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Abstract

This thesis explores the use of cryogenic rare earth ion doped solids
for applications in quantum information science. A theoretical analysis
of optically rephased memory protocols, namely the two pulse photon
echo, is developed. This analysis is a fully quantum mechanical analysis.
The two pulse photon echo suffers from collective amplified spontaneous
emission in the output mode due to gain along the direction of propagation. This noise can be ‘rephased’ with a π pulse, much like a two pulse
photon echo, resulting in time separated nonclassical correlations. This
thesis aims to characterize this noise and experimentally realize these
nonclassical correlations.
A theoretical analysis is presented for a hybrid photon echo rephasing
protocol. The protocol uses strong optical rephasing pulses as well as
external electric fields to rephase coherence in a two level ensemble of
atoms. The Stark effect is utilized to reduce the collective spontaneous
emission caused by inversion. We find that the protocol is noise free and
has a theoretical maximum efficiency of 54% in the forward direction
and 100% in the backward direction.
The necessary task of laser frequency stabilization is presented in this
thesis. The laser is locked using electronic and optical feedback, named
the ‘hybrid’ lock. A theoretical analysis is presented as well as experimental results. The laser locking was sufficient for phase stable photon
echo experiments to be conducted.
Three experiments are presented in this thesis. The first experiment
involved the characterization of the detection mode and the two pulse
photon echo. Benchmark values are given to the photon echo efficiency,
echo lifetime and Rabi frequency.
The second experiment is the characterization of the amplified spontaneous emission from inverting a two level ensemble of cryogenic rare

earth ions doped in a solid. These experiments were conducted on different optical depths on the inhomogeneous line of Tm3+ :YAG. We find
that indeed there is phase independent noise after the inversion with a
bandwidth given by the Fourier width of the inverting pulse. It was seen
that the noise measured increased exponentially with the optical depth,
as expected from the theoretical analysis.
The third experiment was the measurement of rephased amplified spontaneous emission and the nonclassical time separated correlation between
the noise and the rephased noise. As outlined by the theory, the amplified
spontaneous emission can be rephased with a π pulse. This experiment is
implemented on different optical depths on the inhomogeneously broadened line of Tm3+ :YAG. For optical depths of 0.25 and greater, it was
seen that the correlations were classical. For an optical depth of 0.046,
the correlation was seen to violate the inseparability criterion. This violation of the criterion means that the ASE and RASE fields can not be
described as a separable state. This correlation measurement was made
with a confidence interval of 95.15%.
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Chapter 1
Introduction
Entanglement is a key resource in quantum information science. The motivation of
the research in this thesis starts with the desire to create entanglement over large
distances in order to extent the range of quantum networks [9]. The concept of
entanglement came from Einstein’s dissatisfaction of the Copenhagen interpretation
of quantum mechanics. In the famous paper by EPR [10], a source produces a pair of
particles, A and B, in a quantum state, and then the particles move apart. Strong
correlations exist between the position and momentum of the separated particles
such that a measurement of the position of particle A, allows the prediction of the
position of particle B, with certainty due to the correlation they share regardless of
spatial separation. This is the key feature of entanglement motivating much research
toward exploiting entanglement to be utilized for communication.
To achieve entanglement over large distances the quantum repeater was proposed
[11]. This proposal draws similarities with quantum teleportation [12, 13], a protocol
that exploits entanglement allowing the teleportation of a photon with an unknown
state from one location to a spatially different location. For a quantum repeater,
two entangled pairs are probabilistically created, for example, particles 1 and 2 (3
and 4) are entangled. The particles are distributed spatially such that particles
1 and 4 are located at remote locations A and C separated a distance L, whereas
particles 2 and 3 are located at location B, a distance L/2 from both A and C. A Bell
measurement [12] on particles 2 and 3 projects particles 1 and 4 into an entangled
state. This process is know as entanglement swapping. The quantum repeater
requires a quantum memory for light, as entanglement creation is probabilistic.
For example, the entanglement in particles 1 and 2 can be stored with quantum
memories, while the creation of entanglement takes place for particles 3 and 4. This
1
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fact further narrows the motivation: We need a quantum memory for light.
One form of optical data storage is the well known photon echo memory based on
optically rephasing of atomic coherence [14, 15]. Such memories have the capability
to store large amounts of information at high bandwidth for long storage times,
properties which make the photon echo a good candidate for a quantum memory for
light. The question that motivates the entirety of this research is: Can an optically
rephased photon echo based memory be a quantum memory for light?

1.1

Outline of this Thesis

This thesis consists of two parts. The first part contains background information
on fields relevant to the research presented in this thesis. The first part of Chapter
2 details the optical properties of rare earth ion doped inorganic crystals, while the
second part considers the coherent interaction between light and the atomic system
with emphasis on techniques for the optical rephasing of atomic coherence. Chapter
3 contains a review of the quantum memory for light, in particular the techniques of
controlled reversible inhomogeneous broadening (CRIB) and atomic frequency comb
(AFC) that have recently seen an increased implementation in rare earth ion doped
systems.
The second part of this thesis contains the theoretical and experimental work
conducted throughout the duration of this Ph.D. research. The first research goal
was to develop an analytical description of the quantum two pulse photon echo
(2PE) allowing an investigation of the suitability of the 2PE as a quantum memory
for light. This is presented in Chapter 4 as well as the new theory of creating time
separated entangled photons using these optical rephasing techniques, which has
been published in Paper I. Also detailed in this chapter is the analytical description
of the hybrid photon echo rephasing (HYPER) protocol for a quantum memory for
light, which is to be published in Paper IV.
Chapter 5 contains the details of the novel hybrid electronic and optical laser
locking system developed for the experiments in Chapters 6, 7 and 8, which is to
be published in Paper V. Also in this chapter are the details of the noise detection
system.
The second research goal was to characterize the quantum noise in the 2PE.
Chapter 6 outlines the experimental techniques used for the quantum noise measurements. Experiments of this nature were carried out in cryogenically cooled
Tm3+ :YAG, and are presented in Chapter 7. The third research goal was to exper2
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imentally realize time separated entangled photon streams, a scheme theoretically
proposed in Chapter 4. The experiments are carried out on the inhomogeneously
broadened two level system of cryogenically cooled Tm3+ :YAG. The results are presented in Chapter 8 which are to be published in Paper VI.
Finally, the thesis finishes with a summary of the results achieved. The future
of the RASE protocol is discussed.

3
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Chapter 2
Rare Earth Ion Doped Media and
Optical Rephasing
This chapter is in two parts. The first part describes the atomic system used to
perform quantum information processing experiments, namely rare earth ion doped
systems. As we will see, these systems offer properties desirable for classical and
quantum information processing. The second part of this chapter describes techniques that probe this type of system. Such techniques include spectral hole burning
and photon echo phenomena using optical rephasing.

2.1

Rare Earth Ion Doped Media

Rare earth ions doped into solid state hosts have been studied extensively and have
many optical applications. These include phosphors for lighting, solid state lasers
[16], optical amplification waveguides in glasses [17] and polymers [18] and relevant
to this thesis, classical information processing [15]. In this section we discuss rare
earth ion doped media in the context of quantum information storage.

Chemical Properties
The rare earth series of elements (Table 2.1), often referred to as the Lanthanide
series, are characterized by partially filled 4f orbitals inside filled 5s and 5p orbitals.
Due to the strong spin-orbit coupling of the 4f electrons, it is energetically favourable
to defer the filling of the 4f orbital and fill the 6s, 5s and 5p orbitals first, as these
electrons have lower spin orbit coupling energies. Figure 2.1 shows that the 4f
orbitals are spatially located inside the 5s and 5p orbitals.
5
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Z
Name

57
La

58
Ce

59
Pr

60
Nd

61
Pm

62
Sm

63
Eu

64
Gd

65
Tb

66
Dy

67
Ho

68
Er

69
Tm

70
Yb

Table 2.1: The Lanthanide series. The series are the elements including and between
lanthanum (Z = 57) and ytterbium (Z = 70), although this is not necessarily the
common point of view. It is noted that promethium (Pm) is artificially prepared.
The rare earth of which experiments are conducted in this thesis is thulium (Tm).

An interesting chemical feature of rare earth ions is that the ionic radii decreases
as the 4f orbital is filled. This effect, known as the lanthanide contraction, arises
due to the poor screening by the 4f electrons of the positively charged nucleus.
As mentioned earlier, rare earths can be doped into different hosts for the implementation of different optical applications. Here we consider the case of trivalent
rare earth ions doped in inorganic crystal hosts, for example yttrium due to its
similar size. Typical doping levels are of the order of 0.1% resulting in a small
perturbation of the host crystal lattice.

Figure 2.1: A theoretical prediction of the radial distribution functions of the orbitals
of the rare earth ion Gd+ , illustrating that the 4f orbital lies spatially within the 5s
and 5p. Figure taken from [19].

6
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Optical Properties
This section presents the interesting properties of the interaction of light with cryogenically cooled rare earth ion solids. This field of physics is well established with
extensive investigations presented by A. A. Kaplyanskii and R. M. Macfarlane in
[20] and G. Liu and Y. C. Sun in [16].
The optical properties of trivalent rare earth ions are primarily due to transitions
between 4f N states (see Chapter 1 of [16]). The level structure of rare earth ions
doped in a solid host is similar to the free ion case. This is due to the fact that
the transitions are shielded by filled outer orbitals, as explained in the previous
section. When the host material is optically inactive, the system can be described
as a frozen gas of ions, in the sense that it is like the free ion case with the exception
that the ions have a fixed spatial position. One exception to this interpretation
is the presence of inhomogeneous broadening [21] which is the broadening of the
individual ions of homogeneous spectral width.
As there are many elements in the lanthanide series, different metals give rise to
different transition wavelengths ranging from the visible to the infrared. In the context of quantum information processing, experiments focus on the use of europium
(Eu), Praseodymium (Pr) , thulium (Tm), neodymium (Nd), and erbium (Er) as the
dopants for often yttrium orthosilicate (YSiO), yttrium aluminium garnet (YAG)
or lithium niobate (LiNbO). These metals have transition wavelengths of 580nm,
606nm, 793nm, 880nm and 1532nm respectively. The laser stabilization and RASE
experiments in this thesis were conducted on thulium doped yttrium aluminium
garnet (Tm3+ :YAG) at 0.1% doping. Results presented on the HYPER protocol
were conducted in praseodymium doped yttrium orthosilicate (Pr3+ :Y2 SiO5 ).
Energy Levels
As mentioned earlier, the optical transitions are shielded by full outer shells giving
rise to ‘free ion’ type spectroscopy. For a free ion in a coulombic potential the
states are degenerate. These degenerate states are split due to the strong spin-orbit
interaction, giving rise to J-manifolds of states. This splitting gives rise to the
optical transitions. It is noted that the effect of the host on these transitions is
small and is generally treated as a perturbation. The energy levels for trivalent rare
earth ions embedded in lanthanum trichloride are shown in Figure 2.2. The energy
levels are similar for other hosts, since they are mostly determined by the strong
spin-orbit interaction, rather than the crystal field interaction.
7
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Figure 2.2: The Dieke diagram as seen in [22], showing the energy levels of trivalent
rare earths.
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The crystal field interaction splits the J-manifolds into at most 2J + 1 levels
with separation ranging from 10 - 100cm−1 . It is noted that J are approximately
good quantum numbers and the labeling of states is that of the free ion states (e.g.
3
H4 , 3 H6 ). The higher energy ‘2J + 1’ levels of the manifold usually relax rapidly
thorough phonon emission thus we restrict ourselves to transitions of the lowest level
of the ground state to the lowest level of an optically excited state. These ‘lowest to
lowest’ transitions are referred to as zero-phonon lines as absorption and emission of
phonons are not involved in these type of transitions. The transition we use in the
RASE experiments described in this thesis is the 3 H6 ↔3 H4 in Tm with wavelength
793nm.
Depending on the number of 4f electrons, even or odd, the rare earth ions
form what are referred to as the non-Kramers or Kramers ions, respectively [23].
For Kramers ions, due to the unpaired electron, the state levels form a Kramers
doublet with a magnetic moment of the order of the Bohr magneton. For nonKramers ions, with even numbers of electrons, the levels are electronic singlets and
the angular momentum is said to be ‘quenched’ by the crystal field, having zero
angular momentum. An important exception to this is if the ions are located at
sites with axial or higher symmetry, in which case non-Kramers doublets can occur,
due to the non-zero angular momentum around the symmetry axis. These types
of ions experience large first order Zeeman and hyperfine interactions with short
dephasing times. For thulium, the number of electrons are even and the electronic
levels are singlets thus no first-order interactions.
For rare earths with a nuclear spin of greater than 21 , the levels are split into
hyperfine levels by second-order hyperfine and quadrupole interactions. For the
case of Pr which has a nuclear spin of 52 , the hyperfine splittings are on the order of
10MHz for the ground state and 5MHz for the excited state in zero field [16]. For
thulium, there is no zero field hyperfine structure due to the nuclear spin being 12 .

Homogeneous Broadening
The homogeneous linewidth Γh is the spectral linewidth of which an individual ion
will absorb or emit light. The effect of shielding the 4f electrons minimizes the
effect of broadening by phonons, resulting in very narrow ‘lowest to lowest’ widths.
The broadening of an ion’s resonance is due to dynamic processes and relaxation,
and is the same for all ions. The linewidth is related to the coherence time as
Γh = 1/(πT2 ), where T2 is the coherence time. This width is temperature depen9
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dent as thermal broadening (coupling to phonons) dominates at high temperatures.
For liquid helium temperatures, i.e. ∼ 3K, contributions from phonon absorption
and emission are negligible. For crystalline hosts, this results in linewidths on the
order of a few kHz. When the dephasing processes have been minimized, linewidths
approaching 122Hz have been reported for Eu3+ :Y2 SiO5 [24] and 50Hz reported with
Er3+ :Y2 SiO5 [25].
In addition to phonon coupling, there are other mechanisms that can increase
the homogeneous linewidth. One such process arises from fluctuating fields due to
spin flips in neighbouring atoms. With this in mind, one wants to thus embed the
rare earth ion in a host with low nuclear magnetic moments to minimize this effect.
Silicates are an example of a host with low nuclear magnetic moment. Also, these
fluctuations can be prevented with the application of an external magnetic field
[26, 27]. This is an effective method, in particular, for ions with an odd number of
4f electrons [28] as the Kramers ions have short dephasing times due to magnetic
interactions, as mentioned earlier. Non-Kramers ions in lower than axial symmetry
sites have non-magnetic electronic levels giving rise to the long optical coherence
times. Kramers ions can have long optical coherence times if large external magnetic
fields are applied (e.g. 580 µs in [29])
Another contribution to homogeneous line broadening is instantaneous spectral
diffusion [30–32]. This arises from ion-ion interactions, an effect that is actually
desirable for quantum computing applications. The easiest way to minimize this
effect is to decrease the doping level in the host hence increasing the distance between
neighbouring ions. This effect is noticeable for ions undergoing optical excitation
or a decay process as the interaction with neighbouring ions changes resulting in
instantaneous frequency shifts of the neighbouring ion.
With such narrow homogeneous linewidths, optical coherence times approaching
ms timescales are achievable, which is an exciting prospect in the context of quantum
information storage.

Inhomogeneous Broadening
Rare earth ions are embedded in a crystalline host of finite size. Hence, the ions
at different locations in the lattice experience slightly different crystal strain effects
[21, 33, 34]. This results in the transition frequency of ions to differ from other ions,
causing inhomogeneous broadening of the absorption line. The absorption profile of
an ensemble is the sum of the homogeneously broadened lines of the individual ions
10
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Γ

inh

Γ

h

Frequency
Figure 2.3: Inhomogeneous broadening. Variations in the crystal strain causes the
resonant frequency of ions to shift relative to others dependent on the location of the
ion in the crystal. The inhomogeneous broadening is illustrated by the broad dashed
line with the FWHM labelled Γinh . The homogeneous line is labelled Γh and it is seen
that the inhomogeneous line is greater than that of an individual ion’s linewidth. The
height of an individual line is indicative of the atomic density such that a high peak
means lots of absorbers and a low peak means few absorbers. The figure is not to
scale, the ratio between the lines can be 108 [25, 37].

(see Figure 2.3). The effect is similar to the effect seen in gases, where the resonance
is Doppler shifted dependent on the atoms relative motion to the light source.
Typical inhomogeneous linewidths, Γinh are on the order of 1 up to 100’s of
GHz. The linewidth is increased as the doping concentration is increased since
more impurities leads to more interactions and crystal strain [35]. Hence, narrow
inhomogeneous widths are achieved with low concentration doping. Using low strain,
isotopically pure crystal hosts, inhomogeneous widths as narrow as 40MHz have been
reported [36].
At cryogenic temperatures, the inhomogeneous broadening is orders of magnitude
greater than the homogenous broadening. Hence, an individual ion only interacts
with light of particular frequency, meaning that different groups of ions can be
addressed by tuning the frequency of the source, the size of the group determined by
the linewidth of the source. The capacity for information processing is determined by
the number of frequency classes available. The minimum frequency width of a class
of ions is the homogenous width Γh . The capacity is then the ratio of inhomogeneous
11
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to homogeneous broadening Γinh /Γh . For rare earth ion doped media, this ratio is
on the order of 108 [25, 37], making the system ideal for information processing and
storage.

Hyperfine Levels
We now discuss hyperfine level theory. Many quantum memory applications require
the presence of hyperfine levels for the long lived spin coherence time and for the
use of population management (see Chapter 3).
For non-Kramers ions in sites with lower than axial symmetry, there is no first
order hyperfine interaction (I· J = 0). In this case, the Hamiltonian that describes
the hyperfine structure is given by [16]
Hhfs



η 2
1
2
2
= P Iz − I(I + 1) + (Ix − Iy )
3
3

(2.1)

where P and η describe the nuclear electric quadrupole interaction, and I is the
nuclear spin quantum number. In the zero magnetic field regime, for ions with
nuclear spin greater than 1/2 these levels are doubly degenerate. In zero field, it
is clear that there is no hyperfine structure for the case of ions with nuclear spin
equal to 1/2, a case applicable to thulium. The levels are labelled with the quantum
number I, for example for Pr with I = 5/2, | ± 1/2i, | ± 3/2i, | ± 5/2i. Hyperfine
level separations differ for different isotopes and for different crystal hosts.
The hyperfine levels can have long storage times (e.g. [38]). Coherence can be
transferred from an optical transition to a hyperfine level by optical pumping or by
using radio frequency fields resonant with the hyperfine transition. At cryogenic
temperatures where the phonon interactions are low, the ion population relaxes due
to spin-spin interactions with the host nuclei. As mentioned earlier, the effect of
fluctuating magnetic fields of the host can be inhibited by the use of an external static
magnetic field. In fact, significant improvements to coherence times can be achieved
with the correct external magnetic field size and orientation, Zeeman shifting the
levels so that the levels become insensitive to magnetic field fluctuations. Using this
technique, coherence times of 82ms were achieved for Pr3+ :Y2 SiO5 [39]. This value
was further improved by using dynamic coherence control [40], yielding a coherence
time of 30s.
The hyperfine transitions are inhomogeneously broadened for identical reasons
to the optical transition. Typical inhomogeneous widths are on the order of a few
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tens of kHz [34, 41, 42].
Stark Shifts
The energy levels of the ion can be manipulated using what is known as the Stark
effect [43]. Of particular interest, in the context of CRIB (Chapter 3) and HYPER
(Chapter 4), is the linear Stark effect, observable in rare earth ions in low symmetry
sites. An applied electric field Es shifts the energy levels of both the ground and
excited states due to the interaction of the field with the permanent electric dipole
moment of these states. A shift of the resonant frequency of the ions is given by

µe − µg
· ES ,
Ω=−
~


(2.2)

where µ is the permanent dipole moment with the subscript indicative of ground (g)
or excited (e) state. For low symmetry sites where the permanent dipole moment
exists, and provided there is a difference in dipole moment between the ground and
excited states, the Stark shifting effect is present. This is the case for Pr3+ :Y2 SiO5 ,
in which the CRIB protocol takes advantage of this to implement a quantum memory. For Tm3+ :YAG, there is no Stark effect as the permanent dipole moment of
ions doped in YAG is small or almost vanishing, due to the high symmetry of the
ion sites, as stated in [44].
Properties of Tm3+ :YAG
We now describe the properties of thulium doped into a YAG host, as this is the
sample in which experimental work has been conducted in this thesis. This sample
was chosen for its poor holeburning properties as to avoid random FIDs occurring
after excitation. As mentioned earlier, the transition of interest is the ‘lowest to
lowest’ transition 3 H6 ↔3 H4 which when doped into YAG has a transmission wavelength of 793.156nm in air (see Figure 2.4). There is also a metastable 3 F4 level in
which population in the excited state can relax to via the short lived 3 H5 level [45].
For 0.1% doping, the excited state lifetime is 800µs [16]. The lifetime in the
metastable 3 F4 state is on the order of 10ms, which allows for spectral holes to last
for this timescale, relevant for locking a laser to a hole (Chapter 5). The literature
value of the inhomogeneous linewidth on the 793nm transition is 20GHz [16]. The
samples we used had an inhomogeneous width comparable to this.
When doping Tm into YAG, the Tm3+ ions substitute for the Y 3+ ions which
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Figure 2.4: The energy levels of Tm3+ [16]. The ‘lowest to lowest’ transition of
793nm is indicated by the solid arrowed line. The excited state lifetime is 800 µs and
population decays to the ground state via the same transition (dashed arrowed line).
The population can also relax to the metastable 3 F4 state (lifetime ∼ 10ms) via the
short lived 3 H5 state (dotted arrowed line).

Figure 2.5: Orientations of the 6 sites of the Y3+ ion in YAG. The laser propagation
is in the [11̄0] direction with the polarization E0 at an angle α with respect to the
[110] axis. When α = 90, i.e the polarization is along the [001] axis the dipoles at
sites 3, 4, 5 and 6 are addressed. For α = 35.3, i.e. polarization along the [111] axis,
sites 1, 3 and 5 are equally addressed. Figure is referenced from [46].
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are located in sites of D2 point symmetry [46]. Figure 2.5 shows the site symmetry,
where x, y and z are the local orthogonal C2 axes for D2 symmetry of site 1. The
transition dipole moments lie along these axes. When light with electric field vector
E0 makes unequal angles with all 6 dipoles, unequal Rabi frequencies will result for
different sites. Thus it is favourable to align the electric field vector either in the
[001], or [111] axis to ensure a unique Rabi frequency. The [001] orientation gives
equal angles with sites 3, 4, 5, and 6 and is perpendicular to sites 1 and 2. The [111]
orientation gives equal angles with sites 1, 3 and 5 and is perpendicular to sites 2,
4 and 6. Addressing dipoles at equal angles results in one Rabi frequency given by
Ω = −~p · E~0 /~, where p~ is the transition dipole moment. For the experiments in this
thesis, the laser propagates in the [11̄0] direction and the polarization is adjusted to
[001] giving one Rabi frequency visible in the optical nutation signal [46].

2.2

Probing the Inhomogeneous Line

We now detail techniques used to probe the inhomogeneous line of rare earth ion
doped media. Provided one has access to a laser whose linewidth is as narrow or
narrower than the homogeneous linewidth of the ion, one can access all the frequency
registers in the inhomogeneous line. With the invention of tunable narrow line laser
sources, such techniques became possible. Many of these techniques are detailed
in [20]. Here we discuss the important techniques (in the context of this thesis) of
spectral hole burning and optically rephased echos, namely the two pulse photon
echo.

Spectral Hole Burning
As mentioned previously, the homogeneous line of rare earth ions can be 108 times
smaller than that of the inhomogeneous line. A narrowband light source makes it
possible to selectively excite ions at a particular frequency. After the ions are promoted to the excited state, a decrease in the absorption profile of the inhomogeneous
line is formed, referred to as a spectral hole. In a two level system, the lifetime of the
hole is exactly the excited state lifetime. For a system where there exists different
states into which an excited ion can relax, population can be transferred to this state
and the hole lifetime is increased, for example, in Tm3+ :YAG [16]. For materials
which have hyperfine structure on the ground state (such as Pr3+ :Y2 SiO5 ), population can be transferred to another ground state that is not resonant with the laser.
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Since these ground states are long lived, permanent spectral holes are formed at the
laser frequency. The hole burning spectrum is not as simple as a ‘dip’ where the laser
burnt a hole. Consider the case of several ground and excited state hyperfine levels.
Since the inhomogeneous broadening is so large compared to the hyperfine splitting,
any narrowband laser resonant on the line necessarily is resonant with all possible
transitions, but for different frequency subsets of ions. There will be side-holes at
frequencies corresponding to the transitions from the ground state to each excited
state level. There will be anti-holes, i.e. regions of increased absorption, in the
hyperfine states to where the ions have been pumped. Thus, the effect of burning a
hole at a single frequency actually gives rise to a complex pattern of side-holes and
anti-holes, which gives you information of the hyperfine splittings.
Hole burning is a required feature for quantum memory protocols such as CRIB
and AFC (see Chapter 3). The former requires a spectrally narrow feature to be
prepared within a ‘trench’ burnt in the inhomogeneous line. For optimum operation the trench should have a low absorbing background. Spectral hole burning
is important for the creation of the trench, redistributing the population to other
hyperfine ground states. Optical pumping can be used to place ions back into the
centre of the trench, and thus a narrow feature is formed. For the AFC protocol,
again fine tailoring of the inhomogeneous line has to be done, in this case a series of
absorbing peaks. Like CRIB, AFC requires a low absorbing background. Efficient
optical pumping and spectral hole burning is vital for both these protocols.
In the context of this thesis, spectral hole burning is important for the stabilization of the diode laser used for these experiments. A spectral hole is burnt into
cryogenically cooled Tm3+ :YAG and is used as the frequency reference for the locking. The hole lifetime in Tm3+ is ∼ 10ms [16], so a continuous wave beam is used
to continually burn the hole, the intensity of the beam is low so as to avoid power
broadening of the hole.
Although a spectral hole is required for locking the laser frequency, spectral holes
are not desirable for the ASE and RASE experiments (Chapters 7 and 8). Holeburnt features can lead to FID phenomena (see Section 2.4) resulting in unwanted
coherent emission flooding the temporal mode of interest. This motivates the choice
of Tm3+ :YAG as the sample, as this sample has a lower oscillator strength (compared to Pr3+ :Y2 SiO5 for example) and hence it is inherently a poorer hole burning
material. This fact aids in suppressing the unwanted FID phenomena mentioned
earlier.
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2.3

Coherent Interaction of Atoms and Light

Before describing the optical rephasing techniques that can be used to probe the
inhomogeneous line of rare earth ions, we first establish the well-known theory of
coherent interaction between atoms and light. The previous sections described the
transfer of population between states using a light field of a specific energy. The
requirement is that the energy of the light matches the energy difference between
the states. Experiments conducted in this thesis involve the use of a coherent light
source, i.e. a source of well defined phase. Theory of the coherent interaction
between light and an ensemble of absorbers is well known [47, 48]. Essential to
the understanding of the dynamics are the Maxwell-Bloch equations and the Bloch
sphere representation. In this section the Maxwell-Bloch equations are presented
with the application of the two pulse photon echo.

Maxwell-Bloch Equations
Two Level Atoms
It is assumed that the atomic system of interest is a two-level system. As outlined
in the previous section, the energy levels of rare earth ions are vast in number, but
the physics described by a two-level system is a sufficient description in many cases.
The state of a two-level atom is given by
|ψ(t)i = cg (t)|gi + ce (t)e−iω0 t |ei

(2.3)

where ω0 = (Eg −Ee )/~ is the resonant frequency of the the atom, and the coefficients
cg (t) and ce (t) are the probability amplitudes of states |gi and |ei respectively.

The interaction of an atom with a time varying electric field E(t) can be described by the perturbation −d · E(t) where d is the transition dipole moment. The
Hamiltonian that describes the system is given by
H = H0 − d · E(t)

(2.4)

where H0 is the unperturbed Hamiltonian for a free atom. The time evolution of
the atom coupled to an electric field can be obtained from this Hamiltonian and
the Schrödinger equation. This model only considers the interactions between the
atom and the field with no consideration for relaxation processes. These will be
considered later.
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A monochromatic electric field with frequency ω can simply be described as
E(t) cos(ωt). We define the generalized Rabi frequency as
ΩG =

√

Ω2 + ∆2

(2.5)

where Ω = d.E/~ and ∆ is the detuning ω0 − ω. Solving the Schrödinger equation
in the rotating wave approximation gives the following solutions [49]
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(2.6)
In the rotating wave approximation, the counter-rotating terms proportional to exp[
±i(ω0 + ω)t] are neglected. These terms vary rapidly and average out to zero for
timescales exceeding 1/ω.
A simple case to consider is when the initial conditions are such that the population is entirely in the ground state i.e. cg (0) = 1, ce (0) = 0, and the field is resonant
with the transition i.e. ∆ = 0. The solutions then reduce to
 
 
Ωt
Ωt
, ce (t) = i sin
.
(2.7)
cg (t) = cos
2
2
Physically, this means that a resonant field driving a two level atomic ensemble
will cause the population to oscillate between the ground and excited states. These
oscillations are known as Rabi oscillations, and the Rabi frequency describes the rate
at which population transfer takes place. The product of the Rabi frequency and
the interaction time (Ωt) determines the state in which the atoms are left in. This
product is referred to as the pulse area. A pulse area of π/2 transfers the atoms into
an equal amplitude superposition of the ground and excited states. A pulse area of
π promotes the population entirely into the excited state i.e. inverting the medium.

Bloch Sphere Representation
A convenient way to visualize and understand the time evolution of a two level
system subject to driving fields is the Bloch sphere representation. Here, different variables are used X, Y, Z which can be expressed in terms of the probability
18
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amplitudes cg (t) and ce (t),
X(t) − iY (t) = 2cg (t)c∗e (t)
Z(t) = |ce (t)|2 − |cg (t)|2 .

(2.8)

Here, Z describes the probability of finding atoms in the excited state compared to
being found in the ground state, referred to as the inversion. X describes the part
of the atomic state that is oscillating in-phase with the driving electromagnetic field
and Y describes the part of the atomic state that is oscillating out of phase with
the driving electromagnetic field.
The atomic state can now be represented as a Bloch vector on the Bloch sphere,
pointing from the origin to (X, Y, Z). For an atom in a pure state, the vector is
normalized such that X 2 + Y 2 + Z 2 = 1. If the vector is used to represent an
ensemble average, and dephasing and relaxation processes are included, the vector
can point anywhere in the Bloch sphere. For the case where the ensemble is in
the ground state, Z = −1 and X = Y = 0 since there is no coherence between
ground and excited states. A vector of (1, 0, 0) corresponds to a superposition state
oscillating in-phase with the driving field. For a completely mixed state, the vector
is (0, 0, 0), meaning it is equally as likely to find the atom in any state.
The dynamics of the Bloch vector in the rotating reference frame are described
by the optical Bloch equations [48],
X
Td
Y
Ẏ = ∆X −
+ ΩZ
Td
Z − Zeq
Ż = −
− ΩY
Tinv

Ẋ = −∆Y −

(2.9a)
(2.9b)
(2.9c)

where the phenomenological decay constants Td and Tinv have been included. The
former is simply taking into account dephasing mechanisms, while the latter describes the relaxing of the atoms toward some equilibrium Zeq in the absence of a
coherent driving field.
In order to complete the description of the interaction between two-level atoms
and a light field, a description of the action that the atoms have on the field needs
to be considered. An ensemble of atoms can give rise to a macroscopic polarization
which will affect the field given by Maxwell’s wave equation. For an inhomogeneously
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broadened medium , the polarization induced by the applied electric field is
P (z, t) = N |d|Re

Z

∞
−i(ωt−kz)

−∞

(X(z, t, ∆) − iY (z, t, ∆))e


g(∆)d∆ ,

(2.10)

where N is the number of atoms per unit volume and g(∆) is the inhomogeneous
line shape. As stated previously, the electric field is of the form E = E(t) cos(ωt)
and E varies slowly allowing the use of the reduced wave equation


∂
n∂
−
∂z
c ∂t



N |d|~ω
E=i
2n0 c

Z

∞

−∞

[X(z, t, ∆) − iY (z, t, ∆)] g(∆)d∆

(2.11)

where n is the refractive index of the material. This equation (Equation 2.11)
together with the optical Bloch equations (Equations 2.9) provide a complete description of the interaction between an ensemble of atoms and a coherent electric
field.
Finally, a more compact form of both Maxwell and Bloch equations can be
formed. Although not offering any additional physics, the compact form is useful
for analytical investigation. The Maxwell-Bloch equations are
D
∂
D = i∆D − iΩZ −
∂t
Td
Z − Zeq
∂
Z = −Re [Ω∗ iD] −
∂t
Tinv
Z ∞
iα
∂
Ω=
Dg(∆)d∆
∂z
2π ∞

(2.12a)
(2.12b)
(2.12c)

where the following definitions have been made: D ≡ X + iY is the atomic dipole
moment and α = (N π|d|~ω)/(n0 c) is the optical depth parameter. These equations
form the basis for the analytical theory presented in Chapter 4.

2.4

Optical Rephasing Techniques

We now describe some optical rephasing techniques used to probe the inhomogeneous
line. The theory that describes these coherent transient phenomenon is outlined in
the previous section. First, the two pulse photon echo is described. This particular
technique is the centre point of this research. We also briefly describe the three
pulse photon echo.
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The Two Pulse Photon Echo
The two pulse photon echo using optical transitions in solid state systems was first
realized by Kurnit, Abella, and Hartmann in 1964 [50]. Here, Q-switching lasers
where used on ruby. In 1966 the article entitled ‘Photon Echoes’ was published by I.
D. Abella, N. A. Kurnit, and S. R. Hartmann [51] where similar methods were used.
Spin echo phenomena pre-date these experiments. In 1950, Hahn published the
appropriately titled Physical Review article ‘Spin Echoes’ [14], the first realization
of echo phenomena. Here, strong RF pulses were used on spin ensembles in liquids,
making use of nuclear magnetic resonance. Indeed spin echos provided inspiration
and motivation for similar experiments using electric dipoles and optical frequencies.
We first introduce the phenomenon known as free induction decay. If a strong,
brief pulse of light (tp ) is incident on an inhomogeneously broadened ensemble of
atoms in the ground state, excitation of a particular bandwidth of ions occurs. The
bandwidth is given by the inverse of the pulse duration (ν = 1/tp ) provided tp is
shorter than the coherence time T2 . In the Bloch sphere picture, if the pulse has an
area θ, the state of the atoms will have a component in the X − Y plane, resulting
in an oscillating dipole moment and the atoms will radiate. The maximum dipole
radiation occurs for a pulse of area π/2, where the state of the atoms is in the
X − Y plane. It is noted, for a perfect area π pulse, there is no component in the
X − Y plane. Immediately after the pulse of duration tp , the atoms are oscillating
in phase and strong coherent emission in the direction of the applied pulse will be
the case. However, since each ion oscillates at a different resonant frequency due to
the inhomogeneous broadening, the ions will quickly dephase, causing the coherent
emission to decay. This is known as free induction decay or FID. For a large spread
of frequencies, the FID will decay quickly, whereas the FID can be long lasting for
a narrow band of excitation. The duration of the FID is approximately that of the
exciting pulse. For the case of weak excitation there are no FID phenomena.
An FID can result from atomic shot noise on the absorption line. The absorption
line inherently has ’structure’ due to atoms being discrete. This structure occurs
with a frequency interval given by the homogeneous linewidth of the atoms. A pulse
of light incident on this structure can cause coherent ringing giving an FID with a
timescale given by the coherence time.
We now describe the Two Pulse Photon Echo or 2PE using the Bloch sphere
picture. The pulse sequence is seen in Figure 2.6 and the corresponding Bloch
dynamics are illustrated in Figure 2.7. First, a pulse ideally with an area of π/2
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Figure 2.6: The two pulse photon echo sequence. The π/2 pulse causes coherent
emission in the form of an FID. After a delay of time τ a π pulse is applied resulting in
the coherent emission on a photon echo at a time 2τ with respect to the initial pulse.
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Figure 2.7: Bloch sphere representation of the two pulse photon echo. (a) shows
the atomic state just after absorption of the π/2. At a time τ the ions have dephased
as shown in (b). Directly after (b) a π pulse is applied rotating the vector about the
X axis by 180◦ as shown in (c). After an additional time of τ the ions rephase and
coherent emission results - the photon echo (d).

is incident on the ensemble, which causes a rotation of the atomic state up to the
X − Y plane. The axis of rotation is determined by the phase of the excitation field,
in this simplified case about the X axis. The ions initially oscillate in-phase, but due
to inhomogeneous broadening this coherence dephases and an FID results. Each ion
acquires a phase difference relative to the laser at a rate determined by its detuning.
After a time τ a pulse of area π is applied, rotating each Bloch vector through an
angle of 180◦ , about the same axis as before. Atoms that acquired a negative phase
difference start to acquire phase positively and vice versa. After a time of τ after
the π pulse, the atomic state has rephased such that the ions once again oscillate
in phase and strong coherent emission results. This coherent emission is referred to
as the echo. It is noted that the first pulse need not be a π/2 and that a pulse that
creates any population difference can be rephased.
The Fourier width of the π pulse determines the bandwidth of excitation. It
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is important to note that the Fourier width of the π pulse is not optimal for all
frequencies, since the probability of inverting an atom varies depending on the detuning that atom has from the driving field (see Equations 2.6). Furthermore, atoms
driven off-resonantly will be rotated about an axis that has some angle with the X
axis and is proportional to the atoms detuning. Ideally, the bandwidth of excitation
wants to be narrow compared to the Rabi frequency. Thus, the 2PE benefits with
large Rabi frequencies compared to the homogeneous line of the atoms.
The two pulse photon echo is a useful tool to measure the coherence time. As
the delay between the π/2 and π pulse is increased, the atomic state relaxes to the
ground state and therefore the amount of ions that get rephased by the π pulse
decreases resulting in the decreased intensity of the echo. Hence, for delay times
much larger than the relaxation time, no echo phenomena is seen.

Properties
The 2PE can be used to store spatial and temporal information of a laser pulse
[15]. Further to this, the bandwidth of the 2PE can be broad. The bandwidth
of operation of the 2PE is dependent on the Fourier width of the pulse, and the
frequency distribution of the storage medium. For rare earth ion doped medium,
the inhomogeneous broadening is on the order of 10’s of GHz, so the bandwidth of
the 2PE is limited mainly by the intensity of the laser and the ability to implement
fast pulses. Recall from Section 2.3 that the pulse area is given by the Rabi frequency
multiplied by the interaction time and that the Rabi frequency depends on the laser
intensity. If one has access to large enough laser power, then the temporal width of
the π pulse can be arbitrarily small and hence the bandwidth width can be arbitrarily
large. Laser sources are readily available with powers on the order of 100mW easily
achievable. Using acousto-optic modulators with appropriate RF fields can achieve
pulse durations of 100’s of nanoseconds, allowing for MHz bandwidths for the 2PE.
A method for broadband operation that does not suffer from power limitations
is the optical rephasing using chirped pulses [52, 53]. Here, the bandwidth is determined by the frequency range of the chirp. The power needed in the chirped pulse
is such that Ω2 >> r, where Ω is the Rabi frequency and r is the chirp rate (Hz
s−1 ).
The temporal multimode capacity of the 2PE is dependent on the bandwidth
of the memory but also on the density of absorbers. The higher the density of
absorbers, the more temporal modes that can be absorbed and rephased.It is noted
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that this type of memory is a ‘first in last out’ (FILO) memory. High optical densities
are easily achievable with rare earth ion doped media, by increasing the dopant level
or by increasing the interaction length.
Using the Maxwell-Bloch equations it can be shown that the efficiency of the
echo is 4 sinh2 ( αz
) where αz is the optical depth of the sample. A derivation of this
2
is presented in Chapter 4, also see [54]. The efficiency of this protocol can be very
high by choosing a highly dense ensemble of absorbers [55].
These properties make the 2PE implemented in rare earth doped media an excellent candidate for optical data storage, and in the context of this thesis, an excellent
candidate for a quantum memory for light. The motivation for the research in this
thesis is the suitability of the 2PE as a quantum memory for light. Chapters 4 and
6 show the analytical and experimental analysis of the 2PE as a quantum memory
for light.

The Three Pulse Photon Echo
We now discuss the three pulse photon echo. The pulse sequence is shown in Figure
2.8. In this case, a π/2 pulse is used to create coherence in the X −Y plane. Without
loss of generality, we assume the phase of the laser is such that the atomic state is
along the Y axis of the Bloch sphere. As always, the coherence will dephase due to
the ions detuning. After some time τ1 a second π/2 pulse is applied. Ions whose
Bloch vector is in the positive-Y half of the X − Y plane, will be rotated toward the
excited state, whereas those with a negative-Y component will be rotated toward
the ground state. Hence a periodic modulation of the population in the ground and
excited states is created, referred to as a population grating. The application of a
third π/2 pulse at a time τ2 transfers the ions in the ground state to the positive-Y
half of the X − Y plane, and the excited atoms to the negative half. At a time of
τ1 after the third pulse, the ions have rephased and an echo forms.
Here the echo intensity depends on the excited state lifetime. If the excited state
population is transferred to some metastable state, then the population grating in
the ground state will remain and an echo will still form. An alternate method of
creating the grating is to use many pulses separated by τ1 allowing the build up
of the population grating. The quantum memory technique known as the atomic
frequency comb (AFC) uses exactly this technique [56].
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Figure 2.8: The three pulse photon echo sequence. A pair of π/2 pulses separated
by τ1 are applied creating a population grating. A third pulse is applied after a long
delay at τ2 , and an echo is formed at a time τ1 after the third pulse.
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Chapter 3
Quantum Memory for Light
In the previous chapter the two pulse photon echo was reviewed. Being a rephasing
technique, high bandwidths of memory can be achieved by having temporally short
π pulses. The previous chapter also outlined rare earth ion doped media, an excellent system to implement rephasing memory protocols with due to the long lived
coherence lifetimes, large inhomogeneous optical lines with narrow homogeneous
linewidth atoms and the ability to easily have large optical depths.
In this chapter we review the quantum memory for light. Many review articles
are available on the subject of the quantum optical memory [57–61]. Here, the
technology is first introduced and we outline how it should perform and mention the
potential applications this technology has. Then, the current technology is reviewed,
with emphasis on the controlled reversible inhomogeneous broadening (CRIB) [62–
70] and atomic frequency comb (AFC) [56, 71–74] techniques. Both techniques
have been implemented thoroughly in rare earth ion doped media. We review the
application of a quantum repeater using photon pair sources and a quantum memory
for light.

3.1

Quantum Optical Memory

The research topic of quantum optical memories was inspired by the work done
using a classical optical memory [15]. The development of quantum information
and quantum communication theories [75] has also fueled interest in optical storage. These theories boast unprecedented computational capacity using a quantum
computer (for certain problems) [75–80] and unconditional maximal communication
security using quantum cryptography [81, 82]. Just like classical information pro27
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cessing, quantum information processing (QIP) requires the capability to temporally
store data. QIP requires a quantum memory for light.
A classical memory works by measuring the state to be stored and recording
what it is in order to be reproduced at a later time. This type of memory does
not work for the storage of quantum data. It is clear that the measurement process
irreversibly collapses the quantum state to some eigenstate of the observable, hence
changing the quantum information [83]. A quantum state can only be measured with
a certain precision, as stated by the uncertainty principle [84] making the ‘measure
and prepare’ quantum memory with high fidelity operation impossible. Also, the nocloning theorem [85, 86] states that an arbitrary quantum state can not be cloned,
meaning ‘backing up’ the data is not possible.
A quantum optical memory stores the quantum state of light without measuring
it. The challenge is to reversibly map quantum information between photons and
atoms. Photons are the ideal quantum information carrier where information can
be encoded into the polarization of single photons or time-bin qubits can be used.
Atoms are the ideal stationary carrier for the storage of quantum information.

Applications
The development of quantum optical memory technology would allow the implementation of a number of other technologies. One such technology is the implementation of a deterministic single photon source. Non-deterministic sources of entangled
photon pairs can be achieved by using parametric down conversion and are a well
developed technology [87–89]. One could realize a deterministic photon source by
detecting one of the photons and storing the other photon in a quantum memory.
Detecting one photon heralds the fact that the quantum memory has a photon stored
in it and can be used as a single photon source. To implement the ‘perfect’ single
photon source, the detection of the heralding photon needs to be near 100% and
the quantum memory needs to be near 100% efficient. Deterministic single photon
sources are important for the implementation of quantum computing and for some
quantum repeater technology [90].
Another technology that the development of a quantum optical memory is vital
for is the quantum repeater [11]. The quantum repeater enables the long distance
communication of quantum states, essential for the development of a quantum network [9]. Distributing quantum states of light directly by using optical fibers suffers in that the communication channel is lossy at large (>100km) distances. The
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quantum repeater overcomes this by distributing entangled states with the help of
quantum memories. The protocol involves dividing the long communication channel
into many elementary links, creating and storing entanglement on each link and then
by using entanglement swapping extending the entanglement to the entire distance.
A more detailed review of the quantum repeater will follow the review of quantum
memories. The quantum repeater is only possible using quantum memories as entanglement generation is probabilistic, a quantum memory would allow the storage
of entanglement on one elementary link, while other links are being prepared. With
this in mind, the quantum memory needs to have high efficiency and long storage
times.

Criteria and Requirements
It is useful to have figures of merit when assessing the performance of a quantum
memory. In this section we discuss the criteria of a quantum memory for light.
The fidelity of a quantum memory is given by the overlap between the quantum
state that is written to the memory and the state that is read out of the memory. For
memories that store and re-emit single photons, the fidelity is given by the overlap
of the single photon wave packet that was the input to the memory and the one that
is the output of the memory. In this case it is referred to as the conditional fidelity,
as the fidelity is conditional on the re-emmision of the photon. For memories that
are designed to store general states of light for example coherent states, squeezed
states, and cat states one considers the unconditional fidelity. A quantum memory
with high fidelity is the experimental goal.
Another criteria to mention is the efficiency of the quantum memory. For memories that store and emit a single photon, it is simply the probability of emitting
the stored photon. In atomic ensembles, collective interference effects can lead to
efficiencies nearing unity. For single atom systems, the efficiency is often small but
can be increased by the use of optical cavities. For memories that store general
states of light, the efficiency is not always the best measure and the fidelity is more
appropriate here. Even though the desirable efficiency is clearly 100%, it is not
always necessary to have high efficiency for the memory to be useful.
Storage time is another very important criteria for a quantum memory for light.
Again, it depends on the application which is being implemented. Long storage
times are especially required for long distance communication protocols where the
storage time needs to be at least longer than the time it takes to communicate to
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distant nodes. For the quantum repeater, communicating a distance of L can only
be achieved if quantum memories with storage times on the order of L/c or longer,
where c is the speed of light in the channel [59].
Another measure of a quantum memory’s practicality is the bandwidth. The
bandwidth determines the repetition rate and the multiplexing capacity. Of course,
the desired bandwidth is as large as possible. For example, when implementing a
non-deterministic photon pair source, the photons are broadband. Hence one would
require a broadband quantum memory to implement the deterministic single photon
source outlined earlier. Multimode capacity is another feature a quantum memory
should have. A large multimode capacity results in the ability to store several modes.
Finally, we mention the operational wavelength of the quantum memory. For
long distance applications, it is beneficial to operate at a wavelength that is in
the region of low absorption in optical fibers. For the quantum repeater that uses
photon pair sources and quantum memories, one can down convert a photon to
obtain a photon pair in which one of the pair is matched in wavelength to the
quantum memory and the other of the pair is matched to telecommunication optical
fibers. Alternate options do exist in the form of free space coupling and wavelength
conversion techniques [91–93].

3.2

Current Quantum Memory Technology using
Rare Earths

We now look at technology developed using rare earth ion doped media (see Chapter
2), namely the controlled reversible inhomogeneous broadening technique (CRIB)
and the atomic frequency comb technique (AFC).

Controlled Reversible Inhomogeneous Broadening
This memory scheme involves rephasing coherence that was absorbed by an ensemble, much like the two pulse photon echo. The problem with optical rephasing
techniques is that additional noise is added with the use of the strong optical fields
used to trigger the rephasing mechanism, a phenomenon of which the major results
of this thesis is based on. CRIB is a protocol that rephases with out adding noise.
The scheme was initially proposed in a gas and the rephasing of coherence is
due to the fact that frequency shifts due to the Doppler effect are opposite for
counter-propagating fields [62]. Here, we describe the scheme in a solid state rare
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earth system [63, 64]. Figure 3.1 illustrates the protocol. This protocol starts with a
narrow optically thick absorption line by selective optical pumping [94]. Then, using
the linear Stark shift [43], a controlled inhomogeneous broadening of this absorption
line is implemented by the application of an electric field gradient that shifts the
resonant frequencies of ions at different positions by different amounts. When the
line is broadened, an input state whose bandwidth matches the spectral width of
the broadened line is absorbed by the line and the coherence naturally dephases. To
recall the absorbed light, the sign of the electric field is changed and hence inverts the
line about the central frequency. The coherence rephases and the light is re-emitted.
To understand the rephasing process, we see that atoms with a detuning ∆ from
the carrier accumulate a phase shift of e−i∆τ between absorption at t = 0 and electric
field polarity switching at t = τ . Switching the polarity of the external field triggers
the inverting of the atoms detunings i.e ∆ → −∆. Hence at a time t = 2τ the atoms
accumulate an additional phase of ei∆(2τ −τ ) such that the sum of this accumulated
phase and the previous one is zero. Hence the coherence rephases and light is reemitted. It is noted that this protocol is similar to the two pulse photon echo in
that the coherence is rephased in a similar way.
There is freedom to choose the orientation of the external field, either causing
frequency shifting in the transverse or longitudinal direction with respect to the
input pulse direction. In the simplest case, the re-emitted light propagates in the
forward direction. To implement recalling in other directions, the coherence can be
transferred to and from some auxiliary state using π pulses and the wave-vectors
of the pulses used to do this determines the recall direction. For example, for
counter-propagating π pulses, the input and output are counter-propagating. The
efficiency has been calculated by others for different propagation and broadening
cases [66, 95]. For transverse broadening and recalling in the backward direction the
recall efficiency is
ηbt = (1 − e−αl )2 ,
(3.1)
where αl is the optical depth of the narrow feature after broadening, subscript b
indicates backward propagation and superscript t indicates transverse broadening.
This efficiency has been calculated assuming that the spectral width of the input
pulse is small compared to the broadened absorbing feature. The efficiency can
be seen as the probability of absorbing light squared. This is the case since the
probability of re-emitting is identical to absorbing in the backward propagating
case. It can be seen that in the limit of large optical depth, this efficiency can
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(a) Inhomogeneous Broadening
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(b) Narrow Feature by Optical Pumping
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Absorption

(c) Broaden Feature with External Field and Linear Stark Shifts

Frequency

(d) Trigger Re-emission by Switching External Field Polarity

Figure 3.1: Controlled reversible inhomogeneous broadening. (a) shows the natural
inhomogeneous broadening of a rare earth doped solid. The narrow feature seen in (b)
is prepared by frequency selective optical pumping. An external field then broadens
this feature seen in (c) in which a photon is absorbed. To trigger the re-emission (d)
the electric field polarity is switched thus inverting the atoms detunings.
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become unity.
For the case of recalling in the forward direction with transverse broadening, the
efficiency is [66]
ηft = (αl)2 e−αl .
(3.2)
In this case, the protocol suffers from reabsorption of the echo for large optical
depths which results in a clear maximum efficiency of 54% for an optical depth of
αl = 2.
For the case of longitudinal broadening, that is, broadening such that the detunings of the atoms vary monotonically along the direction of propagation, the
efficiency for both the forward and backward propagating cases is of the same form
as Equation 3.1 [69, 96].
Experimental Realization
The first experimental realization of CRIB was realized by Alexander et al. in cryogenically cooled europium doped yttrium orthosilicate (Eu3+ :Y2 SiO5 ) [64], where
the transition of interest is near 580nm and the ground and excited states have
three hyperfine states. A narrow feature of 25kHz and 40% absorption was prepared by first creating a 3MHz transparent window in the line by sweeping the
laser, then pumping back an anti-hole at the centre of the window using RF and
optical fields. This peak was then broadened using an electric field gradient applied
with four electrodes in a quadrupole arrangement around the sample. The sample
had an expected Stark shift of 35kHz Vcm−1 and the applied electric field was ±25V
giving around 2MHz of broadening. Input pulses of 1µs duration were absorbed into
the sample and the electric field gradient was switched at a time t = τ to give an
echo at t = 2τ . The echo intensity decayed with a time constant near 20 µs. For
this experiment the echo efficiency was limited by the low optical depth used. The
narrow 40% absorbing peak after being broadened is reduced to 1% absorption.
More recently, a CRIB experiment was conducted that gave high efficiency storage [94]. In this seminal work the problem of preparing a highly absorbing feature
with sharp frequency rolloff and low background absorption was overcome. The
sample used here was cryogenically cooled praseodymium doped yttrium orthosilicate (Pr3+ :Y2 SiO5 ) with an optical transition near 606nm and with three hyperfine
states in the ground and excited state. The sample was long in the direction of
pulse propagation and thin in the transverse directions. The feature was prepared
by probing the sample with a focused beam from the front and a large unfocused
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beam from the side. A broad spectral trench over the full length of the crystal
was burnt into the absorption line by sweeping both beams ±7MHz. Then a narrow 140kHz feature was burnt back into the central 14mm of the crystal using a
beam from the side (see the supplementary information of [94]). The feature had
an absorption of 140 dB. This feature is longitudinally broadened to 1.6MHz with
a monotonic electric field provided by a quadrupole electrode arrangement. The
storage efficiency was 69% for a temporally Gaussian input of 0.6 µs and a delay of
1.3 µs. To date this is the most efficient demonstration of the CRIB technique. The
technique also showed levels of noise added by the memory that were lower than the
classical and no-cloning limits.
A demonstration of multimode capacity has been shown using Eu3+ :Y2 SiO5 in
which a train of four distinct pulses were stored and recalled [67]. The authors also
demonstrated that phase information was preserved in the memory. The experimental parameters were identical to the case of the first proof of principle experiment
mentioned earlier.
There has also been an implementation of CRIB at telecommunication wavelengths [70]. Here, the sample used was cryogenically cooled erbium doped yttrium
orthosilicate which has a transition at 1536nm. The pulses stored were of duration
200ns and at the single photon level. The storage lifetime was 370ns. The efficiency
was of the order of 0.2%, the limiting factor was a large absorbing background
due to imperfect optical pumping when preparing the feature. Nevertheless, the
authors demonstrated a proof of principle quantum memory at telecommunication
wavelengths and at the single photon level.
Another implementation of the CRIB protocol has been realized in a Raman
feature in a warm gas of rubidium, often referred to as the gradient echo memory
(GEM). A three level lambda system is addressed with a detuned coupling beam on
one leg of the lambda, allowing the ground states to form a two level system. The
linear Zeeman effect is utilized and monotonic external magnetic fields are applied
to this two level system. Like the CRIB protocol, the rephasing is triggered by
switching the polarity of the applied external magnetic field. The first realization of
this technique in warm rubidium was presented by [97]. The most recent realization
of this technique was shown in [98]. Here, the efficiency of the protocol was 42% for
a temporally Gaussian shaped pulse of duration 10 µs and with a storage time of
10 µs. Again, the limiting factor was the low optical depth achieved in the vapor.
Multimode capacity was shown by the storing and recalling of four temporal pulses.
The fact that one has the freedom to switch polarity of the fields and turn the
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coupling beam on and off allowed the ability of recalling the stored pulses in any
order, as well as temporal modification of the stored pulse width, albeit with reduced
efficiency (∼ 5%).

Atomic Frequency Comb
Realizations of the CRIB protocol showed high efficiency, low noise, quantum memories albeit with limited multimode capacity. It has been shown [99] that multimode
√
capacity of EIT and Raman protocols scales as αl and the capacity of CRIB protocols scales as αl for a given memory efficiency. Hence, obtaining large multimode
capacity with high efficiency relies on seemingly unrealistically large optical depths.
The atomic frequency comb protocol [56, 71] is a protocol in which the multimode
capacity is independent of optical depth.
A description of the AFC protocol follows. The scheme requires the fine spectral
tailoring of an inhomogeneous absorption line into a series of narrow absorbing peaks,
often referred to as the teeth of the comb (see Figure 3.2). The peaks have a spectral
width of γ, height αl and are separated by a spectral distance ∆. The width of the
comb and hence bandwidth of the memory is thus proportional to the number of
comb teeth Np . After this comb has been prepared, an input pulse of spectral width
greater than the tooth separation but less than the comb bandwidth is collectively
absorbed by the teeth of the comb. It can be show that for the absorption process
the comb is indistinguishable from a smoothly varying distribution with an effective
optical depth α̃l [71]. After absorption, dephasing of the atomic coherence occurs
due to atoms acquiring a phase of eiδj t where δj is the detuning of atom j. For a
comb, the detunings are approximately a discrete set, i.e. δj = mj ∆ where mj are
rephasing will occur and coherent
integers. It can be seen that for a time t = 2π
∆
echo like emission is the result.
The storage time of this protocol is dependent on the tooth separation ∆, so the
on-demand nature that is seen in other memories is not a feature here. In order to
implement on-demand retrieval of light and also to increase the storage time, the
excitation can be transferred to a long lived ground state by using coupling fields
during the storage process. The transfer ‘freezes’ the evolution of the atomic dipoles
and the state is now stored as a spin excitation. Then, transferring back the spin
state to the excited state triggers the dipoles to evolve to the rephased state. One
can choose the direction of the retrieved light by choosing the propagation direction
of the coupling beams that enable the transfer. If the coupling fields are counter35
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Figure 3.2: Atomic Frequency Comb. (a) shows the natural inhomogeneous broadening of a rare earth ion doped solid in which an atomic frequency comb is tailored.
Using frequency selective optical pumping, the AFC is formed, shown in (b). This
schematic shows N = 5 teeth of width γ and separation ∆. The bandwidth is Γ = N ∆.
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propagating then the echo necessarily counter-propagates with respect to the input
pulse. To achieve forward propagating, the coupling beams will be co-propagating.
The efficiency of this protocol has been calculated by others [71]. For forward
propagation, the efficiency is identical in form to the forward propagation in transverse CRIB (Equation 3.2). There, the optical depth is for the broadened feature.
Here the optical depth is the effective optical depth ofthe comb α̃l, given approximately by Fα , where F is the finesse of the comb ∆γ . As before, the maximum
efficiency is 54% for α̃l = 2.
For backward propagation, the efficiency is of similar form to Equation 3.1, given
by
2
ηb ≈ (1 − e−(αl/F ) )2 e−(7/F ) .

(3.3)

We see that the absorption term is there and that an additional term is present that
takes into account the finite width of the absorbing peaks. Note that for the CRIB
protocol this term (of differing functional form) was omitted due to assumptions of
the input pulse bandwidth. We see that there is a tradeoff in the choice of finesse.
For good absorption one wants a low finesse, but for low dephasing effects, one wants
a large finesse. The efficiency can be made close to 100% for large enough comb
tooth optical depth and optimized finesse.
The multimode capacity of this protocol is as follows. One can have an input
of duration T where there are N temporally distinguishable modes. The input
. The shortest duration τ
duration can be close to the storage time, i.e. T = 2π
∆
is limited only by the bandwidth of the comb ∼ 1/(Np ∆) meaning the number of
modes stored N = T /τ ∼ Np . We see that the multimode capacity is proportional
to the number of teeth in the comb and independent of the optical depth. For solid
state rare earth ion doped media which have large inhomogeneous broadening, large
bandwidth combs can be produced with many teeth.
Experimental Realization
The first experimental realization of an AFC memory was implemented with cryogenically cooled neodymium doped yttrium orthovanadate (Nd:YVO4 ) [56] which
has a transition at 880nm with a lambda system arrangement of states, i.e. two
ground states and an excited state. The comb is prepared by using frequency selective optical pumping from one ground state to the other ground state via the excited
state. This is implemented by using a train of coherent pairs of pulses. In this sense,
it is similar to the 3 pulse photon echo, mentioned in the previous chapter. Collec37
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tive mapping of light at the single photon level to the comb was demonstrated. The
sample was prepared with a grating spacing of 4MHz, resulting in a storage time
of 250ns. The efficiency was rather low, measured to be 0.5%, mainly due to the
poor optical pumping when preparing the comb. Multimode capacity was shown
by storing four temporally distinct modes with a storage time of 500ns resulting in
about 0.1% efficiency. The protocol was seen to also preserve phase information.
Two gratings were superimposed in the line and two weak pulses are sent into the
memory, which results in two echos at one storage time and two echos at a different
storage time. If the time difference between the two inputs is the same as the time
difference between the two gratings, then the result is three echos, in which the central echo can be enhanced or suppressed depending on the relative phase between
the two inputs. A visibility nearing 95% was observed.
Since the first proof of principle experiment, many experiments have followed
reporting better efficiency. At the single photon level, the efficiency saw an increase
to 9% in thulium doped yttrium aluminum garnet (Tm3+ :YAG) [72] and a further
increase to 17% by tailoring square shaped teeth as opposed to Lorentzian shaped
teeth [100]. The efficiency received a further increase to 25% using praseodymium
doped yttrium orthosilicate [101] and having narrower comb teeth and higher optical
depth. Obtaining higher efficiencies requires finer spectral tailoring of the absorbing
line, higher optical depths and the ability to optically pump efficiently reducing the
absorbing background.
The multimode capacity has seen an increase from 4 temporal modes to 64,
demonstrated in [102] with cryogenically cooled neodymium doped yttrium orthosilicate (Nd :Y2 SiO5 ). There, the total input time was 1.28 µs with a 20ns mode
separation and 5ns mode duration. The storage time was 1.32 µs and the efficiency
was 1.4%. A more recent experiment realized storage of 1060 modes in Tm3+ :YAG
[103]. The storage time was 1.6 µs with an efficiency of around 1%.
The AFC scheme has also been performed at telecommunication wavelengths
[70]. The authors report an AFC efficiency of 0.7% for a delay of 360ns at the
single photon level using cryogenically cooled erbium doped yttrium orthosilicate
(Er:Y2 SiO5 ) with a optical transition at 1536nm. The authors also presented a
combined CRIB-AFC storage scheme. Here, a comb is prepared such that an echo
is emitted at one storage time (τ ) and a second echo is emitted at twice the storage
time (2τ ). Then, electric fields are applied to suppress the first echo using the Stark
effect which also suppresses the second echo. If the electric field polarity is switched
at τ , then the second echo is recovered at 2τ . This is an example of an on-demand
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version of the AFC at telecommunication wavelengths.
An example of on-demand read-out using the AFC scheme is reported in [74].
Cryogenically cooled praseodymium yttrium orthosilicate (Pr:Y2 SiO5 ) with optical
transition 606nm was used. A comb is prepared on the ground state ±1/2 to excited
state ±3/2 transition with a storage time of 4 µs and an efficiency of 5%. Control
fields are applied to transfer the coherence to the long lived ground state hyperfine
level ±3/2. With this arrangement, echo phenomena was seen for delays of up to
20 µs. Of course, the efficiency suffered due to spin dephasing in the hyperfine level,
resulting in efficiencies nearing 0.5% for shorter delay times. Multimode capacity
was demonstrated with the storage of 2 temporal input modes.
More recently, AFC technology has been used to store one photon of an entangled
pair of photons whilst still preserving the nonclassical nature of the entangled pair
[104]. Here, an entangled photon pair was created by down converting a green
532nm photon to an 883nm photon and a telecommunication 1388nm photon. The
near infrared photon was stored in an AFC carved into a neodymium doped yttrium
orthosilicate absorption line, while the telecommunication photon was sent into a
fiber 50m long. The cross correlation between the retrieved AFC photons and the
telecommunication photons stay well above the classical upper limit for storage times
nearing 200ns.

3.3

The Quantum Repeater

This technology was first suggested in [11] and many modified versions followed it
[90, 105–112]. Essentially, the repeater is technology that will allow for distribution
of quantum states over long distances. Quantum states of light are typically at the
single photon level, meaning using an optical fiber as a communication channel for
quantum states is ineffective. This is largely due to the fact that optical fibers have
loss. Even though telecommunication optical fibers have very low losses of around
0.2 dB/km, at distances around hundreds of kilometers the loss becomes significant.
For example, for a 1 Hz quantum source the rate of transmission at 1000km would
be 10−20 Hz, corresponding to 1 photon every 3×1012 years. Even if the repetition
rate of the source is increased to a perhaps ambitious 1GHz, the transmission rate
would be 1 photon every 3000 years.
In the classical regime, the problem of loss is solved by using amplification stages
or repeaters over the channel. Such a solution is ineffective in the quantum regime, as
the no-cloning theorem states that noiseless amplification of a set of nonorthogonal
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Figure 3.3: The quantum repeater approach to entangling locations A and Z. The
top row shows 4 elementary links in which entanglement is created between quantum
memories (QM) at locations A and B, C and D, ..... , W and X, and Y and Z. The
middle row shows the first entanglement swapping operation on B and C, ..... , and
X and Y. The result is entanglement between locations A and D, ..... , and W and
Z. The bottom row shows the final entanglement operation resulting in entanglement
between locations A and Z. The yellow squares represent quantum memories and the
dashed arrows between locations represents entanglement between those locations.

states is impossible [85]. The quantum repeater [11] is the proposed solution to the
problem of loss.
The quantum repeater is based on entanglement generation and entanglement
swapping [113]. Figure 3.3 shows the idea of the quantum repeater. The idea is that
entanglement can be produced between two atomic systems separated a distance
L by swapping entanglement between two entangled pairs each covering only a
distance L/2. Each entangled pair can be created by another two entangled pair
each covering a distance L/4 and so on. By dividing the distance L into N = 2n
elementary links each covering a distance L0 , entanglement can be created over the
distance L with n levels of entanglement swapping.
This quantum repeater protocol relies heavily of the creation of an entangled
pair of atoms to form an elementary link. One way to create a link would be
to create the entanglement between two systems locally and then send one of the
systems to a distant location using a photon. This method would of course suffer
from loss depending on how long the link needs to be. For a link of 100km the
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transmission through optical fiber is about 1%. Another problem is knowledge of the
entanglement without measuring the photon as this would destroy the entanglement.
A better method of creating the link is as follows. The link is made of, for example,
one atom at A and one at B separated by a distance L0 . Entanglement can be
created by detecting a single photon that could have been emitted from either atom
as long as the measurement can not determine which atom the photon came from.
This method benefits in the fact that entanglement is heralded by the detection of
a photon. If one detects zero or 2 photons, one then repeats the process.
Another essential ingredient for the repeater is the aforementioned quantum
memory. A quantum memory allows for a created elementary link to be stored
while the neighbouring link is being prepared, such that entanglement swapping
between the links can then be performed. This higher level entanglement then needs
to be stored while the neighboring higher level entanglement is being prepared and
so forth. Without quantum memory technology, the entanglement generation and
swapping would have to be successful on all links simultaneously, a highly improbable
case.
Essential to the repeater is the entanglement swapping between elementary links.
This involves a local joint measurement between two quantum memories projecting
the two links into an entangled state.

Duan-Lukin-Cirac-Zoller Protocol
A proposal for realizing the quantum repeater is the Duan-Lukin-Cirac-Zoller (DLCZ)
protocol [105]. The protocol involves the use of linear optics, atomic ensembles and
single photon counting to realize the entanglement generation and swapping operations. The earlier description of the repeater suggested an elementary link is created
by entangling single atoms, but in practice coupling light to a single atom is difficult.
The protocol takes advantage of the strong coupling between single photons and an
ensemble.
The DLCZ uses a level diagram shown in Figure 3.4. The three level system has
two ground states |gi and |si and an excited state |ei. It is assumed that all NA
atoms are initially in the ground state |gi. A write pulse is applied off-resonantly to
the |gi → |ei transition resulting in the spontaneous emission of a Raman photon,
often referred to as the Stokes photon. Detection of this photon without knowledge
of which atom it came from creates an atomic state that is a superposition of all
possible terms of NA − 1 atoms in the |gi ground state and one atom in the |si
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Figure 3.4: Level Scheme for the DLCZ protocol. For the write process, all atoms
start in the ground state |gi. A laser pulse then pumps the transition |gi → |ei
off resonantly with a small probability of emitting a single photon on the |ei → |si
transition. An atom is left in the ground state |si. For the read process, a laser drives
the |si → |ei transition resulting in a single photon emitted in a well defined direction
from the |gi → |ei transition.

ground state. The collective excitation is given by
√

NA
1 X
e(kw −ks )xj |gi1 |gi2 · · · |sij · · · |giNA −1 |giNA ,
NA j=1

(3.4)

where k is the wave vector, the subscript w corresponds to the write laser, s denotes
the Stokes photon, and xj corresponds to the position of the jth atom.
Reading out this collective excitation is achieved by driving the |si → |ei transition with a read pulse, leading to a similar state as before with NA − 1 atoms in the
|gi ground state and one atom in the |ei excited state and with wave vector kr . This
state can then collectively decay to the ground state emitting a photon (referred to
as the anti-Stokes photon with wave vector kAS ) on the |ei → |gi transition. The
phase matching condition which allows for all terms to constructively interfere is
kw − kS = kr − kAS . For atomic ensembles with large NA , this direction dominates
over other directions allowing for highly efficient collection of the anti-Stokes photon.
42

3.3 The Quantum Repeater
Entanglement Creation
We now describe the method in which entanglement generation is achieved. We
start with having an atomic ensemble at locations A and B as in Figure 3.5. The
two ensembles are simultaneously driven such that a single Stokes photon is emitted
corresponding to the state [105]
r


p † † iφa
† † iφb
(S a e + Sb b e ) + O(p) |0i.
1+
2 a

(3.5)

Here, a(b) denotes the Stokes photon, Sa (Sb ) denotes the atomic excitation corresponding to the atomic ensemble A(B), φa (φb ) is the phase of the driving field at
location A(B) and |0i is the vacuum state for all photonic and atomic modes. The
probability of emitting a single photon is p and is small such that higher order events
that occur with lower probability (O(p)) can be neglected.
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Figure 3.5: Entanglement creation between two ensembles A and B separated by a
distance L0 . The light blue circle in yellow squares represent a DLCZ-type ensemble
that emits single Stokes photons (dark blue circle) after driving fields are applied. The
photons are sent down optical fibers (dashed lines) and are combined on a beamsplitter
(BS), then detected. The detection of a single photon in either mode d or d˜ heralds
the storage of a single excitation in one of the ensembles.

The stokes photons are then coupled to optical fibers and combined on a beamsplitter at some central station between A and B. The modes at the beam splitter
are d = √12 (ae−iξa + be−iξb ) and d˜ = √12 (ae−iξa − be−iξb ). The detection of a single
˜ and no photon in d(d)
˜
photon in d(d)
projects the state of the atomic ensembles
into an entangled state given by

1
|ψab i± = √ |1a i|0b i ± |0a i|1b ieiθab ,
2

(3.6)
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where |0a(b) icorresponds to an empty |si state of ensemble A(B), |1a(b) i corresponds
to the storage of a single atomic excitation and θab = φb − φa + ξb − ξa . Thus, the
detection of a photon at either d or d˜ heralds the creation of entanglement. The
probability of successful entanglement creation is given by P = pηd ηt , where ηd is the
detection efficiency, and ηt is the transmission efficiency of the optical fiber. Upon
successful entanglement, an elementary link is created.
Entanglement Swapping
We now describe the process of entanglement swapping between elementary links
leading to a higher level of entangled ensembles. Consider two links given by A-B
and C-D seen in Figure 3.6. The system as a whole is described by |ψab i ⊗ |ψcd i. As
described before, light resonant on |si → |ei efficiently converts the atomic excitation
Sb (Sc ) into anti-Stokes photons b0 (c0 ). These modes are then combined on a beam
splitter and the detection of a single photon on either detector ( √12 (b0 ± c0 )) projects
the ensembles at locations A and D into

1 
|ψad i± = √ Sa† ± Sd† ei(θab +θcd ) |0i.
2

(3.7)

Hence, the detection of a single photon at either detector successfully entangles
two elementary links, creating a higher level of entanglement. It is then easy to
see that the higher levels of entanglement can be created by further entanglement
swapping and thus establishing entanglement between more distant locations.
DLCZ using Photon Pair sources and Quantum Memories
We now briefly describe how the DLCZ protocol can be realized using photon pair
sources and quantum memories. The motivation for this lies in the fact that to
establish entanglement between two distant locations, a photon needs to travel 10’s
of kilometers hence its wavelength should match the telecommunication wavelength.
This puts a limit on the operational wavelength of the DLCZ protocol, requiring
a memory at telecommunication wavelengths. As was seen in the first half of the
chapter, quantum memories at telecommunication wavelengths were of low efficiency.
A more sensible approach is proposed by [90]. Here, a photon pair source and
quantum memories are used to form the DLCZ protocol (see Figure 3.7). Entanglement creation between two remote locations A and B requires a photon pair source
and a quantum memory at each location. The sources are activated simultaneously
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Figure 3.6: Entanglement swapping. The ensembles A and B, C and D, are entangled
initially (dotted arrow). The atomic state of ensembles B and C are read out into
anti-Stokes photons on the |gi → |ei transition using resonant light on the |si → |ei
transition. Photonic modes b0 and c0 (red circles) are steered onto optical fibers (dashed
line) and the modes are combined on a beamsplitter (BS). The detection of a single
anti-Stokes photon projects the remote ensembles at A and D into an entangled state.
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Figure 3.7: DLCZ protocol entanglement creation using photon pair sources and
quantum memories. The blue circle represents a photon pair source (2hν) and the
yellow square represents the quantum memory (QM). The source emits photons in
modes a and a0 for location A and b and b0 for location B. The primed modes (orange
circles) are stored locally in quantum memories and the unprimed modes (red circles)
are sent along optical fibers (dashed line). These modes are then combined on a beamsplitter with the detection of a single photon heralding the creation of entanglement
between locations A and B.

such that each of them has a probability of p2 to emit a pair corresponding to the
state
r


p † 0†
† 0†
1+
(a a + b b ) + O(p) |0i.
(3.8)
2
The modes a and a0 (b and b0 ) correspond to two different directions at location
45

3. QUANTUM MEMORY FOR LIGHT
A (B). Higher order events are described by O(p). We note that this equation is
identical in form to Equation 3.5 with the phases set to zero. Modes a0 and b0
are sent to local memories while modes a and b are sent to a central station and
combined on a beamsplitter. The detection of a single photon on either detector
projects the atomic excitations stored in the quantum memories into an entangled
state given by Equation 3.6. For this scheme, the modes a and b want photons
at telecommunication wavelengths, but there is no constraint on the wavelength
of modes a0 and b0 . Hence, this is a wavelength flexible DLCZ proposal. As was
seen earlier, quantum memories in rare earth ion doped media have the greatest
efficiency [94] and are multimode [102, 103], making them an ideal candidate for
this implementation. Photon pair sources can be implemented using parametric
down conversion in nonlinear optical crystals [87–89].
An issue with parametric down conversion is the photons produced are broadband compared to the memory bandwidth. In order to match the bandwidths,
filtering using etalons of the a0 and b0 photons is implemented [104, 114]. An etalon
would also need to be used on the a and b photons to avoid detecting photons outside the bandwidth of interest. An alternative to using parametric down conversion
is proposed in this thesis (Chapter 4, [1]).
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Chapter 4
Theory of Optically Rephased
Memory Protocols
In Chapter 2 the optical properties of rare earth ion doped systems were presented
as having coherence times on the order of ms on the optical transitions and even
longer coherence times on the order of 30s using the hyperfine levels (see Section 2.1).
Also in that chapter, the coherent process known as the two pulse photon echo was
introduced. This type of optical memory can be implemented on the inhomogeneous
line of a rare earth ion system and can operate at high bandwidth (∼ MHz), high
efficiency (∼ 200%) and at high temporal mode capacity (see Section 2.4). These
reasons make the two pulse photon echo an ideal candidate for a quantum memory
for light. Chapter 3 reviewed the quantum memory for light. The CRIB and AFC
protocols in rare earth ion systems boasted the greatest efficiency (∼ 70% for CRIB
[94]) and high multimode capacity (64 modes for AFC [102]), albeit requiring fine
tailoring of the inhomogeneous line. An application of the quantum memory is the
quantum repeater (see Section 3.3), a device that enables entanglement distribution
over large distances. An ideal quantum repeater will have a quantum memory for
light that is highly efficient, highly multimode and has a long storage time.
In order to investigate the suitability of this protocol as a quantum memory
for light, a fully quantum mechanical analytical treatment of the two pulse photon
echo is required, which is presented in this chapter. A clue as to how suitable this
protocol is as a quantum memory for light is seen in the efficiency of the protocol.
Efficiencies exceeding 100% are possible for small input pulses as the rephasing π
pulse inverts the two level system into the excited state, allowing the echo to form in
an amplifying medium. As will be seen, the output of the quantum two pulse photon
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echo is additional noise due to collective amplified spontaneous emission caused by
the gain in the system [115].
Further to this amplified spontaneous emission (ASE), this chapter proposes the
new concept of rephased amplified spontaneous emission (RASE) [1]. With the
application of another rephasing π pulse, the atomic coherence created by the ASE
can be rephased. The result is that the time separated ASE and RASE fields share
nonclassical correlations. This chapter details the analytics for this scenario and
discusses the application to quantum repeater technology.
Finally, the chapter presents the hybrid photon echo rephasing (HYPER) protocol [4, 54], a quantum memory scheme based on optical rephasing and Stark shifting
on the inhomogeneous line. The scheme is motivated by the fact that CRIB and
AFC require fine spectral tailoring on the inhomogeneous line, whereas this scheme
does not. The scheme allows the collective interaction between the excited state
atoms and light to be ‘switched off’. The chapter presents the analytical theory and
an experimental realization.

4.1

Quantized Maxwell-Bloch Equations

The Maxwell-Bloch equations describe the two pulse photon echo and are presented
in Chapter 2 in a classical form. Logically, to investigate the quantum two pulse
photon echo it is necessary to formulate the quantized Maxwell-Bloch equations.
Such equations can be derived by first dividing the atomic ensemble into thin slices
and modelling each slice as an optically thin collection of atoms inside a FabryPerot resonator with the use of input-output theory [116, 117]. Then, the limit of
the reflectivity of the mirrors is taken to zero and the following equations result:
∂
σ̂− (z, ∆, t) = i∆ σ̂− (z, ∆, t) − i â(z, t) σ̂z (z, ∆, t)
∂t
∂
σ̂z (z, ∆, t) = iâ(z, t) σ̂− (z, ∆, t) − i â† (z, t) σ̂+ (z, ∆, t)
∂t
Z
∂
iα ∞
â(z, t) =
σ̂− (z, ∆, t) d∆,
∂z
2π −∞

(4.1)
(4.2)
(4.3)

where σ̂+,−,z represent the quantum atomic spin operators, â(z, t) is the quantum
optical input field operator to the left hand side of the cavity, â(z + dz, t) is the
output field at the right hand side of the cavity. α is the optical depth parameter
with units m−1 , which depends on the coupling between the atoms and the field and
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Figure 4.1: A two pulse photon echo sequence showing the approximations made in
the treatment, a weak first pulse is applied to the system and is recalled using and
ideal π pulse.

on the atom density, ∆ is the detuning from some chosen resonant frequency and z
is the distance along the propagation direction. Equations 4.1–4.3 are the quantized
Maxwell-Bloch equations. It is noted that these equations are 1-D, and spontaneous
emission into modes other than the 1-D input and output modes is neglected.
The operators have the following commutation relations:
[â(z, t), â† (z, t0 )] = δ(t − t0 )
ijk
σ̂k (z, ∆, t) δ(z − z 0 ) δ(∆ − ∆0 ).
[σ̂i (z, ∆, t), σ̂j (z 0 , ∆0 , t)] =
α

(4.4)
(4.5)

As can be seen from Equation 4.3, we take the density of atoms as a function
of frequency to be a constant i.e. g(∆) = 1. Such an assumption is justified in
the fact that for rare earth ion doped media, the inhomogeneous broadening on
the optical transition can be 7 orders of magnitude larger than the homogeneous
broadening of individual ion linewidths. For experiments where only a small band of
frequencies (compared to the GHz wide inhomogeneous broadening) are addressed
and for experiments with no spectrally tailored features, a constant density of atoms
is a sufficient approximation.

4.2

The Two Pulse Photon Echo

The first application of these quantum Maxwell-Bloch equations will be in analysing
a memory for light based on a two pulse photon echo. First, the problem is split into
two regions as seen in Figure 4.2. Region 1 is the time region before the application
of the π pulse, whereas region 2 is after the π pulse. The problem is made easier
49

4. THEORY OF OPTICALLY REPHASED MEMORY PROTOCOLS
π pulse
a 1 (z,t )

a 2 (z,t )
D †2 (z,t 1 ,∆)
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a 1 (0,t )
0

a 2 (0,t )
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Figure 4.2: Time regions of integration for the two pulse photon echo. Region 1 is
from time t0 to t1 , region 2 is from time t1 to t2 . For simplicity in the analytics, t0
is set to zero. The π pulse is applied instantaneously at t = t1 . Red curves indicate
the input optical fields at the front of the sample (z = 0) and green curves indicate
optical output fields at the back end of the sample. The blue curves indicate the
atomic boundary conditions.

by assuming that the input pulse in region is of weak intensity. In the Bloch sphere
picture, when the input pulse is absorbed, the result is a small rotation of the Bloch
vectors leaving a majority of the atomic state in the ground state (σz ≈ −1). Hence,
the atomic lowering operator σ− can be approximated as a harmonic oscillator field
D1 (see Figure 4.1). Under this assumption, the non-linear Maxwell-Bloch equations
reduce to the following linear equations
∂
D̂1 (z, ∆, t) = i∆ D̂1 (z, ∆, t) + i â1 (z, t)
∂t
Z
iα ∞
∂
â1 (z, t) =
D̂1 (z, ∆, t) d∆,
∂z
2π −∞

(4.6)
(4.7)

where the subscript one is indicative of the time region. These equations will be
referred to as the ground state Maxwell-Bloch equations.
Equation 4.6 is a simply first order linear equation with the following solution,

D̂1 (z, t, ∆) = i

Z

∞

−∞
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0

â1 (z, t0 ) u(t − t0 ) ei∆(t−t ) dt0 + ei∆t D̂1 (z, t0 , ∆) ,

(4.8)

4.2 The Two Pulse Photon Echo
where D̂1 (z, t0 , ∆) describes the state of the atoms at t = t0 and u(t) is the unit
step function. The Fourier transform of Equation 4.8 is taken, then this result is
substituted into the Fourier transform of Equation 4.7, this is seen below:

−α
∂
â1 (z, ω) =
∂z
2π

Z

∞

−∞

+ iα

Z


d∆ g(∆) â1 (z, ω)
∞



d∆ g(∆) δ(ω − ∆)D̂1 (z, t0 , ∆) ,

−∞

=

1
+ πδ(ω − ∆)
i(ω − ∆)

−α
â1 (z, ω) + iα D̂1 (z, t0 , ω).
2

(4.9)

Solving this equation and then Fourier transforming back to the time domain, one
arrives at the ground state optical solution
â1 (z, t) = â1 (0, t)e

−αz/2

+ iα

Z

z

0

dz 0 eα(z −z)/2 D̂1 (z 0 , t) ,

(4.10)

0

where â1 (0, t) denotes the input photonic field at z = 0 and D̂1 (z, t) is given by
D̂1 (z, t) =

Z

∞

D̂1 (z, t = 0, ω) eiωt dω

(4.11)

−∞

Equations 4.8 and 4.10 form the ground state solutions for all input times.
The solutions obtained for region 1 can be interpreted graphically in Figure 4.2.
The optical boundary condition, which is a function of time t, is propagated along the
z direction, whereas the atomic boundary condition, which is a function of position
z, is propagated forward in time. This region is analogous to a beamsplitter. The
input fields are the boundary optical and atomic states. There is coherent mixing
of the two fields resulting in the output states as linear combinations of atoms and
light. It can be immediately seen that the output optical state requires the additional
atomic degrees of freedom, as the commutation relations would be unphysical for
the case of very large optical depths.
It is interesting to consider the classical case when the atomic boundary condition
vanishes. Equation 4.10 reduces to the simple case of absorption of the input field,
where the degree of energy absorption is dependent on the optical depth and is given
by 1 − e−αz . This factor can be referred to as the write efficiency ηw , that is, the
efficiency of writing an optical input to the memory medium.
After the π pulse the atoms, using an identical argument to region 1, are all
very close to the excited state (σz ≈ +1) in which case we can approximate σ+
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by a harmonic oscillator field D2 . This then gives the excited state Maxwell-Bloch
equations
∂ †
D̂ (z, ∆, t) = i∆ D̂2† (z, ∆, t) − i â2 (z, t)
∂t 2
Z
iα ∞ †
∂
â2 (z, t) =
D̂ (z, ∆, t) d∆,
∂z
2π −∞ 2

(4.12)
(4.13)

where the subscript 2 indicates the region. It is noted that the atomic field D̂2 need
not be a creation operator but has been labelled as one here to indicate that this is
the excited state atomic field.
The π pulse is treated as being being a perfect π pulse leading to the instantaneous transformation D̂2 ← D̂1 . The treatment of the π pulse will be discussed later
in Section 4.5. Bringing Equations 4.12 and 4.13 through the same mathematical
process as Equations 4.6 and 4.7, we arrive at the excited state solutions:

D̂2† (z, t, ∆)

Z

t

0

dt0 â2 (z, t0 )ei∆(t−t ) + ei∆(t−t2 ) D̂2† (z, t2 , ∆) ,
−∞
Z z
0
αz/2
dz 0 eα(z−z )/2 D̂†2 (z 0 , t) ,
â2 (z, t) = â2 (0, t)e
+ iα
= −i

(4.14)
(4.15)

0

where â2 (0, t) and D̂†2 (z, t) are initial conditions for the photonic and atomic excited
fields respectively.
Again the solutions can be interpreted graphically via Figure 4.2. The input
fields are the boundary conditions on region 2 resulting in the mixing of atoms and
light for the region 2 optical output. The optical boundary condition for region 2 is
simply the unavoidable optical vacuum state, denoted â2 (0, t). The atomic boundary
condition can be obtained by first evaluating the atomic field solution for region 1
at the time of the π pulse, and then taking the hermitian conjugate due to the π
pulse inversion. Mathematically, this is
h
i†
D̂2† (z, t = t1 , ∆) = D̂1 (z, t1 , ∆) .

(4.16)

The second term
h in the optical isolution for region 2 (Equation 4.15) then has
† 0
D̂2 (z , t) ≡ F−1 D̂1† (z, t1 , ω)e−iωt1 .

The final optical field solution for region 2 can be obtained by using the above
boundary conditions, and is given as
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 αz 
â2 (z, t) = â2 (0, t)eαz/2 + 2 sinh
â†1 (0, 2t1 − t)
2
Z z
h
i
 0
0
αz/2
+ iαe
dz 0 e−αz /2 D†1 (z 0 , t − 2t1 ) + 1 − e−αz eαz /2 D†1 (z 0 , 2t1 − t) . (4.17)
0

There are three terms here. The first term is the unavoidable vacuum input
on region 2 which receives an amplitude gain of eαz/2 . The second term is the
echo, which contains the input state â1 (0, t). It is noted that the echo is a time
reversed copy of the input state and appears at a time symmetrical about the π
pulse. The third term contains the atomic degrees of freedom which again keeps the
commutation relations of the optical output physical for any optical depth.
In the classical regime where the vacuum operators are replaced with zero, the
solution is simply the second term only. The energy efficiency of the two pulse photon

. As stated earlier, it is easy to obtain efficiencies
echo η2PE is then 4 sinh2 αz
2
exceeding 100% by having optical depths larger than ∼ 1. A physical explanation
as to why this is the case follows. In the small input pulse regime, after absorption
the atomic state of the ensemble is mainly in the ground state. The application of a
π pulse results in the inversion of the ensemble. The echo then forms in the inverted
medium and is thus subject to amplification due to stimulated emission into the
echo mode. The degree of energy amplification is determined by the optical depth
and is given by eαz . The read efficiency ηr is then given as eαz − 1. It is noted that
the total efficiency can be obtained from the write and read efficiencies,
−αz

η2PE = ηw ηr = 1 − e

4.3



αz

(e

− 1) = 4 sinh

2

 αz 
2

.

(4.18)

Amplified Spontaneous Emission

The previous section gave the solutions to the quantum Maxwell-Bloch equations
for the two pulse photon echo. It is interesting to consider the case of a vacuum
input in region 1. This allows a measure of the noise on the output state. If the
optical boundary condition is a vacuum, then the boundary condition for region two
is simply the inverted atomic vacuum state, and the output solution takes the form
of Equation 4.15. The output state for this case is simply the input vacuum state
â2 (0, t) amplified by an energy gain factor of eαz (first term of Equation 4.15) plus
atomic degrees of freedom. This amplification of the vacuum noise will from now on
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be termed amplified spontaneous emission. Amplified spontaneous emission (ASE)
is the collective emission of photons into the output mode due to gain created by
the π pulse along the direction of propagation. This collective emission phenomena
is the downfall of the two pulse photon echo as a quantum memory for light. The
output state of the quantum memory has with it additional noise, reducing the
fidelity of the memory and ultimately rendering the two pulse photon echo as an
unsuitable candidate as a quantum memory for light.
Quantitatively, it is interesting to consider the average number of photons per
mode ha† (t)a(t0 )i in the output region (Appendix D shows why this is the average
photon number per mode). Equation 4.10 has two terms, a term consisting of
annihilation operators (â) and a term consisting of creation operators (D̂† ). For
simplicity let us define
â(z, t) = A + B † .
Now it is easy to form the mean photon number per mode for a vacuum input,
ha† (t)a(t0 )i = h A + B †

†


A + B† i

= hA† A + A† B † + BA + BB † i
= hBB † i


= h[B, B † ]i since hB † Bi = 0 .

(4.19)

Appendix C shows that [B, B † ] = δ(t − t0 )(exp(αz) − 1), where the bra and ket have
been omitted since the commutator has no operators. Hence, in the case of no input
pulse, we get an incoherent output field with ha† (t)a(t0 )i = δ(t − t0 )(exp(αz) − 1).
That is, for an input with an average of zero photons per mode, the memory output
is a state with [exp(αz) − 1] photons per mode. The number of photons per mode
grows exponentially with optical depth and hence the larger the optical depth, the
more additional noise is on the output of the memory. This then makes the quantum
two pulse photon echo an unsuitable candidate for a quantum memory for light, as
stated earlier. Especially since this type of memory would want to have a large
optical depth in order to absorb as much of the input pulse as possible.
It is interesting to consider the source of this noise. In this model we do not
couple to a thermal bath of states and we have no dissipation. The total system
evolves through pure states.
The solution for the ground state (Equation 4.8) is analogous to the output of a
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Figure 4.3: Two π pulse photon echo sequence proposed for generating rephased
amplified spontaneous emission (RASE).

50-50 beam splitter. The input fields being light and atoms, with the output fields
consisting of combinations of photonic and atomic excitations. One can see that the
addition of atomic excitations in the solution 4.10 is necessary for the conservation
of the commutation relations since the input photonic field contribution decays to
zero in the limit of large optical depth. The excited state solution is analogous to a
non-degenerate parametric amplifier [47], here the input field is amplified, and the
commutation relations are preserved by the addition of atomic creation operators.
If the system is looked at as a whole, the output optical state is entangled with the
atomic degrees of freedom of the sample.

4.4

Rephased Amplified Spontaneous Emission

The previous section explained the phenomena of amplified spontaneous emission
caused by an inverting π pulse on a two level inhomogeneously broadened system.
The π pulse promotes all atoms into the excited state, and they are then subject
to spontaneous emission. It was seen that the output photonic field is entangled
with the atomic degrees of freedom; an emission event creates coherence on the two
level system. The application of another ‘inverting’ π pulse applied to the system
will bring excited state atoms down to the ground state (with the energy going
back into the driving field) and the atoms that fell to the ground state due to ASE
are promoted back to the excited state. Then, the atoms in the excited state can
spontaneously emit a photon once again, in fact the photon will be emitted at a time
symmetrical about the π pulse. This ‘refocusing’ π pulse allows the atomic degrees
of freedom to be read out into photonic modes, rephasing the coherence left by the
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emission events. This is the rephased amplified spontaneous emission (RASE) field.
Remembering that the ASE field was entangled with atomic degrees of freedom, the
ASE field is thus entangled with the RASE field.
This protocol is analogous to the two pulse photon echo. The ASE field can
be thought of as the input state, and the RASE field can be thought of as the
output of the memory. Since this is like a 2PE, it is readily seen that this protocol
is broadband, the bandwidth is given by the Fourier width of the inverting pulse
which can be made broad for large laser powers. Also, like the 2PE, this protocol is
necessarily temporally multimode. The multimode capacity is given by the optical
depth and the coherence time, both of which can be large in rare earth ion doped
systems (see Chapter 2).
We now quantitatively show the equations that describe RASE. We consider
the two π pulse sequence shown in Figure 4.3. The input fields for each region are
illustrated in Figure 4.4, where it is noted that region 1 is now the excited state and
region 2 is now the ground state (contrary to Figure 4.2). For region 1 the atoms
will be inverted due to the first π pulse and hence Equations (4.12, 4.13) will apply.
For region 2 the atoms will be near the ground state due to the refocusing π pulse,
hence Equations (4.6, 4.7) describe the dynamics. We take the second π pulse to
occur at t = 0.
The photonic solution in region 1 is given by Equations 4.14 and 4.15 and the
solution in region 2 is given by Equations 4.8 and 4.10. For clarity we will now
denote photonic and atomic fields with the subscript 1 when referring to the ASE
fields (region 1) and subscript 2 when referring to the RASE fields (region 2). For
boundary conditions we take the incident field, â1 (0, t), to be in it’s vacuum state
as we do for the initial condition D1† (z, ti , ∆). The initial condition for region 2
is obtained from the atomic solution from region 1 evaluated at t = 0, and the
Hermitian conjugate is taken:
αz/2

D̂2 (z, t0 , ∆) = ie
Z
+α

0

−∞

Z

0

0

dt0 â†1 (0, t0 ) ei∆t
−∞
Z z
0
0 i∆t0
dt e
dz 0 eα(z−z )/2 D̂1 (z 0 , t0 )

+ D̂1 (z, ∆) .

0

(4.20)

To make the analytics simpler, the initial phase of the atomic field is chosen to be
zero.
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Figure 4.4: The time regions for the RASE protocol. It is noted that now region
1 is in the excited state, and region 2 is the ground state. A π pulse is applied at a
time ti , the beginning of region 1, causing amplified spontaneous emission. A second
π pulse is applied at t0 resulting in rephased amplified spontaneous emission in region
2. t0 is set to zero to simplify the analytics.

The ground state optical solution (4.10) describes the RASE field, with the
above as the initial condition. Now we may substitute in this boundary condition
and solve to find the analytic form of the RASE field. Note that we substitute into
the frequency domain version of Equation 4.10 and that in the substitution ω → ∆,
such that D̂2 (z 0 , t0 , ∆) → D̂2 (z 0 , t0 , ω).
−αz/2

Z

z

0

dz 0 eα(z −z)/2 D̂2 (z 0 , t0 , ω)

Z0 z
Z ∞
0
−αz/2
0 α(z 0 −z)/2
αz 0 /2
= â2 (0, ω)e
+ iα
dz e
ie
dt0 â†1 (0, t0 ) eiωt
−∞
Z z
Z0 ∞
0
00
0
+α
dz 00 eα(z −z )/2
dt0 eiωt D̂1 (z 00 , t0 )
−∞
0

+ D̂1 (z 0 , ω) .
(4.21)

â2 (z, ω) = â2 (0, ω)e

+ iα
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Now Fourier transforming and evaluating the integrals to get
â2 (z, t) = â2 (0, t)e−αz/2
Z z
0
dz 0 eα(2z −z)/2 â†1 (0, −t)
−α
0
Z z0
Z z
0
00
0
2
dz 00 eα(2z −z −z)/2 D̂1 (z 00 , −t)
dz
+ iα
0
Z 0z
0
dz 0 eα(z −z)/2 D̂1 (z 0 , t) .
+ iα

(4.22)

0

We now have the photonic solutions for region 1’s ASE field (Equation 4.15) and
region 2’s RASE field (Eq. 4.22).
It is interesting to look at the mean number of photons per mode for the RASE
fields, hâ†2 (t)â2 (t0 )i. As was done to the ASE field, we can split Equation 4.22
into annihilation and creation operator terms, and with the same analysis as was
shown in Equation 4.19, we get that the mean photon per mode is hâ†2 (t)â2 (t0 )i =

4δ(t − t0 ) sinh2 αz
. See Appendix C for more detail. It is seen that the mean
2
number of photons per mode is identical to the two pulse photon echo efficiency.
The mean photon per mode for the ASE and RASE fields is plotted in Figure 4.5.

2

Mean Photon per Mode

ASE
RASE
1.5

1

0.5

0
0

0.2

0.4
0.6
Optical Depth

0.8

1

Figure 4.5: Mean photon per mode for
 the ASE and RASE fields. The ASE curve
is eαz − 1, the RASE curve 4 sinh2 αz
2 .
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Violation of the Cauchy-Schwarz inequality
To determine whether the ASE and RASE fields show non-classicality, we consider
the Cauchy-Schwarz inequality. Physically, this inequality is simply a ratio of the
probability of having two photons at different times (t1 and t2 ) to the probability of
having two photons at the same time. The Cauchy-Schwarz inequality is given by,
R≡

p(t1 , t2 )2
,
p(t1 , t1 ) p(t2 , t2 )

(4.23)

where p(ti , tj ) = h â† (l, ti ) â(l, ti ) â† (l, tj ) â(l, tj ) i and p(ti , ti ) = h ( â† (l, ti ) â(l, ti ) )2 i.
For classical fields the Cauchy-Schwartz inequality states that R ≤ 1 (see page 78
of [47]). Considering times equally separated about the second π pulse, from the
expression for the output fields derived above we get


−2 1
1 1
− csch2
+
1 − e−αl
R(αl) =
2 2
8



αl
2

2

.

(4.24)

A more detailed derivation of this equation can be found in Appendix C.
It is easy to see from this equation that in the limit of large optical depth the
inequality goes to one, and in the limit of small optical depth the inequality tends
to infinity. The inequality is undefined when the optical depth is zero since the
denominator of Equation 4.23 is zero in this case.
5
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R(αl)

3

2

1

0
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2
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Figure 4.6: Plot of R(αl), showing the violations of the Cauchy-Schwartz inequality
for small optical depths.

Figure 4.6 shows that for optical depths less than 1, the output at times equally
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separated from the refocusing π pulse show nonclassical correlations. For the optically thin case αl << 1, the non-classicality is high.
It should be noted that this is not perfect entanglement. The entanglement
between the optical (ASE) and atomic modes is perfect but mapping the atomic
modes back to optical modes (RASE) is not perfect. This is because the read
efficiency is low for low optical depths. Before we saw that the echo efficiency is

, so for low optical depths the efficiency is less than 100%.
η = 4 sinh2 αl
2

Variance and Inseparability
Another way to determine the nonclassical nature of the ASE and RASE fields is to
invoke the inseparability criterion created by Duan et al. [118]. This criterion is for
continuous variable systems. This is in contrast with the Cauchy-Schwarz inequality
introduced above, which is best used for discrete photons.
Using this criterion involves making a measurement of the two quadrature amplitudes of the quantum state of light. In our case, the two quadrature amplitudes
of the ASE(RASE) field are given by the quantum mechanical operators x̂1(2) and
p̂1(2) . One can express a maximally entangled state as a co-eigenstate of a pair of
EPR type operators [10] such as,
û =
v̂ =

√
√

b x̂1 +
b p̂1 −

√
√

1 − b x̂2

1 − b p̂2 ,

(4.25)

where b is an arbitrary real number. The criterion then states that for any separable
quantum state ρ, the total variance of a pair of EPR-like operators given by the above
equations satisfies
h(∆û)2 iρ + h(∆v̂)2 iρ ≥ 2.
(4.26)
For inseparable states, the total variance of the û and v̂ operators is bound from
below by zero.
We now form the operators û and v̂. Forming these operators involves obtaining
the variance in each quadrature in each region (hx̂21 i) and the covariance between the
same quadrature in different regions (hx̂1 x̂2 i), with the assumption that the mean
quadrature value is zero. As stated earlier, we can simplify the ASE and RASE
fields as the following, â1 = A + B † and â2 = C + D† . The functional form of the
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quadrature operators is the following,
x̂i = âi + â†i



p̂i = −i âi − â†i

(4.27)

where i = {1, 2}. Substituting in the simplified versions of the ASE and RASE
fields, it is easy to get the following for the x̂ quadrature,
hx̂21 i = [A, A† ] + [B, B † ], hx̂22 i = [C, C † ] + [D, D† ], hx̂1 x̂2 i = [A, D† ] + [B, C † ].
(4.28)
It is easy to see from Equation 4.27 that,
hx̂2i i = hp̂2i i and hx̂i x̂j i = −hp̂i p̂j i,

(4.29)

where i, j = {1, 2} and i 6= j.
The terms in Equations 4.28 are derived in the Appendix C, and we get the
following,
hx̂21 i = 2eαz − 1
hx̂22 i = 1 + 8 sinh2
αz

 αz 

hx̂1 x̂2 i = 2 (1 − e ) .

2

(4.30)

We see that the covariance term is negative, and increase in magnitude with increasing optical depth. When the optical depth is zero, we retain the expected vacuum
variance of 1 and a covariance of zero. Figure 4.7 plots the equations.
We can now form the inseparability criterion by taking the variance of Equations
4.25 and substituting in Equations 4.30. This is demonstrated below, where the
mean fields are set to zero,

p
hû2 i + hv̂ 2 i = b hx̂21 i + (1 − b) hx̂22 i + b (b − 1) hx̂1 x̂2 i
p
+ b hp̂21 i + (1 − b) hp̂22 i − b (b − 1) h−p̂1 p̂2 i

 αz 
p
+ 4 b(1 − b) (1 − eαz ) .
= 2b (2eαz − 1) + 2(1 − b) 1 + 8 sinh2
2
(4.31)
The inseparability criterion (Equation 4.31) is plotted for αz from 0 to 10 and for
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Figure 4.7: Plot of Equations 4.30 vs optical depth. The y-axis is the variance in
terms of the variance of the vacuum.

b from 0 to 1 in Figure 4.8(a). The curve in Figure 4.8(b) represents the minimum
inseparability value for a given optical depth. This curve is found by taking the
minimum value for each optical depth value using Matlab. As can be seen, the
minimum criterion decays as a function of optical depth indicating that the criterion
is violated.
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Figure 4.8: (a) Inseparability criterion image for varying optical depth. White space
indicates when the criterion exceeds 2. Green plus symbols indicate the value of b
that minimizes the criterion for a given optical depth. (b) Minimum of inseparability
criterion as a function of optical depth.
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4.5

Implementation of RASE

In this section we discuss the experimental implementation of the RASE protocol.

System
One advantage of RASE is that this protocol can be implemented in a large range of
atomic systems. RASE, in the simplest case, is implemented on the inhomogeneous
line of a two level atomic ensemble. This is in contrast with the implementation
of other quantum memory based technology. Protocols such as AFC and CRIB
require long lived spectral features burnt into the inhomogeneous line. Rare earth
ion systems such as europium and praseodymium are the ideal systems for long
lived spectral features, but have inconvenient operational wavelengths (≈ 580 nm
and ≈ 606 nm). AFC and CRIB have been implemented in other rare earth systems
such as thulium and erbium. These systems are more suitable to cheap diode laser
systems and optical fiber networks (≈ 790 nm and ≈ 1550 nm). However, these
systems have poor optical pumping making high efficiency operation difficult to
achieve.

Imperfect π pulses
The model described in the previous sections relies on the inverting π pulses to be
ideal. The ideal π pulse inverts perfectly over the bandwidth of the pulse. Experimental implementation of such ideal π pulses can be challenging, so one must
consider the effect of non-ideal π pulses. One can model a non-ideal pulse as an
ideal pulse plus some coherence on the two level ensemble. This coherence will be
temporally brief and if the inhomogeneous broadening is truly flat, will dephase
quickly resulting in no net polarization after the ideal π pulse. The only way to
have effects of the non-ideal π pulse interact with the optical field of interest is to
rephase it with yet another π pulse, which is not the case here. The ability to prepare
an ideal inverted medium for classical information processing has been investigated
experimentally [119, 120].
Imperfect π pulses can result in random FID phenomena due to structure in the
inhomogenous line, as mentioned in Section 2.4. These FIDs are difficult to avoid,
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in particular with materials that have long lived spectral holes (e.g. Pr3+ :Y2 SiO5 ).
To avoid FIDs in these experiments, the poor holeburning material Tm3+ :YAG is
used. Other methods to avoid this are the use of a four level echo scheme [3] or
phase mismatching [121].

Phase Matching
The effect of phase matching is considered by extending to a 3D treatment in the
paraxial approximation. Note, the above treatment is a 1D treatment. In the 3D
case a(z, t) → a(z, kt , t) and σ− (z, ∆, t) → σ− (z, ρ, ∆, t) where kt = (kx , ky ) is the
transverse wavevector and ρ = (x, y) is the transverse position. This then results in
the following equations of motion for the ground state
Z
∂
D̂g (z, ρ, ∆, t) = i∆ D̂g (z, ρ, ∆, t) + i d2 kt â(z, kt , t)eikt .ρ
∂t
Z
Z ∞
∂
iα
2
â(z, kt , t) =
dρ
d∆ D̂g (z, ρ, ∆, t)e−ikt .ρ .
∂z
2π
−∞

(4.32)
(4.33)

Fourier transforming the atomic operators along the transverse dimensions by
defining
Z
D̂g (z, kt , ∆, t) = d2 ρ D̂g (z, ρ, ∆, t) exp(−ikt .ρ)
(4.34)
leads to Maxwell Bloch equations which are diagonal in the transverse wave vector

∂
D̂g (z, kt , ∆, t) = i∆ D̂g (z, kt , ∆, t) + iâ(z, kt , t)
∂t
Z
∂
iα ∞
d∆ D̂g (z, kt ∆, t).
â(z, kt , t) =
∂z
2π −∞

(4.35)
(4.36)

For the excited state Maxwell Bloch, the same procedure gives
∂ †
D̂ (z, kt , ∆, t) = i∆ D̂e† (z, kt , ∆, t) − i â(z, −kt , t)
∂t e
Z
∂
iα ∞ †
â(z, kt , t) =
D̂ (z, −kt , ∆, t) d∆.
∂z
2π −∞ e

(4.37)
(4.38)

In the situation where the π pulse is applied off axis the phase of the π pulse
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depends on the transverse position leading to the transformation
D̂e (z, ρ, ∆, t) ← D̂g (z, ρ, ∆, t) exp(2ikπ .ρ),

(4.39)

or after Fourier transforming
D̂e (z, kt , ∆, t) ← D̂g (z, kt − 2kπ , ∆, t).

(4.40)

For the RASE sequence, the phase of the first π pulse is irrelevant to the sequence.
Regardless of the phase of this π pulse, the atoms will be inverted into the excited
state. An imperfect π pulse will result in some small coherent excitation, but this
can be ignored as it will dephase quickly (on the order of the π pulse duration) and
any echo formed from this excitation will occur outside the time window of interest.
The ASE caused by the inversion due to this π pulse is spatially multimode, with the
amount of ASE in a particular mode determined by the gain experienced traversing
the sample.
The first π pulse produces ASE with wavevector kASE , from Equations 4.37
and 4.38. The light with this wavevector is entangled with the atomic excitation with
mode −kASE . The second π pulse transfers this to the wavevector −kASE + 2kπ according to Equation 4.40. Equations 4.35 and 4.36 connect atomic and optical modes
with the same wavevector so the wavevector for the RASE is kRASE = −kASE + 2kπ
or
kASE + kRASE = 2kπ .
(4.41)
This is the same phase matching condition as a two pulse photon echo, kinput +kecho =
2kπ . The RASE protocol is thus identical to the two pulse photon echo with the
input pulse as ASE and the output as RASE. While this phase matching condition
is valid outside the paraxial regime, the only way to achieve phase matching is with
the beams collinear or close to collinear, because the ASE, RASE and π pulse must
all be at the same frequency.

4.6

Application to the DLCZ Protocol

It is interesting to consider the relationship of the current scheme with the DLCZ
protocol [105]. The DLCZ protocol involves the creation of entanglement between
distant ensembles. The relevant energy level diagrams are shown in Figure 4.9a.
Once the level |3i has been adiabatically eliminated the write process is formally
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Figure 4.9: (a) DLCZ protocol showing write and read process. (b) Modified protocol. The inhomogeneous broadening of the |1i-|2i transition now leads to an increase
in bandwidth.

equivalent to a set of excited state atoms (|1i) spontaneously emitting into the level
|2i. The emitted optical field is then steered elsewhere for entanglement generation
with another ensemble of atoms [105]. Once entanglement is generated between two
ensembles, one wishes to read out one ensemble’s atomic field to a photonic field
in order to implement entanglement swapping [105]. For the read process, state |2i
becomes the excited state and state |1i the ground state.

One problem with this is the inhomogeneous broadening of the |1i-|2i transition causes dephasing limiting the time separation between the writing and reading
process. A modified DLCZ protocol, in close analogy with RASE, would overcome
this problem. A rephasing pulse on the |1i-|2i transition utilizes the inhomogeneous
broadening, now increasing the bandwidth of the process rather than reducing the
time separations. The sequence of events for this modified DLCZ protocol are shown
in Figure 4.9b. It is worth noting that the modified DLCZ protocol does not have
the same issue with echo efficiency as the two level scheme because the classical
coupling field can be altered meaning that the ensemble can be optically thin for
the writing process and thicker for the reading process.
The phase matching conditions for the modified DLCZ protocol will be the same
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as given in Equation 4.41 for RASE. However with a Raman transition it is the
wavevector difference for the two optical fields that is important. This means that
one has a lot more freedom in the implementation because one is not restricted by
the requirement that ω = ck, as one is in the two level case.

4.7

Hybrid Photon Echo Rephasing

The previous sections described the RASE protocol. This protocol takes advantage
of the seemingly undesirable additional noise on the output of the 2PE, by rephasing
it at a later time and creating time separated entangled photon streams. In this
section we return to the question of whether a quantum memory protocol can be
implemented using strong optical rephasing pulses. Obviously, using only optical
rephasing pulses, this can not be done. In this section we propose the idea of hybrid
photon echo rephasing. This protocol uses a combination of strong optical pulses
and external static electric fields. The pulse sequence is identical to the RASE
protocol, with the exception of some input pulse to be stored. The optical pulses
have the familiar role of rephasing the coherence due to the absorption of the input
pulse. The electric fields have the role of Stark shifting the atoms, a property that
is desirable, particularly with the CRIB protocol for quantum memory. Having the
ability to Stark shift atoms allows for the elimination of the irritating gain feature
created by a strong optical π pulse. This then allows spontaneous emission events to
not be amplified and hence additional noise will not be seen on the output memory
state.
Figure 4.10 shows the pulse sequence for the hybrid photon echo rephasing. This
pulse sequence can be viewed as three time regions. The first region (0 < t < t1 )
an input pulse is applied centered at t = 0, then followed by a strong Stark shifting
pulse and rephasing π pulse at t = t1 . The π pulse creates the gain feature in which
a 2PE echo and spontaneous emission events would propagate through and undergo
amplification. To eliminate this effect, a temporally long position dependent Stark
shifting field is applied over the duration of the second time region (t1 < t < t2 ).
This broadens out the gain feature which eliminates the noise and also the formation
of the two pulse photon echo since an additional position dependent phase shift has
been added to the atoms. The effect of preventing the 2PE formation and broadening
the gain feature effectively decouples the optical fields with the atomic fields . While
the dephasing caused by the applied broadening stops the two pulse echo forming, so
long as the broadening applied after the first π pulse exactly balances the additional
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Figure 4.10: HYPER pulse sequence. The black solid line shows the applied fields
where the green lines are the echo fields. Stark shifting electric fields are shown by
the blue shaded areas. The green dashed line illustrates where the 2PE would form
in the case of no electric fields.
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Figure 4.11: The 3 time regions for the HYPER sequence. For simplicity in the
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is assumed that the Stark and π pulse occur instantaneously at time t = t2 . A Stark
pulse is then applied over region 2 (t2 < t < t4 ) followed by a π pulse at t = t4 . The
output region is region 3 (t4 < t). Red curves indicate optical inputs, green curves
indicate optical outputs and blue curves are the atomic boundaries. The application
of the Stark field over region 2 has the effect of decoupling the light from the atoms
in that region.
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phase shift acquired before the first π pulse, the echo of the echo will form after a
second π pulse at t = 2t2 − 2t1 . This is the output from the memory, the hybrid
photon echo.

Analytical Theory
We now present some analytics. A full derivation of obtaining the solutions is
presented in Appendix B. It is assumed, as before, that the input quantum state of
light to be stored is of weak intensity. Thus, we can apply the quantum MaxwellBloch equations that were developed at the start of this chapter. As can be seen
from the pulse sequence, regions 1 and 3 have the atoms near the ground state, and
region 2 the atoms are near the excited state. We can use Equations (4.6, 4.7) for
regions 1 and 3, and Equations (4.12, 4.13) for region 2. Of course, these equations
and boundary conditions will need to be modified appropriately to take into account
the effect of the Stark shift.
For region 1 before the Stark pulse is applied the equations of motion are exactly
Equations 4.6 and 4.7 which have the solutions given by Equations 4.8 and 4.10.
Now the Stark shifting field is taken into account. It is assumed that this field is
placed just before the first π pulse and is strong and temporally short, allowing the
dynamics of the optical field to be ignored at the boundary. The Stark shifting field
shifts an atom’s detuning dependent on its position by ηz such that ∆ → ∆ + ηz
and the π pulse inverts an atoms detuning such that D̂ → D̂† . The Stark shift and
π pulse results in the following transformation on the atomic field at the region 2
(t = t2 ) boundary,
D̂2† (z, t

h

iη1 z

= t2 , ∆) = D̂1 (z, t2 , ∆)e

i†

(4.42)

where D̂1 is given by Equation 4.6 and η1 = η(tf − ti ). Here, η is the size of the
Stark shifting field and tf − ti is the duration of that field.
Region 2 has a Stark shift applied over the duration of the region. The equations
of motion that describe the dynamics are Equations 4.12 and 4.13 with the addition
of the Stark shift
∂ †
D̂2 (z, t, ∆) = i(∆ + η 0 z)D̂2† − iâ2
∂t
Z
∂
iα ∞
â2 (z, t) =
d∆ D̂2† ,
∂z
2π −∞

(4.43a)
(4.43b)

69

4. THEORY OF OPTICALLY REPHASED MEMORY PROTOCOLS
The atomic field solution for region 2 is given by
D̂2† (z, t, ∆)

= −i

Z

t

0

0

0

â2 (z, t0 )ei(∆+η z)(t−t ) + D̂2† (z, t2 , ∆)ei(∆+η z)(t−t2 ) .

(4.44)

−∞

The optical field solution is obtained using similar mathematical techniques seen at
the start of this chapter, given below as
â2 (z, t) = b̂2 (0, t)eαz/2 +

b̂†1 (0, 2t2



−(α+i(η1 −η 0 (t−t2 )))z
α
1
−
e
− t)eαz/2
α + i(η1 − η 0 (t − t2 ))

(4.45)

where we have defined the following operators
b̂2 (0, t) = â2 (0, t) + iα
b̂1 (0, t) = â1 (0, t) + iα

Z

z

Z0 z

0

0

dz 0 e−(α/2+i(η1 −η (t+t2 )))z D̂1† (z 0 , t − 2t2 )
0

dz 0 eαz /2 D̂1 (z 0 , t).

0

It is noted that when the Stark fields are set to zero, the two pulse photon echo
).
solutions are retained with efficiency η2PE = 4 sinh2 ( αz
2
We can now form the region 3 boundary condition, in a similar fashion as the
h
i†
†
region 2 boundary condition was formed, namely D̂3 (z, t = t4 , ∆) = D̂2 (z, t4 , ∆) .

The equations of motion that describe the dynamics of region 3 are exactly
those stated for region 1, Equations 4.6 and 4.7. Hence the optical solution for
region
h 3 is identical ini form to Equation 4.10, with subscript 1 → 3 and D̂3 (z, t) ≡
−1
F
D̂3 (z, t4 , ω)e−iωt4 . For balanced Stark fields, the output optical solution in
region 3 is,
 (α−iη0 (t−t ))z

4
α
e
−
1
e−αz/2
â3 (z, t) = b̂3 (0, t)e−αz/2 − b̂†2 (0, 2t4 − t)
α − iη 0 (t − t4 )
"
!#
 (α−iη0 (t−t ))z

4
e
−
1
z
− b̂1 (0, t − 2t4 + 2t2 ) αz + α2
−
e−αz/2 .
(α − iη 0 (t − t4 ))2
α − iη 0 (t − t4 )
(4.46)

where we have defined the operator
b̂3 (0, t) = â3 (0, t) + iα

Z

0

z

0

dz 0 eαz /2 D̂1 (z 0 , t − 2t4 + 2t2 ).

In the limit as the Stark shift over region 2 tends toward infinite intensity, Equa70
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tion 4.46 becomes
â3 (z, t) = â3 (0, t)e−αz/2 − â1 (0, t − 2t4 + 2t2 )αze−αz/2


Z z
−αz/2
0 αz 0 /2
0
+ i α(1 − αz)e
dz e
D̂1 (z , t − 2t4 + 2t2 ) .

(4.47)

0

The solution has three terms. The first term is the inevitable optical vacuum input
at the region 3 time boundary which decays as a function of the optical depth. The
second term is the HYPER echo which forms at a time t5 = t1 −2t4 +2t2 for an input
at t1 and has efficiency of ηHPE = (αz)2 e−αz . This echo has a maximum efficiency of
54% at αl = 2. The third term contains the atomic degrees of freedom.
It can be seen that the Stark shifting field over region 2 eliminates contributions
from region 2 on the region 3 output. Taking the limit of infinite Stark shift is
physically equivalent to decoupling the optical and atomic fields in the equations
of motion in region 2, thus ‘switching off’ the collective atom-light interaction in
this region and reducing the noise on the output field. In the decoupled regime, the
atomic boundary condition at region 3 (t = t4 ) is found by propagating the region
2 boundary condition (t = t2 ) forward in time by t4 − t2 . The result obtained for
the output field in region 3 is then identical to Equation 4.47.
The HYPER echo efficiency of 54% in the forward direction is reminiscent of the
efficiency of the CRIB protocol in the forward direction (Chapter 3). To determine
the efficiency in the backward retrieval regime, a semi-classical analysis is considered.
The crystal exists from 0 < z < L and fields propagating in the forward direction
are described by Equations 4.6 and 4.7, where for clarity the subscript is now f . In
the backward direction, the equation of motion for the optical field ab is similar to
Equation 4.7 except with a minus sign on the left-hand side since the propagation
is in the opposite direction.
Consider an input optical field at the front of the crystal af (z = 0, t) = ain (t)
which is non-zero for times t < 0 and the atomic fields are in the ground state. The
solutions are the semi-classical equivalent of Equations 4.8 and 4.10, stated below
as
af (z, t) = af (0, t)e−αz/2
Z ∞
0
Df (z, t, ∆) = i
af (z, t0 ) ei∆(t−t ) dt0 .

(4.48)

−∞

The integral for the atomic solution has an upper limit of infinity as the optical field
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is zero for t > 0. At time t = 0, the integral becomes
Df (z, t = 0, ∆) = i

Z

∞

0

af (z, t0 ) e−i∆t dt0 = i e−αz/2 ain (ω = ∆).

(4.49)

−∞

The dynamics of the two Stark shifts and the two π pulses are reduced to an
instantaneous operation at t = 0. For the case of counter-propagating π pulses, the
operation has the effect
Db (z, t = 0, ∆) ← Df (z, t = 0, ∆)e−i∆td ,

(4.50)

where td is the the time difference between the atoms being in the excited and ground
state during the rephasing period. The solution for the optical field is in the form
of 4.10

ab (z, ω) = ab (L, ω)e

−α(L−z)/2

+ iα

Z

z

0

dz 0 e−α(z −z)/2 Db (z 0 , 0, ω) .

(4.51)

L

This equation has two terms. The first term is zero in the semi-classical regime
as the backward field at z = L is zero. The second term is an integral that is easily
evaluated. At the front of the crystal (z = 0) the output field aout (ω) = ab (o, ω) is
given by
aout (ω) = ain (ω)(1 − e−αL )e−iωtd
(4.52)
which in the time domain is
aout (t) = ain (t − td )(1 − e−αL ).

(4.53)

The efficiency in the backward direction is therefore (1−e−αL )2 which is identical
in form to the CRIB efficiency in the backward direction (Equation 3.1). In the limit
of large optical depth, the efficiency tends to 100%.
Experimental implementation of retrieval in the backward direction can be achieved
by using counter-propagating rephasing π pulses. For example, if the input pulse
co-propagates with one of the π pulses then, due to phase matching conditions, the
recalled light co-propagates with the other π pulse and hence is retrieved in the
backward direction.
Figure 4.12 shows the experimental implementation of hybrid photon echo rephasing technique [7].
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Figure 4.12: Experimental implementation of the hybrid photon echo rephasing
technique from D. L. McAuslan [4, 7]. (a) shows the case when the external fields are
off, (b) the case when they are on. The black line is the detector output showing the
applied optical fields, the red lines are the applied external field. Pulse (i) is the input
pulse. This is then followed by pulse (ii) the rephasing π pulse which results in the
creation of the photon echo (iii) at a time symmetric about the π pulse. A second π
pulse is applied (iv) which creates a three pulse photon echo (v) and then the echo of
(iii) i.e (vi). When the external fields are applied, we see that the two and three pulse
photon echos are eliminated, but the echo of the two pulse photon echo remains.
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Chapter 5
Experimental Description
In this chapter we present the details of the experimental set-up used to obtain the
results of this thesis. The chapter is in two parts. In the first part of this chapter
the laser set-up and locking is described. The laser used in this experiment was also
used for other experiments conducted by Jian Wei Tay [2], Warrick G. Farr and
Dmitry Korystov [5]. The external cavity diode laser system was built by JWT.
The servo used for locking was designed by JWT. My role in the locking was the
tweaking of gain and bandwidth of the laser servo. JWT and I jointly worked on
the optical feedback of the locking, producing the measurement of the noise on the
error signal, Figure 5.6(a). WGF and DK provided the beat measurement of the
two identical laser systems, Figure 5.7, and the Allen variance plot, Figure 5.8. A
paper has been prepared on the frequency stabilizing of this laser [5].
In the second part of this chapter, the heterodyne detection system used to
measure the ASE and RASE fields is described and characterized.

5.1

Laser

The experimental results presented in this thesis are obtained using a thulium
yttrium aluminum garnet crystal. The transition of interest has the wavelength
793.156nm in air. The laser used is a laser diode supplied by Eagleyard model number EYP-RWE-0840-06010-1500-SOT02-0000. The centre wavelength of this diode
is 810nm, and the manufacturer claims a tuning range of 35nm either side of 815nm,
dependent on the external cavity used. Our set up involves an external cavity in the
Littrow configuration [122], shown in Figure 5.1. The grating used in the cavity has
1800 lines/mm. The diode laser output is steered onto the diffraction grating, and
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the first order diffraction beam is steered back toward the diode laser facet. This allows for wavelength selectively by adjusting the angle of the grating with respect to
the beam output direction of the bare diode. This is the case because the wavelength
of the diffracted beam is related to the angle of incidence. Of course, this particular
configuration has the disadvantage of the beam spatially moving when scanning the
grating angle, but the advantage of more optical power compared to the LittmanMetcalf scheme [123]. The Littman-Metcalf scheme has the added advantage of a
narrower linewidth than the Littrow configuration.

Figure 5.1: ECDL set-up (figure courtesy of Tay [6]). Refer to the text for description
of set-up. Elements include: LD = Laser Diode, CL = Collimating Lens, TM =
Thermistor, MM = Mirror Mount, DG = Diffraction Grating, PZ = Piezo Electric
Transducer.

Figure 5.1 illustrates the laser diode mounting. The diode is mounted in a
casing which is then attached to a modified mirror mount, which allows for angle
adjustment between the bare diode and the grating. The grating is mounted to a peg
shaped piece of metal with a piezo stack placed between the two prongs, allowing
the grating angle to be adjusted independently. This combined diode laser mirror
mount and grating mount is then mounted to a piece of metal which is in thermal
contact with a thermistor. The thermistor allows for frequency scanning of the laser
frequency by scanning the temperature. A lens is placed after the laser diode to
collimate the output beam.
The current driver used is a home-built version of Libbrecht and Halls current
supply [124]. The current can also be used to scan the frequency. This is because
the current can change the temperature of the diode cavity and hence the cavity
length. The optical length of the diode can also change due to a refractive index
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change of the diode junction. The maximum current that this particular diode can
take is 200 mA. Typical operational current is 180 mA. At this current, the output
power is 42 mW.
The major advantage diode lasers have over other laser systems at these wavelengths is that they are cost effective. The laser diodes used here were purchased for
around 500 euros and cheaper alternatives exist. Other systems such as Ti:Sapphire
systems require expensive components and a powerful green pumping laser, also
expensive. Compared to this diode lasers seem to be the better option. The disadvantage of laser diodes is the large amounts of broadband (MHz) phase noise they
have. To take full advantage of the narrow homogenous linewidths that rare earth
ions boast, a laser of comparable linewidth must be used. Thus, bare diode lasers
have limited use in continuous variable quantum optics applications. This phase
noise is associated with the broad Schawlow-Townes linewidths of bare diode lasers,
due to their short length and the low Q-factor of their resonators. The stability of
the output frequency is limited by the current supply used as diodes are sensitive
to current fluctuations.

5.2

Locking

For continuous variable experiments in rare earth ion doped crystals, frequency
stabilization to the order of the homogenous linewidth of rare earths is required. In
this section we detail the method of Pound-Drever-Hall locking [125].

Pound Drever Hall
The locking technique employed here is the well known technique of Pound Drever
Hall (PDH) locking [125]. This technique involves locking to a narrow frequency
reference, for example, a high finesse cavity. The laser phase is dithered using an
electro-optic modulator (EOM) creating frequency sidebands. The light is then
steered toward a cavity, and the transmitted, but more importantly, reflected and
leakage fields are detected. The reflected field can tell you which side of the resonance
the laser is at, perfect for a feedback signal. The reflected and leakage fields can
then be mixed with an RF local oscillator of identical frequency to the dithering RF
field on the EOM. This is effectively taking the derivative of the transmitted signal.
The result is the locking error signal. The sign of the error signal is different on
either side of resonance, and is zero on resonance. The error signal is fed through
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some amplification and then into the laser current driver, which will compensate for
frequency fluctuations dependent on the characteristics of the servo amplifier.
The electric field of a laser beam is given by E0 eiωt where ω is the frequency of
the laser. Dithering the phase using an EOM has the following effect on the electric
field,
Ei =E0 e

i(ωt+β sin(Ωt)

= E0

∞
X
−∞

i(ω+nΩ)t

Jn (β)e

≈ E0

1
X

Jn (β)ei(ω+nΩ)t

−1



=E0 J0 (β)eiωt + J1 (β)ei(ω+Ω)t − J1 (β)ei(ω−Ω)t ,

(5.1)

where higher order terms have been omitted under the assumption of small β. Here,
ω is the carrier frequency and the sideband frequencies are ω±Ω. Ω is the modulation
frequency and β is the modulation depth, a measure of how much power is put into
the sidebands. Jn are the nth order Bessel functions. If P0 is the total power in the
beam, then the power in the carrier (Pc ) is J02 (β)P0 and the power in each sideband
(Ps ) is J12 (β)P0 . For small modulation depths, P0 ≈ Pc + 2Ps .
Steering the above beam into a Fabry-Perot cavity results in some of the beam
being reflected, and some being transmitted. The reflected beam is given by Er =
F Ei , where F is the coefficient of reflection. For a symmetric lossless cavity the
reflection coefficient is
r(eiφ − 1)
F =
.
(5.2)
1 − r2 eiφ

Here, r is the amplitude reflection coefficient of the mirrors in the cavity and φ = ω 2L
c
is the phase shift from one round trip of the cavity length L. The reflected beam
then becomes,



Er = E0 F (ω) J0 (β)eiωt + F (ω + Ω) J1 (β)ei(ω+Ω)t − F (ω − Ω) J1 (β)ei(ω−Ω)t .
(5.3)
The reflected beam is measured on a detector, so the power in the reflected beam is
Pr = |Er |2 ,


Pr = Pc |F (ω)|2 + Ps |F (ω + Ω)|2 + |F (ω − Ω)|2
p
+ 2 Pc Ps [Re [F (ω)F ∗ (ω + Ω) − F ∗ (ω)F (ω − Ω)] cos(Ωt)]
p
+ 2 Pc Ps [Im [F (ω)F ∗ (ω + Ω) − F ∗ (ω)F (ω − Ω)] sin(Ωt)]
+ O(2Ω),
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(b) Quadrature Error Signal

Figure 5.2: Example of in phase and in quadrature error signals produced with a
lossless cavity. The modulation frequency is 5% of the free spectral range of the cavity.
The cavity has a finesse of about 3100.

We can now mix this signal with a local oscillator of sin(Ωt) to get the error
signal, or with cos(Ωt) to get the quadrature error signal. Figure 5.2 shows both
cases. It is noted for the error signal that it is zero when the carrier or sidebands
resonate in the cavity. However, the slope of the error signal is opposite for the
carrier and sidebands.
The signal of most use is the error signal. However, the quadrature error signal
is useful if you want to know which side of the resonance you are on, as it is always
positive on one side and always negative on the other.
The Pound-Drever-Hall technique requires the laser beam to be well modematched to a high finesse cavity at the right wavelength. Such cavities are time
consuming to construct. Temperature stability is required for a fixed cavity length
and the cavity needs to be isolated from sources of vibration. A technique that does
not rely on being well mode-matched or require a high finesse cavity is to lock using
persistent spectral hole burning [126–129]. In this technique, the frequency reference
is a spectral hole burnt into the inhomogeneously broadened optical transition of
a rare earth ion doped crystal. In particular, a thulium yttrium aluminum garnet
crystal. In this case, no mode-matching is required, one only requires the laser beam
to be steered through the crystal. In contrast with the traditional PDH locking, here
we can only detect the transmitted field. One can still obtain the error signal using
the transmitted signal.
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Locking using spectral hole burning
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Figure 5.3: Electronic locking set-up.

Figure 5.3 shows a schematic of the electronic locking set-up. To generate the
error signal, the beam is directed through an electro-optic phase modulator (EOM)
to generate the frequency modulated sidebands at 30 MHz. The dithered beam is
then directed through a Tm3+ :YAG 0.1% sample cryogenically cooled to 2.7 K. The
sample used has dimensions 8×4×4 mm, with light propagating 4 mm along the
[1 1̄ 0] direction. The incident beam on the sample had a power of 150 µW and a
diameter of 4 mm. The laser frequency is then kept at the center of the hole by using
a servo loop on the laser current. Details of the servo loop can be found in Tay’s
thesis [6]. As the holes are transient, the error signal frequency response drops off at
a low frequency given by the hole lifetime. Also, the response of the error signal will
drop off at a high frequency given by the hole width. Due to this, the servo gain is
rolled off at both low and high frequencies. This ensured that the servo would not
be driven to its rails by integrator-like transfer functions acting on small offsets.
An example of the measured error signal is given in Figure 5.4. With this locking,
the laser linewidth achieved was able to produce a 100 kHz wide holeburnt feature
in cryogenically cooled Tm3+ :YAG.
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Figure 5.4: Measured error signal for our locking system. Arrows have been placed
at the carrier and sideband frequencies for the benefit of the reader. The modulation
frequency is 30 MHz. The figure is obtained by sweeping the laser frequency, achieved
by sweeping the current input to the controller.

5.3

Hybrid Laser Locking

Electronic locking is less effective at high frequencies as propagation delays and
causality limit the servo bandwidth. A method of locking that is not limited like
this is optical feedback to the laser. In this section we describe the hybrid laser
locking technique [5].
This technique involves two forms of feedback. As well as using PDH locking
to lock the laser to a spectral hole we feed some of the light transmitted through
the hole back into the laser diode. An analysis of the case in which the output of a
laser is put through an optical network and then fed back into the laser is given by
Agrawal [130]. The main result there is that the laser linewidth becomes narrower
when the round trip time τ of the larger cavity is increased. Also, the laser frequency
becomes less sensitive to the current noise fluctuations.
We now present a theoretical treatment similar to Agrawal [130] taking into
account that we have a spectral hole in the larger cavity. As stated in [130], the
equation of motion for the case where output light from a laser is steered through a
cavity and then injected back into the laser cavity is
1
Ė(t) = −iδE(t) + (G − γ)(1 − iη)E(t) + H(t) ∗ E(t),
2

(5.5)

where δ = ω − ω0 is the relative frequency of the laser ω to the center of the spectral
hole ω0 , G is the total rate of gain of the cavity, γ is the cavity decay rate and η is the
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linewidth enhancement factor which is proportional to the carrier induced refractive
index change. The last term in this equation describes the optical feedback, where
H(t) is the impulse response of the external optical network. The impulse response
is convolved with the electric field in the last term of Equation 5.5.
In our system we have two contributions to the external optical network, the
propagation delay of the large cavity and the spectral hole inside the large cavity.
The impulse response of the cavity propagation is
h(ω)c = κ exp (i [−ωτ + φ0 ])

(5.6)

where κ is the feedback coupling rate, φ0 = ω0 τ + φm and φm is the phase shift due
to mirrors. For the spectral hole, the impulse response is described by the following
[127]



Γ
αL
1−
,
h(ω)h = exp −
2
Γ + iδ

(5.7)

Γ
where αL is the optical depth of the sample and 2π
is the width of the spectral hole.
The total impulse response h(ω) is the multiplication of the two responses, giving

H(t) = F −1 [h(ω)] = F −1 [h(ω)c h(ω)h ] .

(5.8)

We can now easily form h(ω),




αL
Γ
h(ω) = κ exp −
1−
+ i [−ωτ + ω0 τ + φm ]
2
Γ + iδ
"
#
!
αL
Γ
iδ
= κ exp −
+
+ i [−δτ + φm ]
2Γ 1 + ( Γδ )2 1 + ( Γδ )2
"
#!
"
#
!
αL
1
αL
iδ
exp −
+ i [−δτ + φm ] . (5.9)
= κ exp −
2 1 + ( Γδ )2
2Γ 1 + ( Γδ )2
For the case when the laser is tightly locked to the hole (ω ≈ ω0 ), we can approximate
the above expression as


αL
h(ω) ≈ κeff exp −i δ exp (i [−δτ + φm ]) , where κeff = κ Re[h(ω ≈ ω0 )]
2Γ
 

αL
= κeff exp −i τ δ − φm +
δ
2Γ
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αL
2Γ
= ω0 τeff + φm .

= κeff exp (−i [τeff δ − φm ]) , where τeff = τ +
h(ω) ≈ κeff exp (iφ0eff ) exp (−iωτeff ) , where φ0eff

(5.10)

It is now easy to form the last term of Equation 5.5,
H(t) ∗ E(t) = F −1 [h(ω)E(ω)] ≈ F −1 [κeff exp (iφ0eff ) exp (−iωτeff ) E(ω)]
= κeff exp (iφ0eff ) E(t − τeff ).

(5.11)

The above equation is identical in form to a propagation delay only. The effect
of having a spectral hole is to simply introduce an additional delay (αL/2Γ) to the
propagation delay (τ ). We can estimate values for the effective time delay for our
experiment to be Γ = 50 kHz and αL = 0.5. Hence we get a large effective time
delay τeff = 5 µs due to dispersion of the hole. This large effective time delay is
equivalent to an external cavity that is 1.5 km long.
The phase of the laser light will vary with each introduction of a photon in the
laser mode. Feeding back these photons into the laser diode will cause the phase of
the laser to vary less resulting in a reduced linewidth. The effect that this feedback
has on the laser linewidth can be shown in the following expression [130],
∆f = ∆f0

1
,
[1 + X cos(φ0eff + φR )]2

(5.12)

p
where X = κeff τeff 1 + η 2 , φR = tan−1 η, ∆f0 is the linewidth of the bare diode and
∆f is the linewidth of the laser with optical feedback. It can be seen qualitatively
that for a large dispersion, τeff  1, and the appropriate feedback phase, φ0eff +φR ≈
2πm, we can obtain a large reduction in laser linewidth.
As well as reducing the fundamental linewidth, the optical feedback also greatly
reduces the sensitivity of the laser to current noise. This sensitivity is characterized
by ∂ω/∂ν, the change in laser frequency with the change in the resonant frequency
of the diode ν. Optical feedback reduces this from one to [131]
1
∂ω
=
.
∂ν
1 + X cos(φ0eff + φR )

(5.13)

We can make an estimate of the laser linewidth reduction by estimating κeff . Assuming perfect mode matching we estimate κeff = 7 × 108 s−1 . Having τeff as 5 µs
and assuming that φ0eff + φR = 2πm, a theoretical linewidth reduction of 12 × 106
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is estimated. This method hence suggests a large reduction in the Littrow ECDL
linewidth. This value of κeff is overestimated as it is difficult to independently measure the coupling rate.

Experimental Results
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Figure 5.5: Laser locking set-up. The light is steered through the cryogenic sample,
the transmitted light is detected for PDH locking (previous section) and the remaining
light is re-injected into the diode. Optical components include: PBS, Polarizing Beam
Splitter; FR, Faraday Rotator; EOM, Electro-Optic Modulator and BS, Beam Splitter.
The External Cavity Diode Laser (ECDL) set-up is detailed in a previous section.

We now present some experimental results of the locking system. Figure 5.5 is a
schematic of the experimental set-up. This figure shows the electronic locking with
the addition of the optical locking. A beam splitter is placed after the cold sample
and before the PDH detector. The resulting additional beam is then steered into
the free port of the polarizing beam splitter associated with the Faraday isolator.
A waveplate is used on this beam to ensure all of the light couples to the Faraday
rotator.
Another way to couple the transmitted beam to the ECDL is to add a beam
splitter between the isolator and the ECDL. The disadvantage this has is that one
loses power in the experimental beam. It is noted that the initial noise measurements
were obtained by locking the laser using this method.
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Figure 5.6: Error signal analysis for electronic locking only and hybrid locking
techniques.

An indication of how well the locking system works is seen in the error signal.
The error signal is a measure of the laser phase noise. Figure 5.6(a) shows the
spectrum of the signal on the electronic locking detector. This signal is mixed down
30 MHz to create the error signal. For the case of electronic locking only, we see that
the servo corrects for noise at very low frequencies (with respect to the dithering
frequency of 30 MHz). We see that there are noisy peaks at 1 MHz. These noisy
peaks correspond to the rolling off of the servo gain. When the optical locking
is introduced, a large reduction is seen in the spectrum of the transmitted signal,
indicating that indeed this technique removes phase noise at large frequencies. The
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noise spectrum is close to being limited by the electronic noise of the detector.
A further indication of the effectiveness of the hybrid locking can be seen in
Figure 5.6(b). Here we plot the two cases of electronic and hybrid locking, and the
effect this has on the transmitted signal and the error signal as a function of time.
For the hybrid case, the transmission is maximized meaning that the laser frequency
is tightly locked to the centre of the hole. The error signal has lots of high frequency
noise when the locking is electronic only. This noise is eliminated when the hybrid
locking is activated. Figure 5.6(b) also gives an indication of the time scale at which
locking is achievable.
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Figure 5.7: The power spectrum for beating two lasers, both with electronic feedback
only (yellow) or with electronic and optical feedback applied (blue). The red dashed
line is the result of applying the same windowing and FFT procedure used for the
data to a sine wave. The two lasers are independent in that the locking frequency
dither was 27 MHz for the second laser, and the second laser used a different spot
on the same crystal to lock to. We see that the linewidth of the beat from electronic
locking is largely reduced when the hybrid locking is activated. The spectrum of the
beat signal for the optically locked lasers was either limited by the finite sampling
time (100 µs) or the noise floor of -111 dBc/Hz. The peaks around 45 and 48 MHz
are 27 and 30 MHz from the beat frequency respectively. These are due to the fact
that a portion of the PDH locking sidebands is injected into the diode. The two other
peaks are aliases of the other sidebands.

A beat measurement experiment is conducted between two independent lasers
locked using the hybrid technique. Figure 5.7 shows the beat spectra for the cases
where the lasers are locked using only electronic feedback and where the lasers are
locked using the hybrid technique. The main feature of the spectra is that the hybrid
case shows a narrower beat note indicating that the linewidth of the laser locked
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Figure 5.8: Allen Variance of the beat measurements.

using hybrid techniques is narrower.
The Allen variance of the beat signal is shown in Figure 5.8. There is a minimum
frequency deviation of 23 kHz at an integration time of 7 µs. For a timescale of 100 µs
which is the order required in the experiments conducted in Chapters 7 and 8, the
frequency deviation is 40 kHz. The deviation increases at shorter integration times
because of the noise in the beat measurements, and for longer times due to frequency
drifting. The long term drifts were around 100kHz per second.
Locking the diode laser using this technique was convenient in terms of resources
needed. No additional resources, such as a high finesse cavity, were required. Implementation of this locking was straight forward and allowed for quantum optics
type experiments to be conducted. The laser locking did however suffer from mode
hops of the external cavity of the laser which would cause frequency jumps of a few
MHz.

Comment on Cryogenic Set-up
The cryogenic system used was purchased from Oxford cryogenic systems, with a
Cryomech compressor unit. This style of cryogenic system was closed cycle, helium
is compressed and de-compressed allowing cooling of a cold finger. The process of
compression and de-compression causes vibrational and acoustic noise. The laser
locking system suffers as there is no isolation between the cryostat and the frequency
stabilization. Better stability is achieved when the compressor is turned off. Of
course, the deactivation of the compressor results in the immediate warming of the
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sample which degrades the coherence properties of the rare earth ions. Provided
the sample temperature is not too high, frequency stability is retained. Timescales
of 2-3 minutes were acceptable timescales for the compressor to remain off whilst
retaining laser stability and photon echo efficiency reduction of less than a factor of
2.

5.4

Detection of ASE and RASE

In this section we describe the experimental set-up regarding the detection system
used to make measurements of the ASE and RASE fields described in the Chapter
4.

Homodyne Detection

Figure 5.9: Homodyne set-up schematic. Mode â is the signal to be measured and
mode b̂ is the local oscillator.

In conducting continuous variable quantum optics experiments, balanced homodyne and heterodyne detection are ways of making measurements of the amplitude
and phase quadratures of the quantum state of light [47, 49, 117, 132, 133]. We
define the amplitude and phase quadratures as,
x̂ = â + â† and p̂ = −i(â − â† ),
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where â(â† ) is the annihilation (creation) operator for the quantized electromagnetic
field.
Figure 5.9 shows a schematic for homodyne detection. The signal to be measured â interferes with an optically strong local oscillator b̂ at a balanced 50:50 beam
splitter. The local oscillator provides the phase reference for the quadrature measurement. We will assume that the local oscillator is strong enough to be treated
classically, i.e. neglecting the quantum fluctuations of the local oscillator. Each
port of the beam splitter is directed onto a photodiode detector. The photocurrents
Ic and Id are measured, subtracted and amplified. The quantity of interest is the
current difference Icd = Ic − Id , as it contains the information about the measured
signal. For simplicity we assume that the photocurrents Ic and Id are proportional
to the photon numbers n̂c and n̂d hitting each detector. They are given by
ˆ
n̂c = ĉ† ĉ and n̂d = dˆ† d,

(5.15)

where the mode operators ĉ and dˆ are the fields emerging from the beam splitter
and are given by,
1
1
(5.16)
ĉ = √ (â + b̂) and dˆ = √ (â − b̂).
2
2
Here, â denotes the annihilation operator of the signal mode and b is the annihilation
operator of the local oscillator. Assuming the quantum efficiency of the photodetectors is unity, the difference current Icd is proportional to the difference of the photon
number n̂cd ,
n̂cd = n̂c − n̂d
1
1
= (â† â + b̂† b̂ + b̂â† + b̂† â) − (â† â + b̂† b̂ − b̂â† − b̂† â)
2
2
†
†
= â b̂ + b̂ â.

(5.17)

The local oscillator is an intense coherent state and can be treated classically.
The annihilation operator b̂ can then be replaced by the complex amplitude b in
Equation 5.17 such that b = |b|eiθ , where θ is the local oscillator phase. It is easy
to see that the difference photocurrent is indeed proportional to the quadrature
component because,
n̂cd = |b|(â† eiθ + âe−iθ ) = |b|x̂θ .
(5.18)
We can see that one only needs to adjust the phase of the local oscillator to make
a measurement of either quadrature. To measure the x̂ quadrature, choose a phase
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of θ = 0 and for the p̂ quadrature, choose a phase of θ = π2 .
The homodyne detector is like an “amplifier” of the signal mode, evident in
Equation 5.18. The local oscillator is a strong field, and so the amplified signal can
be well above the electronic noise floor of the photodiodes. This greatly increases
the sensitivity allowing even photodiodes without internal amplification to detect
quantum signals. Also, one can take advantage of the high quantum efficiency that
photodiodes offer.
Another characteristic of homodyne detection is that the local oscillator chooses
the signal mode of detection. That is, the local oscillator selects only the spatial and
frequency mode of the signal quantum field that matches exactly the local oscillator
field. This allows for supreme filtering of the quantum signal that one wishes to
detect.

Heterodyne Detection
In homodyne detection, the frequency of the signal mode and the local oscillator
mode are the same, resulting in a ‘perfect’ measurement of a quadrature component.
Another method of quantum light measurement is heterodyne detection. Here, the
frequency of the signal mode differs from that of the local oscillator, producing a beat
at a frequency ω0 . The effect this has on the detection system is that a measurement
of both the x̂ and p̂ quadrature is being made simultaneously.
To understand this, consider the case of splitting the signal beam into two beams
and performing a homodyne measurement of x̂ on one beam and p̂ on the other
beam. The uncertainty principle is not violated here. The unused port of the
beamsplitter that splits the signal beam allows vacuum noise to couple into the
system. Thus, heterodyne detection allows a ‘noisy’ simultaneous measurement of
both field quadratures.
Another way to understand this is that a heterodyne detector simultaneously
measures a linear combination of x̂ and p̂ of the signal mode at ω0 and x̂ and p̂ of
the vacuum mode at −ω0 . One could avoid this vacuum mode by somehow having
the signal mode at both ω0 and −ω0 . This is easiest done at ω0 = 0, that is,
homodyne detection.
It is noted that heterodyne detection has the same detection properties as homodyne detection regarding “amplification” of the signal and mode selection using
the local oscillator.
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ASE and RASE Detection
For the ASE and RASE experiment we use heterodyne detection. Using heterodyne
detection may seem to be a poor choice when wanting to measure the quantum
state of light, since we are making a ‘noisy’ measure of the field quadratures. The
advantage heterodyne has experimentally is twofold. Firstly, the x̂ and p̂ quadratures
are measured simultaneously, meaning that one only requires to take half as many
measurements compared to homodyne detection. Secondly, the experimentalist has
the freedom to choose the beat frequency at which the detectors recover best at.
Particularly in these experiments, strong temporally short pulses will be fed into
the detection system, making the recovery time of the detectors crucial to detecting
the signal mode you want, which is immediately after the strong pulse. Designing
detectors to recover fast (∼ µs) at DC is challenging, a feat easily achievable for a
signal frequency of, for example, 10 MHz.

Figure 5.10: Experimental set-up of ASE and RASE detector.

Figure 5.10 shows a schematic of the ASE and RASE detector. The wavelength
of light as indicated in a previous section of this chapter is 793nm. The signal
field is at 10.7 MHz with respect to the local oscillator. The polarization of the
beams are adjusted prior to hitting the beamsplitter, allowing the beam splitter to
be 50:50. Two identical as possible home built detectors are used to detect each port
of the beam splitter. The detectors are based on the low noise DC coupled general
purpose detector presented in [134]. Appendix A has more details. To filter out
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the DC component from the signal in order to prevent saturating the downstream
electronic components, the signal from each detector is passed through a DC block,
a 1 nF capacitor. The two signals are then subtracted on a Minicircuits subtractor,
with a bandwidth of 0.1 MHz up to 20 MHz. The signal is then amplified by
a Stanford Research Systems DC-350 MHz amplifier which has 4 channels, each
providing about 7 dB of amplification. This signal is then band pass filtered about
10.7 MHz with a bandwidth of 2 MHz. Finally, the signal is acquired using a 12-bit
60 MS/s digitizer from National Instruments.
To characterize the detection system, a measure of the electronic dark noise of the
detector compared to the shot noise of the local oscillator incident on the detector
is implemented. The variance of the signal should have a linear relationship with
the power in the local oscillator (Equation 5.18). Figure 5.11 shows the variance
response to the local oscillator power. The variance is calculated by acquiring for
3 ms at 60 MS/s. As can be seen, the response is linear for powers not exceeding
5 mW. Powers exceeding this show a plateauing of the variance, meaning that for
these powers the detection is not as sensitive as it should be. For a power of 4 mW,
the shot noise is 8 dB above the dark noise.
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Figure 5.11: Variance response to local oscillator power. A fit is present for the first
10 measures to guide the eye.

It is also useful to know the maximum subtraction the subtractor is providing.
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Comparing the noise measured by blocking one detector to the case of both detectors
unblocked gives a difference of 5 dB. To probe the maximum subtraction we inject
some large classical signal at 10.7 MHz into the local oscillator port of the beam
splitter. It was measured that the subtracter provides 30 dB of subtraction on a
large 10.7 MHz signal at a power of 4 mW. It is seen that this detection system is
limited by the shot noise on the local oscillator.
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Chapter 6
Experimental Techniques
The phenomena that this thesis is interested in is the noise caused from amplified
spontaneous emission on a inhomogeneously broadened two level ensemble of rare
earth ions and the rephasing of this noise. To better characterize these phenomena
and to ‘know if the experiment is functioning correctly’, a few key experimental
techniques are implemented. These techniques include the two pulse photon echo
and optical nutation.
For the two pulse photon echo, the technique to implement is measuring the
amplitude and phase of the echo relative to the input pulse as a function of delay
time of the memory. This measurement allows knowledge of the laser frequency stability as a function of time, the echo efficiency and the echo (coherence) lifetime. A
benchmark value can be assigned to each of these properties. One can tell if the experiment as a whole is not functioning correctly by making regular measurements of
these properties and comparing with the benchmark value. Of the most importance
is the phase stability and often the constraints on the efficiency and echo lifetime
are relaxed provided the phase stability of the echo is acceptable.
The optical nutation technique allows the Rabi frequency to be measured, as
well as the optical depth. The Rabi frequency is the rate of inversion of a two level
system requiring the Rabi frequency to be faster than the memory bandwidth. It is
important to have a ‘unique’ Rabi frequency, it is possible to adjust the polarization
of the laser to interact with different orientated dipoles equally [46]. Monitoring
the Rabi frequency is done by making regular optical nutation measurements. It is
easily seen if the experiment is not functioning correctly by simply noting the Rabi
frequency and optical depth.
To further characterize the ASE and RASE phenomena, the detection mode of
95

6. EXPERIMENTAL TECHNIQUES
the local oscillator is measured. There is freedom to change the mode of the local
oscillator to optimize the photon echo efficiency or to detect only the centre of the
rephasing beam.
In this chapter, we first detail the experimental set up. Then, we discuss the local
oscillator mode and present the measurements of the mode. Finally, the ‘benchmark’
results of implementing the experimental techniques of the two pulse photon echo
and optical nutation experiments are presented.

6.1

Experimental Set-up

Figure 6.1 shows a schematic of the set up. A Mach-Zehnder interferometer is used
to make phase sensitive shot noise limited measurements of the quantum state of
light, namely the x̂ and p̂ quadratures. A polarizing beamsplitter separates a single
beam into a probe and local oscillator beam. A half wave plate placed prior to the
entry of the interferometer allows freedom to adjust the power distribution between
the two beams.
The probe beam is then allowed to pass through two Intra-Action acousto-optic
modulators (AOM), whose modulation frequency is centered on 80MHz with approximately a 20MHz bandwidth. The first AOM is driven at 80MHz and the first
order beam on the negative side is then steered into the second AOM, which is
driven at 90.7MHz, and the first order on the positive side is used for the experiment. The beam used thus has a frequency difference of 10.7MHz with respect to
the local oscillator.
The RF used to drive the AOMs is provided by a Pulseblaster (PulseBlaster DDSII-300 USB). This particular model has two high RF outputs with programmable
frequency, amplitude and phase. The outputs of the Pulseblaster are subject to
filtering, switching, attenuation and amplification as outlined in Figure 6.2 before
driving the AOM.
The beam is then passed through a polarization rotator such that the optical
nutation signal reads with a unique Rabi frequency [46]. The beam is then focused
onto a Tm3+ :YAG sample. Typical power in the focused beam is 10mW. The sample
is clamped down on a steel plate which is bolted to the cold finger of the cryogenic
cooler. To ensure sufficient thermal contact ‘Apiezon N’ vacuum grease is applied
between the sample and the steel plate, the steel plate and the cold finger. Typical
temperature readings are 2.7K and are measured from the top of the cold finger.
However, there is the possibility of a temperature increase from the top of the cold
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Figure 6.1: Interferometric setup. Laser beam passes through a polarizing beamsplitter (PBS). The probe arm is steered through two Acousto-Optic Modulators
(AOM) for pulse generation, then steered toward the cryogenic Tm3+ :YAG. The signal is then combined with the local oscillator (LO) on a non-polarizing beamsplitter
(NPBS) and sent to a balanced heterodyne detection system. Various half waveplates
(λ/2) are used for polarization control. L1 = 100mm, L2 = 500mm, L3 = 50mm.
There are differing modes used for the LO as outlined later in this chapter. Shown
here is the focusing LO where the L2 lens is placed 285mm from the NPBS.

finger to the bottom where the crystal is mounted.
The sample dimensions vary dependent on the experiment. There are three
different sample sizes used. For optically thick experiments (αl ≈ 3) the crystal is
20mm along the direction of propagation direction, 4mm in height and 5mm wide.
For optical depths near αl ≈ 0.5, a 4mm thick crystal is used. The width of this
crystal is 8mm with a height of 4mm. For optical depths near αl ≈ 0.05, a 0.5mm
thick crystal is used with a height of 4mm and a 5mm width. It is noted that all
crystals are cut such that light propagates along the [11̄0] axis. It is also noted
that the laser is locked to the 8mm wide crystal (Chapter 5) at one point and noise
experiments are conducted at a spatially different point of the crystal.
For all experiments conducted, the waist at the sample is measured to be 53.3µm
giving a Rayleigh range of 11.3mm. It is noted that this Rayleigh range is comparable
to the 20mm long crystal.
After light has passed through the sample, it is then mode matched with an identical lens placed at an equal distance from the sample. Then the beam is combined
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Figure 6.2: RF production. The Pulseblaster has two RF outputs that are filtered
using Minicircuits low pass filters (Filter 1 = BLP-90 Low Pass, DC-81MHz. Filter
2 = BLP-150 Low Pass, DC-140MHz). RF 1 is set to 80MHz and RF 2 is set to
90.7MHz. After going through the filter, each RF signal is sent through a switch.
Each switch (Minicircuits ZASWA-2-50DR+) takes two RF inputs, one of which is
terminated with a 50Ω resistor, and also a TTL that switches between the two inputs.
The switch allows for pulsed RF. After the switch, RF 1 is sent to AOM 1 whereas
RF 2 is sent through another switch. This signal is then switched between a 0 dB
attenuation path and a 50 dB attenuation path. The 0 dB path is used for strong
pulses and the 50 dB path is used for small pulses. RF 2 is then sent to AOM 2. Both
RF signals are amplified (Minicircuits ZHL-1-2W, 29 dB gain) before being sent to
the AOM.

with the local oscillator using a non-polarizing beam splitter. A half wave plate is
used before the beam splitter for both the probe and the local oscillator to balance
the power into each output port of the non-polarizing beamsplitter.
Both exit ports of the interferometer are focused using 50mm lenses onto two
homemade detectors (see Appendix A). The response of the detectors is made as
similar as possible at 10.7MHz. The signals from each detector are subtracted with
a Minicircuits mixer that provides 30 dB of subtraction at 10.7MHz. The RF signal
is amplified by 21 dB (Stanford SR445A), then bandpass filtered (Minicircuits) at a
centre frequency of 10.7MHz and bandwidth of about 2MHz. The resulting filtered
RF signal is acquired at 60MS/s with a National instruments card (NI-PXI). Details
of the response of the detection system as a function of power are provided in Chapter
5.
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6.2

The Local Oscillator Mode

A degree of freedom that interferometry has is the freedom to choose the local oscillator mode and hence detection mode. In these experiments we use three differing
spatial modes for the local oscillator, all of which will be described in this section.
A figure of merit that characterizes the alignment of an interferometer is the
visibility or contrast. If there is a frequency difference between the two arms of an
interferometer, when combined on a beam splitter a beat can be measured with a
photodetector whose bandwidth includes the beat frequency. If the two arms of the
interferometer are equal in spatial mode shape and power, the measured signal will
beat down to zero. In this case, the visibility is said to be 100%. The introduction
of mode changing elements in one or unequal power between the beams results in a
reduction of this visibility. Traditionally, an interferometer wants to be constructed
with 100% visibility in order to obtain maximum information about the probe.
In these experiments, visibilities exceeding 95% were achieved. The main source
of visibility reduction can be found in the probe beam where the AOMs have some
mode shaping associated with them.
To motivate why one would deviate from the 100% visibility, consider the following. For optical rephasing experiments a common issue is the fact that there is
spatial inhomogeneity of the laser beam used to drive the atomic system, namely
a Gaussian profile. The ‘perfect’ π pulse is one with a top-hat spatial profile, such
that the spatial set of ions being inverted see an identical intensity and are perfectly
inverted to the excited state, emptying the ground state. Ions located within half a
standard deviation either side of the mean of a Gaussian (illustrated in Figure 6.3)
see a near top-hat beam. The rest of the Gaussian beam (the wings) create some
population difference in the ground and excited states resulting in free induction
decay phenomenon. The ions spatially located at the wings of the Gaussian beam
will not be rephased resulting in a reduction in efficiency if detecting in the 100%
mode-matched regime.
One way to avoid efficiency reduction is to place a pinhole between the sample
and the detector. Note that this technique is used without a local oscillator. Here,
the pinhole acts as a spatial mode selector, allowing only the center of the beam to
be detected, resulting in greater echo efficiency.
The interferometer version of the pinhole technique is achieved with a focusing
local oscillator. First, the local oscillator was blocked and a pinhole was placed at an
arbitrary distance between the detector and the sample. An increase in photon echo
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Gaussian
Top−hat
Input

Figure 6.3: A top-hat (black) approximation to the Gaussian profile (blue) of a laser
beam. The top-hat sides are at half the standard deviation either side of the mean,
with the height given by the mean intensity over this spatial location. The dotted red
line represents a better spatial size for the input pulse.

efficiency was noticed, and the position of the pinhole was adjusted to maximize the
efficiency. Then, a 500mm focal point lens was placed in the local oscillator arm at a
position such that the beam focused at the position of where the pinhole was placed.
The pinhole was then removed and the photon echo efficiency was measured. The
results of these echo measurements are presented in the next section.
Figure 6.4 shows the beam width measurements of the probe beam and focusing
local oscillator. The beam width measurements were obtained with a beam profiler,
shown in the top row of plots in Figure 6.4. Knowing the local oscillator mode then
allows for the detection mode to be visualized. The procedure is to propagate back
the local oscillator mode from the pinhole to the crystal, shown in the bottom row
of figures in Figure 6.4.
At the front of the crystal, only ions at the spatial centre of the probe are being
detected. However at the back of the crystal, ions that are driven by the entire
probe beam are detected as well as ions that do not interact with any light. It is
noted that for this physically thicker crystal, the focus of the probe is 2mm from
the back of the crystal. When the physically thicker crystal is swapped out for the
physically thinner crystal, the focus is still 2mm from the back of the crystal, in
which case the focus is located at the centre of the crystal.
Another way to avoid echo efficiency reduction is to use spatially different pulses
for input pulse and the π pulse. Figure 6.3 illustrates an ideal input pulse size
matched to the centre of the rephasing pulse. In this case all of the initial coherence
created by the input would be rephased resulting in a greater photon echo efficiency.
The disadvantage that this technique has is that increasing the beam size without
increasing the intensity will result in a reduction of the Rabi frequency. This technique was used in [72] where the beam used to create the AFC was twice the width
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Figure 6.4: Probe and local oscillator characterization. The top left plot is beam
width measurements of the probe, where the zero is the location of the 100mm lens
that focuses on the sample. The top right is the local oscillator beam measurements,
where the zero is the location of the 500mm lens in Figure 6.1. Blue (red) data
points and lines are for the x (y) axis. The bottom plots show which mode is being
detected (dashed line) and the probe beam (solid line). Black vertical lines represent
the crystal.

of the signal beam.
Rather than shaping the rephasing beam, the local oscillator can be used to
select only the ions who experienced a π pulse. Here, the local oscillator needs to
have a collimated width that is larger than the probe. Propagating a larger width
beam back to the sample via the imaging lens will result in the detection of a tighter
spot on the crystal compared to the probe spot, thus only detecting the ions that
see a π pulse. This can be seen directly from the relation between the waist size
fλ
before and after a thin lens: w2 = πw
, where w1 is the waist on the sample, w2 is
1
the waist after the lens, f is the focal length of the lens and λ is the wavelength
of light. Of course, the divergence of the beam is increased so this method is only
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Figure 6.5: Probe and local oscillator characterization. The left panel shows the
beam width measurements for the local oscillator where the distance axis is measured
from the non-polarizing beamsplitter. The centre and right panels are the x and y
axis beam profiles on the sample. The detection mode is the dashed line whereas
the probing mode is the solid line. The 0.5mm sample is placed at the focus of the
detection mode. Propagating the wide local oscillator beam back to the crystal results
in a tighter focus than the probing mode. It is noted that this method is only valid
for physically thin samples since the divergence has increased.

suitable for physically thin samples compared to the Rayleigh length.
To generate a local oscillator that is wider than the probe, two 100mm focal
length lenses are placed a distance of 145mm and 325mm from the polarizing beam
splitter in the local oscillator path (refer to Figure 6.1). This gives a local oscillator
that is expanding, shown in the left plot in Figure 6.5. The data is fitted using a
least squares curve fitting function. Propagating the local oscillator back from the
non-polarizing beam splitter to the sample gives the centre and right plots in Figure
6.5. The crystal used for this configuration is now 0.5mm thick and is placed at the
focus of the detection mode. As can be seen, the detection mode detects only the
ions near the centre of the driving mode.

6.3

Two Pulse Photon Echoes

Having outlined the local oscillator modes that will be used, we now present photon
echo measurements using the different local oscillator modes. Figure 6.6(a) shows a
typical photon echo pulse sequence and Figure 6.6(b) shows a typical measurement.
The input pulse is chosen to be temporally longer than the π pulse. This is to ensure
that the input pulse bandwidth is smaller than the π pulse bandwidth, allowing for
maximum efficiency for all frequency components of the input.
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Figure 6.6: (a) Two pulse photon echo sequence. The red line is the applied laser
field, the blue curve is the detected echo. The labelled input pulse has a small area
compared to the π pulse. (b) An example of a measured photon echo sequence. The
in phase (blue) and in quadrature (green) signals are shown. The shaded area is when
the π pulse is applied, in which the detection system takes some µs to recover.

Efficiency and Lifetime
We first present the echo efficiency measurements using the physically and optically
thick Tm3+ :YAG crystal. As mentioned earlier, the crystal length is 20mm along
the direction of propagation. Figure 6.7 shows efficiency measurements on this thick
crystal for the mode matched local oscillator (left) and the focused local oscillator
(right). The optical depth was measured to be αl = 3.1 for the mode matched case
and also for the focused case. The input pulse is 6 µs while the π pulse length was
2.2 µs for the mode matched case and 1.6 µs for the focused case. The delay between
the input and the π pulse is varied. The input pulses are of small area compared to
the π pulse, i.e. input area  π.
To calculate the efficiency, the optical depth is measured before the echo sequence
is implemented. Measuring the transmitted part of the input and knowing the
optical depth allows the inferred intensity of the input pulse to be calculated and
hence the efficiency.

The first feature to note of these decaying efficiencies is that the decay is nonx
exponential (see Section 7.1.3.2 of [16]) and the behavior can be fit by e−(4τ /TM ) .
Here TM is the memory rephasing time and x is an exponent dependent on the
details of the nuclear spin dynamics. Following work done by Sun [16], we take
x = 2 and fit a curve to the measurements to give a zero-delay efficiency. For the
mode-matched case, the zero delay efficiency was measured to be 69%. Converting
103

6. EXPERIMENTAL TECHNIQUES
Focused Local Oscillator

Echo Efficiency

Mode Matched Local Oscillator

1

1

0.1

0.1

0.01

0.01

0.001
0

10

20

30

40

50

Delay between Input and Rephasing Pulses (µs)

0.001
0

10

20

30

40

50

Delay between Input and Rephasing Pulses (µs)

Figure 6.7: Comparison of echo efficiency for differing mode detection options. The
left panel is detection in the near 100% mode matched case. The right panel is for a
focused local oscillator detection mode. The dots are the measured data points and
the solid line is a theoretical fit given by [16].

the local oscillator to the focusing case gave a measured efficiency of 190%, which is
in close agreement with the work of Carrie Cornish done on the same system [55].
These efficiencies measured for the thick crystal can be considered the benchmark
efficiencies.
It is clear that the focusing local oscillator gives a greater photon echo efficiency.
This increase in efficiency was consistent with the increase witnessed when using a
pinhole in front of the detector and blocking the local oscillator. Indeed the set-up
has been optimized for greater photon echo efficiency.
We now focus our attention to the optimized efficiency case and extract a coherence time measurement from the data. It is noted that the measurements presented
previously were taken with the cryogenic cooler off for greater laser frequency stability. Here we present measurements for both the cooler off and on.
Figure 6.8 shows the echo efficiency as a function of delay for both the cooler off
(top) and on (bottom). The experiment is run 8 times for the cooler off case and
4 times for the cooler on case and the maximum echo at each time point is taken.
Fitting a straight line to this log plot of the efficiencies at short delay times (10 µs
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Figure 6.8: Coherence time. The upper plot is the efficiency for the case of the
cooler off, the lower plot being the case for the cooler on.

to 17 µs) gives a measure of the coherence time. For both cases here, the coherence
time is T2 = 13.4 µs. This measurement is a typical coherence lifetime time scale
and is considered the benchmark.
We now look at the photon echo efficiency for the physically and optically thin
crystals of thickness 4mm and 0.5mm. Figure 6.9 shows the efficiency as a function of
delay for an optical depth of αl = 0.24. The experiment was carried out on the 4mm
thick crystal placed at the focus of the probe in Figure 6.4. The zero delay efficiency
is calculated as 1.69%, whereas the coherence time is measured as T2 = 23.15 µs.
The expected zero delay efficiency is 5.93%, a factor of 3.5 greater than the measured
efficiency. This discrepancy is due to the detection mode including ions who do not
see a π pulse.
Figure 6.10 shows the same experiment as Figure 6.9, but for an optical depth
of αl = 0.046 using the 0.5mm thick crystal and a local oscillator mode as described
by Figure 6.5. Here, the zero delay efficiency is 0.142% with an expected efficiency
of 0.215%. It is seen that the discrepancy between the measured and expected
efficiencies is reduced, due to the change in local oscillator mode. The coherence
time is 10.60 µs.
It is noted the coherence time is measured to be different for different crystal
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Figure 6.9: Echo efficiency as a function of delay for αl = 0.24. The blue dots are
the measured echo efficiencies, the black curve is the non-exponential fit to the data
to give the zero-delay efficiency. The red curve is an exponential fit to short delay
times to give the coherence time. The green curve is the expected efficiency for this
optical depth.
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Figure 6.10: Echo efficiency as a function of delay for αl = 0.046. The colour scheme
is identical to Figure 6.9.

lengths. Since the doping concentration is the same for all crystals, it is expected
that the coherence time should be the same. The difference between the experiments
is most likely the crystal temperature. The crystal temperature was not able to be
measured, the temperature sensor in the cryostat is located at the top of the cold
finger, whereas the crystals are mounted to the bottom.
Due to space limitations, the 20mm crystal is placed closer to the cryostat win106
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dow than the 4mm crystal, thus receiving additional heat load from the window.
Moreover, the 4mm crystal had a base of 8mm by 4mm making it easy to mount to
the cryostat with good thermal contact. The 0.5mm crystal was inherently difficult
to mount such that there was good thermal contact between the it and the cold
finger of the cryostat. The issues with the 20mm and 0.5mm crystals are reflected
in the measured coherence times, being a factor of 2 less than that of the 4mm
crystal.

Phase Stability
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The phase stability of a photon echo sequence is best characterized by comparing
the phase of the echo with the phase of the input pulse as the delay is increased. The
experiments conducted in the previous section were done so with phase information
known. Here we present the phase information for the optically thick photon echoes
for both the cryostat on and off cases. For the cryostat off, the echo phase as a
function of delay time is executed 8 times and the result is shown in Figure 6.11(a).
The phase of the echo follows closely that of the input. The error bar represents a
standard deviation either side of the mean phase. The mean phase of the echo for
all delay times is 0.1135 ±0.033.
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Figure 6.11: Phase of the echo compared to the phase of the input as a function
of delay. Two cases are presented: (a) cryostat off and (b) cryostat on. For (a) the
sequence is run 8 times, and each blue dot represents the mean phase measured at
that time and the error bar is the standard deviation either side of that mean. For
(b) the experiment is run 4 times.

For the case where the cryostat is left on (Figure 6.11(b)) the echo phase still
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follows the input, but there is a noticeable increase in phase noise. In this case the
experiment was run 4 times and the error bars naturally are larger. The mean phase
of the echo for all delay times is 0.1252 ± 0.1017. The phase of the echo is good
to 0.1 radians, the benchmark of phase stability. It is noted that for the optically
thinner cases, the echo phase for all delay times had errors within this benchmark.

6.4

Optical Nutation

An optical nutation signal allows the Rabi frequency and the optical depth to be
measured [46]. A two-level system driven resonantly with an electric field oscillates
between the two levels at the Rabi frequency Ω = d.E/~, where d is the transition
dipole moment and E is the electric field. This oscillation of the atomic population
emits radiation and modulates the driving field at the Rabi frequency. Thus, by
detecting the transmitted electric field the Rabi frequency can be measured.
To observe the nutation a strong pulse of temporal length much larger than a π
pulse is applied to the cryogenic sample and the output is detected without mixing
with a local oscillator. Figure 6.12 shows an example of a nutation signal.
There are 6 sites and orientations of the thulium ion electric dipoles when doped
in YAG (see Figure 2.5). The Rabi frequency is proportional to the dot product
of the electric dipole vector and electric field vector. For particular electric field
polarizations, there is a unique Rabi frequency. The polarization of the probe beam
is controlled with a polarization rotator placed before the sample.
The Rabi frequency measured in Figure 6.12 is 0.382MHz for a pulse intensity
of 10mW. The value is obtained by fitting a curve to the signal as done in [46].
This order of magnitude is considered the benchmark Rabi frequency. The optical
depth is found from the ratio of the signal at the point where the nutation starts
and at t = +∞, where the a steady state is reached. The point at which the
nutation starts is the maximum absorption of the signal, whereas the point at +∞
is maximum transmission. In this case, the optical depth is 0.22.
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Figure 6.12: Measured nutation signal (open circles) for a strong pulse applied at
t = 0. The solid line shows a theoretical fit [46] with a Rabi frequency of 0.382MHz

109

6. EXPERIMENTAL TECHNIQUES

110

Chapter 7
Amplified Spontaneous Emission:
Experiment
This chapter describes the experimental measurements of amplified spontaneous
emission. The theoretical framework for these experiments have been discussed
in Chapter 4 and the experimental set-up, techniques and benchmarks has been
discussed in Chapter 6.
To characterize the amplified spontaneous emission, an exciting π pulse is applied
to the Tm3+ :YAG sample. To detect the atoms that see a similar Rabi frequency
the focusing local oscillator (FLO) is used as outlined in Chapter 6. The noise is
measured in the variance of the x̂ and p̂ quadratures. The results presented are
from 2 differing experimental settings and are presented in 2 sections. Firstly, the
optically and physically thick crystal (20mm) is used with the FLO detection system.
Then, the thick sample is swapped out with the 4mm crystal.
The final section will compare the measured ASE fields to the expected fields
given by the theory.

7.1

Experiment with 20mm Crystal

For this Tm3+ :YAG sample, the optical depth was measured to be αl = 3.1 using
a nutation signal (Chapter 6). The optically thick sample was chosen as it should
be easy to see the increase of noise in the x̂ and p̂ quadratures, since the amount of
ASE is proportional to the number of atoms excited. For the following results, the
cryogenic cooler was left on such that more data can be acquired as the experiment
is not limited by the warming of the crystal when the cooler is turned off. The laser
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stability was of a sufficient level to conduct the experiment with the cryostat on.
Figure 7.1a shows the laser field that is applied to the cryogenic Tm3+ :YAG.
The sequence consists of a rephasing pulse and a phase pulse. The π pulse length
is tπ = 1.6 µs and the phase pulse is 6 µs. The phase pulse intensity is low such
that the detection system is not saturated. Four different rephasing pulse areas
are used; π2 , π, 3π
and 2π. The intensity of the pulses were kept the same, hence
2
the duration is adjusted. We make a measurement of the variance of the x̂ and p̂
quadratures simultaneously using heterodyne detection. To measure this variance
the pulse sequence is applied 2500 times at a repetition rate of 10Hz. This repetition
rate ensures that all population has decayed to the ground state between pulses.
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Figure 7.1: (a) The solid black line shows the applied laser field, consisting of a
strong rephasing pulse which creates the amplified spontaneous emission, and a phase
pulse which allows for the knowledge of the phase of the laser field. The blue dotted
curves (w1 , w2 ) are the Gaussian temporal mode functions used to investigate the
spectrum and the statistics of the vacuum and ASE regions and are placed 50 µs
either side of the rephasing pulse. The Gaussian windows have FWHM = 10 µs. (b)
The measured amplified spontaneous emission for 4 differing rephasing pulse areas.
An exponential curve is fitted to the π pulse case, with a decay constant of 378 µs.

112

7.1 Experiment with 20mm Crystal

Results
Figure 7.1b plots the total variance in both quadratures as a function of time for
the 4 different rephasing pulse areas. The signal has been digitally filtered with a
1 MHz wide Gaussian filter and has been normalized to the vacuum variance.
For the case of a π/2 pulse, there is no additional noise after the application
of it. The case of the π pulse sees the most additional noise after its application.
The noise decays away at a decay rate of 378 µs. For the case of 3π/2 and 2π, the
additional noise is less than that of the π pulse case. Another feature seen in Figure
7.1b is that the length of the π pulse has increased from 1.6 µs to ∼ 30 µs.
Spectral Power vs Area
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Figure 7.2: Spectral power of the ASE.

The mean spectral power in a 10 µs Gaussian window 50 µs either side of the
rephasing pulse (w1 and w2 in Figure 7.1) is measured. Each shot has the Gaussian
window applied to it, the spectral power is calculated and the mean of the 2500
shots is taken. The result is illustrated in Figure 7.2. The curves are normalized to
the vacuum spectral power. As seen before, the π/2 case sees no additional noise,
whereas additional noise is seen for the π, 3π/2 and 2π cases. The π pulse gives the
most increase in noise. Fitting a Lorentzian curve to the π pulse noise peak gives a
bandwidth of 170 kHz.
We now wish to investigate further the statistics in the vacuum and ASE regions.
Multiplying each shot with the temporal mode functions w1 and w2 (Figure 7.1) and
then integrating, results in 2500 quadrature measures of the vacuum and the ASE,
from which statistics can be taken. Figure 7.3 shows the mean quadrature amplitude,
vacuum variance and the ASE variance. The mean quadrature amplitude (top row
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Figure 7.3: Statistics for the four different pulse areas ( π2 , π, 3π
2 , 2π). The top row
shows the mean quadrature amplitude (hx̂i, hp̂i). The marker •(∗) labels the x̂(p̂)
quadrature and the subscript 1(2) labels the vacuum(ASE) region. The error bars are
2σ. The middle row shows the variance measured in the vacuum region, the bottom
row showing the variance measured in the ASE region. The error bars are calculated
as in [135], with confidence interval of 95%.

Figure 7.3) is always zero within the error bars. The vacuum variance (middle row
Figure 7.3) is normalized to the mean variance over the two quadratures, and is seen
to have a variance of 1 within the error bar for each case. The ASE variance is seen
in the bottom row of figures in Figure 7.3.
For the π/2 case, there is no addition noise in the ASE region. The π case
sees a variance 1.6863 ± 0.0367 times greater than the variance measured in the
vacuum region over the two quadratures. The 3π/2 and 2π cases see a variance of
1.4474 ± 0.0340 and 1.2653 ± 0.0318 respectively over the two quadratures.
The gain of the sample is measured using the pulse sequence shown in Figure
7.4(a). Two small inputs are used, one placed before the rephasing pulse, and one
placed after. The input pulse before the inversion propagates through the ground
state and is absorbed according to the optical depth. Hence, one can infer the true
input intensity by measuring the transferred intensity and the optical depth. The
input pulse after inversion propagates through an excited medium (at least for the π
114

7.2 Experiment with 4mm Crystal

Rephasing
pulse

π

0

Energy Gain

10

3π
2

2 π
−1

10

Input

π
2

Input

10µs

τ

(a) Pulse Sequence

Input
π fit
50

100

150
200
Delay τ (µs)

250

300

(b) Energy Gain

Figure 7.4: (a) Pulse sequence used to measure gain. A small input pulse (<< π)
is placed 10 µs before the rephasing pulse. Another small input pulse is placed after
the exciting pulse at a variable time τ . (b) Gain of small input pulses for 4 different
inversion pulse areas. The gain is calculated by knowing the optical depth and inferring
the input size from the transmitted size of the input pulse before the π pulse. The
inverting pulse size is labelled to the right of each data set. The solid line indicates
the input area.

pulse case) and hence is amplified. The level of amplification is given by comparing
the amplified input pulse energy to the true input energy. Figure 7.4(b) log plots
the pulse energy gain. A straight line fit is given for the gain giving a decay time of
293 µs and an energy gain of 2.42 at 50 µs delay.

7.2

Experiment with 4mm Crystal

For this case the 20mm crystal is replaced with the 4mm crystal resulting in a factor
of 5 reduction in the optical depth. Here the measurement of ASE is performed at
3 different optical depths: αl = {0.78, 0.47, 0.25}, measured using a nutation signal.
To change the optical depth, the laser frequency is scanned to a different part of the
line. This of course changes the position of the line in which the laser is locked to
resulting in minor adjustment of the electronic and optical feedback.
The pulse sequence used is similar to that in Figure 7.1a. The π pulse length is
1.6 µs. A phase pulse is applied 100 µs prior to the π pulse. The echo of this phase
pulse will be very small as the T2 is near 20 µs. Also, this echo appears outside the
time window of interest.
The noise that will be detected here is smaller in intensity due to the reduction in optical depth. For the three optical depths the pulse sequences are applied
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{18500, 14500, 20000} times at a repetition rate of 10Hz. The laser stability was not
as good as the previous experiment so these experiments were conducted with the
cryogenic cooler off for better laser frequency stability. Since the sample undergoes
heating almost immediately after deactivating the cooler, the experiment is limited
to groups of 500 shots at a time. Before each set of 500 shots, the optical depth and
Rabi frequency are measured, while the photon echo efficiency and coherence time
are measured a few times over the course of the entire experiment.
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Figure 7.5: Mean quadrature amplitude and variances for the vacuum region (subscript 1) and ASE region (subscript 2). Each column of plots contains the data for
the optical depth specified at the top. The symbol and colour scheme is identical to
Figure 7.3.

To process statistics of the ASE field, a 10 µs square window is applied to each
shot centered 45 µs after the π pulse. An identically sized window is applied in the
vacuum region centered at an arbitrary time. Figure 7.5 shows the mean quadrature
amplitude, the vacuum variance and the ASE variance using these windows. In this
case, the mean quadrature amplitude is almost always zero within the error bar.
The variances in each quadrature for each region is normalized to the total vacuum
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Figure 7.6: Energy gain for different optical depths.

variance for both quadratures. The ASE variance for αl = 0.78 is 1.1457 ± 0.0168,
for αl = 0.47 is 1.0766 ± 0.0179, and for αl = 0.25 is 1.0455 ± 0.0148.

The gain is measured in an identical manner as Figure 7.4(b). Figure 7.6 shows
the gain a small input pulse receives as it propagates through an excited medium
for various optical depths. The delay between the inverting pulse and small input
is increased and exponential fits are shown. The ASE calculated in Figure 7.5 has a
10 µs window centered 45 µs from the inverting pulse. For an optical depth of 0.78,
the gain at 45 µs can be estimated to be 1.3.

7.3

Discussion

In the optically thick medium, the case of the π pulse results in the most amplified
spontaneous emission. For the variance trace in Figure 7.1b, it was seen that the
length of the π pulse increased from 1.6 µs to around 30 µs. This can be explained
using the area theorem [48], which states that a π pulse will remain a π pulse as it
propagates through the medium. Since the medium is optically thick, the length of
the π pulse necessarily needs to increase since the intensity is being reduced by the
absorbers [120].
For the case of a π/2 pulse, there is no additional noise after the application
of it. The π/2 pulse propagates through the sample losing area as it is absorbed
in the optically thick medium. The excited state effects are negated by the optical
thickness and variance at the shot noise level is measured after the pulse.
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For the case of 3π/2 and 2π, the additional noise is less than that of the π pulse
case. In the optically thin case, the effect of a 3π/2 pulse should be the same as a
π/2 pulse and the effect of a 2π pulse should be the same as no pulse at all. The
optically thick case will see propagation effects of these pulses. The pulse enters the
thick medium and loses area until it becomes a π pulse in which case it will then
propagate whilst remaining a π pulse.
It was seen that the noise resulting from the π pulse decayed with a timescale of
378 µs. This noise should decay away as the excited state lifetime, which is given
as 800 µs in [16]. There is a discrepancy here of a factor of 2. This reduction in
the excited state lifetime could be due to non-radiative decay, where the excited
state population depletes via phonons. As mentioned before, the coherence time
varied dependent on the crystal mounting and location in the cryostat and so a high
crystal temperature will see an increase in non-radiative decay. It is noted that the
noise here is not the result of free induction decay from structure on the line or
atomic shot noise. These phenomena would result in noise decay at a time scale of
the coherence lifetime (T2 = 13.4 µs from Chapter 6). The noise here has a time
constant an order of magnitude larger than the coherence lifetime.
The bandwidth of the noise is 170 kHz which is a lower bandwidth than expected
from the Fourier width of the π pulse used (1.6 µs). The reduction in bandwidth is
due to the temporal increase of the π pulse as it propagates in the medium.
For all optical depths it is seen that the same amount of noise is added to each
of the two quadratures, to within the error bar. This is an indication that the ASE
is independent of phase.
For the ideal amplifier, the gain measured should correspond to the minimum
noise measured. For an optical depth of 3.1, the π pulse gave a measured variance
of 1.69 times greater than the variance in the vacuum region and a gain of 2.42 at
50 µs after the π pulse. The expected gain from the optical depth is e3.1 = 22.2. For
an optical depth of 0.78, the π pulse gave a measured variance of 1.15 times greater
than the variance measured in the vacuum state and a gain of 1.3. The expected
gain from this optical depth is e0.78 = 2.18. We see that the measured values for the
gain and ASE are less than that expected from the optical depth. The measured
ASE is less than that expected from the measured gain. This suggests that we
have the unphysical noiseless amplifier. We carefully checked the clearance above
the dark noise and the behaviour of the detectors because of this, but the results
remained unchanged.
One reason as to why the gain is larger than the noise is argument of ‘lensing’.
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Since the probing beam is spatially inhomogeneous, when the ensemble is inverted
there is a spatially varying excitation profile. This can result in a varying refractive
index over the sample. This becomes an issue since no such phenomena exists for
the ground state. It is conceivable that a ‘lensing’ effect is occurring such that more
light is coupling into the mode of the pulse propagating through the excited state.
This would result in an over-estimate of the gain. No such effect happens for the
vacuum and will not be seen in the measurement of the noise.
It is evident that we do not have anywhere near the right amount of ASE we
would expect from this optical depth. Recall the predicted amount of variance in the
ASE field as a function of optical depth is given by Equation 4.30, hx̂21 i = 2eαl − 1.
This expression corresponds to the variance measured using a homodyne detector.
For a heterodyne detector we are coupling the vacuum into our simultaneous measurement of the x̂ and p̂ quadratures. The coupling is 50:50 and so for the ASE
field,
(2eαl − 1) + 1
= eαl .
(7.1)
hx̂21 i =
2
For an optical depth of 3.1 the expected ASE field variance at 50 µs is about 20, an
order of magnitude larger than the measured value of 1.69. Of course, the theory
relies on an ideal π pulse, which in the case of the optically and physically thick
crystal is difficult to achieve. Propagation effects of the π pulse are important in
this case. The beam is being focused so there is a changing Rabi frequency over the
length of the crystal. Also, the wavefronts are curved for a focusing Gaussian beam
which results in phase shifts over the beam spot.
These measurements were obtained using the FLO detection system which optimized the photon echo efficiency in the optically thick sample. The photon echo
efficiency is important for reading out the RASE field. However, the detection mode
for noise is not ideal over the length of the sample. This is the case since the beam is
focused tightly resulting in a short Rayleigh range compared to the physical length
of the crystal. Referring to Figure 6.4, the detection mode is ideal at the front of the
sample where only the centre of the probe is being detected. The detection mode
at the centre of the sample is about the same size as the probe, so in this case we
detect the unwanted ‘wings’ of the Gaussian mode shape resulting in a reduction
in the ASE field. Perhaps the worse feature of this detection is that the mode at
the back of the sample is almost twice the size of the driving field, hence additional
vacuum noise is being detected from the atoms which do not see any driving field.
For the optically thin case, the detection mode is twice the size of the driving mode
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and again additional vacuum noise is being detected.

Summary of ASE
The first section presented the result of amplified spontaneous emission for an optical
depth of 3.1 and the second section presented results for optical depths 0.78, 0.47
and 0.25. Both situations used the focusing local oscillator detection mode. Figure
7.7 shows the total variance measured for both light quadratures as a function of
optical depth. Included in this figure is the case for a warm crystal where the
coherence times are shorter than any relevant time scale for the cold case. The
theoretical expression for the variance for a given optical depth using heterodyne
detection is given by Equation 7.1 and is eαl . As already noted, the variance of the
ASE field measured is significantly less than expected from the optical depth and
this is illustrated explicitly in Figure 7.7. The ASE field is also less than is expected
from the gain measured.
The measured variance for the ASE field does scale exponentially with 0.173
times the optical depth. The blue dotted line in Figure 7.7 is this fit. This could indicate that the measurement of the optical depth is grossly overestimated. However,
measuring the optical depth by burning a hole and sweeping across it in frequency
gives an answer in agreement with the optical nutation method. It is more likely
that the π pulse is to blame here. The π pulse is simply not inverting the atomic
ensemble correctly resulting in noise less than expected from the optical depth.
To improve the measurement of the gain such that the lensing effect of the probe
mode is avoided, a spatially larger π pulse compared to the probe pulse can be
used. In this case the probe beam will see a more spatially homogeneous excitation
preventing the effect of lensing. This technique will require more laser power for the
Rabi frequency of the driving field to be the same.
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Figure 7.7: Measured variances vs optical depth using the focused local oscillator
detection mode. The variance is for both quadratures and the error bar is a 95%
confidence interval. The green dotted line is the variance expected from the optical
depth, the mathematical expression indicated in green text. The blue dotted line is
an exponential fit to the data. As indicated by the blue text, the data fits well to
e(0.173×αl) .
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Chapter 8
Rephased Amplified Spontaneous
Emission: Experiment
This chapter presents the experimental progress toward rephased amplified spontaneous emission. The theoretical framework for these experiments has been discussed
in Chapter 4. The experiment involves the rephasing of the amplified spontaneous
emission that was experimentally investigated in Chapter 7.
This chapter is in 4 parts. First, the pulse sequence used to generate ASE and
RASE fields is presented. In convention with the chapter on amplified spontaneous
emission, this chapter presents 3 differing experimental settings. Firstly, RASE
is investigated in the optically thick, 20mm long crystal with the focusing local
oscillator. Then, the crystal is swapped out for the 4mm long crystal while the
detection mode is kept the same. Finally, the 0.5mm thin sample is used with a
local oscillator spatially larger than the probe such that when it is traced back to
the sample, it detects only the centre of the exciting field. The detection modes are
described in detail in Chapter 6.

8.1

Pulse Sequence

The pulse sequence that is used is illustrated in Figure 8.1. The solid red line is the
applied laser field, with the blue dotted line being an artist’s rendition of the ASE
and RASE fields. There are three timescales to note here, labelled T , a and b.
The temporal separation between the π pulses is labelled T . There is a definite
lower bound on this timescale as the detection system takes around 10 µs to recover
from a strong intensity pulse. For these experiments the choice of T is short com123
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pared to the excited state lifetime. In this regime it is expected that the population
is mainly in the excited state when the second π pulse is applied resulting in the
noise measured in the ASE region to be greater than the RASE region.
The timescale a is the delay between the second rephasing pulse and the end(start)
of the ASE(RASE) window. As the coherence times are around 10 to 20 µs, this
timescale ideally should be as close to zero as possible. There is a technical limitation on this value in that the detection system, as stated before, takes around 10 µs
to recover from a strong pulse.

T
π

π
a

b

t
Figure 8.1: RASE pulse sequence. The solid red line is the applied laser light
field, the dotted blue line is the detected signal. The black dotted(dashed) box is
the ASE(RASE) region which is processed for correlations. T is the time between
rephasing pulses, a is the time delay between the end(start) of the ASE(RASE) window
and the second rephasing pulse and b is the time window for the ASE and RASE time
regions. Ideally, a = 0, but additional noise appears after the rephasing pulse in the
form of FIDs and detection recovery time.

Finally, the timescale b defines the temporal mode function which when integrated over gives the quadrature values for the ASE and RASE regions. There are
two things to consider when choosing the length of this window. The ASE and
RASE fields are decaying fields dependent on the excited and coherence times respectively, so the width of the integration window needs to be short compared to
these lifetimes. Also to consider is the spectral width of the window. The spectral
width of the window should closely match the bandwidth of the ASE noise, so as
not to lose this signal to the white noise.

8.2

Experiment with 20mm Crystal

For this experiment, the cryogenic cooler is left on. The phase stability in the photon
echos is good to 0.1 radians, which was good enough for ASE and RASE signals to
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be detected. The optical depth is measured to be αl = 3.2. Referring to Figure 8.1,
T = 100 µs, a = 20 µs and b = 55 µs. The π pulse length is found to be tπ = 1.6 µs.

Results
Figure 8.2 shows the variance measured for the RASE sequence. The variance here
is normalized to the variance in the vacuum region (shaded blue). Each shot is
digitally filtered with a 1 MHz Gaussian filter before the variance is calculated. To
obtain the phase of the laser, a phase pulse is placed 100 µs before the first π pulse.
This phase pulse is very weak such that the detection system is not saturated, and
the delay between the phase pulse and the π pulse exceeds the coherence time by a
factor of 4, so an echo of this pulse will be extremely weak at best. This echo would
appear when the second π pulse is applied, and would have little effect on the RASE
field. Also, an echo of the first π pulse is seen after the RASE region.

π

Phase
Pulse

π

1.6

Echo

Variance (A.U.)
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ASE

1.3

RASE
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Time (µs)

250

300

Figure 8.2: Variance measured for the RASE pulse sequence. The applied laser field
is shown in the above plot in gray. The three shaded regions are vacuum (blue), ASE
(green) and RASE (red) fields. The pulse at t = 0 is a phase pulse and after the
RASE region an echo of the fist π pulse is present.

It is evident from Figure 8.2 that the RASE region has less noise than the ASE
region. However, one can come to the same conclusion if the second π pulse is
omitted, since the magnitude of the ASE field naturally decays. A better measure
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Figure 8.3: (a) Spectral power of the vacuum, ASE and RASE time regions. (b)
Spectral power of the vacuum, ASE and ‘would be’ RASE time regions when the
second π pulse is omitted.

of the noise in each of the time regions is given in Figure 8.3(a). Here, the mean
spectral power for the vacuum, ASE and RASE time regions are shown. The spectral
power of each region is taken for each shot (|Vi (f )|2 ) and the mean spectral power is
P
calculated i |Vi (f )|2 /N and normalized to the vacuum region. The familiar noise
spectrum of the ASE region is seen. The RASE region sees a decreased spectral
power on resonance with the driving laser, suggesting a decrease in noise in the
RASE region compared to the ASE region. As a comparison, Figure 8.3(b) shows
the spectral power for the case when the second π pulse is omitted. It can be seen
that the RASE region in this case does have a decreased spectral power at DC. This
effect is purely due to the fact that the ASE decays over time. It is noted that the
spectral power at DC for the RASE region in Figure 8.3(a) is less than the RASE
region in Figure 8.3(b), suggesting that the second π pulse indeed does have the
expected effect of returning the excited state ions close to the ground state.
We now analyse the statistics of each region. Integrating over the square time
regions for each shot results in 2500 quadrature values, of which statistics can be
done. Figure 8.4 shows the quadrature measures in phase space and Figure 8.5
shows the mean quadrature amplitude and variance in each quadrature for each
time region. It can be seen that in this case, the mean quadrature amplitude is zero
for the vacuum and RASE regions, but not for the x̂ quadrature in the ASE region.
The total variance over the two quadratures in the ASE region is 1.7634 ± 0.0376
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Figure 8.4: Heterodyne measurements for each shot and for each time region. Each
point is obtained by integrating over the temporal regions illustrated in Figure 8.2 for
each of the 2500 shots. The points are normalized such that the vacuum variance is
1.
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Figure 8.5: Statistics for the 3 time regions. The symbol •(∗) represents a measurement in the x̂(p̂) quadrature. The error bars are 2σ.

greater than the variance measured in the vacuum, and the total variance over the
two quadratures in the RASE region is 1.1617 ± 0.0305.
Cross-Correlation
To determine whether or not a time separated correlation exists, we investigate
the cross-correlation between the ASE and RASE field. The cross-correlation is a
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measure of how similar two time separated fields are and is formed by shifting one
field along the time axis and integrating the product of the two fields at each time
point. If the two fields in question are f and g, the cross-correlation is defined as
(f ? g)(t) =

Z

∞

f ∗ (τ )g(t + τ )dτ,

(8.1)

−∞

where the f field is complex conjugated in the integral. When calculating the crosscorrelation between the ASE and RASE fields we note that the RASE field is an
echo of the ASE field and thus a time reversed version of the ASE field. Also, the
ASE field is complex conjugated with respect to the RASE field. Labeling the ASE
field as A(t) and the RASE field as R(t) and noting that for Equation 8.1 f → A(t)∗
and g → R(−t), the cross-correlation is given by
∗

A(t) ? R(−t) ≡

Z

∞

−∞

A(τ )R(t − τ )dτ ≡ (A ∗ R)(t),

(8.2)

where ∗ denotes a convolution. Hence to obtain the cross-correlation one takes the
convolution of A(t) and R(t).
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Figure 8.6: The cross correlation between ASE and RASE regions. The convolution
is taken for each shot and the magnitude of the mean is plotted. Details of the curve
can be found in the text.

Figure 8.6 shows the magnitude of the mean cross-correlation, where the mean
is obtained from taking the convolution of the time regions for each shot. The
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blue curve is the case when the crystal is cold and the convolution of the ASE and
RASE fields are taken. The green curve is the same data set, where the incorrect
convolution is taken between the complex conjugated version of the ASE field and
the RASE field. The red curve is the case of when the crystal is warmed to ∼ 40K
and hence the coherence times are far shorter than any other relevant timescales.
The same processing was done to this data set that was done to produce the blue
curve.
The correlation peak has a full width at half max of 6.44 µs. This peak is also
2.5 times greater than the noise in the warm case.
Inseparability
To investigate the nonclassicality of the correlation, we look at the inseparability
criterion outlined in Chapter 4. It is noted that since the detection system used is
for continuous variables, only the inseparability criterion is used to test the nonclassicality of the correlation. The criterion is
h(∆û)2 iρ + h(∆v̂)2 iρ ≥ 2,

(8.3)

√
√
√
√
where û = b x̂1 + 1 − b x̂2 and v̂ = b p̂1 − 1 − b p̂2 . That is, the variance of
û and v̂ is bound from below by 2 for separable states. The variance of û and v̂ is
given by
p
hû2 i = bhx̂21 i + (1 − b)hx̂22 i + 2 b(1 − b)hx̂1 x̂2 i,
p
hv̂ 2 i = bhp̂21 i + (1 − b)hp̂22 i + 2 b(1 − b)h−p̂1 p̂2 i.

(8.4)

The heterodyne detector measures x̂1 , x̂2 , p̂1 and p̂2 a total of N times, producing
an N length vector of measurements for each region. A 4×4 covariance matrix can
be formed with these vectors,




x̂1
hx̂1 x̂1 i
hx̂2 x̂1 i
hp̂1 x̂1 i h−p̂2 x̂1 i





 x̂2  
 hx̂1 x̂2 i

hx̂
x̂
i
hp̂
x̂
i
h−p̂
x̂
i
2
2
1
2
2
2



.
 p̂  x̂1 x̂2 p̂1 −p̂2 /N =  hx̂ p̂ i
hx̂2 p̂1 i
hp̂1 p̂1 i h−p̂2 p̂1 i 
 1 
 1 1

−p̂2
h−x̂1 p̂2 i −h−x̂2 p̂2 i h−p̂1 p̂2 i hp̂2 p̂2 i

Taking into account the mean of each quadrature, it is then easy to form the variance
of û and v̂.
The variances used for the inseparability criterion in Equation 8.3 are those
measured with a homodyne detector. Even though heterodyne detection is a ‘noisy’
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measurement of variance, the criterion is still valid with the same classical bound.
However, the noisy measurement of the covariance term will weaken the correlation
between the ASE and RASE fields (see Appendix E for more details).
Figure 8.7 shows the measured sum of the variances of û and v̂. It is clear
that when b = 1(0), the variance is completely that of the ASE(RASE) region.
The important number here is the covariance between the two regions (hx̂1 x̂2 i and
h−p̂1 p̂2 i). The case of no correlation between the two regions results in a very low
covariance, hence the inseparability line is straight. The fact that the line in Figure
8.7 is near straight, suggests that there is very little correlation between the two
regions. A comparison to the theory in Chapter 4 suggests that in the optically
thick case the inseparability criterion should be well violated.
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Figure 8.7: Inseparability criterion for optically thick Tm3+ :YAG. The blue line is
the measured criterion with the shaded area representing a 66% confidence interval.
The black dotted line is the lower bound on separability.

Discussion
It was seen in Chapter 7 that for the ASE region, the measured variance and the
theoretically predicted variance had a large discrepancy. It is therefore expected
that the variance in the RASE region to be less than is expected from the measured
optical depth. For heterodyne detection, the quadrature variance in the RASE
region using 1D theory and perfect π pulses (Chapter 4) is
2

2

hx̂ i = 1 + 4 sinh
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αl
2



.

(8.5)

8.2 Experiment with 20mm Crystal
For an optical depth of 3.2, the expected variance for the ASE region is 24.53 and
the RASE region is 23.57. The measured value for the ASE region was 1.76 and for
the RASE region, 1.16. It was seen from Chapter 7 that the ASE was exponential
with an effective optical depth of 0.173 × αl. Using this effective optical depth in
Equation 8.5 gives a value of 1.31. The measured value of RASE is still less than
what is expected from the measured ASE field. This would suggest that the π pulse
does not read out the RASE efficiently.
From Figure 8.6, it is evident from the clear peak in the cross-correlation appearing above the noise, that the ASE and RASE fields are indeed correlated. This
peak is 2.5 times greater than the noise. One can be confident that this is indeed the
correct signal and not a detection artifact by considering the following two cases.
For the case of complex conjugating the ASE field the correlation peak disappears.
For this case the convolved fields are out of phase, which hence causes the integral
of the product to disappear. For the case of a warm crystal the correlation peak also
disappears. This is expected as the coherence times decrease rapidly with increasing
crystal temperature, resulting in a reduction of ASE and the RASE field not being
rephased at all.
This correlation peak has a full width at half max of 6.44 µs which is temporally
broader compared to the π pulse time tπ = 1.6 µs. This is acceptable in the sense
that the bandwidth of the correlation does not exceed the bandwidth of the ASE.
Of course, the contrasting case is unphysical. The π pulse undergoes temporal
stretching due to absorption, as was seen in the previous chapter. The same effect
is seen here as the correlation width is larger than expected.
Although a distinctive peak can be seen when the cross-correlation between the
ASE and RASE regions is taken, a very small covariance is measured between the
two regions, resulting in a classical correlation seen in Figure 8.7. The RASE field
is expected to have decayed as the coherence time for this experiment is 13.4 µs
and the RASE integration window starts 20 µs after the π pulse, resulting in a
small covariance. Another contribution to the reduced covariance is other photons
appearing in the RASE time region. These other photons are ASE, the second π
pulse does not read out the RASE correctly. Another source of these photons is
found by considering that atoms in the excited state can fall to the ground state
via a metastable state. The photons resulting from that process are not detected as
they are at a different frequency to the local oscillator. Hence, there will be photons
rephased and detected in the RASE region whose corresponding ASE photon was
at a different frequency.
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8.3

Experiment with 4mm Crystal

Now we look at RASE using the 4mm crystal. The RASE generated here is the
rephasing of the ASE presented in Chapter 7, where the optical depths investigated
were αl = {0.78, 0.47, 0.25}. The pulse sequence is similar to before. Referring to
Figure 8.1, the time scales used were T = 60 µs, a = 10 µs and b = 20 µs. This
sequence is applied {18500, 14500, 20000} times for statistics to be calculated. Like
for the ASE measurement, the cryostat is deactivated and groups of 500 shots are
collected at a time. The Rabi frequency and optical depth are monitored per group
of 500 shots.
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Figure 8.8: Mean quadrature amplitude and variance measured for the RASE time
region for three different optical depths. The subscript 3 labels the RASE region as
time region 3. The symbol •(∗) is the measurement for the x̂(p̂) quadrature. The
variance values are normalized to the vacuum variance presented in Figure 7.5. The
error bar is a 95% confidence interval.

Results
Figure 8.8 shows the mean quadrature amplitude and the variance in each quadrature for the three different optical depths investigated. For the αl = 0.78 experiment the mean quadrature amplitude is unexpectedly non-zero. The variance in
each quadrature for each optical depth is the same to within the error bar meaning
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the RASE is phase independent. As the optical depth decreases, the RASE variance measured decreases as expected. The error bars do overlap for different optical
depths suggesting that more shots need to be taken. A summary of the measured
RASE variances will be given at the end of the chapter.
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Figure 8.9: The magnitude of the cross correlation measured between the ASE and
RASE time regions.

Figure 8.9 shows the magnitude of the cross correlation for each of the optical
depths. The cross-correlation is calculated for each shot and the mean is taken
and the magnitude is plotted. As was seen for the optically thick case, there is a
clear correlation peak above the background noise for all three cases. The case for
where the crystal is warmed such that the coherence times are short compared to
any relevant timescale in the cold case is also plotted as a comparison. The data
has been normalized to the highest peak, and it can be seen that as the optical
depth is decreased the size of the peak also decreases. This is the expected case
as the covariance is decreased as the optical depth decreases as seen in Equation
4.30. Considering that the photon echo efficiency decreases as the optical depth
is decreased and also that less atoms means less photons, it makes sense that the
correlation between the two regions gets weaker.
For the case of αl = {0.78, 0.47, 0.25}, the full width at half max is {3.5, 3.9, 4.4} µs.
The timescale increases since the peak becomes more comparable to the background
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noise. Each time scale is temporally longer than the π pulse used to rephase the ASE
which is physical. The correlation widths are decreased compared to the optically
thick case (6.44 µs). This can be explained by noting that propagation effects are
reduced for reduced optical and physical interaction thickness of the sample.
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Figure 8.10: Inseparability criterion measured for the ASE and RASE regions. The
shaded area represents a 95% confidence interval.

We now present the inseparability criterion for the three different optical depths.
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Figure 8.10 shows the criterion. It is noted that an arbitrary phase shift is applied to
all RASE quadrature values in order to maximize the correlation between the ASE
and RASE fields. The fact that this has to be done suggests the phase stability of
the photon echo procedure that creates the RASE field is of an insufficient level.
Recall that the important number is the covariance between the same quadrature in
two different time regions. The higher the covariance, the more quadratic the curve
becomes. It can be seen that the optically thickest case (αl = 0.78) has the most
quadratic curve compared to all thinner cases. Again, this is expected due to the
physical nature of the correlation for varying optical depth. The error bar is a 95%
confidence interval and it is evident that more shots are required in order to reduce
this error.
The first curve that was obtained was for the αl = 0.78. This curve was promising
as the correlation between the two fields was significant resulting in a large dip below
the uncorrelated case (straight line from ASE to RASE). It was hoped that as the
optical depth was reduced, the ASE and RASE levels would reduce getting closer to
the classical bound allowing the criterion to be violated. Of course, as the optical
depth is reduced, the correlation between the ASE and RASE fields is reduced and
the result is that the criterion is respected. It is concluded that these are classical
time separated correlations.

Discussion
The measured variances over both quadratures for the 4mm crystal are plotted versus
optical depth in Figure 8.11. The expected RASE curve is also plotted (green dotted
line). It is evident that the RASE measured is lower than the analytic expression.
This is somewhat expected from the fact that the amount of ASE measured was
lower than theoretically predicted and it was seen that for optical depths of 0.173
times the actual measured optical depth fitted the data well.
As a comparison, the variance expected from the level of ASE measured is included in Figure 8.11 (red dotted line). The result is that the measured variance in
the RASE region exceeds the expected variance from the ASE measured. This is
evidence that the rephasing π pulse is not perfect, there is an extra source of noise
giving more noise in the RASE time region than is expected. This extra noise source
is simply ASE, there are excited state atoms giving photons in the RASE region who
do not correspond to a photon in the ASE region. This effect would result from an
imperfect π pulse.
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Figure 8.11: Measured RASE variances versus optical depth. The variance is over
both x̂ and p̂ quadratures, the error bar is a 95% confidence interval. The blue points
represent the measured variances. The green dotted line is the expected variance to
measure using a heterodyne detector, the mathematical expression given by the green
text. The measured ASE was fitted with an effective optical depth of 0.173αl (Figure
7.7). The red curve is the RASE one would expect from the ASE measured.

The spectrum of the RASE field from Figure 8.3(a) show that the noise at DC
is reduced but there are peaks around 200 kHz. This is another indication that the
π is imperfect.
Since the π pulse is imperfect, the cross correlation between the ASE and RASE
regions will suffer. This in combination with low echo efficiency and short lived
coherence lifetimes cause the correlation between the ASE and RASE fields to be
classical.
The mean quadrature value was not zero for cases of αl = 0.78 and 0.47, suggesting that the ASE is displaced from the centre by a small amount compared to
the vacuum state. This effect could be due to an FID appearing in the temporal
window of interest. This is supported by the fact that the displacement of the ASE
is reduced as the optical depth is decreased.
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Figure 8.12: Magnitude of the cross correlation between the ASE and the RASE
fields. The blue curve shows the correct case of time reversing the RASE field with
respect to the ASE field. The green curve shows the uncorrelated case and can be
considered the noise in the correlation measurement. The blue curve sees a clear peak
above this noise with a width given by the π pulse.

8.4

Experiment with 0.5mm Crystal

The inseparability criterion was close to being violated in the 4mm sample with the
criterion getting closer to being violated as the optical depth is decreased. This then
motivated the final experiment: looking at RASE in a 0.5mm crystal. Presented
here is the case for an optical depth of 0.046 ±0.004. The local oscillator is adjusted
to detect the ions that see a similar Rabi frequency, as discussed in Chapter 6. For
this experiment, the π pulse time was 1.52 µs. Rather than square time windows,
the windows used are Gaussian with full-width half max of 2.5 µs placed 10.5 µs
either side of the second π pulse. There is a time distance of 40 µs between the two
π pulses. The sequence is applied 22000 times at rep rate of 10Hz. The experiment
is performed in groups of 500 shots as the cryostat is deactivated during acquisition.
The cross correlation is shown in Figure 8.12. Two cases are presented here.
The blue curve is the cross correlation between the ASE and RASE fields and the
green curve is the uncorrelated case. The uncorrelated case is obtained by not time
reversing the RASE field when calculating the cross correlation (Equation 8.2). This
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uncorrelated case represents the noise for the correlated case. The blue curve shows
a distinct peak above the noise. This shows that there is a clear time separated
correlation. The full-width half max of the peak is 1.5 µs which is in good agreement
with the π pulse width of 1.52 µs.
Figure 8.13 shows the gain a small pulse receives propagating through the inverted medium. The gain measurement, identical to Figure 7.4(a), is conducted 5
times on the crystal. The optical depth is measured to be 0.045 ± 0.004 for the
5 runs. The figure shows the energy gain for times up to 40 µs. As can be seen,
the energy gain is 1 within the error bar suggesting that there is no gain for this
optically very thin case.
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Figure 8.13: Energy gain for a small pulse propagating through the inverted medium.
The gain measurement (see Figure 7.4(a)) is run 5 times. The data points are the
mean gain for that delay time and the error bar is 2σ. The dotted line is the unity
gain level and the solid line is the expected gain from the optical depth.

Figure 8.14 is the inseparability criterion. It is seen that the ASE and RASE
levels are the vacuum level within the error bar. There is again a discrepancy
between the expected (1.0475) and measured values of ASE suggesting that still the
creation of the ASE is non-optimal. The measured ASE field is in agreement with
the measured gain from Figure 8.13. There is good agreement between the expected
(1.0005) and measured RASE field which is expected since for an optical depth this
low, the RASE field is very close to the vacuum.
For the inseparability criterion in Figure 8.14, no arbitrary phase shift is applied
to the RASE field with respect to the ASE field, as was done for the previous
examples. Shown in the figure is the 1σ and 1.66σ uncertainty levels. It is noted
that the uncertainty of the vacuum noise is improved compared to earlier results as
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10 independent measures of the vacuum are made for each shot. It is clear that for
values of b around 0.5, the criterion is violated. Figure 8.15 shows the probability
distribution for b = 0.5015, the minimum of the inseparability curve in Figure 8.14.
The percentage of the curve that is greater than 2 is 4.85%. There is a confidence
interval of 95.15% that the criterion is less than 2. Hence, for one temporal mode,
the ASE and RASE fields can not be represented as a separable state. We have
successfully shown nonclassical correlations between time separated ASE and RASE
fields.
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Figure 8.14: The inseparability criterion. The solid black curve is var(û) + var(v̂).
The boundary of red shaded area is one σ of uncertainty and the boundary of the blue
shaded area is 1.66 σ of uncertainty, where the uncertainty is calculated as in [135].
The black dotted line is the classical limit.

Figure 8.16 shows a comparison between the theoretical and experimentally measured inseparability curve. The theoretical curve is calculated using an optical depth
of 0.046 and using a heterodyne detector. The theoretical curve highlights the fact
that the ASE field measured is significantly lower than expected. The measured
curve does not dip below the classical bound as much as the theoretical curve does.
This is due to the short coherence time of 10.60µs. The time windows used for
processing were centered 10µs either side of the second π pulse, a time comparable
to the coherence time. One can say that, at the 95% confidence level, experiment
and theory both show a violation of the criterion.
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Figure 8.15: The probability distribution for the lowest point (b = 0.5015) on the
inseparability curve in Figure 8.14. The curve indicates that a confidence interval of
95.15% for the value being less than 2.

The experiment in its current form was unable to demonstrate the multimode
ability of this entanglement protocol. There were three experimental constraints
on the timescales and bandwidth of operation. These were the coherence lifetime
T2 , the detection recovery time and the available laser power (and therefore the
bandwidth of the π pulses). These constraints opened a large enough time window
to demonstrate entanglement with one temporal mode.
The inseparability was measured for a temporal mode orthogonal to the mode
used to produce the inseparable state. The result was that the inseparability criterion was not violated. For a temporal mode that is shifted such that the overlap
is zero gives little correlation as the RASE field has decayed. For an orthogonal
temporal mode shape, such as the first derivative of a Gaussian, the correlation is
weakened by the increase in bandwidth that this temporal mode has. Also, the
frequency component at DC is zero so the correlation becomes weaker.
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8.4 Experiment with 0.5mm Crystal

2.04

Experiment
Theory
Classical Limit
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2.02
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1.98
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Figure 8.16: Comparison of the measured inseparability curve to the theoretical
curve. The theoretical curve is calculated for an optical depth of 0.046 and using
heterodyne detection. The solid blue line is the measured curve, the dashed red line
is the theoretical curve and the dotted line is the classical bound. The error bar at
the location of maximum violation is 1.66σ with a confidence level of 95.15% of being
below the classical bound.
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Chapter 9
Conclusion
This thesis explores the use of cryogenic rare earth ion doped solids for applications
in quantum information science. A theoretical analysis of optical rephased memory
protocols is presented and three experiments were performed. Before these experiments were conducted, the locking of the laser frequency of a laser diode to a spectral
hole in cryogenic Tm3+ :YAG was implemented. The method used is referred to as
the ‘hybrid lock’ as the lock uses a combination of electronic and optical feedback.
The aim was to lock the laser with stability suitable for conducting phase stable photon echo experiments and to use existing resources rather than some custom-built
cavity. This aim was achieved and this method of locking was the first realization
of a hybrid locking scheme for diode lasers.
The first experiment was the characterization of benchmarks for a photon echo
experiment and the local oscillator detection mode. The aim was to easily determine
the state of the experimental apparatus by measuring the photon echo efficiency,
lifetime and phase stability.
The second experiment was the measurement of amplified spontaneous emission
from inverting a two level ensemble of rare earth ions. These experiments were
conducted on different optical depths on the inhomogeneous line of Tm3+ :YAG.
The aim was to characterize this noise using different rephasing pulse areas and
different optical depths. Although the effects of the π pulse used in the two pulse
photon echo are well known, a noise characterization such as presented in this thesis
has not been done. It was shown that the amount of noise on the two pulse photon
echo increased exponentially with optical depth, as expected from the theoretical
analysis.
The third experiment was the measurement of rephased amplified spontaneous
143

9. CONCLUSION
emission and the time separated correlation between the noise and rephased noise.
These experiments were conducted with the aim of showing that the amplified spontaneous emission can be rephased to create two time regions of photon streams that
share non-classical correlations. The experiment successfully demonstrated that
time separated correlations between the ASE and the RASE fields are measurable.
For optical depths of 0.25 and greater, it was seen that the correlations were classical.
For an optical depth of 0.046, the correlation was seen to violate the inseparability
criterion. This violation of the criterion means that the ASE and RASE fields can
not be described as a separable state. This experiment successfully demonstrated at
a 95.15% confidence interval time separated nonclassical correlations between ASE
and RASE fields.
The outlook of rephased spontaneous emission as a broadband entangler of photons is promising. Nonclassical correlations were demonstrated in this work but
variations of this experiment can be implemented. Changing to a material with a
greater coherence time is a possibility. Tm3+ :YAG was chosen for its ineffective
holeburning feature so as to avoid FID phenomena resulting from holeburnt features. Changing to a material such as Pr:YSO will see an increase in coherence time
and FID phenomena can be avoided by implementing a four level echo scheme [3]
or phase mismatching [121].
The most promising approach in my opinion is to use a rare earth ion doped
whispering gallery mode resonator [136]. Here, the optical depth can be effectively
tuned by tuning the coupling to the resonator. The advantage is that the optical
depth of the rephasing can be increased so as to increase the photon echo efficiency
while the optical depth of the creation of the ASE can be kept low so as to still
violate the Cauchy-Schwarz inequality.
This thesis paves the way for a broadband DLCZ protocol using rare earth ion
doped media.
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Appendix A
General Purpose Detector
In this appendix chapter the general purpose detector is presented. Figure A.1 shows
the electronic schematic and is based on the low noise general purpose detector in
[134].
The design has two stages. The first stage is an operational amplifier [137] (opamp) stage using a AD829 op-amp. This op-amp provides the virtual earth to sink
the photocurrent from the photodiode. The input impedance on the inverting input
is large such that all photocurrent passes through resistor R2 (see Figure A.1). The
voltage drop across this resistor is the output voltage of the first stage. The second
stage consists of two voltage following AD829 op-amps. These provide two buffered
outputs capable of driving 50 Ω loads.
The resistance value of 1.6kΩ for the feedback resistor in the first stage is chosen
such that the clearance above the dark noise is maximized. The bandwidth of
detection is determined by the characteristic frequency of the feedback resistance of
the first stage (R2 ) and the intrinsic capacitance of the photodiode (Ct ). A spike
in the transfer function occurs at this characteristic frequency and an additional
capacitor is placed in parallel with R2 in order to smooth the transfer function of
the circuit.
The circuit is designed such that two different photodiodes can be used. Only one
diode is present when operational, that photodiode being the Hamamatsu S5971.
This photodiode has a sensitivity of 0.55 Amps/Watt at 780nm giving a quantum
efficiency of 88%. In the circuit, the photodiode is reversed biased with 15V in order
to reduce the intrinsic capacitance below 3pF and hence increase the bandwidth
beyond 33MHz.
A technical feature to consider is that the maximum power rating for the photo145
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diode is 50mW with an effective active area of 1.1mm2 . To ensure that the detectors
are not saturated, the size of the beam is adjusted to the size of the maximum effective area.
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Photodiode
not present

Figure A.1: Electronic schematic of the detectors used in the ASE/RASE experiments. The S3590 photodiode is not present, the S5971 photodiode is used.
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Appendix B
Hybrid Photon Echo Rephasing Workings
In this appendix chapter the analytic solutions for the hybrid photon echo rephasing
(HYPER) technique are derived. The time regions are those indicated in Figure 4.11
in Chapter 4. It is noted that the procedure to obtain the solutions for the RASE
protocol is similar to the derivation that follows setting the Stark shifts to zero and
adjusting the boundary conditions.

B.1

Region 1 - before Stark shift

The equations of motion for time region 1 before Stark shifting is applied are given
by
∂
D̂1 (z, t, ∆) = i∆D̂1 + iâ1
∂t
Z
iα ∞
∂
â1 (z, t) =
d∆ D̂1 ,
∂z
2π −∞

(B.1a)
(B.1b)

where explanation of the symbols can be found in Chapter 4. Equation B.1a is a
first order linear differential equation which can be solved using integration factor
methods. The solution to Equation B.1a is

D̂1 (z, t, ∆) = i
=i

Z

t

Z−∞
∞

−∞

0

â1 (z, t0 ) ei∆(t−t ) dt0 + D̂1 (z, t0 , ∆)ei∆t

(B.2)

0

â1 (z, t0 ) u(t − t0 ) ei∆(t−t ) dt0 + D̂1 (z, t0 , ∆)ei∆t ,
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where u(t) is the unit step function. The above equation is then Fourier transformed to the frequency domain, shown below

1
+ πδ(ω − ∆) + 2πδ(ω − ∆)D̂1 (z, t0 , ∆) . (B.3)
D̂1 (z, ω, ∆) = iâ1 (z, ω)
i(ω − ∆)


This equation is then substituted into the Fourier transformed version of Equation
B.1b, given below as
Z ∞
Z ∞
∂
d∆
α
α
d∆ δ(ω − ∆)
â1 (z, ω) = − â1 (z, ω)
− â1 (z, ω)
∂z
2
2
−∞ iπ(ω − ∆)
−∞
Z ∞
h
i
d∆ δ(ω − ∆)D̂1 (z, t0 , ∆) .
(B.4)
+ iα
−∞

The first term in this equation vanishes as an odd function in ∆ integrated over all
∆ is zero. This then reduces to the following differential equation
∂
α
â1 (z, ω) + â1 (z, ω) = iα D̂1 (z, t0 , ω),
∂z
2

(B.5)

with solution
−αz/2

â1 (z, t) = â1 (0, t)e

+ iα

Z

z

0

dz 0 eα(z −z)/2 D̂1 (z 0 , t),

(B.6)

0

where the inverse Fourier transform has been taken and we have defined D̂1 (z 0 , t) =
F−1 {D̂1 (z, t0 , ω)}.

Equations B.2 and B.6 are the solutions for region 1 for when the Stark shift is
zero.

B.2

Boundary 1 - Region 1 and 2

The Stark shift and π pulse are applied. The Stark shift is applied before the π pulse
and both fields are assumed to be temporally short and of a large size. With these
assumptions, the dynamics of the optical field can be ignored at the boundary. The
Stark shifting field alters an atoms detuning dependent on its position, given by ηz,
such that ∆ → ∆ + ηz. The application of a π inverts the atomic field, D̂ → D̂† .
The boundary condition at time t = t2 is
h
i†
D̂2† (z, t = t2 , ∆) = D̂1 (z, t2 , ∆)eiη1 z ,
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B.3 Region 2
where η1 = η(tf − ti ), η is the size of the Stark shifting interaction, tf − ti is the
duration of that field and D̂1 is given by Equation B.2.

B.3

Region 2

In this region a Stark shifting field is applied over the entire time region. The
equations of motion are

∂ †
D̂ (z, t, ∆) = i(∆ + η 0 z)D̂2† − iâ2
∂t 2
Z
iα ∞
∂
â2 (z, t) =
d∆ D̂2† .
∂z
2π −∞

(B.8a)
(B.8b)

A similar procedure done to obtain the solutions for region 1 can be applied here.
The solution to Equation B.8a is
D̂2† (z, t, ∆)

= −i
= −i

Z

∞

Z−∞
∞

−∞

0

0

0

0

0

â2 (z, t0 ) u(t − t0 ) ei(∆+η z)(t−t ) dt0 + D̂2† (z, t2 , ∆)ei(∆+η z)(t−t2 )
0

â2 (z, t0 ) u(t − t0 ) ei(∆+η z)(t−t ) dt0 + D̂1† (z, t2 , ∆)e−iη1 z ei(∆+η z)(t−t2 ) ,
(B.9)

where the last line has had the boundary condition substituted in. This equation
is then Fourier transformed and substituted into the Fourier transformed version of
Equation B.8b . The solution obtained when this is done is the following,

â2 (z, ω) = â2 (0, ω)e

αz/2

+ iαe

−iωt2

Z

z

0

0

0

dz 0 eα(z−z )/2 D̂1† (z 0 , t2 , ω − η 0 z 0 )e−iη1 z . (B.10)

We now directly substitute in for D̂1† (z 0 , t2 , ω − η 0 z 0 ) and group the ω terms
â2 (z, ω) = â2 (0, ω)eαz/2
"
Z
Z z
0
0 α(z−z )/2
−i
+ iα
dz e

∞

−∞

0

iη 0 t2 z 0

+ D̂1† (z 0 , t0 , ω − η 0 z 0 )e

0

0

0

0

â†1 (z 0 , t0 ) u(t2 − t0 ) eiη (t2 −t )z e−iω(2t2 −t ) dt0
#

0

e−iω(2t2 ) e−iη1 z .

(B.11)

The above equation is inverse Fourier transformed to the time domain, the result
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shown below,
â2 (z, t) = â2 (0, t)eαz/2
"
Z z
Z
0
0 α(z−z )/2
+ iα
dz e
−i

−∞

0

+

D̂†1 (z 0 , t

∞

− 2t2 )e

iη 0 z 0 t iη 0 t2 z 0

e

#

0

0

0

â†1 (z 0 , t0 ) u(t2 − t0 ) eiη (t2 −t )z δ(t0 − (2t2 − t))dt0
0

e−iη1 z .

(B.12)

Evaluating the time integral and rearranging the terms gives,
Z

z

0

0

dz 0 e−(αz/2−iη (t+t2 )+iη1 )z D̂†1 (z 0 , t − 2t2 )
+ iαe
0
Z z
0
0
(B.13)
dz 0 e−(α/2−iη (t−t2 )+iη1 )z â†1 (z 0 , 2t2 − t).
+ αeαz/2 u(t − t2 )

â2 (z, t) = â2 (0, t)e

αz/2

αz/2

0

The following definitions are made to simplify the above expression
b̂1 (0, t) ≡ â1 (0, t) + iα
b̂2 (0, t) ≡ â2 (0, t) + iα

Z

z

Z0 z
0

0

dz 0 eαz /2 D1 (z 0 , t)
0

0

dz 0 e−(α/2−iη (t+t2 )+iη1 )z D1 (z 0 , t − 2t2 ),

(B.14)

resulting in the reduced form of Equation B.13,
â2 (z, t) = b̂2 (0, t)e

αz/2

+α

b̂†1 (0, 2t2

αz/2

− t)e

u(t − t2 )

Z

z

0

0

dz 0 e−(α−iη (t−t2 )+iη1 )z .

0

(B.15)

The integral over z 0 can be done to give the optical solution for region 2
αz/2

â2 (z, t) = b̂2 (0, t)e

+

b̂†1 (0, 2t2

− t)e

αz/2



0
α 1 − e−(α−iη (t−t2 )+iη1 )z
u(t − t2 )
.
α − iη 0 (t − t2 ) + iη1
(B.16)

Equations B.9 and B.16 are the solutions for region 2.

B.4

Boundary 2 - Region 2 and 3

A π pulse is applied at time t = t4 and has the effect of D̂† → D̂, that is, transferring
the excited state population back to the ground state. The boundary condition at
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time t = t4 is
h
i†
D̂3 (z, t = t4 , ∆) = D̂2† (z, t4 , ∆) ,

(B.17)

where D̂2† (z, t4 , ∆) is given by Equation B.9.

B.5

Region 3

The equations of motion for region 3 are similar in form to the equations of motion in
region 1 as both regions are ground state regions. We first state the optical solution
in the frequency domain (similar to Equation B.6),
â3 (z, ω) = â3 (0, ω)e

−αz/2

+ iαe

−iωt4

Z

z

0

dz 0 eα(z −z)/2 D̂3 (z 0 , t4 , ω).

(B.18)

0

We now substitute in for the boundary condition
â3 (z, ω) = â3 (0, ω)e

−αz/2

+ iαe

−iωt4

Z

z

0

0 0

" Z
0
dz 0 eα(z −z)/2 i

∞

−∞

0

0

0 0

â†2 (z 0 , t0 ) u(t4 − t0 )
#

× e−i(ω+η z )(t4 −t ) dt0 + D̂1 (z 0 , t2 , ω)eiη1 z e−i(ω+η z )(t4 −t2 ) .

(B.19)

The next step is to substitute in for D̂1 (z 0 , t2 , ω) (Equation B.2) as this term has ω
dependance. Then, the equation is rearranged into a tidier form, resulting in the
following,

−αz/2

â3 (z, ω) = â3 (0, ω)e

−α

Z

+ iα

z

0

−α

dz 0 eα(z −z)/2

Z0

Z

z

0

Z

−∞

∞

−∞

z

0

0

dz 0 eα(z −z)/2
Z ∞
0
0 0
0
×
â†2 (z 0 , t0 ) u(t4 − t0 ) e−iη (t4 −t )z e−iω(2t4 −t ) dt0
0

0

0

0

0

b̂1 (0, t0 )e−αz /2 u(t2 − t0 ) e−iη (t4 −t2 )z eiη1 z e−iω(2t4 −2t2 +t ) dt0
0

0

0

dz 0 eα(z −z)/2 D̂1 (z 0 , t0 , ω)e−iω(2t4 −2t2 ) eiη1 z e−iη (t4 −t2 )z .

(B.20)

0
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We now inverse Fourier transform the above to the time domain, the result is shown
below,
−αz/2

â3 (z, t) = â3 (0, t)e

−α

Z

+ iα

z

dz 0 e

Z0

α(z 0 −z)/2

Z

−α

α(z 0 −z)/2

dz 0 e

0

z

0

dz 0 eα(z −z)/2
0
Z ∞
0
0 0
×
â†2 (z 0 , t0 ) u(t4 − t0 ) e−iη (t4 −t )z δ(t − (2t4 − t0 ))dt0
−∞

∞

−∞

z

Z

0

0

0

b̂1 (0, t0 )e−αz /2 u(t2 − t0 ) e−i(η (t4 −t2 )−η1 )z δ(t − (2t4 − 2t2 + t0 )) dt0
0

0

D̂1 (z 0 , t − (2t4 − 2t2 )) e−i(η (t4 −t2 )z −η1 ) .

(B.21)

The time integrals can now be evaluated,
Z

z

0

0

0

dz 0 eαz /2 â†2 (z 0 , 2t4 − t) u(t − t4 ) e−iη (t−t4 )z
â3 (z, t) = â3 (0, t)e
− αe
0
Z z
0
0
0
0
− αe−αz/2
dz 0 eαz /2 b̂1 (0, t − 2t4 + 2t2 )e−αz /2 u(2t4 − t2 − t) e−i(η (t4 −t2 )−η1 )z
Z0 z
0
0
0
+ iαe−αz/2
dz 0 eαz /2 D̂1 (z 0 , t − (2t4 − 2t2 )) e−i(η (t4 −t2 )−η1 )z .
(B.22)
−αz/2

−αz/2

0

The Stark shifting fields are balanced such that η 0 (t4 − t2 ) = η1 resulting in,
Z

z

0

0

dz 0 â†2 (z 0 , 2t4 − t) u(t − t4 ) e(α/2−iη (t−t4 ))z
0
Z z
−αz/2
− αe
b̂1 (0, t − 2t4 + 2t2 ) u(2t4 − t2 − t)
dz 0
(B.23)
−αz/2

â3 (z, t) = b̂3 (0, t)e

− αe

−αz/2

0

where we have made the following definition
b̂3 (0, t) ≡ â3 (0, t) + iα

Z

0

z

0

dz 0 eαz /2 D̂1 (z 0 , t − 2t4 + 2t2 ).

(B.24)

We now substitute â†2 (z 0 , 2t4 −t) into Equation B.25 noting the balanced Stark fields,
â3 (z, t) = b̂3 (0, t)e−αz/2 − αe−αz/2

Z

0

z

"

dz 0 b̂†2 (0, 2t4 − t)

#

0
0
α 1 − e−(α−iη (t−t4 ))z
0
0
+ b̂1 (0, t − 2t4 + 2t2 )
e(α−iη (t−t4 ))z
0
α − iη (t − t4 )
Z z
−αz/2
− αe
b̂1 (0, t − 2t4 + 2t2 )
dz 0 ,
0
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where the unit step functions have been ignored as they equate to unity in the time
window of interest.
Finally, the integrals over z 0 are evaluated to give the final answer
−αz/2

â3 (z, t) = b̂3 (0, t)e

"

−



0
α e(α−iη (t−t4 ))z − 1 −αz/2
− t)
e
α − iη 0 (t − t4 )
!#
 (α−iη0 (t−t ))z

4
e
−1
z
e−αz/2 .
−
(α − iη 0 (t − t4 ))2
α − iη 0 (t − t4 )

b̂†2 (0, 2t4

− b̂1 (0, t − 2t4 + 2t2 ) αz + α2

(B.26)
In the limit of infinite Stark shift, Equation B.26 reduces to the following form
â3 (z, t) = b̂3 (0, t)e−αz/2 − b̂1 (0, t − 2t4 + 2t2 )αz e−αz/2 .

(B.27)
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Appendix C
Rephased Amplified Spontaneous
Emission - Workings
This appendix chapter shows explicitly the analytics for calculating the CauchySchwarz inequality and also the variance of the quadrature fields for the ASE and
RASE time regions detailed in Chapter 4. The author would like to acknowledge T.
Chanelière for the reviewing of the workings in this appendix.
We start by restating the quantum optical solutions for time regions 1 (ASE)
and 2 (RASE):
αz/2

â1 (z, t) = â1 (0, t)e

+ iα

Z

z

0

dz 0 eα(z−z )/2 D̂†1 (z 0 , t),

(C.1)

0

â2 (z, t) = â2 (0, t)e−αz/2
Z z
0
−α
dz 0 eα(2z −z)/2 â†1 (0, −t)
0
Z z
Z z0
0
00
2
0
+ iα
dz
dz 00 eα(2z −z −z)/2 D̂1 (z 00 , −t)
0
Z 0z
0
+ iα
dz 0 eα(z −z)/2 D̂1 (z 0 , t) .

(C.2)

0

It is convenient to group the creation and annihilation operators to make the
following definitions:
â1 (z, t) ≡ A + B † and â2 (z, t) ≡ C + D† ,

(C.3)
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where,
A ≡ â1 (0, t)eαz/2
Z z
0
†
dz 0 eα(z−z )/2 D̂†1 (z 0 , t)
B ≡ iα

(C.4a)
(C.4b)

0

C ≡ â2 (0, t)e−αz/2
Z z
Z z0
0
00
2
0
+ iα
dz
dz 00 eα(2z −z −z)/2 D̂1 (z 00 , −t)
0
Z 0z
0
+ iα
dz 0 eα(z −z)/2 D̂1 (z, t)
Z z 0
0
dz 0 eα(2z −z)/2 â†1 (0, −t) .
D† ≡ −α

(C.4c)
(C.4d)

0

We can now state the Cauchy-Schwarz inequality and variance in terms of these
newly defined operators. It is noted that the commutation relations for the quantum
optical boundary and quantum atomic boundary fields are
[â1 (0, t), â†1 (0, t0 )] ≡ δ(t − t0 )
1
[D̂1 (z, ∆), D̂†1 (z 0 , ∆0 )] ≡ δ(z − z 0 )δ(∆ − ∆0 ).
α

C.1

(C.5)

Cauchy-Schwarz Inequality

The inequality is defined as
R(z) ≡

p(t1 , t2 )2
p(t1 , t1 ) p(t2 , t2 )

(C.6)

where p(ti , tj ) = h â† (l, ti ) â(l, ti ) â† (l, tj ) â(l, tj ) i is the probability of having a
photon each at times ti and tj and p(ti , ti ) = h (â† (l, ti ) â(l, ti ))2 i is the probability
of have two photons at time ti . The inequality then becomes

R(z) =

h â†1 (z, t) â1 (z, t) â†2 (z, t0 ) â2 (z, t0 ) i2

h â†1 (z, t) â†1 (z, t) â1 (z, t) â1 (z, t) i h â†2 (z, t0 ) â†2 (z, t0 ) â2 (z, t0 ) â2 (z, t0 ) i

. (C.7)

Let us now consider the case of p(t1 , t2 ) = h â†1 (z, t) â1 (z, t) â†2 (z, t0 ) â2 (z, t0 ) i.
Substituting in Equations C.3,
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p(t1 , t2 ) = h â†1 (z, t) â1 (z, t) â†2 (z, t0 ) â2 (z, t0 ) i

(C.8)

= h(A + B † )† (A + B † )(C + D† )† (C + D† )i
= hB(A + B † )(C † + D)D† i

where it is noted that h0|A† = C|0i = 0 is used to obtain the last line. Expanding
this out and noting that the expectation value of an odd number of creation or
annihilation operators equals zero in this case gives the following
p(t1 , t2 ) = hBAC † D† i + hBB † DD† i.

(C.9)

To simplify this further, we can use the commutation relations between neighbouring operators in the above equation. For example, BB † can be replaced by
[B, B † ] + B † B. Then, the B † B term can be eliminated since this is inside the expectation value braces and equals zero as B|0i = h0|B † = 0. Using this we get the
following

p(t1 , t2 ) = hBAC † D† i + hBB † DD† i.

(C.10)

= hB([A, C † ] + C † A)D† i + h([B, B † ] + B † B)([D, D† ] + D† D)i.
= hBD† [A, C † ]i + hBC † AD† i + h[B, B † ][D, D† ]i.
= h[B, C † ][A, D† ]i + h[B, B † ][D, D† ]i.

where in the third line the term containing [A, C † ] is eliminated as the functional
form of operators A and C give a commutation relation of zero.
A similar procedure can be done for p(t1 , t1 ) and p(t2 , t2 ), and the CauchySchwarz inequality is then

[B, B † ] [D, D† ] + [B, C † ] [A, D† ]
R(z) =
4[B, B † ]2 [D, D† ]2

2



1
[B, C † ] [A, D† ]
=
+
2 2[B, B † ][D, D† ]

2

.

(C.11)
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C.2

ASE and RASE Variance

We now obtain analytic expressions for the variance of the quadratures of light,
x̂ and p̂, for time regions 1 and 2 in terms of the operators A, B, C and D. The
quadratures can be expressed as quantum optical field operators:
x̂i = âi + â†i

p̂i = −i(âi − â†i ),

(C.12)

where i = {1, 2} referring to the ASE and RASE regions respectively.

Let us now look at the x̂ quadrature. Assuming the mean is zero, the variance in
the ASE region is hx̂21 i, the variance in the RASE region is hx̂22 i and the covariance
is hx̂1 x̂2 i. For the ASE variance
hx̂21 i = h(â1 + â†1 )2 i = h(A + B † + A† + B)2 i

(C.13)

= h A2 + A†2 + AA† + A† A + B 2 + B †2

+ BB † + B † B + AB + AB † + A† B + A† B † i.

Again, terms like A|0i and h0|A2 |0i are equal to zero, so the above equation
reduces to
hx̂21 i = h AA† + BB † + AB † i.

(C.14)

We can use the commutation relations to get the final form below,
hx̂21 i = [A, A† ] + [B, B † ].

(C.15)

It is noted that the commutation relation between A and B † is zero. Similar steps
can be taken to obtain the variance for the RASE region and the covariance, stated
below as
hx̂22 i = [C, C † ] + [D, D† ] and hx̂1 x̂2 i = [A, D† ] + [B, C † ].

C.3

(C.16)

Commutation Relations

From the above sections the required commutation relations are: [A, A† ], [B, B † ],
[C, C † ], [D, D† ], [A, D† ] and [B, C † ]. In this section we form these commutation
relations.
160

C.3 Commutation Relations

â†i .

It is useful to form the commutation relation of the quantum optical fields âi and
The optical field satisfies the common boson commutation relations [47, 117]
[âi , âj ] = [â†i , â†j ] = 0,

[âi , â†j ] = δij .

(C.17)

For [âi , â†j ] and i = j = 1 and using the definitions C.3, the following results
[â1 , â†1 ] = [A + B † , A† + B] = [A, A† ] + [A, B] + [B † , A† ] + [B † , B]

(C.18)

= [A, A† ] + [B † , B] = 1
⇒ [A, A† ] − [B, B † ] = 1.
Using this relation allows for a explicit calculation to be avoided. For example,
one could calculate [A, A† ] and hence [B, B † ] is given from the relation. A similar
procedure can be done for the case [âi , â†j ] and i = j = 2 giving the relation
[C, C † ] − [D, D† ] = 1.

(C.19)

Also, for [âi , âj ], i = 1 and j = 2, the following relation is obtained
[A, D† ] = [B, C † ].

(C.20)

We now form the needed commutation relations for the Cauchy-Schwarz inequality and variance:
[B, B † ]:
Z

z

0

B = −iα
dz 0 eα(z−z )/2 D̂1 (z 0 , t)
Z z0
00
B † = iα
dz 00 eα(z−z )/2 D̂† 1 (z 00 , t0 )
0

†

[B, B ] = −iα iα

Z

z

0 α(z−z 0 )/2

dz e

Z

z

dz 00 eα(z−z

00 )/2

[D̂1 (z 0 , t), D̂† 1 (z 00 , t0 )]

0

0

1
realize [D̂10 (z , t), D̂† 10 (z 00 , t0 )] = δ(z 0 − z 00 )δ(t − t0 )
α
Z z
Z z
1
0
00
= −i2 α2
dz 0 eα(z−z )/2
dz 00 eα(z−z )/2 δ(z 0 − z 00 )δ(t − t0 )
α 0
0
Z z
0
0 α(z−z 0 )/2 α(z−z 0 )/2
= αδ(t − t )
dz e
e
0

0
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Z z

−1 α(z−z)
0 α(z−z 0 )
0
0
α(z−0)
dz e
= αδ(t − t )
= αδ(t − t )
e
−e
α
0
[B, B † ] = δ(t − t0 ) [eαz − 1] .

[A, A† ]:
A = â1 (0, t)eαz/2
A† = â†1 (0, t0 )eαz/2

[A, A† ] = [â1 (0, t), â†1 (0, t0 )]eαz

(C.21)

= δ(t − t0 )eαz
Using the relation in Equation C.18, the same result can be achieved.
[D, D † ]:
D = −α
D† = −α

†

[D, D ] = (−α)(−α)

Z

z

2

z

Z0 z

dz e

0

dz 0 eα(2z −z)/2 aˆ1 (0, −t)
dz 00 eα(2z

00 −z)/2

0

0 α(2z 0 −z)/2

Z

z

dz 00 eα(2z

â†1 (0, −t0 )

00 −z)/2

0
†
0
[aˆ1 (0, −t), â1 (0, −t )] = δ(t − t0 )
Z z
Z z
0
0
00 α(2z 0 +2z 00 −z−z)/2
0

realize

Z

= α δ(t − t )

[aˆ1 (0, −t), â†1 (0, −t0 )]

2

0

−αz

dz e
= α δ(t − t )e
0
0



 2
αz
α(0)
2
0
−αz/2 2 1
= α δ(t − t ) e
e −e
α


 αz/2


1 x
0
−αz/2 2
−x
= δ(t − t ) e
−e
,
sinh(x) =
e −e
,
2
 
2 αz
†
0
[D, D ] = 4δ(t − t ) sinh
.
2
[C, C † ]:
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dz

Z

0

z

0 αz 0

dz e

Z

0

z

dz 00 eαz

00

C.3 Commutation Relations
For [C, C † ], the relation from Equation C.19 is used to give

[C, C † ] = 1 + 4δ(t − t0 ) sinh2

 αz 
2

.

(C.22)

[A, D † ]:
A = aˆ1 (0, t)eαz/2
Z z
0
†
dz 0 eα(2z −z)/2 â†1 (0, −t0 )
D = −α
0

†

Z

z

0

dz 0 eαz [aˆ1 (0, t), â†1 (0, −t0 )]
0



1
0
αz
α(0)
= −αδ(t + t )
e −e
α
αz/2

[A, D ] = −α e

e

−αz/2

= −δ(t + t0 ) [eαz − 1]

[A, D† ] = δ(t + t0 ) [1 − eαz ] .

(C.23)

[B, C † ]:
Z

z

0

dz 0 eα(z−z )/2 D̂1 (z 0 , t)
0
Z z
Z z00
00
000
†
†
0 −αz/2
2
00
C = â2 (0, t )e
− iα
dz
dz 000 eα(2z −z −z)/2 D̂† 1 (z 000 , −t0 )
0
0
Z z
00
− iα
dz 00 eα(z −z)/2 D̂† 1 (z 00 , t0 )
B = −iα

0

†

Z

z

0

dz 0 eα(z−z )/2 [D̂1 (z 0 , t), â†2 (0, t0 )]
0
Z
Z 00
Z
 z 0 α(z−z0 )/2 z 00 z
00
000
2
+ (−iα) −iα
dz e
dz
dz 000 eα(2z −z −z)/2 [D̂1 (z 0 , t), D̂† 1 (z 000 , −t0 )]
0
Z z0
Z z0
0
00
dz 00 eα(z −z)/2 [D̂1 (z 0 , t), D̂† 1 (z 00 , t0 )]
+ (−iα) (−iα)
dz 0 eα(z−z )/2

[B, C ] = −iα

0

0

Commutation relations as before and [D̂1 (z 0 , t), â†2 (0, t0 )] = 0
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Z z00
Z z
Z z
1 2 3
000
00 αz 00
0 −αz 0 /2
0
αz/2 −αz/2
dz 000 e−αz /2 δ(z 0 − z 000 )
dz e
= i α δ(t + t ) e
dz e
e
α
0
0
0
Z z
Z z
1 2 2
00 −αz 00 /2
0 −αz 0 /2
0
αz/2 −αz/2
+ i α δ(t − t ) e
dz e
δ(z 0 − z 00 )
dz e
e
α
0
Z z 0
Z z
00
0
0
dz 00 eαz e−αz /2 u(z 00 − z 0 )
dz 0 e−αz /2
= i2 α2 δ(t + t0 )
0
0
Z z
0
0
dz 0 e−αz /2 eαz /2
+ i2 αδ(t − t0 )
Z z 0
Z z
Z z
2
0
0 −αz 0
00 αz 00
00
0
0
= −α δ(t + t )
dz e
dz e u(z − z ) − αδ(t − t )
dz 0
0
Z0 z
Z0 z
00
0
dz 00 eαz − αzδ(t − t0 )
dz 0 e−αz
= −α2 δ(t + t0 )
0
z
Z0 z
i
h
1
0
0 −αz
2
0
αz
αz 0
dz e
= −α δ(t + t )
− αzδ(t − t0 )
e −e
α
Z 0z
h
i
0
0 −αz 0
αz
αz 0
= −αδ(t + t )
dz e
e −e
− αzδ(t − t0 )
0

 −αz

0
αz −1
= −αδ(t + t ) e
e
− 1 − z − αzδ(t − t0 )
α
= δ(t + t0 ) [[1 − eαz ] + αz] − αzδ(t − t0 )

[B, C † ] = δ(t + t0 ) [1 − eαz ] .

(C.24)

It is noted that the same answer can be obtained using the relation C.20.

C.4

Cauchy-Schwarz Inequality and Variance - Final Form

For the case of t = t0 = 0, the final form of the Cauchy-Schwarz inequality is the
following
2
1
[B, C † ] [A, D† ]
+
R(αz) =
2 2[B, B † ][D, D† ]
"
#2
1
[1 − eαz ] [1 − eαz ]

=
+
2 8 [eαz − 1] sinh2 αz
2
"
#2
1
[eαz − 1]

=
+
2 8 sinh2 αz
2
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 αz 
−2 1
1 1
=
+
1 − e−αz
− csch2
2 2
8
2

2
(C.25)

For the the ASE variance, RASE variance and covariance, the final form is given
as
hx̂21 i = [A, A† ] + [B, B † ] = 2eαz − 1
hx̂22 i = [C, C † ] + [D, D† ] = 1 + 8 sinh2
†

†

αz

hx̂1 x̂2 i = [A, D ] + [B, C ] = 2(1 − e ).

 αz 

(C.26)

2
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Appendix D
Average Photon Number per
Mode
This appendix chapter clarifies the use of the units ‘average photon number per
mode’ used in Chapter 4 when referring to the quantity hâ†i (t0 )âi (t)i for i = 1, 2.
Consider the number of photons in a gaussian temporal mode k(t) in the ASE
field â1 (t). We can form the following
hK † (t0 )K(t)i,
where K(t) describes the overlap of the temporal mode k(t) with the ASE operator
â1 (t),

K(t) =

Z

∞

dt k(t) â1 (t).

−∞

Hence

hK (t )K(t)i =
dt k (t )
dt k(t) â1 (t)
Z Z

† 0
0
∗ 0
=
dt dt k (t )k(t) â1 (t )â1 (t)
Z Z
=
dt0 dt |k ∗ (t0 )k(t) hâ†1 (t0 )â1 (t)i,
†

0

Z

0

∗

0

â†1 (t0 )

Z

(D.1)

where the integral is over all time and in the last line the expectation only acts on
the operators.
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The expectation of â†1 (t0 )â1 (t) is given in Chapter 4 and Appendix C as
hâ†1 (t0 )â1 (t)i = δ(t − t0 ) [eαz − 1].
Substituting this into Equation D.1
†

0

Z Z

dt0 dt k ∗ (t0 )k(t) hâ†1 (t0 )â1 (t)i
Z Z
αz
= [e − 1]
dt0 dt k ∗ (t0 )k(t) δ(t − t0 )
Z
αz
= [e − 1]
dt |k(t)|2 = 1.

hK (t )K(t)i =

(D.2)

The normalization of k(t) can be chosen such that the integral in Equation D.2
evaluates to 1. So, the average photon number for a gaussian temporal mode function
in the ASE field is hK † (t0 )K(t)i = exp(αz) − 1. More generally, one can say that
the average photon number per mode in the ASE field is hâ†i (t0 )âi (t)i = exp(αz) − 1.
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Appendix E
Inseparability Criterion with a
Heterodyne Detector
This appendix chapter shows that the inseparability criterion of Duan et. al. [118]
has the same bound for heterodyne detection as for homodyne detection.
As mentioned in Chapter 5, heterodyne detection can be described as ‘noisy’ homodyne detection. When measuring the quadrature x̂i with a heterodyne detector,
one measures
x̂i →

x̂i + vac
c
√ i,
2

(E.1)

where i = 1 or 2 and vd
aci is the vacuum that enters the unused port of the 50:50
beamsplitter or equivalently the vacuum noise at −ω. For the inseparability criterion
given by Equations 8.4, the variance of the operator û becomes,
*

*
2 +
2 +
x̂1 + vac
c1
x̂2 + vac
c2
√
√
var(u) → b
+ (1 − b)
2
2



p
x̂1 + vac
c1
x̂2 + vac
c2
√
√
+ 2 b(1 − b)
2
2

b
=
hx̂21 i + hvac
c 21 i + hx̂1 vac
c 1 i + hvac
c 1 x̂1 i
2

1−b
+
hx̂22 i + hvac
c 22 i + hx̂2 vac
c 2 i + hvac
c 2 x̂2 i
2 p
+ b(1 − b) (hx̂1 x̂2 i + hvac
c 1 vac
c 2 i + hx̂1 vac
c 2 i + hvac
c 1 x̂2 i) .

(E.2)

Since the variance of the vacuum is 1 and that the covariance terms between x̂ and
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the vacuum equate to zero then,
var(u) =

 1−b
 p
b
hx̂21 i + 1 +
hx̂22 i + 1 + b(1 − b) (hx̂1 x̂2 i)
2
2

(E.3)

For the case where the ASE and RASE fields (x̂1 and x̂2 ) are the vacuum, then the
variance measured for the operator û is 1. A similar treatment to above can be done
to the p̂ quadrature resulting in the variance of the v̂ operator to be 1 for the case of
vacuum ASE and RASE fields. The result is that the classical bound for violating
the inseparability criterion using a heterodyne detector is var(û) + var(v̂) = 2.
When comparing the above equation to the homodyne case, a factor of 2 is lost
in front of the covariance term hx̂1 x̂2 i. Hence, the correlation between the ASE
and RASE fields (or equivalently, the ‘dip’ below the classical bound) is reduced
by a factor of 2 when using a heterodyne detector. Figure E.1 show the theoretical
inseparability curves for homodyne and heterodyne detection for the experimentally
relevant case of αl = 0.046.
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Figure E.1: Inseparability criterion for homodyne (solid line) and heterodyne
(dashed line) detection. The classical bound (dotted line) is the same for both cases
(see text). The curves are plotted for the experimentally relevant case of αl = 0.046.
The cross and circle indicate the minimum of the curve for homodyne and heterodyne
detection respectively. Arrows indicate the ‘dip’ below the classical bound for the
minima. Heterodyne detection results in a factor of 2 less ‘dip’ compared to homodyne detection. This factor of 2 is the case for any point on the curve dipping below
the classical bound.
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[128] G. J. Pryde and T. Böttger and R. L. Cone and R. C. C. Ward, “Semiconductor lasers stabilized to spectral holes in rare earth crystals to a part in 1013
and their application to devices and spectroscopy,” Journal of Luminescence,
vol. 98, no. 1-4, pp. 309 – 315, 2002.
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