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Abstract
Rare-earth-ion doped crystals are an interesting system for quantum computing investigations due to their long optical and hyperfine coherence times. In particular, the ground-state
coherence times can be longer than one second, which makes them perfect for long-term
storage of quantum states. They also have the advantage of being a solid-state system.
At present, many of the fundamental requirements for quantum computing have been
demonstrated using rare-earth-ions; however, quantum state readout has yet to be achieved.
The strong-coupling regime is of great importance in cavity quantum electrodynamics,
as in this regime interactions between single atoms and single photons can be realized.
Strong coupling thereby provides a method of enabling qubit-qubit interactions. It is
desirable to achieve this regime with rare-earth-ion doped resonators, as it would enable
on-demand readout of quantum states, a necessity for quantum computing, and provide the
scalability required for implementation of quantum networks.
This thesis describes the work that has gone into investigating the suitability of rareearth-ion doped whispering-gallery mode resonators for quantum computing applications.
A theoretical analysis of the strong-coupling regime is performed, followed by experiments
investigating the properties of ions in resonators, and of new rare-earth-ion materials. A
final set of experiments studies a new quantum memory protocol for use with rare-earthions.
A theoretical investigation is undertaken to determine whether the strong-coupling
regime will be attainable with rare-earth-ion doped whispering-gallery mode resonators.
Emphasis is given to determining which rare-earth-ion materials will have the best properties when used as resonators. Specific applications of the strong-coupling regime are
examined for this system; in particular, whether it will be possible to demonstrate the
reversible transfer of quantum states, and detection of single dopants.
Experiments are performed, measuring the properties of millimetre-sized Pr3+ :Y2 SiO5
resonators. Direct measurements of cavity quantum electrodynamics parameters are made
using photon echoes, giving good agreement with theoretical predictions. Interactions
between the atom and cavity are observed and a theoretical model is presented to describe
these effects. Thus, a more realistic picture is obtained of the experimental requirements
for achieving the strong-coupling regime.
The properties of different rare-earth-ion doped materials are measured and analysed
to determine their suitability for quantum computing applications. The spin Hamiltonian
parameters of Pr3+ :YAG are measured using Raman heterodyne spectroscopy, and then
used to find the optical transitions with zero first-order Zeeman shift, as this should allow
the coherence time to be extended to a point where this system is useful for resonator
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applications. Hyperfine transitions with zero first-order Zeeman shift are also calculated
for Er3+ :Y2 SiO5 , with the aim of enabling long-term storage in a telecommunicationwavelength memory.
The thesis concludes with an experimental investigation into a new quantum memory
technique that does not require spectral hole burning. The hybrid photon echo rephasing
protocol uses strong optical pulses to perform rephasing, thus utilizing the advantageous
properties of the two-pulse photon echo. Furthermore, the use of external broadening fields
removes the usual problem of noise from amplified spontaneous emission. The properties
of this memory are examined using a Pr3+ :Y2 SiO5 crystal.
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Chapter 1
Introduction
The coherent interaction between light and matter is a fundamental component of quantum
information science [1]. The strong interaction between single atoms and single photons is
required to allow transfer of information between flying qubits, which transmit information
between spatially separated nodes, and stationary qubits, used for long-term storage of the
information. Developing a scalable system to facilitate this interaction is an important goal
for any quantum computing scheme.
Introducing an optical cavity into a light-matter system is an effective way to increase the strength of the interaction in that system [2, 3]. In this context, the strongcoupling regime of cavity quantum electrodynamics (QED) is of particular interest,
where the atom-cavity coupling is stronger than the decay rates of both the atom and
the cavity [4]. The interest in this regime is because it enables the study of interactions between single atoms and single photons. Also, achieving the strong-coupling
regime is one way of realizing a “quantum interface between light and matter” [1],
a fundamental requirement for quantum computing and the creation of quantum networks.
In recent years, rare-earth-ion doped crystals have emerged as one of the forerunners
in quantum information science. The initial focus with rare-earth-ions was on quantum
computing schemes based on ensembles of ions, and significant progress has been made
in this area [5, 6, 7]. However, ensemble-based schemes run into problems when it comes
to scalability [8]. One way to create a scalable quantum system with rare-earth-ions is
through implementation of single-site detection [7, 8]. This could be performed by strongly
coupling ions to a high-quality optical cavity [9, 10]. Thus, achieving the strong-coupling
regime of cavity QED is an important next step in realizing a working quantum computer
with rare-earth-ion doped crystals.
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1.1

1. Introduction

Quantum Computing Using Rare-Earth-Ion Doped
Crystals

Rare-earth-ions have long been investigated for use in classical information processing
and communication. There have been a number of demonstrations in rare-earth-ion doped
crystals showing holographic storage and reconstruction of images [11, 12, 13], highspeed signal processing [14, 15], large storage densities [16], real-time optical correlators
[17, 18, 19], and classical optical memories [20, 21, 22, 23]. It is desirable to take the
techniques developed for classical computation and use them for quantum communication
and quantum information processing applications [24, 25, 26].
Rare-earth-ion doped crystals have a number of properties that make them very attractive for quantum information processing. They have very long optical [27] and hyperfine
coherence times [28, 29]. This gives rare-earth-ion doped crystals the ability to store
photonic states for long time periods, as demonstrated in [29, 30]. The ratio of inhomogeneous to homogeneous broadening is large, which enables the storage of a large
number of modes on one spatial region [31]. This also allows different subsets of ions to
be addressed separately by tuning the exciting laser [25]. The position stability resulting
from the rare-earth-ions being in a solid-state medium provides several advantages, such as
ease of scalability [26], and avoidance of the difficulties associated with ion trapping [32].

1.1.1

Progress in Rare-Earth-Ion Quantum Computing

The initial interest in using rare-earth-ions for quantum computing began in the early
2000s, when several theoretical schemes were proposed [24, 25, 26, 33, 34, 35]. The initial
experimental work towards realizing these proposals was performed by research groups
at the Australian National University, the Lund Institute of Technology, and the Toshiba
Corporation.
Experiments at the Australian National University using Pr3+ :Y2 SiO5 and Eu3+ :Y2 SiO5
crystals realized a number of important developments in the field of rare-earth-ion quantum
computing. Longdell et al. demonstrated qubit-qubit interactions between rare-earth-ions
in a solid [8, 36]. By utilizing the electric dipole-dipole coupling, they determined it was
possible to generate a conditional quantum phase shift between ions. Work by Fraval et al.
showed it was possible to greatly extend the hyperfine coherence times in rare-earth-ions
[28]. By operating on a transition with zero first-order Zeeman shift, phase memory times
of 82 ms were exhibited. This time was later extended to more than 30 s by applying a
sequence of dynamic decoupling pulses [29]. Longdell et al. utilized this ability to create
a system with long coherence times, to demonstrate optical storage times three orders
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of magnitude longer than had previously been realized in any other system [30]. Using
electromagnetically induced transparency in Pr3+ :Y2 SiO5 , they were able to stop light
for more than 1 s. This demonstrated the suitability of rare-earth-ion doped crystals for
long-term storage of quantum states in a quantum memory.
There has been a significant effort at the Lund Institute of Technology toward developing rare-earth-ion based quantum computing hardware. Initial experiments looked at
spectral hole burning in Pr3+ :Y2 SiO5 with the aim of isolating specific optical transitions
in the inhomogeneous line [5, 37]. This work was then expanded to look at addressing
individual qubits in the ensemble and transferring these qubit ions between different quantum states [6, 38]. The overall aim of this research was to implement the ensemble-based
quantum computing schemes conceived by Ohlsson et al. [26] and Roos and Mølmer [39].
As an alternative to the ensemble approach, quantum computing using rare-earth-ions
coupled to an optical cavity was studied by Ichimura, Goto et al. They have provided
theoretical discussions of the implementation of a quantum computer with this system
[25, 40, 41], and have performed several experimental investigations toward this aim
[42, 43]. This research will be discussed further in Chapter 1.3. Stimulated Raman
adiabatic passage was also studied as a method of manipulating qubits in rare-earth-iondoped crystals [44, 45].
In the past two - three years, rare-earth-ion based quantum computing has risen in
popularity, in part due to the development of the controlled reversible inhomogeneous
broadening (CRIB) [46, 47, 48] and atomic frequency comb (AFC) [49, 50] quantum
memory protocols (these will be discussed in Chapter 2.6), and also because of the long
storage times that have been demonstrated [29, 30]. As a result of this, some of the best
quantum memories can now be created using rare-earth-ion doped crystals. In 2010 Hedges
et al. created the first ever quantum memory that exceeds the no-cloning limit using CRIB
in a Pr3+ :Y2 SiO5 crystal [51]. Using coherent pulses of light, memory efficiencies up to
69% were demonstrated. Using AFCs it has proven possible to create high-bandwidth
quantum memories (5 GHz in a Ti:Tm3+ :LiNbO3 waveguide [52]), and also quantum
memories that are highly multi-modal (1060 temporal modes stored in a Tm3+ :YAG crystal
[53]). By transferring the excitation to a long-lived ground-state level, long-term storage
and on-demand readout have also been demonstrated in an AFC memory [54].
Recently entanglement has been demonstrated between a photon and a collective atomic
excitation in rare-earth-ion doped crystals [52, 55]. This is an important step for rare-earthion based quantum communication as it provides the link between storage and transfer
of information. Work by Lauritzen et al. has focused on creating a telecommunicationwavelength quantum memory using Er3+ :Y2 SiO5 [56, 57]. This is a necessity for the
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implementation of practical quantum networks.

1.1.2

The DiVincenzo Criteria

In 2000 David DiVincenzo came up with a list of five requirements for the physical
implementation of a quantum computer [58]. At present, there is no physical system that
simultaneously satisfies all five criteria. The DiVincenzo criteria are listed below with a
discussion of how well each one can be satisfied using rare-earth-ion doped crystals:
1. A scalable physical system with well-characterized qubits.
The initial criterion is that a physical system is required that contains a collection of
two-level quantum systems that can be used as quantum bits. These qubits need to be well
characterized in that knowledge of the physical parameters of the qubit, such as the energy
eigenstates, interactions with other qubits, and coupling to external fields, is required. In
rare-earth-ion doped crystals both the optical transitions, and the spin transitions, are usable
as well-defined qubits. The properties of optical and spin transitions in rare-earth-ion
doped crystals have been studied for several decades and are well known for many systems.
2. The ability to initialize the state of the qubits to a simple fiducial state, such as |000...i.
This criterion arises from the fundamental requirement of computing that before
computation can begin the system should be returned to a known initial state. This
requirement is relatively trivial for many rare-earth-ion doped systems, as optical or radiofrequency repumping can be used to transfer a set of ions to the ground state. Performing a
repumping operation before computation will ensure the system will always begin in the
same initial state.
3. Long relevant decoherence times, much longer than the gate operation time.
In any quantum system the state of a qubit will decohere due to interactions with
the environment. The coherence time of the qubit must be significantly longer than the
time required to perform gate operations; otherwise, the output state of the operation
will not be well defined. In rare-earth-ions, the coherence times are fundamentally long
due to their weak oscillator strengths. It has been demonstrated that by applying an
appropriate magnetic field to the crystal the coherence time can be greatly enhanced, and
using this method hyperfine coherence times greater than 1 s have been realized [28, 59].
Furthermore, the length of a π-pulse is usually on the order of 1 µs in rare-earth-ion doped
systems; thus, gate operations can be performed much faster than the coherence time.
4. A “universal” set of quantum gates.
In order for the quantum computer to be able to perform calculations, quantum gates
are required. To create this universal set of gates it is necessary to have controllable
qubit-qubit interactions. As mentioned in the previous section, two-qubit interactions were
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demonstrated in rare-earth-ion doped systems by Longdell et al. [8]. Thus, it is possible to
define a universal set of quantum gates by utilizing the electric dipole-dipole interaction
between ions [26].
5. A qubit-specific measurement capability.
The final criterion can be interpreted as; it must be possible to read out the result of a
computation. To satisfy this, the ability to measure the state of individual qubits is required.
In rare-earth-ion doped systems this has not yet been demonstrated; however, the ability to
detect a single dopant should satisfy this final requirement [8].
At present, it is possible to satisfy four of the five DiVincenzo criteria using rareearth-ion doped crystals. One possible method of achieving the remaining qubit-specific
measurement capability is by using strong-coupling cavity QED to enable single-dopant
detection. This brings us to the motivation behind the research performed in this thesis.

1.2

Strong-Coupling Cavity QED

The strong-coupling regime of cavity QED is the regime where the interaction between a
single atom and a cavity dominates the dissipative processes that are present in the system.
To achieve the strong-coupling regime an atom needs to couple to an electromagnetic
field mode in a low-volume, high-quality cavity. The role of the cavity is to enhance the
interaction of the atoms with the electromagnetic field, and once in the strong-coupling
regime many operations become possible that are necessary for quantum computation [60].
For example, it enables the reversible transfer of quantum information between stationary
qubits [1, 61, 62], and it becomes possible to detect single atoms [9, 10, 63].
The ability to reversibly transfer quantum states between single photons and single
atoms would progress the fields of both photonic and atomic quantum computing. Take
a three-level atom coupled to a cavity where the atom is initially in the state that is
not resonant with the cavity. Applying an external field can drive the Raman transition,
generating a single photon that will couple out of the cavity. This process could be used
to create an on-demand single-photon source, which is required for all-optical quantum
computing [64, 65, 66].
For atomic quantum computing, reversible transfer of quantum states can be used to
effect qubit-qubit interactions in a manner that is potentially scalable. Here the quantum
information is stored in a single atom coupled to a cavity. Applying an external field
transfers this information to a photon, which couples out of the cavity. The photon can
then couple into a second cavity and transfer the information to a second atom. This could
be used as a quantum optical interconnect, which would form the building block of large
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quantum networks [1, 61].
Another application of the strong-coupling regime is using it to detect and interact
with single atoms [9, 10, 63, 67]. The presence of an atom in the cavity can be detected by
monitoring changes in cavity transmission, or by counting photons as they are emitted by
the atom. The ability to address a single rare-earth-ion would be a marked development in
the field of solid-state quantum computing. As discussed in the previous section, it would
fulfil the one remaining DiVincenzo criterion for quantum computing.
The strong-coupling regime is characterized by the observation of the vacuum-Rabi
(normal-mode) splitting from a single atom/ion. Take the situation where a two-level atom
is on resonance with a single cavity mode. Introducing one quantum of energy into the
system results in the energy eigenstate being split into two dressed states, corresponding to
equally weighted superpositions of the excited atom and one photon in the cavity mode
[68]. The separation between these two states will be twice the atom-cavity coupling, and
is known as the vacuum-Rabi splitting. The physical picture that describes this effect is as
follows. If a single atom is strongly coupled to a cavity mode, a single photon emitted by
the atom is likely to be reabsorbed and then re-emitted [69]. If the atom-cavity coupling is
larger than the rate at which the system decays, this process can occur repeatedly at a rate
determined by the single-photon Rabi frequency. Thus, in a strongly coupled atom-cavity
system a pair of modes is observed as the laser is scanned over the cavity resonance.
At present, strong coupling has been achieved experimentally in many different systems,
both using alkali atoms and in the solid state. There has been several demonstrations using
Fabry-Pérot cavities where atoms are released above the cavity, and coupling occurs as
they fall through the cavity mode [9, 63, 70, 71]. Mabuchi et al. used this technique to
detect single caesium atoms by measuring the dip in transmission as the atom falls through
the cavity [9]. Using a smaller, higher quality cavity, Hood et al. were able to observe the
vacuum-Rabi splitting in such a system [70]. Steps have also been taken toward using this
system for quantum computing. Trupke et al. fabricated Fabry-Pérot microcavities on a
silicon wafer and used them to detect single rubidium atoms as a first step toward creating
a scalable quantum network. Wilk et al. used a rubidium atom falling through a cavity to
create entanglement between a single photon and a single atom [71]. The state of the atom
was then mapped onto a second single photon, creating an entangled photon pair.
There have also been multiple experiments using alkali atoms optically trapped inside
a Fabry-Pérot cavity [62, 65, 69, 72, 73]. Using a far-off-resonance trap to hold a single
caesium atom inside the cavity, McKeever et al. demonstrated a one atom laser by operating
in the strong-coupling regime [72]. This system has also been used as an on-demand,
single-photon source [65], the vacuum-Rabi splitting has been observed from single atoms
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[69], and reversible state transfer between a coherent state of light and a single atom has
been demonstrated [62]. Colombe et al. demonstrated that strong-coupling cavity QED
was possible with a Bose-Einstein condensate coupled to a fibre-based cavity on a chip
[73].
Strong coupling has also been observed between caesium atoms and whispering-gallery
mode (WGM) mode resonators. In this case the atoms are dropped above a microtoroid
resonator and couple to the resonator as they pass through its evanescent field [67, 74].
The initial demonstration of strong coupling using this system was by Aoki et al. [67]. By
photon counting after the atoms had been dropped, they were able to measure single-atom
transit events. Further research by Dayan et al. used a similar system as an photon turnstile,
where a single atom controls the cavity output conditional on the number of input photons
[74]. There is significant interest in using atoms coupled to microtoroidal resonators, as
these have the potential to form a scalable system on a chip [1]. However, for this to be
realized it will be necessary to trap the atoms in the evanescent field of the microtoroid.
There have been several demonstrations of strong coupling in the solid state, predominantly using quantum dots (QD). These have the advantage that they naturally lend
themselves to incorporation into microfabricated structures such as micropillar and photonic crystal cavities, which can have extremely small mode volumes. The strong-coupling
regime has been observed with QDs strongly coupled to microdisk [75, 76], micropillar
[77], and photonic crystal cavities [78, 79]. Demonstrations of strong coupling have
focused on observations of the vacuum-Rabi splitting from a single QD coupled to the
cavity [75, 76, 77, 78]. Hennessy et al. made measurements of photon antibunching as an
initial step toward using QD-cavity systems for quantum information applications [79].
Measurements of strong coupling have also been made between diamond nitrogenvacancy (NV) centres and a microsphere resonator [80]. Diamond nanocrystals containing
NV centres were implanted on the surface of the microsphere and coupled to the resonator’s
evanescent field. Measurements of the vacuum-Rabi splitting indicate the system had
achieved the strong-coupling regime.
Rare-earth-ion doped crystals are interesting systems to look at with respect to cavity
QED. Due to being a solid-state system, the rare-earth-ions are amenable to integration into
WGM and other microresonators. Operating in the solid state also avoids the complications
resulting from trapping atoms in the resonator’s evanescent field. Another advantage is
that in WGM resonators the maximum field intensity is inside the resonator, rather than
outside. This means systems based on trapped atoms will always experience a reduced
coupling with the resonator. WGM resonators in particular seem like a logical choice
when trying to reach the strong-coupling regime with rare-earth-ions, due to their ability to
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simultaneously have the required large quality factors and small mode volumes.

1.3

Rare-Earth-Ions Coupled to Resonators

There have been a number of investigations looking at rare-earth-ion dopants and optical
cavities. Wang, Greiner et al. performed experiments using a Fabry-Pérot cavity with
an optically thin Tm3+ :YAG crystal inside it [81, 82, 83, 84]. Initial investigations were
aimed at using the cavity to increase the efficiency of photon echoes for classical signal
processing [81]. Echo efficiencies up to 150% were realized for two-pulse photon echoes,
and up to 130% for three-pulse photon echoes. This atom-cavity system was also used
to explore the dynamics of cavity-enhanced superradiant emission [82, 83, 84]. The role
of the cavity was to increase the rate of superradiant emission by an amount proportional
to the cavity finesse [82]. This type of arrangement, with a crystal inside a cavity, is not
practical for cavity QED experiments as there will be significant losses due to reflections
from the crystal surface.
Ichimura, Goto et al. have investigated the properties of a monolithic Pr3+ :Y2 SiO5
Fabry-Pérot resonator [42, 43]. An experimental investigation was performed at cryogenic
temperatures looking at multiple-atom strong-coupling effects [42]. Optical bistability and
normal-mode splitting were observed, and a theoretical model to describe these phenomena
in rare-earth-ion doped resonators was established. They conclude that the single-atom
strong-coupling regime should be attainable by narrowing the waist of the cavity mode, and
this system could then be used to perform quantum gate operations. Further experiments
were performed with this resonator, where room temperature measurements were made
to establish the sources of intracavity loss [43]. It was determined that the dominant loss
mechanism is bulk absorption of the Y2 SiO5 crystal, not absorption by the dopant ions
or mirror losses. They also provide an explanation of how this method can be adapted to
measure the losses in WGM resonators.
Rare-earth-ions coupled to cavities have also been examined theoretically. Ichimura
first proposed using a rare-earth-ion doped crystal coupled to a cavity mode for quantum
computing applications [25]. In this proposal, the qubits are defined in frequency space
and the cavity mode is used to effect interactions between spatially separate qubits. It
is explained how this could be used to create a quantum controlled-NOT gate. As an
example, the properties of a Pr3+ :Y2 SiO5 Fabry-Pérot cavity are used to determine the
requirements to experimentally realize this proposal. Goto et al. proposed a scheme to
realize multiple-qubit quantum gates using adiabatic passage in an optical cavity [40]. They
suggest Pr3+ :Y2 SiO5 as a potential system in which this proposal could be implemented.
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Xiao et al. explored using rare-earth-ions coupled to a microsphere cavity to create
a quantum controlled phase flip (CPF) gate [85, 86]. The proposed scheme would be
implemented as follows. A single photon is incident on a cavity, strongly coupled to
a single three-level rare-earth-ion. Dependent on the polarization of the photon, it will
either couple into the cavity, interact with the atom and couple out again, or bypass the
cavity altogether. If the light couples into the cavity, it will cause the ion to experience
a phase shift of either 0 or π dependent on the ion’s initial state. Using two of these
atom-cavity systems in series realizes a CPF gate between two separate ions. However,
in this analysis they have overestimated the simplicity of achieving the strong-coupling
regime with rare-earth-ions, as it has been assumed that the 4f – 4f transitions are “allowed”
(this gives a four orders of magnitude increase in the transition dipole moment over the
real value).
Calculations for a CaF2 resonator doped with Sm2+ ions were performed by Grudinin
et al. [87]. They concluded that based on the properties of the free Sm2+ ion the strongcoupling regime should be attainable.
Proposals by Moiseev et al. have focused on using cavities to increase the efficiency of
CRIB quantum memories [88], and for a more general multi-mode photon echo quantum
memory [89]. Using a cavity increases the optical depth and gives more ideal interactions
between the atoms and field, meaning unity efficiencies are theoretically achievable. These
results are easily applicable to rare-earth-ion doped resonators. A similar theoretical
proposal was formulated by Afzelius et al. for AFC quantum memories [90]. They show
that by matching the absorption per cavity round trip to the transmission of the coupling
mirror, it should be possible to achieve efficiencies close to unity.
There have also been several investigations into WGM resonators fabricated from
rare-earth-ion doped glasses [91, 92, 93, 94, 95]. These have predominantly been used as
novel laser sources, in particular creating lasers based on upconversion [92, 94], and to
develop compact laser sources at telecommunications wavelengths [93, 95]. These types
of resonators are of little interest for cavity QED applications due to the greatly reduced
coherence properties of rare-earth-ions doped in glass.

1.4

Thesis Outline

This thesis begins with two introductory chapters (Chapters 2 and 3) describing the physics
of rare-earth-ion spectroscopy and whispering-gallery mode resonators.
Chapter 4 provides a theoretical introduction to cavity QED and the strong-coupling
regime is defined. The standard description of a two-level atom coupled to a cavity is
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modified to more accurately describe rare-earth-ion doped systems. Particular emphasis
is placed on rare-earth-ions coupled to crystalline WGM resonators. Different material
systems are investigated and it is determined which rare-earth-ion transitions are most likely
to achieve the strong-coupling regime. Finally, the results of simulations are presented
showing that even in the bad-cavity strong-coupling regime it is possible to perform
the operations required for quantum computing. In particular, the reversible transfer of
quantum states and single-dopant detection are shown to be feasible. The results shown in
this chapter have been published in Physical Review A [32].
In Chapter 5, experimental work is performed using Pr3+ :Y2 SiO5 doped WGM resonators. The emphasis of this work is on measuring the properties of the ions and the
resonator. From these measured properties the cavity QED parameters are calculated and
compared to those theoretically calculated using the methods of Chapter 4. The majority of
the measurements made in this chapter are done using photon echo techniques. Finally, an
investigation into non-linear effects due to strong coupling between the ensemble of ions
and the resonator is performed. Optical bistability and normal-mode splitting are observed,
and compared to a theoretical model. The results shown in this chapter have been accepted
for publication in Physical Review A [96].
An investigation into the properties of materials that are suitable for quantum information processing is performed in Chapter 6. The spin Hamiltonian parameters of Pr3+ :YAG
are measured using Raman heterodyne spectroscopy. Based on these parameters, the
transitions with zero first-order Zeeman shift (ZEFOZ transitions) are calculated in an
attempt to lengthen the optical coherence time. The chapter finishes with an investigation
into Er3+ :Y2 SiO5 . Using the spin Hamiltonian parameters measured by Guillot-Noël et al.
[97] the location of ZEFOZ transitions are calculated for the ground-state hyperfine transition of sites 1 and 2, with the aim of providing long-term storage at telecommunications
wavelengths.
The final chapter of experimental work (Chapter 7) discusses a new technique for
creating a rare-earth-ion doped quantum memory. The hybrid photon echo rephasing
protocol uses strong optical pulses to achieve rephasing, similar to a two-pulse photon
echo; however, it does not have the usual problems with noise. Here the first experimental
realization of this protocol is performed, and the properties of the memory are measured.
A theoretical analysis of the technique and measurements of the noise associated with it
are briefly discussed. The results shown in this chapter have been accepted for publication
in Physical Review A [98].
The thesis concludes (Chapter 8) with an analysis of whether it is possible to achieve
the strong-coupling regime with rare-earth-ion doped whispering-gallery mode resonators,
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based on the results shown here. Directions for continuation of this research are examined.
The chapter finishes with a discussion on the future of rare-earth-ion based quantum
computing.

Chapter 2
Properties of the Trivalent
Rare-Earth-Ions
2.1

4fn – 4fn Transitions in Rare-Earth-Ions

The work in this thesis revolves around the transitions between 4f – 4f levels in the trivalent
rare-earth-ions. The rare-earth elements are those of the lanthanide series on the periodic
table (elements 57 – 71). M3+ corresponds to their most stable oxidation state. La3+
(has zero 4f electrons) and Lu3+ (4f shell is completely full) are traditionally excluded
in discussions of rare-earth-ion spectroscopy as transitions between 4f – 4f levels do not
occur in these ions. It is common to dope inorganic crystals with the rare-earth elements,
where they typically substitute for Y3+ or La3+ .
The trivalent rare-earth-ions all have full 5s and 5p shells that shield the 4f electrons
from the crystalline environment. This shielding is very efficient, thus the electronic levels
experience only a mild perturbation from the crystal field. This results in the 4f – 4f
transitions having very narrow linewidths that closely resemble those of the free-ion, with
the added advantage of being in a solid-state medium.
The 4f energy levels of trivalent rare-earth-ions doped in LaCl3 were measured by
Dieke and Crosswhite in 1963 [99]. These results are shown in Figure 2.1. The diagram
was later modified by Carnall et al. with updated results for Pm3+ [100] (promethium is
the only non-naturally occurring rare-earth-ion, as it is radioactive and forms from the
decay of uranium [101]). Whilst Figure 2.1 is an example of rare-earth-ion energy levels
in LaCl3 , in general the overall energy level structure will be similar for other host crystals.
This is because the spin-orbit coupling tends to be much larger than crystal field effects.
Figure 2.2 demonstrates the different mechanisms that define the energy levels of a rareearth-ion doped crystal, and the order of the energies involved. Spin-orbit coupling splits
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Figure 2.1: Dieke diagram showing the energy of the 4f levels in M3+ :LaCl3 [99], [100].
This image was reproduced from [102].
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the energy of the 4f electrons into manifolds consisting of levels with the same total angular
momentum, J. This defines the free-ion energy levels. These manifolds are traditionally
labelled 2S+1 LJ where L is represented by a letter (S,P,D,F,G,H,I.. corresponding to
L=0,1,2,3,4,5,6...). The crystal field modifies the free-ion energy levels and splits them into
a maximum 2J +1 levels. The crystal-field splitting is on the order of 100 cm−1 . In general,
only the lowest energy level of each manifold is populated at cryogenic temperatures, as
the other crystal-field levels will relax quickly via spontaneous phonon emission.
The arrangement of the crystal-field levels is dependent on whether the ion has an
odd or even number of 4f electrons. For ions with an even number of 4f electrons in a
low symmetry site, the energy levels are singlets due to the angular momentum being
“quenched” by the crystal field. In a site with axial or higher symmetry, some levels can
become non-Kramers’ doublets as a result of there being finite angular momentum along
the axis of symmetry. For ions that have an odd number of 4f electrons the crystal field
forms a maximum of J + 12 Kramers’ doublet levels, the degeneracy of which can be lifted
by the application of a magnetic field. The energy levels are very sensitive to the presence
of external magnetic fields, and their splitting will increase rapidly as the field strength is
increased.
For rare-earth-ions with nuclear spin greater than 1/2, each crystal-field level can
split into several hyperfine levels due to the hyperfine and quadrupole interactions. The
magnitude of this splitting is around 10−3 – 10−1 cm−1 . The number of hyperfine levels is
dependent on the electronic and nuclear spin of the system. In some cases the hyperfine
levels will exhibit degeneracy, for example, Pr3+ has a nuclear spin of 5/2, resulting in three
pairs of degenerate hyperfine levels. Applying a magnetic field to the system will lift this
degeneracy via the Zeeman effect. Some rare-earth-ion systems also exhibit superhyperfine
splitting [103] (for example, Pr3+ :CaF2 ), but as this effect is not present in any of the
systems studied in this thesis it shall be ignored.
Electric dipole transitions between 4f – 4f levels are “forbidden” for the free ion;
however, placing the ion in a crystalline environment creates mixing of wavefunctions
with opposite parity, enabling these transitions to occur [104]. Because of this, transitions
in rare-earth-ions have low oscillator strengths when compared to allowed electronic
transitions (on the order of 10−6 – 10−9 ). Having a low oscillator strength can be a
disadvantage, as the atoms will only interact weakly with an incident laser beam. However,
low oscillator strength also results in long excited-state lifetimes, which is the great
advantage of rare-earth-ions in implementing long-term storage for quantum computing
schemes. The oscillator strength (f ) can be directly measured from the absorption of the
crystal for a given dopant concentration and length. It is related to the transition dipole
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Figure 2.2: Illustration of the different energy levels splittings that exist for the 4f levels of a
non Kramers’ rare-earth-ion.

moment (µ) by [31]:
2me ωµ2 χL
,
(2.1)
3~e2 n
where χL is the local correction to the electric field to account for the fact that the ion is
less polarizable than the bulk medium:
f=


χL =

n2 + 2
3

2
.

(2.2)

From this the Einstein A coefficient can be calculated:
A=

ω 3 nχL µ2
,
3π0 ~c3

(2.3)

and hence the spontaneous emission time:
Tspon =

1
.
A

(2.4)

In practice, the excited-state lifetime is up to two orders of magnitude shorter than the
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spontaneous emission time. This is because the above analysis assumes the ion has only
two electronic levels. In reality, the ion can optically decay from the excited state to
multiple levels, and the spontaneous emission time refers to the sum of these different
decay paths. Thus, the measured excited-state lifetime will be shorter than what is expected
from the two-level picture; however, for certain rare-earth-ions this can still be on the order
of milliseconds [105].

2.2

Spin Hamiltonians

This section provides an overview of the theory behind the calculation of the 4f energy
levels in a rare-earth-ion, based on the spin Hamiltonian. The description in this thesis is
based on the treatment of Macfarlane and Shelby [103].
The 4f energy levels are completely described by the following Hamiltonian:
H = HF I + HCF + HHF + HQ + HeZ + HnZ ,

(2.5)

where the first two terms represent the free-ion and crystal-field Hamiltonians, and determine the electronic energy level structure. The other four terms are much smaller than
the first two and describe the hyperfine structure of the energy levels. These terms are the
hyperfine, quadrupole, electronic Zeeman and nuclear Zeeman Hamiltonians respectively.
As the free-ion energy levels are well known, and only the lowest crystal-field level is
populated at cryogenic temperatures, the focus in this thesis is on the last four terms of
equation (2.5).
HHF describes coupling between the nucleus and the 4f electrons and is given by:
HHF = AJ I · J ,

(2.6)

where AJ is the magnetic hyperfine constant, I is the nuclear spin tensor and J is the
tensor describing the total electronic angular momentum (J = L + S where L is the total
electronic orbital angular momentum and S is the total electronic spin angular momentum).
The Hamiltonian that describes the nuclear electric quadrupole interaction is of the form:
HQ = I · T Q · I,

(2.7)

where T Q is the quadrupole tensor. HeZ describes the interaction of the electrons with an
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external magnetic field and is:
HeZ = gJ µB B · J ,

(2.8)

where gJ = 32 − [L(L + 1) − S(S + 1)] / [2J(J + 1)] is the Landé g-value, µB is the Bohr
magneton. HnZ gives the interaction of the nucleus with an applied magnetic field and is
given by:
HnZ = −~γN B · I,
(2.9)
where γN is the nuclear gyromagnetic ratio. In the spin Hamiltonian work of this thesis (see
Chapter 6) two systems in particular are considered; Pr3+ :YAG which is a non-Kramers’
ion, and Er3+ :Y2 SiO5 which is a Kramers’ ion.

2.2.1

Non-Kramers’ Singlets

As mentioned earlier, for a non-Kramers’ ion in a site of low symmetry the electronic
angular momentum is quenched, lifting the degeneracy of the electronic states. Applying
second-order perturbation theory to the system causes second-order hyperfine and secondorder electronic Zeeman terms to arise that are of a similar magnitude to the nuclear
Zeeman and quadrupole interactions. Therefore, non-Kramers’ ions can be described by
the effective Hamiltonian derived by Teplov [106]:
Heff = gJ2 µ2B B · Λ · B + B · (2AJ gJ µB Λ + ~γN ) · I + I · (A2J Λ + T Q ) · I.

(2.10)

The term gJ2 µ2B B · Λ · B is the quadratic electronic Zeeman interaction. B · (2AJ gJ µB Λ +
~γN ) · I is the enhanced nuclear Zeeman interaction, where the nuclear Zeeman interaction
is enhanced due to coupling to the second-order hyperfine interaction [107, 108]. I ·
(A2J Λ + T Q ) · I is the combined quadrupole interaction, made up of the second-order
hyperfine interaction and the pure-quadrupole interaction. Because the second-order
hyperfine interaction can be written in the same form as the pure-quadrupole interaction, it
is often called the pseudo-quadrupole interaction [109].

2.2.2

Kramers’ Doublets

Kramers’ theorem states that for ions with odd numbers of electrons all levels will have an
electronic degeneracy that can only be lifted by applying a magnetic field to the sample.
This results in a large contribution to the Hamiltonian from the first-order electronic
Zeeman and magnetic hyperfine interactions. Due to the axial symmetry, these interactions
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can be described by equations (2.6) and (2.8) with an effective spin S = 12 [110]. The
enhanced nuclear Zeeman and combined quadrupole interactions are as for non-Kramers’
ions. Thus, the energy levels of Kramers’ ions can be described by the following effective
Hamiltonian [103]:
Heff = µB B · g · S + I · A · S + I · (A2J Λ + T Q ) · I − B · (2AJ gJ µB Λ + ~γN ) · I, (2.11)
where µB B · g · S is the electronic Zeeman term, and I · A · S is the first-order hyperfine
interaction.

2.3

Homogeneous/Inhomogeneous Broadening and Spectral Hole Burning

In rare-earth-ion systems, there are two types of broadening mechanism that affect the
optical transitions - homogeneous and inhomogeneous broadening. The homogeneous
linewidth refers to the spectral width of the transition of a single ion, whilst the inhomogeneous linewidth refers to the entire ensemble of ions in the crystal. In rare-earth-ion doped
systems the ratio of inhomogeneous to homogeneous broadening tends to be very large
(typically 104 – 108 ).
The homogeneous linewidth is the same for all ions in the crystal and is what would be
measured if a laser were interacting with a single ion. The population decay rate determines
the minimum homogeneous linewidth; however, in reality the homogeneous linewidth is
larger than this due to excess dephasing. For rare-earth-ions at cryogenic temperatures the
homogeneous linewidth can be very narrow, for example, Γh = 50 Hz has been measured
in Er3+ :Y2 SiO5 [27].
Whilst the transition frequency of a particular ion is well defined as per the homogeneous linewidth, the transition frequency of the ensemble of ions will be much broader
due to imperfections in the crystal lattice. The concentration of dopants (dopants will
be a different size to the host ion they are replacing and cause strain on the lattice) and
the method used to grow the crystal (determines the quality of the crystal) will affect
the inhomogeneous linewidth. Each ion in the crystal will experience a slightly different
local environment, resulting in it receiving a random static shift in transition frequency.
The absorption profile that results is the sum of the homogeneously broadened lines of
the individual ions. This is the inhomogeneous linewidth and tends to have a Gaussian
line shape. In typical rare-earth-ion crystals the inhomogeneous broadening ranges from
several hundred MHz up to hundreds of GHz. Figure 2.3 demonstrates the relationship
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Figure 2.3: Relationship between homogeneous and inhomogeneous broadening in rare-earthion doped systems. The concentration of ions is lower in the wings of the distribution, hence
the absorption in this region is reduced.

between homogeneous and inhomogeneous broadening.
It is worth mentioning that the line between homogeneous and inhomogeneous broadening is not always definitive. For example, the interaction between neighbouring ions
can contribute to both homogeneous and inhomogeneous broadening. This needs to be
taken into consideration dependent on the time scale over which experiments are being
performed [31].
For classical signal processing, a large ratio of inhomogeneous to homogeneous
broadening is desired [31]. This ratio can be up to 108 in some systems [27], which is why
there has been significant interest in using rare-earth-ion doped crystals for this application.
Γh determines the minimum bandwidth of an individual bit, whilst Γinh represents the
maximum total bandwidth of the memory. Therefore, Γinh /Γh determines the maximum
number of bits that could be stored at any one time at the same spatial location in the
crystal.
One feature of inhomogeneously broadened systems is they often exhibit some form
of spectral hole-burning mechanism [103, 111]. A laser (with linewidth less than the
inhomogeneous line) is used to excite a narrow selection of ions from the ground state.
The frequency of the laser can be swept over the inhomogeneous line, and a spectral hole is

20

2. Properties of the Trivalent Rare-Earth-Ions

4f5d
|e〉

|e〉

|e〉
|e〉

|aux〉

|g〉
(a)

|g〉

|g〉
(b)

|g1〉
|g2〉

(c)

(d)

Figure 2.4: Different mechanisms for spectral hole burning. Population storage in; (a) excited
state, (b) electronic level, (c) higher energy electron shell, and (d) hyperfine level.

seen as a reduction in optical absorption at the initial laser frequency. The narrowest hole
that can be burnt will be limited by the homogeneous linewidth (until recently this was
limited by laser stability due to the narrowness of the homogeneous line in rare-earth-ions).
Several different hole-burning mechanisms exist, and the lifetime of the spectral holes
depends on the decay rate of the reservoir that the atoms are optically pumped to. The
simplest hole-burning mechanism is when a laser drives an optical transition, transferring
the atomic population to the excited state (Figure 2.4(a)). In this case the hole lifetime is
determined by the excited-state population lifetime (∼ 100 µs). Some ions, such as Tm3+ ,
have a metastable electronic level where the population can be stored (Figure 2.4(b)). The
hole lifetime will be dependent on the lifetime of this level (∼ 15 ms in Tm3+ :YAG [112]).
Long-lived spectral holes can be burnt using persistent spectral hole burning (Figure 2.4(c)).
Here a second laser is used to ionize the atomic population, for example, in Pr3+ :YAG the
atoms can be ionized via a 4fn – 4fn−1 5d transition producing holes that last for > 1 hour
[113]. The most relevant hole-burning mechanism for this thesis is via population storage
in another ground-state hyperfine level (Figure 2.4(d)). This can create spectral holes with
lifetimes > 100 s in Pr3+ :Y2 SiO5 [114] and > 3 weeks in Eu3+ :Y2 SiO5 [115].
As an example of how hyperfine hole burning can affect the distribution of the atomic
population, Figure 2.5 demonstrates hole burning in an inhomogeneous ensemble of atoms
with one excited state and three ground states. Initially, the atomic population is evenly
distributed amongst the three ground-state hyperfine levels. By constantly driving the
transition between |g2i and |ei, the ions are optically pumped to levels |g1i and |g3i (see
Figure 2.5(a)). This creates a spectral hole at the frequency of the pump laser (ω), resulting
in decreased absorption. Regions of increased absorption (known as anti-holes) will form
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at ω − δ1 and ω + δ2 due to population build up (see Figure 2.5 (b)).
In systems with more hyperfine levels, complex arrays of holes and anti-holes will be
formed. For example, take a system such as Pr3+ or Eu3+ with a nuclear spin of I=5/2
(resulting in three ground-state and three excited-state hyperfine levels). Optically pumping
one of the nine optical transitions forms a total of seven holes and forty-two anti-holes
in the inhomogeneous line. Using spectral hole burning at multiple frequencies or by
sweeping over a range of frequencies, it is possible to burn complex structures into the
inhomogeneous line of an optical transition. This manipulation of the inhomogeneous line
is required for quantum memory protocols such as controlled reversible inhomogeneous
broadening and atomic frequency combs.

2.4

Dephasing in Rare-Earth-Ion Doped Systems

There are two important time scales when discussing optical transitions in rare-earth-ions.
These are the population lifetime (T1 ) and the coherence time (T2 ). The population lifetime
is the average length of time an ion will stay in the excited state once it has been excited.
The coherence time is the average length of time that phase information is preserved in the
system after excitation. The coherence time is related to the homogeneous linewidth via
Γh = 1/(πT2 ).
In rare-earth-ion doped crystals, there are three predominant mechanisms that cause
the optical homogeneous linewidth to be broader than that predicted from the excited-state
population lifetime. These are; broadening due to the interaction with the atoms that make
up the host lattice (Γion-spin ), broadening due to the interaction with neighbouring dopant
ions (Γion-ion ), and broadening due to phonon scattering in the crystal (Γphonon ) [116]. Thus,
the homogeneous linewidth can be written as:
Γh = Γpop + Γion-spin + Γion-ion + Γphonon .

(2.12)

Γpop = 1/(2πT1 ) is the narrowest the homogeneous linewidth could possibly be, based on
the population lifetime of the excited state. This determines the fundamental limit of T2 if
all sources of excess dephasing could be eliminated. This is described by the inequality
[102]:
T2 ≤ 2T1 .
(2.13)
Population lifetime limited coherence times are very desirable for quantum computing
applications, as a long coherence time means more operations can be performed before the
phase information of the ions is lost. Therefore, considerable effort has gone into achieving
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Figure 2.5: Hyperfine hole burning in a system with three ground-state levels and one excitedstate level as a simple demonstration of population transfer. (a) Driving the transition from |g2 i
to |ei optically pumps the atomic population to levels |g1 i and |g3 i. (b) The resulting series of
holes and antiholes formed in the inhomogenous line.
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this limit [116, 117, 118].
Γion-spin is the increase in linewidth caused by the dopant ions interacting with the
host atoms. Fluctuations in the electronic and nuclear spin of the host atoms create small
fluctuating magnetic fields that can shift the transition frequency of the dopants via the
Zeeman effect. In Chapter 6, an attempt is made to decrease the magnitude of this effect
by finding a transition in Pr3+ :YAG where there is zero first-order Zeeman shift.
The reason why Y2 SiO5 is such a popular host crystal for rare-earth-ions is because it
has been specifically chosen to minimize the contribution from Γion-spin . The host atoms
in Y2 SiO5 have either very small/no magnetic spin (yttrium and oxygen), or have a low
concentration (the only isotope of silicon with nuclear spin is 29 Si with 4.7% natural
abundance), thus minimizing the interaction between the ions and host crystal [117]. Y2 O3
is another host that should minimize Γion-spin ; however, it is less common than Y2 SiO5 as a
result of its higher melting point making crystal growth difficult [117].
Γion-ion is the contribution to the homogeneous linewidth from the interaction between
neighbouring dopants. Intense laser pulses excite the ions, altering the electric dipoledipole interaction between the excited ions and the surrounding dopants. The excitation
pulses cause random shifts in the transition frequency of the ions, increasing their apparent
homogeneous linewidth. This is an intensity dependent phenomenon, as the size of the
frequency shift is directly proportional to the intensity of the excitation pulses. This effect
is commonly known as instantaneous spectral diffusion (ISD) [119, 120, 121].
Γphonon describes the dephasing caused by coupling between thermally excited phonons
and the electronic energy levels. This effect is temperature dependent, and usually for
rare-earth-ion systems at low temperatures this interaction is frozen out [116]. At room
temperature this effect dominates the homogeneous linewidth, hence why rare-earth-ion
experiments are performed at cryogenic temperatures. Γphonon has contributions from
single-phonon processes, that occur when a phonon is resonant with a transition between
electronic levels, and two-phonon Raman processes [115]. The effect of Γphonon when
measuring coherence time will become apparent in the experiments of Chapter 5 in
Pr3+ :Y2 SiO5 , and also in the Pr3+ :YAG work of Chapter 6.

2.5

Photon Echo Techniques

In 1964, a mere four years after the invention of the laser, Kurnit et al. caused a ruby
crystal to spontaneously emit a short intense burst of radiation which they called a photon
echo [122]. A theoretical analysis of the phenomenon, and further experimental investigations, were later undertaken by Abella et al. [123]. The photon echo is named after the
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Figure 2.6: Sequence of pulses used to create a two-pulse photon echo.

comparable phenomenon of spin echoes from nuclear magnetic resonance experiments
[124].
In a photon echo, the sample is excited by short pulses of light that are spectrally broad
when compared to the homogeneous linewidth. As the ions will have random detunings,
dephasing will occur after excitation. Some time later, an external field can be applied to
the sample to rephase the ions. This results in the emission of a coherent pulse of light,
known as a photon echo.
Photon echoes have become an invaluable technique in rare-earth-ion spectroscopy,
as they give the ability to measure features of the homogeneous line, whilst not requiring
an extremely stable laser. The two requirements on laser stability are that it must be
phase stable over the length of the input pulses (usually on the order of 1 µs), and the
frequency drift between pulses must be less than the Rabi frequency of the ions [102].
When performing measurements based on photon echoes, it is common to take multiple
shots and assume that the shot with the largest echo corresponds to the minimum laser
frequency drift, and therefore gives the most correct measurement.
There are two main photon echo techniques that will be used in this work - the twopulse photon echo (2PE) and the three-pulse photon echo (3PE).

2.5.1

Two-Pulse Photon Echo

The sequence of pulses used to create a 2PE is shown in Figure 2.6. A π2 -pulse is applied
to the crystal, followed by a π-pulse a time τ later. This results in an echo of the π2 -pulse
being formed at a time τ after the π-pulse. In general, almost any two (brief) pulses of
light will form an echo; however, to achieve efficient echoes the area of the second pulse
should be π.
To understand the physical mechanism behind the 2PE, assume the ions are two-level
atoms. They can thus be described using the Bloch formalism [125], and the dynamics
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of the system can be represented on the Bloch sphere (see Figure 2.7). The Bloch sphere
representation is useful, as it gives a method of visualizing the state of the system, and
the ability to observe how it develops over time. In Figure 2.7 the north and south “poles”
of the Bloch sphere represent the excited and ground states of the ions respectively. The
equator of the sphere corresponds to the superposition states. The red arrows are the Bloch
vectors representing the current state of the ions. The two-pulse photon echo is as follows:
(a) The ions begin in the ground state.
(b) A π2 -pulse is applied to the sample, causing a π2 rotation about the Bloch sphere.
This places the ions into a superposition of ground and excited states.
(c) Because all superposition states have the same energy, the ions are free to precess
about the equator of the Bloch sphere at a rate given by their detuning from the laser. The
ions will all have slightly different detunings, so will precess around the Bloch sphere at
different rates.
(d) After a time τ , a π-pulse is applied to the sample, inverting the phase of the ions
(causes a π rotation about the Bloch sphere).
(e) The ions continue to precess about the equator until a time τ later when the Bloch
vectors realign.
(f) This realignment causes a photon echo to be emitted.
An important application of the 2PE is it provides a simple, yet accurate measurement
of the coherence time of the ions. Over the time 2τ of the echo sequence, the phase
information of the atoms will decay exponentially. Measuring the rate of this exponential
decay will determine the coherence time. If direct detection is used to measure the size of
−4τ
the echo, then e T2 is fit to the decay to measure T2 . For weak echo signals, heterodyne
detection provides a much more sensitive method of measuring the echo. Heterodyne
detection measures the echo amplitude, as opposed to direct detection which measures the
−2τ
intensity; therefore, e T2 is fit to the decay to measure T2 .
Two-pulse photon echoes provide a more accurate method of measuring the homogeneous linewidth than spectral hole burning. In spectral hole burning the hole will broaden
due to factors such as input power and length of the burn pulses, and the laser scan rate as
the width of the hole is measured. Photon echo measurements do not have these problems;
however, to make an accurate measurement of the homogeneous linewidth, weak pulses
should be used to remove any additional broadening effects caused by ISD.

2.5.2

Three-Pulse Photon Echo

Figure 2.8 shows the sequence of pulses that are used to create a 3PE. The 3PE sequence
can be thought of as a 2PE sequence where the π-pulse is broken up into two π2 -pulses
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Figure 2.7: Bloch sphere representation of a two-pulse photon echo. See text for further
explanation.
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Figure 2.8: Sequence of pulses used to create a three-pulse photon echo.

separated by a time T [103].
In a 3PE the first π2 -pulse creates a coherent superposition between the ground and
excited states. Once again the ions will dephase over the time τ . The second π2 -pulse puts
some of the ions into the excited state and the rest back into the ground state, depending
on the total phase the ion has accumulated over τ . This has the effect of storing the total
phase information of the ions in the form of a population difference between ground and
excited states. Because the extra phase accumulated over τ is directly proportional to
the ion’s detuning from the laser, the population difference will vary periodically over
the inhomogeneous line. This population grating will decay over the time T at a rate
determined by the population lifetime of the ions. After T, a third π2 -pulse is applied to the
sample that reads out the amplitude of the grating. After an additional delay of τ , the Bloch
vectors will coherently realign and an echo will be emitted. Thus, T1 can be measured by
varying T and fitting an exponential to the echo decay. For direct detection the echo will
−T
−2T
decay as e T1 and for heterodyne detection it will decay as e T1 .

2.6

Rare-Earth-Ion Quantum Memories

It has been shown that traditional photon echo techniques, where the rephasing is performed by optical fields, are not appropriate for creating a quantum memory because
of the amplification that occurs whilst the ions are in the excited state [126, 127, 128].
This can result in memory efficiencies greater than one, and the echoes themselves are
inherently noisy. Here two alternative techniques are discussed which are particularly applicable to storage of quantum states in rare-earth-ion doped crystals; controlled reversible
inhomogeneous broadening, and atomic frequency combs.
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Controlled Reversible Inhomogeneous Broadening

Photon echoes based on controlled reversible inhomogeneous broadening was first proposed by Moiseev et al. in an attempt to solve the problem of low efficiencies posed by
traditional echo techniques [129]. In a 2PE there is a fundamental limit to the efficiency
because a certain optical depth is required for complete absorption of the input pulse,
but this also results in partial absorption of the emitted echo. Initial CRIB theory was
based on Doppler broadened gases, where an input wave packet will be inhomogeneously
broadened due to the Doppler effect. Because the frequency shift from the Doppler effect
is reversed for lasers propagating in opposite directions, it was theorized that by applying
a counterpropagating beam to the sample it should be possible to rephase the atomic
coherence, resulting in an echo being emitted.
Nilsson et al. suggested using optical pumping and an external field to achieve a
similar effect in rare-earth-ion doped solids [46]. Applying a spatially varying field to a
narrow, absorbing spectral feature will cause an artificial inhomogeneous broadening of the
feature. An incoming light pulse can then be stored in this broadened feature. Applying the
opposite field to the sample can reverse the broadening, resulting in rephasing of the atomic
coherence. They perform a theoretical analysis on a Pr3+ :Y2 SiO5 crystal to determine
what is required experimentally for such a memory. An in-depth theoretical treatment of
CRIB using the Maxwell-Bloch equations was performed by Kraus et al. [130].
The first experimental demonstration of CRIB was performed in an Eu3+ :Y2 SiO5
crystal by Alexander et al. [47, 48]. Initial efficiencies using this technique were low as a
result of the low absorption of the initial spectral feature; however, multi-mode storage was
demonstrated (four modes). Increased efficiencies were demonstrated using a Pr3+ :Y2 SiO5
crystal (15%) [131].
Hedges et al. used CRIB to demonstrate the first ever quantum memory with an
efficiency exceeding the no-cloning limit (> 50%) [51]. By using a long (20 mm), lightlydoped Pr3+ :Y2 SiO5 crystal, they create a memory with an efficiency up to 69%. By
optically pumping from the side of the crystal, a 140 kHz wide spectral feature with 140 dB
peak absorption was created amongst a transmissive window with absorption of < 3 dB.
They predict that by using a 40 mm long crystal it should be possible to create a memory
with efficiencies exceeding 88%; however, in theory it should be possible to create a CRIB
based memory that is 100% efficient [131].
Recently CRIB has been used in Er3+ :Y2 SiO5 crystals to create a quantum memory at
telecommunication wavelengths [56, 57]. Performing CRIB in Er3+ :Y2 SiO5 is challenging
due to the difficulties in optical pumping, hence the efficiency of the memory was low
(< 0.3%).
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The process of creating a quantum memory based on CRIB is outlined in the steps
below (also see Figure 2.9):
1. The absorption profile is prepared using optical pumping, creating a narrow, highlyabsorbing peak within a large transparency window.
2. An electric field gradient (varying along the direction of propagation) is applied
to the sample. The absorbing peak is broadened due to the resonant frequencies of the
ions being shifted via the Stark shift. As it is a varying field, different ions are shifted by
different amounts.
3. An incoming wave-packet propagates through the medium and is completely
absorbed.
4. After a time Te , the electric field gradient is reversed. This determines the storage
time.
5. An echo of the input pulse is then formed at a time 2Te .
Figure 2.9(a) demonstrates how the atomic population is manipulated during the CRIB
memory process. The sequence of laser pulses and electric fields is shown in Figure 2.9(b).
The CRIB memory storage time is limited by the coherence time of the excited
state. However, it is theoretically possible to use spin-wave storage to enable long-lived
memories. During the first time Te , π-pulses can be used to store the information in another
ground-state hyperfine level. This is reversed when the information is to be retrieved.
The major disadvantage of the CRIB protocol is that the maximum bandwidth is
limited by the splittings of the hyperfine levels. This is because it is difficult to create a
transmission window larger than this using optical pumping . A proposed solution to this
problem is to use stoichiometric rare-earth-ion crystals such as EuCl3 · 6H2 O [132]. These
crystals create the possibility of having a system where the inhomogeneous linewidth is less
than the hyperfine splittings. In theory this should allow the creation of a high-efficiency,
high-bandwidth, multi-mode quantum memory with storage times > 1 s.

2.6.2

Atomic Frequency Combs

The atomic frequency comb is a relatively new technique for creating a quantum memory
in rare-earth-ion doped crystals [49, 50]. Optical pumping is used to create a periodic
comb structure in the inhomogeneous line, which can be used to store pulses of light.
The great advantage of this protocol is its high multi-mode capability [49, 133]. It also
naturally lends itself to spin-wave storage, and by utilizing this quantum information has
been stored for up to 20 µs in Pr3+ :Y2 SiO5 . [54].
To create an AFC memory, an atomic system with at least three levels is required (see
Figure 2.10(a)). The driving laser is resonant with an optical transition between levels
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Figure 2.9: (a) Manipulation of the atomic population during CRIB. 1. Begin with an
inhomogeneously broadened line. 2. A narrow spectral feature is prepared via optical pumping.
3. The feature is broadened by applying an electric field gradient. 4. Applying the opposite
electric field gradient flips the detunings of the ions and an echo results. (b) Time sequence of
the laser pulses and electric field gradients applied to the sample during CRIB.
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|gi and |ei, whilst a third level (|auxi) is used to store the atomic population, enabling
creation of the comb structure. To incorporate spin-wave storage into the memory protocol,
a fourth long-lived level is required.
The sequence of pulses used to create an AFC is demonstrated in Figure 2.10(b). A
description of this sequence follows:
1. N pairs of input pulses, resonant with the optical transition, are used to selectively
pump ions from |gi to |auxi. By accumulating many pairs of pulses, a spectral grating is
created in the atomic population of |gi. This is the atomic frequency comb. The separation
of the pulse pair τc , determines the structure of the comb (separation between comb peaks
is ∆ = 2π/τc ).
2. To ensure the excited state is empty, this is followed by a waiting gap of TW > 10T1 .
3. An input pulse is applied to the sample (multiple input pulses can be applied as long
as the total input time is less than τc ).
4. At a time τc later, the input pulse is retrieved (assuming no spin-wave storage). This
sequence of storage and retrieval can be repeated hundreds of times before the frequency
comb decays.
5. During the time between input and retrieval, control fields can be applied to the
sample to transfer the data to another state (|si), greatly increasing the storage time. Use
of spin-wave storage also enables on-demand readout of the information (as the retrieved
pulse will occur at time δτ after the reverse control fields are applied to the sample).
The advantage of AFC memories is that they enable the storage of many optical modes.
Usmani et al. demonstrated the ability to store 64 modes at the single-photon level using
an Nd3+ :Y2 SiO5 crystal [133]. Recently an AFC in a Tm3+ :YAG crystal has demonstrated
storage of 1060 temporal modes [53]. The maximum number of modes able to be stored in
an AFC memory is N = 2πΓ/∆, where Γ is the total bandwidth of the memory (Γ/∆ gives
the total number of peaks in the comb). The bandwidth of the memory is usually limited
by the hyperfine splittings, which is a major disadvantage of the AFC. AFC memories
differ from other memory protocols by the fact that N is independent of the optical depth.
Saglamyurek et al. managed to work around the bandwidth problem, by using a
system with only two ground-state levels. An AFC was created in a Ti:Tm3+ :LiNbO3
waveguide with a magnetic field applied to the sample [52]. This gives a system with two
ground-state levels (split by the Zeeman effect). By tailoring the comb to have a finesse
F = 2, with comb spacing equal to the ground-state Zeeman splitting, they were able to
create a memory with a bandwidth of 5 GHz. In theory, the bandwidth is now only limited
by the inhomogeneous linewidth; however, this technique is only applicable to systems
with two ground-state levels, for example, Tm3+ , even isotopes of Er3+ . Therefore, AFC
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Figure 2.10: (a) Energy levels involved in the AFC scheme. The optical transition is resonant
with levels |gi and |ei. |auxi is an auxiliary level that contains the population removed from
|gi to create the comb. |si is a long-lived storage level required for spin-wave manipulation.
The atomic population distribution of levels |gi and |auxi is shown in red. (b) Sequence of
pulses used in the AFC protocol. Refer to the text for an explanation.
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memories based on the important Pr3+ and Eu3+ ions will still be limited by the hyperfine
splittings. Also, being restricted to combs with low finesse results in memories with low
efficiency [50].
Initial AFC proposals had the disadvantage of low efficiencies (limited to 54% due
to re-absorption of the crystal [90]). Since then, there has been significant progress in
increasing the efficiency [134, 135, 136], up to 25% for weak pulses in a Pr3+ :Y2 SiO5
crystal [137]. A recent proposal has suggested that by using a crystal in a cavity, and
impedance matching the loss per round trip to the transmission of the coupling mirror, the
readout efficiency will only be limited by atomic dephasing [90]. Therefore, it should be
possible to create a memory with an efficiency close to unity.
Lauritzen et al. have proposed a modified scheme that combines AFCs and CRIB, with
the aim of creating a memory with the on-demand readout of CRIB and the multi-mode
storage of AFCs [57]. Due to the comb structure, there will be a periodic rephasing of the
AFC. This means that as well as the initial echo, a second echo is formed at a time 2τc , and
higher-order echoes are formed at mτc (m is an integer). By applying a broadening before
the first echo, that is reversed before the second echo, the first echo can be suppressed
leaving only the second echo to be emitted. This was shown to work experimentally in
Er3+ :Y2 SiO5 . It would be interesting to see if the efficiency of this technique can be
increased by using a system with better material properties, such as Pr3+ :Y2 SiO5 , thus
demonstrating long-lived, efficient, multi-mode storage in a quantum memory.

Chapter 3
Properties of Whispering-Gallery
Modes
3.1

Introduction

In 1910 Lord Rayleigh published the article “Problem of the whispering-gallery” in which
he describes the physics behind the Whispering Gallery of St. Paul’s Cathedral in London
[138]. The Whispering Gallery is so-named because a sentence whispered close the wall
can be heard by a person on the opposite side of the gallery. Originally, it was assumed that
this effect was caused by the sound being reflected from the apex of the dome; however,
Lord Rayleigh determined that the actual reason is the acoustic waves “creep” along the
wall, propagating 180◦ around the gallery.
The corresponding optical phenomenon occurs in spherical dielectric resonators, where
the light is confined to the equator due to total internal reflection. Richtmyer provided
the initial theoretical description of resonant electromagnetic modes in dielectric ring
resonators [139]. A more in-depth analysis was performed by Stratton [140]. The first
experimental evidence of whispering-gallery modes was in 1961 when lasing was observed
in a Sm:CaF2 sphere [141]. The first direct observation of WGMs was the result of light
scattering from spherical liquid resonators [142, 143].
Over the last two decades there has been considerable interest in optical WGMs,
predominantly due to the pioneering research of Braginsky et al. [144], experimentally
demonstrating whispering-gallery resonances in fused quartz microspherical resonators.
Since then, considerable effort has gone into creating resonators with extremely high
quality factors (Q) [145, 146, 147, 148], with the current state of the art being CaF2
resonators with Q = 3 × 1011 [149], limited only by bulk absorption of the material.
Several different types of WGM resonator have been investigated in an attempt to create
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Figure 3.1: Photo of a 2 mm radius, Y2 SiO5 WGM resonator. Light at 606 nm is coupled
into the resonator using a cubic zirconia prism.

resonators with a high quality factor and a small mode volume. Those that have found
the most success are; microtoroids created by melting the edge of an etched disk [150],
microspheres formed from surface tension when the end of a silica rod is melted [144, 146],
and crystalline resonators manufactured with mechanical grinding and polishing techniques
[151, 152]. The latter is the focus of this thesis, as they naturally lend themselves to being
doped with rare-earth-ions. An example of a prism-coupled crystalline WGM resonator is
shown in Figure 3.1.
The potential applications of WGM resonators are widely varied. It has been demonstrated they can be used for; laser stabilization [153], optical frequency comb generation
[154], strong-coupling cavity QED experiments [67], increasing the efficiency of nonlinear
optical processes [155], and cavity optomechanics [156].

3.2

Electromagnetic Modes of a Whispering-Gallery Resonator

The optical mode structure of a dielectric sphere has been studied extensively [140, 157,
158, 159]. Here the results of this work are reviewed and applied to the particular case of
millimetre-sized spherical resonators in a vacuum.
Consider the situation of a sphere comprised of a homogeneous dielectric material. The
field distribution of the resonant modes can be calculated by solving Maxwell’s equations
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for a monochromatic field. In this case, the process of solving these equations can be
simplified by considering a scalar potential, ψ, that describes all six components of the
electromagnetic field (three electric and three magnetic). The resulting solutions will fall
into one of two classes. Either the resonant mode will have zero radial component to the
magnetic field - transverse magnetic (TM) mode, or it will have zero radial component to the
electric field - transverse electric (TE) mode (see reference [157] for further explanation).
Maxwell’s equations will be satisfied if ψ is a solution to the Helmholtz equation [157].
In spherical-polar coordinates this is:
1
∂
1 ∂ 2 ∂ψ
r
+ 2
2
r ∂r ∂r
r sin θ ∂θ



∂ψ
1
∂ 2ψ
sin θ
+ 2 2
− n2r k 2 ψ = 0,
∂θ
r sin θ ∂θ2

(3.1)

where k is the wavevector inside the sphere and nr is the refractive index. For this analysis
the origin of the coordinate system is defined as being the centre of the sphere. Separation
of variables is used to rearrange the Helmholtz equation into a solvable form, given by
ψ(r, θ, φ) = ψr (r)ψθ (θ)ψφ (φ). This gives a set of three equations that can be solved to
obtain ψr (r), ψθ (θ) and ψφ (φ):
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(3.2)

(3.3)

(3.4)

Equation (3.2) is solved by making the substitution, ψr (r) → krZ(kr). This transforms it
into the Bessel equation, with solutions given by the first- and second-order spherical Bessel
functions, j` (x) and y` (x). Equation (3.3) has the form of the general Legendre equation,
with solution ψθ (θ) = P`m (cos θ) (P`m (x) are the associated Legendre polynomials).
Equation (3.4) has the form of the second-order differential equation that describes a
harmonic oscillator, with the well-known solution ψφ = √12π e±imφ .
Inside the sphere, the field is a standing wave; therefore, the potential in the radial
direction will be described by first-order spherical Bessel functions (the second-order
spherical Bessel functions are infinite at the origin and are a non-physical solution).
Therefore, the potential has the form:
ψ(r, θ, φ) ∝ (kr)j` (kr)P`m (cos θ)e±imφ ,

(3.5)
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inside the dielectric. Physically, the field outside the sphere must be a decaying travelling
wave (that equals zero at infinity); therefore, it is described by the spherical Hankel func(1)
tions, h` (x) = j` (x) + iy` (x). To obtain the potential outside the sphere the substitutions
(1)
j` (x) → h` (x) and k → nkr are made in equation (3.5).
The above solution introduces the three quantum numbers that can be used to describe
a WGM mode; the radial mode number (n), the polar mode number (`), and the azimuthal
mode number (m). The allowed azimuthal mode numbers are −` ≤ m ≤ `, giving a
total of 2` + 1 possible values of m for each `. Of particular interest is the fundamental
WGM with n = 1, ` = m ' 2πnλr R , where R is the sphere radius and λ is the free-space
wavelength.
The electric and magnetic field components are calculated from the potential, ψ, using
expressions derived from Maxwell’s equations in reference [157]. For the modes of interest
(` is large and ` = m), the electric field is completely described by the equations (for TM
modes) [158]:
j` (kr) ` ±i`φ
sin θe
r̂ + N Fi (r) cos θ sin`−1 θe±i`φ θ̂
kr
+ iN Fi (r) sin`−1 θe±i`φ φ̂,

Ei (r, θ, φ) = N (` + 1)

(3.6)

inside the resonator, and:
(1)

Ee (r, θ, φ) = N B(` + 1)

h`

 
kr
nr

kr
nr

sin` θe±i`φ r̂ + N BFe (r) cos θ sin`−1 θe±i`φ θ̂

+ iN BFe (r) sin`−1 θe±i`φ φ̂,

(3.7)

is the field outside, where:
Fi (r) =

j` (kr)
`
`+1
+
j`−1 (kr) −
j`+1 (kr).
kr
2` + 1
2` + 1

(3.8)

(1)

Fe (r) is obtained by again making the substitutions j` → h` and k → nkr , B = FFei (R)
, and
(R)
N is the normalization factor. The electric field for the TE modes can be obtained similarly.
When calculating the above electric field distributions, the following approximation for
associated Legendre polynomials was used [157]:
P`` (θ) ' (−1)` [(2` − 1)!!] sin` θ,

(3.9)

which is valid when ` is large.
To determine the resonant frequencies of the resonator modes, the boundary conditions
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at the surface must be satisfied. This requires that the tangential components of the field
are equal either side of the boundary, although a discontinuity is allowed in the radial
component of the electric field [158]. From this, the following characteristic equation is
obtained [157, 159]:
x
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A solution for the resonant frequencies is obtained by asymptotically expanding the
characteristic equation in terms of (` + 21 )−1/3 . Schiller has calculated this expansion up to
the eleventh order [160]. The first five terms of the expansion are listed here as this gives
the desired accuracy:
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where p = 1 for TE modes, p = 1/n2r for TM modes. ζno is the nth zero of the Airy function.
The electric field as described in equations (3.6) – (3.8) has a number of interesting
features. The e±imφ term results in two waves counter-propagating about the azimuthal
direction, that is, circulating about the resonator in the equatorial plane. In the radial
direction, the field will be distributed such that it oscillates close to the sphere’s surface.
As the radial mode number increases, the number of oscillations increases proportionally
and the electric field maximum will move closer toward the origin. To demonstrate this, in
Figure 3.2 the electric field has been plotted in the radial direction for n =1 – 4.
In the polar direction, the field has an oscillating transverse structure, centred about the
equator. As ` − m gets large, the number of oscillations increases and the distribution of
field intensity moves away from the equator. To illustrate this, |P`m (cos θ)|2 is plotted in
Figure 3.3 for ` − m = 0, 1, 2. The ` − m modes are frequency degenerate for a sphere;
however, this degeneracy will be lifted in an ellipsoidal resonator. From Figures 3.2 and
3.3, it is apparent that the n = 1, ` = m modes will be those with the smallest mode
volume (see next section).
Another feature worth discussing is the evanescent field outside the resonator (described
by equation (3.7)). For millimetre-sized resonators this field is negligible when compared
to the field inside the resonator. Even though the evanescent field is small, it still plays
an important role in the dynamics of the system, as light is generally coupled into the
resonator via this field (see Chapter 3.6).

1

1

0.8

0.8

0.6

0.6

|E(r)|2

|E(r)|2

3.2 Electromagnetic Modes of a Whispering-Gallery Resonator

0.4
0.2

0.4
0.2

1.99
Radial Distance (mm)
(a)

0
1.98

2

1

1

0.8

0.8

0.6

0.6

|E(r)|2

|E(r)|2

0
1.98

0.4
0.2
0
1.98

39

1.99
Radial Distance (mm)
(b)

2

1.99
Radial Distance (mm)
(d)

2

0.4
0.2

1.99
Radial Distance (mm)
(c)

2

0
1.98

Figure 3.2: Normalized radial field intensity of a Y2 SiO5 (nr = 1.8) resonator (R = 2 mm,
λ = 606 nm, ` = 37327) for TM modes with increasing radial mode number. (a) n = 1, (b)
n = 2, (c) n = 3, and (d) n = 4. Plots are generated from equations (3.6) and (3.7) with
θ = π/2, φ = 0 and k as defined in equation (3.11). Notice that for resonators of this size, the
electric field is approximately zero at the dielectric-vacuum boundary, and the evanescent field
is negligible.
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Figure 3.3: Normalized associated Legendre polynomials for different values of m − `. (a)
` = m, (b) ` = m − 1, and (c) ` = m − 2.
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Resonator Mode Volume

When studying WGM resonators for cavity QED applications one of the most important
parameters is the resonator mode volume. The mode volume gives a measure of the extent
to which the light is spatially confined within the resonator. The most common definition is
that it is, “the equivalent volume the mode occupies, if the energy density was distributed
homogeneously throughout the resonator, at the peak value” [159]. For the case of TM
modes the mode volume is:
R
(r)|Ê(r)|2 d3 r
,
(3.12)
Vmode =
max((r)|Ê(r)|2 )
where the integral is performed both inside and outside the resonator. Substituting in
equations (3.6) and (3.7) gives:
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max

where Γ is the gamma function (Γ(z) = (z − 1)! when z is a positive integer). For large
values of `, Γ can be simplified using the Stirling approximation [161], thus obtaining
Γ(`+1)
' √ 1 . Due to the evanescent field being insignificant for large resonators
Γ(`+3/2)
`+1/2

(R > 100 µm) the mode volume can be written as:
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(3.14)

max

This integral is difficult to solve analytically, as the integration of Bessel functions of large
` results in a long hypergeometric series. Therefore, it usually proves easier to calculate
the mode volume by numerical integration. There is also an approximate expression for
the mode volume, given in reference [144]:
Vmode ' 2.7π

3/2



λ
2πnr

3

`11/6

p

2(` − m) + 1.

(3.15)
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Figure 3.4 demonstrates the dependence of mode volume on resonator radius and wavelength. This figure shows that equation (3.15) gives good agreement with the results
obtained from numerical integration.

3.4

Loss Mechanisms in WGM resonators

The quality factor is a dimensionless quantity that is used in all branches of physics,
including electrical, mechanical and optical systems. The quality factor gives a measure of
the dissipation in a resonant system and can be defined as:
Q = 2πν

Estored
= 2πντ.
Pdissipated

(3.16)

Thus, the quality factor is the ratio of the energy stored in the system to the energy lost in a
single cycle. For optical resonators, ν is the resonant frequency of the mode and τ is the
average time that a photon stays in the resonator. High-Q optical resonators are desired
for cavity QED experiments as it means the lifetime of a photon in the resonator is longer,
thus increasing the interaction time between the photons and coupled atoms.
In this work the quality factor was measured by scanning the frequency of the laser
over the resonator mode. This causes a dip in transmission due to light coupling into the
resonator. By measuring the full-width at half maximum (FWHM) of the resonance dip
the quality factor can be calculated:
Q=

ν
∆νFWHM

,

(3.17)

Often for very high-Q resonators the quality factor is measured using cavity ring-down.
This is the process where the decay in the number of photons being emitted from the
resonator is measured after the coupling laser is switched off.
Several loss mechanisms can contribute to the overall quality factor of a WGM resonator. The challenge in creating a high-Q resonator is simultaneously decreasing the loss
from different mechanisms. As a model of the sources of loss present in the resonator, and
how they are related, the overall quality factor can be written as [145]:
−1
−1
−1
−1
Q−1
0 = Qrad + Qbulk + Qsurf + Qwater ,

(3.18)

where Qrad is the loss due to radiative leakage, Qbulk are the losses from material absorption,
Qsurf is the loss due to surface scattering, and Qwater are the losses caused by water adsorbed
on the resonator surface.
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Figure 3.4: Mode volume of a Y2 SiO5 resonator (nr = 1.8); (a) versus resonator radius at
λ = 606 nm, and (b) versus wavelength for R = 2 mm. The values calculated from numerical
integration are compared to the approximation from equation (3.15)
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Radiative Loss

The theoretical picture of WGM propagation in a dielectric resonator is that the light is
confined due to total internal reflection at the surface of the resonator. However, total
internal reflection from a curved surface does not exist and some fraction of the incident
wave will be transmitted [157]. Thus, radiative losses are experienced due to photons
leaking out of the resonator. When the circumference of the resonator is large compared to
the wavelength of light, approximating the surface as flat is completely valid, and radiative
losses are negligible. It is only for very small resonators that radiative loss becomes
significant.
The effect that radiative losses have on the quality factor of the resonator is described
by [158, 162]:
Qrad

1
=
2



1
`+
2



n1−2b
r

p
n2r − 1e(2`+1)(η` −tanh η` ) ,

where:
−1
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nr 1 −
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1
` + 1/2

−1 !

`1−2b
o
,
ζn ξ + √
`2 − 1



1/3

` 1
+
2 4

.

(3.19)

(3.20)

(3.21)

In these expressions, b = 0 for TE modes and b = 1 for TM modes.
Using equations (3.19) – (3.21), the effect of radiative losses on quality factor is plotted
versus resonator size (see Figure 3.5). Note that the radiative loss has a large dependence
on the resonator refractive index. The achievable quality factor depends on the loss from all
mechanisms; however, the maximum usually ranges from 108 to 1011 . Therefore, Figure
3.5 shows that the contribution from radiative losses will be minimal when R & 3 µm for
a Y2 SiO5 resonator at 606 nm.

3.4.2

Material Absorption Loss

Bulk material absorption provides an important contribution to the measured quality factor
of a resonator. The loss resulting from attenuation of light in the material is related to the
wavelength dependent absorption coefficient (α(λ)) [145]:
Qbulk =

2πnr
.
α(λ)λ

(3.22)
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Figure 3.5: Radiative loss in WGM resonators versus radius. Qrad has been plotted for Y2 SiO5
and fused silica resonators to demonstrate that there is a significant dependence on refractive
index. Note that for resonators larger than R = 10 µm, the radiative losses become negligible
when compared to other sources of loss.

Bulk material absorption determines the fundamental limit on the quality factor of dielectric
resonators. This limit has been achieved in crystalline resonators [87, 149, 163], and is
very close to being achieved in millimetre-sized fused silica spheres [145]. While material
limited quality factors have been observed in silica spheres at 633 nm, it has not been
possible to increase this at longer wavelengths (Qbulk = 3.8 × 1011 at 1550 nm [158]
compared with Qbulk = 9 × 109 at 633 nm [145]), suggesting there is still significant loss
due to surface scattering and water adsorption [146]. For smaller (< 500 µm) resonators
the quality factor is still dominated by surface scattering.
To achieve high quality factors it is important to choose a material that minimizes bulk
scattering losses. CaF2 has been chosen for fabrication of ultra-high-Q resonators as the
reported absorption coefficient is ∼ 10−3 m−1 [148], although measured quality factors
suggest it is even lower than this [87]. When studying rare-earth-ion doped resonators, the
choice of materials is limited to crystals that can accept dopants. Therefore, the quality
factor of such resonators can be relatively limited. For example, in Y2 SiO5 , one of the
most common host crystals, the bulk absorption has been estimated as 7 × 10−2 m−1 at
606 nm [43], corresponding to a maximum quality factor of Q = 2.7 × 108 .
One of the problems with using equation (3.22) to calculate the upper limit on quality
factor is that the optical attenuation in many crystalline materials is unknown [148]. This
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is because crystalline materials tend to have low absorption, and there is a limited number
of methods that have the required sensitivity. High-sensitivity measurements have been
made in fused silica by measuring the attenuation of light along kilometres of optical
fibres. This method is not applicable to crystalline materials, as the technology to make the
required fibres does not exist. Another method is to estimate the attenuation in the material
by measuring the amount of scattered light; however, it is difficult to make accurate
measurements with highly transparent materials.
On several occasions, quality factors in crystalline resonators have been measured that
are higher than the theoretical upper limit expected from equation (3.22) and the absorption
coefficient stated in the literature [87, 155, 163]. This then sets a new maximum value for
the absorption coefficient for the material. Using a resonator, it is difficult to determine
the absolute material absorption as there is always the possibility that the quality factor is
limited by some other factor, for example, surface scattering. However, using ultra-high-Q
WGM resonators provides one of the best methods for gaining an understanding of the
maximum bulk absorption of a material (a quality factor of 1011 gives an accuracy of
∼ 10−4 m−1 ).

3.4.3

Surface Scattering

Surface scattering is the predominant source of loss in micrometre-sized WGM resonators.
Surface inhomogeneities or external particles present on the surface of the resonator will
result in scattering of the resonant light. This highlights the importance of cleanliness when
creating high-Q WGM resonators. The contribution of surface scattering to the quality
factor is described by the expression [146]:
Qsurf

√
3n2r (n2r + 2)2 λ7/2 2R
∼
,
(4π)3 (n2r − 1)5/2 (σB)2

(3.23)

where σ is the root mean square size of surface inhomogeneities and B is the corresponding
correlation length.
The surface roughness of crystalline resonators and fused silica microspheres has been
studied using atomic force microscopy [87, 146]. In crystalline resonators the surface
roughness parameters were measured as σ=0.33 nm, B=2 nm [87]. This is small enough
that the quality factor is not limited by surface roughness. The surface of fused silica
microspheres tend to be rougher than for crystalline resonators. Atomic force microscopy
measurements have given σ=2 nm, B=5 nm [146].
Figure 3.6 demonstrates how the loss due to surface scattering is dependent on the
surface roughness (σB). In order for a 2 mm Y2 SiO5 resonator to not be limited by
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Figure 3.6: Surface scattering loss versus the size and distribution of surface inhomogeneities.
Plot is for different sized Y2 SiO5 resonators at 606 nm. The effect of surface scattering
becomes more significant as the resonator size is decreased.

surface scattering, a surface roughness of σB . 2 nm2 is required. Based on the results of
Grudinin et al. in crystalline resonators [87], this seems feasible.

3.4.4

Water Adsorption

WGM resonators can also experience loss due to adsorption of water onto the resonator
surface. Water in the atmosphere can form a thin layer on the surface of the resonator that
will absorb circulating photons. This effect is more important at infra-red wavelengths, as
the absorption coefficient of water (βw ) is much higher in this region of the electromagnetic
spectrum than the visible [164]. The loss due to water adsorption is given by [146, 158]:
Qwater ∼

r

√
π
2R
√ ,
3
8nr δβw (λ) λ

(3.24)

where δ is the thickness of the water layer on the resonator surface (∼ 0.2 nm for fused
silica). Gorodetsky et al. performed an investigation into water adsorption of fused silica
resonators [145]. They found that minutes after creation the quality factor had reduced
from 8 × 109 to 1 × 109 , and the quality factor could be partially restored by baking the
resonator. Thus, it was determined the quality factor was being limited by adsorption of
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atmospheric water.
Many crystalline materials have properties that prevent water from diffusing into the
surface [155]. In crystalline resonators there is no evidence to suggest water adsorption
has any role in limiting the quality factor.

3.5

Manufacture of Crystalline Disk Resonators

The resonators used in this thesis were all manufactured in-house using mechanical
fabrication techniques similar to those pioneered by researchers at the Jet Propulsion
Laboratory at the California Institute of Technology [148, 155]. The process of resonator
fabrication requires a series of three grinding/polishing steps as described below.
The starting point is a cylindrical monolithic crystal purchased from Scientific Materials
Corporation (see Figure 3.7(a)). Resonators in this work were made from Y2 SiO5 and
Y3 Al5 O12 (YAG) crystals, either undoped or doped with Pr3+ ions at concentrations of
0.05% or 0.005%. The crystal is attached to a 1.6 mm diameter aluminium rod using
epoxy, and cured at 60◦ C for 1 hour to achieve a compressive strength of 46 MPa (see
Figure 3.7(a)).
For the mechanical grinding and polishing steps the sample was held in a lathe (via the
attached aluminium rod) and operated at speeds up to 1500 rpm. The first fabrication step
uses a diamond grinding wheel to remove the edges of the crystal, modifying its shape
until it resembles Figure 3.7(b).
Next the equator of the sample is shaped to give it an ellipsoidal surface curvature (see
Figure 3.7(c)). This step was achieved by grinding with diamond lapping film from Allied
High Tech. The lapping film was used in conjunction with a rectangular piece of plastic as
a file to round off the edges of the crystal. In initial resonator manufacturing, a microscope
slide was used instead of the plastic, but this occasionally resulted in large scratches on the
surface of the crystal. There were three steps of shaping using this method, using films of
grade 30, 6, and 1 µm. After each step, the resonator was thoroughly cleaned with water
and methanol.
To achieve high quality factors a final polishing step is necessary. Polishing was done
using a polycrystalline diamond suspension supplied by Allied High Tech. Lint-free paper
tissues were folded and soaked in the diamond suspension. This was held against the
crystal as it rotated in the lathe, polishing the crystal surface. There were six polishing
steps in total, using grit sizes of 3, 1, 0.5, 0.25, 0.1, and 0.05 µm. Again, the resonator was
cleaned with water and methanol after each step. Figure 3.8 is a photo of a Pr3+ :Y2 SiO5
resonator created using the methods described above.
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Figure 3.7: Illustration of the process used to manufacture crystalline WGM resonators (refer
to text for an explanation of the individual steps).
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Figure 3.8: Photo of a Pr3+ :Y2 SiO5 resonator manufactured using the mechanical grinding
and polishing techniques shown in Figure 3.7. The radius of this resonator is 1.95 mm.

To get an indication of the surface roughness after polishing, scanning electron microscopy (SEM) was used to take photos of the resonator surface. These are shown in
Figure 3.9 after polishing with the 0.5 µm solution. Notice that polishing causes trenches
in the surface of the resonator along the direction of rotation. The width of the trenches
is much smaller than the size of the grit used, indicating that if polishing is performed
right down to the 0.05 µm stage, an average surface roughness of better than 5 nm can be
expected.
The surface of the resonator created using the described method is elliptical in shape.
To measure the resonator dimensions an interference experiment is used, similar to the
phenomenon of Newton’s rings [165]. The experiment is shown in Figure 3.10. A
microscope cover slip is placed above the resonator surface, and illuminated with a
monochromatic light source (in this case a sodium lamp). The distance between the cover
slip and resonator surface varies due to the curvature of the resonator surface, resulting in
a series of light and dark rings caused by constructive and destructive interference (see
Figure 3.11).
The radius of the interference rings is related to the radius of the resonator by:
Xα2 = Rα2 − (Rα − d)2
' 2Rα d (Rα  d).

(3.25)

Therefore, the ratio of the resonator radii in both directions is calculated:

Rz = Rx

Xz
Xx

2
.

(3.26)
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(a)

(b)
Figure 3.9: SEM images of the surface of a resonator after polishing with 0.5 µm diamond
solution. (a) The average size of surface scratches, showing roughness of ∼ 25 nm. (b) Scan
showing a larger scratch (∼ 75 nm), demonstrating that more polishing is required.
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Figure 3.10: Diagram of the interference experiment used to measure the resonator radius.
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Figure 3.11: Example interference pattern obtained from the experiment shown in Figure
3.10.
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The radius in the x direction is measured using a set of digital callipers providing 10 µm
accuracy. The z radius is then calculated from equation (3.26).
Typical resonators used in this research have dimensions of Rx = 1.75 – 1.95 mm and
Rz = 0.85 – 1.55 mm, corresponding to eccentricities ranging from 0.44 to 0.89. These
resonators consistently have quality factors on the order of 106 ; however, with careful
polishing and cleaning, quality factors up to 2 × 108 have been measured.
The appeal of the method of manufacture described above is that even though it
is somewhat simplistic, this does not having a bearing on the quality factors that are
achievable. This is because the main aspect affecting the resonator quality factor is the
surface roughness, not the shape of the resonator. The surface roughness is essentially
limited by the smallest size of diamond solution available and the amount of time spent
polishing. As sufficiently fine diamond solutions exist, bulk absorption limited quality
factors can be attained if enough time is spent polishing. Therefore, whilst it is nearly
impossible to produce two resonators with exactly the same dimensions using this method,
this does not have a significant effect on the quality of the resonator.

3.6

Prism Coupling to a WGM Resonator

Coupling into a WGM resonator using free-space beams is very difficult. Therefore,
near-field coupling devices are required for efficient excitation of a WGM. These devices
work by creating an evanescent field that matches the evanescent field of the resonator
mode. To obtain efficient coupling it is important to achieve good phase synchronization
and significant spatial overlap of the two evanescent fields [166]. Experimentally there are
several demonstrated coupling devices, including prisms [167, 168, 169], tapered fibers
[170, 171], and polished fibres [172, 173].
In this research, coupling into WGMs has been performed using frustrated total internal
reflection from a high refractive index prism (see Figure 3.12). There are three reasons
for choosing this over the highly popular tapered optical fibre. The primary reason is the
crystals used in this work (Y2 SiO5 and YAG) both have refractive indices of approximately
1.8. To achieve efficient coupling from a fibre, the refractive index should be greater than
or equal to the resonator refractive index [157]. Therefore, standard silica optical fibres
are out of the question (n ∼ 1.45). Coupling using a prism still requires that the refractive
index of the coupler is higher than the resonator; however, high refractive index prisms are
relatively common (a cubic zirconia prism (n = 2.178) was used in this work). The second
reason for choosing a prism coupler is that it allows greater flexibility in the number of
resonator modes that can be excited. Adjustment of the beam size and angle of incidence
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Coupling Prism

Φ0
d

Resonator

Figure 3.12: Representation of evanescent field coupling into a WGM resonator via frustrated
total internal reflection. Φ0 is the incident angle of the coupling beam and d is the resonatorprism separation.

enables preferential excitation of different resonator modes. The final reason is that for
experiments performed at cryogenic temperatures, free-space optics should prove to be
experimentally less challenging than the use of optical fibres inside a cryostat.
Figure 3.13 shows the intensity of the light exiting the coupling prism as the laser is
scanned in frequency. When the laser is resonant with a resonator mode, light is coupled
into the resonator and a dip in the output intensity results. By comparing the dip in intensity
to the maximum, the coupling efficiency is determined.
It is desirable to perform experiments on the fundamental resonator mode as it should
have the smallest mode volume. The simplest method of determining which mode is the
fundamental is to look at the shape of the beam that exits the coupling prism. Figure 3.14
shows the shape of different output modes. When using a single coupling prism this is
difficult due to interference with the uncoupled light; therefore, a second prism was used for
this purpose as described in reference [169]. The resonator-prism configuration is shown
in Figure 3.15. Having two prisms coupled to the resonator at cryogenic temperatures
is impractical as this increases the complexity of the experimental setup. Therefore, the
fundamental mode was determined at room temperature using the second prism and the
frequency of the fundamental mode relative to the other modes was recorded. Thus,
the fundamental mode was able to be determined at cryogenic temperatures merely by
observation of the resonator mode spectrum. See Chapter 5.2 for more details on the
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Figure 3.13: Spectrum of resonator modes as the frequency of the laser is scanned over more
than one free spectral range. A maximum coupling efficiency of 30% is observed.

experimental setup used to couple to WGM resonators at cryogenic temperatures.
To achieve efficient coupling to the resonator with a prism there are three requirements.
Firstly, it is essential to adjust the incident angle of the input beam inside the coupling
prism. To couple into the fundamental mode (n = 1, ` = m) the angles of incidence
should be Θ = 0 and [166, 169]:
−1

Φ0 = sin



`
np kRx


,

(3.27)

where np is the refractive index of the prism. Note that Φ is the angle in the plane of the
resonance, and Θ is the angle perpendicular to this. To couple into higher-order modes,
Θ is non-zero. Figure 3.14 shows the output beam resulting from coupling to an ` = m
mode and a higher-order mode. The second requirement for efficient coupling is that a
beam waist must occur at the coupling face of the prism. Finally, it is necessary to alter the
beam size to provide good mode matching with the evanescent field of the resonator mode.
The ideal angular size of the beam for coupling into the fundamental mode is [166, 169]:
p
nr + n2r − 1
∆Θ =
,
n2p kRz
2

(3.28)
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(a)

(b)

Figure 3.14: Output modes of; (a) an ` = m mode, and (b) a higher-order mode (` 6= m).
These images were taken with a beam profilometer. The light was outcoupled using a second
prism to avoid interference with the reflected beam.

Coupling Prism 1
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Detector

Resonator

Beam Profiler

Coupling Prism 2

Figure 3.15: Experimental setup used to determine the location of the fundamental mode at
room temperature.
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p
n2r − 1
∆Φ = 2
.
np kRx cos2 Φ0
2
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(3.29)

Two lenses mounted on translation stages are used to adjust the beam size and waist
location for maximum coupling (see Appendix B for more details). By controlling these
parameters, coupling efficiencies up to 30% were achieved at cryogenic temperatures.
The physical act of coupling to the resonator introduces an extra source of loss, due to
out-coupling from the prism. This has an effect on the quality factor of the resonator, that
is:
−1
Q−1 = Q−1
(3.30)
0 + Qc .
The coupling loss for a prism-coupled WGM resonator has been calculated by Gorodetsky
et al. [166]:
√ 5/2 1/2 2
 3/2
2π nr (nr − 1) R
p 2
Qc =
e2γd ,
(3.31)
2
λ
np − nr
p
where γ ' k n2r − 1 and d is the separation between the prism and resonator. Based
on the coupling quality factor, the fraction of light coupled into the resonator (K) can be
calculated:
4Q0 Qc Γ2
,
(3.32)
K=
(Q0 + Qc )2
where Γ is a parameter that describes the mode matching between the coupler and resonator
fields. Equation (3.32) shows that for the case of critical coupling (K = 1), it is required
that Q0 = Qc . Therefore, when critically coupled the overall quality factor is half of the
intrinsic quality factor, that is, Q = 12 Q0 . Figure 3.16(a) demonstrates how the coupling
changes as the prism-resonator separation is altered (assuming perfect mode matching).
There will be an ideal distance (d0 ) that corresponds to maximum coupling. If d > d0 the
resonator is in the undercoupled regime with a lower coupling efficiency and an increased
quality factor. If d < d0 the resonator is overcoupled, where both the coupling efficiency
and quality factor are reduced.
In Figure 3.16(b) the optimal coupling distance (d0 ) is plotted versus the intrinsic
quality factor of the resonator (Q0 ). For resonators with Q0 < 107 it is impossible to obtain
critical coupling. Therefore, resonators with lower quality factors will always operate in
the undercoupled regime and a decreased coupling efficiency will result.
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Figure 3.16: (a) Coupling efficiency versus resonator-prism separation for a resonator with
Q0 = 1 × 108 . Ideal mode matching is assumed. (b) Optimal coupling distance versus intrinsic
quality factor. These plots are for a R = 2 mm, Y2 SiO5 resonator at λ = 606 nm.

Chapter 4
Theoretical Description of
Strong-Coupling Cavity QED
4.1

Introduction

In this chapter a theoretical investigation into the strong-coupling regime of cavity QED
is performed. I wish to determine whether it is possible to achieve the strong-coupling
regime using rare-earth-ions coupled to a resonator, in particular whispering-gallery mode
resonators. Toward this aim, the system of a two-level atom coupled to a cavity is
investigated, and a set of quantum Langevin equations are derived to describe the time
evolution of such a system. Based on this, the strong-coupling regime is defined explicitly,
and it is shown that it can be split into two sub-regimes, called the “good-cavity” and
“bad-cavity” regimes. It is determined that for systems with weak oscillators, for example,
rare-earth-ions, the bad-cavity strong-coupling regime will be much more attainable. The
simple two-level model is modified and applied to the specific case of rare-earth-ion
dopants, and several different material systems are investigated. The specific parameters
of the ions and resonators, required to achieve the strong-coupling regime, are determined.
An investigation into whether it is possible to do quantum information operations in
the bad-cavity regime is performed. It is determined that the reversible transfer of quantum
states between atoms in distant cavities is still possible, and a new method is introduced
for calculating the driving fields needed for “quantum impedance matching”. It is shown
that single photons will still exhibit a phase shift conditional on the state of single atoms in
the cavity, and a heterodyne single-atom detection scheme based on this is suggested.
The results shown in this chapter were part of a collaborative effort. The calculation
describing a two-level atom coupled to a cavity was performed by myself. The theory on
quantum state transfer and single-dopant detection was initially derived by Jevon Longdell,
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Figure 4.1: Two-level atom in a cavity showing the three predominant interactions; g - the
coupling between the atom and cavity, κ - the rate of decay out of the cavity, γ - the rate of
decay from atomic spontaneous emission.

and further investigation, including application to real material systems, was performed by
myself.

4.2

The Meaning of Strong Coupling

Consider a single two-level atom interacting with a single cavity mode and a continuum of other optical modes that are treated as a bath. It is assumed that the atom is
sitting at a maximum of the cavity mode field. Initially, the ideal case is examined
where the only relaxation process of the atom is due to its interaction with the optical
fields. Three rates describe the dynamics of this system; the coupling between a single atom and a single photon (g), the cavity decay rate (κ) and the atom spontaneous
emission rate (γ). Figure 4.1 is a diagram of this model showing the relevant dynamics.
From these constants two dimensionless numbers can be derived; the critical atom
number (N0 ), which describes the number of atoms required to have an appreciable effect
on the cavity field, and the saturation photon number (n0 ), the number of photons required
to saturate an atom in the cavity. N0 and n0 are related to the system parameters by the
following expressions:
γκ
γ2
N0 ≡ 2 and n0 ≡ 2 .
(4.1)
g
8g
The strong-coupling regime is defined as being when both the critical atom number
and the saturation photon number are less than one, that is, (N0 , n0 ) < 1. Examining
equalities (4.1) shows there are two ways to achieve this condition. The first is the
good-cavity strong-coupling regime, where the atom-field coupling is greater than the
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cavity and atomic decay rates, that is, g > (κ, γ). Because the rare-earth-ions have
weak oscillator strengths the atom-cavity coupling will be small, making it difficult to
achieve g > κ. Fortunately, weak oscillator strengths also result in small spontaneous
emission rates, and while g scales linearly with the transition dipole moment, γ scales
as the transition dipole moment squared. Therefore, with rare-earth-ions one will likely
operate in the bad-cavity strong-coupling regime, where the cavity decay rate is larger than
the coupling strength, but the atomic decay rate is small enough to make N0 < 1, that is,
κ > g  γ.
A two-level atom interacting with a single cavity mode can be described by the
interaction picture Jaynes-Cummings Hamiltonian, using the rotating-wave approximation
[68]:
H = ~δal σz + ~δcl a† a + i~g(a† σ− − aσ+ ),
(4.2)
where δal , δcl are the atom-laser (ωa − ωl ) and cavity-laser (ωc − ωl ) detunings. a, a† are the
well known photonic creation and annihilation operators, with the commutation relation:
[a, a† ] = 1.

(4.3)

σ+ , σ− and σz are the Pauli spin operators that are used to describe a two-level atom. They
are given as [174]:
σ+ =
=

1
(σ
2 "x

+ iσ
# y)

σ− =

0 1
0 0

=

1
(σ
2 "x

− iσ
# y)

0 0
1 0

where:
"
σx =

#
0 1
,
1 0

"
σy =

#
0 −i
,
i 0

"
σz =

#
1 0
.
0 −1

The Pauli spin operators have the following commutation relations:
[σ+ , σ− ] = σz ,

[σ± , σz ] = ∓2σ± .

(4.4)

To describe the loss present in the system (due to atomic and cavity decay), and
to examine how this loss affects the time evolution of the system, a series of quantum
Langevin equations can be derived [174, 175]. The standard form of the quantum Langevin
equation is [174]:
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h
i
√
i
Ȧ = − [A, Hsys ] − [A, a† ] κa + 2κbin (t)
h~
i
hγ
i
√
√
+ κa† + 2κb†in (t) [A, a] − [A, σ+ ] σ− + γdin (t)
2
i
hγ
√ †
+ σ+ + γdin (t) [A, σ− ],
2

(4.5)

where A is a system operator (a, a† , σ− , σ+ , σz ) and Hsys is the Hamiltonian from equation
(4.2) (it is assumed the cavity, atom and laser are all on resonance). bin (t) and din (t) are
the input fields associated with the cavity decay and spontaneous emission, defined as
[174]:
Z
1
bin (t) = √
dωe−iω(t−t0 ) b0 (ω),
(4.6)
2π
where b0 (ω) = b(ω) at t = t0 (b(ω) is the bath operator). din (t) is defined similarly.
From equation (4.5), the set of quantum Langevin equations describing the time
dynamics of the system operators are derived:
ȧ = gσ− − κa −

√

2κbin (t),
√
ȧ† = gσ+ − κa† − 2κb†in (t),
γ
√
σ̇− = gσz a − σ− + γσz din (t),
2
γ
√
†
σ̇+ = ga σz − σ+ + γσz d†in (t),
2
√
†
σ̇z = −2g(a σ− + σ+ a) − γ(1 + σz ) − 2 γ(σ+ din (t) + σ− d†in (t)).

(4.7)
(4.8)
(4.9)
(4.10)
(4.11)

If it is assumed that κ is much larger than the other rates, the cavity mode can be adiabatically eliminated by setting ȧ = ȧ† = 0:
a=

gσ− −

√
2κbin (t)
.
κ

(4.12)

Substituting (4.12) into (4.9) and (4.11) gives equations for σ− and σz :

σ̇− = −


σ̇z = − 2

g2 γ
+
κ
2

g2 γ
+
κ
2

r





σ− −


σz − 2

2g 2
√
σz bin (t) + γσz din (t),
κ

g2 γ
+
κ
2

√
− 2 γ(σ+ din (t) + σ− d†in (t)).

r


+2

(4.13)

2g 2
(σ+ bin (t) + σ− b†in (t))
κ
(4.14)
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After adiabatically eliminating the cavity, the atoms are now described by two decay
2
rates; γ2 and gκ . γ2 represents the spontaneous emission of the atom into free space and
g2
represents the spontaneous emission of the atom through a cavity field mode. In the
κ
regime where the critical atom number is small (N0  1) the atom will preferentially
decay through the cavity.

4.3

Realistic Decay Processes

For a perfect two-level atom, the spontaneous emission rate is calculated directly from
the oscillator strength of the transition. In reality, there are electronic levels present other
than the two involved in the transition. The atom can spontaneously emit to one of these
other levels, then relax the small energy gap to the ground state through much faster
phonon decay processes [103]. The atomic decay rate can be several orders of magnitude
larger than the theoretical two-level spontaneous emission rate, as it is now calculated by
summing the contributions from all of the allowed transitions. This decay from the excited
state to other energy levels, followed by phonon decay, does not have any effect on the
dynamics of the atom except to increase the atomic decay rate. In particular, the nuclear
spin state of the atom is preserved because the decay is faster than the timescale over which
the hyperfine interaction is significant. Therefore, having a branched decay path does not
change the ideal atom picture, except that the spontaneous emission rate will be higher
than what is expected from the oscillator strength of the transition.
As well as the modification to γ because of decay to other energy levels, there is also
broadening of the homogeneous linewidth (γh ) due to excess dephasing. This dephasing,
resulting from the time-dependent frequency shifts of the atoms, is caused by processes
such as excitation or relaxation of other ions, the nuclear and electronic spins of the host
material, and phonon scattering in the ion (see Chapter 2.4 for a more detailed explanation).
In the case of cavity QED experiments the dominant cause of excess dephasing will
most likely be interactions between spins in the host and the electronic or nuclear spin of
the dopant, as both the dopant concentration and the amount of optical excitation in the
sample will be small. Finding a favourable host for rare-earth-ion dopants that does not
contain nuclear spins has proved difficult, even in the quietest of hosts, such as Y2 SiO5 , the
nuclear spin of the yttrium atoms contribute significantly to the homogeneous linewidth
[116, 118, 176].
Here the theoretical picture is modified to include the effects of excess dephasing
present in rare-earth-ion doped systems. γ now represents the population decay rate
(γ = 1/T1 ). The homogeneous linewidth, γh = 1/T2 , is the sum of linewidth due to
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population decay and excess dephasing (γp ):
γh =

γ
+ γp .
2

(4.15)

The treatment of the previous section is now applied to this more realistic system. The
excess dephasing is modelled with an interaction Hamiltonian that couples the atom to the
momentum of a bath of ground-state harmonic oscillators:
Hint

r Z
γp
= i~
σz (f † (ω) − f (ω))dω,
π

(4.16)

where f (ω) represent the bath operators. This system can be solved using the approach of
Gardiner and Collett [174, 175].
Again it is assumed that the system is in the regime where the cavity decays on a
much faster timescale than dephasing of the dopant (κ > γh ). Therefore, by adiabatically
eliminating the cavity mode (ȧ = ȧ† = 0), quantum Langevin equations are derived:
r

g2 γ
2g 2
√
σ̇− = −
+ + γp σ− −
σz bin (t) + γσz din (t)
κ
2
κ
p
†
+ 2 2γp σ− (fin (t) − fin (t)),



σ̇z = − 2

g2 γ
+
κ
2




σz − 2

g2 γ
+
κ
2

r


+2

(4.17)

2g 2
(σ+ bin (t) + σ− b†in (t))
κ

√
− 2 γ(σ+ din (t) + σ− d†in (t)),

(4.18)

where fin (t) is the input field associated with the bath operator f (ω). Dephasing adds an
2
extra term to the equation for σ̇− . Therefore, σ− is now described by the rates gκ and γh
(instead of γ2 ), affecting the coherence of the system. On the other hand σ˙z is unchanged,
which means that the population will still decay at the same rate as for the system without
excess dephasing.
Therefore, when dealing with a cavity QED system in the bad-cavity limit and with excess dephasing, the system should be parametrized by two different critical atom numbers:
N0(pop) =

γκ
g2

and

N0(ph) =

2γh κ
.
g2

(4.19)

Because γh ≥ γ/2, the phase critical atom number is necessarily larger than the population
critical atom number. A small value for the population critical atom number will ensure that
if the dopant is excited, a photon will predominantly be emitted via the cavity. However, if
a single-photon pulse in a single spatio-temporal mode or the coherent properties of the
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Fourier transform limited single-photon pulse are required, or if one desires to probe the
coherent properties of the atom-cavity system, a small phase critical atom number is also
necessary.

4.4

Parameters of Ions Coupled to Resonators

WGM resonators are interesting when attempting strong-coupling cavity QED with rareearth-ions, because they have the ability to have a small mode volume (V ) while simultaneously having a high quality factor (Q) [147, 177]. This is essential for achieving the
strong-coupling regime in such systems.
To reach the strong-coupling regime the atom-cavity coupling needs to be large while
the atomic and cavity decay rates are small. Here it is investigated how these rates
specifically relate to rare-earth-ion doped resonators, in particular WGM resonators. The
cavity decay rate is given by [158]:
κ=

πc
,
λQ

(4.20)

where λ is the wavelength of light coupled to the resonator. The coupling strength is given
by [42]:
r
µ
ωa
,
(4.21)
g=
n 2~0 V
where n is the refractive index of the resonator and ωa is the frequency of the transition.
From the above equation, it is apparent that to have large coupling the resonator mode
volume must be small. The transition dipole moment (µ) of the atom can be calculated
from its oscillator strength (f ) (see Chapter 2.1):
µ2 =

3~e2 nf
,
2me ωa χL

(4.22)

where χL = ((n2 + 2)/3)2 is the local correction to the electric field [31]. The transitions
between 4f levels in rare-earth-ions are of particular interest when looking at cavity QED
applications due to their long population and coherence lifetimes. Long lifetimes result
in very small atomic decay rates, making it easier to get into a strong-coupling regime
√
(because γ ∝ f and g ∝ f , as explained in Chapter 4.2). Therefore, having small atomic
decay rates makes it easy to achieve (γ, γh ) < g. This should enable the use of larger
resonators than are traditionally used for cavity QED experiments, as g ∝ √1V . Using
millimetre-sized resonators is desirable for two reasons; they are easy to fabricate (can
be made by hand using a standard lathe), and they can be easily tuned by deformation of
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the resonator. From equation (4.1) having a small atomic decay rate means it is easy to
achieve n0 < 1. Therefore, when dealing with rare-earth-ions the main issue is making the
cavity decay rate small enough (high quality factor) that N0 < 1.
The spontaneous emission time (Tspon ) is the time it would take for the excited state of
the atom to relax to the ground state if it was a simple two-level atom with no other energy
levels present. The spontaneous emission time is related to the transition dipole moment of
the atom (see Chapter 2.1):
30 ~λ3
.
(4.23)
Tspon = 2
8π nχL µ2
The critical atom and saturation photon numbers can be rewritten in terms of the properties
of the rare-earth-ion transition (T1 , T2 , Tspon ) and the resonator (Q, V ):
γκ
g2
β Tspon
=
χL ,
Q T1

N0(pop) =

2γh κ
g2
2β Tspon
=
χL ,
Q T2

(4.24)

N0(ph) =

γγh
4g 2
λβ Tspon
χL ,
=
4πc T1 T2

(4.25)

n0 =

(4.26)

where a new dimensionless parameter β has been introduced that describes the mode
volume of the resonator compared to the wavelength cubed [158]:
8π 2 n3 V
β=
.
3λ3

(4.27)

From equations (4.24) – (4.26) it is clear that for strong coupling the resonator needs to
have a high quality factor and a small mode volume. Also it is desirable to have a transition
with lifetimes close to the radiative limit, that is, Tspon
, Tspon
' 1.
T1
T2
Table 4.1 shows parameters for a number of rare-earth-ion systems. Purely by looking
at the ratios of Tspon
and Tspon
the 3 H6 – 3 H4 transition in Tm3+ :LiNbO3 is the best option
T2
T1
for investigating strong coupling, while the 4 I9/2 – 4 F3/2 transition in Nd3+ :YVO4 and the
4
I15/2 – 4 I13/2 transition in Er3+ :Y2 SiO5 are also possibilities. The 3 H4 – 1 D2 transition in
Pr3+ :YAG is another likely candidate as it has a small Tspon
ratio. The Tspon
ratio is not as
T1
T2
favourable as the others, but it should be possible to find a transition with zero first-order
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Zeeman shift that has an extended dephasing time (see Chapter 6).
To see how the ion parameters relate to WGM resonators, in Figure 4.2 lines of
(N0(pop) , N0(ph) ) = 1 have been plotted as resonator size and quality factor are varied
for different material systems coupled to the fundamental TM mode (n = 1, m = `)
of a spherical resonator. Er3+ :Y2 SiO5 is clearly the best option for achieving strong
coupling, although it has the disadvantage of needing a large magnetic field to have a long
coherence time. The other desirable feature of Er3+ :Y2 SiO5 is that it has a transition at
1536 nm, which is advantageous for telecommunications applications. Nd3+ :YVO4 and
Tm3+ :LiNbO3 also appear to be good candidates for achieving strong coupling. Figure 4.2
also shows that wavelength plays a significant role in determining how suitable a transition
is for strong coupling. This is expected due to the λ13 dependence of β.

4.5

Quantum State Transfer Between Stationary Qubits

One of the great promises of cavity QED is the ability to use light to transfer quantum states
between the metastable ground states of two different atoms [61]. Here it is shown that this
is possible in the bad-cavity regime, and a new method is introduced for calculating the
pulse shape required from the coupling beams in order to achieve the quantum impedance
matching.
Figure 4.3 is a diagrammatic representation of the system under consideration. Two
separate cavities are each strongly coupled to a single three-level atom in a Λ-configuration,
with the output of one cavity driving the other.
A single Λ-system coupled to a cavity is described by the following Hamiltonian:
H = g(a† σ13 + aσ31 ) + Ω(t)(σ32 + σ23 ),

(4.28)

where again a, a† are the photonic operators and σ13 , σ31 , σ23 , σ32 are the atomic operators
given by σ13 = |1ih3|, etc.
To describe the time evolution of the system, a set of quantum Langevin equations are
derived using a similar procedure to Chapter 4.2:
σ̇13 = −iga(σ11 − σ33 ) − iΩ(t)σ12 ,

(4.29)

σ̇12 = igaσ32 − iΩ(t)σ13 ,
√
ȧ = −igσ13 − κa − 2κbin (t).

(4.30)
(4.31)

Here spontaneous emission has been neglected because it is assumed the system is in the
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Transition
605.977 [178]
609.587[31]
879.705[31]
1536.14[31]
1531.52[31]
794.264 [180]
793.156 [31]
579.879[31]
883[133]

λ(nm)

3 × 10−7 [116]
1.5 × 10−6 [179]
8 × 10−6 [31]
2 × 10−7 [180]
8 × 10−7 [180]
5.044 × 10−6 [181]
6.3 × 10−8 [31]
1.3 × 10−8 [115]
7.8 × 10−7 [182]

Oscillator Strength

1.59
3.53
9.16
2.07
3.50
6.37
0.824
0.324
3.10

µ(10−32 (Cm))

5.66
1.11
0.366
54.6
9.08
0.382
44.6
120
4.63

Tspon (ms)

164 [116]
230[31]
100[49]
11400[31]
2000[180]
170[180]
800[31]
1900[31]
300[133]

T1 (µs)

152 (77 G)[116]
20 (zero field)[31]
27 (15 kG) [116]
4080 (70 kG)[31]
80 (20 kG) [180]
32 (200 G)[180]
130 (100 G)[31]
2600 (100 G)[31]
92.7 (zero field) [133]

T2 (µs)

34.5
4.83
3.66
4.79
4.54
2.25
55.8
63.2
15.4

Tspon
T1

37.2
55.5
13.6
13.4
113.5
11.9
343
46.2
49.9

Tspon
T2

Table 4.1: Parameters of rare-earth-ion transitions. The magnetic field values next to each T2 corresponds to the magnetic field used for the
measurement.

3
H4 – 1 D2 in Pr3+ :Y2 SiO5
3
H – 1 D2 in Pr3+ :YAG
4
4
I
– 4 F3/2 in Nd3+ :YVO4
9/2
4
I
– 4 I13/2 in Er3+ :Y2 SiO5
15/2
4
I
– 4 I13/2 in Er3+ :LiNbO3
15/2
3
H6 – 3 H4 in Tm3+ :LiNbO3
3
H6 – 3 H4 in Tm3+ :YAG
7
F0 – 5 D0 in Eu3+ :Y2 SiO5
I9/2 – 4 F3/2 in Nd3+ :Y2 SiO5
4
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Figure 4.2: The resonator radius and quality factor required for; (a) N0(pop) = 1, and (b)
N0(ph) = 1, for different rare-earth-ions coupled to the fundamental mode in a WGM resonator.
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Figure 4.3: Quantum state transfer between two atoms coupled to separate cavities. a1 and a2
represent the transition coupled to the cavity mode. Ω1 and Ω2 are the classical driving fields,
which could be introduced from the side of the cavity.

bad cavity regime, that is, κ < g  γ. Therefore, spontaneous emission occurs over a
much longer time-scale than the other processes and will not affect the dynamics of the
system.
This analysis will be restricted to the case where there is at most one excitation of the
system; therefore, it is sufficient to calculate the amplitudes given by:

φ12 = hvac, 1|σ12 |ψi,

(4.32)

φ13 = hvac, 1|σ13 |ψi,

(4.33)

α = hvac, 1|a|ψi,

(4.34)

where hvac, 1| refers to the cavity being in the vacuum state and the atom being in state 1.
This leads to equations of motion:

ρ̇1 = L1 ρ1 ,

(4.35)
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where:



α
 
ρ1 = φ12  ,
φ13




−κ
0
−ig


L1 =  0
0
−iΩ1 (t) .
−ig −iΩ1 (t)
0

(4.36)

Supposing that the output of system 1 drives the input of system 2 (which is identical to
system 1), that is, bin = aout , then a set of equations of motion for the entire system can be
derived:


" # "
#" #
2κ 0 0
L1 0
ρ1
d ρ1


=
, where X =  0 0 0 .
(4.37)
dt ρ2
X L2 ρ2
0 0 0
To facilitate the quantum state transfer, the atoms need to be driven such that a pulse is
emitted at the first node that propagates and is received at the second node. The previous
equations can be solved to give an expression for Ω(t), which describes how the Rabi
frequency of the atoms should be driven. The equation of motion for the state vector ρ
(= ρ1 , ρ2 ) can be written as:



βin (t)
√ 

ρ̇ = Aρ + Ω(t)Bρ + 2κ  0  ,
0

(4.38)

where:



0 0 0


B = 0 0 −i .
0 −i 0




−κ 0 −ig


A =  0 0 0 ,
−ig 0 0

(4.39)

The input-output relation for the system is:
βout = βin +

√

2κ[100]ρ,

(4.40)

where [100] is a row vector. Differentiating the above expression twice with respect to t,
gives:
β̇out = β̇in + 2κβin +

√

2κ[100]Aρ,

√
β̈out = β̈in + 2κβ̇in + 2κ[100]A2 ρ
√
+ 2κ[100]ABρΩ(t) + 2κA(1, 1)βin .

(4.41)

(4.42)

Rearranging this gives an expression for the required Rabi driving field in terms of the
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input and output fields:
β̈out − β̈in − 2κβ̇in − 2κA(1, 1)βin −
√
Ω(t) =
2κ[100]ABρ

√

2κ[100]A2 ρ

.

(4.43)

This expression is used to model the transfer of information between two nodes. The
output field of the first node is set as a Gaussian and the driving field required to achieve
this output is calculated. Using the fact that absorption of a photon is the time reverse of
emitting a photon gives the driving field at node 2, which is just the time-reversed field
at node 1. The results of a simulation showing successful quantum state transfer in the
bad-cavity strong-coupling regime are shown in Figure 4.4.

4.6

Single-Dopant Detection

To enable single-dopant detection, the optical cavity can be used as a collecting lens for
the fluorescence, which is then measured using photon counting. This has a number of
benefits over a conventional collecting lens. Firstly, the lens is narrowband, meaning
that it will only collect fluorescence over its linewidth. Secondly, in the strong-coupling
regime the effective decay rate of the atom (g 2 /κ) is increased, leading to higher count
rates. In general, the cavity is resonant with the transition from one particular ground-state
hyperfine level to one particular excited-state hyperfine level; therefore, working in the
strong-coupling regime will improve the cyclicity of the transition. This is important as it
is difficult to find a cyclic transition in rare-earth-ion dopants [102].
Even using a cavity the emission rates will be small, on the order of tens of kilohertz.
Combining this with the poor cyclic nature of the rare-earth-ion transitions and the finite
dark count rates of single-photon detectors, means that single state readout will be difficult.
Here a single-atom detection scheme based on coherent detection is proposed. The
scheme is inspired by the work of Wrigge et al. where individual dye molecules were
detected using tight focusing [183], and a quantum controlled phase-flip gate as described
by Duan and Kimble [60].
Duan and Kimble theorized a quantum gate between a photon and the hyperfine state
of an atom in a one-sided cavity. If the atom was in a state not involved in the transition
coupled to the cavity mode, then the cavity was effectively empty, and a single photon
would be reflected from the cavity. Alternately, if the atom was in a state involved in the
transition coupled to the cavity mode, and if the system were in the good-cavity strongcoupling regime, then the effect of the atom is to split the cavity resonance in two. An
incident photon would then be reflected from the cavity with a π phase shift, much as if
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Figure 4.4: The results of simulation of quantum state transfer in the bad-cavity regime. (a),
(b) The atom and cavity populations for nodes 1 and 2 respectively. (c) The classical driving
fields applied to each node. The atom at node 1 starts off in state |2i and as the driving field is
applied it gets transferred via a Raman process to state |1i, emitting a photon into the cavity
mode in the process. This photon is then completely absorbed at node 2, transferring that atom
to state |2i. The population of state |3i is very close to zero over the entire transfer process.
This is because the transfer is an adiabatic process and occurs over a long enough time-scale
that there never exists a significant population in |3i. Note that the units of time and Ω(t) are
arbitrary and have been set to fit the parameters used in the simulation (g = 50, κ = 100 and
γ = 0).
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the rear mirror of the cavity were not present.
Here it is demonstrated that this conditional phase shift is still present in the bad-cavity
limit, even though the vacuum-Rabi splitting is small compared to the cavity linewidth.
This enables the presence of the atom to be detected as a narrowband phase shift on a weak
coherent incident field.
To keep the phase shift as large as possible, it is assumed that the input field is kept
weak enough so as not to saturate the atom. In this situation the atom can be treated as a
harmonic oscillator, leading to quantum Langevin equations:
" # "
# " # "√
#"
#
ȧ
−κ − iδ
+g
a
2κ 0
ain (t)
=
−
.
√
ṡ
−g
−γ/2 − iδ s
0
γ sin (t)

(4.44)

δ is the detuning between the input field and the cavity, a and s are the lowering operators
for the cavity and atom respectively. It is assumed the cavity is resonant with the dopant.
By assuming the input field is narrowband compared to the dynamics of the atom-cavity
system, the spectral response of the system can be calculated. Setting ȧ(t) = ṡ(t) = 0
leads to:
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This combined with the input-output relations gives:
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where D = g 2 + (iδ + γ/2)(iδ + κ). Plots of the behaviour of this system are shown in
Figures 4.5 and 4.6.
Having an atom resonant in the cavity (Figures 4.5 (c), (d)) causes a phase shift of π
compared to the empty cavity case (Figures 4.5 (a), (b)). This shift occurs independently
of whether the system is in the good- or bad-cavity regime. Figures 4.5 (e), (f) show that
in both regimes there is still a probability of the atom spontaneously emitting a photon, but
the further into the strong-coupling regime the system is (the smaller N0 is), the smaller
this probability becomes, as shown in Figure 4.6.
Coherent detection of the atom in this manner moves the problem from single-photon
counting with low count rates to the detection of narrow bandwidth phase shifts. To avoid
being limited by the exciting laser, its linewidth and drift should be small compared to the
linewidth of the ions. State of the art stable lasers have both short and long-term stability
much greater than the kilohertz linewidths of rare-earth-ions [184]. One benefit of the
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.5: Phase of the cavity output as a function of detuning for; (a), (b) an empty
cavity, and (c), (d) a cavity coupled to a single atom. Note that the cavity output at zero
detuning undergoes a π phase shift when there is a resonant atom present. (e), (f) The
probability of the atom spontaneously emitting a photon versus detuning. The left plots
correspond to an atom-cavity system in the bad-cavity regime with parameters (g, κ, γ) =
(1, 10, 0.01) MHz. The right plots are for a system in the good-cavity regime with parameters
(g, κ, γ) = (3.2, 0.32, 0.32) MHz.
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Figure 4.6: Phase shift and spontaneous emission probability versus 2g 2 /κγ for the case of
zero detuning. For small values of g the atom is essentially decoupled from the cavity and the
input light is phase shifted by π. For 2g 2 /κγ = 1 there is no output from the cavity as all of
the input light is lost as spontaneous emission. For large values of g the incident light is phase
shifted and the atom is not excited. This enables the presence of the atom to be determined
non-destructively.

4.7 Conclusion

77

coherent approach is that the quantum efficiency of detectors used for homodyne and
heterodyne detection is higher than photon counting detectors. This approach will also be
very insensitive to stray light, due to the spatial selectivity of the homodyne/heterodyne
detection coupled with a very small detection bandwidth. For these reasons, this scheme
should have both increased sensitivity and selectivity over photon counting.
In practice, these narrowband phase shifts could be detected like an optical free
induction decay. A brief, weak pulse exciting the atom-cavity system would lead to longlived coherent emission at the same frequency as the ion. If this brief pulse were created
as a phase-modulated sideband from an electro-optic modulator with the carrier light off
resonance from the atom-cavity system, no interferometer would be needed, simplifying
the implementation. In this way the approach could be considered as cavity-enhanced FM
spectroscopy [185].

4.7

Conclusion

A theoretical investigation into the use of rare-earth-ions in cavity QED has been performed.
It has been determined that by using crystalline WGM resonators it should be possible
to achieve the bad-cavity strong-coupling regime. Operating in the bad-cavity regime,
quantum states can be reversibly transferred between atoms in separate cavities, which is
an important requirement for using rare-earth-ion doped resonators in quantum information
processing. Finally, a method of detecting single atoms has been devised that relies on
using an optical cavity and measuring the phase shift of photons that interact with this
atom-cavity system.

Chapter 5
Spectroscopy of Rare-Earth-Ion Doped
WGM Resonators
5.1

Introduction

In the previous chapter, it was shown theoretically that the bad-cavity strong-coupling
regime should be possible using millimetre-sized resonators with quality factors larger than
109 . However, I wish to know whether the “real” experimental parameters agree with what
the theory suggests, as this will give a more realistic picture as to whether strong coupling
is possible. Here the properties of Pr3+ :Y2 SiO5 whispering-gallery mode resonators are
measured as a first step toward performing strong-coupling cavity QED experiments.
In this chapter, the atom-cavity coupling strength is measured using photon echoes,
and compared to the theoretical value based on the transition dipole moment of the ions
and the resonator mode volume. Atom-cavity interactions are observed through optical
bistability and normal-mode splitting (also called vacuum-Rabi splitting), and compared to
a theoretical model.
There was concern that the process of making the resonator might have damaged
the crystal structure, which would cause a degradation of the properties of ions near the
surface. If this is the case it will be more difficult to achieve the strong-coupling regime,
as in WGM resonators it is precisely these surface ions that interact with the cavity mode
field. To determine whether this is an issue, the coherence time, population lifetime, and
spectral hole lifetime are measured for the ions near the surface of the resonator. These are
compared to the properties of praseodymium ions in the centre of the resonator, and in a
bulk sample.
The chapter concludes with a brief discussion of the effect near-field radiative heating has on coherence time measurements. The experiments performed in this chapter
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demonstrate one of the advantages of atom-cavity systems based on rare-earth-ions: the
ability to make direct measurements of cavity QED parameters utilizing simple photon
echo techniques.

5.2

Experimental Setup

Two Y2 SiO5 WGM resonators were used in this work with Pr3+ concentrations of
0.005% (resonator A) and 0.05% (resonator B). The resonators are fabricated from single
Pr3+ :Y2 SiO5 crystals using mechanical grinding and polishing techniques. The crystal is
oriented such that the vertical axis of the resonator corresponds to the b-axis of the crystal,
that is, light is coupled into the D1 -D2 plane. The resonators are spheroidal in shape, and
both have a radius of 1.95 mm. The quality factor of the resonators used in this experiment
range from (1 – 4) × 106 (different resonator modes have slightly different quality factors).
This is two orders of magnitude lower than the highest quality factors that were achieved
in these resonators (see Chapter 3.5). The reason for these experiments was to gain an
understanding of the properties of rare-earth-ions in resonators and it was deemed that
using higher quality resonators would not significantly affect the results.
The experimental setup is shown in Figure 5.1. A Coherent 699 dye laser stabilized to
less than 5 kHz drives the 3 H4 – 1 D2 transition in Pr3+ :Y2 SiO5 at 605.977 nm. A MachZehnder interferometer with greater than 90% visibility is used to facilitate heterodyne
detection of the echoes. The interferometer is set up such that both the probe beam and the
local oscillator (LO) beam pass through the coupling prism, which enables better mode
matching between the two beams. For the echo experiments the power in the probe beam
was 1.2 − 1.4 mW. The power in the local oscillator beam is set as 200 µW. This is just
below the saturation level of the detector (New Focus 1801-FS) to maximize the sensitivity
of the detection. Two acousto-optic modulators (AOMs) are used to shift the frequency
of the LO by 45 MHz with respect to the probe. A shift of 45 MHz was chosen because
it is greater than the total hyperfine splittings in Pr3+ :Y2 SiO5 (36.92 MHz [116]), which
means the LO does not interact with any of the ions being driven by the probe. AOM2
gates the probe beam to create the pulses used in the echo sequence. AOM3 gates the
laser so that the LO is only turned on when an echo is expected. For more information on
heterodyne detection see reference [186]. A single-mode fibre cleans the mode of the laser
beam, which increases the coupling into the resonator.
The resonator, coupling prism and sample are all mounted inside a vibration-isolated,
closed-cycle cryocooler (manufactured by S2 Corporation) and cooled to 3.2 K (Figure
5.2 shows the setup that is inside the cryostat). Light is evanescently coupled into the
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Figure 5.1: Experimental setup. PBS - polarizing beam splitter, BS - non-polarizing beam
splitter, LP - linear polarizer, AOM - acousto-optic modulator. The resonator, coupling prism
and sample are all mounted inside a cryostat and cooled to 3.2 K. AOM1 has a centre frequency
of 120 MHz and is set up in a double-pass configuration. It is used to scan the frequency of
the laser. AOM2 is at +80 MHz, AOM3 is at +125 MHz creating a 45 MHz beat between
the signal and local oscillator beams. AOM2 is used to make the echo pulses. L1, L8, L9,
L10=50 mm, L5, L6, L7=100 mm, and L2, L3, L4=200 mm. A flip mirror is used to make the
second beam go alternately through the resonator or through the bulk sample.
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Resonator
Figure 5.2: Photos of the prism coupling setup that goes inside the cryostat. (a), (b) Photos
from opposite sides of the setup showing the ANR101 piezoelectric rotation stage, ANPx101
piezoelectric translation stage and the mechanical rotation stage. (c) Close up of the region
inside the dashed box in (a), showing the relative positions of the resonator, coupling prism
and bulk sample.
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resonator using a cubic zirconia prism (nc = 2.174). An Attocube Systems ANPx101
linear positioner allows adjustment of the distance between the resonator and coupling
prism at cryogenic temperatures. The ability to alter this distance is critical to enable
efficient coupling into the resonator. As explained in Chapter 3.6, for efficient coupling
it is also necessary to be able to adjust the angles of incidence for the input beam. An
Attocube Systems ANR101 rotation stage is used to ensure the angle Θ = 0, and allows
adjustment at cryogenic temperatures. A mechanical rotation stage is used to alter the
angle Φ0 , which from Chapter 3.6 should be:
−1

Φ0 = sin



`
np kR


.

(5.1)

This rotation is performed at room temperature outside of the cryostat, and then locked in
place. The polarization of the light is rotated to maximize the coupling (up to 30%). A
5×5×5 mm 0.02% Pr3+ :Y2 SiO5 crystal is used as a reference to compare the location of
the resonator modes to the inhomogeneous line of the ions (see Figure 5.3).
The majority of the experiments in this work use either two-pulse photon echoes or
three-pulse photon echoes to measure the properties of the ions. The sequence of pulses
used to create echoes is shown in Figure 5.4. Figure 5.4(a) shows the standard two-pulse
photon echo sequence. In this work the two-pulse photon echo is used to make two sets
of measurements: the atom-cavity coupling (g), and the coherence time (T2 ) of the ions.
Figure 5.4(b) shows the sequence of pulses that is used to create a three-pulse photon
echo. Here 3PEs are used to measure the population lifetime (T1 ) of the ions. For a further
discussion on photon echo techniques see Chapter 2.5.
Figure 5.4(c) gives an example of the data obtained when making measurements of
photon echoes. Data is only acquired in the time region when the local oscillator is
switched on. For each data point in the photon echo measurements five traces such as
Figure 5.4(c) are obtained and the amplitude of the echoes are averaged. To measure the
echo amplitude, the absolute value of the data is calculated and the maximum signal value
is found.

5.3
5.3.1

Results
Coherence Time

By measuring how the size of the echo changes as the time between the π2 - and π-pulses
is altered, the coherence time can be determined. This is shown in Figures 5.5(a), (b) for
light coupling into resonator A and for a beam passing through the bulk sample.
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Figure 5.3: Location of the resonator modes with respect to the inhomogeneous line of the
Pr3+ ions as the frequency of the laser is scanned 6 GHz. The black line corresponds to
transmission through the Pr3+ :Y2 SiO5 bulk sample. The centre of the inhomogeneous line is
approximately 5 GHz from the end of this scan. The red line corresponds to the laser intensity
after the coupling prism. Dips in intensity correspond to coupling into resonator modes. The
arrow indicates the resonator mode that the laser was coupled into for the experiments. Note
the asymmetrical shape of the resonator modes due to optical bistability (see Chapter 5.6 for
further explanation).

Echoes in the resonator were measured using heterodyne detection (which measures
the amplitude); therefore, to calculate the coherence time e−2τ /T2 is fit to the data [103].
The coherence time measured in resonator A is T2 = 68 ± 4 µs. Echoes in the bulk sample
were measured using direct detection because they were large enough that heterodyne
detection was not required. Direct detection measures the intensity of the field; therefore,
e−4τ /T2 is fit to the bulk sample data [103]. The coherence time measured in the sample is
T2 = 98 ± 4 µs. Modelling the echo decay as being exponential provides a good fit to the
data.
To measure the effect that instantaneous spectral diffusion has on the coherence time of
the ions, further echo experiments were performed using resonator B (see Figures 5.5(c),
(d)). The coherence time was measured for ions coupled to a resonator mode and with
a beam passing through the resonator, with input powers ranging from 0.2 to 1.8 mW in
steps of 0.1 mW. The length of the input pulses were altered so that the pulse areas were
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Figure 5.4: Pulse sequences involved in a; (a) two-pulse photon echo, and (b) three-pulse
photon echo. In these experiments the echo is detected using heterodyne detection with the
local oscillator shifted 45 MHz from the probe beam. (c) Example of an echo detected using
heterodyne detection.
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Figure 5.5: Size of the echo formed as the time between the two input pulses is varied with;
(a) light coupled into resonator A, (b) the laser through the bulk sample, (c) light coupled into
resonator B, and (d) the laser propagating through resonator B. From the exponential fits the
coherence times are measured as; (a) 68 ± 4 µs, (b) 98 ± 4 µs, (c) 21.0 ± 0.8 µs, and (d)
30.8 ± 0.7 µs.
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always π2 and π. The measured coherence time when the laser is coupled to resonator B is
T2 = 21.0 ± 0.8 µs, and with the beam going through the resonator is T2 = 30.8 ± 0.7 µs.
Over the range of input powers the coherence time was found to vary by ±3 µs. The
variation appears random, so it is attributed to experimental error in the measurement
process and not ISD.
Note that the coherence time measured in resonator B is significantly less than that
measured in resonator A. This is because between experiments it was necessary to alter the
experimental setup inside the cryostat. This likely resulted in resonator B being warmer
than resonator A, thus reducing the coherence time.
Note that the errors given for the coherence time measurements correspond to the
uncertainties in the fit to the data, not experimental errors. This is also the case for the
population lifetime and hole lifetime measurements below. Whilst due care was taken to
minimize experimental error, there is a large number of factors that can contribute to this
making it difficult to provide an accurate estimation of the error.

5.3.2

Population Lifetime

Three-pulse photon echoes were used to measure the population lifetime of the ions in
resonator B. By measuring the echo decay as the time between pulses 2 and 3 is increased,
the population lifetime can be measured (see Figure 5.6). e−T/T1 is fit to the data and the
population lifetimes are measured as T1 = 187 ± 6 µs (coupled into the resonator) and
T1 = 205 ± 5 µs (through the resonator). These two measurements are in relatively good
agreement, and agree well with that measured by Equall et al. (T1 = 164 µs) by observing
the fluorescence decay in a 0.02% Pr3+ :Y2 SiO5 crystal [116].

5.3.3

Hole Lifetime

The spectral hole lifetime was measured using accumulated three-pulse photon echoes in
resonator B. This technique involves using optical pumping to create a frequency grating
in the atomic population that builds up due to population storage in another hyperfine level
[187, 188, 189, 190]. Pulses of light can be stored in this grating, and by varying the time
between preparation and storage the hole lifetime can be measured.
The pulse sequence used in this experiment is shown in Figure 5.7(b). A total of 100
pairs of pulses (τp = 100 ns) separated by τr > T2 optically pump the ions to create the
grating. After the grating is prepared there is a waiting time Tw > 10T1 , which ensures the
excited state is empty. Pulses of light are applied to the sample and stored for τs . Over the
time Tw the grating will decay due to relaxation of the spin lattice [191, 192], and the rate
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Figure 5.6: Size of the 3PE formed as the time between pulses 2 and 3 (T) is varied with;
(a) light coupled into the resonator, and (b) the laser propagating through the resonator. By
fitting e−T/T1 to the data, the population lifetimes are measured as; (a) T1 = 187 ± 6 µs, and
(b) T1 = 205 ± 5 µs.
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of this decay is determined by the spectral hole lifetime. As the grating decays, the storage
efficiency will decrease. By measuring the size of the retrieved pulse as Tw is increased,
the hole lifetime can be determined (see Figure 5.7(a)).
From Figure 5.7(a) there appears to be two rates of decay in this system, measured by
fitting e−Tw /Th to the data. There is an initial decay with a decay constant of 10.0 ± 0.7 s,
followed by a secondary decay with decay constant of 33.9 ± 9 s. The measured hole
lifetimes are of the same order of magnitude as what has been measured previously in bulk
Pr3+ :Y2 SiO5 samples [192, 193]. The reason for the two decay times is unknown, although
it is likely caused by different hyperfine states decaying at different rates, a phenomenon
that has been observed in Eu3+ :Y2 SiO5 [115]. The lifetime of spectral holes has a large
dependence on temperature. Based on this dependence, the temperature of the resonator is
inferred to be ∼ 6 K [114, 192].

5.3.4

Atom-Cavity Coupling

Using two-pulse photon echoes the size of a π-pulse is determined, thus giving a measure
of the atom-cavity coupling strength. The size of the echo is measured as the length of
the second pulse is altered with the input power fixed (see Figure 5.8). Assuming the
maximum echo amplitude corresponds to the area of the second pulse being equal to π,
the length of a π-pulse is 0.32 ± 0.1 µs. The Rabi frequency of the ions (Ω) is calculated
from the area (Θ) and length (τ ) of the input pulses [103]:
µE
~
Θ
= ,
τ

Ω=

(5.2)

giving Ω = 9.82 MHz. The coupling between a single photon and an atom in the resonator
is calculated by dividing the Rabi frequency by the number of intracavity photons (nph ):
Ω
g= √ .
2 nph

(5.3)

For an input power of 700 µW and 20.6% coupling into a resonator with a quality factor
of 1.8 × 106 , the number of intracavity photons is 1.28 × 105 . This corresponds to an
atom-cavity coupling of g = 2π × 1.73 ± 0.06 kHz.
A summary of the properties of the resonators measured in this work is displayed in
Table 5.1.
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Figure 5.7: (a) Measurement of the spectral hole lifetime in a Pr3+ :Y2 SiO5 WGM resonator
using accumulated photon echoes. (b) Pulse sequence used in the experiment. τs - separation
between preparation pulses, τr - time between pairs of preparation pulses, Tw - wait time
between grating preparation and pulse storage/retrieval, τp - length of preparation pulses, τi length of input pulse.
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Figure 5.8: Amplitude of the echo as the area of the second input pulse is varied. The
maximum echo amplitude should correspond to the input pulses having areas of π2 and π.
Experiments were performed in resonator B.
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Table 5.1: Properties of 0.005% (resonator A) and 0.05% (resonator B) Pr3+ :Y2 SiO5 WGM
resonators. 2PEs were used to measure both T2 and g. g was also measured from an analysis
of optical bistability and normal-mode splitting. T1 was measured using 3PEs, and the hole
lifetime was measured using accumulated 3PEs. All values have either been compared to
a beam going through the resonator or bulk sample (T1 , T2 ), theoretical calculations (g), or
values stated in the literature (hole lifetime).

Property

Resonator

Comparison

A
B
B
B

T2 (µs)
T1 (µs)
T2 (µs)
g/2π (kHz)

98 ± 4a
205 ± 5b
30.8 ± 0.7b
2.47e

B

Hole lifetime (s)

68 ± 4
187 ± 6
21.0 ± 0.8
1.73 ± 0.06c ,
2.2 ± 0.2d
10.0 ± 0.7, 33.9 ± 9

50-400f

a

Measured in bulk sample.
Measured with beam going through the resonator.
c
Measured using photon echoes.
d
Calculated from optical bistability and normal-mode splitting modelling.
e
Calculated from the theoretical mode volume.
f
From reference [114].
b

5.4

Discussion of Photon Echo Experiments

The first set of experiments involved making measurements on the ions close to the surface
of the resonator to determine whether the process of creating the resonator has affected
the properties of these ions. Of particular concern is whether the coherence time has
been affected, since any decrease in this will make it more difficult to achieve strong
coupling. Here the optical coherence time, population lifetime, and hole lifetime of the
ions were measured. When measuring the population lifetime and coherence time, two sets
of measurements are made, one with the laser coupled into a resonator mode and another
with a beam passing through either the bulk sample or the resonator. Because WGMs are
confined close to the surface of the resonator, the coupled beam should interact only with
the surface ions, thus measuring their properties. The majority of the ions interacting with
the beam passing through the resonator are not near the surface. This gives a measure of
the properties of the rest of the ions (which would not be affected by making the resonator),
to which the surface ions can be compared.
There was a concern that instantaneous spectral diffusion could be causing a difference
in coherence time between the resonator and bulk sample. ISD is an effect where using
intense pulses in the echo sequence decreases the measured coherence time [116, 119,
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120, 121] (refer to Chapter 2.4 for an explanation of this phenomenon). The laser field
inside the resonator is amplified due to the high quality factor; therefore, when coupled to
a resonator mode the ions would experience a larger field than for a beam going through
the sample. Thus, it was expected ISD would cause a reduction in coherence time for
light coupled into the resonator. However, the coherence time measurements performed in
resonator B showed no evidence of the existence of ISD.
The coherence time in resonator A is 31% smaller than in the bulk sample, and for light
coupled into resonator B it is 32% smaller than for a beam going through the resonator. A
significant reduction in coherence time is expected if making the resonator had damaged
the crystal structure at the resonator surface. One explanation for the difference is that the
temperature of the resonator surface is not the same as the centre of the resonator/bulk
sample. The only thermal contact the resonator has with the cryostat cold head is through
the 1.6 mm diameter aluminium post that it is mounted on. To gain an understanding
of what is required to raise the temperature of the resonator, it is calculated that a heat
load of 0.22 mW would create a 1 K difference in temperature between the surface and
centre of the resonator. It is feasible that residue gases in the cryostat could cause heat
loads of this magnitude. It has been shown previously that the measured coherence times
can have a significant dependence on the sample temperature [115], because at increased
temperatures, phonon scattering becomes the dominant dephasing mechanism [116].
2

The requirement of the bad-cavity strong-coupling regime is gκ > γ (κ, γ are the
cavity and atomic decay rates). Therefore, a large atom-cavity coupling is desirable. The
measured atom-cavity coupling (= 2π × 1.73 kHz) is compared to the theoretical value
to ensure that it is as large as expected. As described in Chapter 4.4 the theoretical atomcavity coupling can be calculated from the transition dipole moment of the atoms (µ) and
the resonator mode volume (V ). The mode volume is calculated by integrating over the
field inside the resonator:
R
(r)|E|2 d3 r
V =
.
(5.4)
max((r)|E|2 )
For the fundamental mode of a 1.95 mm spherical resonator, the mode volume is 5.40 ×
10−13 m3 . The oscillator strength of praseodymium ions at site 1 of Y2 SiO5 was measured
by Equall et al. as 3 × 10−7 [116]. From this and equation (4.22) the transition dipole
moment is calculated as µ = 1.59 × 10−32 Cm. The theoretical atom-cavity coupling is:
µ
g=
nr

r

ωa
,
2~0 V

(5.5)

where ωa is the transition frequency of the ions, and nr is the resonator refractive index.
From equation (5.5), g = 2π × 2.47 kHz. Thus, there is good agreement between the
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calculated and measured values of atom-cavity coupling.

5.5

Cavity QED parameters

One method of defining the strong-coupling regime is by using the saturation photon
number (n0 ) and the critical atom number (N0 ). As explained in the previous chapter, the
strong-coupling regime can be defined as (N0 , n0 ) < 1. The critical atom number and
saturation photon number are related to the atom and cavity parameters by the equations
established in Chapter 4:
N0 ≡

2γh κ
g2

and n0 ≡

where g is defined in equations (5.3) and (5.5), κ =

γγh
,
4g 2

πc
,
λQ

γ=

(5.6)
1
,
T1

and γh =

1
.
T2

Cavity QED parameters are calculated for the resonator used in these experiments.
For resonator A; g = 2π × 1.73 kHz, κ = 2π × 138 MHz, γh = 2π × 2.34 kHz, and
γ = 2π × 851 Hz. This gives N0 = 2.15 × 105 , n0 = 0.166. Therefore, for rare-earth-ion
doped resonators the requirement that n0 < 1 is easily achieved even with millimetre-sized
resonators. On the other hand, N0 is five orders of magnitude too large, but improvements
in this area should be possible. It has been shown that quality factors up to 3 × 1011 are
possible in crystalline resonators [149].
In Chapter 4.4 it was determined that there are available materials better suited for
cavity QED experiments than Pr3+ :Y2 SiO5 . For example, an Er3+ :Y2 SiO5 resonator
with R = 1 mm and Q = 1 × 1010 would give critical numbers of n0 = 1.88 × 10−5
and N0 = 0.104, which is well into the strong-coupling regime. For a more in-depth
discussion of the likelihood of achieving the strong coupling regime with rare-earth-ion
doped resonators see Chapter 8.1.

5.6

Optical Bistability and Normal-Mode Splitting

When the coupling between the atoms and cavity is strong enough that the presence of the
atoms has an appreciable effect on the cavity mode, optical bistability and normal-mode
splitting result. These effects are well understood and have been studied extensively over
the past several decades [42, 194, 195, 196, 197, 198]. These phenomena in rare-earth-ion
doped resonators have been studied previously by Ichimura and Goto [42]. Here their
analysis is modified to describe observations in WGM resonators.
Systems with large inhomogeneous broadening (such as rare-earth-ions) do not usually
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exhibit optical bistability or normal-mode splitting because the atomic distribution can
be approximated as being constant over the frequency region of the cavity mode [42].
However, Pr3+ :Y2 SiO5 is an interesting case because it has spectral hole burning can
be used to redistribute the atomic population, and the resulting holes are long-lived (see
Chapter 5.3.3). In particular, as the laser is swept in frequency over the cavity mode a
series of holes and antiholes will form. These will interact with the cavity mode, inducing
coupling signals due to optical bistability and normal-mode splitting.
As a simple model of the hole-burning dynamics that occur in the resonator the ions
are treated as being two-level systems all with the same transition frequency (ωa ), fixed at
some frequency higher than that of the laser (ωl ). The resonator output is then described
by the stationary solution to the Maxwell-Bloch equations given in [42]:




ωc − ωl g 2 N (ωa − ωl )χ
g2N χ
−
y =x 1+
+i
,
γh κ
κ
γh2 κ

(5.7)

where |y|2 is the input field, |x|2 is the output field, ωc is the cavity resonant frequency,
and N is the number of atoms interacting with the cavity mode. χ is the susceptibility,
approximated here by using the form of a plane-wave ring cavity [195]:

χ=

2



1
2|x|
.
ln 1 +
2
2
l)
2|x|
1 + (ωa −ω
2
γ

(5.8)

2

Figure 5.9 shows how the cavity mode is affected by the presence of the atoms for input
powers ranging from 800 to 40 µW. Optical bistability and normal-mode splitting are
clearly visible. As the laser is swept in the forward direction one normal-mode peak is
resolved, the other becoming apparent as the laser is swept in the opposite direction.
By fitting equation (5.7) to the data in Figure 5.9 the atom-cavity coupling is estimated
as g = 2π × 2.2 ± 0.2 kHz. This agrees well with the values measured using photon
echoes (2π × 1.73 kHz) and calculated from the resonator mode volume (2π × 2.47 kHz).
The parameters used in this model are; κ = 2π × 123 MHz, γh = 2π × 7.58 kHz,
γ = 2π × 2.34 kHz, N = 1.6 × 108 . The coupling into the resonator mode is 28.7% and
the loss due to reflection from mirrors and cryostat windows is estimated as 0.2.

5.7

Near-Field Radiative Heating

Whilst performing these experiments, the measured coherence time appeared to be dependent on the distance between the resonator and the coupling prism (see Figure 5.10).
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5.7 Near-Field Radiative Heating

Figure 5.9: Observation of optical bistability and normal-mode splitting in resonator B for
varying input powers. (a) 800 µW, (b) 400 µW, (c) 200 µW, (d) 100 µW, (e) 80 µW, and (f)
40 µW. The blue plots correspond to the laser being swept in the forward direction, that is,
from −1 to 1 GHz. The red plots correspond to the laser being swept in the reverse direction,
that is, from 1 to −1 GHz. The purple and green lines correspond to the cavity mode calculated
from equation (5.7). Note the experimental data exhibits features that are not accounted for by
the theoretical fit. These features correspond to other resonator modes that are not described
by the simple model that is used.
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This behaviour was observed for light coupled into the resonator and for a beam passing
through it. The explanation for this strange behaviour is that it is a result of near-field
radiative heating of the resonator by the coupling prism.
In initial experiments, there was limited thermal contact between the coupling prism
and cryostat cold finger. When the distance between the prism and resonator was small
(not in contact) thermal radiation emitted from the prism caused the resonator to heat up.
This phenomenon has been studied by Joulain et al. who show that for distances less than
1 µm, thermal radiation causes a significant transfer of heat between two objects with
different temperatures [199]. To verify that the variation in coherence time was indeed
caused by radiative heating, the experimental setup was modified to ensure good thermal
contact between the prism and cold finger. This removed the dependence of coherence
time on coupling distance.
As the resonator-prism separation is altered the amount of light coupling into the
resonator will change. Therefore, when measuring the coherence times the intensity of
the input light was adjusted so that the input pulses always had areas of π/2 and π. This
eliminated ISD as a possible reason for the coupling distance dependent coherence times.

5.8

Conclusion

The properties of WGM resonators doped with rare-earth-ions have been measured. The
atom-cavity coupling was measured using two-pulse photon echoes, and by modelling
the optical bistability and normal-mode splitting observed in the resonator. The measured
values of the atom-cavity coupling were shown to be in good agreement with the theoretical
value calculated from the resonator mode volume and atom transition dipole moment. The
coherence time, population lifetime and hole lifetime of the atoms at the resonator surface
were measured and compared to those in the centre of the resonator. It is inferred from
these measurements that the process of making the resonator does not have a large effect
on the properties of the ions. An analysis of cavity QED parameters was performed, and it
is determined that the strong-coupling regime should be attainable by making resonators
with larger quality factors and smaller mode volumes. Near-field radiative heating of the
resonator by the coupling prism was investigated, and was shown to significantly affect the
temperature of the resonator.

5.8 Conclusion
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Figure 5.10: Variation in coherence time as the distance between the prism and resonator
is altered. A quadratic provides a good fit to the data. The distance axis is calibrated from
how many steps the ANPx101 positioner has been moved, running in open-loop mode at
15 V. At 4 K a 15 V step corresponds to a displacement of ∼ 35 nm, but as this movement is
temperature dependent the distance between prism and resonator is only approximate.

Chapter 6
Minimizing Decoherence in Pr3+:YAG
and Er3+:Y2SiO5
6.1

ZEFOZ transitions

In a rare-earth-ion doped system there is a contribution to the homogeneous linewidth from
the interaction between the dopants and the atoms that make up the host crystal (see Chapter
2.4). Fluctuations in the electronic and nuclear spin of the host atoms cause the dopants
to experience small random magnetic fields that can alter the transition frequency via the
Zeeman effect. This has the effect of broadening the transition. In systems with sufficient
nuclear spin (I ≥ 1) applying a magnetic field to the sample produces anticrossings in the
energy of the electronic levels and it should be possible to find a transition that has zero
first-order Zeeman shift [28, 29, 59]. This means that small fluctuations in magnetic field
will no longer change the transition frequency, thus decreasing the broadening associated
with host-dopant interactions. An example of a ZEFOZ transition in Pr3+ :YAG is shown in
Figure 6.1. Notice there is little change in transition frequency for small field fluctuations.
The technique of using a ZEFOZ transition to negate the ion-spin interaction was
first used by Fraval et al. in an attempt to lengthen the hyperfine coherence time in
Pr3+ :Y2 SiO5 , as it was deemed too short for practical quantum computing applications
[28]. They demonstrated an increase in phase memory time from 550 µs to 82 ms. This was
later extended to more than 30 s by using a sequence of dynamic decoupling pulses [29].
Longdell et al. demonstrated hyperfine coherence times of 1.4 s, without using dynamic
decoupling pulses, by operating on a ZEFOZ transition with a lower curvature [200]. This
technique has also been used to measure extended coherence times in Pr3+ :La2 (WO4 )3
[201].
In this work, the technique of finding a ZEFOZ transition is applied to the optical
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Figure 6.1: Example of a ZEFOZ transition in Pr3+ :YAG. (a) Energy of the ground and
excited states as the magnetic field is increased. Note the transition frequency exhibits a turning
point at 236 G. (b), (c), (d) Plots demonstrating that the transition frequency does not change
for small magnetic field fluctuations in all three dimensions. Contours are of constant transition
frequency.
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transition at 609.76 nm in Pr3+ :YAG, and to transitions between hyperfine levels in the
ground state of Er3+ :Y2 SiO5 . Based on the measured values of the population lifetime and
coherence time in Pr3+ :YAG, it should be possible to increase the optical coherence time by
an order of magnitude. If the coherence time can be increased, it will make Pr3+ :YAG an
excellent candidate for achieving the strong-coupling regime in cavity QED (see Chapter
4). To find a ZEFOZ transition in Pr3+ :YAG, knowledge of the entire spin Hamiltonian,
for both the ground and excited states, is required. Here the necessary spin Hamiltonian
parameters are measured using Raman heterodyne spectroscopy.
The longest optical coherence time of any rare-earth-ion system has been measured in
Er :Y2 SiO5 [202]. If a hyperfine transition could be found that also had a long coherence
time, it would make Er3+ :Y2 SiO5 an ideal system for creating a quantum memory at
telecommunication wavelengths. Here the spin Hamiltonian parameters measured by
Guillot-Noël et al. [97] are used to find ZEFOZ transitions for this system.
3+

6.2

Pr3+:YAG

Y3 Al5 O12 (YAG) has a cubic crystal structure. The praseodymium ions substitute for
yttrium ions that are located at dodecahedral c-sites, and have local D2 symmetry [178, 203].
This means there are six different orientations that the praseodymium ions can have in
the crystal (see Figure 6.2). The six sites are magnetically inequivalent, meaning the ions’
hyperfine levels will experience a site-dependent frequency shift under the application of
an external magnetic field. The orientation of the local x-, y-, z-axes of site 1 are defined
as being along the [1,1,0], [1,-1,0] and [0,0,1] directions of the crystal. The orientations of
the other sites are found by performing an appropriate rotation on the site 1 axes.
The transition of interest is between the 1 D2 excited state and 3 H4 ground state in
Pr3+ :YAG, occurring at 609.76 nm (in vacuum) [113]. The inhomogeneous linewidth
of this transition has been measured as 1 – 2 cm−1 [113, 178, 204]. It was shown by
Macfarlane and Wittman that Pr3+ :YAG has an efficient hole-burning mechanism with
a hole lifetime of ∼ 3 s, although this time decreases rapidly as the temperature of the
sample is increased [113].
Using absorption measurements, Macfarlane measured the oscillator strength of the
transition as f = 1.3 × 10−6 [205]. Here the oscillator strength has also been calculated,
based on the Judd-Ofelt parameters (Ωλ ) measured in reference [206], and the reduced
matrix elements of the unit tensor operators (U (λ) = hψg Jg | |U (λ) | |ψe Je i2 ) measured in
[207]. These parameters are recorded in Table 6.1.
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Figure 6.2: Orientation of the six sites that praseodymium can occupy in YAG [178, 203].
Each box represents a different site exhibiting the local D2 symmetry. The x-, y- and z-axes
are the local C2 -axes of site 1.
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Table 6.1: Parameters used to calculate the oscillator strength of Pr3+ :YAG.

λ Ωλ (×10−24 m2 ) [206] U (λ) [207]
2
4
6

0
12.20
8.27

0.0026
0.0170
0.0520

To calculate the oscillator strength [31]:
f=
where [208]:

2me ωχL S
,
~e2 nge

1 X
Ωλ U (λ),
S = e2
3
λ

(6.1)

(6.2)

ge = 2Je + 1 is the degeneracy of the excited state, and χL = ((n2 + 2)/3)2 is the
local correction to the electric field [31]. Thus, the oscillator strength is calculated as
f = 1.5 × 10−6 , in good agreement with that measured by Macfarlane.
The hyperfine structure of Pr3+ :YAG was first studied by Shelby et al. where spectral
hole burning was used on a 0.15% Pr3+ :YAG crystal to measure the hyperfine splittings of
the ground and excited states [204]. Pr3+ has zero electronic spin and a nuclear spin of
5/2, resulting in three degenerate pairs of hyperfine levels for both the ground and excited
states. The energy level structure of Pr3+ :YAG is represented in Figure 6.3. Wang later
confirmed these hyperfine splittings using optically detected nuclear magnetic resonance
(ODNMR) [178], and they also agree with what I have measured using Raman heterodyne
spectroscopy. Using photon echoes, Shelby et al. measured the coherence time of the
optical transition to be T2 =20 µs [204]. Wang measured the population lifetime to be
T1 =230 µs by observing the fluorescence from the sample [178]. The optical properties of
Pr3+ :YAG are summarized in Table 6.2.
As discussed in Chapter 2.2, the energy levels of Pr3+ :YAG are non-Kramers’ singlets.
Therefore, the hyperfine structure of Pr3+ :YAG can be described by the Hamiltonian of
Teplov (equation (2.10)). This can be written in the form:
Heff = B · Z · B + B · M · I + I · Q · I,

(6.3)

where B · Z · B is the second-order electronic Zeeman term, B · M · I is the enhanced
nuclear Zeeman term, and I · Q · I is the effective quadrupole term. I is the 5/2 nuclear
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Table 6.2: Parameters of the 1 D2 - 3 H4 transition in Pr3+ :YAG.

λ0 (vacuum)
609.76 nm [113]
T1
230 µs [178]
T2
20 µs [178, 204]
f
1.3 × 10−6 [205]
Hole lifetime
∼ 3 s [113]
Γinh
1 - 2 cm−1 [113, 178, 204]

±5/2

1D

±3/2

2

±1/2

8.32 MHz
6.41 MHz

609.76nm

±5/2

3H

41.86 MHz
4

±3/2

33.33 MHz

±1/2

Figure 6.3: 1 D2 - 3 H4 transition in Pr3+ :YAG showing the hyperfine splittings.

spin tensor and M is the enhanced nuclear Zeeman matrix, resulting from the nuclear
Zeeman interaction coupling to the second-order hyperfine interaction:


γx 0 0


M =  0 γy 0  .
0 0 γz
Q is the matrix of combined quadrupole constants made up of the pure-quadrupole
interaction and the second-order magnetic hyperfine interaction (also known as the pseudo-
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Table 6.3: Spin Hamiltonian parameters measured by Wang [178].

δ1 (MHz)
δ2 (MHz)
D (MHz)
E (MHz)
γx (kHzG−1 )
γy (kHzG−1 )
γz (kHzG−1 )

Ground State (3 H4 )

Excited State (1 D2 )

33.33
41.86
11.36
2.776
13
1.6
30.3

6.41
8.32
2.24
0.520
–
–
–

quadrupole interaction):


E 0
0


Q =  0 −E 0  .
0
0 D
Z is the second-order Zeeman tensor given by:


Zx 0 0


Z =  0 Zy 0  .
0 0 Zz
An in-depth investigation into the hyperfine structure of Pr3+ :YAG was performed by Wang
[178]. Based on the spin Hamiltonian of the system and the measured hyperfine splittings,
he determined the values of the effective quadrupole tensor for both the ground and
excited states. Measurements were also performed using Raman heterodyne spectroscopy
on the 33.33 MHz ground-state hyperfine transition. By observing how the transition
energies varied with magnetic field, the values of the enhanced nuclear Zeeman tensor
were calculated. The known spin Hamiltonian parameters are summarized in Table 6.3.
To find an optical ZEFOZ transition in Pr3+ :YAG, knowledge of the entire spin Hamiltonian for both the ground and excited states is required. Therefore, the excited-state
enhanced nuclear Zeeman tensor needs to be measured. This can be done using Raman
heterodyne spectroscopy.

6.2.1

Raman Heterodyne Spectroscopy

Raman heterodyne spectroscopy is a radio-frequency-optical double resonance technique
that allows very accurate measurements of the hyperfine structure of certain rare-earth-ions.
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The technique was pioneered by Mlynek, Wong et al. when they used it to measure
the hyperfine splittings of the 3 H4 and 1 D2 levels in Pr3+ :LaF3 [209, 210]. The inhomogeneous linewidths of the hyperfine transitions were also measured in these experiments.
In principle Raman heterodyne spectroscopy is a relatively straightforward procedure.
Laser light (ωL ) is applied to the sample on resonance with the optical transition, while
a radio-frequency (RF) field is applied at ωRF (see Figure 6.4). If the applied RF field is
resonant with a hyperfine transition, the two input fields will combine to form a coherent
optical output field at ωL0 = ωL + ωRF . The output field forms a beat with the input field
at ωRF = |ωL0 − ωL |, which can then be detected.
By scanning the input RF field and measuring the size of the beat signal on the output
field, the frequencies of the hyperfine transitions can be determined. Figure 6.5 is an example of a Raman heterodyne spectrum. When performing Raman heterodyne spectroscopy
on Pr3+ :YAG, twenty-four peaks are expected in the spectrum (six sites × four transitions
between a pair of degenerate hyperfine levels). However, twenty-four peaks are not always
visible as the interaction with some sites is stronger, dependent on the relative orientation
of the crystal, laser and RF field.
The setup used for the Raman heterodyne spectroscopy experiments is shown in
Figure 6.6. A Coherent 699 dye laser with a linewidth of approximately 1 MHz drives
the optical transition in Pr3+ :YAG at 609.76 nm. The laser was set to continuously
scan over the inhomogeneous line (15 GHz in 0.25 s) to avoid problems with spectral hole burning. Three pairs of Helmholtz coils (XYZ coils) surrounding the sample
are used to apply DC magnetic fields of up to 200 G, with complete control over the
orientation of the field. The coils are powered by a computer-controlled current supply. A smaller coil surrounding the sample applies the RF magnetic field that drives
the hyperfine transitions. The coils and crystal are all sitting in a liquid helium cryostat at temperatures down to 1.4 K. The sample was immersed in liquid helium as
this gave the strongest Raman heterodyne signal (most likely due to the sample being colder). The signal was detected using a fibre-coupled detector (New Focus 1801FC).
For each DC magnetic field applied to the sample the spectrum analyser scans the RF
magnetic field over the range of frequencies where hyperfine transitions are expected. As
the RF is scanned the beat signal (ωRF = ωL0 − ωL ) is detected, and then processed by
the spectrum analyser, generating a spectrum such as Figure 6.5. The spectra are saved
on the computer, which applies a new DC field to the sample and the procedure begins
again.
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Figure 6.4: The energy levels involved in Raman heterodyne spectroscopy. When the applied
RF field is resonant with a hyperfine transition, the output Raman field (ωL0 ) forms a beat signal
with the input field (ωL ) at ωRF .
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Figure 6.5: Example Raman heterodyne spectrum centred on the 33.33 MHz ground-state
transition.
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Figure 6.6: Setup used in Raman heterodyne spectroscopy experiments. A 0.5% Pr3+ :YAG
crystal sits inside a RF coil (generates the RF magnetic fields) and is surrounded by three pairs
of Helmholtz coils (generates the DC magnetic field). Note that only one pair of Helmholtz
coils is shown. The crystal and coils are immersed in liquid helium, sitting in the cryostat
at ∼ 1.4 K. A computer-controlled current supply powers the Helmholtz coils. A scanning
spectrum analyser creates the RF signal that drives the RF coil.
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Measuring Spin Hamiltonian Parameters

The crystal used in the experiments was a 0.5% Pr3+ :YAG crystal with an unknown
orientation, grown at the Australian National University. The crystal was placed in
the cryostat so that the crystal faces are perpendicular to the axes of the Helmholtz
coils. Because the crystal orientation was unknown, Raman heterodyne spectroscopy was
performed on the 33.33 MHz ground-state transition (the same transition used by Wang
to measure the ground-state parameters). The measured Raman heterodyne spectra are
shown in Figure 6.7. Each plot corresponds to a series of spectra (each one similar to
Figure 6.5) laid side by side, each with a different DC magnetic field applied to the sample.
The magnetic field coils perform a rotation of 180◦ around the X-Z plane, 180◦ around
the X-Y plane, and 180◦ about the Y -Z plane (X, Y , Z directions are defined in terms of
the three sets of Helmholtz coils). A spectrum was recorded every 5◦ of rotation for a total
of thirty-seven spectra per plot. Notice that only eight of the twenty-four possible lines
have been fitted to. It was later determined that the laser was propagating approximately
along the [1,-1,0] direction; therefore, the interaction with sites 1 and 2 is stronger than
with the other four. In Figure 6.7 there are also lines present that have not been fitted to.
These are from the ground-state hyperfine transition centred at 41.86 MHz.
By inspection of the Raman heterodyne spectra, and comparing to those measured
by Wang [178], the orientation of the crystal is determined. The approximate orientation
is that the X-, Y -, Z-axes are aligned along the [1,-1,0], [1,1,1] and [1,1,-2] directions.
Because of imperfect alignment between the sample and the coil axes, an extra rotation is
applied to achieve a better fit. This extra rotation is defined as:




1
0
0
cosβ 0 −sinβ
cosγ sinγ 0




Rs = 0 cosα sinα   0
1
0  −sinγ cosγ 0 ,
0 −sinα cosα
sinβ 0 cosβ
0
0
1
corresponding to a rotation of γ about the Z-axis ([1,1,-2]), followed by a rotation of β
about the Y 0 -axis, followed by a rotation of α about the X 00 -axis. By varying these three
rotation angles the best fit to the data is achieved (see the coloured lines in Figure 6.7).
This gives α = 0◦ , β = 0◦ and γ = 4◦ .
Using a Hall probe, the current response of the three Helmholtz coils was measured.
When the magnetic field was applied to the sample, the current applied to each coil was
adjusted such that the magnitude of the field was always B0 = 148 G (±4 G due to
inaccuracies in the Hall probe). Thus, when fitting to the data small variations in B0 were
allowed, to account for the uncertainty in the magnetic field strength. The final fit used a
field of B0 = 152 G.
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Figure 6.7: Raman heterodyne spectra obtained for the ground-state hyperfine transition in
Pr3+ :YAG centred on 33.33 MHz. The x-axis corresponds to the orientation of the applied DC
magnetic field, y-axis the frequency of the applied RF, and the colour represents the intensity
of the beat signal. Solid lines are the fit to the data as described in the text. The spectra
correspond to the magnetic field being rotated about the; (a) X-Y plane, (b) Y -Z plane, and
(c) X-Z plane.
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Once the orientation of the crystal was known, it was possible to measure the hyperfine
parameters for the excited state. Raman heterodyne spectra were recorded for the 6.41 MHz
excited-state transition using the same methods as were used for the ground state. The
magnitude of the applied DC field was B0 = 68 ± 2 G for these measurements.
The excited-state transitions are much weaker than the ground-state transitions. This
made it difficult to record a series of spectra for the 6.41 MHz transition, and I was unable
to record acceptable spectra for the 8.32 MHz transition. This is the likely reason why the
enhanced nuclear Zeeman interaction has not been measured previously for the excited
state. To reduce background noise (predominantly leakage from amplification of the RF
signal applied to the sample) the detector and spectrum analyser were moved into another
room (the detector was fibre-coupled).
The spectra recorded for the 6.41 MHz transition are shown in Figure 6.8. Due to the
weakness of this transition, only four of the twenty-four possible lines were visible. Each
measured spectrum was inspected manually and the frequencies of the peaks corresponding
to transitions were selected. These frequencies are represented by the black crosses in
Figure 6.8.
A program was written in Matlab that varied γx , γy , γz , α, β and γ to minimize the
misfit between the measured data and the theoretical values (calculated from the spin
Hamiltonian). Initially the program was unable to find a satisfactory fit to the data. This is
because it was assumed that the axes of the combined quadrupole tensor are the same for
the ground and excited states, which is not necessarily true. Therefore, some flexibility
was introduced into the orientation of the combined quadrupole tensor. Due to the local
D2 symmetry of the praseodymium ions, the assumption was made that the axes of the
combined quadrupole tensor should lie along the three C2 -axes ([1,1,0], [1,-1,0], and [0, 0,
1] for site 1). The fitting program was run again for the other possible orientations, that is:
 


 
E 0
0
E 0
0
D 0
0

 
 

Q =  0 −E 0  ,  0 D 0  ,  0 E 0  .
0 0 −E
0 0 −E
0
0 D
The best fit was found for:


D 0
0


Qex =  0 E 0  ,
0 0 −E
and is represented by the coloured lines in Figure 6.8. The parameters of this fit are given
in Table 6.4.
When fitting to the Raman heterodyne data the second-order Zeeman term (B · Z · B)
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Figure 6.8: Raman heterodyne spectra obtained for the excited-state hyperfine transition in
Pr3+ :YAG centred on 6.41 MHz. The x-axis corresponds to the orientation of the applied DC
magnetic field, y-axis the frequency of the applied RF, and the colour represents the intensity
of the beat signal. Black crosses are the peaks selected from each individual spectrum. Solid
lines are the best fit to the crosses. The spectra correspond to the magnetic field being rotated
about the; (a) X-Y plane, (b) Y -Z plane, and (c) X-Z plane.
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Table 6.4: Parameters of the best fit to the data obtained for the 6.41 MHz excited-state
transition of Pr3+ :YAG.

Excited-State Parameter

Value

γx (kHzG−1 )
γy (kHzG−1 )
γz (kHzG−1 )
α
β
γ

1.39
1.68
1.62
-2.7◦
0.4◦
3.8◦

was excluded from the calculations. While this term adds a frequency shift dependent on
the magnitude of the applied magnetic field, the shift is constant for all hyperfine levels
of a particular state. Therefore, the frequency of the hyperfine transitions is independent
of this term. However, it is necessary to include the second-order Zeeman term when
calculating the relative frequencies of optical transitions.

6.2.3

Finding the ZEFOZ transitions

The motivation behind measuring the spin Hamiltonian parameters for Pr3+ :YAG is to find
an optical transition where there is zero first-order Zeeman shift. By finding a ZEFOZ
transition it should be possible to lengthen the optical coherence time from the measured
20 µs [204].
The coherence time is limited by the inequality (see Chapter 2.4):
T2 ≤ 2T1 .

(6.4)

Therefore, for Pr3+ :YAG the theoretical upper limit for the coherence time is 460 µs. If it
is assumed that broadening due to phonon scattering is frozen out at 1.4 K, then the reason
for the lower than expected coherence time is the interaction between the dopant ions and
nuclear spins in the host crystal. This effect will be dominated by the aluminium atoms,
as the nuclear magnetic moment of aluminium (3.64 [211]) is much larger than that of
yttrium (-0.137 [211]) and oxygen (0 [211]). By applying the correct magnetic field to the
sample, it should be possible to find a transition where the ion-spin interaction is negated.
Before calculating what magnetic field to apply to the sample, it is necessary to
calculate the components of the second-order Zeeman tensor, Z = gJ2 µ2B Λ (see Chapter
2.2). Λ is a tensor that describes the second-order interactions in the system, and is given
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by [103]:
Λαβ =

2J+1
X
n=1

h0| Jα |ni hn| Jβ |0i
En − E0

(6.5)

where |0i is the level of interest, |ni refers to the other crystal field levels, and E is the
energy of the level. Here the Λ tensor is calculated by subtracting the nuclear gyromagnetic
ratio (γN = 1.304 kHzG−1 for praseodymium) from its enhanced value (γα = γx , γy , γz ),
that is [103]:
(γα − γN ) ~
,
(6.6)
Λαα =
2gJ µB AJ
where gJ = 3/2 − [L(L + 1) − S(S + 1)]/2J(J + 1) is the Landé g value and µB is the
Bohr magneton. AJ is the magnetic hyperfine constant given by:
AJ = 2µB γN ~hr−3 ihJ||N ||Ji,

(6.7)

where hr−3 i is the expectation value of the inverse-cube electron-nuclear distance (hr−3 i =
5.0 × 10−3 a.u. for Pr3+ [110]) and:
hJ||N ||Ji =

1
[(L · J ) + ξ [L(L + 1)(S · J ) − 3(L · J )(L · S)]] ,
J(J + 1)

(6.8)

2`+1−4S
where ξ = S(2`−1)(2`+3)(2L−1)
. In this work the values of the magnetic hyperfine constant given in reference [110] are used. These were calculated from magnetic resonance
measurements on salts, but should also be applicable to crystalline hosts.

From equations (6.6) – (6.8) the parameters of the second-order Zeeman tensor are
calculated. These are summarized in Table 6.5.
When calculating Λ it was necessary to make certain assumptions about the sign of the
enhanced nuclear gyromagnetic ratios. Raman heterodyne spectroscopy only determines
the magnitude of the enhanced nuclear gyromagnetic ratios, as inverting the principle values
of the enhanced nuclear Zeeman tensor leaves the spectra unchanged. This effectively
means Λαα = k|γα − γN | (k = ~/2gJ µB AJ ), which has two solutions. For the excited
state the enhanced nuclear gyromagnetic ratios are approximately the same size as γN ;
therefore, either Λαα is small, or Λαα ' 2kγN . It is assumed that the former is more likely;
therefore, the sign of γα was chosen such that |γα − γN | < γα . The situation is different
for the ground state in that γx and γz are significantly larger than γN . In this case it is
difficult to make an assumption about the sign of γα ; however, either choice will result in
similar values of Λαα , that is, Λαα ' k|γα |. Here the sign of γα was again chosen such
that |γα − γN | < γα . It is thought that the resulting landscape of ZEFOZ transitions will
be similar for both choices of γα ; therefore, even with the wrong choice of γα , it should be
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Table 6.5: Components of the second-order Zeeman tensor in Pr3+ :YAG.

Ground State (3 H4 )

Excited State (1 D2 )

0.8
1.316
1093
7.61 × 10−10
1.92 × 10−11
1.89 × 10−9

1.0
1.000
831
5.88 × 10−12
2.57 × 10−11
2.23 × 10−11

gJ
hJ||N ||Ji
AJ (MHz) [110]
Λxx (kHz−1 )
Λyy (kHz−1 )
Λzz (kHz−1 )

possible to find the ZEFOZ transitions experimentally by tuning the magnetic field.
If the ZEFOZ transitions cannot be found experimentally there are two options. The
first is to calculate the ZEFOZ transitions for the alternative values of Λαα . The second,
better option would be to measure the second-order Zeeman tensor, and recalculate the
ZEFOZ transitions using this information. The second-order Zeeman tensor could be
measured by burning a spectral hole, then measuring the frequency shift of the hole when
a magnetic field is applied.
Now that the entire spin Hamiltonian is known, for both the ground and excited states,
the optical ZEFOZ transitions can be found. This is done by adopting a method similar
to Longdell et al. [59]. By searching over a three-dimensional grid of magnetic field
values, transitions are found with a gradient vector equal to zero. A three-dimensional
Newton-Raphson method is used to hone in on the zero points. The iteration:
Bnew = B −

v
,
2C

(6.9)

is used, where v and C are the Zeeman gradient and curvature tensors respectively:
∂
[ωp (B) − ωq (B)],
∂Bi

(6.10)

∂2
[ωp (B) − ωq (B)].
∂Bi ∂Bj

(6.11)

vipq (B) =

Cijpq (B) =

These are calculated using first- and second-order perturbation theory:
∂
ωp (B) = hφp (B)|ζij |φp (B)i,
∂Bi

(6.12)
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Table 6.6: Parameters of the ten ZEFOZ transitions in Pr3+ :YAG that have the lowest
curvatures.

Maximum
|B| (G)
Cuvature (HzG−2 )
10.59
11.70
12.15
13.10
13.39
14.88
16.13
19.24
21.25
22.02

743.4
342.7
341.0
456.5
460.4
1284
709.7
5050
98.7
635.5

Bx (G)

By (G)

Bz (G)

-503.4
342.7
-341.0
-456.5
460.4
-311.5
-398.2
-24.81
-1.485
-212.4

0
0
0
0
0
1102
0
5050
0
0

547.1
0
0
0
0
579.4
709.7
0
98.69
599.0

X hφp (B)|ζik |φq (B)ihφq (B)|ζjl |φp (B)i
∂2
,
ωp (B) =
∂Bi ∂Bj
ω
p (B) − ωq (B)
q6=p

(6.13)

where ζij = Zij Bj + Bi Zij + Mij Ij . The ZEFOZ transitions found for Pr3+ :YAG
are shown in Figure 6.9. A total of 122 ZEFOZ transitions were found with curvatures ranging from 101 to 105 HzG−2 . The magnitude of the required magnetic fields
ranges from 50 to 10000 G. The transition with the lowest curvature should result in
the largest increase in coherence time. This is because having a lower curvature means
the transition frequency is more resilient to small fluctuations in magnetic field. The
properties of the ten transitions with the lowest curvatures are summarized in Table
6.6.
I was unable to measure extended optical coherence times in Pr3+ :YAG. This is because
the coherence time is extremely dependent on the temperature of the sample. The value
of T2 = 20 µs was measured at 1.4 K [204]. At the University of Otago, experiments
are performed using closed-cycle cryostats, which have a minimum temperature of 2.7 K
(The Raman heterodyne experiments were performed at the Australian National University
using liquid helium cryostats, hence temperatures as low as 1.4 K were attainable). At
this temperature the coherence time was too short to measure using photon echoes, but
using spectral hole burning the homogeneous linewidth was measured as Γh = 18.1 MHz,
corresponding to T2 = 18 ns. The reason for the strong temperature dependence is that the
splitting between the first and second crystal-field levels in the excited state is 10 cm−1
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Figure 6.9: Magnitude of the applied magnetic field versus the maximum curvature of the
ZEFOZ transitions found for Pr3+ :YAG.
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[178, 212]. Therefore, at temperatures above 1.3 K (= ω~/k), phonon scattering becomes
the dominant source of dephasing in this system (see Chapter 2.4 for an explanation of this
process).

6.3

Er3+:Y2SiO5

Er3+ :Y2 SiO5 is an interesting material system for studying with respect to rare-earth-ion
doped quantum computing. This is because of two main reasons. Firstly, the 4 I15/2 – 4 I13/2
transition occurs at 1536 nm. This is important because it falls within the telecommunications C band (1530 – 1565 nm). For example, were a working quantum repeater to
be realized from Er3+ :Y2 SiO5 , existing telecommunications infrastructure could be used,
greatly reducing the cost of implementing a quantum network. Secondly, Er3+ :Y2 SiO5 has
one of the longest optical lifetimes (11.4 ms for site 1, 9.2 ms for site 2 [213]), and the
longest optical coherence time (4.38 ms [202]) of any solid-state system. This makes it an
ideal candidate for enabling long-term storage in a quantum memory.
Toward this aim, significant work has been undertaken measuring the properties of
Er3+ :Y2 SiO5 [27, 97, 202, 213, 214, 215, 216], and investigating its compatibility with
existing quantum memory protocols [56, 57, 217, 218]. Spectral hole-burning experiments
were performed by Hastings-Simon et al., measuring the population lifetime of Zeeman
levels in the ground state to be 130 ms [215]. Lauritzen et al. used controlled reversible
inhomogeneous broadening to demonstrate on-demand storage and retrieval of single photons at telecommunication wavelengths [56, 57]. Atomic frequency comb memories have
also been demonstrated, along with a combined AFC-CRIB scheme [57]. Spectroscopic
investigations were undertaken by Baldit et al. to identify Λ-systems in Er3+ :Y2 SiO5
[218]. One of the Λ-systems was then used to demonstrate electromagnetically induced
transparency.
Erbium has six stable isotopes of which only 167 Er has a non-zero value of nuclear
spin. This isotope is of particular interest as the non-zero nuclear spin results in energy
levels that exhibit hyperfine structure. 167 Er has a natural abundance of 22.95% [219] and
a nuclear spin of I = 72 . For the J = 15
ground and J = 13
excited states the crystal field
2
2
splits into eight and seven Kramers’ doublets respectively. At cryogenic temperatures only
the lowest crystal-field level is populated; therefore, the system can be approximated as
having spin S = 12 [97]. Each crystal-field level will split into a total of sixteen hyperfine
levels (two electronic spin states (mS = 21 , −1
) × eight nuclear spin states (mI = −7
– 72 )).
2
2
To describe the energy of the hyperfine levels, the spin Hamiltonian for Kramers’ ions
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(equation (2.11)) can be written in the form [97]:
Heff = µB B · g · S + I · A · S + I · Q · I − µn gn B · I,

(6.14)

where µB = 1.3994 MHzG−1 is the electronic bohr magneton, µn = 762.26 HzG−1 is the
nuclear magneton, gn is the nuclear g-factor = -0.1618 for Er3+ , and B is the external
static magnetic field applied to the sample. g, A, and Q are the g-factor matrix, matrix
of hyperfine parameters and the electric quadrupole matrix respectively. S and I are the
electronic spin and nuclear spin matrices. The first term describes the electronic Zeeman
interaction, the second term is the hyperfine coupling between the electrons and nucleus,
the third term is the nuclear electric quadrupole interaction, and the final term is the nuclear
Zeeman interaction.
Using electron paramagnetic resonance spectroscopy, g, A, and Q have been measured
by Guillot-Noël et al. for the 4 I15/2 ground state of sites 1 and 2 [97]. Sun et al. used
optical Zeeman spectroscopy to measure g for the ground and excited states of both sites
[216]. These two separate measurements of g for the ground state agree extremely well,
except for along the principle x-axis of site 1. This discrepancy is because the magnitude
of g in the x direction is significantly smaller than in the other directions; therefore, the
measurements are less sensitive to variation along this axis. For the calculations performed
in this work, the parameters measured by Guillot-Noël et al. [97] are used as they constitute
a complete measurement of the ground-state spin Hamiltonian. For site 1:



2.92 −3.08 −3.68


g1 = −3.08 8.19
5.96  ,
−3.68 5.96
5.52



69.35 −580.73 −248.83


A1 = −580.73 696.30
682.49  MHz,
−248.83 682.49
495.54



21.40 −8.18 −15.27


Q1 =  −8.18 3.79
0.60  MHz,
−15.27 0.60 −25.20
and for site 2:



14.75 −2.02 2.62


g2 = −2.02 1.89 −0.93 ,
2.62 −0.93 0.05

6.3 Er3+ :Y2 SiO5

119


−1521.40

A2 =  178.11
−141.76

−3.50

Q2 = −19.84
24.22


178.11 −141.76

172.09 212.54  MHz,
212.54 199.01

−19.84 24.22

50.40
6.73  MHz.
6.73 −46.90

The coordinates are defined in terms of the axes of the Y2 SiO5 crystal, that is, x = D1 -axis,
y = D2 -axis, z = b-axis.
Knowledge of the entire spin Hamiltonian allows the frequency of the hyperfine levels
to be calculated for any applied magnetic field. As an example, Figure 6.10 shows how
the ground-state hyperfine splittings change as a magnetic field is applied along the D1 axis of the crystal. Notice that the energy levels exhibit a large number of anticrossings;
therefore, ZEFOZ transitions should exist. At large applied fields the electronic Zeeman
interaction dominates and the system displays two distinct levels corresponding to the
two electronic states, each of which is split into eight hyperfine levels. The ground-state
zero-field splittings are calculated from the spin Hamiltonian and displayed in Table 6.7.
The total ground-state hyperfine splitting is 5496 MHz for site 1 and 5700 MHz for site 2.
The splittings in Table 6.7 agree with those calculated by Guillot-Noël et al. [214].

6.3.1

Finding the ZEFOZ transitions

The aim of this work is to find a ZEFOZ transition in Er3+ :Y2 SiO5 , with the intention
of extending the coherence time of a hyperfine transition. This should allow long-term
storage of quantum states for quantum computing applications.
Similar to the earlier work on Pr3+ :YAG, a three-dimensional Newton-Raphson method
is used to find the hyperfine ZEFOZ transitions in Er3+ :Y2 SiO5 . The gradient and curvature
are as defined in equations (6.10) – (6.13) except:
ζij = µB gij Sj − µn gn Ii .

(6.15)

Figure 6.11 is a plot of the absolute value of the applied magnetic field versus the maximum
value of the curvature for the identified ZEFOZ transitions. For site 1 a total of 102 ZEFOZ
transitions were found, with curvatures ranging from 101 to 108 HzG−2 and requiring
magnetic fields ranging from 0.1 to 100 kG. 635 ZEFOZ transitions were found for site 2,
with curvatures ranging from 10−2 to 108 HzG−2 . The required magnetic fields range from
0.01 to 100 kG. Fewer ZEFOZ transitions were identified for site 1. This is explained by
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Figure 6.10: Energy of the hyperfine levels as a magnetic field is applied along the D1 -axis
of the crystal for; (a) site 1, and (b) site 2. Note the different scales on the x-axes.
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Table 6.7: Ground-state hyperfine splittings for sites 1 and 2 of Er3+ :Y2 SiO5 , calculated
from the spin Hamiltonian. They agree with those calculated by Guillot-Noël et al. [214].

Site 1 (MHz)

Site 2 (MHz)

0.2
855.8
9.3
709.4
128.3
415.4
756.1
279.1
422.4
473.3
60.4
658.2
3.7
724.2
0.08

4.4
799.3
69.0
574.1
343.5
329.3
743.6
242.7
621.0
340.4
312.8
533.2
67.5
713.9
4.8

looking at the orientation of the principle axes of the g and A tensors. For site 1 these are
nearly coincident, which is not the case for site 2 (see reference [97]). Therefore, more
mixing occurs between terms in the spin Hamiltonian of site 2, resulting in more ZEFOZ
transitions.
The maximum curvature of the best site 2 ZEFOZ transitions, were three orders of
magnitude smaller than for those of site 1. Therefore, when experimentally trying to
measure extended coherence times it is sensible to focus on site 2, as the transition with
the lowest curvature should give the largest increase in coherence time. The properties of
the ZEFOZ transitions with the lowest maximum curvatures are listed in Table 6.8.
There are a number of technical challenges that require solving before long coherence
times can be measured in Er3+ :Y2 SiO5 . To drive the hyperfine transitions of interest,
AC magnetic fields on the order of a few GHz are required. A tuneable magnetic field
source will be more difficult to realize experimentally for microwave fields, than for the
radio-frequency fields typically used in praseodymium doped systems. A potential solution
to this problem is to use two lasers shifted in frequency to create the coherence between
hyperfine levels. Another issue is that the DC magnetic fields required are one to two
orders of magnitude larger than those required for Pr3+ :YAG. Producing magnetic fields
on the order of several Tesla that are fully adjustable in three dimensions will be difficult.
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Figure 6.11: Magnitude of the applied magnetic field versus the maximum curvature of the
ZEFOZ transitions found for; (a) site 1, and (b) site 2 of Er3+ :Y2 SiO5 .
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Table 6.8: Parameters of the ten ZEFOZ transitions that have the lowest curvatures for sites 1
and 2 in Er3+ :Y2 SiO5 .

Site 1
Maximum
Curvature (HzG−2 )

|B| (kG)

BD1 (kG)

BD2 (kG)

Bb (kG)

Transition
Frequency (GHz)

14.93
117.2
198.0
350.1
425.2
602.8
873.0
1193
1320
1429

28.00
48.35
34.38
18.72
15.56
12.38
0.4286
18.89
9.696
21.19

-16.25
29.06
20.88
11.43
9.426
7.597
0.2982
11.43
5.962
12.75

7.488
-14.36
-10.98
-6.064
-5.171
-4.075
-0.1297
-6.136
-3.207
-6.618

-21.54
35.88
25.00
13.53
11.24
8.896
0.2849
13.73
6.941
15.58

4.580
1.726
4.589
3.760
1.739
2.979
5.493
0.9057
2.233
4.768

Site 2
Maximum
Curvature (HzG−2 )

|B| (kG)

BD1 (kG)

BD2 (kG)

Bb (kG)

Transition
Frequency (GHz)

0.02419
0.03943
0.06781
0.2252
0.2402
0.2582
0.2800
0.6368
0.6429
0.7981

49.13
69.10
24.58
11.03
12.83
9.437
9.224
9.213
9.680
9.073

20.25
19.22
-16.02
-9.550
-10.43
5.513
5.067
5.995
6.292
2.442

23.92
25.74
-5.307
-5.486
-7.474
4.835
4.331
4.653
5.259
3.089

37.84
61.17
17.88
0.6598
0.1438
5.940
6.376
5.223
5.143
8.174

0.7929
1.557
0.8883
1.717
1.717
0.8303
0.8303
2.524
2.524
0.8097
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However, the field required for a particular ZEFOZ transition could be obtained by creating
a large field in one dimension and carefully aligning the crystal with respect to this field. A
smaller set of magnetic field coils (these could be outside the cryostat) could be used for
fine tuning of the field. Another challenge is finding a Λ-transition in Er3+ :Y2 SiO5 . This
is not straightforward as the energies of the excited-state hyperfine levels are unknown.
However, it has been shown that this problem is solvable by using spectral hole burning
[218].

6.3.2

Transition Strengths and Hyperfine State Mixing

More than 700 ZEFOZ transitions have been found in sites 1 and 2 of Er3+ :Y2 SiO5 ;
however, if the hyperfine transition strength is weak it will be difficult to create a Λ-system.
The orientation of the principle axes of the g, A, and Q tensors will be different for
the ground and excited states, meaning there should be some overlap between groundand excited-state levels, even if the transition is not “allowed” from the selection rules.
However, if the hyperfine transition is very weak, it is unlikely that an excited-state level
will exist that has significant overlap with both ground-state levels; thus, it will be difficult
to form a Λ-system where both optical transitions are strong enough to enable efficient
population transfer.
In general, if mI and mS are good quantum numbers, selection rules state that the only
allowed transitions are between levels with ∆mS = ±1 and ∆mI = 0 [97]. Based on this,
only 8 out of the 125 hyperfine transitions are technically allowed. However, the hyperfine
and quadrupole interactions cause mixing between levels with different values of mI and
mS (see equation (6.14)). Therefore, Sz and Iz are no longer good quantum numbers [220]
and all of the hyperfine transitions are allowed [218].
The strengths of the ZEFOZ transitions have been calculated using the probability
amplitude method [221]. It is assumed that the transition is being driven by an AC magnetic
field (BAC ) oscillating at ω (where ω is the transition frequency). This situation is described
by the interaction picture Hamiltonian:
H = H0 + HI ,

(6.16)

where H0 is the spin Hamiltonian of equation (6.14), and can be written as:
H0 = (|ai ha| + |bi hb|)H0 (|ai ha| + |bi hb|)
= ~ωa |ai ha| + ~ωb |bi hb| ,

(6.17)
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where ωa , ωb are the energies of the levels involved in the transition. HI represents the
interaction of the atoms with the field:
HI = BAC cos(ωt)[µB g · S + µn gn I]
= BAC cos(ωt)(|ai ha| + |bi hb|)[µB g · S + µn gn I](|ai ha| + |bi hb|)
= BAC cos(ωt)[ρaa |ai ha| + ρab |ai hb| + ρba |bi ha| + ρbb |bi hb|].

(6.18)

ρab = ha| µB g · S + µn gn I |bi is the magnetic dipole moment of the transition from |ai to
|bi.
As a measure of the transition strength, the magnitude of the magnetic dipole moment
for each ZEFOZ transition has been calculated for the driving AC field being applied
along the D1 -, D2 - and b-axes of the crystal (TD1 , TD2 , Tb = |ρab |). The strengths of the
transitions with lowest curvatures are shown in Table 6.9. Table 6.10 lists the properties of
the strongest transitions.
The ZEFOZ transitions with the lowest curvatures tend to have weaker transition
strengths than those with higher curvatures. However, by making a compromise between
curvature and transition strength, several transitions have been found that have the potential
to enable measurement of extended coherence times. Table 6.11 lists the properties of
transitions with curvatures ∼ 103 HzG−2 and transition strengths > 105 HzG−1 .

6.4

Conclusion

In this work the ZEFOZ transitions for optical transitions in Pr3+ :YAG and ground-state
hyperfine transitions in Er3+ :Y2 SiO5 were calculated.
In Pr3+ :YAG, the terms of the excited-state enhanced nuclear Zeeman tensor were
measured using Raman heterodyne spectroscopy. The second-order Zeeman tensor was
then calculated for the ground and excited states. Based on these parameters and those
measured by Wang, the location of the ZEFOZ transitions were determined. Unfortunately,
it was ascertained that the cryostats used at the University of Otago cannot reach low
enough temperatures to measure extended coherence times in this sample. However, were
experiments to be performed at temperatures ∼ 1.4 K, Pr3+ :YAG would be one of the best
options for achieving the strong-coupling regime of cavity QED.
In Er3+ :Y2 SiO5 the location of ZEFOZ transitions for both sites were calculated, based
on the spin Hamiltonian parameters measured by Guillot-Noël et al. Transitions were found
for site 2 that have very low curvatures; therefore, it should be possible to significantly
lengthen the hyperfine coherence time. The strength of the hyperfine transitions was
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calculated, and it was determined that ZEFOZ transitions exist that simultaneously have
relatively low curvatures and reasonably high transition strengths.

6.4 Conclusion

127

Table 6.9: Transitions strengths (T) of the ten ZEFOZ transitions that have the lowest
curvatures for sites 1 and 2 in Er3+ :Y2 SiO5 . The levels are labelled 1 - 16, from lowest to
highest frequency as depicted in Figure 6.10.

Site 1
Level 1

Level 2

Maximum
Curvature (HzG−2 )

TD1
(HzG−1 )

TD2
(HzG−1 )

Tb
(HzG−1 )

Average T
(HzG−1 )

9
6
9
9
6
9
2
7
9
2

15
8
15
14
8
13
16
8
12
14

14.93
117.2
198.0
350.1
425.2
602.8
873.0
1193
1320
1429

0.6289
3654
15.74
227.1
1.993×104
1807
932.5
2.214×105
5610
1682

0.6004
1.114×104
18.35
306.4
4.447×104
3446
963.8
4.023×104
9345
2461

0.7304
7340
20.43
314.4
3.501×104
2889
1026
1.651×105
3568
2408

0.6532
7376
18.17
282.6
3.313×104
2714
974.2
1.423×105
6174
2184

Site 2
Level 1

Level 2

Maximum
Curvature (HzG−2 )

TD1
(HzG−1 )

TD2
(HzG−1 )

Tb
(HzG−1 )

Average T
(HzG−1 )

9
9
7
6
14
14
6
5
13
13

10
11
8
8
16
15
7
8
16
14

0.02419
0.03943
0.06781
0.2252
0.2402
0.2582
0.2800
0.6368
0.6429
0.7981

296.6
71.31
2216
126.8
293.9
521.1
1016
46.75
41.06
7410

438.5
52.64
1651
303.2
310.9
2530
3098
15.32
36.49
3857

642.8
79.22
1459
284.4
325.2
2755
2697
15.17
36.97
3878

459.3
67.72
1775
238.1
310.0
1935
2270
25.75
38.17
5048
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Table 6.10: Parameters of the ten ZEFOZ transitions that have the highest transition strengths
(T) for sites 1 and 2 in Er3+ :Y2 SiO5 . The levels are labelled 1 - 16, from lowest to highest
frequency as depicted in Figure 6.10.

Site 1
Level 1

Level 2

Maximum
Curvature (HzG−2 )

TD1
(HzG−1 )

TD2
(HzG−1 )

Tb
(HzG−1 )

Average T
(HzG−1 )

10
10
7
6
7
7
7
6
6
5

11
11
12
11
12
11
11
10
10
10

3.865×104
4.174×105
9.592×105
7.706×105
9.480×105
1.367×105
1.997×105
1.486×106
1.553×106
5.674×106

1.801×106
1.469×106
1.514×106
1.078×106
1.094×106
7.833×105
7.745×105
7.626×105
7.656×105
4.750×105

3.580×106
2.798×106
2.595×106
1.913×106
1.800×106
1.791×106
1.777×106
1.770×106
1.375×106
1.180×106

2.978×106
2.378×106
2.328×106
1.597×106
1.645×106
1.392×106
1.379×106
1.352×106
1.127×106
8.637×105

2.786×106
2.215×106
2.146×106
1.529×106
1.513×106
1.322×106
1.310×106
1.295×106
1.089×106
8.397×105

Site 2
Level 1

Level 2

Maximum
Curvature (HzG−2 )

TD1
(HzG−1 )

TD2
(HzG−1 )

Tb
(HzG−1 )

Average T
(HzG−1 )

3
4
13
5
11
4
6
9
12
12

4
5
14
6
12
5
8
11
13
13

2.118×106
3.679×106
2.077×106
3.912×105
3.498×105
1.471×106
8.796×105
6.258×105
7.546×105
5.782×106

8.344×106
8.338×106
8.323×106
8.011×106
7.786×106
7.162×106
6.386×106
6.397×106
6.307×106
6.215×106

1.269×106
1.267×106
1.259×106
1.250×106
1.195×106
1.092×106
1.102×106
1.071×106
9.900×105
9.391×105

1.496×106
1.492×106
1.486×106
1.443×106
1.398×106
1.284×106
1.162×106
1.167×106
1.143×106
1.119×106

3.703×106
3.699×106
3.689×106
3.568×106
3.460×106
3.179×106
2.883×106
2.878×106
2.813×106
2.758×106

Level 1

7
10
7
11
12
5
6
6
12

Site

1
2
2
2
2
2
2
2
2

8
11
8
12
13
6
7
7
13

Level 2

1193
225.7
392.7
1153
1458
1615
1790
1805
1812

Maximum
Curvature
(HzG−2 )
11.43
-7.992
-13.30
-1.029
-2.264
0.5843
-0.5366
-0.2467
-0.7285

BD1 (kG)
-6.136
3.529
9.169
-4.825
-6.259
4.024
0.2861
-0.7551
0.09411

BD2 (kG)
13.73
43.36
88.78
0.2901
6.567
1.173
2.748
1.411
4.776

Bb (kG)
18.89
44.23
90.23
4.942
9.350
4.232
2.815
1.619
4.832

|B| (kG)

TD2
(HzG−1 )
4.023×104
5.885×104
3.269×104
1.566×105
7.271×104
2.122×105
4.197×105
7.334×105
6.095×105

TD1
(HzG−1 )
2.214×105
3.504×105
2.376×105
8.602×105
4.144×105
1.256×106
2.724×106
4.826×106
4.170×106

1.651×105
6.858×104
3.930×104
1.495×105
7.273×104
2.161×105
4.716×105
8.561×105
7.249×105

Tb
(HzG−1 )

1.423×105
1.593×105
1.032×105
3.888×105
1.866×105
5.614×105
1.205×106
2.138×106
1.835×106

Average T
(HzG−1 )

905.7
408.0
239.8
324.0
105.9
322.2
183.8
465.2
417.9

Transition
Frequency
(MHz)

Table 6.11: ZEFOZ transitions in Er3+ :Y2 SiO5 where a compromise has been made between transition strength and maximum curvature. The
levels are labelled 1 - 16, from lowest to highest frequency as depicted in Figure 6.10.
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Chapter 7
Low-Noise Photon Echo Quantum
Memory
7.1

Introduction

Techniques based on photon echoes have long been investigated for use in classical signal
processing [222]. Two- and three-pulse photon echoes are well suited for creating a
classical memory due to the ease of implementation, and because they are inherently
multi-modal [16]. In particular, because of their long storage times, rare-earth-ion doped
crystals lend themselves nicely to memory protocols based on photon echoes.
The two- and three-pulse photon echo are described in Chapter 2.5. In these echo
techniques the rephasing of the atomic coherences is performed by applying strong optical
pulses to the sample. It is desirable to use two- or three-pulse echo techniques as quantum
memories; however, it has been shown that this is not possible due to the population
inversion that results from the rephasing pulses. The population inversion causes the
medium to become amplifying, which can result in echo efficiencies that are greater than
one. Another issue is the population inversion causes amplified spontaneous emission.
This produces noise that reduces the storage fidelity. Thus, the two- and three-pulse photon
echo cannot be used for quantum storage [126, 127, 128].
Until now, there have been two photon echo techniques that have been used as quantum
memories in rare-earth-ion doped crystals; controlled reversible inhomogeneous broadening, and atomic frequency combs. These techniques are described in Chapter 2.6. The
disadvantage of both of these protocols is that they require spectral hole burning. This
limits the material systems that they can be used with. For example, in Er3+ :Y2 SiO5 (a system which is very desirable for telecommunications applications), the memory efficiency
using these protocols is limited due to a lack of an efficient hole-burning mechanism [56].
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Relying on spectral hole burning also limits the available bandwidth of the memory to the
hyperfine splitting of the system, which in rare-earth-ions tends to be less than 100 MHz.
Here a technique based on the two-pulse photon echo is proposed that removes the
need for spectral hole burning. In the hybrid photon echo rephasing (HYPER) protocol,
an electric field gradient is applied to the sample during the echo sequence to spectrally
broaden the ensemble whilst it is in the excited state. This removes the problem of
amplified spontaneous emission and the associated noise. The broadening can be rephased
by applying a second electric field gradient, allowing an echo to form. The name hybrid
photon echo rephasing arises from the fact it combines the optical pulse sequences of the
2PE with the external broadening fields of CRIB.
Recently, another photon echo quantum memory technique has been proposed, based
on the HYPER protocol [223]. The revival of silenced echo technique utilizes spatial phase
mismatching to prevent rephasing. This proposal is appealing in that it is all-optical; thus,
the rephasing does not require external broadening fields.
The work described in this chapter is part of a collaborative effort between researchers
at the University of Otago under the supervision of Jevon Longdell, and the Australian
National University under the supervision of Matthew Sellars. The theoretical description
of the HYPER protocol was derived by Patrick Ledingham and William Naylor. The initial
experimental demonstration of the technique, as well as an investigation into properties
of the echo was performed by myself. Finally an investigation into the noise associated
with the echo was done by Sarah Beavan. As such, the focus of this chapter is on the
experimental work; however, a description of the theory and noise measurements is
provided for completeness.

7.2

Creating a Low-Noise Photon Echo

The HYPER protocol can be thought of as two 2PE sequences, where the first echo is used
as the input to the second echo sequence. During this sequence, electric field gradients
are applied at appropriate times to suppress the output of the first echo, thus reducing the
amount of time the ions spend in the excited state and the problems associated with this.
The sequence of pulses used to create the hybrid photon echo (HPE) is shown in Figure
7.1.
One or more input pulses are applied to the sample at t1 , followed by a π-pulse at
t2 . This is the standard 2PE sequence and would usually result in an echo being formed
at t3 = 2t2 − t1 . However, an external broadening field in the form of an electric field
gradient, is applied to the sample between t1 and t2 . This applied field adds an extra
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π pulse

π pulse

Intensity

Laser field
Electric field

Input
pulse

t1
Region 1

HPE
2PE
t2

t3
Region 2

t4

t5 Time
Region 3

Figure 7.1: Sequence of pulses used to create a hybrid photon echo. The dashed line represents
where the 2PE would form if no electric field was applied to the sample.

detuning of ζz (ζ is the electric field strength) to the phase of the ions via the linear Stark
effect. This prevents rephasing and suppresses the formation of the echo at t3 . Thus, the
interaction between the light and atoms is effectively turned off whilst the atoms are in the
excited state.
At a time t4 , a second π-pulse is applied to the sample. Were no broadening fields
present this would just be a second 2PE sequence with the input pulse being the echo
formed at t3 , thus an echo of the echo would be expected to form at t5 = 2t4 − t3 . However,
as no echo has been formed at t3 , can an output still be expected at t5 ? By applying a
second external field gradient between t2 and t4 , the extra detuning caused by the first
external field can be reversed. Therefore, at t5 the phase of the ions will realign, resulting
in the formation of a HPE. Because the echo is formed with the medium close to the ground
state, the amplification and noise problems associated with operating near the excited state
should not be present.

7.3

Theoretical Description

The theoretical description of the HYPER technique is based on that developed by Ledingham et al. to describe amplified spontaneous emission [127]. The quantum Maxwell-Bloch
equations are used to describe an inhomogeneously broadened set of two-level atoms
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interacting with a one-dimensional field. These are [127]:
∂
iα
a(z, t) =
∂z
2π

∞

Z

σ− (z, t, ∆)d∆,

(7.1)

−∞

∂
σ− (z, t, ∆) = i∆σ− (z, t, ∆) − ia(z, t)σz (z, t, ∆),
∂t

(7.2)

∂
σz (z, t, ∆) = ia(z, t)σ− (z, t, ∆) − ia† (z, t)σ+ (z, t, ∆),
∂t

(7.3)

where σ− , σ+ , σz are the quantum atomic spin operators and a, a† are the quantum optical
field operators. α is the optical depth, ∆ is the detuning from resonance and z is the
distance along the direction of propagation.
The fully quantized Maxwell-Bloch equations are generally difficult to solve analytically; however, by making appropriate approximations the semi-classical Maxwell-Bloch
equations can be used, simplifying the situation. For this work it is assumed that the
input pulse is weak when compared to a π-pulse. In this case the atomic operators can be
approximated as a harmonic oscillator field, that is, σ− → D. It is also assumed that the
pulses used for rephasing are all perfect π-pulses. The Maxwell-Bloch equations in region
1 of Figure 7.1, before the Stark shifting field is applied, are:
∂
iα
a1 (z, t) =
∂z
2π

Z

∞

D1 (z, t, ∆)d∆,

(7.4)

∂
D1 (z, t, ∆) = i∆D1 (z, t, ∆) + ia1 .
∂t

(7.5)

−∞

The subscript 1 indicates that the operators are associated with region 1. Similar sets of
equations are used to describe the evolution of the operators in regions 2 and 3. The state
of the atoms and the optical field are calculated by propagating through the three time
regions (see reference [98]), finally arriving at the solution for the output optical field in
region 3. When the Stark fields in regions 1 and 2 are balanced, that is, the product of
the field amplitude with the length of time the field is on are the same in each region, the
solution is:
0

1
1
1 − e(α−iζ (t−t4 ))z
a3 (z, t) = b3 (0, t)e− 2 αz + b†2 (0, 2t4 − t)e− 2 αz
α − iζ 0 (t − t4 )
"
0
e2iζ (t−t4 )z − 1
− 21 αz
2
− b1 (0, t − 2t4 + 2t2 )e
αz + α
2iζ 0 (t − t4 )(α − iζ 0 (t − t4 ))
!#
0
e(α+iζ (t−t4 ))z − 1
−
,
(7.6)
|α + iζ 0 (t − t4 )|2
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where:
z

Z

1

0

e 2 αz D1 (z 0 , t)dz 0 ,

b1 (0, t) = a1 (0, t) + iα

(7.7)

0

Z
b2 (0, t) = a2 (0, t) + iα

z

1

0

0

e−( 2 α+i(ζδt−ζ (t+t2 )))z D1† (z 0 , t − 2t2 )dz 0 ,

(7.8)

0
z

Z

1

0

e 2 αz D1 (z 0 , t − 2t4 + 2t2 )dz 0 .

b3 (0, t) = a3 (0, t) + iα

(7.9)

0

ζ is the intensity of the initial Stark broadening field (on for time δt), ζ 0 is the intensity
of the second field, and D1 (z, t) is the Fourier transformed atomic field operator, that is,
D1 (z, t) ≡ F −1 [D1 (z, t = 0, ω)].
In the limit where the Stark shift is large, equation (7.6) reduces to:
1

1

a3 (z, t) = a3 (0, t)e− 2 αz − a1 (0, t − 2t4 + 2t2 )αze− 2 αz


Z z
1
0
− 12 αz
αz
0
0
+ i α(1 − αz)e
e 2 D1 (z , t − 2t4 + 2t2 )dz ,

(7.10)

0

The above equation has three terms. The first term describes the optical vacuum input,
which decays as it propagates through the crystal, at a rate given by the optical depth. The
second term is the HPE that forms at t5 . The HPE efficiency is given by ηHPE = (αL)2 e−αL ,
which has a maximum of 54% at αL = 2 (see Figure 7.2). The third term in equation
(7.10) describes the atomic degrees of freedom.
Equation (7.10) shows that in time region 3 there is no contribution from region 2.
These contributions have been eliminated by the application of the external broadening
field. By taking the limit of large Stark shift, the atomic and optical fields in region 2 have
effectively been decoupled. Therefore, the collective light-matter interaction in time region
2 has been “switched-off”, hence the noise on the output field is reduced.

7.4

Experimental Setup

The experimental setup is shown in Figure 7.3. A Coherent 699 dye laser with a linewidth
of less than 5 kHz was used to drive the 3 H4 – 1 D2 transition in Pr3+ :Y2 SiO5 at 605.977 nm.
The crystal used in the experiments has a Pr3+ concentration of 0.02% and dimensions of
5 × 5 × 5 mm. The laser propagates along the crystal b-axis and is linearly polarized along
the D2 -axis.
The crystal is mounted between four copper electrodes in a quadrupole arrangement
(see Figure 7.4). This generates an electric field gradient along the direction of laser
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Figure 7.2: Theoretical efficiency of the HPE as the optical depth is varied. The maximum
efficiency of 54% occurs at an optical depth of 2.

propagation. The magnitude of this gradient could be varied by applying a different voltage
to the electrodes. The electric field gradient was modelled using the finite element analysis
program QuickField (see Figures 7.5 and 7.6). Figure 7.6(b) shows that the field gradient
is approximately linear over the length of the crystal. For the majority of experiments,
9 V was applied to electrodes E2 and E4, whilst E1 and E3 were grounded. The resulting
electric field gradient ranges from +15 Vcm−1 to −15 Vcm−1 over the optical path length,
with the field directed parallel to the b-axis of the crystal. The Stark shift in Pr3+ :Y2 SiO5
was measured by Graf et al. as 110 kHz/Vcm−1 [224]. Thus, the ions will have maximum
detunings of approximately ±1.7 MHz. The entire sample/electrode setup is mounted
inside a vibration-isolated, closed-cycle cryostat (manufactured by S2 Corporation) and
cooled to 3.1 K.
Two acousto-optic modulators (AOMs) gate the laser beam that passes through the
sample to create the pulses used in the echo sequence. The AOMs also create a 10 MHz
frequency shift relative to the local oscillator (LO) beam, which enables heterodyne
detection of the in-phase and in-quadrature components of the light exiting the crystal.
These two components are mixed down to DC, then combined in phase to give the intensity
of the echo signal. The laser power is 7 mW in the probe beam and 200 µW in the LO
beam.
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λ/2
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λ/2

Dye Laser

AOM 1
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AOM 2
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Figure 7.3: Experimental setup. PBS - polarizing beam splitter, NPBS - non-polarizing
beam splitter, AOM - acousto-optic modulator. A third AOM was used (not shown) to provide
the frequency shifts required to optically repump the praeseodymium ions (see Appendix A
for more details). The 0.02% Pr3+ :Y2 SiO5 crystal is mounted between four electrodes in a
quadrupolar arrangement that are used to apply electric field gradients to the sample. The echo
signal is measured using phase-sensitive heterodyne detection.
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Figure 7.4: Photos of the experimental setup that goes inside the cryostat. (a) Front view. (b)
Side view. The crystal sits in the centre of the four electrodes.
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Figure 7.5: Finite element modelling showing the magnitude of the electric field generated
by the electrodes. E2 and E4 have +9 V applied to them, E1 and E3 are grounded. The sample
was modelled as having a relative permittivity of εr ' n2 = 3.24.
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Figure 7.6: Results of finite element modelling of the electric field generated by the electrodes.
(a) The x component of the electric field inside the crystal. The y component of the field is
zero if the laser beam propagates through the centre of the crystal. (b) Plot showing how the x
component of the electric field varies as the laser beam propagates through the crystal. Note
the field gradient is approximately linear throughout the crystal. In this model E2 and E4 have
+9 V applied to them, E1 and E3 are grounded. The crystal was modelled as having a relative
permittivity of εr ' n2 = 3.24.
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Experimental Demonstration of HYPER

Figure 7.7 demonstrates the sequence of pulses used to create a HPE, both with the electric
field gradient off and on. The input pulse has a Gaussian lineshape with a full width at half
maximum (FWHM) of 1.8 µs. The transmitted portion of the input pulse is shown at (i) in
Figure 7.7. With no external broadening field applied the first π-pulse (ii) causes a 2PE
(iii) as expected. The second π-pulse (iv) rephases the 2PE to form the HPE at (vi). Note
that an echo is also formed at (v). This is a three-pulse photon echo caused by the input
and the two π-pulses. The two π-pulses were deliberately placed asymmetrically about the
2PE, so that the 3PE is separated in time from the HPE.
Figure 7.7(b) shows the sequence of pulses that results when the electric broadening
field is applied to the sample. The initial field is created by applying 9 V to the electrodes
for 10 µs. The second time the applied field is on for 57.6 µs; therefore, the amplitude
is reduced to 1.56 V to balance the fields in both time regions. Applying the electric
broadening field causes the intensity of the 2PE to be reduced by more than 99% through
the mechanism explained earlier. The 3PE also experiences a large reduction in intensity,
which can be explained using similar reasoning. The HPE is still formed, although the
intensity is reduced by around 50%. This reduction in efficiency is likely due to imperfect
balancing of the broadening fields applied before and after the initial π-pulse.
Figure 7.8 plots the intensity of the 2PE as the strength of the broadening field is
increased. Notice that the size of the echo oscillates as the field is increased. The physical
explanation of this oscillation is as follows. The electric field varies linearly along the
laser propagation axis. This results in a top-hat distribution of frequency shifts. Therefore,
the phase shifts of the ions will also have a top-hat distribution as the 2PE forms. Fourier
transforming a top-hat distribution gives a sinc-squared behaviour in the energy of the 2PE,
as seen in Figure 7.8. This phenomenon is analogous to the diffraction pattern caused by a
single slit.
An investigation was performed into how the efficiency of the protocol scales with
optical depth (see Figure 7.9). Optical repumping was used to controllably alter the
optical depth of the sample from 0 to 2.6 (see Appendix A for an explanation of how
this repumping was performed). When measuring echo efficiencies, the HYPER pulse
sequence is first run with the laser moved off resonance with respect to the ions. This
calibrates the intensity of the input pulse.
The maximum efficiency of the 2PE occurs at an optical depth of 1.5, whilst the
maximum efficiency of the HPE is at an optical depth of 1.2. This is independent of
whether the electric field gradient is on or off. When 9 V is applied to the electrodes, the
efficiency of the 2PE reduces from 40% to less than 0.3%.
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Figure 7.7: Experimental demonstration of a hybrid photon echo. (a) Pulse sequence without
the broadening field. (b) Pulse sequence with the broadening field applied to the sample. The
applied electric field gradient is shown in red. Note that in these plots the two π-pulses saturate
the detector.
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Figure 7.8: 2PE energy versus the magnitude of the electric field gradient applied to the
sample. A physical explanation of the exhibited sinc-squared behaviour is given in the text.

In this work, there was a significant effort toward increasing the 2PE efficiency. The
efficiency of the HPE is always less than the 2PE; therefore, having a low 2PE efficiency
causes the HPE efficiency to be extremely low. To increase the efficiency, the temporal
shape of the input pulse was changed from rectangular to Gaussian shaped. In addition,
the length and intensity of the input pulse were altered in an attempt to match that of the
output echo. Thus, the efficiency of the 2PE was increased from less than 1%, to greater
than 40%.
To test the linearity of the protocol, and to determine its efficiency, the area of the input
and output pulses was compared (see Figure 7.10). For these measurements, the length of
the input pulse was kept constant (FWHM = 1.8 µs), whilst the intensity was varied (by
altering the amount of radio-frequency power applied to AOM2). For this experiment the
optical depth was set to 1 and 9 V was applied to the electrodes. Figure 7.10 demonstrates
that there is a linear relationship between the areas of the input and output pulses if the
input pulse is small compared to a π-pulse. For input pulses with areas approaching π this
relationship flattens off.
Two-pulse photon echoes were used to calibrate the input pulse area. A 2PE sequence
was run (using rectangular pulses), with the length of the second pulse being twice the
length of the first. The length of the input pulses were varied simultaneously, and it was
assumed that the pulses that created the largest echo had areas of π/2 and π.
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Figure 7.9: Efficiency of the 2PE and HPE as the optical depth is varied. (a) Zero applied
electric field. (b) 9 V applied to the electrodes.
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Figure 7.10: Area of the HPE as the area of the input pulse is varied. For these measurements
9 V was applied to the electrodes.

7.6

Measuring the Noise

The great promise of the HYPER protocol was that it would be of low noise. Therefore,
measurements of the noise were made to determine whether this is in fact true. To measure
the noise properties two π-pulses were applied to the sample, both with and without the
electric field applied (no input pulse is applied).
For the noise measurements, a 0.005% Pr3+ :Y2 SiO5 sample was used with dimensions
4 × 4 × 20 mm (D1 × D2 × b). The initial field is produced by applying 100 V to the
electrodes, resulting in an electric field gradient varying from +30 Vcm−1 to −30 Vcm−1 .
The second time the electric field is applied to the crystal, the voltage applied to the
electrodes is reduced to 37.5 V, giving a net Stark shift of zero over the pulse sequence.
For these measurements, a second detector was added at the second output of the nonpolarizing beam splitter. The signal measured at the two detectors was subtracted, thus
balanced heterodyne detection was used.
To calculate the noise, 30000 shots were taken of each pulse sequence. The variance
of the field amplitude over all shots was calculated, giving a measure of the average field
intensity. The shot-noise level was measured, and the data was normalized with respect to
this.
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Figure 7.11: Noise level at the heterodyne beat frequency (6 MHz) with no applied electric
field (green), and with the field applied (black). Also shown is the shot-noise level (red), and
the voltage applied to the electrodes (blue). π-pulses are applied at 0 and 42.7 µs. This data
was taken at an optical depth of 0.15.

The results of noise measurements taken at an optical depth of 0.15 are shown in
Figure 7.11. When the external broadening field is applied, the noise is greatly reduced in the region between the two π-pulses. The noise in this region is reduced by
approximately two orders of magnitude, and approaches a level close to that of the
shot-noise. However, in the time region after the second π-pulse the results are not
as ideal and there is only a small reduction in noise. The likely reason why a similar
noise reduction is not observed after the second π-pulse is that the π-pulses are nonperfect.
The reduction in noise results from three mechanisms. Firstly, the gain feature created
by the first π-pulse is broadened by the field. Therefore, the ion density in the original
frequency region is reduced, decreasing amplified spontaneous emission. The second
reason is that the absorption is increased because ground-state ions are Stark-shifted into
the detection frequency window. The third reason is that the applied field reduces the size
of the free induction decay (FID) that results from imperfect π-pulses interacting with
structure on the inhomogeneous line. This last effect causes the most significant reduction
in noise.

7.7

Discussion

The HYPER protocol, as demonstrated here, is not suitable for use as a quantum memory.
This is because at present it has low efficiency and there is still significant noise on the

146

7. Low-Noise Photon Echo Quantum Memory

output.
To increase the efficiency of the protocol it is necessary to have more precise control
of the external broadening field, and the ability to create perfect π-pulses. The problem
with using Gaussian beams with photon echo protocols is they have a non-uniform spatial
intensity profile; therefore, the area of the pulses will vary throughout the crystal. To
create good π-pulses, a beam with a top-hat intensity profile is required. This can be
achieved using diffractive optics. Another method is to use a large probe beam with a
small local oscillator beam. In this case, the local oscillator will detect only the centre of
the rephasing pulses, which will have an approximately flat intensity distribution [225].
Investigations have also been performed to improve the efficacy of π-pulses by pulse
shaping in the time domain. Rectangular pulses [226], chirped pulses [227, 228] and
complex hyperbolic pulses [39, 229] have all been analysed for improving population
transfer.
Whilst the technique has shown the ability to greatly reduce the noise between the
two π-pulses, in the output region the noise still exists. Unfortunately, it is precisely
this output region where it is necessary to have low noise. The main reason for the
noise is the imperfect π-pulses. The interaction of these with the structure in the inhomogeneous line causes noisy, random FIDs. Whilst the HYPER protocol should
be effective at removing amplified spontaneous emission noise, it is not expected to
affect the noise from FIDs. The reason the FID noise is reduced in the region between the two π-pulses is that the noise is broadened by the presence of the electric
field. In material systems like Pr3+ :Y2 SiO5 it is difficult to remove the problem of
FIDs, as the spectral hole lifetime is very long and the π-pulses would need to be
more perfect than experimentally possible. One potential solution is to use a fourlevel echo scheme [230]. By transferring the coherence to a different transition, the
echo comes out as a different frequency to the input, thereby removing the problem
of FIDs. However, this scheme introduces extra complications, such as the need to
rephase the spin coherences. Another solution is to use a system where the spectral
hole lifetime is short, for example, Tm3+ :YAG. By performing experiments on timescales longer than the spectral hole lifetime, the problem of FIDs can be removed
[225].
The theoretical analysis of the protocol calculates the maximum efficiency of the
memory to be 54%. However, the scheme could be modified to use counter-propagating
π-pulses, causing the echo to be emitted in the reverse direction. In this case the echo
efficiency becomes ηHPE = (1 − e−αL )2 [98]. Thus, by using a sufficiently optically thick
sample, efficiencies of 100% should be attainable.

7.8 Conclusion
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Conclusion

A new technique has been proposed to create a photon echo based quantum memory, using
optical pulses to carry out the rephasing. The HYPER protocol uses external broadening
fields to introduce an extra detuning to the phase of the ions, thus reducing the time they
spend in the excited state. This removes the problem of amplified spontaneous emission
noise.
An initial demonstration of the protocol has been performed, and measurements have
been made to determine the noise. The application of an electric field gradient proved to
be effective at suppressing the excited state echo. It also reduced the noise in the region
between the π-pulses to near the shot-noise level.
In the experiments, there were problems with the echoes having low efficiency, and
the noise reduction on the output is far from ideal. It was determined that the dominant
source of the noise was from random FIDs, not amplified spontaneous emission. Both
the problems of low efficiency and the FID noise can be solved by using more accurate
π-pulses. With some work this should be experimentally achievable.

Chapter 8
Conclusions
In this thesis, new technologies have been investigated for quantum computing using rareearth-ion doped crystals. The major focus has been on using crystalline whispering-gallery
mode resonators to achieve the strong-coupling regime of cavity QED with rare-earth-ions.
A theoretical analysis of the strong-coupling regime has been performed and specifically applied to rare-earth-ion doped WGM resonators. It has been shown, that due to the
weak oscillator strengths of the rare-earth-ions the good-cavity strong-coupling regime
will be difficult to attain; however, it should be possible to achieve the bad-cavity strongcoupling regime. Simulations have been performed, and it has been determined that the
desired applications of this system, reversible transfer of quantum states and single-dopant
detection, are possible in the bad-cavity regime.
As a first step toward achieving the strong-coupling regime with rare-earth-ions, an
experimental investigation was undertaken to measure the properties of millimetre-sized
WGM resonators created from Pr3+ :Y2 SiO5 . The coherence time, population lifetime and
spectral hole lifetime were measured for ions coupled to a resonator mode, and these show
good agreement with the properties of the ions in a bulk crystal. A small difference in
coherence time was measured, which was attributed to an increase in temperature. The
atom-cavity coupling was measured using photon echoes, and by modelling the optical
bistability and normal-mode splitting exhibited by the cavity modes. This was compared to
the theoretical value calculated from the mode volume of the resonator and the transition
dipole moment of the ions. There was excellent agreement between the three values. By
measuring the cavity QED parameters of the system, it was determined that resonators
with higher quality factors and smaller mode volumes will be required to achieve the
strong-coupling regime.
Work was undertaken to find transitions with zero first-order Zeeman shift, both optically in Pr3+ :YAG, and on spin transitions in Er3+ :Y2 SiO5 . Excited-state spin Hamiltonian
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parameters were measured for Pr3+ :YAG using Raman heterodyne spectroscopy. From
these results, the ZEFOZ transitions were calculated in an attempt to lengthen the optical
coherence time. It was desired to use Pr3+ :YAG for cavity QED experiments due to its high
oscillator strength; however, it was discovered that it only has good coherence properties at
temperatures below what is accessible by our cryostats. The hyperfine ZEFOZ transitions
were calculated for both sites of Er3+ :Y2 SiO5 in an attempt to enable long-term storage at
telecommunications wavelengths. Hundreds of transitions were found, but long hyperfine
coherence times still need to be demonstrated experimentally.
Finally, experiments were undertaken to measure the properties of a new photon echo
based quantum memory technique that utilizes optical rephasing. It was shown that the
hybrid photon echo rephasing protocol successfully stores information, without the noise
caused by amplified spontaneous emission. The efficiency of the demonstrated memory
was low, and there were problems with noise caused by free induction decay. It was
postulated that both of these problems are solvable by creating better π-pulses.

8.1

Is the Strong-Coupling Regime Achievable with RareEarth-Ion Dopants?

For the resonators used in the experiments of Chapter 5, a five orders of magnitude
improvement in the cavity QED parameters was required to achieve the strong-coupling
regime. There are three ways to improve these parameters; increasing the resonator quality
factor, decreasing the resonator mode volume, and choosing a more suitable material
system.
Experiments were performed with resonators that had quality factors of approximately
2 × 106 ; however, quality factors up to 2 × 108 were observed. Thus, a decrease in the
cavity decay rate of at least two orders of magnitude is easily achievable. As mentioned in
Chapter 3.4, the bulk losses in Y2 SiO5 at 606 nm were measured by Goto et al. to be at
most 7 × 10−2 m−1 [43]. Based on this measurement, the maximum achievable quality
factor is 2.7 × 108 . However, the absorption of many crystalline materials is lower in the
infra-red [147, 163], meaning that even higher quality factors should be possible when
using erbium (λ ∼ 1530 nm) or neodymium (λ ∼ 880 nm) doped crystals.
Millimetre-sized resonators were used in this thesis, as these are the easiest to manufacture. The unfortunate result of this is the resonators have relatively large mode volumes.
Using single-point diamond turning it is possible to make crystalline resonators with radii
as small as 40 µm, and still have high quality factors [87]. Based on this, single-point
diamond turning should enable a reduction in mode volume of three orders of magnitude.
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If small enough resonators cannot be created using single-point diamond turning,
investigation into techniques based on etching and lithography will be required. Recently,
very small crystalline WGM resonators (R ' 2 µm) have been created using these
techniques [231, 232]. The quality factors are low (∼ 104 ); however, this is the first attempt
at creating such resonators, and there is much room for improvement. At present, the
quality factor is likely limited by radiative losses. Consequently, increasing the resonator
size to R ' 5 µm could significantly improve the situation. This provides another avenue
of investigation for rare-earth-ion doped resonator systems.
Finally, Pr3+ :Y2 SiO5 is not the best material for using when trying to achieve the
strong-coupling regime, as was shown in Chapter 4.4. For example, the quality factor
required to achieve the strong-coupling regime with a resonator made from Er3+ :Y2 SiO5 is
one order of magnitude lower than that of the same sized resonator made from Pr3+ :Y2 SiO5 .
Initially, it was planned to use Pr3+ :YAG for the cavity QED experiments as theoretically
it has better parameters than Pr3+ :Y2 SiO5 , and the available lasers and other laboratory
equipment were designed to operate at around 600 nm. However, after Pr3+ :YAG was
determined to be unusable (due to the temperature issues described in Chapter 6), it was
decided to use a material that has well-understood properties at our operating temperatures.
Hence, Pr3+ :Y2 SiO5 was used for the experiments.
Whilst at present achieving strong-coupling with rare-earth-ion doped WGM resonators
is far from a reality, there is room for improvement in all areas. As such, I am convinced
that with significant time and effort it will be possible to achieve the strong-coupling
regime.

8.2

Future Work

There are several avenues for continuing the research performed in this thesis, most of
which concern improving the cavity QED parameters of the resonators.
It is important to work on creating smaller resonators, as it has been determined that the
present resonators are too large to achieve the strong-coupling regime. The logical next step
for achieving this is to use single-point diamond turning. A single-point diamond turning
machine has recently been purchased at the Australian National University, and in the near
future we will have the opportunity to use this for making resonators. Experimentation
will be required to create small resonators, as single-point diamond turning has never
before been performed on materials such as Y2 SiO5 . It will also be useful to determine the
minimum size of resonators that can be made using this method.
There is still research that can be done using millimetre-sized resonators. It would be
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useful to know exactly the bulk material absorption in Y2 SiO5 , and what the absolute limit
on quality factor is. Thus, more effort is required in polishing and cleaning to achieve the
highest possible quality factor. By measuring the quality factor at different wavelengths,
and using expressions from Chapter 3.4, it will be possible to determine what is limiting
the resonator’s quality factor.
Theory suggests that Er3+ :Y2 SiO5 is the best material for achieving the strong-coupling
regime. To confirm this, cavity QED parameters of an Er3+ :Y2 SiO5 resonator should be
measured. Initial investigations using Er3+ :Y2 SiO5 could be performed using millimetresized resonators. It would also be worth investigating resonators made from Nd3+ :YVO4
and Tm3+ :LiNbO3 .
Recently, a collaborative effort has begun with the Coherent Manipulation and Quantum
Information group at the University of Paris XI toward extending hyperfine coherence
times in Er3+ :Y2 SiO5 . They have the required laser systems to address Er3+ :Y2 SiO5 and
the ability to create magnetic fields up to 2 T. This field is only adjustable in the D1-D2
plane, not all three dimensions as desired. Fortunately, a low-curvature ZEFOZ transition
exists with 99% of the required magnetic field in this plane. A sample of isotopically pure
167 3+
Er :Y2 SiO5 has been obtained for use in the experiments. The remaining experimental
challenges are creating a Λ-system in Er3+ :Y2 SiO5 , and producing the microwave field
needed to drive the spin transitions, at cryogenic temperatures. Creating a Λ-system is
difficult because the excited-state hyperfine splittings are unknown; however, this has
recently been achieved [218]. It may be possible to create the microwave field using a λ/4
antenna close to the sample, although the best option is probably to use two lasers and
manipulate the spin coherences optically.
As discussed in Chapter 7, to create a working quantum memory using the HYPER
protocol the efficiency needs to be increased, and the FID noise needs to be decreased.
Both of these problems can be solved by creating perfect π-pulses. Toward this aim, work
needs to be done looking at beam shaping to create a top-hat beam profile. Alternative
level/material systems need to be investigated to reduce the noise from random FIDs. If the
noise can be reduced, the next step is to demonstrate that multiple qubits can be stored at
the single-photon level. A further extension to this work would be introducing spin-wave
storage into the scheme to increase storage times.

8.3

Final Thoughts

Rare-earth-ion doped crystals are a promising option for realizing a working quantum
computer. They are a solid-state system with naturally long coherence/storage times. High-
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efficiency, high-bandwidth, multi-mode quantum memories are possible, and quantum
computing at telecommunications wavelengths is feasible using erbium doped systems.
The rare-earth-ions do however have their disadvantages. One disadvantage for using
rare-earth-ions as qubits is the poor cyclicity of the transitions. This means a limited
number of measurements can be made on a particular ion before it is transferred to an
undesired hyperfine state, and thus is no longer a two-level system. However, this problem
is solvable, as radio-frequency or optical repumping could be used to return the ion to
the desired state. The other disadvantage is that cryogenic temperatures are required
for the rare-earth-ions to have good coherence properties. Recent work in developing
low-vibration, pulse-tube cryocoolers and helium reliquifier cryostats has reduced the
significance of this issue. Moreover, were a quantum computer to be realized using
rare-earth-ions, advances in cryocooler technology would follow.
At present, progress in rare-earth-ion quantum computing is limited by the small
number of researchers working in the field. A significant amount of new research is
required to develop a working quantum computer. In particular, new material systems need
to be investigated, and new micro/nanotechnology specifically related to rare-earth-ions
needs to be developed, for example, rare-earth-ion doped thin films, waveguides and
resonators. This new technology is required for integration into systems on a chip, and for
scalability in quantum computing.
The future of quantum computing with rare-earth-ions looks encouraging. Exciting
new developments are occurring all of the time, and perhaps, in the not too distant future
we will see a real world implementation of quantum computing utilizing rare-earth-ion
doped crystals.

Appendix A
Repumping Techniques
When performing photon echo experiments, it is necessary to have the ions in the same
initial state each time the experiment is repeated. Otherwise, a different result will be
obtained for each experimental repetition. Because of the long lifetimes of the ground-state
hyperfine levels, this is a non-trivial problem in Pr3+ :Y2 SiO5 . In any experiment involving
excitation a proportion of the ions will not return to the initial state, many will go to a
different hyperfine level upon emission. In Pr3+ :Y2 SiO5 the lifetime of these levels can be
greater than 100 s [114]; therefore, to obtain repeatable results it would be necessary to
wait for a time longer than this between trials. This is impractical for obtaining large data
sets. However, by using spectral hole burning it is possible to tailor the absorption profile
of the ions. This enables the creation of a system that always begins in the same initial
state, and furthermore, allows customization of the optical depth.
The problem of isolating individual hyperfine transitions using spectral hole burning
has been studied extensively by Nilsson et al. in Eu3+ :Y2 SiO5 [37] and Pr3+ :Y2 SiO5
[5]. The echo experiments performed in this thesis utilized a repumping scheme based
on their work. This was particularly necessary for the HYPER experiments of Chapter
7, as accurate manipulation of the optical depth was required. For consistency of results,
repumping was also used in the resonator photon echo experiments of Chapter 5.
The energy level structure of Pr3+ :Y2 SiO5 is shown in Figure A.1, demonstrating the
transitions that are manipulated. The probe transition is between the ±3/2 level of the
1
D2 excited state and the ±3/2 level of the 3 H4 ground state. Repumping occurs on the
transitions between ±5/2 – ±1/2 and ±1/2 – ±5/2. When deciding what transitions
to manipulate, the choice of excited-state level is not overly important as long as each
ground-state hyperfine level is driven. Here the frequencies of the repumping transitions
were chosen to be as close to the probe frequency as possible, to minimize losses from the
acousto-optic modulators that created the frequency shifts. This gives ν1 = ν0 +δe1 −δg1 =
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Figure A.1: Hyperfine structure of the 3 H4 and 1 D2 levels of Pr3+ :Y2 SiO5 showing the probe
transition (blue) and the repumping transitions (green).

ν0 − 5.35 MHz and ν2 = ν0 − δe2 + δg2 = ν0 + 12.71 MHz.
The sequence of pulses used for repumping is as follows:
1. The laser is swept from ν0 − 25 MHz to ν0 + 25 MHz, causing a random rearrangement of the atomic population (Figure A.2(a)). This step is repeated 300 times to ensure
that there is an even distribution of population amongst all of the ground-state levels, thus
creating an initial state that is equivalent for repeated experiments.
2. Laser pulses are applied at ν0 , ν1 , and ν2 . Each laser pulse is scanned 2.5 MHz over
its central frequency in 50 µs. The sequence of three pulses is repeated 300 times. This
removes all of the ions for which ν0 is not the ±3/2 – ±3/2 transition (Figure A.2(b)).
3. 300 laser pulses are applied at ν0 . Again the laser pulses are scanned 2.5 MHz over
the centre frequency in 50 µs. This pumps all of the ions from the ±3/2 ground state
to one of the other hyperfine levels (Figure A.2(c)). This step is required to prepare the
ensemble with a low optical depth.
4. Laser pulses are applied at ν1 and ν2 . The laser is scanned 1 MHz in 5 µs for each
pulse. This returns a number of atoms to the ±3/2 ground state (Figure A.2(d)). The
number of pulse pairs is varied from 1 to 500 depending on the desired optical depth.
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Figure A.2: Repumping in Pr3+ :Y2 SiO5 . The blue arrow corresponds to probing the transition
at ν0 , whilst the green arrows correspond to repumping at ν1 and ν2 . Refer to the text for
an explanation of the steps in the repumping sequence. Note that this is a rather simplistic
diagram used to impart an understanding of the mechanism behind the repumping. In reality, a
more complex spectrum of holes and anti-holes will be formed; however, this will not affect
the spectral feature formed at ν0 .

Appendix B
Mode Matching to WGM Resonances
In Chapter 3.6, coupling of a laser beam to a WGM resonator using a high refractive index
prism was discussed. It was determined that to have efficient coupling the beam size is
critical, and it is necessary to have a waist at the face of the coupling prism. Therefore, it
is important to choose a correct combination of lenses to shape the beam and fulfil these
conditions.
As explained in Chapter 3.6, the angular size of the ideal coupling beam is related to
the dimensions of the resonator:
p
p
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The size of the beam waist is calculated from the angular size:
ωz =

2λ
,
π∆Θ

(B.2)

with ωx being calculated similarly by substituting ∆Φ for ∆Θ.
As an example, take the dimensions of a Pr3+ :Y2 SiO5 resonator that was used in
the photon echo experiments. The dimensions of this resonator are Rx = 1.95 mm,
Rz = 0.98 mm. From equations (B.1) the optimal angular size of the coupling beam is
calculated as ∆Θ = 8.28 × 10−3 , ∆Φ = 7.034 × 10−3 . The corresponding beam waists
are ωz = 46.6 µm, ωx = 54.8 µm (from equation (B.2)). This means that an elliptical
beam is required to obtain 100% coupling, which can be achieved using cylindrical lenses.
However, because the ellipticity of the required beam is small, it was decided to use a
circular Gaussian beam for coupling as this simplifies the experimental implementation.
The average waist is used as the size of the coupling beam, in this case ω3 = 50.7 µm.
A setup consisting of two convex lenses is used to manipulate the beam size, as shown
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in Figure B.1. d1 is the distance between the initial beam waist and the first lens, d2 is the
distance between the two lenses, and d3 is the distance between the second lens and the
final beam waist. f1 , f2 are the focal lengths of the two lenses. ω1 , ω2 , ω3 are the sizes of
the initial waist, the waist between the two lenses, and the final waist respectively.
The propagation of a Gaussian beam through the system described above is modelled
using ray transfer matrices. See reference [233] for an overview of this topic. The ray
transfer matrix for free space propagation is:
"

# "
#
A B
1 d
=
,
C D
0 1

and for propagation through a lens:
"

#
# "
1 0
A B
.
=
− f1 1
C D

The matrix that describes the propagation of a beam through the entire system is obtained
by multiplying the matrices of the individual elements. In this case:
"

# "
#"
#"
#"
#"
#
1 0 1 d2
1 0 1 d1
A B
1 d3
=
− f12 1 0 1
− f11 1 0 1
C D
0 1



d +d ξ 3
d +d ξ 3
ξ23 − 3 f12 2 d3 + d2 ξ23 + d1 ξ23 − 3 f12 2
 2

,
=  ξ2
ξ
− f21 − f12
ξ22 − d1 f21 + f12

(B.3)



where ξ23 = 1 − df23 , etc. To calculate the physical properties of the beam, such as the
beam size and location of the waist, the complex beam parameter (q) is used. This is given
by [233]:
1
1
λ
= − i 2,
(B.4)
q
R
πω
where R is the curvature of the beam. At a waist the complex beam parameter reduces to:
q0 = i

πω02
.
λ

(B.5)

The beam parameter after propagation through an optical system (qf ) is related to the
initial state (qi ) [234]:
Aqi + B
qf =
,
(B.6)
Cqi + D
where A, B, C, D are the elements of the ray transfer matrix.
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Figure B.1: Propagation of a Gaussian beam through a system of two lenses with f1 = 50 mm
and f2 = 120 mm. The initial beam waist has a size of 245 µm, which results in a beam waist
of 50.7 µm being formed 289 mm after the second lens.
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To calculate what arrangement of lenses should be used to obtain good mode matching,
a function was written in Matlab that takes ω1 , ω3 , d1 , f1 , and f2 as inputs. The beam is
propagated through the system, calculating the distances, d2 and d3 , that give the desired
waist size (ω3 ).
The waist of the initial beam is measured using a beam profilometer to be 245 µm, and
is situated 190 mm before the first lens (d1 ). Using lenses with focal lengths, f1 = 50 mm
and f2 = 120 mm, gives d2 = 258 mm and d3 = 289 mm. This propagation is modelled
in Figure B.1.
The lenses were specifically chosen to make the distance after the second lens (d3 ) long.
There are two reasons for this. Firstly, it is desirable to have all of the lenses and mirrors
outside the cryostat as this increases the simplicity of the experimental setup. This requires
d3 to be greater than 100 mm. Secondly, it is preferable to have two mirrors between the
second lens and the cryostat. This provides a large degree of flexibility in steering the laser
beam, which simplifies the coupling process.
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