑚′|𝒾⟩ 𝑀�̂�+,𝑚,𝑚′ ∣2, (3.39)

𝐴𝑅𝑒𝑚𝑎𝑖𝑛,�̂�− ∝ ∣ ∑
𝑚=𝑚′+1

⟨𝒾|𝑚⟩ ⟨𝑚′|𝒾⟩ 𝑀�̂�−,𝑚,𝑚′ ∣2, (3.40)

such that,

𝐴𝑅𝑒𝑚𝑎𝑖𝑛 ∝∣ ∑
𝑚′

⟨𝒾|𝑚⟩ ⟨𝑚′|𝒾⟩ 𝑀�̂�,𝑚,𝑚′ ∣2 + ∣ ∑
𝑚′

⟨𝒾|𝑚⟩ ⟨𝑚′|𝒾⟩ 𝑀�̂�+,𝑚,𝑚′ ∣2+

∣ ∑
𝑚′

⟨𝒾|𝑚⟩ ⟨𝑚′|𝒾⟩ 𝑀�̂�−,𝑚,𝑚′ ∣2, (3.41)
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where it is understood that Eq. 3.41 represents an explicit expression for 𝑃𝑅𝑒𝑚𝑎𝑖𝑛. Armed

now with Eqs. 3.37 and 3.41, the proportionality relation of Eq. 3.22 can ultimately be

recast thus,

𝑃𝐶ℎ𝑎𝑛𝑔𝑒 ∝ ∑
𝑚′

∣ ⟨𝑚′|𝒾⟩ ∣2 − (∣ ∑
𝑚′

⟨𝒾|𝑚⟩ ⟨𝑚′|𝒾⟩ 𝑀�̂�,𝑚,𝑚′ ∣2+

∣ ∑
𝑚′

⟨𝒾|𝑚⟩ ⟨𝑚′|𝒾⟩ 𝑀�̂�+,𝑚,𝑚′ ∣2 + ∣ ∑
𝑚′

⟨𝒾|𝑚⟩ ⟨𝑚′|𝒾⟩ 𝑀�̂�−,𝑚,𝑚′ ∣2). (3.42)

With Eq. 3.42 firmly in hand, we impose now the final adjustment to our development of

a useable representation for the rate at which dressed state changing events are elicit. For

reasons discussed in the following paragraphs, we incorporate the weighted average of Eq.

3.42 into our correlation factor derivation, such that,

𝑃𝐶ℎ𝑎𝑛𝑔𝑒,𝑎𝑣. =
𝑃𝐶ℎ𝑎𝑛𝑔𝑒

∑ 𝑃𝐶ℎ𝑎𝑛𝑔𝑒
, (3.43)

becomes the expression of interest, in place of Eq. 3.42, for our analysis of dressed state

changing events. In particular, the denominator of Eq. 3.43 describes the sum over all

values of 𝑧 such that Eq. 3.43 itself details the extent to which it changes relative to its

average value.

C. Finalisation of the Correlation Factor

As detailed at the outset of this section, to consider only the probability for an atom to

decay from an arbitrary initial dressed state to a different final dressed state is insufficient

alone in the formulation of a complete expression for the correlation factor; an accompa-

nying evaluation of such dressed state changing events against an atom’s location in the

polarisation landscape elicit by the cooling field is necessary in order to elucidate either

the presence or absence of atomic cooling. As such, let us now consider how the results

obtained from Section 3.1.2, in particular the extraction of the spatially-varying dressed

state energies addressed through Eq. 3.20, are able to be combined with those of Eq. 3.43
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to produce a finalised correlation factor capable of determining the existence, or otherwise,

of atomic cooling. The correlation factor itself makes explicit the predicted presence (or

lack thereof) of atomic cooling through its sign: should the highest probability of an atom

to undergo a dressed state changing event be coincident with either the peak or bottom

of a potential hill, the corresponding correlation factor will return either a positively or

negatively-valued figure, respectively.

The predicate for the progression of the correlation factor derivation is simple: for a given

dressed state whose potential contribution to atomic cooling is deemed appreciable, the

associated energy profile is first centred around its mean and subsequently, for each spatial

position in z, multiplied against the correspondent probability for an atom initially residing

in this dressed state to undergo a dressed state changing event, as governed by Eq. 3.43,

with this probability function similarly centred about its mean. In order to compute the

average contribution of such a dressed state toward atomic cooling, the z-dependent results

from the previous multiplicative step are subsequently averaged to yield the correlation

factor for this particular dressed state only. Given, however, that multiple dressed states

are purported to potentially contribute to atomic cooling for an arbitrary frequency of

the cooling field, these calculations are implemented accordingly across all such dressed

states of interest, following which a summation of the aforementioned averaged products

over these dressed states serves to produce an ultimate, finalised value for the correlation

factor at an arbitrary detuning.

Inherent in this computational procedure of the finalised correlation factor is the initial

determination of those dressed states potentially responsible for atomic cooling. Recall

from the theory outlined in Section 2.2.1 the requisite that, for an atom moving in a

spatially-varying polarisation landscape, cooling is effected for those instances in which

the atom traverses a distance on the order of 𝜆
4 during a time 𝜏𝑝. As such, we are at

liberty to restrict our attention to those dressed states whose coefficients of expansion,

when written in the basis of the bare atomic states, are dominated in magnitude by those

affixed to the magnetic sub-levels present within the 𝐹 = 3 ground state of 85Rb such

that this condition is satisfied. Phrased another way, we concern ourselves only with those

dressed states possessing a large ground state admixture. In particular, given that the

time 𝜏𝑝 can be defined from the atomic lifetime of 85Rb for the 5S1/2 → 5P3/2 optical

transition as,
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𝜏𝑝 = 𝜏
𝜌𝑒

, (3.44)

where 𝜏 is the numerical value of 26.23 𝑛𝑠 for the atomic lifetime [67] and we denote by 𝜌𝑒

the excited state admixture of a given dressed state, it follows that the objective simply

reduces to evaluating an expression for 𝜌𝑒, subject to the constraint 𝑣𝜏𝑝 ≈ 𝜆
4 . Equating the

classical expression for kinetic energy to that predicted by the Equipartition Theorem [71]

for a 85Rb atom whose motion is confined to one dimension such that,

1
2

𝑚𝑎𝑣2 = 1
2

𝑘𝑏𝑇 , (3.45)

where 𝑘𝑏 is the well-known Boltzmann constant and 𝑚𝑎, 𝑣 and 𝑇 denote the atomic mass,

velocity and (pre-cooled) temperature respectively, allows for an explicit form for 𝑣 to be

realised as,

𝑣 = √𝑘𝑏𝑇
𝑚𝑎

, (3.46)

such that, making use of the aforementioned constraint, we obtain for 𝜌𝑒,

𝜌𝑒 = 4𝜏
𝜆

√𝑘𝑏𝑇
𝑚𝑎

. (3.47)

A substitution of values for those constants presented in Eq. 3.47 appropriate to 85Rb,

assuming a temperature on the order of 150 𝜇𝐾, culminates in a final value for 𝜌𝑒 of ap-

proximately 0.016. Interpreted from an alternate perspective, this result suggests that it

is solely those dressed states for which the (mean) ground state admixture is greater than

approximately 98% that hold the potential to contribute appreciably to atomic cooling,

and as such it is to these dressed states in particular that we impart the correlation fac-
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tor computations described above.5 We emphasize here, however, that this criteria only

identifies those dressed states with the potentiality to elicit atomic cooling; in particular,

a dressed state may exhibit a ground state admixture commensurate with the aforemen-

tioned condition and yet contribute to atomic heating rather than atomic cooling.

Commensurate with the selection of those dressed states from which potential atomic

cooling is elicit is the centering, for a given dressed state, of both the associated energy

profile and correspondent dressed state changing probability function about their respec-

tive means. The premise for this shift is readily apparent upon reference to Fig. 3.3. The

spatially-varying energy profile for an arbitrary dressed state, depicted in both Figs. 3.3(a)

and (b) in blue, is centred about its mean and multiplied, for each position in 𝑧, against

the equivalent dressed state changing probability function displayed in red. Should the

situation manifest whereby each peak in the energy profile aligns with a peak in the prob-

ability distribution, as is delineated in Fig. 3.3(a), such a multiplication will culminate in

a strictly positive result for every location in 𝑧, ensuring that the subsequently averaged

outcome is likewise positive. Interpreted qualitatively, we can therefore attribute to an

atom, subsisting in a given dressed state, whose highest probability to undergo a dressed

state changing event is concurrent with the top of a potential hill (or, equivalently, whose

lowest probability to do so occurs at the bottom of a potential hill) a positive value for

the correlation factor of that dressed state. Conversely, should the case be as represented

in Fig. 3.3(b) whereby each peak in the energy profile occurs at the same spatial loca-

tion as a valley in the corresponding probability distribution, the ensuing multiplication

will produce a result which is everywhere negative in 𝑧. Contrary to the previous case,

therefore, we are able to ascribe to an atom that undergoes a dressed state changing event

predominantly at the bottom of a potential hill (or whose smallest probability to elicit

such an event occurs at the top of a potential hill) an ultimately negative value of the

correlation factor.

It should be noted here that the justification for the inclusion of the weighted average

term in Eq. 3.43 is inherent also in this discussion. In particular, when centred about

5Given that the dressed states are constructed as linear combinations of the bare atomic states, the

number of dressed states expected to potentially contribute to atomic cooling is, at most, equal to the

number of bare ground states within the system of interest.
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Figure 3.3: Mean-centred dressed state energy (blue) and dressed state changing proba-

bility (red) profiles. (a) For every position in 𝑧, the multiplication between the dressed

state energy profile and the dressed state changing probability function produces a positive

value, whereas in (b) such multiplications culminate everywhere in a negative value.

an arbitrary location in 𝑧, a narrow peak in a dressed state changing probability profile

signifies a greater likelihood for a dressed state changing event to occur at this position

than would be the case for a comparatively broader peak, also centred about an arbitrary

location in 𝑧. The reason why is clear upon reference to Fig. 3.4: in essence, a narrow

peak in a probability distribution ensures that the greatest probability for a change of

dressed state is localised over a much smaller region in 𝑧 (upper probability profile in Fig.

3.4) than is observed for the case of a relatively broader peak (lower probability profile

in Fig. 3.4). As such, the overall contribution to the correlation factor of a given dressed

state for a narrow peak in the probability distribution of that dressed state is greater than

that of a broader peak, a notion represented mathematically through the incorporation of

the ∑ 𝑃𝐶ℎ𝑎𝑛𝑔𝑒 term in the denominator of Eq. 3.43.

Given the discussion outlined above, the interpretation of the final correlation factor

for an arbitrary frequency of the cooling field now becomes readily apparent. For a given

selection of dressed states whose potential contribution to atomic cooling at such a fre-
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Figure 3.4: Delineation of dressed state changing probability profiles exhibiting narrow-

peaked (top) and broad-peaked (bottom) features. Represented by the shaded rectangles

are the regions in 𝑧 over which the highest probability for a dressed state changing event

to occur is localised. The contribution to the correlation factor for a narrow peak in the

probability distribution of a given dressed state is comparatively larger than that of a

broader peak, owing to the much smaller region of this localisation in 𝑧.

quency is deemed appreciable against the criteria outlined above, an associated correlation

factor for each individual dressed state is computed as per the previously described pro-

cesses. Following the subsequent summation of these constituent correlation factors, the

purpose of which is to yield a value for the overall correlation factor for a given frequency

of the cooling field, comes the evaluation of the sign of this final correlation factor. As

previously alluded to, a positively-valued final correlation factor reveals that the average

contribution of those dressed states whose individual correlation factors are likewise posi-

tive outweigh those whose correlation factors are negative, thus indicating the presence of
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atomic cooling. Conversely, should the final correlation factor be negatively-valued, those

dressed states for which a negative correlation factor is manifest outnumber those exhibit-

ing positive correlation factors, illustrating the absence of atomic cooling or, equivalently,

the presence of atomic heating.

3.2 Section II: Experimental Validation of the Correlation

Factor in a Free-Space Regime

3.2.1 The 𝐽 = 1
2 → 𝐽 ′ = 3

2 Transition

With the completed derivation of the correlation factor providing a tool through which the

presence, or lack thereof, of atomic cooling can be made apparent, the natural progression

for our work now enforces the experimental validation of our theoretical framework. In the

interest of both iteratively and sequentially increasing the complexity of those contexts

within which we implement our correlation factor, let us first consider an atom akin to

that investigated in Section 2.2.1, whose ground state is described by 𝐽 = 1
2 and excited

state by 𝐽 ′ = 3
2 such that, as shown in Fig. 2.6(c), there exists two Zeeman sub-levels in

𝑔 and four in 𝑒.

A consistent parameter throughout many facets of atomic cooling is the requisite de-

tuning of the cooling field to the red of an atomic transition. Inasmuch as this theoretical

result establishes a platform from which the plurality of atomic physics experiments are

established, it also presents a criteria against which the veracity of our correlation factor

can be evaluated. In particular, should atomic cooling (resp. heating) be predicted for

those frequencies of the cooling field that lie to the red (resp. blue) of the 𝐽 = 1
2 → 𝐽 ′ = 3

2

transition, the claim that our correlation factor serves as an accurate representation of the

processes underlying atomic cooling within a PGC framework gains substantial impetus.

Inherent to the objective of computing the correlation factor over a range of cooling

frequencies is the complication of selecting, for an arbitrary detuning, an appropriate value

for the electric field amplitude, 𝐸0, of the cooling light. Under the premise that the profiles

of the cooling beams are approximately Gaussian we are justified in expressing, as the first

step toward addressing this issue, the relation between 𝐸0 and the peak light intensity at

the beam waist, 𝐼0, as [72],
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𝐸0 = √2𝐼0
𝑐𝜖0

. (3.48)

Given that the cooling beams adhere to the mathematical treatment entailing Section

2.3.3, an explicit expression for 𝐼0 can be formulated by considering Eqs. 2.61 and 2.62

for 𝑟 = 𝑧 = 0, such that,

𝐼0 = 𝐼(𝑟 = 0, 𝑧 = 0) = 2𝑃
𝜋𝜔2

0
, (3.49)

where 𝑃 is understood to signify the power of the cooling light. In essence, the effect of

Eqs. 3.48 and 3.49 operating in concert is to shift the focus from the selection, for an arbi-

trary detuning, of a suitable value for the electric field amplitude to instead the selection

of a suitable value for the power of the cooling beams. In addition to the advantageous

nature of this development, given that the power of the cooling light is an experimentally

controllable parameter, the requirement to now determine the power for a given detun-

ing suggests the implementation of the scattering rate6 expression introduced in Section

2.1.1. In particular, should the laser power be chosen such that, for each detuning, the

scattering rate remains constant at some pre-determined initial value, the rate at which

photonic absorption (and subsequent photonic scattering) is elicit likewise remains un-

changed, irrespective of the values for the laser power and frequency detuning parameter

pair.

In order to ascertain the requisite power for a given detuning, we first recall that the

scattering rate is given by,

𝑅𝑠𝑐𝑎𝑡𝑡 = Γ
2

𝐼
𝐼𝑠𝑎𝑡

1 + 𝐼
𝐼𝑠𝑎𝑡

+ 4 (Δ
Γ )2 , (3.50)

6While the scattering rate makes explicit reference to the intensity of the light rather than the power,

Eq. 3.49 provides, up to a constant factor, the mathematical equivalency between the two parameters.
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such that, in the wake of subsequent algebraic manipulations, we determine the intensity

to be represented by,

𝐼 = 2𝑅𝑠𝑐𝑎𝑡𝑡
Γ − 2𝑅𝑠𝑐𝑎𝑡𝑡

𝐼𝑠𝑎𝑡 + 8𝑅𝑠𝑐𝑎𝑡𝑡Δ2

Γ2(Γ − 2𝑅𝑠𝑐𝑎𝑡𝑡)
𝐼𝑠𝑎𝑡; (3.51)

given that the power of the cooling field can be derived from its corresponding intensity

through Eq. 3.49, all that now remains, following the emergence of Eq. 3.51, is the choice

for the reference value of 𝑅𝑠𝑐𝑎𝑡𝑡. On the basis that we seek only those dressed states

exhibiting a high ground state admixture from which potential atomic cooling is elicit,

we (arbitrarily) select an intensity of 1𝑚𝑊
𝑐𝑚2 for a red detuning7 of 20 MHz as our initial

parameter space,8 culminating in an 𝑅𝑠𝑐𝑎𝑡𝑡 of 1.093 × 105 𝑠−1.

Armed with these findings, we progress now to the evaluation of our correlation factor

against a range of cooling field frequencies effected on a 𝐽 = 1
2 → 𝐽 ′ = 3

2 transition. In

particular, delineated in Fig. 3.5(a) are the correlation factor computations realised for

those detunings bounded by Δ = ±100 MHz. As per the predictions limned at the outset

of this section, one observes the presence of atomic cooling (resp. heating) for frequen-

cies tuned to the red (resp. blue) of the 𝐽 = 1
2 → 𝐽 ′ = 3

2 transition, with the modulus

of the correlation factor therein shown to exhibit a linear dependence on the detuning

of the cooling field. While Fig. 3.5(a) propounds that the magnitude of the correlation

factor can be made arbitrarily large through the simple imposition of commensurately

large detunings, such claims do not extend to physical atoms. In particular, given that

the 𝐽 = 1
2 → 𝐽 ′ = 3

2 transition bears little semblance to the atomic structure present in

the 85Rb atoms incorporated into this research (insofar as the existence of only a single

excited state in the hyperfine manifold for the former and multiple for the latter)9 to

increase the detuning from a particular transition purposed with eliciting atomic cooling

7Due to the Δ2 term in the denominator of Eq. 3.50, the scattering rate does not depend on the sign

of the detuning, solely its magnitude.
8These reference parameters yield two dressed states evincing mean ground state admixtures in excess

of 99.9%.
9Akin to the beginning of this chapter, the upper 𝐽′ = 3

2 level constitutes a single “hyperfine” state

within the excited state manifold.
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Figure 3.5: Realisations of the correlation factor computations on a 𝐽 = 1
2 → 𝐽 ′ = 3

2 tran-

sition, assessed over a range of detunings bounded by Δ = ±100 MHz. (a) Depicted is the

functional dependence of the correlation factor on the detuning of the cooling field. As per

the theory of polarisation gradient cooling, ascribed to red-detuned (resp. blue-detuned)

frequencies are positive (resp. negative) values of the correlation factor, indicating the

presence of atomic cooling (resp. heating) within these frequency domains. Moreover, the

correlation factor is shown to increase in magnitude as the detuning is made commensu-

rately larger in modulus. (b) and (c) Mean-centred spatially varying dressed state energy

and dressed state changing probability functions, for a detuning of Δ = −20 MHz and

Δ = +20 MHz respectively, of the two dressed states (represented individually by the blue

and red curves) imbued with the potential to elicit atomic cooling.

serves only to decrease the detuning from another transition such that, in practice, the

interaction between the cooling light and other excited state(s) within the hyperfine mani-

69



GENERALISATION OF POLARISATION GRADIENT COOLING TO “MULTI-𝐹”
ATOMIC STRUCTURES

fold potentially detrimental to atomic cooling become more appreciable. To that end, such

a conclusion drawn from Fig. 3.5(a) regarding the functional dependence (read: linear)

of the correlation factor on the detuning of the cooling field does not, in general, apply

readily to physical atoms. Moreover, in order to keep constant the scattering rate under

the imposition of these sequentially greater detunings requires, as governed by Eq. 3.50,

commensurately larger intensities of the cooling field. In particular, given that Eq. 3.51

shows that the intensity of the cooling light scales, for large detunings,10 as Δ2, shifting

the frequency further from the 𝐽 = 1
2 → 𝐽 ′ = 3

2 resonance necessitates the implementation

of progressively higher powers of the cooling field, a parameter limited in practice by the

power drawable from current, commercially available lasers.

Accompanying Fig. 3.5(a) are inscribed Figs. 3.5(b) and (c), both of which delin-

eate, for a detuning of Δ = −20 MHz and Δ = +20 MHz respectively, the mean-centred

spatially varying dressed state energy and dressed state changing probability functions of

the two dressed states (signified individually by the blue and red curves) satisfying the

ground state admixture criteria outlined in Section 3.1.3.C. Observed in both figures are,

for each of these two dressed states, identical profiles governing the probability for the oc-

currence of a dressed state changing event: the evaluation of these probability distributions

against the associated energy landscapes culminate in expected, yet contrasting, conclu-

sions regarding the correlation factor for the frequencies represented in the two figures.

In particular, Fig. 3.5(b) shows that the point-wise multiplication between the dressed

state energy and dressed state changing probability functions for both of the portrayed

dressed states culminates in strictly positive results for every location in 𝑧, such that the

subsequently averaged outcomes are likewise positive: naturally, this ensures that the sum-

mation of these constituent correlation factors produces an overall correlation factor with

a commensurately positive value, thus indicating the presence of atomic cooling for the

red-detuned frequency represented in Fig. 3.5(b). Conversely, Fig. 3.5(c) illustrates that

the ensuing multiplication between the dressed state energy and dressed state changing

probability functions produces results that are everywhere negative in 𝑧, thus imposing

that the averaged outcomes are similarly negative. Contrary to the case entailed within

Fig. 3.5(b), the summation of these constituent correlation factors yields an overall corre-

10Specifically, for Δ > Γ
2 .
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lation factor which is negatively-valued, therefore signifying the absence of atomic cooling

for the blue-detuned frequency characterised in Fig. 3.5(c).

3.2.2 The 𝐷2 Transition of 85Rb in a Free-Space Regime

The results emerging from the previous section provide substantial weight to the claim

that our correlation factor approach serves as an accurate representation of the underlying

mechanisms of atomic cooling within a PGC framework. In particular, the conclusions

drawn from Fig. 3.5 illustrating both the presence and absence of atomic cooling for red

and blue-detuned frequencies of the cooling field (respectively) validate the implementation

of our correlation factor for an atomic system signifying the 𝐽 = 1
2 → 𝐽 ′ = 3

2 transition.

In the interest both of advancing the complexity of those systems to which we apply

our correlation factor and investigating atomic schemes pertinent to our research, let us

consider now the 𝐷2 transition line of 85Rb as depicted in Fig. 3.1: that is, in free-space

and devoid of any influence imposed by a far-off resonant dipole potential.

As with the validation process undertaken in the previous section, we present first the

predictions made regarding the presence, or lack thereof, of atomic cooling over a range

of cooling field detunings imparted upon the 𝐷2 line of 85Rb, subsequent to which we

evaluate the ensuing results against those obtained experimentally. Akin to computing

the correlation factor over a range of cooling frequencies for the 𝐽 = 1
2 → 𝐽 ′ = 3

2 transition

arises the complication of selecting, for an arbitrary detuning, an appropriate value for

the power11 of the cooling field. In light of the solution prescribed in the previous section,

one’s temptation may be to follow the path of Eqs. 3.50 and 3.51 in the pursuit of

calculating the requisite power: upon application to the atomic system entailing the 𝐷2

line of 85Rb however, the premise behind this approach exhibits an assortment of disparate

shortcomings. In particular, given that, for our purposes, the 𝐷2 transition comprises the

coupling between the 𝐹 = 3 ground state and the 𝐹 ′ = 4, 𝐹 ′ = 3 and 𝐹 ′ = 2 excited

states in the hyperfine manifold,12 the ascription of definite values for the detuning and

11Or, equivalently, the intensity.
12The predicate for omitting the 𝐹 = 2 ground state and the 𝐹 ′ = 1 excited state from our cooling

scheme is on the former signifying atomic states residing outside of the experimentally implemented cooling

cycle, and on the latter, by virtue of quantum selection rules, being decoupled from the cooling light.

71



GENERALISATION OF POLARISATION GRADIENT COOLING TO “MULTI-𝐹”
ATOMIC STRUCTURES

saturation intensity parameters appearing in Eqs. 3.50 and 3.51 becomes ambiguous. The

reason why is readily apparent upon reference to the atomic structure of the 𝐷2 line: for an

arbitrary cooling frequency, the corresponding detuning may be quoted relative to any of

the three excited states in the hyperfine manifold, thereby evincing three distinct, equally

permissible values for Δ. Given that we seek to extract a single, definitive value for the

requisite intensity at an arbitrary cooling frequency, the approach utilising Eq. 3.51 thus

becomes ineffectual, on the premise that each of these detunings culminates in a unique

result for the intensity of the cooling light. Similarly, the transition-specific nature of the

saturation intensity offers no respite either: given that our cooling scheme addresses the

𝐹 = 3 → 𝐹 ′ = 4, 𝐹 = 3 → 𝐹 ′ = 3 and 𝐹 = 3 → 𝐹 ′ = 2 transitions, each of the three

corresponding saturation intensities subsists as a possibility, whether in part or in whole,

for the value of 𝐼𝑠𝑎𝑡, again resulting in a set of differing potentialities for the requisite

intensity of the cooling light for an arbitrary detuning.

Despite these shortcomings, the fundamental premise entailing Eqs. 3.50 and 3.51

provides still a means through which the scattering rate can be utilised to determine an

appropriate value for the power of the cooling light at a given detuning. In particular,

given that the scattering rate is expressible as,

𝑅𝑠𝑐𝑎𝑡𝑡 = Γ𝑃𝑒, (3.52)

where denoted by 𝑃𝑒 is the probabilistic atomic population in the excited state manifold,

to obtain a definitive value for 𝑅𝑠𝑐𝑎𝑡𝑡 therefore requires an alternate means by which 𝑃𝑒

can be computed. By virtue of being constructed as a linear combination of the bare

atomic states, we are justified in utilising the set of dressed states13 representing the

atomic system to realise this condition, such that,

𝑃𝑒 = ∑
𝑚′

𝑃𝑚′ , (3.53)

where 𝑃𝑚′ is an intermediary expression defined by,

13specifically, those dressed states satisfying the ground state admixture criteria of Section 3.1.3.C
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𝑃𝑚′ = ∑
𝒸

|⟨𝑚′|𝒸⟩|2 , (3.54)

for which the summation index 𝒸 represents the collection of dressed states imbued with

the potential to elicit atomic cooling and 𝑚′ signifies the array of magnetic sub-levels

contained within the excited state manifold of 85Rb.14 With Eqs. 3.53 and 3.54 in hand,

all that now remains, upon the subsequent insertion into Eq. 3.52, is again the choice for

the reference value of 𝑅𝑠𝑐𝑎𝑡𝑡: recalling that we seek only those dressed states exhibiting

a high ground state admixture, we (again arbitrarily) select an intensity of 1𝑚𝑊
𝑐𝑚2 for a

cooling frequency 18 MHz red-detuned from the 𝐹 = 3 → 𝐹 ′ = 4 transition as our initial

parameter space,15 culminating in an 𝑅𝑠𝑐𝑎𝑡𝑡 of 1.921 × 106 𝑠−1.

Presented in Fig. 3.6 are the overall correlation factor computations realised for the 𝐷2

line of 85Rb against a range of cooling field frequencies, quoted as detunings relative to the

𝐹 = 3 → 𝐹 ′ = 3 transition,16 subject to the constraint of the aforementioned scattering

rate modulus. Purposed with making clear the subsequent discussions pertinent to those

results comprised within the figure is the segmentation therein of Fig. 3.6 into two distinct

frequency domains. In particular, ascribed to those cooling frequencies bounded between

the 𝐹 = 3 → 𝐹 ′ = 3 and 𝐹 = 3 → 𝐹 ′ = 4 transitions (represented (in blue) in the figure

as positive-valued detunings) and the 𝐹 = 3 → 𝐹 ′ = 3 and 𝐹 = 3 → 𝐹 ′ = 2 transitions

(represented (in red) in the figure as negative-valued detunings) are the inscriptions Region

I and Region II, respectively. Operating on the notion that a thorough investigation of

those correlation factor results embodying the free-space atomic cooling imparted upon the

𝐷2 line of 85Rb will establish a foundation from which the equivalent cooling performed

in a far-off resonant dipole trap can be readily grasped, we progress now to the discussion

entailing the atomic cooling predictions delineated in Fig. 3.6.

14By construction, this approach adequately accounts for the scattering contribution from all of the

excited states within the hyperfine manifold.
15These reference parameters yield dressed states evincing ground state admixtures in excess of 99.9%
16Naturally, this scale places at a detuning of 120.64 MHz, 0 MHz and −63.40 MHz the 𝐹 = 3 → 𝐹 ′ = 4,

𝐹 = 3 → 𝐹 ′ = 3 and 𝐹 = 3 → 𝐹 ′ = 2 transitions, respectively.
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Figure 3.6: Overall correlation factor predictions, procured in a free-space regime, realised

for the 𝐷2 line of 85Rb over a range of cooling detunings, quoted relative to the 𝐹 = 3 →

𝐹 ′ = 3 transition. Observed for the complete set of detunings comprising Region I are

strictly positive values for the correlation factor, predicting the presence of atomic cooling

for all frequencies of the cooling field bound within this frequency domain. Conversely,

constituting Region II is an admixture of both positively-valued and negatively-valued

correlation factors, indicating both the presence and absence of atomic cooling within

this frequency domain. INSET: frequency domains pertinent to our investigation of the

correlation factor realisations for the 𝐷2 line of 85Rb. Subsistent within Region I ,and

shaded in blue and green, are Domain A and Domain B respectively, while spanning the

near-entirety of Region II is Domain C, shaded in red.

A. Region I - Positively-Valued Detunings

Let us consider first the correlation factor results encompassing Region I of Fig. 3.6. As

stated previously, belonging to this cooling domain are those frequencies of the incident

cooling field for which the 𝐹 = 3 → 𝐹 ′ = 3 and 𝐹 = 3 → 𝐹 ′ = 4 transitions serve as the

lower and upper bounds, respectively. Observed within this region are strictly positive

values for the correlation factor predicting, as outlined in earlier sections, the presence

of atomic cooling from within this frequency domain. Serendipitously, such predictions
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align seamlessly with the theory developed in Section 2.2 entailing both the polarisation

gradient cooling and dark molasses processes pertinent to sub-Doppler cooling. Recalling

that the former scheme is predicated on the interaction between a red-detuned cooling field

and an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 + 1 transition, and the latter between a blue-detuned cooling field

and an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 or 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 − 1 transition however, we herein encounter the

prevalent complication inherent to our investigation of the correlation factor predictions

comprising Region I. Specifically, given that an arbitrary frequency of the cooling field

confined to within this domain may simultaneously be considered as both red-detuned

from an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 + 1 transition (represented physically by the 𝐹 = 3 → 𝐹 ′ = 4

transition) and blue-detuned from an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 transition (represented physically by

the 𝐹 = 3 → 𝐹 ′ = 3 transition), it becomes readily apparent that both the polarisation

gradient cooling and dark molasses schemes can, feasibly, operate in concert to elicit

the correlation factor predictions implicit in Region I.17 To comprehend assiduously the

manner through which these mechanisms coalesce to realise atomic cooling is to determine,

for an arbitrary frequency of the cooling field, the extent to which one (if either) prevails

over the other. Given that the basis of these cooling schemes rests in the coupling of

the incident light to specific atomic states, the focus therefore shifts to elucidating which

(again, if either) of the 𝐹 ′ = 3 or 𝐹 ′ = 4 hyperfine excited states is dominant in its

interaction with the cooling field for a given frequency. While a plethora of treatments

purposed with realising such an intention exist, the approach adopted here makes use of the

cooling scheme-specific features inherent to the spatially-varying energy profiles18 of those

dressed states imbued with the potential to elicit atomic cooling. In particular, the reader

is directed to Figs. 2.7 and 2.9, where are shown the atomic energy landscapes indicative of

both the polarisation gradient cooling and dark molasses schemes, respectively. Utilised as

the criterion against which the relative coupling strength between the cooling field and the

𝐹 ′ = 3 and 𝐹 ′ = 4 excited states can be made apparent are the characteristics, delineated

in these figures, pertinent to both the oscillatory behaviour of the energy profiles in 𝑧

17Such a frequency of the cooling field may also be considered as blue-detuned from an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 −1

transition (represented physically by the 𝐹 = 3 → 𝐹 ′ = 2 transition), the influence of which will be

explored later in this section.
18We speak here of the non-centred dressed state energy profiles: that is, prior to the centring about the

respective means.
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and the directionality of the associated light shifts. The premise is simple: should, for a

given cooling frequency, the plurality of energy profiles19 resemble those shown in Fig. 2.7,

whereby an explicit functional dependence on 𝑧 is concurrently observed with negatively-

shifted energies, the cooling light prevalently couples to the 𝐹 ′ = 4 excited state such

that, on the premise that the most apt description of the incident light is therefore that

of a cooling field red-detuned from an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 + 1 transition, polarisation gradient

cooling thus serves as the dominant process of atomic cooling. Conversely, should the

majority of energy profiles bear semblance to those depicted in Fig. 2.9, insofar as the

presence of both a bright manifold within which is comprised positively-shifted energy

functions exhibiting a spatial dependence in 𝑧, and a dark manifold boasting an energy

landscape that is both static and near-zero,20 we are justified in concluding that the

coupling between the cooling field and the 𝐹 ′ = 3 excited state dominates over that to the

𝐹 ′ = 4 excited state. Consequently, we may therefore treat the light as being blue-detuned

from the 𝐹 = 3 → 𝐹 ′ = 3 transition, such that the dark molasses cooling scheme serves

here as the prevailing process of atomic cooling.

With this evaluatory approach in hand, we progress now to the comprehensive exam-

ination of those realisations entailing Region I of Fig. 3.6. Given the predicate of the

previous paragraph, our analysis considers first the band of cooling frequencies, bounded

above and below by Δ ≈ 120.64 MHz and Δ ≈ 60 MHz respectively, for which the po-

larisation gradient cooling scheme functions as the prevalent scheme of atomic cooling.

Based on the premise that the commensurately extracted dressed state energy profiles

entertain noticeably differing characteristics, this span of field detunings can, and will, be

further segmented into two distinct frequency domains: namely, affixed to those cooling

frequencies bounded between Δ ≈ 120.64 MHz and Δ ≈ 110 MHz, and those confined

within the bounds of Δ ≈ 110 MHz and Δ ≈ 60 MHz, are the inscriptions Domain A

and Domain B, respectively, as detailed within the inset of Fig. 3.6. In the interest of

expounding both a thorough discussion of those field detunings germane to the prevalence

of polarisation gradient cooling within Region I and, in particular, the means through

19Clearly, the number of energy profiles observed is specific to the atomic structure under investigation,

and as such may differ from the amount shown in Fig. 2.7.
20As outlined in earlier sections, deviations from zero energy are elicit through off-resonant coupling to

additional excited states and polarisation impurities of the cooling field.
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which the pertinent dressed state energy profiles serve to elicit the correlation factor pre-

dictions encompassed therein, each of these domains will thus be fully examined, in turn,

throughout the following pages.

To that end, let us consider first the band of cooling frequencies appropriate to Domain

A. For the entirety of those field detunings confined to this span of cooling frequencies are

observed dressed state energy profiles emulating those delineated in Fig. 3.7(a). While the

figure itself emphatically displays only those energy landscapes specific to an (arbitrarily

selected) field detuning of 115 MHz, the features encompassed therein are representative of,

and mirrored in, the complete ensemble of energy profiles extracted for those frequencies of

the cooling field pertinent to Domain A. In particular, one observes both that the entirety

of these energy profiles demonstrate a functional dependence on the position in 𝑧 and

have imposed upon them purely negative light-shifts. Considered together, these features

suggest, as per Section 2.2.1, that the most apt description of the incident light is that

of a red-detuned cooling field coupling, preferentially, to the 𝐹 ′ = 4 excited state, rather

than that of a blue-detuned cooling field interacting predominantly with either the 𝐹 ′ = 3

or 𝐹 ′ = 2 excited states.

Accompanying the unaltered energy profiles entailing Fig. 3.7(a) are the associated

mean-centred dressed state energy (upper plot) and dressed state changing probability

(lower plot) profiles depicted in Fig. 3.7(c). As outlined in earlier sections, the predicted

presence (or absence) of atomic cooling, as per the appropriate correlation factor com-

putations, rests in the point-wise multiplication between the pertinent (mean-centred)

dressed state energy profiles and the corresponding (mean-centred) dressed state changing

probability functions. While the profiles shown in Fig. 3.7(c) are perhaps more complex

than those previously encountered, the premise here remains the same. In particular, one

observes that the evaluation of those energy profiles represented in blue, red and green

against the equivalent dressed state changing probability functions culminates in a strictly

positive result for every location in 𝑧, such that the subsequent averaging process evinces

a (likewise) positively-valued correlation factor for each of these individual dressed states:

consequentially, the contribution of these dressed states is therefore toward atomic cooling,

rather than toward atomic heating. Despite this realisation however, similar evaluations

of the remaining (four) represented energy profiles against the corresponding probability

functions culminate in a contrarily negative result everywhere in 𝑧, ensuring that the sub-
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Figure 3.7: Representative dressed state energy and dressed state changing probability

profiles realised within Region I for the 𝐷2 transition line of 85Rb. Observed in (a) and

(b) are the dressed state energy profiles, extracted for field detunings of 115 MHz and 85

MHz respectively, portraying the characteristics exhibited by those dressed states germane

to Domain A ((a)) and Domain B ((b)), accordingly. In (c) and (d) are shown the mean-

centred dressed state energy and dressed state changing probability profiles associated

with the plots displayed in (a) and (b) respectively, purposed with elucidating the nature

of the final correlation factors subsequent to the point-wise evaluation of the two plots

against each other.

sequently averaged correlation factor is (likewise) negative across each of these particular

dressed states: converse to the previous instances, then, the contribution of these dressed

states is thus toward atomic heating, rather than that toward atomic cooling.

Given that the plurality of these represented dressed states elicit negative correlation
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factors, one’s natural supposition would (understandably so) be the presence of atomic

heating for those field detunings entailing Domain A. The keen reader will, however,

observe that the probability profile shown in blue delineates a markedly narrower peak than

those exhibited for the other dressed states. That the peak of this probability profile is both

concurrent with a potential hill in the corresponding energy landscape and localised over

a comparatively smaller region in 𝑧 relative to, in particular, those dressed states whose

contribution is weighted toward atomic heating, serves to markedly increase the modulus

of the corresponding correlation factor, to such an extent that the effective contribution

of the aforementioned negatively-valued correlation factors is commensurately mitigated

or, at minimum, curtailed. As such, the subsequent correlation factor summation across

all appropriate dressed states yields a positively-valued final correlation factor, thereby

indicating the presence of atomic cooling for this specific field detuning. While it remains

that the profiles embodying Figs. 3.7(a) and 3.7(c) are definitively drawn from a single

frequency of the cooling field, we again stipulate that the culminations expounded upon

here, in particular those concerning the features reflected in the dressed state energy

landscapes and the nature of the observed correlation factor realisations, are mirrored

throughout the entire range of frequencies entailing Domain A, a notion validated by the

appropriate collection of correlation factors comprised within Region I of Fig. 3.6.

Akin to the above discussion is that admissible to the scope of cooling frequencies

comprising Domain B. In the interest of both brevity and concision, we circumvent an

exhaustive description of the realisations pertinent to this frequency domain on the premise

that the ensuing discussion would, almost exactly, replicate that given above for Domain

A. We stipulate instead that the features embodying those germane profiles detailed in Fig.

3.7, be it the characteristics of the unaltered dressed state energy profiles depicted in Fig.

3.7(b), or the point-wise multiplication between the associated mean-centred dressed state

energy (upper plot) and dressed state changing probability (lower plot) profiles depicted

in Fig. 3.7(d) culminating in a positively-valued final correlation factor, are reflected in

the complete ensemble of energy profiles extracted for those frequencies of the cooling

field pertinent to Domain B, despite having been extracted for a single, arbitrarily chosen

field detuning of 85 MHz. In particular, one observes that the plurality of the unshifted

energy landscapes exhibit a simultaneous functional dependence on the position in 𝑧 and

the imposition of negative light-shifts suggesting, as per Section 2.2.1, that the most

79



GENERALISATION OF POLARISATION GRADIENT COOLING TO “MULTI-𝐹”
ATOMIC STRUCTURES

apt21 description of the incident light is that of a red-detuned cooling field coupling,

preferentially, to the 𝐹 ′ = 4 excited state, rather than that of a blue-detuned cooling field

interacting predominantly with either the 𝐹 ′ = 3 or 𝐹 ′ = 2 excited states.

While those dressed state energy profiles depicted in Figs. 3.7(a) and 3.7(b) share many

commonalities, not least of all the realisation of the presence for atomic cooling from within

the respective frequency domains, the avid reader will note a marked (and significant)

difference between the two figures. In particular, one observes that a selection of dressed

states inherent to Fig. 3.7(b), specifically those represented in orange, magenta and cyan,

experience, whether in part or whole, positive light-shifts rather than the purely negative

landscapes exhibited by the complete ensemble of energy landscapes entailing Fig. 3.7(a).

This behaviour is commensurate with the gradual shift in cooling frequency from greater-

modulus detunings (farther from the 𝐹 ′ = 3 excited state) to those of a smaller magnitude

(closer to the 𝐹 ′ = 3 excited state)22 and is manifest from the progressively-increased

influence of the 𝐹 ′ = 3 and, marginally, the 𝐹 ′ = 2 hyperfine levels.23 The predicate

for this claim is readily apparent upon reference to Section. 2.2.2: therein is realised a

bright manifold comprising dressed state energy landscapes under the imposition of, in

particular, positive light-shifts, a characteristic demonstrative of the interaction between a

(blue-detuned) cooling field and either an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 or an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔−1 transition.

Given that both the 𝐹 = 3 → 𝐹 ′ = 3 and 𝐹 = 3 → 𝐹 ′ = 2 transitions are examples,

respectively, of such transitions, it follows that the gradual decrease in the field detuning,

and the correspondingly increased influence of both the 𝐹 ′ = 3 and 𝐹 ′ = 2 hyperfine

levels, indeed serves to elicit the positive light-shifts observed for the appropriate energy

profiles in Fig. 3.7(b). On the basis that such claims warrant, necessarily, a burden of

proof to be offered, further explorations into the disparity between those energy landscapes

delineated in Fig. 3.7(a) to those in Fig. 3.7(b) will be developed in the succeeding pages.

21The descriptor “apt” is understood here in an approximate capacity, given that the influence of both

the 𝐹 ′ = 3 and 𝐹 ′ = 2 excited states is definitively present, if only to a lesser extent relative to the 𝐹 ′ = 4

excited state, and will thus be examined in the following pages.
22Recall that the energy landscapes delineated in Figs. 3.7(a) and 3.7(b) are extracted for field detunings

of 115 MHz and 85 MHz, respectively.
23The influence of both the 𝐹 ′ = 3 and 𝐹 ′ = 2 excited states on the energy landscapes germane to

Domain B, in particular, will be addressed in the following pages.
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Figure 3.8: Representative dressed state energy and dressed state changing probability

profiles realised within Region I for the 𝐷2 transition line of 85Rb. Observed in (a) and

(b) are the dressed state energy profiles, extracted for field detunings of 30 MHz and 10

MHz respectively, portraying the characteristics exhibited by those dressed states subject

to the prevalence of the dark molasses cooling scheme. In (c) and (d) are shown the mean-

centred dressed state energy and dressed state changing probability profiles associated

with the plots displayed in (a) and (b) respectively, purposed with elucidating the nature

of the final correlation factors subsequent to the point-wise evaluation of the two plots

against each other.

Insofar as the above discussion focuses on the prevalence of polarisation gradient cool-

ing from within Region I of Fig. 3.6, the reader’s attention is directed now to the scope

of cooling field frequencies within which the dark molasses cooling scheme prevails for

atomic cooling. Bounded above and below by Δ ≈ 40 MHz and Δ ≈ 0 MHz respectively,
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extracted from this domain of field detunings are profiles whose characteristics emulate,

in nature, those landscape delineations entailing Fig. 3.8. While this figure inherently

displays only those profiles specific to the two (arbitrarily selected) field detunings of 30

MHz and 10 MHz (for Figs. 3.8(a) and (c), and 3.8(b) and (d), respectively), the features

embodied therein are representative of, and mirrored in, the complete ensemble of pro-

files extracted for those cooling frequencies in the prevalence of the dark molasses cooling

scheme. In addition to the point-wise evaluation of the mean-centred dressed state energy

(upper plot) and dressed state changing probability (lower plot) profiles depicted in Figs.

3.7(c) and (d) both evincing a positively-valued final correlation factor, thus predicting

the presence of atomic cooling, one observes that the plurality of the unaltered energy

landscapes delineated in each of Figs. 3.7(a) and (b) comprise a bright manifold coupled

ubiquitously to the incident cooling field, exhibiting both a functional dependence on the

position in 𝑧 and an imposition of positive light-shifts. Considered together, these features

suggest, as per Section. 2.2.2, that the most apt description of the incident light is that

of blue-detuned cooling field coupling, preferentially, to the 𝐹 ′ = 3 excited state rather

than either the 𝐹 ′ = 2 excited state, or that of a red-detuned cooling field interacting

predominantly with the 𝐹 ′ = 4 excited state.

To justify further the claim that the dark molasses cooling mechanism is prevalent

throughout the band of cooling frequencies under current scrutiny, we examine now the

second purported qualifier characteristic to this scheme: namely, the presence of a zero-

energy dark manifold that is static everywhere in 𝑧.24 Represented in red and blue in

Figs. 3.8(a) and 3.8(b) respectively are observed dressed state energy profiles comprising

an approximate dark manifold, with each delineating both an energy that is near-zero

and a spatial modulation that is weakly dependent on the position in 𝑧. Given that this

realisation, in particular, is indicative of the prevalence for the dark molasses cooling

scheme, the aforementioned consideration of the incident light as a blue-detuned cooling

field coupling preferentially to the 𝐹 ′ = 3 excited state becomes validated. Moreover,

commensurate with the gradual shift in cooling frequency from larger detunings to those

of a smaller magnitude, the progressively-increased influence of the 𝐹 ′ = 3 hyperfine level

24The reader is reminded here that off-resonant coupling to higher excited states serves to elicit deviations

from both the spatial staticity and zero-energy nature of the dark manifold.
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can likewise be made apparent upon observation of these dark landscapes. In particular,

one notes that the dressed state energy profiles comprising the dark manifolds shift from

that represented in red Fig. 3.8(a) to that represented in blue for 3.8(b). Given that the

former figure is obtained for a field detuning of 30 MHz and the latter for a field detuning

of 10 MHz, one reasons that this change in the dark manifold representation is elicit, as

the field detuning decreases, from the heightened interaction between the cooling field and

the 𝐹 ′ = 3 excited state: commensurately, imposed upon the energy profiles are larger-

modulus positive light-shifts such that the dressed state, represented in red, comprising

the dark manifold for Fig. 3.8(a) shifts into the bright manifold for Fig. 3.8(b), thereby

culminating in the blue-represented dressed state entailing the dark manifold for the latter

figure. It should be noted also that, while the energy profiles appropriate to the dark

manifolds are subject to the imposition of greater positive light-shifts upon the progression

from Fig. 3.8(a) to Fig. 3.8(b), these same realisations are manifest throughout the

remaining energy landscapes inherent to each figure: that is, each delineated energy profile

experiences sequentially greater (positive) light-shifts commensurate with, as the field

frequency decreases, the heightened interaction between the cooling field and the 𝐹 ′ = 3

excited state.

The avid reader will, assuredly, have observed that the range of detunings over which

each of the polarisation gradient cooling and grey molasses schemes are dominant em-

phatically do not overlap: indeed, there exists a span of detunings between Δ ≈ 60 MHz

and Δ ≈ 40 MHz wherein the prevalence of either process is, according to the criterion

to which we have adhered thus far, justifiably indeterminate. The predicate for this claim

rests, as per the basis for the opening paragraph of this subsection, in the examination of

the features embodying those dressed state energy profiles extracted for given detunings

of the cooling field. To that end, let us consider the delineations entailing Figs. 3.9(a)

and 3.9(b), where are displayed the energy landscapes obtained for the field detunings of

55 MHz and 45 MHz, respectively. In stark contrast to those energy functions shown in

either of Figs. 3.7 or 3.8, one observes neither the simultaneous functional dependence on

the position in 𝑧 and the imposition of negative light-shifts exhibited by the majority of

the extracted energy profiles, as necessitated by a polarisation gradient cooling-dominant

regime, nor the existence of a bright manifold comprising spatially-varying, positively-

shifted energy profiles accompanying an unshifted dark manifold that is static everywhere
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Figure 3.9: Dressed state energy profiles for two distinct cooling field frequencies wherein

the prevalence of either the polarisation gradient cooling or dark molasses scheme is inde-

terminate. Observed in (a) and (b) are the dressed state energy profiles, extracted for field

detunings of 55 MHz and 45 MHz respectively, delineating the characteristics exhibited

by those dressed states for which the prevalence of either the polarisation gradient cooling

or dark molasses scheme is indeterminate. In (c) and (d) are shown the mean-centred

dressed state energy and dressed state changing probability profiles associated with the

plots displayed in (a) and (b) respectively, purposed with elucidating the nature of the

final correlation factors subsequent to the point-wise evaluation of the two plots against

each other.

in 𝑧, thus indicating the prevalence of the grey molasses cooling scheme:25 rather, one

25We recall the reader’s attention here to the notion that deviations from zero-energy light-shifts and
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observes energy profiles embodying features characteristic to each of the polarisation gra-

dient cooling and grey molasses schemes across both delineations, in that there exists

both a proportionately near-equal admixture of negatively and positively-shifted energy

landscapes detailing a functional dependence on the position in 𝑧 and an (approximate)

dark manifold represented, specifically, by the energy profile delineated in red. As such,

one reasons that there is present near-equal contributions to atomic cooling for both the

polarisation gradient cooling and dark molasses schemes throughout this particular scope

of cooling field frequencies.

That the prevalence of either the polarisation gradient cooling or dark molasses mech-

anisms is indeterminate over the field detunings under current scrutiny does not, however,

disclaim the predicted presence of atomic cooling for these detunings. To justify this

claim, let us examine the mean-centred dressed state energy (upper plots) and dressed

state changing probability (lower plots) profiles delineated in Figs. 3.9(c) and 3.9(d) asso-

ciated with the energy landscapes entailing Figs. 3.9(a) and 3.9(b), respectively. Notably,

one observes that, for all dressed states (bar those detailed in red and cyan) represented

across both Figs. 3.9(c) and 3.9(d), the point-wise multiplication between an energy

landscape and the corresponding probability function evinces a strictly positive result ev-

erywhere in 𝑧, such that the subsequent averaging and summation processes across all

appropriate dressed states culminate in a commensurately positively-valued final correla-

tion factor, thereby predicting the presence of atomic cooling from within this frequency

domain. As per our previous discussions, while the profiles entailing Figs. 3.9(c) and

3.9(d) are extracted for the specific field detunings of 55 MHz and 45 MHz respectively,

the culminations expounded upon here, in particular those concerning the features por-

trayed in the dressed state energy landscapes and the nature of the final correlation factors,

are mirrored throughout the entire range of cooling frequencies for which neither cooling

mechanism prevails, an ideal justified by the appropriate collection of correlation factors

comprised within Region I of Fig. 3.6.

Given that the analysis of the correlation factor realisations entailing Region I of Fig.

3.6 expounded thus far has rested in the elucidation of which, if either, of the 𝐹 ′ = 4 or

a (slight) functional dependence on 𝑧, attributable to the off-resonant coupling to the 𝐹 ′ = 4 hyperfine

state, does not necessarily nullify the prevalence of the grey molasses cooling scheme.
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𝐹 ′ = 3 hyperfine excited states is dominant in its interaction with the cooling field for a

given frequency as a means through which the prevalence of either the polarisation gradient

cooling or dark molasses scheme can be made apparent, we turn now to addressing those

discrepant characteristics inherent to the extracted energy landscapes commensurate with

the prevalence of each cooling mechanism. To that end, let us consider first the dressed

state energy profiles comprising Domain B of Region I, represented by those landscapes

inherent to Fig. 3.7(b) which has, for convenience, been replicated in Fig. 3.10(a). Inas-

much as these energy profiles bear a marked semblance to those anticipated, as governed

by the culminations of Section 2.2, of the polarisation gradient cooling scheme, the keen

reader will note that perfect agreement between the predicted energy landscapes and those

realised within the Fig. 3.10(a) is distinctly absent. In particular, and as expressed in

an earlier discussion, one observes that a selection of energy functions (specifically, those

represented in orange, magenta and cyan) experience, whether in part or whole, positive

light-shifts, rather than the purely negative landscapes supposed by Section 2.2.1. Given

the outcomes entailing Section 2.2.2 and, by extension, the nature of those energy profiles

inherent to Fig. 3.8, the directionality of such a shift suggests both the influence and

presence of a cooling field whose frequency is such that it lies to the blue of an atomic

transition(s). As previously alluded to, this behaviour is simply a manifestation of the

off-resonant coupling between the cooling field and both the 𝐹 ′ = 3 and, to a lesser extent,

the 𝐹 ′ = 2 excited states as expounded by Fig. 3.10(b). Within this figure we observe,

for a field detuning of 85 MHz (identical to that delineated in Fig. 3.10(a)), the dressed

state energy profiles extracted with the contribution of both the 𝐹 ′ = 3 and 𝐹 ′ = 2 ex-

cited states removed. Notably, one observes that the discrepant characteristics inherent

to those aforementioned energy landscapes commensurately vanish with these omissions:

in particular, Fig. 3.10(b) shows that all of the extracted energies experience now neg-

ative light-shifts, in addition to exhibiting still a spatial dependence in 𝑧, reflecting the

interaction between a purely red-detuned cooling field and the excited state from which

it is red-detuned which, for our consideration here, is realised specifically as the 𝐹 ′ = 4

hyperfine excited state.

From the results of the previous paragraph is born, furthermore, our comprehension

regarding the nature of those dressed state energy profiles comprising Domain A of Region

I. Represented in Fig. 3.7(a), the entirety of these energy landscapes simultaneously
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Figure 3.10: Influences of the presence, or absence, of specific excited states within the

hyperfine manifold on the 𝐷2 line of 85Rb on selected dressed state energy profiles residing

within Region I. In (a) are replicated the energy profiles, extracted for a field detuning of

85 MHz, representative of those dressed states germane to Domain B of Region I, whereas

in (b) are shown the energy landscapes, extracted for an identical detuning, observed with

the contribution from both the 𝐹 ′ = 3 and 𝐹 ′ = 2 hyperfine excited states removed.

Similarly, in (c) are replicated the energy profiles, extracted for a field detuning of 10

MHz, representative of those dressed states subject to the prevalence of the dark molasses

cooling scheme within Region I, whereas in (d) are shown the energy landscapes, extracted

for an identical detuning, observed in the absence of both the 𝐹 ′ = 4 and 𝐹 ′ = 2 hyperfine

excited states.

delineate a functional dependence on the position in 𝑧 and purely negative light-shifts,

characteristics reflected in the energy profiles entailing Fig. 3.10(b). Given the atomic

system from which these latter energy landscapes are obtained, namely one in which both

the 𝐹 ′ = 3 and 𝐹 ′ = 2 excited states are exclusively omitted, we are hence able to reason

that, when concerning oneself with field detunings within the bounds of Δ ≈ 110 MHz and

the 𝐹 = 3 → 𝐹 ′ = 4 transition, the influence of both the 𝐹 ′ = 3 and 𝐹 ′ = 2 excited states

can be safely assumed negligible. The principle predicating this assumption is simple: for
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field detunings falling within this band of cooling frequencies, the 𝐹 ′ = 3 and 𝐹 ′ = 2

hyperfine levels are sufficiently far-detuned to justify approximating the atomic system

as comprising exclusively of the 𝐹 ′ = 4 excited state, a result neither unexpected nor

uncommon to many atomic physics experiments predicated on the use of the 𝐷2 line of
85Rb.

Along similar lines as those entailing the previous discussion, we turn now our attention

to the dressed state energy profiles extracted for those field detunings in which subsists the

prevalence of the dark molasses cooling scheme within Region I. Representing these energy

landscapes are those delineations inherent to Fig. 3.8(b) which has, for convenience, been

replicated in Fig. 3.10(c). While the energy functions detailed therein share commonalities

with those anticipated, as governed by the culminations of Section 2.2.2, of the dark

molasses cooling scheme, there exist instances wherein the realised landscapes entailing

Fig. 3.10(c) do not align absolutely with those predicted. In particular, one notes the

marked absence of a dark manifold comprised of a completely static and zero-energy profile

and instead observes a negatively-shifted energy function exhibiting a spatial dependence

(albeit a marginal one) on 𝑧. Given the culminations of Section 2.2.1 and the nature of

those energy landscapes comprising Fig. 3.7, both the directionality of such a shift and

the observed dependence in 𝑧 suggests both the presence and influence of a cooling field

whose frequency is such that it lies to the red of an atomic transition. Analogous to

the discussion scribed above, this behaviour is merely the realisation of the off-resonant

coupling between the cooling field and the 𝐹 ′ = 4 excited state. Delineated in Fig. 3.10(d)

are the energy profiles, extracted for a field detuning of 10 MHz (identical to that of Fig.

3.10(c)), realised in the absence of both the 𝐹 ′ = 4 and 𝐹 ′ = 2 hyperfine excited states.

Observed now is the anticipated dark manifold comprising a zero-energy landscape that

is everywhere static in 𝑧, mirroring the interaction between a purely blue-detuned cooling

field and the excited state from which it is blue-detuned which, for our consideration here,

is realised specifically as the 𝐹 ′ = 3 hyperfine state.

In the interest of concluding this section through entertaining a comprehensive ex-

ploration of those correlation factor predictions entailing Region I of Fig. 3.6, and in

particular of investigating thoroughly the interactions between the cooling field and those

hyperfine states which serve to elicit the instances of atomic cooling represented in these

predictions, we progress now to addressing the influence that the 𝐹 ′ = 2 excited state
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Figure 3.11: Influence of the presence and absence of the 𝐹 ′ = 2 hyperfine excited state

on selected dressed state energy profiles residing within Region I. In (a) and (b) are shown

the energy profiles, extracted for a field detuning of 85 MHz, observed in the presence and

absence, respectively, of the 𝐹 ′ = 2 excited state, whereas (c) and (d) detail the energy

landscapes, obtained for a field detuning of 10 MHz, observed in the presence and absence,

respectively, of the 𝐹 ′ = 2 excited state.

holds over the culminations realised, thus far, in this section. Akin to the treatment em-

ployed throughout the previous discussions, our method of analysis here incorporates a

direct evaluation of those dressed state energy profiles, extracted for select detunings of

the cooling field, subject to the presence of the 𝐹 ′ = 2 excited state against those procured

in its absence, following which the subsequently drawn comparisons will serve as the basis

for our ensuing analysis: in addition, the final correlation factors for each atomic system

will be computed and consequently evaluated as a supplementary means through which

the influence of the 𝐹 ′ = 2 hyperfine state can be elucidated.

In the first instance, then, let us consider the influence of the 𝐹 ′ = 2 excited state on

those correlation factor realisations pertinent to the band of cooling frequencies germane
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to Domain B.26 While it remains, as expounded earlier in this section, that an arbitrary

frequency of the cooling field confined to this band of detunings may simultaneously be

considered as both red-detuned from the 𝐹 = 3 → 𝐹 ′ = 4 transition and blue-detuned

from the 𝐹 = 3 → 𝐹 ′ = 3 transition, the inclusion of the 𝐹 ′ = 2 excited state makes

permissible the description of such a cooling field as likewise blue-detuned from the 𝐹 =

3 → 𝐹 ′ = 2 transition. Given that the nature of such a transition reflects that of an

𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 − 1 transition, it is feasible for one to suggest that the presence of the

𝐹 ′ = 2 hyperfine level contribute perceivably to the correlation factor realisations presently

under discussion, on the basis that the 𝐹 = 3 → 𝐹 ′ = 2 transition satisfies the criterion

necessitated, as per Section 2.2.2, by the dark molasses cooling scheme. As alluded to in

the previous paragraph, should the 𝐹 ′ = 2 excited state afford an appreciable effect on

these predictions, a commensurately observable influence should be made apparent upon

examination of those dressed state energy profiles for any appropriate frequency of the

cooling field.

To that end, the reader’s attention is directed to Figs. 3.11(a) and 3.11(b) where

are shown the energy landscapes, extracted for a field detuning of 85 MHz, in both the

presence and absence, respectively, of the 𝐹 ′ = 2 hyperfine excited state. Notably, one

observes that the prevalent discrepancy manifest between the energy profiles delineated in

each figure is attributable to slightly larger-magnitude negative light-shifts imposed upon

those landscapes entailing Fig. 3.11(b). As these profiles are obtained in the absence of

the 𝐹 ′ = 2 excited state, the basis for this observation is simple: given that the cooling

field may now be considered as simultaneously red-detuned from the 𝐹 ′ = 4 excited state

and blue-detuned from only one hyperfine level (namely, the 𝐹 ′ = 3 excited state) rather

than the two commensurate with the inclusion of the 𝐹 ′ = 2 excited state, there subsists

now a relatively larger influence from the 𝐹 ′ = 4 excited state, thereby culminating in

the imposition of greater (negative) light-shifts upon the obtained energy profiles. Despite

this noticeably increased shift, it should be noted that the extent to which the energy

profiles are shifted is somewhat minute. Indeed, a comparison of the final correlation

factors realised for the atomic systems in the presence and absence of the 𝐹 ′ = 2 excited

26In the interest of convenience, we reiterate here that this frequency band is bounded above and below

by Δ ≈ 110 MHz and Δ ≈ 60 MHz, respectively.
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state reveals values of 2.8542 × 105 and 2.8584 × 105 respectively, reflecting a meager

change of 0.15% between the correlation factors of the two systems: one is justified, then,

in claiming that the presence of the 𝐹 ′ = 2 hyperfine level does not appreciably contribute

to the realisation of atomic cooling for those field detunings germane to the prevalence of

polarisation gradient cooling.27

Let us now consider the above discussion as it pertains to the scope of cooling field

frequencies commensurate with the prevalence of the grey molasses cooling scheme within

Region I of Fig. 3.6.28 In a manner identical to that scribed above, the reader’s attention is

directed to the delineations entailing Figs. 3.11(c) and 3.11(d) where are shown the energy

landscapes, extracted for a field detuning of 10 MHz, in both the presence and absence, re-

spectively, of the 𝐹 ′ = 2 hyperfine excited state. As with the discussion pertinent to those

cooling frequencies concurrent with the prevalence of the polarisation gradient cooling

scheme entertained above, one notes that the preeminent discrepancy manifest between

the energy profiles portrayed in each figure is attributable to marginally greater-magnitude

negative light-shifts exhibited by those landscapes entailing Fig. 3.11(d) relative to those

of Fig. 3.11(c). This culmination is, again, unsurprising: given that these profiles are ob-

tained in the absence of the 𝐹 ′ = 2 excited state, the cooling field may now be considered

as simultaneously red-detuned from the 𝐹 ′ = 4 excited state and blue-detuned from only

a single hyperfine level (namely, the 𝐹 ′ = 3 excited state) rather than the two excited

states commensurate with the inclusion of the 𝐹 ′ = 2 excited state. This realisation cul-

minates in a proportionately greater interaction between the incident light and the 𝐹 ′ = 4

excited state, eventuating in the imposition of a greater-magnitude (negative) light-shifts

upon the obtained energy profiles. Regardless of these perceptibly-increased shifts, one’s

attention is drawn to the notion that the extent to which the energy profiles are shifted

is relatively small. Indeed, an evaluation of the final correlation factors procured for the

atomic systems in both the presence and absence of the 𝐹 ′ = 2 hyperfine level evinces

values of 1.7026 × 105 and 1.7080 × 105 respectively, delineating a minute change of 0.32%

between the correlation factors of the two systems. While, for all intents and purposes,

27While this discussion has been expounded for a single field detuning of 85 MHz, similar findings are

realised throughout this entire range of cooling frequencies.
28In the interest, again, of convenience, we reiterate here that this frequency band is bounded above and

below by by Δ ≈ 40 MHz and Δ ≈ 0 MHz, respectively.
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this percentage differential can safely be taken as negligible, the keen reader will assuredly

notice that its magnitude is comparatively larger than that obtained in the corresponding

exploration pertinent to the dominance of polarisation gradient cooling. The predicate is

elegantly simplistic: by their nature, the range of field detunings germane to the preva-

lence of the grey molasses cooling scheme are closer, in frequency, to the 𝐹 ′ = 2 hyperfine

level such that the influence of this excited state is relatively larger than when under con-

sideration are those cooling frequencies appropriate to the prevalence of the polarisation

gradient cooling mechanism. As such, the removal of the 𝐹 ′ = 2 hyperfine state yields

a commensurately greater change for those field detunings germane to the grey molasses

cooling scheme, a notion exemplified by the larger percentage differential obtained for such

frequencies relative to those bound within the prevalence of polarisation gradient cooling.

B. Region II - Negatively-Valued Detunings

Given the discussions entailing the previous section, one’s natural supposition would be

also the incumbent exploration of those correlation factor results encompassing Region II of

Fig. 3.6 and, indeed, it is to this collection of correlation factors that we turn our attention

now. As stated previously, comprising this cooling domain are those frequencies of the

incident cooling field for which the 𝐹 = 3 → 𝐹 ′ = 2 and 𝐹 = 3 → 𝐹 ′ = 3 transitions

serve as the lower and upper bounds, respectively. Realised within this region is an

admixture of both positively-valued and negatively-valued correlation factors indicating,

as outlined in earlier sections, both the presence and absence of atomic cooling from within

this frequency domain. Fortuitously, such predictions (again) align seamlessly with the

atomic cooling theory developed in Section 2.2 entailing the polarisation gradient cooling

and dark molasses cooling schemes pertinent to sub-Doppler cooling, albeit subject to a

marginally differing interpretation to that encountered in the previous section expounding

those cooling frequencies embodying Region I. Recalling once more, however, that the

former scheme is predicated on the interaction between a red-detuned cooling field and an

𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 + 1 transition and the latter between a blue-detuned cooling field and an

𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 or 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 − 1 transition a complication, akin to that stipulated for

Region I, inherent to one’s exhaustive comprehension of the correlation factor realisations

comprising Region II, is consequently realised. Specifically, the reader is made aware
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that, since an arbitrary frequency of the cooling field confined to within this domain may

simultaneously be treated as both both red-detuned from an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 transition

(represented physically by the 𝐹 = 3 → 𝐹 ′ = 3 transition) and blue-detuned from an

𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 − 1 transition (represented physically by the 𝐹 = 3 → 𝐹 ′ = 2 transition),

it becomes readily apparent, in the first instance, that the polarisation gradient cooling

scheme can emphatically not serve to elicit atomic cooling across those detunings entailing

Region II given, in particular, that the incident field does not (appreciably) constitute the

imperative red-detuned cooling light interacting with an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 + 1 transition

necessitated by this mechanism.29 Rather, should the cooling field be considered such

that it prevails as red-detuned from an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 transition (under the guise of the

𝐹 = 3 → 𝐹 ′ = 3 transition) instead, one realises that a basis for atomic heating, and

not for atomic cooling, is manifest. Conversely, should the establishment of the cooling

field be such that its prevalence subsists as light blue-detuned from an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 − 1

transition (under the guise of the 𝐹 = 3 → 𝐹 ′ = 2 transition), the requisites demanded

by the dark molasses cooling scheme are consequentially realised such that the presence

of atomic cooling is, commensurately, feasible.

Akin to the investigation of Region I, then, let us consider first the band of cooling

frequencies, bounded above and below by Δ ≈ 0 MHz and Δ ≈ −58 MHz respectively, for

which the interaction between the cooling field and the 𝐹 ′ = 3 hyperfine level is preva-

lent, to which we further assign the inscription Domain C. For the entirety of those field

detunings confined to this span of cooling frequencies are observed landscapes emulating

those delineated in Fig. 3.12. Despite this figure detailing those profiles specific to the

two (arbitrarily selected) field detunings of −15 MHz and −30 MHz (for Figs. 3.12(a)

and (c), and 3.12(b) and (d), respectively), the profiles themselves are representative of

the complete ensemble of energy profiles extracted for those cooling frequencies in which

the influence of the 𝐹 ′ = 3 hyperfine level is dominant over that of the 𝐹 ′ = 2 excited

state. In addition to the point-wise evaluation of the mean-centred dressed state energy

29While, subject to the given frequency bounds, this claim is justified, such a cooling frequency may, in

actuality, be considered as red-detuned from an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 + 1 transition (represented physically by

the 𝐹 = 3 → 𝐹 ′ = 4 transition) the influence of which, in a similar manner to the previous section, will

be explored thoroughly in the subsequent pages.
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(upper plot) and dressed state changing probability (lower plot) profiles depicted in Figs.

3.12(c) and (d) both evincing a negatively-valued final correlation factor, thus predicting

the absence of atomic cooling, one observes that the proportionate majority of these en-

ergy landscapes exhibit a simultaneous functional dependence on the position in 𝑧 and the

imposition of negative light shifts suggesting, as per the culminations of previous sections,

that the most apt description of the incident light is that of a red-detuned cooling field

coupling, preferentially, to the 𝐹 ′ = 3 excited state rather than either to the 𝐹 ′ = 4

excited state or that of a blue-detuned cooling field interacting predominantly with the

𝐹 ′ = 2 hyperfine level. In the interest of clarity, we direct the reader’s attention here to the

notion that, given the preferential coupling of the incident light with the 𝐹 ′ = 3 excited

state for the scope of cooling frequencies intrinsic to Domain C, the polarisation gradient

cooling mechanism does not hold any basis to elicit atomic cooling since the interaction

considers the incident field as red-detuned from an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 transition rather than

from an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 + 1 transition as is necessitated by the scheme itself.

Insofar as our investigation has, thus far, focused on the prevalence of the interaction

between the incident cooling field and the 𝐹 ′ = 3 excited state (read: Domain C) from

within Region II of Fig. 3.6, the reader’s attention is directed now to the (relatively small)

scope of cooling field frequencies for which the dominant atomic interaction for the incident

light is manifest as a preferential coupling to the 𝐹 ′ = 2 excited state which, incidentally,

is manifest in the prevalence of the dark molasses cooling scheme. Bounded above and

below by Δ ≈ −58 MHz and Δ ≈ −63.401 MHz respectively, extracted from within this

domain of field detunings are dressed state energy profiles whose characteristics emulate,

in nature, those delineations comprising Fig. 3.13. While these figures inherently display

only those energy landscapes appropriate to the (arbitrarily selected) field detunings of

−60 MHz and −63 MHz (for Figs. 3.13(a) and (c), and 3.13(b) and (d), respectively),

the features encompassed therein are reflected in the entirety of those energy profiles ex-

tracted across those cooling frequencies subject to the prevalence of the grey molasses

cooling scheme throughout Region II. In particular, one’s attention is directed in the first

instance to the realisation of a positively-valued final correlation factor obtained for each

field detuning, therefore predicting the presence of atomic cooling at these cooling fre-

quencies. In the second instance, one observes that the majority of the energy landscapes

delineated in each figure constitute a bright manifold coupled ubiquitously to the incident
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Figure 3.12: Representative dressed state energy and dressed state changing probability

profiles realised within Region II for the 𝐷2 transition line of 85Rb. Observed in (a) and

(b) are the dressed state energy profiles, extracted for field detunings of −15 MHz and

−30 MHz respectively, portraying the characteristics exhibited by those dressed states for

which the interaction between the cooling field and the 𝐹 ′ = 3 excited state is preva-

lent (read: Domain C). In (c) and (d) are shown the mean-centred dressed state energy

and dressed state changing probability profiles associated with the plots displayed in (a)

and (b) respectively, purposed with elucidating the nature of the final correlation factors

subsequent to the point-wise evaluation of the two plots against each other.

cooling field, exercising both a functional dependence on the position in 𝑧 and the exhi-

bition of positive light-shifts. Considered together these features suggest, as per previous

discussions, that the most apt description of the incident light is that of a blue-detuned

cooling field coupling, predominantly, to the 𝐹 ′ = 2 excited state rather than that of a
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Figure 3.13: Representative dressed state energy and dressed state changing probability

profiles realised within Region I for the 𝐷2 transition line of 85Rb. Observed in (a) and (b)

are the dressed state energy profiles, extracted for field detunings of −60 MHz and −63

MHz respectively, portraying the characteristics exhibited by those dressed states subject

to the prevalence of the dark molasses cooling scheme. In (c) and (d) are shown the mean-

centred dressed state energy and dressed state changing probability profiles associated

with the plots displayed in (a) and (b) respectively, purposed with elucidating the nature

of the final correlation factors subsequent to the point-wise evaluation of the two plots

against each other.

red-detuned cooling field whose coupling to either the 𝐹 ′ = 4 and 𝐹 ′ = 3 excited states is

dominant. To further justify this claim is the presence, represented in both red and blue

in both Figs. 3.13(a) and 3.13(b), of dressed state energy profiles comprising an approx-

imate dark manifold, with each delineating an energy landscape that is both near-zero
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and a spatial modulation that is weakly dependent on the position in 𝑧. Interestingly, in

contrast to the corresponding band of cooling frequencies inherent to Region I however,

one notes that the there-observed evolution of those dressed states comprising the dark

manifold (commensurate with the gradual shift in cooling frequency from smaller detun-

ings to those of a larger magnitude) is markedly absent: in particular, both Figs. 3.13(a)

and 3.13(b) delineate a dark manifold represented by those dressed states shown in red

and blue. Such a realisation is not, altogether, unexpected nor surprising, given that the

difference in cooling frequency observed in moving from Fig. 3.13(a) to 3.13(b) spans a

mere 3 MHz, whereas the corresponding walk of frequencies in Region I (namely, those

inherent in moving from Fig. 3.8(a) to 3.8(b)) constitutes a span of 20 MHz, such that

a clearer evolution in those dressed state energy profiles comprising the dark manifold in

each figure is markedly observable.

Given that the analysis of the correlation factor culminations entailing Region II of

Fig. 3.6 examined thus far has rested in the elucidation of which, if either, of the 𝐹 ′ = 3

or 𝐹 ′ = 2 hyperfine excited states is dominant in its interaction with the cooling field

for a given frequency, we turn now, in a manner aligned with our evaluation of Region I,

to addressing those discrepant characteristics inherent to the extracted energy landscapes

commensurate with the prevalence of each interaction. To that end, let us consider first

the dressed state energy profiles comprising Domain C of Region II, represented by those

landscapes implicit in Fig. 3.12(b) which has, for convenience, been replicated in Fig.

3.14(a). Inasmuch as these energy profiles bear a marked semblance to those anticipated

of a cooling field whose prevalent atomic interaction is such that its appropriate qualifier is

that of incident light red-detuned from, in particular, the 𝐹 = 3 → 𝐹 ′ = 3 transition, it is

clear that perfect alignment between the expected energy landscapes and those presented

within Fig. 3.14(a) is notably removed. In particular, and as expressed in an earlier

discussion, one observes that a collection of energy functions (notably, those represented

in orange, magenta and cyan) experience, whether in part or whole, positive light-shifts,

rather than the purely negative light-shifts supposed of a red-detuned cooling field. Given

the conclusions entailing Section 2.2.2 and, by extension, the nature of those energy profiles

comprising Fig. 3.13, the directionality of such a shift suggests both the influence and

presence of a cooling field whose frequency is such that it lies to the blue of an atomic

transition. As previously alluded to, this behaviour is simply a manifestation of the off-
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Figure 3.14: Influences of the presence, or absence, of specific excited states within the

hyperfine manifold on the 𝐷2 line of 85Rb on selected dressed state energy profiles residing

within Region II. In (a) are replicated the energy profiles, extracted for a field detuning

of −30 MHz, representative of those dressed states germane to Domain C of Region II,

whereas in (b) are shown the energy landscapes, extracted for an identical detuning,

observed with the contribution from both the 𝐹 ′ = 4 and 𝐹 ′ = 2 hyperfine excited states

removed. Similarly, in (c) are replicated the energy profiles, extracted for a field detuning

of −63 MHz, representative of those dressed states subject to the prevalence of the dark

molasses cooling scheme within Region II, whereas in (d) are shown the energy landscapes,

extracted for an identical detuning, observed in the absence of both the 𝐹 ′ = 4 and 𝐹 ′ = 3

hyperfine excited states.

resonant coupling between the cooling field and the 𝐹 ′ = 2 excited state, as expounded

by Fig. 3.14(b). Within this figure we observe, for a field detuning of −30 MHz (identical

to that delineated in Fig. 3.14(a)), the dressed state energy profiles extracted with the

contribution of both the 𝐹 ′ = 4 and 𝐹 ′ = 2 excited states removed. Notably, one observes

that the discrepant characteristic demonstrating positive light-shifts imposed upon the

energy landscapes commensurately vanish with these omissions: in particular, Fig. 3.14(b)

shows that none of the extracted energies experience positive light-shifts, and those upon
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which are set negative light-shifts exhibit still a spatial dependence in 𝑧, demonstrative

of the interaction between a purely red-detuned cooling field and the excited state from

which it is red-detuned which, for our consideration here, is manifest specifically as the

𝐹 ′ = 3 hyperfine level.

A feature of novel interest is, however, simultaneously present within the delineations

of Fig. 3.14(b). While the majority of the inscribed energy functions experience neg-

ative light-shifts, that represented in orange constitutes a dark manifold, exhibiting a

zero-energy characteristic concurrent with a staticity that subsists everywhere in 𝑧. This

observation lies in stark contrast to the corresponding discussion inherent to Region I

and is, as one might suppose, a consequence of the relative difference in the structure of

the altered atomic systems implicit to Region I and Region II. Where the former, in the

current context, was investigated on the basis of the 𝐹 = 3 → 𝐹 ′ = 4 transition being

solely present, the foundation of the latter is in that of the 𝐹 = 3 → 𝐹 ′ = 3 transition

holding this consideration. Given that the 𝐹 = 3 → 𝐹 ′ = 3 transition itself constitutes an

𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 transition, it therefore satisfies the atomic structure-requisites necessitated

by the grey molasses cooling scheme30 such that there exists, for every location in 𝑧, at

least one linear superposition of Zeeman substrates that is fundamentally dark to the cool-

ing field. Specific to the transition evaluated here, these dark states take the guise of the

𝑚𝐹 ′ = ±3 for fields comprised, whether in part or whole, of 𝜎± polarisations. Conversely,

given that the 𝐹 = 3 → 𝐹 ′ = 4 transition comprises an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 + 1 transition,

there exists, for every Zeeman substrate subsistent in the ground state manifold, a Zeeman

substrate in the hyperfine manifold to which it can be coupled via the incident cooling

field such that a dark manifold, in such an atomic system, would emphatically not exist:

thus, we observe a basis of explanation pertinent to not only the presence of the dark

manifold inherent to Fig. 3.14(b), but also of its corresponding absence upon examination

of Fig. 3.10(b).

Aligned with the culminations of the previous discussion, we turn our attention now

to the dressed state energy profiles extracted for those field detunings in which subsists

the dominance of the dark molasses cooling scheme within Region II. Representing these

30The proper realisation of this cooling scheme is subject, of course, to the detuning of the incident

cooling field.
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energy landscapes are those functions displayed in Fig. 3.13(b) which has, for conve-

nience, been replicated in Fig. 3.14(c). While the energy functions delineated therein

share commonalities with those anticipated, as governed by the outcomes of Section 2.2.2,

of the grey molasses cooling scheme, there exist inherent features whereby the realised

landscapes entailing Fig. 3.14(c) do not align absolutely with those predicted or expected.

In particular, one notes the clear absence of a dark manifold comprised of a completely

static and zero-energy profile and instead observes doubly-represented negatively-shifted

energy functions exhibiting a spatial dependence (albeit a minute one) on 𝑧. Given the

realisations of both Section 2.2.1 and those energy profiles inherent to Fig. 3.12, both the

directionality of such a shift and the observed dependence in 𝑧 suggests both the presence

and influence of a cooling field whose frequency is such that it lies to the red of an atomic

transition. Analogous to the previous pertinent discussions, this behaviour is merely the

realisation of the off-resonant coupling between the cooling field and both the 𝐹 ′ = 3

and, to a lesser extent, the 𝐹 ′ = 4 excited states.31 Extracted into Fig. 3.14(d) are

the energy profiles, appropriate to a field detuning of −63 MHz (identical to that of Fig.

3.14(c)), realised in the absence of both the 𝐹 ′ = 4 and 𝐹 ′ = 3 hyperfine excited states.

Observed now is the anticipated dark manifold comprising a zero-energy landscape with

a resounding staticity everywhere in 𝑧, demonstrating the interaction between a purely

blue-detuned cooling field and the excited state from which it is blue-detuned which, for

our current consideration, is realised specifically as the 𝐹 ′ = 2 hyperfine state.

In the interest of concluding this section with a thorough exploration of those correla-

tion factor procurements constituent in Region II of Fig. 3.6, and in particular of making

true our claim of an exhaustive investigation of the interactions between the cooling field

and those hyperfine states which serve to elicit the instances of atomic cooling and atomic

heating intertwined with these predictions, we progress now to addressing the influence

that the 𝐹 ′ = 4 excited state holds over the culminations realised, thus far, in this sec-

tion. Akin to the treatment employed throughout the previous sections of this thesis,

our method of analysis here incorporates a direct evaluation of those dressed state energy

profiles, extracted for select detunings of the cooling field, subject to the presence of the

𝐹 ′ = 4 excited state against those procured in its absence, following which the subse-

31The latter of these, in particular, shall be further explored in the following pages.
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quently drawn comparisons will serve as the basis for our ensuing analysis: in addition,

the final correlation factors for each atomic system will be computed and consequently

evaluated as a supplementary means through which the influence of the 𝐹 ′ = 4 hyperfine

state can be ultimately determined.

In the first instance, then, let us consider the effect of the 𝐹 ′ = 4 excited state on those

correlation factor results coincident with the band of cooling frequencies appropriate to

Domain C.32 While it holds justified, as outlined earlier, that an arbitrary frequency of

the cooling field confined to this band of detunings may be simultaneously considered

as both red-detuned from the 𝐹 = 3 → 𝐹 ′ = 3 transition and blue-detuned from the

𝐹 = 3 → 𝐹 ′ = 2 transition, the inclusion of the 𝐹 ′ = 4 excited state makes permissible

the description of such a cooling field as likewise red-detuned from the 𝐹 = 3 → 𝐹 ′ = 4

transition. Given that the nature of such a transition reflects that of an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 +1

transition it is feasible, on the surface, for one to suggest the presence of the 𝐹 ′ = 4

hyperfine level contribute appreciably to the correlation factor realisations implicit to

Region II, given that the 𝐹 = 3 → 𝐹 ′ = 4 transition satisfies the criterion necessitated, as

per Section 2.2.1, by the polarisation gradient cooling scheme. As alluded to in the previous

paragraph, should the 𝐹 ′ = 4 excited state afford a perceivable effect on these predictions,

a commensurately observable influence should be made apparent upon examination of

those dressed state energy profiles for any appropriate frequency of the cooling field.

To that end, the reader’s attention is directed to Figs. 3.15(a) and 3.15(b) where are

shown, for a field detuning of −30 MHz, the energy landscapes extracted in both the

presence and absence of the 𝐹 ′ = 4 excited state. Notably, one observes the prevalent

differential between the two figures subsisting as the energy profiles delineated in Fig.

3.15(b) having imposed upon them marginally greater-magnitude positive light-shifts than

the counterparts observed in Fig. 3.15(a). Given that the former of these figures is

obtained in the absence of the 𝐹 ′ = 4 hyperfine level, the predicate for this observation is

simplistic in nature: since the cooling field may now be considered as simultaneously red-

detuned from only one hyperfine level (namely, the 𝐹 ′ = 3 excited state), rather than the

two commensurate with the inclusion of the 𝐹 ′ = 4 excited state, and blue-detuned from

32In the interest of convenience, we reiterate here that this frequency band is bounded above and below

by Δ ≈ 0 MHz and Δ ≈ −58 MHz respectively.
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Figure 3.15: Influence of the presence and absence of the 𝐹 ′ = 4 hyperfine excited state on

selected dressed state energy profiles residing within Region II. In (a) and (b) are shown

the energy profiles, extracted for a field detuning of −30 MHz, observed in the presence

and absence, respectively, of the 𝐹 ′ = 4 excited state, whereas (c) and (d) detail the

energy landscapes, obtained for a field detuning of −63 MHz, observed in the presence

and absence, respectively, of the 𝐹 ′ = 4 excited state.

the 𝐹 ′ = 2 hyperfine level, there exists now a relatively larger influence from the 𝐹 ′ = 2

excited state, thereby culminating in the imposition of greater (positive) light-shifts upon

the obtained energy profiles. Associated with this noticeable translation of the energy

landscapes comes the pertinent comparison of the final correlation factors realised for the

atomic systems in the presence and absence of the 𝐹 ′ = 4 excited state: indeed, such

an evaluation reveals values of −6.6567 × 104 and −6.8222 × 104 respectively, reflecting

a percentage differential of 2.43% between the correlation factors of the two systems.

While this percentage change is an order of magnitude larger than those obtained for the

corresponding discussions germane to Region I of Fig. 3.6, the omission of the 𝐹 ′ = 4

hyperfine level does emphatically not serve to elicit a changed prediction as to the presence

of atomic heating and, as such, one is justified in claiming that the presence of the 𝐹 ′ = 4

excited state does not appreciably contribute to the mechanisms of atomic cooling for
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those field detunings pertinent to Domain C.

Let us now consider finally the above discussion as it pertains to the scope of cooling

field frequencies commensurate with the prevalence of the grey molasses cooling scheme

within Region II of Fig. 3.6.33 In a manner identical to that scribed above, the reader’s

attention is drawn to the delineations of Figs. 3.15(c) and 3.15(d) where are shown the

energy landscapes, extracted for a field detuning of −63 MHz, in both the presence and

absence (respectively) of the 𝐹 ′ = 4 excited state. As with the discussion pertinent to

those cooling frequencies germane to Domain C entertained above, one notes that the

preeminent discrepancy manifest between those energy profiles designated in each figure

is attributable to marginally greater-magnitude positive light-shifts exhibited by those

landscapes inscribed within Fig. 3.15(c) relative to those of 3.15(d). Again, this realisation

is unsurprising: given that these profiles are obtained in the absence of the 𝐹 ′ = 4 excited

state, the cooling field may now be considered as simultaneously red-detuned from only

one hyperfine level (namely, the 𝐹 ′ = 3 excited state), rather than the two commensurate

with the inclusion of the 𝐹 ′ = 4 excited state, and blue-detuned from the 𝐹 ′ = 2 hyperfine

level. Such a facet of the resulting atomic system culminates in a proportionately greater

interaction between the incident light and the 𝐹 ′ = 2 excited state, eventuating in the

imposition of greater-magnitude (positive) light-shifts upon the obtained energy profiles.

Despite the perceptibility of these positive translations, one’s attention is directed to the

quantitative descriptor regarding the extent to which the energy landscapes are shifted.

Indeed, an evaluation of the final correlation factors procured for the respective atomic

systems in both the presence and absence of the 𝐹 ′ = 4 excited state evinces values

of 1.4171 × 104 and 1.4394 × 104 respectively, detailing a change of 1.55% between the

correlation factors of the two systems. Given that this percentage differential is smaller, in

magnitude, than that obtained in the course of the examination of those cooling frequencies

germane to Domain C previously, one is justified, then, in claiming that the presence of

the 𝐹 ′ = 4 hyperfine level does not appreciably contribute to the realisation of atomic

cooling for those field detunings pertinent to the prevalence of the grey molasses cooling

scheme within Region II of Fig. 3.6.

33In the interest, again, of convenience, we reiterate here that this frequency band is bounded above and

below by Δ ≈ −58 MHz and Δ ≈ −63.401 MHz, respectively.
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C. Experimental Analysis of Atomic Cooling - A Validation of Elicit Corre-

lation Factors

The results inherent to the previous two sections, namely those expounding the predicted

presence (or absence) of atomic cooling for those field detunings bounded within the con-

fines of Region I and Region II of Fig. 3.6, serve to provide a foundation from which our

subsequent (and, indeed, entirely exhaustive) exploration into the experimental validity

of those correlation factor realisations intrinsic to the 𝐷2 line of 85Rb can be observed.

Indeed, implicit to the following section are the first instances, in this thesis, whereby a

purely theoretical framework and the ensuing, feasibly-testable culminations are permissi-

bly verifiable, positive or otherwise, through the outcomes of possible experimentation. To

that end, the observations and subsequent proclamations made as a direct consequence of

both the pertinent experimental implementation of atomic cooling on the 𝐷2 line of 85Rb

and, in turn, the successive verification (or otherwise) of the correlation factor predictions

evinced will subsist in an entirely definitive and determinative manner: that is, should

the correlation factor realisations of the previous two sections align seamlessly with, and

be validated by, those results obtained from within an appropriate experimental context,

substantial weight is given to the claim that the theoretical framework developed with the

intention of making transparent that our correlation factor approach serves as an accurate

representation of the underlying mechanisms of atomic cooling within the sub-Doppler

regime. Conversely, should the correlation factor predictions contrast starkly with ex-

periment to the point that the inherent discrepancies between theory and practice are

sufficiently far removed such that no discernible agreement between the two can justifi-

ably be extracted, our correlation factor framework must be discarded and with it, any

remnants of progress toward the eventual comprehension of polarisation gradient cooling

from within the confines of an optical dipole trap.

That the promise of success for our theoretical framework rests, as outlined above, in

the agreement between those correlation factor predictions delineating Fig. 3.6 (and, by

extension, the predicted presence (or absence) of atomic heating from within the appro-

priate frequency domains) and the corresponding experimental realisations, the natural

progression for the current section of this thesis is to first procure and detail the ex-

perimental findings pertinent to the implementation of free-space polarisation gradient
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cooling on the 𝐷2 line of 85Rb. To that end, the reader’s attention is directed to Tab.

3.1 where are shown the experimentally obtained results culminating from the iterative

and successive imposition of polarisation gradient cooling across a span of field detunings

commensurate with those explored, in a theoretical framework, in Fig. 3.6. In the interest

of entertaining both a self-consistent and well-aligned notation throughout the entirety of

this thesis, considered in the first two columns of Tab. 3.1 are those experimental fre-

quencies of the cooling field, quoted as detunings relative to the 𝐹 ′ = 3 hyperfine excited

state,34 at which the polarisation gradient cooling scheme was elicit. Detailing the third

column are the respective intensities of the incident light implemented at each iterative de-

tuning, a parameter whose influence will be thoroughly explored in the succeeding pages,

whereas denoting the final column are the experimentally realised atomic temperatures

attained, subsequent to each trial, by a single 85Rb atom subsistent in a free-space locale.

Encompassed within this penultimate column, in particular, the avid reader will assuredly

observe the inclusion of the “∅” symbol for select cells coincident with distinct detunings

of the incident cooling field. Far from signifying a null result in the context of procuring

a datum conducive to our investigation of polarisation gradient cooling in a free space

regime, such instances are simply exemplary of those experimental runs wherein the reali-

sation of polarisation gradient cooling was not elicit: that is, for these field detunings, the

implementation of the cooling light culminated in atomic heating, rather than in atomic

cooling.

Subject to scrutiny, one’s prevalent interest may (understandably so, as it remains)

be the evaluation of those experimental results detailing Tab. 3.1 against those supposed

theoretically by Fig. 3.6. To seek such a comparison is, after all, the predicate for the

current thesis section and, as such, it is to this that we turn now our attention. To progress

however is, in the first instance, to develop a criteria against which a claim for the presence

of atomic cooling for an arbitrary field detuning can be either validated or nullified. Given

that the framework detailing the entirety of the correlation factor theory developed thus

far is structured firmly around the mechanisms underpinning polarisation gradient cooling,

it is natural to suggest that the requisite for atomic cooling be the attainment of a final

34Alternatively, one may freely consider these frequencies of the cooling field as detunings quoted relative

to the 𝐹 = 3 → 𝐹 ′ = 3 transition.
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Detuning | MHz 𝐼𝑃𝐺𝐶 | 𝑚𝑊𝑐𝑚−2 Temperature | 𝜇𝐾

𝐹 ′ = 3 83.64 4.95 6

𝐹 ′ = 3 75.64 4.95 9

𝐹 ′ = 3 60.64 4.95 6.9

𝐹 ′ = 3 50.64 4.24 8.4

𝐹 ′ = 3 45.64 4.95 8.9

𝐹 ′ = 3 30 4.24 20.7

𝐹 ′ = 3 20 4.95 42.8

𝐹 ′ = 3 −3.4 1.06 ∅

𝐹 ′ = 3 −13.4 4.95 ∅

𝐹 ′ = 3 −23.4 4.95 ∅

𝐹 ′ = 3 −33.4 4.95 ∅

𝐹 ′ = 3 −43.4 4.95 ∅

𝐹 ′ = 3 −59.4 3.54 114

Table 3.1: Experimentally obtained results pertinent to the implementation of free-space

polarisation gradient cooling on the 𝐷2 line of 85Rb. Detailing the first and second columns

are those frequencies of the cooling field, quoted as detunings relative to the 𝐹 ′ = 3

hyperfine excited state, under which the polarisation gradient cooling scheme was executed.

Designating the third column are the respective intensities utilised for each atomic cooling

iteration, whereas inscribed in the penultimate column are the final atomic temperatures

reached by a single 85Rb atom subsequent to each experimental run. Note that a tabular

cell comprising a “∅” symbol denotes an unsuccessful experimental realisation of atomic

cooling for the corresponding field detuning.

atomic temperature subsistent below the Doppler temperature for 85Rb: namely, should

an experimental trial, for a given detuning of the cooling field, culminate in an atomic

temperature whose magnitude is less than ≈ 145𝜇K, one can justifiably claim that atomic

cooling has been definitively elicit, with the converse holding true in its own stead as well.

Akin to the segmentation of those representations entailing Fig. 3.6 into Region I

and Region II, affixed to each of which are those frequencies commensurate with either
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a positive or negative detuning of the cooling field respectively, the detailing of Tab. 3.1

can, likewise, be considered as two identically analogous domains. In the first instance,

let us consider those physically implemented cooling frequencies for which the detuning

of the incident field is taken, by our convention, as positive. Scribed within Tab. 3.1

are observed, across the entirety of these implemented cooling frequencies, final atomic

temperatures of far lesser magnitude than that purported by Doppler cooling theory.

Given the criteria developed in the previous paragraph this suggests that, should one’s

interest reside with determining the practical validity of those correlation factor predictions

inherent to the 𝐷2 line of 85Rb, the predicted presence of atomic cooling from within this

band of field detunings supposed by Fig. 3.6 is consequently validated, thus providing

substantial weight to the notion that the theory entailing the correlation factor framework

appropriately describes the mechanisms underpinning the implementation of polarisation

gradient cooling on the 𝐷2 line of 85Rb.

While there can be no doubt that, insofar as Region I of Fig. 3.6 is regarded, there

subsists unequivocal agreement between the theoretical correlation factor predictions and

the physically realised presence of (sub-Doppler) atomic cooling commensurate with this

band of cooling frequencies, a careful evaluation of the magnitudes inherent to each facet of

our investigation unearths a characteristic of particular intrigue. Specifically, upon obser-

vation of Fig. 3.6, one notes that the global maximum in the correlation factor function is

coincident with a field detuning of Δ ≈ 60 MHz. On the surface, one might (understand-

ably) suppose that the magnitude of the correlation factor is intimately demonstrative of

the extent to which atomic cooling is present in a (definitively) proportionate functional

relationship: that is, it is natural to purport that a greater magnitude correlation factor

be indicative of a greater extent of atomic cooling such that, in the realm of experimental

implementation, a lower final atomic temperature is attained.35

Upon reference to Tab. 3.1, however, one observes a shortcoming impinging on the

before-scribed supposition. While the final atomic temperature practically realised for a

field detuning of Δ ≈ 60 MHz is (approximately) some twenty times smaller than the

Doppler temperature for 85Rb,36 it is emphatically not the lowest experimentally attained

35Note that the converse of this supposition is equally viable.
36The relevant atomic temperatures for this comparison are 6.9𝜇K and, as mentioned previously, ≈
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temperature concurrent with our investigation: rather, it is for a field detuning of 83.64

MHz37 where exists such a temperature. Clearly, then, the magnitude of the correlation

factor, for an arbitrary cooling frequency, is not a reliable indicator of the commensurately

realised atomic temperature in an experimental context and, while not immediately obvi-

ous, the predicate for such a claim is intrinsic to the role of the intensity of the cooling

field as it pertains to both the theoretical framework of the correlation factor realisations

and its subsistence as a controllable parameter in experimental implementations.

Regarding the influence of the cooling field intensity on the magnitude of the corre-

lation factor for an arbitrary frequency of the cooling field, the reader is reminded that

the parameter itself bears the designation 𝐼0
38 and is exclusively present, in the first in-

stance, during the mathematical treatment entailing Section 3.2.1 through the potential

to transition, in a formulaic manner, between the intensity of the cooling field (a param-

eter ultimately controllable through the choice of the power for the cooling light) and its

amplitude, 𝐸0. In succession, this electric field amplitude (and therefore, by extension, the

intensity) enters into the derivation of the correlation factor framework during only those

instances in which the dressed state energy landscapes are sought, and therein lies the fun-

damental premise regarding the influence of the cooling field intensity on the magnitude of

the attained correlation factors. Given that, for an arbitrary detuning of the cooling field,

the extraction of a final correlation factor is fundamentally dependent on both the dressed

state energy and dressed state changing probability profiles, to claim that the electric field

amplitude is implicit to only the energy landscapes is to simultaneously claim that the

probability for a dressed state changing event to occur holds no functional dependence on

the field amplitude. Viewed differently (yet equivalently), this amounts to the notion that,

while changing the electric field amplitude will necessarily alter the characteristics of the

extracted dressed state energy landscapes (in particular, by making greater or smaller the

potential hills for greater or smaller field amplitudes, respectively), there will be evinced

no change for the spatial location(s) in 𝑧 where is most (or least) probable for a dressed

state changing event to occur.

145𝜇K for the practically attained and Doppler temperatures, respectively.
37Equivalently, this cooling frequency can be quoted as 40 MHz to the red of the 𝐹 ′ = 4 hyperfine level.
38The choice of notation here differs from that inscribed in Tab. 3.1, but we assure here the reader that

both the label 𝐼0 and 𝐼𝑃𝐺𝐶 refer to the same parameter.

108



GENERALISATION OF POLARISATION GRADIENT COOLING TO “MULTI-𝐹”
ATOMIC STRUCTURES

On the premise that the final correlation factor for an arbitrary frequency of the

cooling field is obtained from the point-wise multiplication between the dressed state

energy landscapes and the corresponding dressed state changing probability profiles, the

consequences of the previous paragraph pertinent to the correlation factor magnitude are

now made tangible. From the imposition, as a case in explanatory point, of a cooling

field whose amplitude is made progressively larger will be extracted dressed state energy

landscapes whose potential hills will, in a commensurate manner, become gradually larger

in modulus.39 Upon the point-wise evaluation of such larger-modulus (mean-centred)

energy functions against the appropriate probability profiles one would, based solely on

the predicate that these (constant-magnitude) probability profiles40 are multiplied against

progressively larger-modulus energy functions, obtain correlation factors whose magnitude

becomes commensurately larger. Should the magnitude of the final correlation factor

indeed be demonstrative of the potential extent to which atomic cooling can, in practice,

be achieved (as is one’s natural, initial supposition), one would be justified in claiming

that implementing, for a given frequency, cooling light of progressively higher intensity

would elicit (without bound) progressively lower atomic temperatures. While there does

exist, in experiment, certain parameter spaces whereby the intensity of the cooling field

and the atomic temperature share an inversely proportional relationship, the space itself

is not indefinite: that is to say, there subsists a physical upper bound for the intensity of

the cooling light, beyond which lower atomic temperatures are no longer feasible through

a simplistic increase of the field intensity.41

The prevalent consequence emerging from these recent paragraphs, then, is that the

magnitude of the final correlation factor obtained, for a given frequency of the cooling

field, holds no weight when considered in the realm of experimental realisations. Rather,

it is the sign of the final correlation factor that should be considered when seeking a means

through which the theoretical framework thus developed in this thesis can transcend into

practice. To that end, let us consider now those physically implemented cooling frequen-

39The converse is also true as well, indeed, as the ensuing discussion.
40The reader is reminded here that making larger the electric field amplitude elicits no change in the

dressed state changing probability profiles.
41In fact, increasing the intensity of the cooling field without bound will, eventually, culminate in atomic

heating and, as a potential consequence, the loss of atomic population from any implemented trap.

109



GENERALISATION OF POLARISATION GRADIENT COOLING TO “MULTI-𝐹”
ATOMIC STRUCTURES

cies for which the detuning of the incident field can be taken, as per our convention, to be

negative. Delineated within Tab. 3.1 are observed, across this span of cooling frequencies,

an admixture of atomic temperatures both above that claimed by the Doppler cooling

limit and below it. In particular, commensurate with the practically-set field detunings

bounded above and below by Δ ≈ −3.4 MHz and Δ ≈ −43.4 MHz respectively is the

inscription ∅ which, as stated at the outset of this section, is demonstrative of an experi-

mental culmination whereby the final atomic temperature was one of either greater than

the Doppler temperature42 or too great for the atom to remain trapped.43 Serendipitously,

these experimental realisations align seamlessly with the commensurate correlation factor

predictions entailing Region II of Fig. 3.6 where is shown a collection of negatively-valued

correlation factors predicting the absence of atomic cooling or, equivalently, the presence

of atomic heating. Moreover, should the reader’s attention be directed to the remaining

datum inherent to Tab. 3.1 (namely, that coincident with a field detuning of Δ ≈ −59.4

MHz), observed is an experimentally realised atomic temperature below that limited by

Doppler cooling theory (albeit considerably higher than those other instances of elicit

sub-Doppler cooling), a facet which, again, is correspondingly manifest in the correlation

factor predictions inherent to Region II of Fig. 3.6. Given that the entirety, therefore, of

those correlation factor predictions constituting Region II of Fig. 3.6 have associated with

them complete experimental validity, and coupled with the culminations implicit to the

practical justification for Region I of the same figure, our claim that the theory entailing

the correlation factor framework appropriately and adequately describes the mechanisms

underpinning the implementation of polarisation gradient cooling on the 𝐷2 line of 85Rb

is substantially supported and, as such, we are in a position now whereby the relative sim-

plicity of free-space polarisation gradient cooling is left, and the comparative complexity

of polarisation gradient cooling in a far-off resonant dipole trap looms ever nearer.

42Again we reiterate here, for convenience, that the Doppler temperature for 85Rb is approximately

145𝜇K.
43“Trapped” here refers to the viscous inhibition of an atom’s escape from a MOT, rather than taking

the meaning of an atom being subject to the active restoring force commensurate with an optical dipole

trap.
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Chapter 4

Polarisation Gradient Cooling in a

Far-Off Resonant Dipole Trap

The principles governing the success of our correlation factor framework as a means

through which the implementation of polarisation gradient cooling on the 𝐷2 line of 85Rb

have, thus far, rested in the application of our theory to those atomic systems subsistent

in a free space regime: that is to say, the structure of the hyperfine manifolds have not

been influenced, as of yet in any sense, by the imposition of an optical dipole trap, far-off

resonant or otherwise. Given that the inclusion of, for our purposes here, a far-off reso-

nant dipole trap does not constitute a trivial alteration for any elements of our developed

or implemented correlation factor framework of previous chapters, care must be taken as

we transcend the boundary between polarisation gradient cooling realised in a free space

regime to that encountered in the relatively-complex landscape of atomic systems bound

to the confines of a dipole trap.

To that end, the structure of this chapter is twofold. The first section aims to ad-

vance the mathematical treatment of, in particular, Section 3.1.1 by extending the results

therein to adequately represent an atomic system whose quantisation axis is inherently not

coincident with the direction of propagation, 𝑧. This recasting will, by its nature, serve

to elicit polarisation amplitudes defined in the { ̂𝜖+, ̂𝜖−, ̂𝜋} basis, contrasting beautifully

with the culminations of Chapter 3, within which was utilised only the dually-spanned

{ ̂𝜖+, ̂𝜖−} basis.1 Subsequently, this ameliorated decomposition of the incident electric field

will be seamlessly integrated into the system Hamiltonian, in particular within the 𝜒𝑚𝑛

terms designating the coupling strength between arbitrary bare magnetic states. Com-

1The avid reader will recall that the predicate for the use of the { ̂𝜖+, ̂𝜖−} basis in Chapter 3 was the

alignment of the atomic quantisation axis with the propagation direction, 𝑧, of the cooling light, such that

no 𝜋 transitions were physically permitted.
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prised within this Hamiltonian is, furthermore, a final significant acclimation inherent to

the on-diagonal entries detailing the magnitude of the field detuning for each individual

magnetic substrate, a facet whose exploration will be additionally undertaken within the

pages of this section.

Section II addresses the experimental validity of the correlation factor framework as

it pertains to the polarisation gradient cooling of a single 85Rb atom confined to a far-off

resonant dipole trap by comparing those predictions pertinent to either the presence or

absence of atomic cooling, for a range of detunings of the cooling field, to the correspond-

ing culminations realised experimentally. While it remains true that multiple controllable

parameters, in an experimental consideration, can influence the manner in which polar-

isation gradient cooling is elicit for a single 85Rb atom, the focus of this section is, in

particular, that of the functional dependence of the atomic temperature on the frequency

of the cooling light in accordance, as observed in the previous chapter, with the structure

of the correlation factor framework.

4.1 Section I: Theoretical Amelioration to the System Hamil-

tonian

4.1.1 Restructuring the Total Electric Field

In the first instance, the inclusion of a far-off resonant dipole trap may appear to influence

only the atomic structure, insofar as its commensurate effect on the A.C Stark shifts

imparted upon the hyperfine manifolds, of our theoretical system. However, a significant

upheaval pertinent to the implementation of such a trap is the potential establishment

of a quantisation axis whose direction is not coincident with the propagation direction of

the cooling light. Indeed, given both that the quantisation axis of our atomic species is

elicit in accordance with that of the linear polarisation axis of the integrated dipole trap

and that, for our experimental system, the dipole trap does not propagate parallel to the

direction of our cooling beams, we find ourselves first in the position whereby the atomic

quantisation axis is emphatically not aligned with the propagation of the cooling light. Far

from hindering any further progress regarding our investigation as to the practical validity

of our correlation factor derivations expounded thus far we are presented, instead, with an
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Figure 4.1: Quantisation axis configurations pertinent to the optical systems evinced

within both a free-space regime (a) and one in which a far-off resonant dipole trap is

implemented (b). Both figures implicitly assume a propagation direction of the cooling

light parallel to that of the 𝑧 axis (the positive direction of which is taken to be out of the

page). Whereas the former figure subsumes that the quantisation axis (detailed with the

label ̂𝑞) of the system is aligned with the propagation direction of the cooling light (read:

along the 𝑧 axis), the latter figure takes, without loss of generality, the axis of quantisation

(defined by the linear polarisation axis of the newly-integrated dipole trap beam) to be

along the bisectrix of the positive 𝑥 and 𝑦 axes to which is designated the label ̂𝜋.

opportunity to restructure our former expression of the total electric field to appropriately

reflect the notion that the quantisation axis of our atomic system is no longer coincident

with that of the propagation direction of the (polarisation gradient) cooling beams.

To that end, and without loss of generality, suppose that the evolution, in its entirety,

of the coordinate and quantisation axes observed in moving from a free space regime

to one in which a far-off resonant dipole trap is implemented follows those delineations

entailed within Fig. 4.1. Shown in Fig. 4.1(a), in particular, is a pictorial representation of

the mathematical treatment entailing Section 3.1.1 regarding, specifically, the alignment

of the propagation direction of the cooling light (assumed, within the figure, to be in

the 𝑧 direction) and the quantisation axis of the atomic system (respectively assumed, as

denoted by the inscription ̂𝑞, to be parallel to the propagation direction of the cooling field
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(read: along the 𝑧 axis)). The consequence of such an alignment is previously established

within Section 3.1.1: that the cooling beams are taken to propagate parallel to the 𝑧 axis

naturally evinces 𝜋-polarised light directed at 45∘ to both the 𝑥 and 𝑦 axes exemplifying,

for specific choices regarding the direction of the quantisation axis, the potential for the

optical system to elicit 𝜋 transitions. However, in the case whereby the propagation

direction of the cooling light simultaneously defines the quantisation axis of the system,

as in the context of the two counter-propagating cooling beams directed along the 𝑧 axis

and arranged in a 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configuration (in the absence of a far-off resonant dipole

trap) implicit to our investigations thus far in this thesis, any decomposition of the total

electric field evinces strictly non-zero expansion coefficients only when the basis used to

express the electric field is either of the { ̂𝜖𝑥, ̂𝜖𝑦} or { ̂𝜖+, ̂𝜖−} bases. For the sake of clarity,

this integrates into such an optical system an embargo on the presence of a ̂𝜋-amplitude

component of the total electric field, thus vanishing the pathway to invoke 𝜋 transitions,

a notion reflected in Fig. 4.1(a) being void of any 𝜋 elements.

Upon consideration of Fig. 4.1(b), however, one observes that these component-based

restrictions appear to vanish. In an identical tread to Fig. 4.1(a), we align here the

propagation direction of the cooling light to be parallel with the 𝑧 axis but, in stark

contrast now to the previous figure, we integrate into the optical system a far-off resonant

dipole trap beam whose direction of propagation is, without loss of generality, taken to

coincide with the bisectrix of the positive 𝑥 and 𝑦 axes to which is designated the label

̂𝜋. On the basis that the linear polarisation axis of the dipole trap beam may be taken

to define the axis of quantisation (denoted in the figure with the inscription ̂𝑞) of our

atomic system, we observe now that the decomposition of the total electric field in certain

bases can be performed such that the ̂𝜋-amplitude component is non-zero. With this

new axis configuration, therefore, comes the possibility of reconstructing our previously-

implemented description of the total electric field to one in which exists a 𝜎+, 𝜎− and 𝜋

expansion coefficients: that is, we are now in a position to decompose and express our

total electric field in the { ̂𝜖+, ̂𝜖−, ̂𝜋} basis.

To that end, let us subject an atom in 𝑧 to a pair of counter-propagating cooling

beams directed along the 𝑧 axis and arranged in a 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configuration, and let us

suppose that the quantisation axis is directed along ̂𝜋, as delineated in Fig. 4.1(b). The

positive-frequency component of the total electric field may, as in previous chapters, be
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taken as,

ℰ+(𝑧) = 𝐸0𝑒𝑖(𝑘𝑧−𝜔𝑡) ̂𝜖𝑥 + 𝐸0𝑒−𝑖(𝑘𝑧−𝜔𝑡) ̂𝜖𝑦, (4.1)

where we have assumed that the amplitudes of the incident waves are of equal magnitude.

Akin to the treatment detailed in Section 3.1.1, we seek now to manipulate the linearly

polarised basis vectors { ̂𝜖𝑥, ̂𝜖𝑦} in such a manner as to express the field given by Eq. 4.1

in the { ̂𝜋, ̂𝜋⟂} implicit to Fig. 4.1(b). A simple observation yields,

̂𝜖𝑥 = 𝑐𝑜𝑠(𝜃) ̂𝜋 − 𝑠𝑖𝑛(𝜃) ̂𝜋⟂, (4.2)

̂𝜖𝑦 = 𝑠𝑖𝑛(𝜃) ̂𝜋 + 𝑐𝑜𝑠(𝜃) ̂𝜋⟂, (4.3)

such that Eq. 4.1 can be recast as,

ℰ+(𝑧) = 𝐸0 (𝑐𝑜𝑠(𝜃)𝑒𝑖𝑘𝑧 + 𝑠𝑖𝑛(𝜃)𝑒−𝑖𝑘𝑧) ̂𝜋𝑒𝑖𝜔𝑡+

𝐸0 (𝑐𝑜𝑠(𝜃)𝑒−𝑖𝑘𝑧 − 𝑠𝑖𝑛(𝜃)𝑒𝑖𝑘𝑧) ̂𝜋⟂𝑒−𝑖𝜔𝑡.
(4.4)

While Eq. 4.4 unequivocally delineates a non-zero { ̂𝜋-amplitude component to the total

electric field, it is unavoidably incumbent now for us to further decompose our expression

to unearth an explicit form for both the { ̂𝜖+ and ̂𝜖− components as well. In particular,

given the coordinate structure of Fig. 4.1(b), we are at liberty to define,

̂𝜖+ = −1√
2

( ̂𝜋⟂ + 𝑖 ̂𝑧) , (4.5)

̂𝜖− = 1√
2

( ̂𝜋⟂ − 𝑖 ̂𝑧) , (4.6)

such that,

̂𝜋⟂ = 1√
2

( ̂𝜖− − ̂𝜖+) , (4.7)
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Figure 4.2: Spatially-dependent amplitudes, described by Eqs. 4.8, 4.9 and 4.10, for the

𝜎+, 𝜎− and 𝜋 polarised components of the total electric field in a 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configuration

of polarisation gradient cooling under the imposition of a far-off resonant dipole trap; the

red curve represents both the 𝜎− and 𝜎+ amplitudes, whereas the green curve represents

the 𝜋 amplitude.

which, upon insertion into Eq. 4.4 and in the wake of subsequent algebraic manipulations,

yields,

𝐸 ̂𝜖+
= ∣ 𝐸0√

2
[𝑐𝑜𝑠(𝑘𝑧)(𝑠𝑖𝑛(𝜃) − 𝑐𝑜𝑠(𝜃)) + 𝑖𝑠𝑖𝑛(𝑘𝑧)(𝑠𝑖𝑛(𝜃) + 𝑐𝑜𝑠(𝜃))]∣ , (4.8)

𝐸 ̂𝜖−
= ∣ 𝐸0√

2
[𝑐𝑜𝑠(𝑘𝑧)(𝑐𝑜𝑠(𝜃) − 𝑠𝑖𝑛(𝜃)) − 𝑖𝑠𝑖𝑛(𝑘𝑧)(𝑐𝑜𝑠(𝜃) + 𝑠𝑖𝑛(𝜃))]∣ , (4.9)

𝐸�̂� = ∣ 𝐸0√
1

[𝑐𝑜𝑠(𝑘𝑧)(𝑐𝑜𝑠(𝜃) + 𝑠𝑖𝑛(𝜃)) + 𝑖𝑠𝑖𝑛(𝑘𝑧)(𝑐𝑜𝑠(𝜃) − 𝑠𝑖𝑛(𝜃))]∣ , (4.10)

where 𝜃 is taken here, as per the delineations of Fig. 4.1(b), to be 45∘. Eqs. 4.8, 4.9 and

4.10 uniquely define the spatially varying amplitudes for the 𝜎+, 𝜎− and 𝜋 components

of the total electric field, all of which are displayed, in normalised form, in Fig. 4.2.
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Of particular interest in this figure is the realisation that, for each location in 𝑧, the

normalised amplitudes of both the 𝜎+ and 𝜎− components of the electric field are, in

magnitude, equal.2 Furthermore, coincident with those positions in 𝑧 whereby the 𝜎

amplitudes attain their maximum (minimum) value, the 𝜋 component of the electric field

conversely attains its respective minimum (maximum) value, thus expounding a phase

differential of 180∘ between the opposing extrema in the amplitude of the 𝜎 components,

relative to that of the 𝜋 component, of the total electric field.

4.1.2 Acclimation of the System Hamiltonian

Our approach to realising a complete description of an atomic configuration with arbitrar-

ily complex hyperfine structure expounded in the previous chapter was predicated, at its

core, on the derivation of the system Hamiltonian representing the atom-field interaction

in a free-space dressed state formalism for which the bare atomic energy levels and the

field energy were considered together as a single entity, such that the pertinent dressed

states are expressible as a linear combination of the magnetic substrates constituting the

atomic system. Given that we seek here still to comprehend assiduously the interaction

between a single (85Rb) atom and the polarisation gradient cooling light imparted upon

it, the subsequent implementation of the system Hamiltonian, and the ensuing dressed

state formalism, stands as a natural means of progression. As with the culminations of

the previous section, however, upon transitioning from an optical system in the absence of

a far-off resonant dipole trap to one operational in its presence necessitates an acclimation

for certain facets of our theoretical framework. In particular, the on-diagonal elements

of our system Hamiltonian detailing the magnitude of the field detuning for each indi-

vidual magnetic substrate subsistent within the excited state manifold must, under the

imposition of the incident light born from the presence of the dipole trap, be altered from

the corresponding values integrated in the previous chapter. The premise why is evident

upon reference to Section 2.3.3 and, in particular, Figs. 2.12 and 2.13: in the free-space

regime, the magnetic states inherent to each of the 𝐹 ′ = 4, 𝐹 ′ = 3 and 𝐹 ′ = 2 hyperfine

2The red function in Fig. 4.2 actually represents, therefore, two spatially-varying amplitudes: that of

the 𝜎+ and of the 𝜎− components of the total electric field
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levels exhibit an energy degeneracy relative to each other, a diagrammatic representation

of which is detailed in Fig. 3.1. Far from making simple, in a strictly relative sense,

the analysis of any atom-field interactions to which one’s attention may be drawn, the

elucidation of the detuning for an incident field from an arbitrary magnetic substrate in

the excited state manifold is consequentially straightforward: should, for example, one

deterministically ascertain the frequency detuning from the 𝐹 ′ = 4 hyperfine level, one

immediately observes, by the very nature of the energy degeneracy of the magnetic states

constituent in the 𝐹 ′ = 4 excited state, that the detuning from each (𝐹 ′ = 4) Zeeman

sublevel is equal to not only each other, but to the initially-possessed frequency detuning.3

This makes almost effortless the integration of the on-diagonal entries for the relevant sys-

tem Hamiltonian in a free-space regime given that, at most, a mere two calculations must

be performed in order to obtain the necessary detunings of a cooling field operating at an

arbitrary frequency.

Complications are encountered, however, when one seeks to determine the frequency

detuning of an incident cooling field from an arbitrary magnetic substrate under the im-

position of a far-off resonant dipole trap. The premise is simplistic in nature, even if it

is emphatically not trivial to govern: on the surface, there exists no logical rationale to

subsume that the influence of the light comprising a far-off resonant dipole trap should be

equal, both in the magnitude and the directionality of the imparted light-shifts, across all

those magnetic substrates subject to it. While cumbersome this notion is, for the most

part, true: dependent (almost) entirely on which specific magnetic sublevel one wishes to

consider, the consequent A.C Stark shift returned has the potential to yield not only a

different magnitude, but also a differing directionality of such a shift relative to its locale

in free space. In turn, this culminates in a collection of varied and diverse field detunings4

across the complete ensemble of magnetic substrates constituting the 𝐷2 line of 85Rb

for any given frequency of the cooling field which, as a direct consequence, makes non-

3In addition, simplistic calculations utilising the magnitude of the hyperfine splitting between the 𝐹 ′ =

4, 𝐹 ′ = 3 and 𝐹 ′ = 2 excited states can be implemented to determine the frequency detuning from those

magnetic substrates implicit to the 𝐹 ′ = 3 and 𝐹 ′ = 2 hyperfine levels.
4At most one can expect, for the atomic system pertinent to this research, 28 unique values for the

detuning parameter of an arbitrary-frequency cooling field, an amount in stark contrast to the 4 elicit in

the corresponding free-space regime.
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trivial the assigning of values to those on-diagonal entries of the commensurate system

Hamiltonian.

While the discussions of the previous paragraphs remain true, not least of all those

facets concerning the arduous nature coincident with both the elucidation and subsequent

utilisation of those field detunings from the complete collection of germane magnetic sub-

strates for an arbitrary cooling frequency, there exists still various instances within which

the seemingly daunting computations can be hastened. On the predicate of symmetry

considerations one finds, fortuitously, that those magnetic substrates subsistent within a

given hyperfine excited state for which the modulus of the magnetic quantum number is

equal exhibit, in both magnitude and directionality, identical light-shifts under the impo-

sition of a far-off resonant dipole beam. As a case in point, should one compute the A.C

Stark shift for both the 𝑚𝐹 = −3 and the 𝑚𝐹 = 3 magnetic states intrinsic to the 𝐹 ′ = 3

hyperfine level, the returned shifts would exhibit complete agreement. While considerable

attention and focus has unequivocally been given to the behaviour of the hyperfine excited

states thus far in this thesis, to seek an exhaustive comprehension of the atomic systems

germane to this research is to consider also the role of the hyperfine ground states, in par-

ticular that held by the 𝐹 = 3 ground state.5 For the purposes of the present discussion,

one is made aware of the notion that those magnetic substrates constituent in the 𝐹 = 3

ground state too are subject to light-shifts as a direct consequence of the imposition of the

dipole trap light but, in a manner contrasting those realisations of the magnetic sublevels

in the excited state manifold, all of the Zeeman substrates in the 𝐹 = 3 ground state

experience an identical A.C Stark shift, a culmination which makes simpler (and more

feasible) the subsequent acclimation of the system Hamiltonian.

Inasmuch as the requisite A.C Stark shift calculations imparted upon each relevant

magnetic state are unequivocally non-trivial, the reader is reminded here that the culmi-

nations of these computations themselves are delineated, in their entirety, within Fig. 2.13.

There are shown both the magnitude and direction of the light-shifts imposed upon each

Zeeman substrate by the dipole trap light, quoted as shifts relative to the respective locale

in free space. In the interest of both convenience and of representing these realisations in

5The reader is reminded here that considerations pertinent to the 𝐹 = 2 ground state is outside the

scope of this thesis.
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𝑚𝐹 = −4 𝑚𝐹 = −3 𝑚𝐹 = −2 𝑚𝐹 = −1 𝑚𝐹 = 0 𝑚𝐹 = 1 𝑚𝐹 = 2 𝑚𝐹 = 3 𝑚𝐹 = 4

𝐹 ′ = 4 48.37 78.84 100.6 113.64 118 113.64 100.6 78.84 48.37

𝐹 ′ = 3 99.14 89 82.9 80.86 82.9 89 99.14

𝐹 ′ = 2 118 74.5 60 74.5 118

𝐹 = 3 −39.11 −39.11 −39.11 −39.11 −39.11 −39.11 −39.11

Table 4.1: A.C Stark shifts, quoted in MHz, imposed upon each magnetic state inher-

ent to the 𝐷2 line of 85Rb, imparted from the influence of the peak field intensity of a

far-off resonant dipole trap. Observed are differing light-shifts for the majority of the in-

cluded magnetic substrates, albeit in the presence of a selection of identical shifts for those

magnetic sublevels, confined within a given hyperfine level, boasting strictly a magnetic

quantum number of equal modulus. The exception to this observation are those mag-

netic substrates comprising the 𝐹 = 3 ground state, all of which experience an identical

light-shift.

a varied manner, one’s attention is directed to Tab. 4.1 where are scribed the respective

A.C Stark shifts imposed upon each magnetic sublevel appropriate to the scope of this

thesis. In order to elucidate the frequency detuning of an incident cooling field from an

arbitrary magnetic substrate within the excited state manifold, one determines first the

total light-shift to which the sublevel is subject by computing the frequency difference

between the substrate itself and the 𝐹 = 3 ground state. Subsequent to this, the sum of

the initial free-space frequency detuning and the previously-attained frequency differential

is then procured, culminating in a frequency detuning inherent to the imposition of the

dipole trap light:6 thus, in such a manner, for an arbitrary frequency of the cooling field

the on-diagonal entries of the system Hamiltonian are obtained.

6This approach is appropriate only when the free space detuning is considered as red-detuned from a

given hyperfine level. Should one seek to attain an in-trap frequency detuning corresponding to a free-space

detuning that is blue-detuned from a given hyperfine level, the difference between the free-space detuning

and the total light-shift should be used.
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4.2 Section II: Experimental Validation of the Correlation

Factor in a Far-Off Resonant Dipole Trap

4.2.1 The 𝐷2 Transition of 85Rb in a Far-Off Resonant Dipole Trap

Armed with the entire set of culminations, realisations and observations presented thus

far in this thesis we are now, at long last, in a position to put forward our appropriately-

acclimated correlation factor framework in the final pièce de résistance of our research:

the predicted presence (or absence) of atomic cooling, elicit from the mechanisms of polar-

isation gradient cooling, on the 𝐷2 line of 85Rb under the imposition of a far-off resonant

dipole trap. The conclusions drawn from the previous sections inherent to this chapter

have, in particular, provided the final pieces of the theoretical puzzle necessary for the

implementation of our correlation factor predictor to this complex system. Indeed, within

Section 4.2.1 was restructured the formulaic description of the total electric field elicit

from a pair of counter-propagating cooling beams, arranged in a 𝑙𝑖𝑛 ⟂ 𝑙𝑖𝑛 configuration,

affixed to the 𝑧 axis and in the presence of a quantisation axis aligned with the propagation

direction of a dipole trap beam. Such an optical system is, as detailed in the pertinent

works, imperative in the potential to elicit 𝜋 transitions on the premise of the possibility

to decompose the total electric field into a basis whereby the ̂𝜋-component amplitude is

non-zero.

Along with this recasting of the total electric field into the { ̂𝜖+, ̂𝜖−, ̂𝜋} basis was the

subsequent discussion entailing the methodology implemented in order to adequately ac-

count for the imposition of light-shifts upon the bare magnetic substrates intrinsic to the

hyperfine manifold of the 𝐷2 line of 85Rb. Born from the influence of the far-off reso-

nant dipole trap light, these A.C Stark shifts imparted upon the Zeeman sublevels play

a crucial role in correctly elucidating the on-diagonal entries of the system Hamiltonian

designating the respective optical detuning that a cooling field, of arbitrary frequency, has

from any given magnetic substrate. While the previous section concluded with an account

of the process entailing the determination of these frequency detunings, this section aims

to progress through elaborating slightly on a point of interest regarding the computed

A.C Stark shifts, before finally exploring the titular correlation factor predictions of this
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section.

During the thorough investigation of the correlation factor culminations realised in a

free-space regime, one necessarily sought to quantify those frequencies of the cooling field

commensurate with a given correlation factor on the basis of quoting such frequencies as

detunings relative to the 𝐹 = 3 → 𝐹 ′ = 3:7 indeed, should one observe the delineations

of Fig. 3.6, clearly seen, affixed to the inscriptions Region I and Region II, are cooling

frequencies boasting positive and negative detunings, respectively. In a free-space regime,

to do thus is relatively straightforward: should a frequency of the cooling field be such

that it lies some amount to the blue or red side of the 𝐹 = 3 → 𝐹 ′ = 3 transition, one

can effortlessly quote the commensurate detuning in a consistent formalism and continue

to do so for any arbitrary frequency of the incident field.

Given that the basis of quantifying the frequencies of the cooling field, for a given

correlation factor realisation, in a free-space regime is predicated on this capability to

consider such frequencies as relative to a hyperfine excited state, one’s natural inclination

upon transitioning to an atomic system concurrent with the implementation of a dipole

trap beam would therefore be to act similarly, and therein lies a complication. In a free-

space regime, the premise of such a capability rests, as limned in Section 4.1.2, in the

degeneracy of the magnetic substrates inherent to each of the 𝐹 ′ = 4, 𝐹 ′ = 3 and 𝐹 ′ = 2

hyperfine levels: to quote a cooling frequency as a detuning relative to a given hyperfine

level is to simultaneously quote that frequency as an identical detuning relative to any and

all magnetic substrates constituent to that hyperfine level, purely because of the energy

degeneracy that exists. Should one attempt to do likewise in an atomic system under

the imposition of dipole trap light, a non-trivial question is raised: how does one quote

an arbitrary cooling frequency as a detuning relative to a given hyperfine level when the

influence of the dipole trap serves to lift the degeneracy (for the most part) of the magnetic

substrates inherent to each hyperfine state?

The answer comes from one’s consideration that the overall influence imparted on each

hyperfine level in the presence of the dipole trap light is assumed to culminate from the

average contribution of each constituent magnetic substrate: that is to say, should the

7Equivalently, often quoted was the detuning relative to simply the 𝐹 ′ = 3 hyperfine level: the two

considerations are entirely identical, however.
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A.C Stark shift of each magnetic substrate comprising a given hyperfine level be summed

and subsequently averaged, the resulting value represents the A.C Stark shift experienced

by that hyperfine level overall. Curiously, should one perform these computations across

the magnetic sublevels germane to each of the 𝐹 ′ = 4, 𝐹 ′ = 3 and 𝐹 ′ = 2 hyperfine

levels, observed is an identical value, for each hyperfine state, of approximately 88.9 MHz.

Given, as per Section 4.1.2, that the total A.C Stark shift is computed by determining the

frequency difference between the excited state manifold and that of the ground state one

observes, in the final instance, that the total A.C Stark shift imparted upon each of the

𝐹 ′ = 4, 𝐹 ′ = 3 and 𝐹 ′ = 2 hyperfine levels is 128.09 MHz.

With the outcomes of the previous paragraph comes a means through which, in a man-

ner similar to that followed in Fig. 3.6, the quantification for the frequencies of the cooling

field as detunings relative to a given hyperfine level in the presence of a dipole trap can be

observed. Given an arbitrary cooling frequency in free space, one need only determine the

commensurate (free-space) detuning relative to a specific hyperfine level and, following

the approach outlined in Section 4.1.2, add the before-computed A.C Stark shift of 128.09

MHz in order to attain the corresponding in-trap detuning, relative to the same hyperfine

level. Given this, and armed now with the complete theoretical framework required to

implement our correlation factor predictor to the dipole-inclusive atomic system, let us

progress now to evaluating those correlation factor realisations entailing the 𝐷2 line of
85Rb subject to a far-off resonant dipole trap.

Delineated in Fig. 4.3 are the correlation factor predictions realised for a single 85Rb

atom confined to such a trap. In comparison with the corresponding plot obtained in a

free-space regime, the realisations entailing Fig. 4.3 were not procured under the constraint

of a constant scattering rate, but rather under the condition of a constant field intensity.

The reason why is twofold: in the first instance, the discussions at the close of the previous

chapter made clear the notion that the field intensity, while able to influence the magnitude

of the correlation factor obtained for an arbitrary cooling frequency, holds no sway in

regards to its sign. Given that it is the sign of the correlation factor, and not its magnitude,

that is the ultimate determiner in the predicted presence or absence of polarisation gradient

cooling for a given frequency of the cooling field, there is no loss of predictive capability

elicit in keeping constant the field intensity rather than the scattering rate, as opposed

to the other way around. In the second instance, the predictions detailing Fig. 4.3
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Figure 4.3: Overall correlation factor predictions realised for 𝐷2 transition line of 85Rb,

subject to the influence of a far-off resonant dipole trap, over a range of cooling detunings,

quoted relative to the (free-space) 𝐹 = 3 → 𝐹 ′ = 4 transition. Observed throughout

the figure is an admixture of both positively-valued and negatively-valued correlation

factors, indicating both the presence and absence of atomic cooling on the 𝐷2 transition

line of 85Rb. Given that the horizontal axis quotes the field detunings relative to the

𝐹 = 3 → 𝐹 ′ = 4 transition in a free-space regime, shown as blue, red and green vertical

bars are the detuning locations of the 𝐹 ′ = 4, 𝐹 ′ = 3 and 𝐹 ′ = 2 hyperfine levels

subsistent within the far-off resonant dipole trap, respectively. INSET: close-up of those

overall correlation factor predictions obtained within the span of detunings bounded above

and below by 72 MHz and 52 MHz, respectively.

will, in the following pages, be compared against those obtained experimentally. Given

that it is common practice in experiment to keep all parameters, excluding that being

investigated, constant, keeping fixed the field intensity whilst scanning the detuning of

the cooling field emulates exactly the approach followed experimentally, thus allowing for

a more valid subsequent comparison between the predictions obtained through theory to
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the realisations attained experimentally.8

In further contrast to the corresponding delineations obtained in a free-space regime is

the manner in which an arbitrary frequency of the cooling field is quantified as a detuning

relative to a given hyperfine level. Whereas Fig. 3.6 inherently quotes detunings as

relative to the 𝐹 ′ = 3 excited state in free space, Fig. 4.3 uses instead the basis of quoting

detunings relative to the 𝐹 ′ = 4 excited state again, curiously enough, in free space. Given

that one naturally seeks the capability, when considering those frequencies of the cooling

field implemented in the presence of a dipole trap, to quote cooling frequencies as in-trap

field detunings relative to a given hyperfine state, one must be wary, therefore, as to the

detuning-based locations of the 𝐹 ′ = 4, 𝐹 ′ = 3 and 𝐹 ′ = 2 hyperfine levels as they

pertain to the horizontal axis of Fig. 4.3. As a case in explanatory point, suppose that

the frequency of the cooling field (in free space) is established such that it lies 30 MHz

blue-detuned from the 𝐹 ′ = 4 hyperfine excited state. Under the imposition of the A.C

Stark shift elicit from the integration of the dipole trap light into our atomic system this

cooling frequency, when considered as an in-trap detuning relative to the 𝐹 ′ = 4 excited

state, would now lie ≈ 98 MHz to the red side of the 𝐹 = 3 → 𝐹 ′ = 4 transition. As

such, should one seek to elucidate those free-space detunings coincident with the position

of the 𝐹 ′ = 4, 𝐹 ′ = 3 and 𝐹 ′ = 2 hyperfine levels as they exist within the dipole trap, it is

incumbent to account for the total A.C Stark shift, discussed in the previous paragraphs,

imposed upon these excited states. To that end, those free-space detunings (relative to

the 𝐹 ′ = 4 excited state) of 128.09 MHz, 7.45 MHz and −55.95 MHz are realised as those

to which are coincident the 𝐹 ′ = 4, 𝐹 ′ = 3 and 𝐹 ′ = 2 hyperfine levels within the dipole

trap respectively, a feature designated in Fig. 4.3 by the vertical blue, red and green lines,

again respectively.

With the establishing features of Fig. 4.3 thus discussed, we are at liberty now to

examine the correlation factor realisations comprised within this figure pertinent to the

predicted presence or absence of atomic cooling on the 𝐷2 line of 85Rb subject to a far-off

resonant dipole trap. Of particular interest, upon comparison of these correlation factors to

those obtained in a free-space regime, is the notable absence of predicted cooling across the

8In fact, the field intensity implemented in the correlation factor predictions delineated in Fig. 4.3

matches that physically implemented in our experiment: namely, 1 mWcm−2.
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entire span of field detunings bounded above and below by the 𝐹 ′ = 4 and 𝐹 ′ = 3 excited

states, respectively, for the trap-inclusive system, a feature which was definitively present

in (Region I of) Fig. 3.6. While this result is starkly contrasting it is not, altogether,

surprising. In a free-space regime, a given frequency of the cooling field yields an identical

detuning across each magnetic substrate constituent to a specific hyperfine level: the basis

of this is, again, in the energy degeneracy of these substrates. In the presence of a dipole

trap however, a similar cooling frequency does not boast the same detuning equality from

the magnetic sublevels comprising a given hyperfine state. In fact, due to the dipole trap

light lifting the degeneracy of the magnetic levels, such a frequency of the cooling field

may now elicit appreciable interactions with magnetic substrates across different hyperfine

levels. Given that the basis of polarisation gradient cooling rests in the precise interaction

between a cooling field and specific magnetic substrates, it is feasible to suggest that the

relatively-chaotic arrangement of the magnetic sublevels on the 𝐷2 line of 85Rb subject to

a far-off resonant dipole trap mitigates the effectiveness of the polarisation gradient (or,

indeed, the grey molasses) cooling scheme for certain field detunings, a notion expounded

within the pertinent elements of Fig. 4.3.

Promisingly enough, however, there exists a span of field detunings between the in-

trap 𝐹 ′ = 4 and 𝐹 ′ = 3 hyperfine levels where the delineations of Fig. 4.3 definitively

do predict the presence of atomic cooling. In particular, for those free-space detunings

bound between Δ ≈ 7.45 MHz and Δ ≈ 65 MHz are observed positively-valued correlation

factors predicting, as per the culminations of Chapter 3, the presence of atomic cooling

from within this frequency domain.9 This realisation strikes a beautifully agreeing parallel

upon comparison to the corresponding scope of field detunings detailed within Fig. 3.6,

given that atomic cooling was commensurately predicted within the same frequency band

for the free-space regime.

Curiously, should one consider now the span of cooling frequencies bounded by the

𝐹 ′ = 3 and 𝐹 ′ = 2 hyperfine levels, observed is a collection of positively-valued correlation

factors coincident with a relatively small scope of field detunings immediately to the red

of the 𝐹 ′ = 3 hyperfine excited state.10 Such a realisation was not elicit in the free-

9In particular, this scope of field detunings translates to spanning from the 𝐹 ′ = 3 excited state to

≈ 58 MHz blue-detuned from this hyperfine level.
10The range of field detunings, for the sake of clarity, is confined by the free-space detunings of Δ ≈ 0
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space regime, there on the basis that the tuning of the cooling light to the immediate red

of the 𝐹 = 3 → 𝐹 ′ = 3 transition does not satisfy the mechanistic requisites of either

the polarisation gradient or grey molasses cooling schemes. The reader should take care,

however, in recalling that the location of the 𝐹 ′ = 3 hyperfine state inscribed in Fig. 4.3 is

born from the average effect imparted upon the constituent magnetic sublevels under the

influence of the dipole trap light. Given this, it is entirely feasible to suggest that, while

such frequencies of the cooling field may be red-detuned from the 𝐹 ′ = 3 hyperfine level as

it subsists within the dipole trap, it may be the case that such a frequency is, in actuality,

blue-detuned from one (or more) of the individual magnetic states comprising this excited

state. Should this be the case, one observes that the criteria necessitated by the grey

molasses cooling scheme, whereby an incident field lies to the blue of an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔

transition, is commensurately satisfied.

Such a consideration would also serve to explain the correlation factor realisations

germane to those cooling frequencies whose field detunings lie progressively farther to

the red side of the 𝐹 ′ = 3 hyperfine level. Upon the gradual shift to larger-magnitude

red-detuned (relative to the 𝐹 ′ = 3 excited state) cooling frequencies, the likelihood

for the incident field to lie to the blue of any individual magnetic substrates comprising

this hyperfine level commensurately decreases, such that the field itself truly lies, in its

entirety, to the red side of the in-trap 𝐹 = 3 → 𝐹 ′ = 3 transition, therefore not satisfying

the criteria necessitated by either of the polarisation gradient or grey molasses cooling

schemes. This notion is reflected in the pertinent correlation factor realisations of Fig. 4.3

wherein is predicted the absence of atomic cooling. Conversely, one notes the predicted

presence of atomic cooling for a modest range of field detunings closely located to the blue

side of the 𝐹 ′ = 2 hyperfine level. Given that likewise positively-valued correlation factors

were elicit in the free-space regime for a similarly-sized scope of cooling frequencies, the

predicate of explanation here equates to that entailing the pertinent discussions of Chapter

3: that is, given that such a band of field detunings realises the cooling light as being

blue-detuned from an 𝐹𝑔 → 𝐹𝑒 = 𝐹𝑔 − 1 transition, the requisites demanded by the grey

molasses cooling scheme are consequently realised such that atomic cooling is permissibly

MHz and Δ ≈ 7.45 MHz or, equivalently, the span of frequencies between the 𝐹 ′ = 3 excited state and

that ≈ 7.45 MHz red-detuned from this hyperfine level.
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elicit throughout such a domain of field detunings.

With the theoretical predictions both delineated and expounded upon, we thus turn

now to the penultimate validation of our correlation factor framework: the evaluation of

those realisations entailing Fig. 4.3 against those attained in practice. To that end, the

reader’s attention is directed to Fig. 4.4 where are shown the experimentally obtained re-

sults pertinent to the implementation of polarisation gradient cooling on the 𝐷2 transition

line of 85Rb subject to a far-off resonant dipole trap. Inscribed within the figure are the

final atomic temperatures attained by a single 85Rb atom subject to both the presence

(red) and absence (blue) of a retro-reflected standing wave beam,11 concurrent with which

was the imposition of our polarisation gradient cooling light. The temperatures themselves

were obtained commensurate across a range of cooling frequencies quoted, in the figure,

as detunings relative to the 𝐹 ′ = 2 hyperfine excited state: the reader is hence offered the

notion that, coincident with a detuning of Δ ≈ 63 MHz, lies the 𝐹 ′ = 3 hyperfine level.12

Given this, the final, subsequent comparison between those correlation factor predictions

inherent to Fig. 4.3 and the corresponding findings realised experimentally can now be

undertaken.

As justified and explained at the closing of the previous chapter, the criteria against

which a claim for the presence of atomic cooling is evaluated is manifest in the form

of a comparison of the final atomic temperature attained in practice to that limited by

Doppler cooling theory. Upon inspection of Fig. 4.4, one observes that the entirety of those

cooling frequencies implemented, under the imposition of the retro-reflected standing wave

beam, elicit final atomic temperatures below that purported by this theory: conversely, the

cooling frequency coincident with a field detuning of Δ ≈ 63 MHz (that is, affixed to the

𝐹 ′ = 3 hyperfine state) evinces a final atomic temperature greater than that of the Doppler

temperature. As such, one is therefore justified in claiming that the near-totality of those

cooling frequencies bounded on the left by the 𝐹 ′ = 3 excited state and on the right by

a frequency approximately 58 MHz to the blue of this hyperfine level elicit instances of

11This beam, in particular, was implemented into our optical system as both an imaging tool and as a

means through which additional (blue-detuned) Sisyphus-like atomic cooling could be elicit and, as such,

holds no relevance to our consideration of polarisation gradient cooling.
12This realisation is born from the fact that the hyperfine splitting between the 𝐹 ′ = 2 and 𝐹 ′ = 3

excited states is approximately 63 MHz.
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Figure 4.4: Experimentally obtained results pertinent to the implementation of polarisa-

tion gradient cooling on the 𝐷2 transition line of 85Rb subject to a far-off resonant dipole

trap. Shown are the final atomic temperatures attained by a single 85Rb atom subject to

both the presence (red) and absence (blue) of a retro-reflected standing wave beam (the

purpose of which lies outside the scope of this thesis) under the simultaneous imposition

of polarisation gradient cooling light. The temperatures obtained are extracted across a

range of cooling frequencies quoted as detunings relative to the 𝐹 ′ = 2 hyperfine level.

atomic cooling due to the implementation of in-trap polarisation gradient cooling on the

𝐷2 transition line of 85Rb.

Excitingly, these experimental realisations align seamlessly with those predicted within

our correlation factor framework. Observing again Fig. 4.3, one notes the presence of

positively-valued correlation factors residing within the entire scope of cooling frequen-

cies bound on the left by the 𝐹 ′ = 3 hyperfine level and on the right by a frequency

some 58 MHz blue-detuned from this excited state, thus predicting the presence of atomic

cooling from within this domain of field detunings. This specific and particular span of

cooling frequencies elicit perfect agreement between the theoretical predictions indicated

by our correlation factor derivations and the physically-realised final atomic temperatures

attained in experiment. As such, we are at liberty to conclude this chapter with the claim
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that our correlation factor framework adequately and sufficiently provides an exhaustive

and comprehensive predicate from which the mechanisms underpinning the implemen-

tation of polarisation gradient cooling on the 𝐷2 transition line of 85Rb subject to the

influence of a far-off resonant dipole trap can be effectively brought to light.
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Chapter 5

Outlook and Potential Applications

This thesis was motivated by our interest in the path toward definitively uncovering the

underlying mechanisms governing the successful implementation of polarisation gradient

cooling on the 𝐷2 transition line of 85Rb subject to the influence of a deep, far-off resonant

dipole trap. The premise of this motivation itself seems, on the face of it, absurd: why

should one interest or worry oneself with the imposition of sub-Doppler cooling on atomic

species held within the confines of an optical dipole trap, when sufficiently low atomic tem-

peratures can be effortlessly (in a relative sense, at least) obtained in a free-space regime

with the integration of only a magneto-optical trap? While it is true that the progression

of atomic physics has lead to the realisation of exceedingly low atomic temperatures with-

out the requisite of an active trapping mechanism at its core, the motivation behind the

commensurate processes of atomic cooling within the confines of an optical dipole trap

is not, in whole, based solely on one’s yearning to reach ever-lower atomic temperatures.

A prevalent goal of atomic physics is to exercise deterministic control over progressively-

smaller quantum systems and, to that end, the attainment of low-temperature atoms that

are simultaneously trapped to an optical dipole potential provides a promising avenue

through which such goals may be realised.

As with the historical unfolding of atomic physics as its own entity, the structure

of this thesis followed the approach of a progressively-evolving nature of complexity. In

the first instance, we began our exploration of polarisation gradient cooling by devel-

oping first the necessary theoretical foundations germane to the eventual application of

this cooling mechanism to complex atomic systems. We first developed an appropriate

polarisation-dependent description of the total electric field elicit from the interaction

of two counter-propagating beams red-detuned from a given atomic transition, following

which we integrated these realisations into a system Hamiltonian from which we were able

to extract the dressed state energy landscapes pertinent to an atomic system of arbitrary
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size. While these energy functions were critical to the penultimate elucidation of our cor-

relation factors, the requisite description of the probability for a dressed state changing

event to occur had not yet been developed. To that end, such an algorithm was developed,

thus allowing the presence or absence of atomic cooling to be predicted for an arbitrary

frequency of the cooling field and within an arbitrary (free-space) atomic system.

Tasked then with validating the realisations of our correlation factor framework, we set

out to verify those predictions germane to a variety of atomic systems within a free-space

regime, namely those of the 𝐽 = 1
2 → 𝐽 ′ = 3

2 and 𝐷2
85Rb transition lines. Fortuitously,

both the anticipated theoretical and physically-obtained experimental results pertinent to

the application of our correlation factor framework to these atomic systems were subse-

quently satisfied, providing substantial weight to the claim that our theoretical derivations

were capable of providing a basis for the explanation of the mechanisms underpinning po-

larisation gradient cooling on free-space atomic systems.

With the imposition of a far-off resonant dipole trap came the final validation for the

development of our correlation factor. Given that the implementation of a dipole beam

served to elicit a quantisation axis for our system whose direction was not aligned with

that of the propagation of the polarisation gradient cooling beams, our first amelioration

made was that of restructuring the description of the total electric field into a polarisation

basis whereby all of the { ̂𝜖+, ̂𝜖− and ̂𝜋} components evinced non-zero expansion coeffi-

cients. Furthermore, imparted upon the magnetic substrates constituent to each of the

pertinent hyperfine levels on the 𝐷2 transition line of 85Rb were A.C Stark shifts of differ-

ing magnitude and directionality a facet which, in turn, was subsequently accounted for

and integrated into the appropriate system Hamiltonian. Following these acclimations, we

obtained the theoretical predictions as to the presence or absence of atomic cooling, as per

the appropriate correlation factor computations, for an arbitrary frequency of the cooling

field imparted on a single 85Rb atom confined to a far-off resonant dipole trap. Subsequent

to these realisations came the evaluation against those results obtained experimentally, the

conclusion of which was a beautiful agreement between theory and experiment, thus giving

validity to the claim that our correlation factor framework sufficiently describes the un-

derlying mechanisms pertinent to polarisation gradient cooling in the presence of a far-off

resonant dipole trap.

This thesis has, therefore, been structured such that it is reminiscent and reflective of
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the manner in which the vast majority of atomic physics has evolved: we start with an idea

of particular intrigue and, in setting out to understand why processes and mechanisms play

out the way they do, we begin by first investigating relatively simple systems and gradually

progress into more complex arenas, until such a time as that context within which our

initial idea was embedded can be explained and understood. In terms of progressing

the culminations expounded in this thesis to ever-more complex systems, future directions

utilising our research here may include the investigation of polarisation gradient cooling in

different frequency domains or on different transition lines of 85Rb, or perhaps a differing

atomic species altogether. The construction of our theory here may also provide a platform

from which the implementation of sub-Doppler cooling on atomic ensembles confined to

traps of a different nature to the far-off resonant dipole trap investigated in our research.

Given that our framework harkens also to the use of the grey molasses cooling scheme, the

interested reader may seek to take our work here and implement this cooling mechanism

on an atomic species pertinent to one’s own research. The main premise is that the

research expounded here provides a foundation from which the integration of sub-Doppler

cooling on an ensemble of trapped atoms can be understood: this platform may also

make apparent novel avenues in the assembling of complex individual molecules in specific

quantum states, on the basis that our work here exemplifies the attainment of trapped,

low-temperature atoms, which marks a critical first step in quantum-realm engineering.

Finally, to serve as an inspiration for what one may believe the future to hold, allow

us to culminate this thesis by sharing a quote from the late Richard Feynman, a personal

idol of mine:

“I can live with doubt and uncertainty and not knowing. I think it is much more

interesting to live not knowing than to have answers that might be wrong. If we will only

allow that, as we progress, we remain unsure, we will leave opportunities for alternatives.

We will not become enthusiastic for the fact, the knowledge, the absolute truth of the day,

but remain always uncertain. In order to make progress, one must leave the door to the

unknown ajar.”
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Appendix A

Derivation of Dressed State Picture

for Multi-F Atomic Structures

A.1 Introduction

Suppose that, by the action of some external time-dependent force, the quantum state of

a system is altered by the impartation or extraction of energy. Associated with such a

force is therefore a potential energy, defined by

𝐹𝑒𝑥𝑡(𝑟, 𝑡) = −∇𝑉𝑒𝑥𝑡(𝑟, 𝑡), (A.1)

such that the system’s total energy function (Hamiltonian) becomes,

𝐻 = 𝐻𝑎 + 𝑉𝑒𝑥𝑡(𝑟, 𝑡), (A.2)

where we have defined by 𝐻𝑎 the Hamiltonian function describing an atomic particle bound

by a spatial potential 𝑉 (𝑟); the new Hamiltonian 𝐻(𝑝, 𝑟, 𝑡) incorporates the particle’s

kinetic energy and both the static binding potential 𝑉 (𝑟) and the time-dependent external

potential 𝑉𝑒𝑥𝑡(𝑟, 𝑡). The Schrödinger equation now becomes,

(−ℏ2

2𝑚
∇2 + 𝑉 (𝑟) + 𝑉𝑒𝑥𝑡(𝑟, 𝑡)) Ψ(𝑟, 𝑡) = 𝑖ℏ𝜕Ψ

𝜕𝑡
(A.3)
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A.2 Time-Dependent Solutions

To solve the time-dependent Schrödinger equation described by Eq. A.3 for the system

wave function Ψ(𝑟, 𝑡), we exploit the completeness1 of the stationary-state solutions Φ𝑛(𝑟),

obtained from the stationary Hamiltonian 𝐻𝑎, to write,

Ψ(𝑟, 𝑡) = ∑
𝑛

𝑎𝑛Φ𝑛(𝑟), (A.4)

where the coefficients of expansion 𝑎𝑛 are, by necessity, time-dependent. Inserting Eq.

A.4 into Eq. A.3 gives,

∑
𝑛

𝑎𝑛[𝐻𝑎 + 𝑉𝑒𝑥𝑡]Φ𝑛(𝑟) = ∑
𝑛

𝑖ℏ𝜕𝑎𝑛
𝜕𝑡

Φ𝑛(𝑟). (A.5)

Given that the set Φ𝑛(𝑟) constitutes a solution set for the time-independent Schrödinger

equation such that 𝐻𝑎Φ𝑛 = 𝐸𝑛Φ𝑛, Eq. A.5 becomes,

∑
𝑛

𝑎𝑛[𝐸𝑛 + 𝑉𝑒𝑥𝑡]Φ𝑛(𝑟) = ∑
𝑛

𝑖ℏ𝜕𝑎𝑛
𝜕𝑡

Φ𝑛(𝑟). (A.6)

Taking the projection of Eq. A.6 along the function Φ𝑚(𝑟), we find,

𝑖ℏ ̇𝑎𝑚 = 𝐸𝑚𝑎𝑚 + ∑
𝑛

𝑎𝑛 ∫ Φ∗
𝑚(𝑟)𝑉𝑒𝑥𝑡Φ𝑛(𝑟)𝑑3𝑟, (A.7)

where the dot notation has been implemented to indicate a time derivative, and have

defined by,

∑
𝑛

𝑎𝑛𝐸𝑛 ⟨Φ𝑚|Φ𝑛⟩ = 𝑎𝑚𝐸𝑚, (A.8)

∑
𝑛

𝑖ℏ ̇𝑎𝑛 ⟨Φ𝑚|Φ𝑛⟩ = 𝑖ℏ ̇𝑎𝑚, (A.9)

1Completeness refers to the expression of any other function in the vector space as a linear combination

of the Φ𝑛
′𝑠
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the terms 𝑎𝑚𝐸𝑚 and 𝑖ℏ ̇𝑎𝑚. The integration in Eq. A.7 cannot yet be carried out since

the 𝑟 dependence of 𝑉𝑒𝑥𝑡 remains unspecified. However, let us abbreviate by,

𝑉𝑚𝑛(𝑡) = ∫ Φ∗
𝑚(𝑟)𝑉𝑒𝑥𝑡(𝑟, 𝑡)Φ𝑛(𝑟)𝑑3𝑟 (A.10)

the matrix element of 𝑉𝑒𝑥𝑡 between the states 𝑚 and 𝑛 of the atomic system. Eq. A.7

now simplifies to,

𝑖ℏ ̇𝑎𝑚 = 𝐸𝑚𝑎𝑚 + ∑
𝑛

𝑎𝑛𝑉𝑚𝑛(𝑡). (A.11)

Eq. A.11 is often christened the time-dependent Schrödinger equation since determination

of the expansion coefficients 𝑎𝑛, obtained by solving Eq. A.11, can be applied to Eq. A.4

to reconstitute the system wave function, Ψ(𝑟, 𝑡). Expanding Eq. A.11 component-wise

reveals explicit equations for the expansion coefficients 𝑎𝑚,

𝑖ℏ ̇𝑎1 = 𝐸1𝑎1 + 𝑉11𝑎1 + 𝑉12𝑎2 + 𝑉13𝑎3 + ⋯

𝑖ℏ ̇𝑎2 = 𝐸2𝑎2 + 𝑉21𝑎1 + 𝑉22𝑎2 + 𝑉23𝑎3 + ⋯

𝑖ℏ ̇𝑎3 = 𝐸3𝑎3 + 𝑉31𝑎1 + 𝑉32𝑎2 + 𝑉33𝑎3 + ⋯

⋮ (A.12)

which prompts the representation as a single matrix equation,

𝑖ℏΨ̇ = 𝐻Ψ (A.13)

where,
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Ψ =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝑎1

𝑎2

𝑎3

⋮

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (A.14)

and,

𝐻 =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝐸1 + 𝑉11 𝑉12 𝑉13 ⋯

𝑉21 𝐸2 + 𝑉22 𝑉23 ⋯

𝑉31 𝑉32 𝐸3 + 𝑉3 ⋯

⋮ ⋮ ⋮

⎤
⎥
⎥
⎥
⎥
⎥
⎦

. (A.15)

A.3 Two-State Quantum Systems and Periodic External Po-

tentials

Advancing the treatment of the previous section past Eq. A.13 requires an explicit form

for the potential 𝑉𝑒𝑥𝑡(𝑟, 𝑡). Let us assume that our system is subject to an external electric

field, such that the two interact via the time-dependent potential,

𝑉𝑒𝑥𝑡(𝑟, 𝑅, 𝑡) = −𝑒𝑟 ⋅ 𝐸(𝑅, 𝑡), (A.16)

where 𝑟 defines the relative electron-nuclear distance, 𝑅 is the location of the centre of

atomic mass, and E(𝑅, 𝑡) is given by Eq. 2.28. Suppose that our system is a simple

two-state atom, such that Eq. A.4 reduces to,

Ψ(𝑟, 𝑡) = 𝑎1(𝑡)Φ1(𝑟) + 𝑎2(𝑡)Φ2(𝑟), (A.17)

such that Eq. A.11 becomes,

𝑖ℏ ̇𝑎1(𝑡) = 𝐸1𝑎1(𝑡) + 𝑉11𝑎1(𝑡) + 𝑉12𝑎2(𝑡),
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= 𝐸1𝑎1(𝑡) + 𝑉12𝑎2(𝑡), (A.18)

𝑖ℏ ̇𝑎2(𝑡) = 𝐸2𝑎2(𝑡) + 𝑉21𝑎1(𝑡), +𝑉22𝑎2(𝑡)

= 𝐸2𝑎2(𝑡) + 𝑉21𝑎1(𝑡), (A.19)

where the diagonal matrix elements, 𝑉11 and 𝑉22, vanish in accordance with the dipole

selection rule. From Eqs. A.10 and 2.28, the 1 − 2 and 2 − 1 matrix elements of 𝑉𝑒𝑥𝑡 can

be expressed more explicitly as,

𝑉12(𝑡) = −𝑒𝑟12 ⋅ 1
2 ( ̂𝜖𝐸0𝑒−𝑖𝜔𝑡 + 𝑐.𝑐) , (A.20)

𝑉21(𝑡) = −𝑒𝑟21 ⋅ 1
2 ( ̂𝜖𝐸0𝑒−𝑖𝜔𝑡 + 𝑐.𝑐) , (A.21)

where, for example, the 1 − 2 matrix element of 𝑟 is defined by

𝑟12 ≡ ∫ Φ∗
1(𝑟)𝑟Φ2(𝑟)𝑑3𝑟. (A.22)

With 𝑉12 and 𝑉21 given above, we can insert them into Eqs. A.18 and A.19, whilst

simultaneously adopting several useful conventions. We will work in terms of frequencies

instead of energies, so we divide through by ℏ to define

𝜔21 = 𝐸2 − 𝐸1
ℏ

(A.23)

𝜒21 = 𝑒(𝑟21 ⋅ ̂𝜖)𝐸0
ℏ

, (A.24)

𝜒12 = 𝑒(𝑟12 ⋅ ̂𝜖)𝐸0
ℏ

, (A.25)

where 𝜒 is the field-atom interaction energy in frequency units, and all other variables

are as previously defined. Setting the arbitrary zero of energy at 𝐸1, such that 𝐸2 →

𝐸2 − 𝐸1 = ℏ𝜔21, Eqs. A.18 and A.19 become,
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𝑖 ̇𝑎1(𝑡) = −1
2 (𝜒12𝑒−𝑖𝜔𝑡 + 𝜒∗

21𝑒𝑖𝜔𝑡) 𝑎2, (A.26)

𝑖 ̇𝑎2(𝑡) = 𝜔21𝑎2 − 1
2 (𝜒21𝑒−𝑖𝜔𝑡 + 𝜒∗

12𝑒𝑖𝜔𝑡) 𝑎1. (A.27)

To solve this system of coupled differential equations, consider the solution set in the

absence of radiation (𝜒 = 0): we find that 𝑎1(𝑡) = 𝑎1(0) and 𝑎2(𝑡) = 𝑎2(0)𝑒−𝑖𝜔21𝑡. In

the presence of quasi-resonant radiation field oscillating at frequency 𝜔 ≃ 𝜔21, we adopt

similar trial solutions,

𝑎1(𝑡) = 𝑐1(𝑡), (A.28)

𝑎2(𝑡) = 𝑐2(𝑡)𝑒−𝑖𝜔𝑡 (A.29)

from which emerge the following equations of motion for 𝑐1(𝑡) and 𝑐2(𝑡),

𝑖 ̇𝑐1 = −1
2 (𝜒12𝑒−2𝑖𝜔𝑡 + 𝜒∗

21) 𝑐2, (A.30)

𝑖 ̇𝑐2 = (𝜔21 − 𝜔) 𝑐2 − 1
2 (𝜒21 + 𝜒∗

12𝑒2𝑖𝜔𝑡) 𝑐1. (A.31)

These equations are particularly useful because of their isolation of the 𝑒±2𝑖𝜔𝑡 terms, which

oscillate rapidly enough compared with every other time variation in the equations that

they can be assumed to average to zero over any realistic interval: in this way, it is argued

that they can simply be discarded under the rotating-wave approximation, such that we

have the following elementary working equations,

𝑖 ̇𝑐1 = −1
2𝜒∗𝑐2, (A.32)

𝑖 ̇𝑐2 = Δ𝑐2 − 1
2𝜒𝑐1, (A.33)

(A.34)
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where we have omitted the 21 subscript from 𝜒21 and have introduced Δ to represent the

atom-field frequency offset, or detuning,

𝜒 = (𝑒𝑟21 ⋅ ̂𝜖)𝐸0
ℏ

, (A.35)

Δ = 𝜔21 − 𝜔. (A.36)

In the same tread as Eq. A.13, our two-level system reduces to the matrix equation,

𝑖Ψ̇𝑐 = 𝐻Ψ𝑐, (A.37)

for,

Ψ𝑐 = ⎡⎢
⎣

𝑐1

𝑐2

⎤⎥
⎦

(A.38)

and,

𝐻 = ⎡⎢
⎣

0 −1
2𝜒∗

−1
2𝜒 Δ

⎤⎥
⎦

(A.39)

where Eq. A.39 in particular is the familiar interaction Hamiltonian for a two-level atom

subject to an external electromagnetic field. One observes the possibility of extending

the outlined treatment to atomic systems of greater complexity: simple allocation of

more matrix entries for the interaction Hamiltonian, into which are inserted the relevant

atom-field frequency detunings and coupling strengths between atomic states, will entail

a Hamiltonian representative of the full quantum system, following which diagonalisation

can be performed to extract the dressed-state vectors, and the associated energies, of the

system.
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85Rb Data Tables

𝑚𝐹 = −3 𝑚𝐹 = −2 𝑚𝐹 = −1 𝑚𝐹 = 0 𝑚𝐹 = 1 𝑚𝐹 = 2 𝑚𝐹 = 3

𝐹 ′ = 4 √ 1
56 √ 3

56 √ 3
28 √ 5

28 √15
56 √3

8 √1
2

𝐹 ′ = 3 √ 5
72 √ 25

216 √ 5
36 √ 5

36 √ 25
216 √ 5

72

𝐹 = 2 √ 5
63 √ 10

189 √ 2
63 √ 1

63 √ 1
189

Table B.1: 85Rb D2 (52S1/2 → 52P3/2) Dipole Matrix Elements for 𝜎+ transitions (𝐹 =

3, 𝑚𝐹 → 𝐹 ′, 𝑚′
𝐹 = 𝑚𝐹 + 1), expressed as multiples of ⟨𝐽 = 1

2 ∣ 𝑒𝑟 ∣𝐽 ′ = 3
2⟩.

𝑚𝐹 = −3 𝑚𝐹 = −2 𝑚𝐹 = −1 𝑚𝐹 = 0 𝑚𝐹 = 1 𝑚𝐹 = 2 𝑚𝐹 = 3

𝐹 ′ = 4 −√1
8 −√ 3

14 −√15
56 −√2

7 −√15
56 −√ 3

14 −√1
8

𝐹 ′ = 3 √− 5
24 −√ 5

54 −√ 5
216 0 √ 5

216 √ 5
54 √ 5

24

𝐹 = 2 √ 5
189 √ 8

189 √ 1
21 √ 8

189 √ 5
189

Table B.2: 85Rb D2 (52S1/2 → 52P3/2) Dipole Matrix Elements for 𝜋 transitions (𝐹 =

3, 𝑚𝐹 → 𝐹 ′, 𝑚′
𝐹 = 𝑚𝐹), expressed as multiples of ⟨𝐽 = 1

2 ∣ 𝑒𝑟 ∣𝐽 ′ = 3
2⟩.

𝑚𝐹 = −3 𝑚𝐹 = −2 𝑚𝐹 = −1 𝑚𝐹 = 0 𝑚𝐹 = 1 𝑚𝐹 = 2 𝑚𝐹 = 3

𝐹 ′ = 4 √1
2 √3

8 √15
56 √ 5

28 √ 3
28 √ 3

56 √ 1
56

𝐹 ′ = 3 −√ 5
72 −√ 25

216 −√ 5
36 −√ 5

36 −√ 25
216 −√ 5

72

𝐹 = 2 √ 1
189 √ 1

63 √ 2
63 √ 10

189 √ 5
63

Table B.3: 85Rb D2 (52S1/2 → 52P3/2) Dipole Matrix Elements for 𝜎− transitions (𝐹 =

3, 𝑚𝐹 → 𝐹 ′, 𝑚′
𝐹 = 𝑚𝐹 − 1), expressed as multiples of ⟨𝐽 = 1

2 ∣ 𝑒𝑟 ∣𝐽 ′ = 3
2⟩.
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Quantity Symbol Numerical Value

Speed of Light in Vacuum c 2.99792458 × 108 ms−1

Planck Constant h 6.62606957(29) × 10−34 Js

Reduced Planck Constant ℏ 1.054571726(47) × 10−34 Js

Elementary Charge e 1.602176565(35) × 10−19 C

Boltzmann Constant 𝑘𝐵 1.3806488(13) × 10−34 JK−1

Electric Constant 𝜖0 8.854187817 × 10−12 FM−1

Atomic Mass Unit u 1.660538921(73) × 10−12 kg

Electron Mass 𝑚𝑒 9.10938291(31) × 10−12 kg

Table B.4: Fundamental physical constants.

Quantity Symbol Numerical Value

Atomic Number Z 37

Total Nucleons Z+N 85

Atomic Mass 𝑚 1.409993199(70) × 10−25 kg

Nuclear Spin 𝐼𝑁
5
2

Table B.5: 85Rb physical properties.

Quantity Symbol Numerical Value

Frequency 𝜔0 2𝜋 × 384.230406373(14) THz

Wavelength (vacuum) 𝜆 780.241368271(27) nm

Lifetime 𝜏 26.2348(77) ns

Natural Linewidth (FWHM) Γ 2𝜋 × 6.0666(18) MHz

Recoil Temperature 𝑇𝑅 370.47 nK

Doppler Temperature 𝑇𝐷 145.57 𝜇K

Table B.6: 85Rb D2 (52S1/2 → 52P3/2) physical properties.
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Quantity Symbol Numerical Value

Frequency 𝜔0 2𝜋 × 377.107385690(46) THz

Wavelength (vacuum) 𝜆 794.979014933(96) nm

Lifetime 𝜏 27.679(27) ns

Natural Linewidth (FWHM) Γ 2𝜋 × 5.7500(56) MHz

Recoil Temperature 𝑇𝑅 356.86 nK

Table B.7: 85Rb D1 (52S1/2 → 52P1/2) physical properties.
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