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Abstract 

Assumptions are usually made when optimising design for an experiment. 

Unexpected departure from the assumptions may result in suboptimal design. This 

thesis aims to address the issue of optimal design under uncertainties. Various 

optimisation methods were proposed to locate optimal design that is efficient even 

if the assumptions do not fully hold. 

A hypercube optimal design (HClnD) was proposed to address the issue of 

uncertainty in the parameter space, where D-optimal design for nonlinear models 

has an issue of dependency on the parameter values. The HClnD criterion is 

presented in Chapter 2 and was compared to other robust design criteria in terms 

of efficiency, relative errors and computational cost with simulation studies. The 

performance of HClnD was further evaluated in Chapter 3 where the optimality 

criteria in this chapter are solved analytically whenever possible and numerically 

otherwise for two simple nonlinear models. HClnD was shown to be as efficient 

as other robust methods and consumed less computational cost. This robust 

criterion was applied prospectively to design a three arm double blind 

pharmacokinetic (PK) clinical study for two drugs (midazolam and droperidol). 

The design was evaluated in Chapter 4.  

An adaptive optimal design method was proposed in Chapter 5 to design 

experiments for PK bridging studies. In a PK bridging study the researcher uses 

knowledge of the PK model from a prior-population to design the experiment for 

a target-population. The design is suboptimal if the PK profile of prior and target-

populations are widely diverged. The proposed adaptive optimal design was 

compared to optimal design for target-population based solely on the prior-

population information. The proposed method was superior in the estimation 
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precision when the PK profiles of the two populations are widely divergent and 

comparable precision when the PK profiles are similar.  

Sampling windows is used to ensure certain degree of design efficiency 

under execution uncertainty, where samples may not be collected following 

exactly the optimal design. Two methods to construct sampling windows for 

nonlinear mixed effects models were proposed in Chapter 6. Initially a naïve 

adaptive method that determines the window for the next sample when the 

previous and current samples become available was proposed. Another method is 

a recursive random sampling method that is based on the Gibbs sampling 

techniques. Both methods were applied to locate sampling windows for a 

population PK study and tested via simulation.  

Finally, an optimal design method to minimise the cost for phase II PK 

clinical studies was proposed in Chapter 7. An additional level of uncertainty 

when designing phase II clinical study based on the population PK estimates from 

healthy volunteers in phase I study was incorporated in the form of hyperprior 

distribution. In this design, the expected cost is minimised. The resulted optimal 

design accounts for both cost of the study and the probability of study failure. The 

proposed optimisation method was shown to locate designs that attained high 

power, without the need to define the power a priori, and without the need to 

define upper constraints in the design space.  
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1.1 Preliminary 

This section introduces the materials necessary for the understanding of 

this thesis, the definition of linear and nonlinear model, the concept of an 

experimental design and the Fisher information matrix. 

1.1.1 Model 

A model is defined as 

  εθXy  ,f ,      (1.1) 

where  Tnyy ,,1 y  is a 1n  vector of observed responses,  T  denotes the 

transpose of a vector or a matrix, X  is a pn  matrix of independent variables, θ  

is a 1p  vector of parameters thus  θX,f  is the predicted (and expected) 

response, and ε  is the 1n  residual error terms which are usually assumed to be 

independently and identically normally distributed with mean zero and variance 

2 , thus  n

iid

N Iε 2,0~    with nI  the nn  identity matrix. The model is 

considered linear in a statistical sense if  θX,f  is a linear function in terms of θ . 

Examples of linear functions are 

  22111 , xxf  θX , 

   112 exp, xf θX .      

The model is nonlinear if  θX,f  is a nonlinear function in terms of θ . Examples 

of nonlinear functions are  
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2

2
111 ,




x
xf θX , 

   112 exp, xf θX . 

1.1.2 Experimental design 

An experimental design   is a probability measure on the design space   

such that  ix  = 0 if there is no observation to be taken at ix  and   ii wx  , 

10  iw , if observations are to be taken at ix  with weight iw .  










n

n
www

xxx




21

21 ,  1
1




n

i
iw .    (1.2) 

If exactly n observations are to be taken then an exact design is required where 

n

n
w i

i   with in the number of replicate observations at ix . The points 

nixi ,,1,  ; are termed the support points of the design  . In practice exact 

designs are appropriate for experimental settings since weights do not always 

factor evenly into the number of support points that may be chosen. 

1.1.3 Fisher information matrix 

For a model as described in equation 1.1 with θ  the 1p  vector of 

parameters, and an experimental design   as described in equation 1.2, the Fisher 

information matrix  ,θM  is a pp matrix with the i
th

 and j
th

 elements of the 

matrix are defined as  
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ji
ji

θ

l

θ

l
E

yθyθ
θM

;;
, ,  ,    (1.3) 

where  yθ;l  is the log likelihood function of the parameters given the 

observation y. For a linear model the Fisher information matrix does not depend 

on θ thus 

  XVXθM 1,  T ,      (1.4) 

with  

   ii wyvardiagonalV , ni ,,1 ;   (1.5) 

 iyvar  denotes the marginal variance (the sum of the expected value of the 

conditional variance and the variance of the conditional means) of observation iy ,  

and iw  is the weight of support point ix  as defined in equation 1.2. V  is diagonal 

if and only if all observations are independent. 

For models that are nonlinear in terms of θ , the Fisher information matrix 

now depends on θ  and is defined as 

  JVJθM 1,  T ,       

where   

   

   















































p

nn

p

xfxf

xfxf





θθ

θθ

J

,,

,,

1

1

1

1







.    (1.6) 
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J is the Jacobian matrix which is the matrix of the first-order partial derivatives of 

the model with respects to (all) the parameters at each support point. 

According to Cramér-Rao inequality [52, 53], the variance of any set of 

unbiased estimators θ̂  for parameter vector θ  is bounded by the diagonal value of 

the inverse of the Fisher information matrix, such that 

      , diagonalˆvar 1- θMθ  .     (1.7) 

Thus a design that maximises the information matrix is therefore minimises the 

estimation variance. 

1.2 Brief history of optimal design 

A brief history of optimal design as it relates to its use in nonlinear mixed 

effects modelling is introduced in this section. 

In order to understand the nature of reality of a certain process or to test a 

certain hypothesis, researchers conduct experiments. An experiment is designed to 

ensure that sufficient information is gathered to enable the question of interest to 

be addressed. This may be undertaken by maximising information or by 

minimising random error or by doing both in the process, and to reduce the 

influence of random noise that occurred during the experiment.  

Various methodologies for experimental design such as randomization, 

replication and blocking were proposed by Fisher [1]. Randomization is the 

concept where the experimental units are assigned randomly across the treatment 

group with the aim to eliminate possible bias due to factors apart from the 

treatment. The aim of both replication and blocking are to improve estimation 

precision, which can be achieved by replicating the experiment to identify sources 
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of variation and/or by grouping similar experimental units into blocks to reduce 

the effect of known but uninteresting variation. However, limitations in 

experimental resources require designs that optimise the learning outcome within 

the constraints of the study. Methods to optimally design efficient experiments 

thus received significant attention in the statistical and modelling literature. 

1.2.1 Pre-pharmacokinetic history 

The development of optimal design theory dates back to 1918 when Smith 

[2] published her paper discussing a method to minimise the maximum 

standardized variance within a known design space for polynomial models up to 

sixth degrees. If   is the design space where x , the optimality criterion 

defined by Smith is  

      









y

xniix
ˆvarmaxmin

,,1, 
,     (1.8) 

 ŷvar  is the variance of the predicted response where 

      xgxgy TT 12ˆvar


 JJ ,      (1.9) 

J is the Jacobian matrix as described in equation 1.6.    
θ




xf
xg  where  xf  is 

the predicted response at support point x. Thus for a linear model 

      xxy T 12ˆvar


 XX .     (1.10) 
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This criterion was later referred to as global or G-optimality by Kiefer and 

Wolfowitz [6] in 1959. A normalized generalisation of the variance function in 

equation 1.10 with an experimental design   is  

         xgxgd T  ,, 1 θMx  .    (1.11) 

If G  is G-optimum then  

  




















,maxargminargG xd
x

.     (1.12) 

A sufficient condition for G  is  

   pd
x




G,maxarg 


x ,      (1.13) 

where p is the number of parameters in the model.  

In 1943, Wald [5] introduced an optimality criterion which involved the 

use of Fisher information matrix to minimise the variance of the asymptotic 

distribution of the maximum likelihood estimators. This criterion was investigated 

by Chernoff [4] in 1953 and subsequently named D-optimality by Kiefer and 

Wolfowitz [6] in 1959. The D-optimal design D  minimises the volume of the 

joint ellipsoidal confidence region of the parameters and in general provides 

efficient estimates of parameters [59]. D  is derived by minimising the 

determinant of the inverse of the Fisher information matrix, which is equivalent to 

maximising the determinant of the Fisher information matrix.  
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If 
D

  is a global optimum then 

      ξξξξ
ξξξ

,maxarg,minarg,minarg
11

D θMθMθM 







, (1.14) 

where  M  is the determinant of the Fisher information matrix. 

Kiefer and Wolfowitz [7] proved the general equivalence theorem in 1960. 

They showed that the G- and D-optimality are equivalent and provided the same 

design for a linear model. Formally the theorem states that if a function 

   ,θM  is concave over the design space   , and is differentiable at 

 *,θM , the directional derivative of    ,θM  at   in the direction of 
~

, 

where 
~

 places unit weight at support point x~  is defined as 

             





,
~

,,1
1

lim,~

0

θMθMθM 




x  , (1.15) 

where 10   . 

Then the following are equivalent 

1) The design *  maximises    ,θM ; 

2) The maximum of the derivative of   0, *  x ; 

3) The derivative of  *, x  achieves its maximum at * . 

The general equivalence theorem implied that the sufficient condition of 

G-optimality described in equation 1.13 can be used to verify whether a specific 

design is D-optimal. White [8] extended the general equivalence theorem to 

nonlinear models in 1973.  
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Optimal designs for nonlinear models depend on the parameter values as 

the Fisher information matrix of nonlinear models is not only a function of the 

design variables but also a function of the parameters. Cochran [96] described this 

issue in 1973 as “You tell me the value of θ  and I promise to design the best 

experiment for estimating θ ”. Chernoff [4] explored the idea of optimising the 

design for nonlinear models by assuming θ  is known to be close to some given 

values. The design was termed locally optimal since it is only optimised for 

particular values of θ . In 1959 Box and Lucas [9] determined a locally D-optimal 

design for a model for nonlinear chemical kinetics by optimising the design at 

some preliminary values of θ . However, they stressed that the efficiency of the 

optimal design depends on the reliability of the preliminary values. The results of 

replication of support points, model inadequacy and computational difficulties to 

locate D-optimal design for nonlinear models were discussed by Box [14-16].  

Box and Lucas [9] proposed that one way to account for the dependency 

issue is by conducting a series of sequential experiments. This approach was 

presented by Box and Hunter [10] in 1965 where the optimal design is updated 

one trial at a time when new observation becomes available. The basic idea of a 

sequential design is to divide the experimental resources into several portions and 

conduct the experiment in stages. A single portion of the resources will be used at 

each stage of the experiment. The experiment starts with an initial design, the data 

is analysed at the end of each stage and the updated estimates will be used to 

optimise the design for next stage experiment. In 1993 Chaudhuri and Mykland 

[97] demonstrated that by conducting the experiment sequentially, as more data 

become available following each stage of the experiment, there is less uncertainty 

in the maximum likelihood estimates, leading to a more efficient design.  

Draper and Hunter investigated the influence of prior information on the 

parameters on the D-optimal design for single response nonlinear model [12] and 

multiple response nonlinear model [13] in 1967, each with two parameters in the 
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model. They assumed that the prior information on the parameters is available in 

the form of a multivariate normal distribution. They illustrated how the two point 

optimal design has different support points when the prior information for the two 

parameters changed; i.e., from no prior information on both parameters, some 

information on one of the parameter, complete information on one of the 

parameter and complete information on both parameters.  

1.2.2 Post-pharmacokinetic history 

In recent years, optimal design has attracted the attention of researchers in 

the area of pharmacokinetics (PK) and pharmacodynamics (PD). PKPD models 

describe the time course of the effect of drugs in the human body [17]. PK models 

describe the time course of drug concentrations in the body. The response variable 

of a PK model is the drug concentration and the independent variables are dose, 

time and various patient characteristics e.g., weight, age and sex. PD models 

describe the effect of the drug on the body. The response variable of a PD model 

is the drug effect and the independent variables are concentration and patient 

characteristics. Hence the convolution of PK and PD to form a PKPD model 

therefore provides the link of effect to time.  

PKPD models are generally nonlinear in the parameters and thus retain the 

dependency issue of the optimal design on the prior knowledge of the parameter 

values. Optimal design with PK and PD examples were introduced in Endrenyi’s 

book “Kinetic Data Analysis” [34] at about the same time as D’Argenio’s work 

[18] in 1981. The concept of optimal design was introduced and the design 

variable of interest was the times that blood samples were collected. D’Arginio 

presented a sequential experiment via simulation where the local D-optimal 

design was updated with further (virtual) blood samples from each new subject 

[18]. The gain in the information with optimal sampling was demonstrated with 

Monte Carlo simulation. 
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About the same time in the early eighties, the benefits of modelling PK 

data with nonlinear mixed effects (NLME) models were demonstrated by Sheiner 

and Beal in a series of three papers using the software NONMEM [19-21]. NLME 

modelling approach a.k.a. the “population approach” comprises a two stage 

hierarchical model that allows the modelling of fixed and random effects 

simultaneously.  

Stage 1: Structural model 

  ijiijij εxfy  θ,  

ijy : observation j from subject i, f : nonlinear model, 

iθ : 1p  vector of parameters of subject i,
 

ijx : design variable 

ij : random unexplained error of observation j from subject i, 

 Σ0,~ N
iid

ij  

Stage 2: The model for random effects for between subject differences. 

  iii zg ηθθ  ,
 

θ : 1p  vector of fixed effects 

iz : covariates of subject i 

iη : 1p  vector of random effects of subject i,  Ω0η ,~ N
iid

i  

The parameters of interest include the p fixed effects parameters, variance 

of the q random effects parameters and variance of the additive and proportional 

random unexplained error (it can also be the case with only additive or only 
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proportional error),   







22

11 ,,,,,,,,, propaddqp  ΣΩθΨ . 

Nonlinear mixed effects modelling can be used to model PK data that arises from 

many patients simultaneously to obtain parameter estimates of the mean 

parameter values and the between subject variability. The application of nonlinear 

mixed effects approach was first introduced to the statistical literature in the 

software package NONMEM.  

Since the likelihood function of a NLME model is analytically intractable, 

the Fisher information matrix (which includes both the fixed and variances of the 

random effects in the matrix) cannot be expressed explicitly. Thus it took almost 

twenty years until Mentré et al. [22] in 1997 proposed an approximation of the 

model using a first-order Taylor series expansion around the random effects, in 

much the same manner as used in NONMEM, to obtain the optimal design for a 

NLME model. This approach was applied to a single response model and was 

further developed by Retout and Mentré [23] in 2003 to include covariates and 

inter-occasion variability. From the result of Retout and Mentré [23] the Fisher 

information matrix was expressed as the following,  
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with  ΣΩλ , . T
C and T

E represent the transpose of matrix C and E.  tr  is the 

trace function. E is the expectation and V is the variance of the model. Neither E 

nor V are available in closed form for a NLME model. The approximations to E 

and V are  

   θE ,jj xfy  ,    

 
   

Σ

η

θ
Ω

η

θ
V 






































T

jj
j

xfxf
y

''

,,
.    (1.16) 

For linear models the sub-matrix C in Fisher information matrix is a sub-matrix of 

zeros. There remains debate for models where E and V are gained by linearization 

as to whether C should remain a matrix of zeros [98]. 

The Fisher information matrix for a multiple response model proposed by 

Draper and Hunter [11] in 1966 was extended by Waterhouse et al. [42] to NLME 

with heteroscedastic random errors in 2005. D-optimal designs for linear 

regression models with a random effects and first-order autoregressive 

correlations are considered by Tan and Berger [25] in 1999.  

The influence of cost functions in optimal design for population PK 

experiments were investigated by Mentré et al. [22] in 1997 and was further 

studied by Retout et al. [26] for multiple response models in 2009. Maximum cost 

was considered in both papers and used as a constraint to the optimal design when 

additional costs incurred in a clinical study in the form of additional patient, 

additional sample and/or longer study duration. The loss in efficiency and 

potential cost saving of different designs was studied by Gagnon and Leonov [24] 

in 2005 by altering the cost per blood sample. The optimal design for a PK study 

of zidovudine and its active metabolite was explored by Bazzoli et al. [99] in 2010 
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by incorporating different cost function with a fixed maximum cost. Their finding 

showed that different cost functions result in different optimum designs. The 

influence of cost on the optimal design of clinical studies was explored in this 

thesis in Chapter 7. 

1.3 Uncertainty 

Despite advances in optimal design methodology, there remain various 

issues that need to be considered in an optimal design in a PK or PKPD setting. 

These relate to the uncertainty in the parameter space, uncertainty in the model 

space and uncertainty in the design execution. Insufficient prior knowledge and 

lack of understanding of the associated uncertainties may result in inefficient 

designs that may be prone to experimental failure. Thus there is a need for optimal 

design methods that are robust to the deviation from assumptions while providing 

acceptable efficiency.  

1.3.1 Uncertainty in parameter space 

The influence of uncertainty in the parameter space is negligible for 

optimal designs for linear models since in this circumstance the Fisher 

information matrix is not dependent on the parameter values. However, the 

dependency of the optimum design on the initial parameter estimates for nonlinear 

model has long been an issue as pointed out in 1959 by Box and Lucas [9]. An 

optimal design for a nonlinear model that is conditioned on a specific set of 

parameter values is prone to failure if the true values are very different from the 

assumed values. 

The sequential design approach which updates the optimal design as new 

parameter estimates become available has been suggested as one way to overcome 
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this dependency issue [10, 18, 97].  The sequential design approach was applied to 

determine the maximum tolerated dose in clinical study using design methods 

such as the continuous reassessment method [68]. Boulanger et al. presented a 

method for optimising each patient's sampling times based upon the PK 

information available from preceding patients and the priors on the parameters 

[35]. A sequential approach for population PK bridging studies is presented in 

Chapter 5 in this thesis. 

An alternative approach is to consider a fixed design that is designed a 

priori to be robust to the choice of parameter values. Robust design methods 

assume the parameters arise from prior parameter distributions. This may be 

combined with most optimal design criteria, although the majority of work have 

been performed on robust D-optimality. Walter and Pronzato proposed the ED 

and EID-optimality criteria in 1987 [27]. The ED criterion optimises over the 

expectation of the determinant of the Fisher information matrix, and EID criterion 

optimises over the expectation of the inverse of the determinant of the Fisher 

information matrix, where 

       













Θθ
θθθMθM dhE 



,maxarg,maxargED ,  (1.17) 

and 

      















Θθ
θθθMθM dhE

11
EID ,maxarg,maxarg 



, (1.18) 

with  θh  the prior distribution of the parameters and Θ  the parameter space.  

API optimality criterion which is based on Shannon’s entropy was 

proposed by D’Argenio [28] in 1990. API criterion optimises over the expectation 

of the logarithmic of the determinant of the Fisher information matrix,  
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Θθ
θθθMθM dhE 



,lnmaxarg,lnmaxargAPI . (1.19)

 

These robust methods are computationally intensive as the design is 

optimised over all possible parameter values from the assumed prior distribution. 

Besides that, the performance of the optimal design on parameter values with low 

probability densities may be poor as pointed out by Pronzato and Walter [29]. 

These robust criteria will be discussed in detail in Chapters 2 and 3. A robust 

design method is proposed and the performance is compared to the existing 

methods. An application of robust design is presented in Chapter 4. 

1.3.2 Uncertainty in model space 

The optimal design also relies on knowledge of the functional form of the 

model. This is true even in the linear case. During the design phase the functional 

form of the final model, perhaps the number of compartments in the PK model or 

the existence of nonlinearity in all or some parameters may not be certain. In the 

case of nonlinear models, models with the same functional form but a different set 

of parameter values can be considered as a special case of uncertainty in the 

model space, since the model is defined to the level of its parameter values.  

A compound design criterion based on a weighted average of the models 

[37, 38] was first adopted by Cook and Nachtsheim [39] in 1982 to optimise the 

design for more than one linear candidate model. Compound criterion used to 

develop a design that was required to perform well over a range of plausible 

models is further investigated by Cook and Wong [40] using efficiency plots.  

The product D-optimal design suggested by Atkinson and Cox [49] which 

further investigated by Zhu and Wong [41] can be used to locate optimal design 

for parameter estimation of more than one model. The product design criterion is 
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the product of the determinant of the Fisher information matrices of the models of 

interest, scaled to the number of parameters in each model. Thus if there are N 

competing models where each is probable to be the true model, each with 

parameter set iθ  with dimension ip , then the product D-optimal design PD  is 

defined as 

 




















 



N

i

p
ii i

1

1

PD ,maxarg 


θM ; Ni ,,1 .  (1.20) 

The product optimal criterion was applied in Waterhouse et al. [42] and Roos et al. 

[43] to design PK experiment with more than one candidate models. Taking the 

natural logarithm of this criterion yields a more general form of the HClnD 

criterion developed in Chapter 2 in this thesis. 

The T-optimality criteria where T denotes testing [30, 31] can be used to 

discriminate models under consideration where the design criterion is maximise 

under an F-test. T-optimality is a two stage maximin criterion based on the 

assumption of one model   ,1θtf  being true, thus the fit of the rival model 

  ,2θrf  is given by 

           221

1

2 ,ˆ,, irit

n

i

i ffw  θθθ  


,   (1.21) 

where 
 2
θ̂  is the best fitted parameter values for   ,ˆ 2θrf  and the T-optimal 

design T  is the design that maximise this lack of fit. Thus 

  
   



,ˆmaxarg 2
T θ       (1.22) 
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and   

 

   T
22 ,minargˆ

2

θθ

θ

  .     (1.23) 

However, designs that optimise for discriminating between models do not 

guarantee the performance in parameter estimation [32, 33].  

Optimal design methods which are robust to model space are not 

considered in this thesis. However, an optimal design method for parameter 

estimation in NLME models when information from a prior population is used to 

design study for a target population (bridging study) is addressed in Chapter 5, 

which serves as a special case of uncertainty in model space since the model is 

defined up to the parameter values for optimal design of nonlinear models. 

1.3.3 Uncertainty in design execution 

An optimal design will ensure efficient experiment only if the experiment 

is executed exactly as per the suggested design. However, error in execution is 

unavoidable especially in clinical studies where the experiment may be conducted 

in conditions where experimental control has lower priority than clinical care. If 

the support points of interest are the timing of blood samples, execution error 

would therefore yield samples that are not collected according to the optimal 

design and hence the executed design will be suboptimal. Various methods using 

sampling windows for D-optimal design were proposed by researchers to provide 

a mechanism to plan the possible sub-optimality associated with unplanned 

deviation from the design [44 – 47].  

A sampling window is a design range where a sample can be taken as 

opposed to a D-optimal design where samples must be collected at specific 

support points. Windows are defined therefore that a sample taken from within the 

window should provide a certain degree of efficiency for parameter estimation. 
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The efficiency of a design  ,  eff , as compared to the D-optimal design D  is 

defined as 

   
 

 

p

eff

1

D,

,





















θM

θM
,     (1.24) 

where p is the dimension of the Fisher information matrix which equals to the 

number of parameters to be estimated. If Dx  is one of the support point in a D-

optimal design such that DD x , a sampling window  UL xx DD ,  with a 

predefined efficiency   thus are defined on the basis that they are sampling 

regions around Dx  such that  

       xeffxxxx UL ,,: DD .    (1.25) 

Besides execution uncertainty, one of the perceived drawbacks of D-

optimal designs is the repetition of support points, i.e., where more than one 

sample should be taken at the same support point. Although mathematically 

optimal, this is impractical in clinical study where blood samples cannot be taken 

more than once from a patient at exactly the same time and would violate the 

independently and identically distributed principle. Sampling windows provide a 

way where repeated samples can be taken within a defined window, but not at the 

same time, with controllable efficiency loss. Further discussion of addressing 

uncertainty of design execution is presented in Chapter 6 along with two proposed 

methods for constructing sampling windows.  
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1.4 Aim of this thesis 

The main aim of this thesis is to develop and explore optimal design 

methodologies that are robust to various uncertainties when designing 

experiments.  

The specific objectives of this thesis are: 

1. To develop a robust optimality criterion that addresses the issue of 

uncertainty in the parameter space. The proposed robust criterion has an 

advantage in the speed to locate robust design that has comparable 

efficiency as compared to design obtain by applying existing robust 

criteria such as ED-, EID- or API-optimality.   

2. To propose an adaptive optimal design method that addresses the issue of 

uncertainty in the assumption of similarity in PK profiles for PK bridging 

studies. In PK bridging studies information of a prior-population is used to 

design experiment for a target-population by assuming that both 

populations have similar PK profiles. The proposed adaptive design 

method should yield acceptable efficiency in parameter estimation for the 

target-population even if the assumption of similar PK profiles is not held.  

3. To develop methods that determine sampling windows for nonlinear 

mixed effects models in order to address the uncertainty issue in the 

implementation of the design. Two methods are proposed where the 

sampling windows can be determined either sequentially or 

simultaneously. 

4. To explore an optimal design methodology that balances the expected cost 

with the power of a phase II clinical study, while accounting for the 
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uncertainty in the parameter space when designed based on phase I 

estimates. The parameters are assumed to arise from hyperprior 

distributions. The power is not defined a priori and there is no need to 

define upper constraints for the design space. 

The optimal design methodologies proposed in this thesis are expected to 

be applicable in optimising designs for nonlinear mixed effects models, where 

experiments conducted according to the study designs can provide efficient 

estimates under various uncertainties.   
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2.1 Introduction 

In recent years, optimal design of experiment that allow researcher to 

identify the most efficient and parsimonious use of resources has attracted 

attention in the modelling of pharmacokinetic pharmacodynamic (PKPD) systems 

(see [42, 43 and 115] for example). D-optimal design is often used to find the 

sampling times and/or dosage regimens that provide the highest precision of 

parameter estimates. Since PKPD models are generally nonlinear, one of the 

major concerns in D-optimal design for these models is the dependency of the 

optimal design on the parameter values, which are unknown throughout the design 

process.  

To address the issue of parameter dependency, robust methods for optimal 

design have been introduced. Walter and Pronzato [27] proposed the use of 

optimality criteria which take into account a priori parameter uncertainty. In their 

work, they proposed two methods: (1) ED-optimal design and (2) EID-optimal 

design. In ED-optimal design, the criterion is the expectation of the determinant of 

the Fisher information matrix; While EID refers to the expectation of the inverse 

of the determinant of the Fisher information matrix. Both criteria are concerned 

with optimisation over a prior distribution of unknown parameters. Dodds et al. 

[50] demonstrated the robustness of ED-optimal design by using two mixed 

effects pharmacokinetic (PK) models. Their results showed that ED-optimal 

design performed well even though the mean of the prior parameter distribution 

was severely misspecified. 

However, later, Pronzato and Walter [29] pointed out that while ED-

optimal design is good on average over the underlying parameter distribution, it 

may perform poorly for some parameter values with low probability densities. 

They described an optimisation approach, termed MMD-optimal design, which 

optimised with assumption that the parameters belong to some known domain. 
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The optimality criterion is the smallest value of the determinant of the Fisher 

information matrix corresponding to each set of parameter values in the domain. 

Hence, the MMD-optimal design is efficient for all parameter values in the 

domain since it is optimal for the parameter values associated with the smallest 

value of the determinant of the Fisher information matrix. They proved that 

MMD-optimal design had similar properties to D-optimal design under certain 

conditions, for instance, the properties of replication of design points.  

The API-optimal design which derives from Shannon’s information theory 

was proposed by D’Argenio [28], where API stands for “Approximation to the 

Preposterior Information” in an experiment. The API-optimal design maximises 

the expectation of the logarithm of the determinant of the Fisher information 

matrix, over the prior probability distribution of parameters. D’Argenio illustrated 

the proposed criterion using a one compartment first order input fixed effects PK 

model. The API-optimal design is compared to ED-optimal design for the PK 

model. API-optimal design showed a smaller estimator prediction error compared 

to ED-optimal design for each of the model parameters. Tod and Rocchisani [55] 

proposed an algorithm for the implementation of ED-, EID- and API-optimal 

design. They compared the ED-, EID- and API-optimal design to a local D-

optimal design and a naïve sampling schedule for two fixed effects PK models 

using a Monte Carlo simulation study [56]. Their study verified that ED, EID and 

API yield similar accuracy and precision in parameter estimation. 

Monte-Carlo integration is usually applied in the implementation of ED-, 

EID- and API-optimal design where a large number of parameter values are 

generated from the parameter distribution as a representation of the prior. Thus 

the computational burden for these designs is large, especially for models of high 

parameter dimensionality. An alternative method based on the product D-optimal 

design has been proposed.  The product optimal design, first suggested by 

Atkinson and Cox [49], was initially used to design an experiment for 
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discriminating between several regression models. The criterion for product 

optimal design is the product of the normalized D-optimality criterion for each 

model where each determinant is scaled by the number of model parameters. 

Waterhouse et al. [57] used the product optimal criterion as a compound criterion 

to find an optimal design which was efficient simultaneously in model 

discrimination and parameter estimation, for a set of nonlinear mixed effects 

models.    

McGree et al. [54] applied the product optimal design criterion to locate a 

design that was efficient for parameter estimation in a study of bioimpedance 

across a wide range of prior parameter values. They combined the 5th and 95th 

percentiles of all four parameters in their model to form eight different mixed 

effects bioimpedance models. The optimal design was then found by optimising 

the product of the normalised determinants of Fisher information matrices over 

these eight models. 

Two robust optimal design criteria are proposed in this chapter (1) the 

HClnD criterion and (2) the Maximin criterion. The performance of these two 

methods is compared to other optimality criteria for two nonlinear fixed effects 

PK models. The comparison was carried out using parameter values simulated 

from a multivariate log normal distribution.  

The rest of this chapter is organised as follows. Section 2.2 provides the 

theory of D-optimal design and discusses the theory of different design criteria. 

Section 2.3 assessed the property of the proposed criteria. Two motivating 

examples are discussed in Section 2.4. The data simulation, optimal designs and 

results of the motivating examples are presented in Section 2.5. Section 2.6 

contains discussion of the results and conclusion in Section 2.7.  
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2.2 Theory 

2.2.1 D-optimal design  

The D-optimal design, D , minimises the volume of the joint ellipsoidal 

confidence region of the parameters. Thus D  treated all parameters as equally 

important and minimising the variance of all parameters simultaneously to 

provide efficient estimates [59]. D  is derived by minimising the determinant of 

the inverse of the Fisher information matrix, which is equivalent to maximising 

the determinant of the Fisher information matrix if 
D

  is global optimum 

      ξξξξ
ξξξ

,maxarg,minarg,minarg
11

D θMθMθM 







,  (2.1) 

where  M  is the determinant of the Fisher information matrix introduced in 

Section 1.1.3. 

A D-optimal design is said to be locally optimised (DLocal-optimal design) 

if it is optimised with respect to a particular set of nominal parameter values  *θ .  
















 


,maxarg
*

DLocal
θM .    (2.2) 

In real life, the value of *θ  is unknown and researchers are therefore required to 

fix the value based on their knowledge in the field. The design will be suboptimal 

if the researcher incorrectly guesses *θ  which may, in some circumstances, result 



Chapter 2: Robust design methods 

29 

in experimental failure. A typical guess for *θ  is the mean of the prior parameter 

distribution, i.e., μθ * . 

2.2.2 Robust optimal design 

Robust optimal design helps to overcome this issue by considering that 

*θ arises from a prior parameter distribution. A stochastic solution for this 

problem involves sampling N sets of parameter values from the prior distribution 

of θ , and then compute the determinants of the Fisher information matrix for each 

of these sets of parameter values. The ED-optimal design is determined by 

optimising the expected value of these determinants.  
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θM .    (2.3) 

  Another optimality criterion to find a D-optimal design with knowledge of 

prior parameter distribution is DE-optimal design. The design criterion for DE is 

similar to ED but instead involves maximising the determinant of the expectation 

over the set of Fisher information matrices calculated from the parameter values 

generated from the prior distribution.  

     





 



,maxargDE θME .    (2.4) 



Chapter 2: Robust design methods 

30 

The DE-optimal design would be equivalent to the ED-optimal design if 

the model is linear. Since for the linear model, the determinant of the expectation 

over Fisher information matrices is the same as the expectation over the 

determinants of Fisher information matrices. However, this finding may not hold 

for nonlinear models and will be examined in this chapter.  The first robust design 

proposed in this chapter is the HClnD-optimal design, a hypercube design set up 

over the natural log of the determinants which is a specific case of product 

optimality, where component models are formed by the same structural model but 

with sets of parameter values taken at the percentile values of the prior parameter 

distribution. The HClnD-optimal design is then found by optimising the scaled 

product of these models. For instance, if there are two parameters in the model, 1  

and 2 , which were assumed to arise from a joint probability distribution, then 

four component models can be formed by the different combinations of the 2.5th 

percentile (L) and the 97.5th percentile (H) of these two parameters, as shown in 

Table 2.1. 

 

Table 2.1: Four parameter vectors formed by various combinations of 2.5th 

and 97.5th percentiles of two parameters.  

θ  1θ  2θ  
1θ  L L 

2θ  L H 

3θ  H L 

4θ  H H 

L represents a parameter value taken at the 2.5th percentile of the prior distribution. 

H represents a parameter value taken at the 97.5th percentile of the prior 

distribution. Aθ  represents the A combination of the parameter percentile values. 
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The optimality criterion for HClnD-optimal design  HClnD  is the 

product of the D-efficiency of each of the component model scaled by the number 

of models (n) and the number of parameters in the model (p), where *
i  is the 

local D-optimal design of the i
th

 component model.  
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npnp
 θMθM .      (2.5) 

Since n and p are constant and the second term in HClnDln  is also a 

constant which can be ignored in the optimisation, the expression simplifies to the 

sum of the log determinants of each of the four components of the model.  

           



4

1
HClnD ,lnln

i
ii θM .    (2.6) 

The HClnD-optimal design is  HClnDHClnD lnmaxarg 


 . 

Another new robust design criterion that has been considered in this 

chapter is based on the idea of Maximin optimisation approach. The Maximin 

approach involves optimising over a specific domain of parameter values by 

minimising the highest value of a measure of imprecision   I  associated with 

one of the parameter sets in the domain. Thus the Maximin-optimal design is the 

design that maximises information for the worst case scenario in the domain of 

the parameters. The domain of parameters for the Maximin-optimality criterion is 

the sets of parameter values formed by all combinations of the 2.5th and 97.5th 
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percentile values. The Maximin-optimality criterion is the model with the 

parameter set that provides the minimum value of the determinant of the Fisher 

information matrix. From the previous example of model with two parameters, the 

criterion for the Maximin-optimal design is given by  

    













 



,minargmaxargMaximin θM
θ

,   (2.7) 

where  4321 ,,, θθθθθ  in Table 2.1. 

The Maximin-optimality criterion is closely related to MMD-optimal 

design proposed by Pronzato and Walter [29]. But there is a fundamental 

difference in Maximin-optimality criterion in this chapter compared to the MMD-

optimal design. In MMD-optimal design, the parameters are assumed to belong to 

a known domain, without any hypothesis on their underlying distribution. For the 

Maximin-optimal design considered in this chapter, the knowledge of the 

underlying distribution of parameters is used and the entire domain of the 

parameters was formed by taking various combinations of the 2.5th and 97.5th 

percentiles. For the previous example, the domain of parameters is the set  

 
HHLHHLLL CLVCLVCLVCLV ,,,, ,,, θθθθ . The Maximin-optimal design 

is thus expected to combine the benefit of the HClnD-optimal design and the 

MMD-optimal design.  
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2.2.3 D-efficiency 

 The D-efficiency of HClnD, Maximin, ED and DE is calculated by 

comparing the designs to a local D-optimal design (DLocal) for a given set of *θ  as  

  
 

  

pX
efficiencyD

1

*D
*

*

Local
,

,



















μθθM

θM


,   (2.8) 

where X  {HClnD, Maximin, ED, DE}. 

*θ is any set of parameter values chosen as point estimate at which the 

DLocal-optimal design is found and therefore the basis for comparison of D-

efficiency. p is the number of parameters in the model. In the above example the 

value of *
θ  is assumed to be θ  for convenience but this is not required.  

2.3 Assessment for Sensitivity 

  In order to assess the properties of HClnD- and Maximin-optimality 

criteria, two simulation examples were considered. The first example is a 

univariate model given by )exp( tkC  , k is an unknown parameter of interest 

and t is the design variable. Two hundred values of k, where  22,2k  with 

step size 0.1 were generated. The local D-optimal design *k
  was found at the 

nominal parameter value k* = 21.5 (97.5th percentile of k). The sensitivity of *k
  

will be assessed for all other k values in the domain (2, 22]. The sensitivity of a D-

optimal design is defined as a measurement of the efficiency when the design 

obtained by optimising at a nominal parameter value is applied to other parameter 
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values (Waterhouse et al. [57]). The sensitivity of apply a design *  at parameter 

set θ  where *  is the D-optimal design optimised at a nominal parameter set *θ  

is given by  

Sensitivity  *  = 

p

1

**

*

,

,





































θM

θM

,    (2.9) 

where p is the number of parameters in the model. The value of sensitivity will be 

larger than 1 if *  is an efficient design at parameter set θ . In other words, with 

sensitivity   1, *  is expected to provide at least the same degree of information 

if the true parameter values of the model is θ  although it is obtained by 

optimising at nominal parameter set *θ . 

Sensitivity of *k
  for all k values in the domain (2, 22] was calculated as  

  Sensitivity 






*k
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k
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M

M
.    (2.10)  

A plot of sensitivity of *k
  for all k values is shown in Figure 2.1 which shows 

that the design *k
  provides sensitivity   1 for all k values bounded in the 2.5th 

and 97.5th percentiles range. Hence the local D-optimal design *k
  optimised at 

the 97.5th percentile of k is an efficient design for all k values in the region 

bounded by the 2.5th and 97.5th percentiles. 
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Figure 2.1: Sensitivity plot of the univariate model 
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The second example is a two parameter model where 











 t

V

CL

V

D
C exp . The parameters in this model are volume of distribution 

(V) and clearance (CL). These two parameters were assumed to follow a bivariate 

log normal distribution with 50% correlation. One thousand pairs of parameter 

values were generated. The local D-optimal design with nominal parameter set at 

the 97.5th percentiles of CL and V was obtained. The sensitivity of this design 

applied to other parameter values was calculated as in the univariate example. 

Figure 2.2 shows the plots of the natural logarithm values of the sensitivity (ln 

sensitivity) for each parameter. Only a very small number of parameter values in 

the 2.5th and 97.5th percentiles region have ln sensitivity less than 0 (sensitivity 

less than 1). There are only two values of volume of distribution and twelve 

values of clearance out of nine hundred and fifty pairs of parameter values in this 

region have sensitivity less than 1. In this example, the lower sensitivity in one of 

the parameters is caused by the value of the other parameter which is not in the 

region bounded by the two percentiles. 

These two examples showed that, at least one of the designs that optimised 

at the boundaries of the parameter space, when applied to the parameter sets fall 

within the region between the boundaries, can be at least as efficient as when it is 

applied to the boundary. Therefore, only the extrema of the parameter space were 

considered when applying either HClnD- or Maximin-optimal design. 
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Figure 2.2: ln(sensitivity) plot of the two parameter model with 50% 

correlation. The parameters are volume of distribution (above) and clearance 

(bottom). 
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2.4 Motivating Examples  

In a PK model, the plasma concentration of a drug is usually defined by a 

function of dose, time and unknown parameters. Two PK models will be 

considered in this chapter. The first model is a one compartment intravenous (IV) 

bolus injection model. In this model, the elimination of drug from the single 

compartment will follow a first order elimination rate, and the initial 

concentration is dose divided by volume of distribution.  

Ak
dt

dA
 ,  DA 0   and     

V

tA
tC  .   (2.11) 

By integrating the solution of the differential equation and substituting the 

initial value 0A , the PK model is   jjj tk
V

D
C  exp , 

V

CL
k  ; nj ,,1 . 

C is a n   1 vector of plasma concentrations,  ntttt ,, 21  is a vector of 

sampling times, D is the given dose, k is the ratio of clearance (CL) to volume of 

distribution (V) and   is a n   1 vector of independent and identically normally 

distributed residual errors. The parameters in this model are volume of 

distribution and clearance  CLV , . 

The second model is a one compartment PK model with a first order 

absorption rate (termed the Bateman model). The plasma concentration is given as 

 
     jjjj tkatk

kkaV

kaD
C 




 expexp ,        

V

CL
k  ,         nj ,,1 .     (2.12) 
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C, D, V, CL, k and t have the same definition as in the IV bolus model, ka is the 

rate constant of absorption (per time). The parameters are V, CL and ka. 

2.5 Theoretical Design 

Two sets of simulated parameter values were generated to compare the 

performance of different D-optimality criteria mentioned in section 2.2. The 

optimal design was found by using a simulated annealing algorithm [116]. In the 

implementation of this algorithm, a rough view of the entire surface of the 

objective function to be optimised is first build up with large step size. The step 

size is then decreased by alternating an intrinsic variable which enable the 

algorithm to focus on the most promising area that will provide an optimum 

objective value. The advantage of simulated annealing is that the algorithm allows 

both the uphill (away from the minimum) and downhill (towards the minimum) 

moves. Thus it can migrate through local minimums and converge to the global 

minimum of the objective function. All simulation and optimisation programs 

were written in Matlab. 

2.5.1 One compartment IV bolus PK model  

The parameter values were generated under the assumption that the 

parameters follow a multivariate log normal distribution, with mean vector 1μ  and 

variance-covariance matrix 1Ω . 

   TCLV ,θ ,   11,ln~ln Ωμθ MVN .   

Values of 1μ  and 1Ω  were given in Table 2.2. 
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Table 2.2: Mean vector and variance-covariance matrix of parameter prior 

distribution for one compartment IV bolus PK model. 

θ  1μ  1Ω  

V CL 

V 1 0.1 0.05 

CL ln 2 0.05 0.1 

The values of the mean parameters provide a half-life of 1 time unit. 

 

The residual error    was assumed to be independent and identically 

normally distributed with mean 0 and variance 22 025.0 . One thousand 

parameter vectors were generated and used as the underlying parameter values in 

ED- and DE-optimal design. The four models formed by four different 

combinations of the 2.5th and 97.5th percentiles of each parameter were used in 

HClnD- and Maximin-optimal design. The mean of the prior parameter 

distribution  2ln,1  CLV  was taken as the nominal parameter values in 

DLocal-optimal design. Time range in the simulation study was 40  t . 

The D-optimal designs of each optimality criterion are presented in Table 

2.3. DLocal- and Maximin-optimality criteria provide the same D-optimal design. 

The optimal design has two support points with equal weight. The HClnD-optimal 

design has three support points with one point the same as DLocal- and Maximin-

optimal design (t = 0), but the weight of this point is 0.4512 compared to 0.5 in 

DLocal and Maximin. Similar to the DLocal- and Maximin-optimal design, both ED-

and DE-optimal design have two support points with equal weight and one of the 

points (t = 0) the same as DLocal and Maximin.  



 

 

 

 

Table 2.3: D-optimal designs for one compartment IV bolus PK model. 

  DLocal 







 1

*
μθ   Maximin  HClnD  ED  DE 

  
t  0 1.4427  0 1.4427  0 0.4995 2.0569  0 1.1968  0 1.3807 

w  0.5 0.5  0.5 0.5  0.4512 0.2470 0.3018  0.5 0.5  0.5 0.5 
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The D-efficiency of each optimal design evaluated at three sets of nominal 

parameter values were given in Table 2.4. The first row in Table 2.4 is the D-

efficiency when the nominal parameters are the mean of the underlying parameter 

distribution 1
* μθ   (V = 1, CL = ln 2). Second and third rows are D-efficiency 

values when the nominal parameters are combination of the 2.5th (L) and 97.5th 

(H) percentiles of the two parameters, 
HCLLV ,

* θθ   and 
LCLHV ,

* θθ  . The 

values of 
LCLLV ,

* θθ   and 
HCLHV ,

* θθ  were not considered as nominal 

parameter values because these two sets of value will give the same result as 

1
* μθ  . Since the ratio of the parameters (ratio of clearance to volume of 

distribution) for 1μ , 
LCLLV ,θ  and 

HCLHV ,θ will yield the same rate constant 

value in this PK model. 

When 1
* μθ  , the D-efficiency of Maximin-optimal design is 1 which 

means it is as efficient as the local D-optimal design. This is expected as in this 

model the DLocal and Maximin are the same. DE-optimal design has the second 

highest D-efficiency value, followed by ED- and HClnD-optimal design. 

Although HClnD has the lowest D-efficiency (0.8627), the value is only 

marginally different from the other designs. In contrast HClnD-optimal design has 

the highest D-efficiency value when the nominal parameter values are at the 

extrema of the parameter space, i.e., when
HCLLV ,

* θθ   and 
LCLHV ,

* θθ  , as 

shown in the second and third rows of D-efficiency in Table 2.4. 

The percentage relative standard error for volume of distribution and 

clearance were computed and the results are provided in Table 2.4. It was noticed 

from the result where HClnD-optimal design has a comparable or smaller value 

among all optimal designs in terms of percentage relative standard error. This 

suggests that the HClnD-optimal design is as good as or better than other robust 

designs considered for this model. 
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Table 2.4: D-efficiency and percentage relative standard error for one 

compartment IV bolus PK model. 

  *θ  DLocal Maximin HClnD ED DE 

D-efficiency 

 1μ  1 1 0.86 0.98 0.99 

 HCLLV ,θ  0.30 0.30 0.66 0.44 0.33 

 LCLHV ,θ  0.60 0.60 0.65 0.53 0.58 

Relative 

standard 

error (%) 

V 

1μ  3.54 3.54 3.53 3.54 3.55 

HCLLV ,θ  1.90 1.90 2.00 1.90 1.91 

LCLHV ,θ  6.57 6.57 6.22 6.57 6.60 

CL 

1μ  9.61 9.61 11.22 9.80 9.58 

HCLLV ,θ  17.47 17.47 7.45 11.72 15.68 

LCLHV ,θ  34.34 34.34 32.28 40.53 35.59 

LAθ  represents the 2.5th percentile value of parameter Aθ .  
HAθ represents the 

97.5th percentile value of parameter Aθ . DLocal is the local D-optimal design at 

nominal mean values *θ  = 1μ . This table display the D-efficiency and percentage 

relative standard error for five D-optimal designs evaluated at three different 

nominal parameter vectors ( ,1
* μθ   

HCLLV ,
* θθ   and 

LCLHV ,
* θθ  ). 
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Besides the D-optimal design, D-efficiency and percentage relative 

standard error, the time taken to search for each of the optimal designs were 

compared. Table 2.5 listed the time taken (in seconds) for the five optimal criteria 

to reach the D-optimal design. The DLocal-optimality criterion is the fastest since it 

ignores uncertainty in the prior of the parameters. Both Maximin- and HClnD-

optimality criteria involved calculation of four models formed by the combination 

of 2.5
th

 and 97.5
th

 percentiles of two parameters with some suggestion that the 

Maximin-optimality criterion is slightly faster than the HClnD-optimality criterion. 

The ED- and DE-optimality criteria based on Monte Carlo integration over one 

thousand pairs of parameter values from the prior distribution took the longest 

time. The DE-optimality criterion appeared to be slower than the ED-optimality 

criterion. 

 

Table 2.5: Time taken (in seconds) to locate D-optimal design for one 

compartment IV bolus PK model. 

 DLocal Maximin HClnD ED DE 

Time (seconds) 11 26 28 3847 4905 
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2.5.2 One compartment first order input PK model 

In this model, the simulation study was carried out with assumption that 

the three parameters (V, CL and ka) followed a multivariate log normal 

distribution with mean 2μ  and variance-covariance matrix 2Ω .   

    kaCLV ,,θ ,   22 ,ln~ln Ωμθ MVN .  

Values of 2μ  and 2Ω  were given in Table 2.6. 

As in the previous one compartment IV bolus model, the residual error   

was assumed to be independent and identically normally distributed with mean 0 

and variance 22 025.0 . One thousand parameter vectors were generated from 

the prior distribution and used as the underlying parameter values in ED- and DE-

optimal design. Eight models formed by various combinations of the 2.5
th

 and 

97.5
th

 percentiles of the three parameters shown in Table 2.7 were used in HClnD- 

and Maximin-optimal design. The nominal parameter values in DLocal-optimal 

design are the mean of the prior parameter distribution (V = 1, CL = ln 2, ka = 10 

ln 2). 

 

Table 2.6: Mean vector and variance-covariance matrix of parameter prior 

distribution for one compartment first order input PK model. 

θ  2μ  2Ω  

V CL ka 

V 1 0.1 0.05 0.05 

CL ln 2 0.05 0.1 0.05 

ka 10 ln 2 0.05 0.05 0.1 
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Table 2.7: Eight parameter vectors formed by various combinations of 2.5
th

 

and 97.5
th

 percentiles of three parameters. 

θ  V CL ka 

1θ  L L L 

2θ  L L H 

3θ  L H L 

4θ  L H H 

5θ  H L L 

6θ  H L H 

7θ  H H L 

8θ  H H H 

L represents a parameter value at the 2.5
th

 percentile of the prior distribution. 

H represents a parameter value at the 97.5
th

 percentile of the prior distribution. Aθ  

represents the A combinations of the parameter percentile values. 

 

Designs for each optimality criterion were shown in Table 2.8. All optimal 

designs have three points with equal weight except DE-optimal design with three 

points but unequal weight. The D-efficiency of DLocal, Maximin, HClnD, ED and 

DE were evaluated at nine different nominal parameter vectors and results shown 

in Table 2.9. All five optimal designs have comparably acceptable D-efficiency 

values for nominal parameter vectors 1, 2, 3, 8 and 9. The D-efficiency values are 

lowest in nominal parameter vector 5 for all five optimal designs. Maximin-

optimal design has the lowest D-efficiency in nominal parameter vectors 4 and 5 

but highest in 6 and 7 compared to the other four designs. It was noticed that 

HClnD-optimal design has equal or higher D-efficiency value in seven out of nine 

nominal parameter vectors as compared to ED-optimal design and closely 

comparable efficient at all the nine nominal parameter vectors  compared to the 

other optimal designs. ED and DE appeared closely comparable throughout. 



 

 

 

 

Table 2.8: D-optimal design for one compartment first order input PK model. 

 DLocal 







 2

*
μθ  Maximin HClnD ED DE 

  
t 0.1283 0.5516 2.0836 0.1280 0.5122 2.3732 0.1266 0.5362 1.8569 0.1264 0.5374 1.8081 0.1368 0.5784 1.7920 

w 1/3 1/3 1/3 1/3 1/3 1/3 1/3 1/3 1/3 1/3 1/3 1/3 0.4316 0.2697 0.2987 
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Table 2.9:  D-efficiency for one compartment first order input PK model. 

 *θ  
D-efficiency 

DLocal Maximin HClnD ED DE 

1 2μ  1 0.98 0.99 0.99 0.96 

2 LKaLCLLV ,,θ  0.83 0.80 0.79 0.77 0.79 

3 HKaLCLLV ,,θ  0.81 0.81 0.82 0.82 0.75 

4 LKaHCLLV ,,θ  0.66 0.50 0.78 0.81 0.82 

5 HKaHCLLV ,,θ  0.20 0.15 0.27 0.28 0.25 

6 LKaLCLHV ,,θ  0.50 0.53 0.44 0.43 0.44 

7 HKaLCLHV ,,θ  0.67 0.73 0.63 0.61 0.56 

8 LKaHCLHV ,,θ  0.83 0.80 0.79 0.78 0.79 

9 HKaHCLHV ,,θ  0.81 0.81 0.82 0.82 0.75 

LAθ  represents the 2.5
th

 percentile value of parameter Aθ . 
HAθ represents the 

97.5
th

 percentile value of parameter Aθ . DLocal is the local D-optimal design with 

nominal parameter values *θ  = 2μ . This table display the D-efficiency for five D-

optimal designs evaluated at nine different nominal parameter vectors. 

 

Table 2.10 provides the percentage relative standard error for clearance 

when *θ  was set to various nominal parameter vectors. All five designs have 

extremely high values of percentage standard error in nominal parameter vector 6 

 
LLH kaCLV ,,θ , with Maximin the lowest compared to the other four designs. The 

percentage relative standard error was low for all five designs in nominal 

parameter vectors 2 and 3. Overall the HClnD-optimal design provides 

comparable or better percentage relative standard error for clearance at all the nine 

nominal parameter vectors compared to the other four optimal designs. The time 

taken to locate the D-optimal design for each optimality criterion in this model is 

given in Table 2.11. A similar result was seen as in the IV bolus PK model. 
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Table 2.10: Percentage relative standard error of clearance for one 

compartment first order input PK model. 

 *θ  
Relative standard error (%) of clearance 

DLocal Maximin HClnD ED DE 

1 2μ  11.81 12.18 11.95 12.04 12.77 

2 LKaLCLLV ,,θ  6.86 6.64 7.62 7.88 8.24 

3 HKaLCLLV ,,θ  6.28 6.56 6.28 6.30 6.68 

4 LKaHCLLV ,,θ  15.22 23.11 12.14 11.58 11.72 

5 HKaHCLLV ,,θ  18.79 36.69 13.87 12.84 12.07 

6 LKaLCLHV ,,θ  72.85 61.41 92.64 97.28 96.43 

7 HKaLCLHV ,,θ  39.97 34.18 45.61 47.22 52.54 

8 LKaHCLHV ,,θ  23.70 22.92 26.31 27.21 28.47 

9 HKaHCLHV ,,θ  21.70 22.65 21.70 21.77 23.06 

LAθ  represents the 2.5
th

 percentile value of parameter Aθ . 
HAθ represents the 

97.5
th

 percentile value of parameter Aθ . DLocal is the local D-optimal design with 

nominal parameter values *θ  = 2μ . This table display the percentage relative 

standard error of clearance for five D-optimal designs evaluated at nine different 

nominal parameter vectors. 

 

Table 2.11: Time taken (in seconds) to locate D-optimal design for one 

compartment first order input PK model. 

 DLocal Maximin HClnD ED DE 

Time (seconds) 21.35 138.45 150.1 17266 18543 
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2.6 Discussion 

Four robust D-optimal design criteria, HClnD, Maximin, ED and DE, were 

compared for a one compartment IV bolus PK model and a one compartment first 

order input PK model. Designs were considered over uncertainty in the parameter 

values that was assumed to follow a multivariate log normal distribution. The 

designs were evaluated by assuming a true nominal set of parameter values at the 

mean and various combinations of the 2.5
th

 and 97.5
th

 percentiles of the prior 

parameter distribution.  

For the IV bolus model with two parameters, the optimal designs resulted 

from Maximin-, ED- and DE-optimality criteria are two time points design, 

HClnD-optimal design is a three time points design. HClnD-optimality criterion is 

the product of the normalized determinants of the Fisher information matrices of 

the models formed by various combinations of the parameter percentiles, thus the 

additional design point in HClnD may be due to the increase of the magnitude of 

the uncertainty [51]. 

Although the optimal designs are different, all four designs had shown 

comparable percentage relative standard error for volume of distribution. The 

HClnD-optimal design showed the lowest D-efficiency and highest percentage 

relative standard error for clearance when the distribution mean  μ  was taken as 

the nominal parameter values. However, the efficiency and percentage standard 

error were only marginally different from the other three robust designs. In 

contrast, the HClnD-optimal design had the highest D-efficiency and lowest 

percentage relative standard error for clearance when the nominal parameter 

values were at the 95
th

 percent boundary of the parameter space. On this basis the 

HClnD-optimal design could be considered more robust when evaluated at the 

extrema of the prior distribution compared to the other three optimal design 

criteria (Maximin, ED and DE). This finding is supported by the work of Pronzato 
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and Walter [29] who suggested that ED (and also therefore DE) might be 

expected to be less efficient when evaluated at parameter values that have low 

probability density. It should be noted that the two parameter model explored here 

has a trivial solution to some of the combinations of parameter values since a 

DLocal-optimal design at μθ *  is also optimal at 
LCLLV ,

* θθ   and 

HCLHV ,
* θθ  . This simplicity is appealing when interpreting the results from 

robust design however it is lost when considering models with higher parameter 

dimensionality. 

Another scenario by assuming the parameters in this IV bolus PK model 

followed a bimodal prior distribution was also considered. Both ED- and DE-

optimal designs gave a two point design with equal weight. The ED-optimal 

design was at time 0 and 0.9386; where DE-optimal design was 0 and 1.1694. The 

second optimal time point in both designs were different when compared to the 

ED-optimal design (t = 0 and 1.1968) and DE-optimal design (t = 0 and 1.3807) 

found when the parameters were assumed to follow a unimodal prior distribution. 

Thus misspecification of the prior distribution can lead to potentially inefficient 

designs for ED- and DE-optimality criteria. In contrast, since Maximin- and 

HClnD-optimal designs are not affected by the shape of the underlying parameter 

distribution between the 2.5
th

 and 97.5
th

 percentiles then these designs are not 

affected by misspecification of the shape of the prior distribution. 

The results from the one compartment first order input PK model further 

support the high efficiency of HClnD-optimal design. The main differences in 

performance related to the computational burden of ED- and DE-optimality 

criteria. These criteria took more than 17000 seconds to search for the D-optimal 

design in this three parameter PK model compared to approximately 150 seconds 

with the HClnD- or Maximin-optimality criteria. This speed advantage is of 

practical importance when considering designs for models with large numbers of 

parameters. However, for models with small number of parameters where the 
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calculation of the Fisher information matrix is computationally intensive, as in 

cases involve the solving of ODEs, the speed advantage of HClnD-optimal 

criterion is likely to be even more pronounced. 

From the evaluation of D-efficiency and percentage relative standard error 

when the true parameter values were assumed at the mean and the extrema of the 

parameter distribution, all robust optimal designs besides Maximin showed 

approximately comparable results. It is noticed that HClnD-, ED- and DE-optimal 

design perform equally efficiently (or inefficiently) when evaluated at different 

nominal parameter vectors. However, HClnD-optimal design showed better D-

efficiency and percentage relative standard error when evaluated at seven out of 

nine nominal parameter vectors. An interesting finding was the lack of similarity 

in the overall performance of Maximin-optimal design compared to the other 

three robust designs. For the nominal parameter vectors 6 and 7, Maximin-optimal 

design performed considerably better (Table 2.9 and Table 2.10) but was inferior 

when evaluated at nominal parameter vectors 4 and 5. 

The purpose of robust design is to overcome the issue of dependency of D-

optimality on unknown parameter values. Since the true parameter values are not 

available, the robust design is based on the assumption of underlying parameter 

distribution. The advantage of HClnD-optimal design is that its construct will 

result in uniform optimisation over the underlying parameter distribution. Thus 

the resulting optimal design is not affected by the shape of the underlying 

parameter distribution bounded between the choices of the extrema. The main 

assumption implicit with the HClnD criterion is that the efficiency of any D-

optimal design evaluated at the nominal 95% boundaries is at least as efficient or 

more efficient for all parameter sets bounded within the 95% interval. Initial 

assessment of this via simulations yielded support for this assumption.   
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2.7 Conclusion 

Some results comparing four criteria for robust optimal design (HClnD, 

Maximin, ED and DE) are presented in this chapter. In general, these methods 

appeared to perform similarly in terms of efficiency of design with some 

suggestion that HClnD may be better when evaluated at some combinations of 

parameter values at the extrema of the parameter space. However, of particular 

importance is the 100 fold improvement in the speed of HClnD- and Maximin-

optimality criteria as compared to ED- and DE-optimality criteria.  
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3.1 Introduction 

The aim of this chapter is to compare the performance in terms of the 

Total and Expected standard error (definition given in Section 3.3) of designs 

obtained using a local D-optimal criterion (the natural log of the determinant, lnD) 

and three robust optimality criteria (HClnD, ED and API). To simplify 

nomenclature in this chapter, the API-optimal design was renamed to ElnD (a 

design for the expectation of the natural log of the determinants of the prior 

parameter space), as this name reveals the comparative mathematical structure of 

the optimal criterion.  

Two simple models, a one parameter and a two parameter fixed effects 

model, were chosen for the comparison where the optimality criteria and the 

standard errors were solved analytically whenever possible and numerically 

otherwise. The influence of different values of correlation between parameters on 

the optimal designs was also investigated in the two parameter model. For these 

low dimensional models all optimisation methods are likely to perform well 

therefore the differences explored here are expected to be subtle and this work is 

intended to explore trends that may be greatly magnified for high dimensional 

problems.  

This chapter is divided into 5 sections. Since the D and ED criteria were 

already presented in chapter 2 only the lnD- and ElnD-optimal criteria are 

reviewed in Section 3.2. The performance of the optimal designs is assessed with 

Total and Expected Standard Error introduced in Section 3.3. Two motivating 

examples were evaluated in Section 3.4, followed by discussion in Section 3.5 and 

conclusion in Section 3.6.  
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3.2 lnD- and ElnD-optimality Criteria  

In this chapter a local D-optimal design that maximises the natural log of 

the determinant of the Fisher information matrix is considered where 

  ξξ
ξ

,lnmaxarglnD θM .     (3.1) 

Since the logarithmic function is a monotonic increasing function any maximum 

found is thus a global optimum. Both D- and lnD-optimal designs are equivalent if 

they exists and the lnD-optimal design will be compared to robust designs.    

The ElnD-optimality criterion [28] maximises the expectation of the 

logarithm of the determinant of the Fisher information matrix over the prior 

parameter distribution  θf  

       θθθMθM dfE 




 








,lnmaxarg,lnmaxargElnD . (3.2) 

3.3 Assessment of Design Performance 

The square roots of the diagonal entries of the inverse of the Fisher 

information matrix are the lower bound of the asymptotic standard error (SE) of 

unbiased estimators [52, 53]. Thus the sum of these lower bounds can be used as a 

measure of the overall standard error in the estimators. For a model with q 

parameters, the overall estimated standard error, sumSE , results in estimators from 

a sample obtained with  is  



q

i
iθSEsumSE

1

 =  




  ,ξtr θM 21 .  tr  is the 

trace of a matrix. In this chapter, the Total Standard Error  SETotal  and the 
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Expected Standard Error   θfSEE ,  were used to compare the precision of 

different designs for parameter estimation in a range Lθ to Hθ . Smaller values of 

 SETotal and   θfSEE ,  means   provide a sample which is on average 

more precise in parameter estimation for the parameter values in this range. 

3.3.1 Total Standard Error 

The Total Standard Error, 




 SETotal , is the sum of standard errors 

associated with the estimators provided by   relative to all parameter values in 

the parameter range Lθ  to Hθ  when the underlying parameter distribution is a 

uniform distribution, 






 SETotal  =    












 

Hq

Lq

H

L

θ

θ

θ

θ

qdθdθ,ξtr

1

1

1
21  θM .  (3.3) 

For all designs in this chapter the parameters were assumed to arise from a 

Gaussian distribution thus the  SETotal  provides information of the associated 

error in parameter estimation from a design if the prior parameter distribution is 

misspecified. 

3.3.2 Expected Standard Error 

The Expected Standard Error,  




 θfSEE , , is the average standard error 

associated with the estimators provided by   for parameter range Lθ  to Hθ  

under the a priori parameter distribution  θf and is defined as 
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θfSEE ,   =       













 
Hq

Lq

H

L

θ

θ

θ

θ

qdθdθf,ξtr

1

1

1
21

 θθM

 

.  (3.4) 

In this setting the  




 θfSEE , assumed that the a priori distribution of the 

parameter is true where as the  SETotal  relaxes this assumption.  

3.4 Motivating Examples  

The optimal designs and the standard errors are solved analytically 

whenever possible and numerically otherwise for a one parameter model and a 

two parameter model considered in this chapter.  

3.4.1 One parameter model 

The one parameter fixed effects model is defined as 

  jjj ktC  exp ;  nj ,,1 .    (3.5)  

jC  is the dependent variable (e.g., concentration), jt  is the independent variable 

(e.g., time) and k  is the parameter of the model. jε  is the residual error which is 

assumed to be independently and identically normally distributed with mean 0 and 

variance 
2

 , and also independent from both C and t. k is assumed to follow a 

Normal distribution with mean k and variance 2
k .  
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The Jacobian matrix of this model is 

   


















k

tC

k

tC n1J  =     nn kttktt  expexp 11  . (3.6)   

The determinant of the Fisher information matrix     


n

i
ii ktttk

1

22
2exp, M ,  

where 
T

JJVM
1

  and nIV 


2

1 1

  

with nI  the n by n identity matrix.  

3.4.1.1  Local D-optimal design 

The D-optimal design optimised at nominal value kk   is a single time 

point design given by 
k


1

D   as shown by Walter and Pronzato [27]. The log 

determinant of the Fisher information matrix at k for one time point is 

      ln22ln2,ln  ttt kkM . The first derivative of the log determinant 

with respect to t is kt
2

2
  thus 

k


1
lnD   is the optimal design that maximises 

 tk ,ln M , which is the same as D .   

3.4.1.2 Robust optimal designs 

In order to find the HClnD-optimal design, two component models with 

parameter values assumed at the lower and upper percentile values of the 

underlying normal parameter distribution will be formed. The lower percentile 

value is   kLk  and the upper percentile value is   kHk . The 

HClnD-optimal design is  
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   DHC
1

HClnD lnΦmaxarg,ln
1

maxarg
















 



m

i
i

ξ

ξ
mq

ξ θM ,  (3.7) 

where m = 2 and q = 1. Thus 

DHClnΦ  =     tktk HL ,ln,ln
2

1
MM    

                    =            ln22ln2ln22ln2
2

1
 tkttkt HL  

                   =    ln2ln2  tktkt HL .       (3.8)               

The first derivative of 
DHCln

Φ  with respect to t is 

HL kk
tdt

d


2ΦHClnD . The optimal design that maximises 
DHCln

Φ  is 

HL kk
t




2
. Since   kLk  and   kHk , thus 

k
ξ



1
HClnD  , which 

is the same as lnD . 

The ElnD-optimal design is 

 


















 tkE ,lnmaxargElnD M



  

   =      


ln22ln2maxarg  kttE  

    =       



















dkkfktt 


ln22ln2maxarg ,           (3.9)                             

where  kf  is the probability distribution of k . However, since  
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ln22ln2maxarg  kttE =       


ln22ln2maxarg  ktEt

 

                              =     


ln22ln2maxarg  ktt ,  (3.10)     

thus ElnD  can be solved explicitly for this one parameter model by taking the 

first derivative of   tkE ,ln M  with respect to t. The t value that maximises 

  tkE ,ln M  is 
k

t


1
 , which is again the same as lnD  and HClnD . 

The ED-optimal design for this model is 

 


















 tkE ,maxargED M



  

                   =  


















 kttE 2expmaxarg 22



 

                   =     




















dkkfktt 2expmaxarg

22




.     (3.11)                        

There is no explicit solution available for 
ED

 . In addition, it is noted that  

   




























 dkkfktt 2expln 22          




 dkkfktt ln22ln2 ,   (3.12)  

thus ED  does not equate to ElnD  in this setting .  
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3.4.1.3 Designs performance 

The inverse of the determinant of the Fisher information matrix for this 

one parameter model is  ktt 2exp
22




 thus the standard error is  ktt exp
1



. 

The Total Standard Error and the Expected Standard Error associated in the 

estimator provided by   relative to all parameter values in the parameter range 

Lk  to Hk  for this one parameter model are 









SETotal  =  

H

L

k

k

dkkSE  =  
H

L

k

k

ktt





  exp2  ,           (3.13) 

and        




 kfSEE ,  =     

H

L

k

k

dkkfkSE  =     


H

L

k

k

dkkfktt exp
1
  , (3.14) 

respectively.  

3.4.1.4 Numerical computations 

With assumption that k  = 4, 2
k  = 1 and 1

2
 , lnDξ are to be 

optimised at k  
and the 95

th
 percentile values of the a priori Normal parameter 

distribution with Lk  = 2.04 and Hk  = 5.96 are used as the lower and upper bound 

for the two component models in HClnD criterion. The lnD-, HClnD- and ElnD-

optimal design and the Total Standard Error were computed analytically. The 

integral for ED  was approximated numerically by using the MATLAB adaptive 

Simpson quadrature function. Since the lower and upper bound for the quadrature 

function must be finite, the integral bounds in equation 3.11 were taken as 

kk  4  which include more than 99.99% of the prior probability distribution 
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but avoid the negative value of area under the curve caused by negative function 

values. The adaptive Simpson quadrature was compared to the adaptive Lobatto 

quadrature in MATLAB and the results are equivalent up to at least four decimal 

places. ED  was then obtained by using simulated annealing optimisation 

program (as implemented in Duffull et al. [62]) written in MATLAB. Every care 

was taken to ensure that the numerical methods used here yielded results that were 

accurate to at least 4 significant digits. The range of the independent variable was 

40  t .  

lnD  and the two robust designs HClnD  and ElnD  are the same with t = 

k

1
 = 0.25. The optimal design for the ED-optimality criterion was t = 0.2928. 

The Total Standard Error and the Expected Standard Error which are associated 

with the estimator provided by the different optimal designs for all parameter 

values in the range of the 95
th

 percentiles from Lk  = 2.04 to Hk  = 5.96 were 

computed. Since lnD , HClnD  and ElnD  are the same (t = 0.25), the Total 

Standard Error for these three optimal designs from Lk  to Hk  are the same and 

equal to 44.3489. The Total Standard Error of ED  (t = 0.2928) for the same 

parameter range is slightly higher with value 45.5977. The Expected Standard 

Error of the designs was computed using the adaptive Simpson quadrature where 

the Expected Standard Error of lnD , HClnD  and ElnD  is 10.5768 and the 

Expected Standard Error of ED  is again slightly higher with 10.8113.  
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3.4.2 Two parameter model 

For the two parameter fixed effects model  

jjj t
V

CL

V
C 








 exp

1
;  nj ,,1 ,   

the parameters of the model are CL and V where  TVCL,θ  is assumed to arise 

from a bivariate normal distribution  Σμθ θ ,~ N . θμ  and Σ  are the mean vector 

and variance-covariance matrix of the parameters where  ', VCL θμ  and 
















2
,

,
2

VVCL

CLVCL




Σ .  

The Jacobian matrix of this model is  
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.  (3.15) 

Thus the determinant of the Fisher information matrix is 

 ,θM  =  2

8

1
BA

V
      (3.16) 
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where        
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.    (3.17) 

As in the one parameter model lnD ， HClnD ， ElnD  and ED  were 

considered for the two parameter model. 

3.4.2.1 Local D-optimal design 

The D-optimal design D   for this model is a design with two support 

points as shown in Endrenyi [61] with 






 


5.05.0

44.1 21minmin
D

ttt
  where 

k
t

2ln
21   is the half life of drug and 

V

CL
k  .  

The log determinant of the two support points design with CL and V 

assumed values at CL  and V is  

 ,ln θM  =  
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. (3.18) 
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lnD  can be obtained by solving the equations 
  

0
,ln

1






t

θM
 and 

  
0

,ln

2






t

θM
.  With the assumption that 12 tt  , lnD

 
is the same as D . 

3.4.2.2 Robust optimal designs 

The combinations of the lower and upper percentile values of the two 

parameters from the underlying bivariate normal distribution    CLLCL , 

  CLHCL ,   VLV ,   VHV  were used to form the four 

component models in the HClnD criterion where 

DHClnΦ  =  


m

i
imq

1

,ln
1

θM

 

 ,    (3.19)     

where 4m , 2q , 







L

L
V

CL
1θ , 







H

L
V

CL
2θ , 







L

H
V

CL
3θ  and 







H

H
V

CL
4θ . 

The ElnD- and ED-optimal designs for this two parameter model with 

prior parameter distribution  θf are 

ElnD  =  






















,lnmaxarg iE θM  

          =    













 









dCLdVfi θθM 


,lnmaxarg  ,   (3.20) 

and    
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ED  =  






















,maxarg iE θM  

         =    













 









dCLdVfi θθM 


,maxarg .    (3.21) 

All three robust designs will be solved numerically for this model as analytical 

solution is not available. 

3.4.2.3 Designs’ performance 

The standard error for parameter estimation associated with estimators 

provided by different optimal designs in this model were taken as the sum of the 

standard error of the two parameters,   ,ξtr θM 21  = SE(CL) + SE(V). As in the 

one parameter model the Total Standard Error and Expected Standard Error over 

the parameter space bounded by LV , HV , LCL  and HCL  for the different 

optimal designs are computed where 
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 ,   (3.22) 
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dCLdVf,ξtr θθM
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 .      (3.23) 

3.4.2.4 Numerical computations 

The four optimal designs were obtained based on the prior parameter 

assumption with CL = V  = 1, 
2
CL  = 

2
V  = 

2
1.0  and 1

2
 . These values of 
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2
CL  and 

2
V  were chosen to provide an estimated standard error of  20% of the 

parameter mean at a 95% confidence interval. The parameter values were 

assumed at CL  and V  for lnD  and the design is obtained by solving the 

optimal criterion analytically. The 95
th

 percentile values of the two 

parameters  804.0 LL VCL , 196.1 HH VCL  were used as the parameter 

values in the four component models of HClnD . The double integration in ElnD  

and ED  were calculated numerically by using the double quadrature function in 

MATLAB (which calls the adaptive Simpson quadrature function to evaluate the 

double integral). As for equation 3.11 in the one parameter example, a definite 

interval is required for the Simpson quadrature thus the finite lower and upper 

bound for the double integration were taken at CLCL  4  and VV  4  for 

equation 3.20 and equation 3.21, which covered more than 99.99% of the joint 

prior parameter distribution. Simulated annealing [116] was used to locate the 

designs for the three robust optimality criteria. The range of the independent 

variable is assumed at 40  t . 

When the two parameters are assumed to be independent 

 0,,  CLVVCL   thus the correlation coefficient 0 , the resulting optimal 

designs from different optimality criteria are shown in Table 3.1. All four optimal 

designs consist of two support points with equal weighting, with one of the 

support points the same (t = 0). lnD  had support points at t = 0 and t = 1. The 

optimal support points of ElnD  are closest to lnD  followed by HClnD , whereas 

the optimal support points of ED  are most different as compared to others.  

lnD  and HClnD  remaining unchanged when the optimal designs were examined 

for different correlation between CL and V as these optimality criteria are 

invariant to the correlation between parameters. ElnD  and ED  remained as 
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Table 3.1: D-optimal designs when CL and V are independent. 

  lnD  ElnD
  

HClnD
  

ED
  

t 0.0000 1.0000 0.0000 0.9898 0.0000 0.9616 0.0000 0.9436 

w 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 

 t: optimal support points. w: optimal weighting for the corresponding support point. 

 

an equal weighting two support points design, with one support point remained 

unchanged (t = 0). The changes of the other support point in ElnD  and ED  are  

reported in Table 3.2. The support point in both designs approach the support 

point of lnD  (t = 1) when the correlation of the two parameters increased in the 

positive direction. 

As shown in Table 3.3, when 0 , the Total Standard Error of lnD  and 

ElnD  are the same when the two parameters are independent with 

 lnDSETotal  =  ElnDSETotal  = 0.8195 as these designs are similar. The 

Total Standard Error of HClnD
 
is 0.8199, where as ED  has the highest Total 

Standard Error with value 0.8204. 

lnD  and HClnD  showed no changes in the Total Standard Error with the 

changes in the correlation between parameters. ElnD  has the same Total 

Standard Error value (0.8195, which is the same as lnD ) for different values of 

correlation between the two parameters except a marginally higher Total Standard 

Error (0.8196) when 95.0 . However, as shown in Table 3.3, the Total 

Standard Error of ED  is the same as ElnD  when the parameters are highly 
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Table 3.2: Changes of one of the support points in 
ElnD

  and 
ED

  for 

different correlation values. 

  ElnD
  

ED
  

-0.95 0.9803 0.8984 

-0.7 0.9828 0.9098 

-0.5 0.9848 0.9191 

-0.3 0.9868 0.9286 

0 0.9898 0.9436 

0.3 0.9928 0.9594 

0.5 0.9970 0.9704 

0.7 0.9969 0.9819 

0.95 0.9995 0.9969 

 

 

Table 3.3: Total Standard Error of the four D-optimal designs when CL and 

V have different correlation values. 

  

 SETotal  

lnD  ElnD
  

HClnD
  

ED
  

-0.95 0.8195 0.8196 0.8199 0.8230 

-0.7 0.8195 0.8195 0.8199 0.8221 

-0.5 0.8195 0.8195 0.8199 0.8216 

-0.3 0.8195 0.8195 0.8199 0.8211 

0 0.8195 0.8195 0.8199 0.8204 

0.3 0.8195 0.8195 0.8199 0.8199 

0.5 0.8195 0.8195 0.8199 0.8197 

0.7 0.8195 0.8195 0.8199 0.8196 

0.95 0.8195 0.8195 0.8199 0.8195 

SE = SE(CL) + SE(V) 
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positively correlated  95.0 , but increased to the value of Total Standard 

Error of HClnD  (0.8199) when 3.0  and to 0.8230 when the two parameters  

are increasingly negatively correlated. On average the Total Standard Error of ED 

was marginally higher compared to HClnD. 

The Expected Standard Error of the four optimal designs for different 

values of parameter correlation is shown in Table 3.4. The Expected Standard 

Error for all designs increased when the strength of the correlation of the two 

parameters increased in both positive and negative directions. lnD  and ElnD  

showed almost identical results at all levels of correlation and always less than 

HClnD  and ED  except for 95.0  where ED  has the same value of 

Expected Standard Error as ElnD . HClnD  has the highest Expected Standard 

Error for 5.0 . In contrast, ED  has the highest Expected Standard Error for 

all other correlation values between the two parameters. On average the Expected 

Standard Error of ED was again marginally higher than HClnD over the values of 

evaluated correlation. 

 

Table 3.4: Expected Standard Error of the four D-optimal designs when CL 

and V have different correlation values. 

  

  θfSEE ,  

lnD  ElnD
  

HClnD
  

ED
  

-0.95 4.9622 4.9624 4.9641 4.9827 

-0.7 4.8606 4.8608 4.8627 4.8763 

-0.5 4.8220 4.8221 4.8242 4.8344 

-0.3 4.7988 4.7988 4.8011 4.8083 

0 4.7856 4.7857 4.7881 4.7914 

0.3 4.7969 4.7969 4.7995 4.7998 

0.5 4.8187 4.8187 4.8214 4.8202 

0.7 4.8558 4.8558 4.8587 4.8564 

0.95 4.9548 4.9548 4.9579 4.9548 
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3.5 Discussion 

In this chapter, a D-optimality criterion and three robust optimality criteria 

for nonlinear models were considered for a one parameter and a two parameters 

nonlinear fixed effects model. Parameters in both models were assumed to follow 

a Gaussian distribution and the optimal designs for different correlation values 

between parameters in the two parameter model were examined. The optimal 

designs were evaluated by comparing the Total Standard Error and the Expected 

Standard Error for parameter estimation in the 95
th

 percentile interval. Differences 

discussed here although relatively subtle are likely to be magnified for models of 

high dimensionality. Hence the trends seen in the performance are of more 

importance than the absolute performance of any given design.  

The models were chosen to reflect the typical nature of pharmacokinetic 

models while retaining sufficient mathematical simplicity to allow, in many cases, 

solutions to be available analytically or at least numerically with high accuracy. It 

is also noted that in the current investigation the local design  lnD  was optimal 

under the prior parameter distribution but this is not always the case and should 

not be construed to mean that D-optimal design is robust across all sets of 

parameter vectors (examples as shown in Chapter 2 where this is not the case). 

The lnD-, HClnD- and ElnD-optimal designs are the same in the case of 

the one parameter model. The ED-optimality criterion identified a different design 

and provided higher Total and Expected Standard Error for the same parameter 

interval. However, the consistency shown by HClnD-optimal design with ElnD-

optimal design in the one parameter model was not retained in the two parameter 

model where HClnD performed approximately equivalently to ED.  

The ED-optimal design was the most sensitive to the different correlation 

values between the parameters in the two parameter model, while the HClnD-
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optimal design was not affected by the value of the correlation between 

parameters. A generalisation of this result suggests that if a robust design is to be 

found for high dimension models the ED-optimality criterion may be associated 

with greater occurrence of suboptimal designs when correlation values are 

misspecified a priori. However, this is a generalisation and requires assessment. 

The four optimal designs considered exhibited similar patterns in the 

Expected Standard Error for the two parameter model. The Expected Standard 

Error increased with the absolute correlation between the two parameters. When 

the three robust designs were compared in terms of Total and Expected Standard 

Error, ElnD was superior to the other two robust designs.  

Extrapolation of these findings to models of higher dimensionality, e.g., 

larger fixed effects models or mixed effects models, also needs to consider the 

need for the necessary numerical integration techniques. For instance it is likely 

that Monte Carlo integration methods, which incur 1000s of draws from the prior 

distributions of the parameters and an evaluation of the information matrix for 

each set of parameter draws, will be used in place of analytical solutions or 

numerical quadrature methods. This becomes an extremely computationally 

intensive process if independence in the parameters is assumed where sufficient 

number of samples from each parameter dimension are to be generated. Some 

recent methods have used Latin hypercube Monte Carlo integration [63] for 

examples of solutions to high order integrals. Although superior for ensuring the 

prior parameter distribution is covered adequately, these methods remain highly 

computationally intensive. In contrast, the HClnD-optimality criterion involves 

considerably fewer evaluations of the Fisher information matrix compared to 

ElnD or ED. Recent work indicates that HClnD is expected to be in the order of at 

least 100 fold less computationally intensive than ED (Chapter 2 and [60]). 

From this study, it appears that ElnD-optimality criterion has superior 

performance and provides designs with the lowest standard error and HClnD-
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optimality criterion is simplest in terms of calculation. Computational 

requirements for ED-optimality criterion are equivalent to ElnD but without the 

advantage of the same level of accuracy. In an absolute sense, the three robust 

optimality criteria considered in this chapter do not give widely divergent results 

on the problems addressed. Nevertheless, robust optimality criterion based on the 

log determinant should be a rational choice to avoid the sensitive influence of the 

determinant values as mentioned in Tod and Rocchisani [56]. Therefore, no major 

differences between the methods supports 1) that the simpler HClnD method is 

consistent with the other methods, and 2) given its dramatic computational 

advantage HClnD should be considered as a method of choice for robust design. 

3.6 Conclusion 

From the result of comparison for the three robust optimal criteria, if 

intensive Monte Carlo integration of the prior parameter distribution is deemed 

appropriate then ElnD appears to provide consistent results. However, if this is not 

logistically feasible due to cost or time constraints then HClnD would seem 

appropriate. 
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4.1 Introduction 

The increasing number of patients presenting with psychostimulant abuse 

to services at the emergency departments has been recognised as a major concern 

in many countries [72-77]. Aggressive behaviour by these agitated patients can 

lead to many problems including danger to the hospital staff and other patients, 

damage to the hospital property and harm to the patient themselves. Rapid 

sedation on these agitated patients with suitable medication is required in this 

situation in order to decrease dangerous behaviour and allow necessary treatment. 

Intravenous sedation can be difficult in such conditions since it requires sufficient 

staff to restrain the agitated patient in order to obtain intravenous access with the 

resulting potential for needle stick injuries to both the patient and staff. Thus 

intramuscular (IM) administration of benzodiazepines or antipsychotics has been 

the choice for sedation of acutely agitated patients in emergency departments over 

the past few decades [100].  

Midazolam is a water-soluble benzodiazepine that has been used widely as 

an injectable preparation for anxiolysis and anaesthesia induction [78]. 

Midazolam has a quick onset of action and short duration of drug effect when 

given via IM route administration [79]. However, patients who abuse 

psychostimulants such as amphetamines may develop tolerance to 

benzodiazepines and high doses of sedating agents are frequently needed. To 

make matters more complex it has been reported that high doses of midazolam 

carry significant safety concerns for overdose and toxicity with no apparent 

evidence of more effective sedation effect for severe behaviour disturbance 

patients [80]. 

Droperidol is a high-potency butyrophenone that causes rapid sedation and 

has been used as an antiemetic and for maintenance of anaesthesia [81]. In 2001, 

the US FDA issued a “black box warning” on droperidol due to the concerns of 
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the risk of fatal cardiac arrhythmia caused by QT interval prolongation [82]. 

However, these finding have not been confirmed in a systematic review of 

droperidol use [83]. Two reviews involving around 14,500 patients that used 

droperidol for treatment of acute agitation showed no evidence of increased 

morbidity or mortality [84, 85]. Knott et al. [86] compared intravenous midazolam 

and droperidol reported that there is no difference in the onset of sedation of 

agitated patients using these two drugs. However, their findings showed that 

patients sedated with midazolam may have increased need for active airway 

support and further sedation within 60 minutes. Martel et al. [87] reported that 

sedation with IM droperidol required fewer instances of rescue medication than 

those sedated with midazolam in acutely agitated patients. 

A study was conducted in the Emergency Department of Calvary Mater 

hospital in New Castle, Australia to compare the effectiveness of IM midazolam 

and IM droperidol for sedation of aggressive patients with psychostimulant 

associated agitation. The primary aim of the work in this chapter is to determine 

an optimal design for the best time to collect blood samples from agitated patients 

to determine the PK parameter values of IM droperidol and IM midazolam. 

Additional objectives include analysing the data when it is available and 

assessment of the performance of the design.  

The clinical study is introduced in Section 4.2. The methods for optimising 

the design by first extracting data from existing literature are presented in Section 

4.3. The data analysis and design evaluation are presented in Section 4.4. In 

Section 4.5 the model fitting procedure is described. This is followed by 

discussion in Section 4.6 and conclusion in Section 4.7. 
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4.2  Clinical Study of IM Droperidol and IM 

Midazolam 

The clinical study was in progress prior to the optimal design being 

requested. The purpose of the study is to compare the speed of onset and the 

duration of sedation effect as well as to monitor the adverse effects of the two 

drugs given via the IM route, independently or in combination. There are three 

arms in this double blind randomised controlled trial (RCT) which are 10 mg IM 

midazolam, 10 mg IM droperidol and the combination of 5 mg IM midazolam 

with 5 mg IM droperidol with 1:1:1 randomisation. The clinician also intended to 

evaluate the PK characteristics and explore the pharmacodynamics of both drugs 

to better understand the impact of dosing schedule. In this work only the PK 

model was considered. The target patient group are those presenting to the 

emergency department with suspected or confirmed severe agitated delirium or 

aggression due to psychostimulant toxicity. Blood samples were collected from 

the agitated patients after they have been sedated. The total number of patients 

that were expected to be enrolled was 78 (26 patients for each arm of the study). 

Fifty three patients were recruited by the time the optimal design had been 

instigated. There are therefore two sampling strategies used in this study: (1) the 

empirical sampling schedule which consisted of 9 sampling times at 5 minutes, 10 

minutes, 30 minutes, 1 hour, 2 hours, 4 hours, 8 hours, 12 hours and 24 hours post 

dose where possible and (2) an optimised design. Since the study is in the 

Emergency Department on agitated patients, none of the 53 patients provided 9 

blood samples and the actual sampling times did not match exactly with the 

proposed empirical schedule.  
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4.3 Optimising Design for IM Droperidol and IM 

Midazolam 

4.3.1 Developing of prior models 

The PK models for IM droperidol and IM midazolam were determined by 

extracting data from various literature [88–90]. Concentration-time plots from 

these papers were digitised using the software TECHDIG and models were fitted 

to the resulting data using FOCE method with interaction in NONMEM VI.  

4.3.1.1  Droperidol prior model 

The semi-log mean plasma concentration-time plot ( 1 standard deviation) 

from IM droperidol of 9 healthy volunteers [88] is shown in Figure 4.1(a) and the 

data digitised from this semi-log plot is shown in Figure 4.1(b). The asterisk (*) 

represents the semi-log mean plasma concentration. The circle (o) represents the 

values of the semi-log mean + 1 standard deviation. The diamond (◊) represents 

the values of the semi-log mean - 1 standard deviation. There are 10 sampling 

times in Figure 4.1 which are approximately at 0.42, 0.62, 0.88, 1.25, 2.26, 3.27, 

4.33, 6.37, 8.39 and 12.12 hours post dose. The data points were transformed by 

taking anti-log for the y-axis and the concentration-time points are plotted in 

Figure 4.2.  
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Figure 4.1: (a) Semi-log mean plasma concentration time plot ( 1 standard 

deviation) from IM droperidol of 9 healthy volunteers given 5mg droperidol 

via intramuscular administration (fig. 3 in [88]). (b) Semi-log plot of data 

extracted from (a). The asterisk (*) represents the semi-log mean plasma 

concentration. The circle (o) represents the values of the semi-log mean + 1 

standard deviation. The diamond (◊) represents the values of the semi-log 

mean - 1 standard deviation.  
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Figure 4.2: Plasma concentration-time plot of droperidol extracted from fig 

4.1(a). Data points were transformed by taking anti-log for the y-axis. The 

asterisk (*) represents the mean plasma concentration. The circle (o) 

represents the values of mean+1 standard deviation. The diamond (◊) 

represents the values of mean-1 standard deviation.  

 

The mean plasma concentration was treated naively as if the data arose 

from a single patient and models were fitted to the data set using NONMEM VI. 

A 2-compartment model (with the absorption rate constant (ka) fixed to 10) fitted 

the mean concentration-time data well as shown in the middle concentration-time 

curve in Figure 4.3. The estimated values of the PK fixed effects parameters are 

given in Table 4.1. A combined error model was fit to the data but the estimates of 

variances of the errors are very small. The variance of proportional error is 0.002 

and the variance of additive error is 0.00003.  Since the model was fitted to a 
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single patient’s data with only one measurement at each time point resulting in the 

low variances for the random unexplained errors. 

 

 

  

Figure 4.3: Model fitted to the mean concentration data using NONMEM VI 

as shown in the middle curve. The upper and lower curves are the fitted 

model with the values of between subject variances presented in Table 4.1. 
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A search for the likely values of the between subject variances was 

performed in MATLAB. The digitised values from the points of the mean  1 

standard deviation in Figure 4.2 were used to determine the observed variances 

(VO). At each time point, let U be the digitised value of the point mean+1 

standard deviation and L be the digitised value of the point mean - 1 standard 

deviation, an empirical estimate of the observed variance was calculated 

as

2

2







 


LU
VO . Simulated annealing [116] was used to search for between 

subject variances  Ω  that minimised the weighted sum of squares of the 

differences between the observed variances and the estimated variances (VE) in 

the plasma concentration. 

 In order to calculate VE, one thousand sets of parameter values were 

generated by assuming that the parameters arose from a multivariate log normal 

distribution with fixed effects values as in Table 4.1. Plasma concentration was 

simulated for each parameter set following the 10 sampling times digitised from 

Figure 4.1 (a) with a combined error model. The residual variances of the additive 

and proportional error are assumed at 0.05. VE thus is the variances of the 

simulated plasma concentrations after accounting for residual variability as the 

following, 

 
 

 
  






















 V2000

0 Q00

00 V10

000 CL

2

2

2

2









Ω   

and    Ωθ,Variance ii CVE  , 

where iC  is the plasma concentration at time point i; 10,,1i  then 
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The between subject variance of the elimination rate constant  






 ka
2

  was not 

estimated since ka was fixed to 10 during model fitting. The estimated between 

subject variances is presented in Table 4.1. The variance of CL  






 CL
2

  was not 

able to be estimated by this method and was assumed as 0.1 which provides 30% 

variability between patients. The between subject variances are used to plot the 

lower and upper curves in Figure 4.3 which fitted the data reasonably well.  

 

Table 4.1: Prior PK parameter values of droperidol. 

Parameter Estimates 

CL 31.7 L/h 

V1 71.8 L 

ka 10 h
-1

 

Q 32 h
-1

 

V2 28.4 L 

  2 CL  0.1 

  12 V  0.2457 

  2 ka  NE 

  2 Q  0.8801 

  22 V  0.0232 

NE: not estimated 
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4.3.1.2 Midazolam prior model 

Data from five subjects who received IM midazolam were digitised from four 

concentration-time curves provided in two journal papers [89, 90]. Figure 4.4 

shows one plot from Avram et al. [89] which provided data for two patients 

together with the illustration of the figure from the paper. Figure 4.5 consists of 

three plots, each for one subject, for the concentration of midazolam via both IV 

and IM administration in Bell et al. [90]. Only the data of IM administration was 

used. Figure 4.6 shows the extracted data from the five subjects. 

 

 

Figure 4.4: Concentration-time curve for two subjects received midazolam 

via IM administration in Avram et al [89]. 
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Figure 4.5: Three semi-log concentration-time curve, each for one subject 

received midazolam via IV and IM administration in Bell et al [90]. Only the 

IM points were digitised and used in this chapter. 
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Figure 4.6: Plasma concentration-time plot of midazolam for five subjects 

(each represents by □, +, o, x and *) extracted from the plots in Figure 4.4 

and Figure 4.5.  

 

The five subjects’ data were modelled with full population 

pharmacokinetic methods for 1-, 2- and 3-compartment models with combined 

error. The data did not support a 3-compartment model. The decrease in the 

objective function value (OFV) for the 2-compartment model (OFV = 313.657) is 

not significant if compared to the 1-compartment model (OFV = 318.119). 

However the 2-compartment model is chosen as the final model because: (1) the 

PK of midazolam has been well established in literature as following a 2- or 3-

compartment model for intravenous administration method [90–93] and (2) an 

optimised design for a 2-compartment model is also generally efficient for 
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estimating the parameter values for the 1-compartment model. The fixed effects 

parameter values, the between subject variances, the variances of the random 

unexplained errors and the corresponding standard error (SE) of the estimates are 

presented in Table 4.2. The model was not stable for estimation of  Q2  thus 

this random effect parameter was not estimated. These values are intended to 

provide a guide for design it is not expected that the 5 patients would be sufficient 

to completely characterise the concentration-time profile. Not surprisingly the 

relative SE values were large for the variance parameters. 

 

Table 4.2: Prior PK parameter values of midazolam. 

Parameter Estimates Standard Error 

CL 29.1 L/h 2.52 

V1 78.5 L 12.2 

ka 5.62 h
-1

 2.9 

Q 23.3 h
-1

 5 

V2 31 L 7.8 

 CL2  0.00366 0.00193 

  12 V  0.0477 0.0278 

  2 ka  1.05 0.706 

  2 Q  NE NE 

 22 V  2.09 2.16 

 p 2
 0.0423 0.0172 

 a 2  1.05 0.96 

NE: not estimated.  p 2
: Estimates for variance of proportional error.  a 2

: 

Estimates for variance of additive error. 
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Figure 4.7 shows the plot of the Visual Predictive Check (VPC) for the 90
th

 

percentile using the PK estimates of the fitted model. The model slightly misses 

one of the subjects’ data at the absorption phase. However, these data are from 

patient 6 in Bell et al. [90] and as described in the original paper (fig. 2 in fig. 4.5) 

IM midazolam is poorly absorbed by this patient.  Figure 4.8 shows the individual 

fit of the model to the 5 patients’ data. 

 

 

 

Figure 4.7: VPC plot of the 90
th

 percentile for the prior model of midazolam 

PK.  
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Figure 4.8: Individual fit for the prior model of midazolam PK.  
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4.3.2 Robust optimal design 

It appears from the prior models that the PK characteristics of IM 

droperidol and IM midazolam are similar. Both drugs follow a 2-compartment PK 

and the parameter estimates for the prior model of IM droperidol (CL, V1, Q and 

V2) are incorporated within the 95th percentile of parameter estimates for IM 

midazolam (see Table 4.3). This indicates that a robust optimal design using the 

idea of HClnD-optimality criterion presented in Chapter 2 and 3 for IM 

midazolam should also be robust for IM droperidol. In order to implement robust 

design with HClnD criterion, combinations of the 2.5th and 97.5th percentile 

values of CL, V1, Q and V2 in the two-compartment midazolam model together 

with the ka values of midazolam and droperidol were used to form 32 component 

models as shown in Table 4.3.  

The between subject variance of CL given by NONMEM for the 

midazolam prior model was very small   00366.02 CL  and the between 

subject variance of Q was not estimated thus both values were assumed as 0.1 

(assuming 30% variability in the population) for all the 32 component models. 

The values of estimates for between subject variance of V1   0477.012 V , 

between subject variance of V2   09.222 V , the variance of proportional 

error   0423.02 p  and the variances of additive error   05.12 a  from 

the midazolam prior model were used in all the component models. The variance 

of additive error is fixed for the optimal design which means the design is not 

optimised for the estimation of this value. The between subject variance of ka is 

assumed as 1.05 when ka is 5.62 (both values from the midazolam prior model). 

When ka is 10 (from the droperidol prior model) the between subject variance of 

ka is assumed as 0.01 since the value is not estimated but the variability of ka for 



Chapter 4: Application of robust design 

95 

droperidol is assumed to be very small, this value is also fixed for the optimal 

design.  

The optimal design is carried out for 5mg droperidol. The lower dose was 

chosen as an “at worst case” since higher doses generally provide more 

information. The clinician decided to continue the study by recruiting another 25 

patients. To account for the information that would be available from the existing 

data, the prior information in terms of Fisher information matrix from the 

sampling record of the 53 patients was incorporated in the optimisation process. 

The prior information matrix was calculated for each of the 32 component 

models with the following assumptions: (1) since the patients were assigned 

treatments at random, the executed sampling schedule in the existing records was 

assumed to be similar for both drugs; i.e., the executed sampling time was 

independent of the drugs. Hence the information for each drug could be calculated 

as a proportion of the whole information, (2) 2/3 of the 53 patients were given at 

least 5mg of droperidol based on the design of the randomised allocation of 1:1:1. 

Thus each entry in the resulting Fisher information matrix for each component 

models in Table 4.3 was rescaled to 2/3 of the original value and used as the prior 

Fisher information matrix. The design was optimised assuming that 16 of the 

remaining patients (approximately 2/3 of 25 patients) will receive at least 5mg of 

droperidol. 

The 32 component models were optimised simultaneously for a 9 time 

point exact design by using the multiple model single response function and 

simulated annealing search function in WinPOPT [71]. The resulting robust 

optimal design has repeating sampling times and is presented in Table 4.4.  

 

 



 

 

Table 4.3: This table shows the 32 models with parameter values used in the robust optimal criterion, together with model of 

droperidol (D) and midazolam (M). 

Parameter 

Model 

D M 1 2 3 4 5 6 7 8 9 10 

CL 31.7 29.1 24.16 24.16 24.16 24.16 24.16 24.16 24.16 24.16 24.16 24.16 

V1 71.8 78.5 54.59 54.59 54.59 54.59 54.59 54.59 54.59 54.59 102.41 102.41 

ka 10 5.62 5.62 5.62 5.62 5.62 10 10 10 10 5.62 5.62 

Q 32 23.3 13.5 13.5 33.1 33.1 13.5 13.5 33.1 33.1 13.5 13.5 

V2 28.4 31 15.71 46.29 15.71 46.29 15.71 46.29 15.71 46.29 15.71 46.29 

 CL2  0.1 0.00366 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 

 12 V  0.2457 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 

 ka
2

  NE 1.05 1.05 1.05 1.05 1.05 0.01 0.01 0.01 0.01 1.05 1.05 

 Q2  0.8801 NE 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 

 22 V  0.0232 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 

 p 2
 0.05 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 

 a 2
 0.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 



 

 

 

Parameter 
Model 

11 12 13 14 15 16 17 18 19 20 21 22 

CL 24.16 24.16 24.16 24.16 24.16 24.16 34.04 34.04 34.04 34.04 34.04 34.04 

V1 102.41 102.41 102.41 102.41 102.41 102.41 54.59 54.59 54.59 54.59 54.59 54.59 

ka 5.62 5.62 10 10 10 10 5.62 5.62 5.62 5.62 10 10 

Q 33.1 33.1 13.5 13.5 33.1 33.1 13.5 13.5 33.1 33.1 13.5 13.5 

V2 15.71 46.29 15.71 46.29 15.71 46.29 15.71 46.29 15.71 46.29 15.71 46.29 

 CL2  0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 

 12 V  0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 

 ka
2

  1.05 1.05 0.01 0.01 0.01 0.01 1.05 1.05 1.05 1.05 0.01 0.01 

 Q2  0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 

 22 V  2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 

 p 2  0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 

 a 2
 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 



 

 

 

Parameter 
Model 

23 24 25 26 27 28 29 30 31 32 

CL 34.04 34.04 34.04 34.04 34.04 34.04 34.04 34.04 34.04 34.04 

V1 54.59 54.59 102.41 102.41 102.41 102.41 102.41 102.41 102.41 102.41 

ka 10 10 5.62 5.62 5.62 5.62 10 10 10 10 

Q 33.1 33.1 13.5 13.5 33.1 33.1 13.5 13.5 33.1 33.1 

V2 15.71 46.29 15.71 46.29 15.71 46.29 15.71 46.29 15.71 46.29 

 CL2  0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 

 12 V  0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 0.0477 

 ka
2

  0.01 0.01 1.05 1.05 1.05 1.05 0.01 0.01 0.01 0.01 

 Q2  0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 

 22 V  2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 2.09 

 p 2  0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 0.0423 

 a 2
 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 
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Table 4.4: Robust optimal design for droperidol. 

Number of samples Sampling time (hours post dose) 

1 0.09 

2 0.42 

1 0.64 

2 1.16 

1 1.94 

1 4.09 

1 10.10 

 

4.3.3 Assessment of designs on the component models 

The robust design and the empirical design were evaluated for the 32 

component models with the assumption that 2/3 of the remaining 25 patients (16 

patients) will receive at least 5mg of droperidol. The percentage standard errors 

(SE%) of the estimation from both designs were presented in Table 4.5. For each 

model in Table 4.5, the entries in column label “E” are SE% from the 9 sampling 

time empirical design and the entries in column label “O” are SE% from the 9 

sampling time robust optimal design.  

The difference in the performance for both designs is subtle with the 

robust design performed slightly better across all the models with smaller %SE for 

all estimates as compared to the empirical design. This means the empirical 

design is itself a good design for the clinical study. This may be due to the 

similarity in the sampling time of the empirical and the optimal design where 5 

out of 9 sampling time in the empirical design (0.08, 0.5, 1, 2 and 4) are very 

close to the optimal sampling times ( 0.09, 0.42, 1.16. 1.94 and 4.09). 
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The SE% was considered acceptable (the design provides samples that 

attain reasonable accuracy in the parameter estimation) for fixed effects if the 

value was not larger than 30% and for random effects if it was not larger than 

50%. For the fixed effects parameters, the SE% of CL are smaller than 30% for all 

models. The SE% of V1 and ka are larger than 30% in four models (model 

number 3, 11, 19 and 27 with bold SE% value). The SE% of Q is larger than 30% 

in 18 out of the 32 component models and the SE% of V2 larger than 30% in 15 

out of the 32 component models in both designs, signalling that both parameters 

are difficult to be estimated accurately.  

As shown in Table 4.5,  CL2  has a SE% value of less than 50% for all 

the 32 models.  12 V  has a SE% value larger than 50% in models 3, 4, 19 and 

20 but acceptable in the remaining 28 models. The SE% of  ka
2

  is less than 

50% for all the 16 models when this parameter is optimised (when  ka
2

  = 

1.05). The SE% of  Q2  was extremely high across all the 32 component 

models for both designs, which means this parameter is probably not estimable 

even if samples are collected according to the optimal design.  22 V  has SE% 

values that were slightly larger than 50% in models 9, 13 and 25.  p 2  has 

small SE% values across the 32 models and there is no SE% for  a 2  since 

this parameter value is fixed in the optimal design.  

The small differences in the values of SE% showed that the improvement 

in the estimation of the robust design is subtle. However, the last sampling time in 

the optimal design at 10.1 hours after the administration of the drug(s) is of 

advantage since the empirical design required a sample at 24 hours, which by this 

time many patients may have been discharged. 



 

 

Table 4.5: Percentage standard error (SE%) for the 32 models with empirical (E) and optimal (O) design. 

Parameter 

Model 

1 2 3 4 5 6 7 8 

E O E O E O E O E O E O E O E O 

CL 4 4 5 5 4 4 4 4 4 4 4 4 4 4 4 4 

V1 10 8 5 5 48 42 10 8 7 6 4 4 18 17 7 6 

ka 22 20 18 18 59 51 22 20 12 9 9 7 26 20 12 9 

Q 61 51 13 13 233 213 23 19 45 40 12 11 106 102 17 15 

V2 33 30 27 27 151 132 21 21 27 26 27 27 59 55 20 20 

 CL2  27 27 30 31 27 27 30 30 27 27 30 30 27 26 30 30 

 12 V  49 45 43 40 69 65 68 60 32 32 32 32 38 38 37 38 

 ka
2

  26 26 25 25 27 26 26 26 - - - - - - - - 

 Q2  924 816 124 118 1377 1186 181 155 708 624 106 98 1129 899 136 121 

 22 V  30 30 31 31 28 27 21 21 28 29 30 31 25 25 21 21 

 p 2  6 6 6 6 6 6 6 6 6 5 5 5 6 5 6 5 



 

 

 

Parameter 

Model 

9 10 11 12 13 14 15 16 

E O E O E O E O E O E O E O E O 

CL 4 4 5 6 4 4 5 5 4 4 5 6 4 4 5 5 

V1 10 8 5 5 45 38 9 8 7 6 4 4 18 16 7 6 

ka 23 21 18 18 56 47 22 21 12 9 9 7 26 20 12 9 

Q 134 113 25 28 455 398 44 38 98 85 22 23 214 202 33 29 

V2 59 52 34 38 274 229 26 25 44 40 33 38 110 99 24 23 

 CL2  29 30 34 37 29 29 33 34 29 29 34 36 29 29 33 33 

 12 V  38 36 35 33 46 42 50 46 29 29 28 28 32 32 32 32 

 ka
2

  26 26 25 26 26 26 26 26 - - - - - - - - 

 Q2  3602 3091 374 425 4569 3798 562 490 2878 2481 303 335 3929 3158 409 363 

 22 V  57 55 40 46 53 50 26 26 52 51 40 45 42 42 25 26 

 p 2  6 5 6 5 6 5 6 6 5 5 5 5 5 5 5 5 



 

 

 

Parameter 

Model 

17 18 19 20 21 22 23 24 

E O E O E O E O E O E O E O E O 

CL 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 

V1 9 8 5 5 47 41 10 8 6 6 4 4 17 16 7 6 

ka 21 20 18 17 58 50 22 20 12 8 9 7 25 19 12 9 

Q 52 47 13 12 215 199 21 18 39 36 11 10 97 94 16 14 

V2 31 29 28 28 140 124 21 21 26 25 27 28 55 52 20 20 

 CL2  26 26 29 29 26 26 29 29 26 25 28 28 26 25 28 28 

 12 V  51 48 47 43 74 68 73 63 33 33 33 34 39 39 38 39 

 ka
2

  26 26 25 25 27 26 26 26 - - - - - - - - 

 Q2  756 739 121 105 1260 1077 163 145 581 564 102 89 1031 812 125 114 

 22 V  29 30 32 33 27 27 22 22 28 29 32 33 25 25 21 21 

 p 2  6 6 7 6 7 6 7 6 6 6 6 5 6 6 6 6 



 

 

 

Parameter 

Model 

25 26 27 28 29 30 31 32 

E O E O E O E O E O E O E O E O 

CL 4 4 5 5 4 4 5 5 4 4 5 5 4 4 4 5 

V1 10 8 5 5 44 37 9 8 7 6 4 4 17 16 6 6 

ka 23 21 18 18 55 46 22 20 12 9 9 7 25 19 12 9 

Q 141 114 25 25 428 383 42 35 91 79 21 21 202 194 31 27 

V2 61 52 37 38 260 222 26 25 43 39 37 37 105 96 24 23 

 CL2  28 28 31 32 28 28 31 31 28 28 31 31 27 27 31 31 

 12 V  40 38 37 35 47 44 52 47 30 30 29 29 33 33 33 33 

 ka
2

  26 26 25 26 26 26 26 26 - - - - - - - - 

 Q2  3215 2840 357 381 4205 3643 523 441 2563 2253 294 305 3634 3012 385 332 

 22 V  51 53 47 48 51 49 27 27 49 51 47 47 42 41 26 26 

 p 2  6 6 6 6 6 6 6 6 6 5 5 5 6 5 6 5 
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4.3.4 Design to aid in clinical utility 

In reality, collection of blood samples at exact sampling times is extremely 

unlikely in a clinical study. In order to comply with the practical constraints in the 

emergency department, the final optimal sampling schedule was provided as 

sampling windows to aid clinical utility. The joint sampling windows were 

obtained using WinPOPT where joint windows are determined iteratively with 

simulation techniques. These windows represent the time ranges in which there is 

a 90% probability that any set of samples taken at time points from all of the 

windows will have an efficiency of at least 90% of that of the optimal sampling 

times. Since the 2
nd

, 3
rd

 and 4
th

 sampling times are very close, thus these samples 

were located into a single sampling window. Similarly the 5
th

 and 6
th

 samples 

were pooled into a single sampling window. The final sampling schedule is a six 

sampling windows schedule where two windows will contain more than one 

sample. The sampling windows are presented in Table 4.6. 

 

Table 4.6: Sampling windows. 

Number of samples within window 

(but not taken at the same time) 

Sampling windows  

(time post dose) 

1 5 minutes – 10 minutes 

3 20 minutes – 40 minutes 

2 1 hour – 1 hour 20 minutes 

1 2 hours – 2.5 hours 

1 4 hours – 4.5 hours 

1 9.5 hours – 11 hours 
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4.4 Data Analysis and Design Evaluation 

Due to a contamination in the assay, no data were available for midazolam. 

Droperidol data were available from 41 patients which resulted in 127 samples 

available for analysis. Of these, 24 patients received 10mg droperidol and 17 

received 5 mg of droperidol as the combination of droperidol and midazolam. Six 

out of the 41 patients were given multiple doses to achieve appropriate sedation. 

Four out of the 41 patients had data below the lower limit of quantification (BQL) 

resulting in 4 BQL observations out of the total of 127 data. The proportion of 

samples collected according to the empirical design (with  10 minutes for each 

sampling time) before the proposed sampling windows and the proportion of 

samples collected within the optimal sampling window were determined to 

evaluate how well the designs are implemented in the study.   

There were 32 patients out of the total 41 patients enrolled before the 

optimal sampling windows were proposed. 101 samples were collected from these 

patients. Of these there were only 33 samples ( 33%) collected according to the 

empirical sampling schedule. Nine patients were recruited after the suggested 

windows and 26 samples were taken. Nineteen out of the 26 samples ( 73%) 

were collected at a time point within the proposed sampling windows. 

Out of the 101 samples collected before the sampling window, by chance, 

there were 66 samples (   65%) that were taken at times that fell within the 

optimal windows. Thus in total there were 85 out of 127 samples ( 67%) that 

were taken from within the optimised windows. This shows how similar the 

empirical and optimal designs were. The numbers of samples fell within each 

window were shown in Table 4.7. 
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Table 4.7: Number of samples fell within each proposed sampling window. 

Sampling windows  

(time post dose)  

Number of samples fell within 

the window 

5 minutes – 10 minutes 5 

20 minutes – 40 minutes 22 

1 hour – 1 hour 20 minutes 25 

2 hours – 2.5 hours 23 

4 hours – 4.5 hours 6 

9.5 hours – 11 hours 4 

 

4.5 Fitting Model to the Droperidol Data 

In order to accommodate for the existence of the four BQL observations, 

the M3 method in NONMEM is implemented for model fitting. This method 

maximising the likelihood of data above the lower limit of quantification and the 

BQL data is treating as censored [36]. Data that were identified as BQL 

contributed to the likelihood at the probability that the data were BQL. The FOCE 

method with interaction and Laplacian approximation in NONMEM VI was used 

to fit the model.  

The 1-compartment model with only additive error, only proportional error 

and the combined error were fitted to the data where all models minimised 

successfully. The objective function value and estimates are presented in Table 

4.8. The combined error model was deemed appropriate since it has the lowest 

objective function value with significant reduction as compared to only additive 

and only proportional error.  
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Table 4.8: Estimates and objective function value (OFV) for 1-compartment 

model fit to the droperidol data with different error model.  

 
Error Model 

Additive Proportional Combined 

OFV 842.98 764.00 759.58 

CL 56.7 49 51.8 

V 105 119 112 

ka 61700 100 89.3 

 CL2  0.167 0.109 0.109 

 V2  0.134 0.116 0.132 

 ka
2

  0.678 2 0.423 

 p 2  - 0.234 0.221 

 a 2  13.7 - 2.54 

 

The 2- and 3-compartment with combined error model were fitted to the 

data. The drop in objective function value for the 2-compartment combined error 

model was significant and the data did not support a 3-compartment model. The 

latter model did not minimise successfully. The objective function value and 

estimates for the 2-compartment combined error model are presented in Table 4.9. 

The estimated between subject variance of ka in the 2-compartment model is very 

high (  ka
2

  = 2.16) thus it was suspected that perhaps two sub-populations of 

patients with different absorption profiles might exist. As the administration route 

of the drug is via the IM route it may be possible that some patients were 

inadvertently injected directly into a vein while others received a true IM injection 

which may result in the existence of two subpopulations in absorption. The 

mixture model option ($MIX) in NONMEM was used to fit the model with two 

sub-populations in ka with different fixed effects but assuming the same variance. 
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Table 4.9: Estimates and objective function value (OFV) for 2-compartment 

combined error model fit to the droperidol data.  

Two-compartment combined error model 

OFV 726.09 

CL 46.9 L/h 

V1 67.2 L 

ka 60.3 h
-1

 

Q 103 h
-1

 

V2 48.7 L 

 CL2  0.0979 

 12 V  0.170 

 ka
2

  2.16 

 Q2  0.122 

 22 V  0.554 

 p 2  0.187 

 a 2
 0.602 

 

The models with both M3 and $MIX were not stable and minimised to 

rounding error (rounding error 134 in NONMEM), runs were considered where 

some of the parameters (such as Q) were fixed but no successful runs were 

recorded. However, when method M6 was applied where the first BQL 

observation (post-absorption phase) was replaced by half of the lower limit of 

quantification and the rest BQL observations were discarded, the model was 

stable and minimised successfully. The objective function value and the estimates 

of mixture model with M6 and M3 are presented in the second and third column 

in Table 4.10. Since M3 is a more statistically robust routine and given error 134 

is not generally indicative of serious failure [36] thus 1000 bootstrapping using 

the estimates from the mixture model with M3 method were carried out to 
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determine the stability of the final model. Twenty two sets of the bootstrap 

estimates were eliminated due to the failure of the particular run. Another 3 sets 

were eliminated due to existence of estimate values that are not biological 

plausible e.g., value of ka = 441000. The average estimate values of the remaining 

975 sets are presented in the fourth column in Table 4.10. VPC plot of the 90
th

 

percentile using this final PK model obtained with bootstraping for the 35 patients 

received single dose of droperidol is presented in Figure 4.9, which showed that 

the final model fitted the data well. 

 

 

Figure 4.9: VPC plot of the 90
th

 percentile for the droperidol PK model with 

the data from patients received single dose of the drug (labelled in *). 
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Table 4.10:  Estimates and objective function value (OFV) for 2-

compartment combined error model fit to the droperidol data with $MIX.  

Two-compartment combined error model with $MIX 

 

M6 

(minimised 

successfully) 

M3 

(rounding 

error 134) 

M3 

(Average of 975 

bootstrapping) 

M3 

(Standard 

deviation of 975 

bootstrapping) 

OFV 734.07 722.74 - - 

CL 48.1 L/h 42.4 L/h 43.64 L/h 3.17 

V1 50.4 L 50.5 L 49.64 L 7.96 

ka1 2.48 h
-1

 2.95 h
-1

 2.70 h
-1

 2.23 

ka2 24 h
-1

 17.7 h
-1

 20.17 h
-1

 7.57 

Q 115 h
-1

 124 h
-1

 123.26 h
-1

 20.55 

V2 0.669 L 0.758 L 0.747 L 0.137 

P% 75.3 77.5 76.44 9.66 

 CL2  0.118 0.0998 0.100 0.025 

 12 V  0.113 0.148 0.147 0.103 

 ka
2

  0.0341 0.0204 0.022 0.031 

 Q2  0.00001 0.0497 0.057 0.043 

 22 V  0.345 0.34 0.344 0.105 

 p 2  0.0267 0.185 0.169 0.029 

 a 2  1.87 0.726 0.667 0.241 

BQL observations are accommodated with method M6 (second column) or method 

M3 (third column). P%: proportion of data belongs to subpopulation with 

absorption rate constant ka1. 
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4.6 Discussion 

This chapter presented an application of the HClnD-optimality criterion to 

design a clinical study for IM droperidol and IM midazolam. The target 

population comprised of agitated patients who presented to the Emergency 

Department at Calvary Mater hospital in New Castle, Australia. The prior PK 

models for both drugs were developed by extracting data from the literature [88-

90]. A robust optimal design was located using these prior PK models and 

sampling windows were proposed to aid clinical utility.  

An initial study design was proposed by the clinical staff and the study 

initiated. An optimal design with sampling windows was identified and this was 

then instigated at about 2/3 way through the overall study. Out of the 101 samples 

collected during the empirical design, only 33% of the samples were collected at 

times that were within  10 minutes of the proposed sampling time. In contrast, 

after commencing the optimised design, 73% of the remaining samples were 

collected from within the optimal sampling windows. Thus it appears that, 

including sampling windows in a clinically relevant design can ease the burden of 

blood sampling while retaining appropriate efficiency (90% efficiency in this 

case). The high compliance rate with the optimal sampling windows for a clinical 

study conducted in the Emergency Department, which is always chaotic, clearly 

demonstrates the advantage of planned sub-optimality with sampling windows 

design. 

The model best fitted the clinical data is a 2-compartment model with 

combined error with a first-order absorption which followed two sub-populations. 

The 2-compartment characteristics agreed with the prior model for droperidol.  

However the final parameter estimates were not within the range used in the 

robust design (refer Table 4.11). The existence of two sub-populations in the 

absorption was not planned when the design was optimised. These results 
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demonstrated that even though the experiment is optimally designed based on a 

specific model and sets of parameters, the outcome of the experiment is not 

constrained by the optimal design and new findings can still be learnt from the 

data. 

Although the optimal design was commenced only in the later part of the 

clinical study, overall there were 67% of the samples collected according to the 

optimal sampling windows determined from the HClnD-optimal design from both 

the initial empirical and the optimal design. The high level of agreement between 

the empirical executed design and the optimal sampling windows was unexpected. 

However, it is suggestive that experienced clinical practitioners naturally appear 

to perform robust studies. These samples would have contributed to the overall 

performance of the design and hence precision in parameter estimates.  

However, the performance of the optimal design was constrained by its 

late instigation in the study where more than 60% of patients were recruited 

before the optimal design. In addition, number of blood samples collected from 

most of the patients are limited with many of the patients have less than five 

samples. Moreover, since the design is optimised based on only five patients’ data 

obtained from three journals, this may further restrict the design performance due 

to the poor accuracy of the prior parameter values used to optimise the design.  

Since patients were not randomised to the designs and there were markedly fewer 

patients in the optimal design group, thus the designs’ performance in this work 

cannot be compared directly. 
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Table 4.11:  Range of parameters used in the HClnD-optimal design and 

estimates from the 975 bootstrapping of the final droperidol model. 

Parameter 

Range used in the HClnD-

optimal design 

Estimates  

(Average of 975 

bootstrapping of 

the final model) Lower Upper 

CL 24.16 L/h 33.1 L/h 43.64 L/h 

V1 54.59 L 102.41 L 49.64 L 

ka1 
5.62 h

-1
 10 h

-1
 

2.70 h
-1

 

ka2 20.17 h
-1

 

Q 13.5 h
-1

 33.1 h
-1

 123.26 h
-1

 

V2 - - 0.747 L 

P% 15.71 46.29 76.44 

 CL2  0.1 

 
0.100 

 12 V  0.0477 0.147 

 ka
2

  1.05 0.01 (Fixed) 0.022 

 Q2  0.1 

 
0.057 

 22 V  2.09 0.344 

 p 2  0.0423 0.169 

 a 2  1.05 (Fixed) 0.667 

The HClnD-optimal design is carried out for ka with lower value 5.62 and upper 

value 10 where the final model fitted to the data has two sub-populations in the 

absorption. The between subject variance of ka when ka = 10 is fixed for the 

optimisation of the design. The variance of the additive error was also fixed for the 

optimisation of the design. The between subject variance of CL, V1, Q, V2 and the 

variance of the proportional error were assumed to be not subjected to prior 

uncertainty and have the same values in the 32 component models. 
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4.7 Conclusion 

The HClnD-optimality criterion was applied to locate a robust optimal 

design for a clinical study of IM droperidol and IM midazolam. The design was 

optimised based on prior models developed from the literature data. The final 

design was proposed in the form of sampling windows which eased the sampling 

task and increased the implementation rate. The final model for the IM droperidol 

data fitted the data well and agreed with the 2-compartment characteristics of the 

prior models. 
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5.1 Introduction 

As defined in the International Conference on Harmonization E5 guideline, 

“A bridging study is a supplementary study conducted in a new region to provide 

information on efficacy, safety, dosage and dosing regimen of a drug for 

extrapolation of foreign clinical data” [64]. Data generated from the bridging 

study in the new region is evaluated for similarity with data from an original 

region for the purpose of extrapolation. In order to determine the efficacy, safety, 

dosage and dosing regimen of a drug, the understanding of the time course of the 

drug effect is essential and this knowledge is gained by modelling the 

pharmacokinetic-pharmacodynamic (PKPD) of the drug. In many cases it is 

sufficient to show the same dose-exposure relationship (Pharmacokinetic (PK)) 

between the original and new region [65].   

Some researchers have proposed to use optimal design methods based on 

the Fisher information theory to find the best design for PKPD studies. Generally, 

a design obtained with various optimisation methods remains fixed throughout a 

study and data will be analysed after completion of the study. An adaptive design, 

as opposed to a fixed study design, involves interim data analyses for data accrual 

during the study and provides the basis for fine tuning the design. In a clinical trial 

setting, adaptive designs are carried out by enrolling patients in batches. Data 

accumulated during the study will be analysed to determine the design for the next 

batch. The most common application of adaptive designs for clinical trials is to 

determine the maximum tolerated dose, a common endpoint in oncology studies 

using design methods such as the continuous reassessment method [68].  

Recently adaptive design for clinical trial has sparked considerable 

discussion among researchers i.e., a special issue of Journal of Biopharmaceutical 

Statistics [103] was devoted to this topic. Application of adaptive design to 

improve dose-ranging in clinical development has been studied by Bornkamp et al. 
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[104]. They conducted a comprehensive simulation study to develop and evaluate 

adaptive dose finding design by comparing several methods including the 

traditional ANOVA method and concluded that adaptive design performed 

substantially better than the traditional method. Bandyopadhyay and Dragalin 

[105] developed an adaptive design method with sample size re-estimation and 

developed a stopping rule for early completion of a bioequivalence study of a test 

formulation to a reference formulation of a drug. They showed that the adaptive 

design method lead to early stopping by demonstrating bioequivalence 

conclusively. In further work, Dragalin et al. [106] proposed a three stage 

adaptive design method for dose finding in a clinical trial with a continuous 

efficacy endpoint. D-optimal design was used to determine both dose location and 

patient allocation in the third stage. They demonstrated the advantage of the 

method with five different dose-response models. The benefit of applying optimal 

design in phase II clinical studies for exposure-response modelling was 

demonstrated by Maloney et al. [107] and they suggested that the optimal 

adaptive design approach is worth exploring as a future step. 

One of the reasons for bridging studies is to minimise duplication of 

clinical data in the new region. Thus, knowledge of PKPD from the original 

region can be used to locate the optimal design to study the new region. The 

optimal design can be applied directly as a fixed study design where all patients in 

the new region will be enrolled following this design in a single-go. However, a 

single-go fixed study assumes the PKPD characteristics of the patients in the new 

region to be similar to patients in the original region otherwise the design will be 

suboptimal and possibly fail. Maloney et al. [69] demonstrated with a simulation 

example that optimal design methods when used adaptively were shown to 

perform well compared to a fixed optimal design. Thus, the work in this chapter is 

to explore the applicability of adaptive optimal design in the context of bridging 

PK studies. 
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Adaptive D-optimal design was applied to PK studies bridging from a 

population in an original region (termed prior-population) to a population in a new 

region (termed target-population) in this chapter. The purpose of the bridging 

study is to estimate the parameters of the PK model for the target-population. The 

work here builds on the substantial work of others that were described in the 

literature in preceding paragraphs [69, 103-107]. The purpose of this study is to 

evaluate an adaptive D-optimal design in the setting of nonlinear mixed effects 

models. The D-optimal design is obtained by maximising the determinant of the 

population Fisher information matrix and population approach is used in the 

model fitting. In this chapter the prior-population data was not intended for 

extrapolation into the target-population or to be combined with the target-

population data for a final pooled analysis, but rather was used for the purposes of 

determining the initial design for the target-population and to stabilise the interim 

data analyses.  

The proposed adaptive design methods (D-optimal adaptive bridging 

studies and batch size optimisation) are presented in Section 5.2. These methods 

were assessed with two simulation studies described in Section 5.3. The 

performance of the design methods was evaluated with percentage relative error 

presented in Section 5.4. Results of the studies are presented in Section 5.5 

followed by discussion in Section 5.6. Section 5.7 draws the conclusion. 

5.2 Methods 

The proposed procedure for the adaptive D-optimal design for bridging 

studies is termed as D-optimal ABS (D-optimal Adaptive Bridging Studies). The 

recruitment of the target-population in the D-optimal ABS is divided into batches 

and patients are assumed to enrol by batch. A batch size optimisation method is 

also proposed which can be used to determine an early full enrolment criterion for 

all the remaining target-population patients in the interim iteration.  
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5.2.1 D-optimal ABS 

The procedure of the D-optimal ABS is presented below. priorS  represents 

the total number of subjects enrolled from the prior-population, targetS  represents 

the total number of subjects from the target-population which is divided equally 

into B batches and to be enrolled by batch.  

It is assumed that targetS
 
has been defined a priori and is based on either 

prior experience, or an agreement with the regulatory agency, or based on clinical 

practicalities or a combination of all of these processes. It is, of course, possible to 

optimise the value of targetS  but this is not the subject of the current analysis. 

Finally, the bridging study is initiated under the general assumption that the prior- 

and target-populations are similar. However, it will be seen, that this assumption 

is not a requirement for the D-optimal ABS described here.  

A pooled data set that combined the samples from both the prior-

population patients and target-population patients is used in each of the interim 

iterations for both model fitting and optimal design. The fraction of the pooled 

data set that corresponds to the prior-population reduces to zero at the last 

iteration. The reason for using a pooled data set at the interim iteration for both 

modelling and design is that, the small numbers of patients in each batch of the 

target-population may not provide sufficient data to get stable parameter estimates 

and may potentially mislead the optimal design.  

Two types of models are fitted to the pooled data set for the purpose of 

parameter estimation. One is termed the pooled model where prior and target 

patients are treated as if they arose from the same population. The other is termed 

the covariate model where a flag is added to the pooled data set to label whether 
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the patient is from the prior- or the target-population. A covariate model is then 

fitted to the data set which allows for different estimates for all the PK fixed and 

random effects parameters of the prior-population and target-population. D-

optimal ABS is performed using the pooled model. The purpose of fitting the 

covariate model are (1) to illustrate the apparent properties of the D-optimal ABS 

method to converge to the correct solution when the pooled model is used for 

design and (2) to evaluate the batch size optimisation criterion. 

The procedure for D-optimal ABS is as follow: 

Initialisation Step:  

Data from the priorS  patients have already been collected following a 

previous design
 








 0
 . A model has been fitted to the data and from this model 

and parameter estimates a D-optimal design 
 







 1
  is determined. This D-optimal 

design is entirely conditioned on the model from the prior data set without, at this 

point, any consideration of differences that may exist between the prior and target. 

The total number of patients from the target-population  targetS  is assumed to be 

known a priori and divided into B batches. Target patients will then be enrolled 

by batch at each iteration b (b = B,,1 ) in the D-optimal ABS. The first batch 

target-population patients is enrolled and data is collected according to 
 1

 .  
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Iteration b in D-optimal ABS  (b = B,,1 ) consists of the following three steps: 

Step 1:  

The prior-population data is reduced by the same proportion as the target-

population has increased. For example if priorS = 100 and targetS  = 50, and 20% 

of targetS  (10 patients out of 50) were enrolled from the target-population at the 

b
th

 batch then 20% of priorS  (20 patients out of 100) will be removed (at random) 

from the prior-population. A pooled data set of patients is constructed by 

combining the b
th

 batch of patients from the target population with the previous 

batches (b = 1,,1 b ) from the target-population, together with the reduced 

prior-population patients. At this point the total number of subjects in the pooled 

data set is denoted as 
 b

S
pooled

. Thus 

     



















b

m

m
b

m

mb
SSS

1
targetprior

1
pooled

1  ;  

,B,b 1 ; 
 

1
1




B

m

m
 ,      (5.1) 

where   is the  proportion of accumulation in the target-population patients ( = 

0.2 in the previous example) and B is the total number of batches.  

Two ways for reducing the proportion of the prior-population data have 

been considered in this chapter. The first is to reduce the prior-population data at 

each iteration arithmetically according to the number of batches of the target-

population (B) where 
 

B

b 1
 ; B,,b 1 . The second is to reduce the prior-
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population data geometrically where the prior-population data in the current 

iteration is half of the previous iteration, thus 

 

2

11
 ,

 

  
   1

2

1 


bb
 ,      1,,2  Bb  ; 

   






1

1

1
B

b

bB
 .       (5.2) 

Thus   is vary between iteration in the geometric accumulation but take a fixed 

value in the arithmetic accumulation. 

 Step 2: 

A pooled model is fitted to the pooled data set (without distinction to 

which population each subject arose) and a D-optimal design, 
 1b

 , is located 

for the new model which is then applied to collect samples from the next batch (b 

+ 1) target-population patients. Thus  

     











),ˆ(maxarg

pooledpooled

1




bbb
MS θ ;      ,B,b 1 . (5.3) 

where  
 b

pooledθ̂  is a vector of parameter estimates that were obtained by fitting the 

pooled model to the pooled data at iteration b and  M  denotes the determinant 

of the Fisher information matrix.  
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Step 3: 

Data are collected from the (b + 1)
th

 batch of patients from the target-

population according to 
 1b

 . Step 2 and 3 are repeated until all batches have 

been enrolled.  

For simplicity it is assumed that there is a single sampling schedule for 

each batch of target-population patients where ),ˆ( θM  are elementary 

information matrices which characterize the information from a single individual. 

Another assumption is that all patients in the prior-population arise from the same 

design. However, these assumptions are not a requirement of the process.  

5.2.2 Batch size optimisation 

The batch size optimisation method is used to determine an early full 

enrolment criterion for the D-optimal ABS where by the current design is 

sufficiently optimal so that all remaining patients in the target-population can be 

enrolled in a single batch. The covariate model is used for the purpose of batch 

size optimisation where a flag is added to the data set to indicate if a patient is 

from prior- or target-population. A product D-optimal design 
 1

D prod

b
  is located 

for the covariate model which optimises simultaneously across the prior-

population estimates 
 








 b

prior
θ̂  and the target-population estimates 

 







 b
targetθ̂ . In 

addition, a local D-optimal design 
 1
target
b

  is located that optimises solely at 

 b
targetθ̂  (the estimates of the target-population in the covariate model). Thus after 

the enrolment of b
th

 batch of patients from the target-population, the product and 

the local D-optimal design are 
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With assumption that target  is the best design to study the target-

population if targetθ̂  in the covariate model is the best estimates for target-

population PK parameters, the efficiency of the product design is then assessed as 

D-efficiency = 

   

   

p

bb

bb

M

M

1

1
targettarget

1

D prodtarget

,ˆ

,ˆ













































θ

θ

,    (5.5) 

where p is the total number of fixed and random effects parameters to be 

estimated in the target population. If the D-efficiency is greater than a predefined 

critical value in the current iteration then it means that 
 1

D prod

b
  has achieved the 

desired efficiency and all remaining patients from the target-population can be 

enrolled under 
 1

D prod

b
  as the study design.  
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The procedure of the batch size optimisation method is as follows (the 

initialisation step is the same as in the D-optimal ABS): 

Batch size optimization consists of the following three steps: 

Step 1: 

The b
th

 batch of target-population data is combined with the previous 

batches (b = 1,,1 b ) and with the prior-population that has been reduced 

proportionally. A flag is added to the dataset to label which population the patient 

belongs to. A covariate model that allows different estimates for the fixed effects 

and variance of random effects is for the prior- and target-population is fitted to 

the data set. Note a single pooled residual variance is estimated that accounts for 

residual variability across both data sets. 

Step 2:  

The product design 
 








 1

D prod

b
  and local design 

 







 1
target
b

  are found and 

the D-efficiency of the product design is calculated as in equation 5.5. 

Step 3:  

If the D-efficiency is not less than the predefined critical value then 

 1
D prod

b
  is used as the study design for all the remaining patients from the target-

population. If the D-efficiency is less than the predefined critical value then the 

next batch (b + 1) of target-population patients is enrolled and data is collected 

according to
 1

D prod

b
 , and steps 2 and 3 are repeated.   
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In this chapter, the critical value is defined as 0.8. The choice of 0.8 is 

empirical and based on previous experience of accounting for loss of optimality in 

the population design setting. This value should provide an overall design that 

performs acceptably. It is not within the scope of this chapter to investigate other 

values and indeed 0.7 or 0.9 might also achieve reasonable effects.  

5.3 Simulation Studies  

Simulation studies based on two different scenarios were carried out to 

assess the performance of the proposed methods. Both examples presented below 

are hypothetical and intended to provide clinical context for the simulation studies. 

A fixed target-population sample size was considered thus the number of patients 

in the target-population was assumed to be known and fixed in advance. The 

number of patients in the target-population were divided into a fixed number of 

batches and subsequently assumed to be enrolled by batch.  

All simulations were carried out in MATLAB version 2009 (a). 

NONMEM VI was called within MATLAB for the model fitting and the 

estimation method used in NONMEM is the FOCE method with interaction. The 

D-optimal design was obtained using POPT [71] where simulated annealing [116] 

was used in simulation scenario described in Section 5.3.1, and exchange 

algorithm [113] in simulation scenario described in Section 5.3.2. Each clinical 

study was replicated 100 times and the admissible sampling range was 0 to 24 

hours post dose. 



 Chapter 5: Adaptive bridging studies 

130 

 

5.3.1 D-optimal ABS from adult to paediatric  

The first simulation scenario is a bridging study based on a hypothetical 

example where the prior-population is adults and the target-population is children. 

The drug was assumed to be a small molecule drug and was given orally. The PK 

model was set to follow a first order input and first order output one compartment 

model (termed as Bateman model). In this scenario the difference between 

paediatric and adult patients was provided entirely by allometry, and hence in this 

scaled case the adult and paediatric profiles were indeed very similar (see fig. 5.1). 

This simulation scenario therefore provides a positive control in the sense that a 

study designed solely based on the prior data and applied directly to the target-

population would be expected to perform well. 

The PK model is defined as 

 
      

ijij apijiiji

iii

i
ij tkatk

kkaV

kaD
C  




 expexpexp ,  

i

i
i V

CL
k  ,   '1 iii kaVCL

i
θ ,    111 ,ln~ln Ωμθ MVN .        (5.6) 

ijC is the jth observed drug concentration of ith patient at time ijt . D is the given 

dose. The parameters  1θ for this model are clearance (CL), volume of 

distribution (V) and the absorption rate constant (ka) which were assumed to 

follow a multivariate lognormal distribution with nominal mean 1μ  and variance-

covariance matrix 1Ω . 
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Figure 5.1: The concentration time plots for simulation scenario 1. The solid 

line is the concentration time plot for an adult patient of 70kg and a dose of 

100mg. The dashed line is the concentration time plot for a paediatric patient 

who weighs 20kg and a dose of 28.57mg 

 

Values for the nominal parameter mean of adult patient and paediatric 

patient together with 1Ω  are given in Table 5.1. The nominal parameter mean of 

CL and V for paediatric patient were scaled allometrically with exponent 0.75 and 

1 respectively. The nominal mean of paediatric ka was assumed to be the same as 

the adult patient. The variances of the between subject variability were assumed to 

be the same with a value of 0.1 for both populations. p  is the proportional error 

and a  is the additive error. Both errors were assumed to be independently and 

identically normally distributed with  1.0,0~ Np  and  05.0,0~ Na . 
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Table 5.1: Nominal parameter mean and variance for adult patient and 

paediatric patient. 

1θ  adultμ  paediatricμ  1Ω  
CL 4 1.56 0.1 0 0 

V 20 5.71 0 0.1 0 

ka 1 1 0 0 0.1 

 

A sample size of two hundred adult patients and twenty five paediatric 

patients were assumed. Arithmetic accumulation was considered in this simulation 

study. The twenty five paediatric patients were divided into five batches with five 

patients in each batch. The dose was scaled based on weight only where a dose for 

a 20 kg child is calculated as D = (20/70)   100 mg; i.e., an adult weights 70kg  

will be given 100mg of the drug and scaled to 28.57mg for a paediatric patient 

weights 20kg. Each of the two hundred adult patients were assumed to provide six 

blood samples following an empirical sampling schedule 
 








 0
  at time 1, 2, 4, 8, 

12 and 24 hours post-dose. A four time point D-optimal design 
 







 1
  was 

located based on the adult patient model. Sample data of the first batch of five 

paediatric patients were simulated under the design 
 1

 , but using the paediatric 

dose and parameter values. The adult patient data was reduced by 20% 









5

1
  

at each iteration. The procedure involved proportionally reducing the adult patient 

(prior) data, combining the remaining adult patients’ data with batches of 

paediatric patients’ data, fitting the model to the pooled data set, locating a four 

point D-optimal design and simulating the next batch of paediatric patient data 

under that design. This process was repeated until the last (fifth) batch of 

paediatric patients. In the last iteration the data set consists of only the five 

batches (a total of twenty five) paediatric patients. 
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5.3.2 D-optimal ABS from normal weight adult to obese 

adult 

The second simulation scenario is again a hypothetical scenario in which a 

bridging study was proposed from normal weight adult patients to obese adult 

patients for a large molecule drug given subcutaneously. Delayed absorption is 

assumed in the obese patients due to lymphatic drainage thus the input model 

followed a transit compartment model [70]. The PK is therefore defined by a 

system of two ordinary differential equations (ODEs). In this scenario the two PK 

profiles are quite different with the peak for the obese patients occurring at a point 

where there is expected to be negligible concentrations for the non-obese patients 

(see fig. 5.2). This simulation scenario provides a test case in which it would be 

expected that a design based solely on the prior-population would perform poorly 

for the target-population. 

The pharmacokinetic model is given by: 
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)1(A  and )2(A are the amount of drug in the absorption and central compartment 

respectively. ktr  and ka  are the absorption rate constant of the transit 

compartments and the absorption compartment which were assumed to have the 

same values (ratio of MTT over N) in this simulation study. k  is the elimination 

rate constant and provided by the ratio of CL over V. D is the given dose and a 

combined error model is assumed thus the j
th

 observed drug concentration of i
th

 

patient at time ijt  is  
ijij ap

i

ij
ij

V

A
C   exp

)2(
. 

 

 

Figure 5.2: The concentration time plots for simulation scenario 2. The solid 

line is the concentration time plot for normal weight adult patient. The 

dashed line is the concentration time plot for obese adult patient. 
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The transit compartment model is used to model delayed absorption by 

interspersing a chain of transit compartments before the absorption. If there is 

significant delay in drug absorption then there will be a longer mean transit time 

which is assumed to be the case for obese patients in this simulation study. The 

parameters  2θ  of this model are CL, V, MTT (mean transit time) and N (number 

of transit compartments). The parameters were assumed to follow a multivariate 

lognormal distribution with nominal mean 2μ  and variance-covariance matrix 

2Ω .  

Values of 2μ  and 2Ω  are given in Table 5.2 for normal weight and obese 

patients. The dose was assumed to be 100mg for both normal weight and obese 

patients. The variance of the between subject variability of CL, V and MTT were 

assumed to be the same for both populations with value 0.2. It is assumed that 

there is no between subject variability for N in both populations. p  and a  were 

assumed to be independently and identically normally distributed with 

 1.0,0~ Np  and  05.0,0~ Na . 

 

Table 5.2: Nominal parameter mean and variance for normal weight adult 

patient and obese adult patient. 

2θ   weightnormalμ  obeseμ  2Ω
 

CL 4 5.2 0.2 0 0 0 

V 20 30 0 0.2 0 0 

MTT 3 20 0 0 0.2 0 

N 2 20 0 0 0 0 
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A sample size of sixty normal weight adult patients and sixty obese adult 

patients were assumed. Both arithmetic accumulation and geometric accumulation 

were considered in this simulation study with five batches. The five batch 

arithmetic accumulation simulation study has twelve obese patients in each batch. 

For the geometric accumulation, the first batch of the five batches has thirty obese 

patients, followed by second batch fifteen, third batch eight, forth batch four and 

fifth batch the remaining three obese patients. 

Data simulated for the sixty normal weight patients each assumed to 

provide eight blood samples following a D-optimal sampling schedule 
 








 0
  

optimised at the nominal mean of this prior-population, where the sampling times 

are 1.1, 1.6, 4.1, 4.6, 8.1, 8.6, a replicated time at 20.1 hours post-dose. The model 

was fitted to this data set and an eight time point D-optimal design 
 







 1
  was 

located and used to simulate the first batch of obese patients’ data under design 

 1
 . The design was not constrained to avoid replicate sampling time in this  

simulation scenario, but sampling times can be constrained to no replication in a 

real study. The steps of proportionally reducing the normal weight patient data, 

combined remaining normal weight patients’ data with batches of obese patients’ 

data, fitting model to the pooled data set, locating an eight time point D-optimal 

design to simulate the next batch of obese patients’ data, were repeated till the last 

batch of obese patients. 
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5.4 Evaluation of the Performance of D-optimal 

ABS and Batch Size Optimisation 

Estimates from the D-optimal ABS and the batch size optimisation were 

compared to estimates obtained using two local D-optimal designs where (1) the 

design based on the prior-population model estimates (i.e., 
 1

 ) was used as the 

design for the whole target-population and (2) the design optimised at the target-

population mean parameter values (unknown in a real life experiment).  

The percentage relative error (%RE) was used to compare the bias in the 

estimates of each of the population PK parameters and was calculated as 

  %RE = 100%
ˆ

target

target




μ

μμ
,     (5.8) 

where  μ̂  is the parameter estimate and targetμ  is the nominal mean parameter 

values of the target-population. 

5.5 Results 

The results of estimation error for the pooled and the covariate model with 

arithmetic accumulation in simulation scenario 1 (Section 5.3.1), and estimation 

error for the five batch covariate model with arithmetic accumulation in 

simulation scenario 2 (Section 5.3.2) for the D-optimal ABS are presented below. 

The geometric accumulation in simulation scenario 2 provided similar result as 

the arithmetic accumulation and thus is not presented here but is given in 

appendix A2. Finally results for the batch size optimisation for both scenarios are 

presented. 
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5.5.1 D-optimal ABS from adult to paediatric  

The %RE of the estimates of CL, V, ka, 2
CL

 , 2
V

 , 
2
ka , 2

P
 and 

2

a
 at 

each iteration for the pooled model are shown in Figure 5.3. The %RE of the 

estimates of CL and V were reduced and approached to zeros in the last (fifth) 

iteration. However, the %RE of the estimates of ka seems to increase between 

iterations. This is due to the choice of the nominal mean parameter value of ka 

which was assumed to be the same for both adult and paediatric. The less precise 

estimate was caused by the reduction in the pooled patient number from one 

hundred and sixty five in the first iteration to twenty five in the fifth iteration. The 

%RE of the estimates of 2
CL and 2

V
  did not show monotonic convergence 

between iterations. The %RE increased from iteration 1 to 4 then reduced to 

around zero in the last iteration. The bias in the estimates of 2
CL

  and 2
V

  is large 

in the interim iterations because they were estimated over the pooled data set 

which consists of data simulated from two populations with same nominal 

variances but different nominal mean and hence the variances estimates are 

inflated. The %RE of the estimates of 
2
ka  has the same patent as the %RE of the 

estimates of ka since the nominal mean and variance of ka were assumed to be the 

same for both populations. Again a reduction in the number of patient’ data 

resulted in less accurate estimates, which is also the same for estimates of 

2

P
 and 

2

a
 .   

Convergence was attained in all the estimates of the paediatric patients 

when the covariate model is fitted to the same data set (see fig. 5.4). A flag is 

added to the data set to indicate which population the patients belong to and the 

covariate model is fitted to this data set, where different estimates for all the fixed 

effects and variances of all the random effects (except variances of the additive 
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and proportional errors) of adult and paediatric patients were allowed at each 

iteration. The %RE for the estimates of the paediatric patients only are shown in 

Figure 5.4, where iteration 1 consisted the first batch of five paediatric patients, 

iteration 2 the first and second batch of ten paediatric patients till iteration 5 with 

all the five batches of twenty five paediatric patients. In the proposed D-optimal 

ABS, the next batch of target-population data is simulated according to the design 

optimised at the estimates from the pooled model. Result in Figure 5.4 showed 

that, by sampling according to the design optimised at a pooled model estimates in 

the interim iteration, the resulting data stabilized the parameter estimation for the 

target-population with less estimation bias. 
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Figure 5.3: Boxplots of percentage relative error (%RE) for clearance (CL), 

volume of distribution (V), absorption rate constant (ka), between subject 

variability for CL 






 2
CL , V 







 2
V  and ka 







 2
ka , variance of the 

proportional error 






 2

p
  and additive error 





 2

a
  for the pooled model 

estimates with five batches linear accumulation in simulation scenario 1. The 

horizontal line within each subplot is the zero percentage. There are five 

iterations in this simulation, which is labelled as I1 to I5.  
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Figure 5.4: Boxplots of percentage relative error (%RE) for clearance (CL), 

volume of distribution (V), absorption rate constant (ka), between subject 

variability for CL 






 2
CL , V 







 2
V  and ka 







 2
ka , variance of the 

proportional error 






 2

p
  and additive error 





 2

a
   for the covariate model 

estimates of paediatric patients. A flag is added to the pooled data set to 

indicate which population the patient belong to. The horizontal line within 

each subplot is the zero percentage. There are five iterations in this 

simulation, which is labelled as I1 to I5.  
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A comparison of the %RE for the parameter estimates in the last iteration 

of the D-optimal ABS (labelled as Iter 5) with the estimates obtained if the D-

optimal design located for the adult patient model 
 







 1
  was applied directly to 

study the twenty five paediatric patients (labelled as ND (Naive Design)) and the 

estimates obtained if the study design of the paediatric patients is optimised at the 

target-population (paediatric patients) nominal mean value (labelled as T to T 

(Target to Target)) is shown in Figure 5.5. The estimates in the last iteration of the 

D-optimal ABS are not inferior in this simulation scenario. The results showed 

that, in this positive control scenario, optimised for target based on prior estimates 

(ND) was as accurate as if the target were known a priori since the PK profile for 

the prior and target in this scenario are similar as shown in Figure 5.1. 

One hundred simulations were carried out to access the batch size 

optimisation method. The same number of patients (two hundred adults and 

twenty five paediatric) and the same number of batches (five) were assumed. 

Seventy five simulated clinical studies had achieved 80% efficiency with the first 

batch paediatric patients and twenty five with two batches. Thus the remaining 

paediatric patients can be enrolled based on the current product optimal design 

D prod . The adaptive design with the batch size optimisation procedure allows a 

quick “jump” to full enrolment. This is again due to the fact that the prior- and 

target-populations have similar PK profile in this simulation study. 
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Figure 5.5: Boxplots of percentage relative error (%RE) for final estimates in 

simulation scenario 1. “Iter 5” represents estimates obtained in the fifth 

iteration of the D-optimal ABS. “ND” represents estimates obtained if the 

four sampling time point D-optimal design located for the adult patient 

model is applied directly to study the paediatric patients. “T to T” represents 

estimates obtained if the study design for paediatric patients is the four 

sampling time point D-optimal design optimised at the paediatric population 

mean parameter value. Parameters are clearance (CL), volume of 

distribution (V), absorption rate constant (ka), between subject variability for 

CL 






 2
CL , V 







 2
V  and ka 







 2
ka , variance of the proportional error 







 2

p
  

and additive error 




 2

a
 . The horizontal line within each subplot is the zero 

percentage. 
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5.5.2 D-optimal ABS from normal weight adult to obese 

adult 

The %RE of the estimates of CL, V, MTT, N, 2
CL

 , 2
V

 , 2
MTT

 , 2

P
 and 

2

A
 at each iteration of the five batches arithmetic accumulation D-optimal ABS 

for obese patient are shown in Figure 5.6. These are the estimation result using the 

covariate model and convergence is evident in all estimates. The comparison of 

the %RE of estimates in the final iteration of the five batches arithmetic 

accumulation D-optimal ABS (labelled as Iter 5), with the %RE of estimates 

obtained if the eight sampling time point D-optimal design optimised at normal 

weight patient model 
 







 1
  was used as the study design for all the obese 

patients (labelled as ND), and the %RE of estimates obtained if the study design 

for obese patient is a eight sampling time point D-optimal design optimised at the 

target-population mean parameter value (labelled as T to T) are shown in Figure 

5.7. The estimates of the fifth iteration in the D-optimal ABS is less biased for all 

the parameters if compared to the estimates when the study design is 
 1

 . The 

fifth iteration estimates are however not as good as the estimates obtained if the 

study design is the D-optimal design optimised at the obese population nominal 

mean. However, the population mean values are not known in reality and thus it is 

impossible to optimise a design at these values. 
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Figure 5.6: Boxplots of the percentage relative error (%RE) for clearance 

(CL), volume of distribution (V), mean transit time (MTT) , number of transit 

compartments (N), between subject variability for CL 






 2
CL , V 







 2
V  and 

MTT 






 2
MTT , variance of the proportional error 







 2

p
  and additive error 






 2

a
  for the covariate model estimates of obese patients with five batches 

arithmetic accumulation. The horizontal line within each subplot is the zero 

percentage. There are five iterations in this simulation, which is labelled as I1 

to I5. 



 Chapter 5: Adaptive bridging studies 

146 

 

 

Figure 5.7: Boxplots of percentage relative error (%RE) for final estimates in 

simulation scenario 2 with five batches arithmetic accumulation. “Iter 5” 

represents estimates obtained in the fifth iteration of the D-optimal ABS. 

“ND” represents estimates obtained if the eight sampling time point D-

optimal design located for the normal weight patient model is applied 

directly to study the obese patients. “T to T” represents estimates obtained if 

the obese patients study design is the eight sampling time point D-optimal 

design optimised at the obese population mean parameter value. Parameters 

are clearance (CL), volume of distribution (V), mean transit time (MTT), 

number of transit compartments (N), between subject variability for CL 
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 . The horizontal line within each subplot is 
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In Figure 5.7, bias is noticed in the estimates of CL, V, N, 
2
CL  and 2

MTT
  

even when the study design for the obese patient group is considered at the D-

optimal design for the target-population (this is shown as T to T in fig. 5.7). A 

simulation-estimation study was carried out to evaluate the influence of the design 

on parameter estimation using NONMEM for the transit compartment model. The 

study design is chosen to be an intensive design with 15 samples per patient. By 

referring to the PK profile in Figure 5.2, the sampling times were chosen to be 

10.25, 10.5, 11, 12, 13, 14, 16, 18, 20, 22, 26, 30, 36, 42 and 48 hours post-dose 

for a design that covers the whole PK range of the obese patient. The simulation 

was carried out in Matlab and estimation in NONMEM (FOCE with interaction) 

for 100 studies. The boxplot for the %RE of the 100 estimates was given in 

appendix A2 (see fig. A2.1). There remains apparent bias in the estimate for N 

which is downwardly biased. These boxplots showed that estimates from 

NONMEM are reasonable with informative data that derived from an intensive 

design that covered the whole PK profile. The bias in N may be caused by the 

high nonlinearity associated with this parameter.  

One hundred batch size optimisation simulations were carried out for 

arithmetic accumulation of obese patients, where in each simulation there are 

sixty obese patients which initially divided into five batches with twelve patients 

per batch. Ninety seven simulations achieved 80% efficiency after the third 

batches of obese patients. One simulation achieved the desired efficiency after 

two batches and one after four batches. One simulation study will need all five 

batches to achieve 80% efficiency. All remaining obese patients in each of the one 

hundred simulation studies were simulated followed the corresponding 
D prod

  

when the desired efficiency was achieved. Figure 5.8 compared the %RE of the 

final estimates obtained with batch size optimisation procedure (labelled as Final 

Iter) with the estimates obtained when the study  
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Figure 5.8: Boxplots of percentage relative error (%RE) for final estimates in 

simulation scenario 2. “Final Iter” represents final estimates obtained from 

the batch size optimisation method, “ND” represents estimates obtained if 

the eight sampling time point D-optimal design located for the normal weight 

patient model is applied directly to study the obese patients. “T to T” 

represents estimates obtained if the obese patients study design is the eight 

sampling time point D-optimal design optimised at the obese population 

mean parameter value. Parameters are clearance (CL), volume of 

distribution (V), mean transit time (MTT), number of transit compartments 

(N), between subject variability for CL 
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design is 
 1


 
(labelled as ND) and the estimates obtained when the study design 

is the eight time point D-optimal design optimised at the obese patient nominal 

mean (labelled as T to T). The batch size optimisation estimates are more accurate 

as compared to the estimates using 
 1

  as the study design (ND) for obese patient. 

5.6 Discussion 

The current practice of PK bridging studies uses the study design based 

solely on the prior-population PK profile. This may yield good estimates for the 

target-population PK model if the target-population PK profile is similar to the 

prior-population PK as in the case of simulation scenario 1. However, if the 

target-population PK profile is unexpectedly divergent from the prior-population 

as in the case of scenario 2, the design optimised at the prior-population PK will 

be suboptimal and possibly result in experimental failure. Nevertheless, the 

scenarios are contrived and this evidence should not be used to suggest that 

paediatric bridging studies always show virtual superimposition of the prior and 

target PK profile and obese studies are always divergent.  

A method was proposed in this chapter to carry out bridging studies 

adaptively, by using the pooled data set in the interim iteration to stabilise the data 

analysis, and to avoid bias estimates caused by small numbers of target-population 

data in the early iterations. However, the proposed method provides exploration of 

a design method. The statistical properties of this method have not been studied.  

Two types of models were fitted to the pooled data set in the simulation 

studies. The pooled model is fitted to the pooled data set without considering if 

the patient arises from the prior- or target-populations. In contrast, the covariate 

model is fitted to the pooled data set that explicitly allows for the possibility that 

the two populations may differ. For the D-optimal ABS, the design is optimised 
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based on the estimates from the pooled model. In this setting the variance will be 

inaccurate due to potential bimodality. The purpose of fitting a covariate model in 

the D-optimal ABS is to show how the estimates in the target-population approach 

to the real parameter value although the design is optimised at the estimates from 

the pooled model.   

Results from the simulation studies showed that the estimates converge to 

the true target-population parameter values with the accumulated target-

population data replacing the prior-population data. A D-optimal design obtained 

by maximising the information based on the updated estimates ensured an 

accurate estimation of the target-population PK model at the final iteration. The 

proposed D-optimal ABS was shown to be not inferior when the prior- and target-

populations have similar PK profile and provide better estimates when the PK 

profile of the target-population is widely apart from the prior-population. The 

geometric accumulation method (results are given in appendix A2) has showed 

the same outcome as the arithmetic accumulation when applied to simulation 

scenario 2 and the same convergence properties were seen. Again the final 

iteration of D-optimal ABS was more accurate as compared to design the studies 

based solely on the prior-population estimates (ND) . 

The simulation result of the proposed batch size optimisation method by 

comparing the D-efficiency after inclusion of each new batch data showed that, 

the desired efficiency can be achieved at an earlier stage if the PK profiles of the 

updated prior- and target-populations are deemed to be similar. However, more 

batches are needed if the prior- and target-population have widely diverged PK 

profile. This method can be used as an early full enrolment criterion for the D-

optimal ABS. Although here a value of predefined efficiency of 0.8 was used, the 

choice of efficiency is up to the researcher and the specific case at hand. A fixed 

number of target-population patients were assumed in this work but the corollary 
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scenario could be explored where the sample size of the batch and the total sample 

size of the target population could be optimised. 

The local D-optimal design was used in this study which means the design 

for the next batch is optimised at current batch estimates without incorporation of   

uncertainty in the estimate values. A possible variation of the method could 

include a robust optimal design on the estimates of the target-population data from 

the covariate model. The standard errors of the estimates can be determined at 

each iteration and a possible stopping criterion explored when the standard errors 

are less than a pre-set value. However, the D-optimal ABS is naturally robust 

since it does not rely on the assumption that the prior- and target-populations are 

similar. Hence adding uncertainty on the updated estimate values at each iteration 

seems to be unnecessary and would incur extra expense to the optimal design. 

5.7 Conclusion 

In PK bridging studies it is usual to make the assumption that the PK 

profile of the target-population is similar to the prior-population. There is no way 

to test this assumption a priori and of concern is the risk of poorly efficient study, 

or perhaps study failure, if the two populations are sufficiently dissimilar. An 

adaptive D-optimal bridging study as described here provides an alternative 

approach and does not require any assumptions about the degree of similarity 

between the prior- and target-populations. A method to optimise the adaptive 

process was also explored which provides relevant early full enrolment condition 

for the target-population patients. 
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6.1 Introduction 

Nonlinear mixed effects models described in Section 1.2.2 have been used 

extensively in analysing data that arise as repeated measures where the underlying 

model is nonlinear in the parameters. One common application of these models is 

in the area of population pharmacokinetic (PK) analysis. Generally, when clinical 

studies involved paediatric patients or patients with severe disease, sparse 

sampling is required since intensive blood sampling is infeasible or deemed 

unethical. Optimal design methods such as the D-optimal design can be used to 

determine the best time to collect blood samples to provide the most information 

about the population PK parameters. However, sampling at pre-specified time 

points is not always feasible especially in late phase clinical studies, studies in an 

out-patient clinic setting or emergency room setting. Thus blood samples may be 

collected at non-optimal times and result in imprecise parameter estimates, which 

is the uncertainty in the design execution as described in Section 1.3.3.  

In order to account for this uncertainty, sampling windows have been 

proposed to provide flexibility in the timing of blood sampling while maintaining 

a reasonable level of efficiency in parameter estimation. Sampling windows are 

time intervals around the D-optimal sampling time points where blood samples 

collected from within the time windows are expected to provide satisfactory 

information for parameter estimation.   

Various methods have been proposed to determine sampling windows for 

population PK models. Green and Duffull determined marginal sampling 

windows for a population PK study for patients receiving enoxaparin therapy [94]. 

The windows were obtained by varying one time point at a time and fixing all 

others at the optimum, until the efficiency of the window was reduced to a certain 

percentage. With this method, the joint efficiency of the windows was not 

accessible since the sampling windows were estimated conditionally. Graham and 
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Aarons proposed a method to determine sampling windows that satisfied a pre-

specified joint efficiency [44]. Their method optimised windows that spanned an 

equal distance from the D-optimal sampling times to obtain the lower and upper 

bound of time windows. The resulting sampling windows were constrained to be 

of same length and hence did not reflect the time-sensitive nature of PK parameter 

estimation.  

Ogungbenro and Aarons proposed a method that relaxed the requirement 

for the same length of all windows [45]. The method started with determination of 

marginal sampling windows as in Green and Duffull [94], followed by reducing 

the window size equally until the joint efficiency of all windows satisfied a 

predefined value. However, the resulting windows are symmetric around the D-

optimal time point and therefore do not reflect the sensitivity of deviation from 

the optimal time point with respect to estimation efficiency. Another method 

proposed by Ogungbenro and Aarons required to first define a finite set of 

candidate sampling windows, and the best performance sampling windows were 

obtained by searching over this sampling window space [46]. This method 

provides efficient sampling windows as long as the predefined candidate set 

contains at least one good set of sampling windows.  

In contrast to these methods, Bogacka et al. presented a method to 

determine sampling windows for nonlinear models based on the equivalence 

theorem of D-optimality [47]. The resulting sampling windows have unequal 

length where the window for more important sampling times is narrower thus 

reflecting the time-sensitive nature of PK parameter estimation. However, it is not 

obvious as how the method can be generalised to nonlinear mixed effects models 

of high dimensionality. 

Two approaches to determine sampling windows for parameter estimation 

of nonlinear mixed effects models are proposed in this chapter. The first approach 

is a naïve adaptive method which determines sampling windows sequentially. The 
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second approach is a recursive random sampling method which is based on 

Markov chain Monte Carlo (MCMC) technique. Both methods were applied to a 

population PK example.  

The rest of this chapter is organised as follows. Section 6.2 introduces the 

sampling windows and Section 6.3 presents the procedures of the two proposed 

methods. Section 6.4 demonstrates the applicability of the two proposed methods 

with a population PK example and the results are presented in Section 6.5. Section 

6.6 contains the discussion and Section 6.7 draws the conclusion.     

6.2 Sampling Windows 

Sampling windows are proposed to provide a mechanism to build in 

uncertainty about the actual times that blood samples are taken, which is term as 

“planned sub-optimality”. Windows are defined on the basis that they are time 

regions around the D-optimal design, where any set of samples from within the 

windows has a maximum loss of efficiency that is less than some predefined value. 

The efficiency of a design  ,  eff , as compared to the D-optimal design D   is 

given by 

    
 
 

r

eff

1

D,

,





















ΨM

ΨM
,    (6.1) 

where Ψ  is the set of parameters of the model and r is the dimension of the 

population Fisher information matrix. In this chapter, a sampling window with 

lower bound a and upper bound b is denoted as  ba, . If  ba,  is a 90% efficiency 

sampling window, then samples taken from within this range will have at least 

90% efficiency compared to the D-optimal design.  
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In general, there is no analytical solution available to determine a set of 

sampling windows for nonlinear mixed effects models. The window can be 

computed explicitly using equation 6.1, if the interest is to locate only a single 

sampling window around a single optimal design point. However, this explicit 

computation is not possible to locate windows around more than one optimal 

sampling point simultaneously.  

6.3 Methods 

Two methods to determine sampling windows around a D-optimal design 

D  are proposed in this chapter, i.e., (1) the naïve adaptive approach and (2) the 

recursive random sampling approach. The second approach is based on the idea of 

Gibbs sampling technique [114]. The sampling windows were not constrained to 

be non-overlapping to allow both the algorithms complete flexibility, and each 

window is determined within the whole design range. The design range is divided 

into discrete points with predefined distance between each design points for the 

implementation of the algorithms. This is not the requirement for the proposed 

method as root-finding algorithms e.g., the bisection method can be used in 

searching of the windows. However, searching method will not be considered for 

the work in this chapter. In the following sections, the design points are assumed 

to be the sampling times (t) for a population PK model and thus the design range 

is the time range for sampling (T). 

6.3.1 Naïve adaptive approach 

Given a D-optimal design D  = 
     






 DD

2
D

1
,,, sttt   of a population PK 

model, the first sampling window with efficiency   for the first sampling time is 

located conditioned on all other D-optimal sampling times
     






 DD

3
D

2
,,, sttt  . 
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The D-efficiency for design   = 
   






 DD

2
,,, sttt   will be calculated for all Tt . 

The smallest and largest t that satisfy   eff  are taken as the lower and upper 

bound  11,ba  of the first window, thus 

         




  efftttbatt s ,,,,:,, DD

211  .   (6.2) 

The interval  11,ba  can be computed analytically for any single sampling 

time. For each discrete time points  111 ,bat  , a second sampling window is 

located conditioned on all remaining optimal sampling time 
   






 DD

3
,, stt   by 

calculating the efficiency of the design   = 
   






  DD

31 ,,,, stttt   for all Tt . 

Thus if there are m discrete sampling time points in the first sampling window 

then there will be m corresponding second sampling window.  

The same calculation is performed to locate a third sampling window for 

each time point in the first sampling window, combined with all the time points in 

the corresponding second sampling window. This procedure is repeated until the 

last sampling window.  

6.3.2 Recursive random sampling approach 

Given a D-optimal design D  = 
     






 DD

2
D

1
,,, sttt   of a population PK 

model, the s sampling windows with combined efficiency   are determined 

simultaneously by a recursive random sampling method for the design range T. 

The algorithm starts by locating the sampling window for the first sampling time 

conditioned on all other D-optimal sampling times
     






 DD

3
D

2
,,, sttt  . In this 
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setting the D-optimal design points provide initial values for the sampler. As in 

the naïve adaptive approach, the D-efficiency for design   = 
   






 DD

2
,,, sttt   

will be calculated for all Tt , where the smallest and largest t that satisfy 

  eff  are taken as the lower and upper bound 
   






 1

1
1

1
 and ba  for the first 

sampling window in the first iteration of the sampler, thus
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 .  (6.3) 

A sampling time is then randomly drawn from this first sampling window 

following a user defined probability density function  pdf , and is fixed along 

with the third to last D-optimal sampling times, forming conditions for the 

location of the second sampling window. Each of the next windows are calculated 

exactly conditioned on random samples taken from the preceding windows as if 

the random sampling times were the actual sampling times in a study. This 

process will continue until the last sampling time as a single iteration of the 

sampler. The first iteration of the proposed approach thus is 

Given 
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At the end of the first iteration, a set of sampling windows 

           
























 111

2
1

2
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1
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1
,,,,,, ss bababa   is available and a new set of sampling 

times 
     






 11

2
1

1
,,, sttt   will then replace the initial starting points 
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2
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1
,,, sttt   for the second iteration. Steps (1) to (s) in equation 6.4 are 

repeated for k iterations resulting in k lower and upper bounds for each window. 

The sampling windows are obtained by calculating the pre-posterior mean of each 

of the k lower and upper bounds as the following, 
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     (6.5) 

The pseudo algorithm for the recursive random sampling approach was provided 

in Appendix A3. 

6.3.2.1 Autocorrelation 

Autocorrelation was checked for the 2s chains of the lower and upper 

boundaries obtained from the proposed recursive random sampling method. 

Autocorrelation refers to the correlation of the values within a single chain. The 

correlation within values (x) separated by l steps is given as  
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where ix
 
is the window boundary value after iteration i. x  is the mean of the 

boundary  ss bbaa ,,,,, 11   calculated from equation 6.5 and k is the total 

number of iterations. High autocorrelation indicates that the boundary value is 

dependent on its own past values.  

6.3.2.2 BGR Convergence Statistic 

In order to check if the resulted chains from the proposed algorithm can 

reach approximate convergence, u multiple sequences, each of length k (number 

of iterations), were run from over-dispersed starting points for the 2s chains of 

boundaries. The Brooks, Gelman and Rubin convergence statistic (BGR) [95] 

which compares the variance within the sequence to the variance between the 

sequences was calculated for each lower and upper bounds as the following,  
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ijx  is the simulation draw from jth sequence after iteration i. jx  is the mean of 

the jth sequence. x  is the grand mean of all the values from the u multiple 

sequences. BGR values close to 1 indicates convergence and also implies that the 

chain is not sensitive to the starting point. 

6.4 Motivating Example 

A one compartment first order input and output PK model (termed a 

Bateman model) with combined residual error was chosen as the motivating 

example. The model is parameterized as clearance (CL), volume of distribution (V) 

and absorption rate constant (ka).  

 
      

ijij apijiiji

iii

i
ij tkatk

kkaV

ka
C  




 expexpexp

Dose
;   

i

i
i

V

CL
k  .        (6.8) 

ijC  is the drug concentration of patient i at time j. Dose of the drug given orally is 

assumed to be 100 units. The number of patients is assumed to be 100. The design 

variable is the sampling time (t) which assumes to be between 0 and 24 hours post 

dose, thus the design range is 240  t .  

The parameters were assumed to follow a multivariate log normal 

distribution with mean μ and variance covariance matrix Ω . The proportional 

error  p  and the additive error  a  were both assume to be independently and 

identically normally distributed. Thus 
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A local three time points D-optimal design was located at the mean 

parameter values for this model. Three sampling windows were determined. As 

mentioned in Section 6.3, the sampling windows were not constrained to be non-

overlapping. Thus each window was determined within the whole time range 

where T = [0, 24]. The time range was divided into equally space discrete time 

points with distance between each time point equals to 0.01. 

The time point within a sampling window is assumed to be uniformly 

distributed i.e.,  iii baUt ,~ ; si ,,1 . Thus each discrete time point within a 

sampling window has an equal probability to be drawn during the random 

sampling step for the second approach. 

6.5 Result 

The three sampling time point D-optimal design was located using the 

software POPT [71] for the population Bateman model, where D  = (0.59, 3.46, 

12.63) hours post-dose. The sampling windows obtained using the two proposed 

approaches are presented in the following sections. 
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6.5.1 Naïve adaptive approach 

The 90% efficiency  9.0  sampling window for the first sampling 

time conditioned on the second and third optimal time is from 0.18 to 1.5 hours. A 

second sampling window is located for each of the discrete time points within this 

first sampling window, where t1 = 0.18, 0.19, 0.20, …, 1.50, conditioned on the 

third D-optimal sampling time (t3 = 12.63). These second windows are presented 

in Figure 6.1. The values on the x-axis represent a first sampling time (t1), the y-

axis values for the lower and upper curves in Figure 6.1 are the corresponding 

lower and upper bound of a 90% efficiency second sampling window, given any 

x-value within [0.18, 1.50]. For example if the first sample is taken at the time 

0.18 hours post dose then the 90% efficiency sampling window for the second 

sample condition on the third optimal time is [2.67, 3.85] i.e., y = 2.67 on the 

lower curve and y = 3.85 on the upper curve for x = 0.18. As can be seen in Figure 

6.1, the second sampling window is widest if the first sample is taken at the first 

D-optimal time (at x = 0.59, the second sampling window is [1.94, 5.87]), and 

become narrower as the first sampling time is further away from the first D-

optimal time.  

A third sampling window is then located for each of the discrete time 

points in the second sampling window together with the corresponding first 

sampling time. For example when the first sampling time is t1 = 0.18, the second 

sampling window is [2.67, 3.85] with discrete time points t2 = 2.67, 2.68, …, 3.85. 

A third sampling window was then located for the combination of 0.18 with each 

of the discrete time points in the second sampling window. This process is 

repeated for all the combination of the discrete t1 in the first sampling window and 

discrete t2 in the corresponding second sampling window. 

The sampling space for the 90% efficiency third sampling windows is 

shown in Figure 6.2, for all the combination of t1 and the corresponding t2. The 
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lower and upper surfaces are the lower and upper bounds of the third sampling 

window for a first sample taken at a specific time point in range [0.18, 1.50] and a 

second sample taken at a specific time point within the corresponding second 

sampling window of the first sampling time. The third sampling window is widest 

when the first and second sampling time are the D-optimal time point where the 

third sampling window = [8.85, 16.95]. The window became narrower as the first 

and second sampling times are further away from the D-optimal sampling times.     

  

 

Figure 6.1: Second sampling windows with 90% efficiency, for first sample 

taken at any time point within the 90% efficiency first sampling window. The 

first sampling window is from 0.18 to 1.5 hours post dose. The value on the x-

axis is a sampling time within the first sampling window. The y-axis values 

for the lower and upper curves represent the lower and upper bound of the 

second sampling window, for a corresponding first sampling time (the x-

value). 
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Figure 6.2: Third sampling windows with 90% efficiency, for all the 

combination of the first sampling time (t1) within the 90% efficiency first 

sampling window [0.18, 1.50], and the second sampling time at any time point 

within a corresponding 90% efficiency second sampling window for t1. 
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6.5.2 Recursive random sampling approach 

The 90% joint efficiency  9.0  sampling windows was determined for 

D  = (0.59, 3.46, 12.63), for k = 2000 iterations. The trace plot for the boundaries 

of the three sampling windows was shown in Figure 6.3. The trace plot of each 

lower and upper bounds formed a pattern of “fuzzy caterpillar”, which did not 

spin off to any direction. The boundaries of the sampling windows approached the 

stationary distribution almost immediately. There was no overlap in the 

boundaries. The upper bound of the first sampling window, b1, is < 1.6 and the 

lower bound of the second sampling window, a2, is   2. The upper bound of the 

second sampling window, b2, is   6 and the lower bound of the third sampling 

window, a3, is   9. This illustrates that the sampling method naturally provides 

window boundaries that are allowable without the requirement for constraint 

conditions. The pre-posterior mean of these boundaries was calculated following 

equation 6.5 and the sampling windows are [0.28, 1.25], [2.40, 5.31] and [9.94, 

15.99].  
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Figure 6.3: Trace plots of the sampling window boundaries for k = 2000 

iterations. a1,  a2 and a3: lower bound of the first, second and third sampling 

windows. b1, b2 and b3: upper bound of the first, second and third sampling 

windows. 
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One hundred sets of three independent sampling time points were drawn 

randomly, one time point from each of the three sampling windows. The D-

efficiency of each set was calculated and the result was presented as a histogram 

in Figure 6.4. The y-axis is the number of sampling time sets that achieves the 

efficiency value in the corresponding x-axis of each bar. As shown in Figure 6.4, 

more than 95% of the sampling sets achieve at least 90% efficiency. The reason 

for some of the random sampling times sets has less than 90% joint efficiency is 

the sampling points in these sets are all at the boundary of the windows. 

 

 

 

Figure 6.4: Histogram of the number of sampling time sets with D-efficiency 

as label in the x-axis. 

 



 Chapter 6: Sampling windows 

171 

The autocorrelation of each boundary was calculated following equation 

6.6 for 50,,1l . The values were plotted against l in Figure 6.5. The 

autocorrelation values are negligible for l   2 thus there is no autocorrelation 

issue in sampling windows obtained using the proposed method. It is noted that 

there is 100% autocorrelation for l = 1 which is expected given the sampler is 

implemented using a first-order Markov chain. 

 

 

Figure 6.5:  Plots   for  autocorrelation  (AC)   within   boundary  of  the 

sampling windows. Lag l = 1, …, 50. a1, a2 and a3: lower bound of the first, 

second and third sampling windows. b1, b2 and b3: upper bound of the first, 

second and third sampling windows. 
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Two sequences with over-dispersed starting points, (0.59, 3.46+1, 

12.63+2.5) and (0.59, 3.46–1, 12.63–2.5), were run for 2000 iterations each and 

the BGR statistic was calculated for each boundaries. As showed in Figure 6.6, the 

sequence is not sensitive to the starting point and the BGR statistic showed a fast 

convergence where the BGR values for all the boundaries approached 1 in less 

than 1000 iterations.  

 

 

Figure 6.6: Plots for BGR ratio of the sampling windows boundaries for two 

chains with over-disperse stating points, k = 2000 iterations. a1, a2 and a3: 

lower bound of the first, second and third sampling windows.  

b1, b2 and b3: upper bound of the first, second and third sampling windows. 
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6.6 Discussion 

In this chapter two methods are proposed to locate sampling windows for 

nonlinear mixed effects models. The naïve adaptive approach can be used to 

locate the sampling window sequentially. A disadvantage of this approach is the 

huge computational cost with the increase number of windows. However, instead 

of establishing the full sampling window space in one-go (as in the example), the 

windows can be determined sequentially where the next window is determined 

after the collection of the current sample. Thus the windows are computed one at 

a time with the fixed previous and current sampling time, conditioned on the 

remaining D-optimal sampling times.  

On the other hand, the recursive random sampling approach is simple to 

implement with low computational requirements. The algorithm consists of a 

deterministic part which is the calculation of a single sampling window, using the 

D-efficiency formula, and a stochastic part where a random sample is drawn from 

the corresponding window follow a user defined probability distribution.  

The choice of accuracy of the windows in the recursive random sampling 

approach is a function of the number of iterations of the sampler. This approach 

was shown to have a fast burn in and approach the stationary distribution almost 

immediately, where as little as 1000 iterations were required for the motivating 

example. A possible reason for this speedy result is that the initial starting points 

of the proposed algorithm are the best sampling times (the D-optimal sampling 

times). Thus by using the proposed method the sampling windows can be located 

quickly, which the windows achieved the minimum predefined efficiency. 

However, since convergence diagnostics are available the user can define 

appropriate stopping conditions for specific case of interest. 
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As compared to various methods that have been proposed to determine 

sampling windows for population PK model, the sampling windows obtained with 

the proposed methods reflect parameter sensitivities without assumptions 

regarding symmetry, even distances or independence between samples. The 

resulting windows are unequal in length and not symmetric around the D-optimal 

sampling time. A narrower window is obtained when less flexibility is allowable 

i.e., when it is important to take sample around the optimal time points.  

Although the sampling windows are only located for three sampling times 

in the motivating example, the proposed methods can be applied to find windows 

for more time points if necessary. One of the perceived drawbacks of D-optimal 

design is the replication of sampling times which is often not feasible, and due to 

the assumption of independence in analysis techniques replication is not desirable 

in real life experiments. Sampling windows provide a natural way to address this 

problem where replicated D-optimal time can be seen as replicated samples from 

a window, but not at the exact same sampling time.  

6.7 Conclusion 

Sampling windows are applicable to design study with planned sub-

optimality. Hence deviation of sampling time from the optimal design can be 

planned in advance. In this chapter an adaptive method and a MCMC based 

method have been proposed to determine sampling windows for nonlinear mixed 

effects models. The proposed methods are simple to implement for population PK 

model. The methods can easily be generalised to, for example, multiple response 

population PKPD models. The naïve adaptive approach is applicable to determine 

the “next” sampling window when previous and current sampling times are 

known. The recursive random sampling approach can be used to determine 

sampling windows that attain the desired joint efficiency simultaneously.  
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7.1 Introduction 

Clinical trials in humans will commence once satisfactory preliminary 

information is obtained on safety and biomarker activity of the drug in pre-clinical 

studies. Studies that align with the different phases of clinical drug development 

are characterised as successive learning and confirming cycles by Sheiner [108] 

where phase I and II are the learning phase and phase III and IV are the 

confirming phase. Phase I studies usually involve healthy volunteers where the 

drug is tested in humans for the first time to assess safety, pharmacokinetics (PK) 

and also possible biomarkers based on the pharmacodynamics (PD) of the drug. 

Phase II is the phase where the drug is tested on targeted patients after initial 

safety information in human has been confirmed. The goals of this phase are to 

explore dose effect relationships and provide evidence of the desired therapeutic 

effect. The purpose of phase III studies is to assess the effectiveness of the drug 

compared to the current “gold standard” treatment. Phase III studies usually 

involve more than one study centre with large total numbers of patients. Phase IV 

is the safety surveillance trial which is conducted post-marketing. Since the drug 

development process is costly and time consuming, failure of a drug at a late stage 

of the development process, e.g., phase III, will cause a huge financial burden to 

the sponsor.  

For most drugs, phase II clinical studies provide the first information on 

the probable efficacy of the drug, and dose ranging is of primary importance. 

Therefore, designing experiments that produce results that can optimise clinical 

trial outcomes is crucial in phase II studies. The purpose of phase II studies is to 

provide initial exploration of drug efficacy and safety in the target patient 

population. Population PK of the drug are often explored in phase I studies and 

point estimates of parameters (population mean, variances of between subject 

variability (BSV) and variances of residual errors) with biomarker information 
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can be used to assist in deciding future dose and dosing regimens. However, since 

PK parameter values for the patient population may not be the same as the healthy 

volunteers, a study designed based solely on phase I PK may carry a risk of 

experimental failure.  

Over the years, researchers have proposed optimal design methods in 

clinical trials for the choice of dose, dosing regimen and/or sampling schedule to 

improve the precision of parameter estimates [67, 109]. For these designs, the 

upper boundary of the design space (e.g., largest dose or maximum allowable 

sample numbers) provides the most precise parameter estimates. Optimising phase 

II outcome is therefore a trivial process of choosing the conditions at the extreme 

upper boundary of the design space. 

Early work for population PK designs also included cost functions. Mentré 

et al. [110] optimised a design for a population PK model by incorporating four 

types of cost functions i.e., a cost function proportional to the number of samples, 

a cost function that allowed at most two samples and penalized the second sample, 

a cost penalty for each new patient and a cost function that accounts for the 

duration of individual experiments. All four cost functions considered in their 

study were constrained by a maximum total cost. Retout et al. [26] optimised 

designs that included cost functions for multiple responses models. They defined 

four cost functions i.e., a cost function proportional to number of samples, a cost 

function penalized late samples, a cost function penalised new patients, and a 

combination penalty for both late samples and new patients. They have fixed the 

total cost of the study as in Mentré et al. [110].  

Gagnon and Leonov [24] compared the loss in efficiency and potential 

savings of different designs by altering the cost per blood sample. The design 

region in their study is a finite set of sixteen sampling points. Optimal designs 

were located for different numbers of samples without repetition. Optimal 

allocation of patients to different optimal designs was determined. The experiment 
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was assumed to be constrained by a total cost and the information matrix was 

normalised by the total cost. They showed that defining different cost functions 

for different optimal design altered the optimal allocation of patients. The D-

efficiency of the optimal design with four to nine samples was compared to the 

design with all sixteen samples. The D-efficiency increased with more samples 

without cost. However when a linear and a quadratic cost function were 

incorporated, they found that smaller sample size designs provide higher D-

efficiency.  

Bazzoli et al. [99] optimised a design for a PK study of zidovudine and its 

active metabolite by incorporating three types of cost function i.e., a cost function 

proportional to number of blood samples, a cost function for cost of an 

intracellular concentration assay and a cost function account for additional cost to 

include new patient. The total cost in their study was constrained by a maximum 

cost. Their results showed that different cost functions resulted in different 

optimal designs.   

In the above mentioned studies, the cost incorporated with the optimal 

design is determined based on the use of resources and not linked to the success or 

failure of the study. A decision of experimental design based on estimation 

precision will only yield expensive but successful studies whereas a study that 

considers cost may be prone to failure, especially if the cost penalties were 

heavily weighted. Power is usually define a priori in designing clinical studies 

and assumed to be linearly related to cost, where higher power can be gained if 

more resources are allocated for a said study.  

The aim of this chapter is to determine if an optimal design which 

naturally balances the cost and the power of a study can be derived. The power 

need not be defined a priori for such an optimal design. The design can be located 

without setting arbitrary constraints on the space for the design variables (e.g., not 

specifying the maximum number of patients or samples per patient).  
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The proposed approach to finding such optimal design is via the 

minimisation of the expected cost of a phase II clinical study. The expected cost 

considers both the cost of study success and study failure. Design variables 

considered here are the number of patients  Np , number of samples per patient 

 Ns  and the corresponding sampling schedule conditioned on the number of 

samples  Ts , and the defined daily dose  DDD  of a drug. This study also aims 

to determine if including an additional cost penalty for time delays will change the 

optimal design and if different cost per blood sample has an impact on the design. 

A hypothetical motivating example for a phase II clinical study is 

introduced in the next section. The detail procedure of the proposed method will 

be presented in Section 7.3. In Section 7.4, the method is applied to determine the 

optimal design for the motivating example. Results of the simulation study are 

presented in Section 7.5; followed by discussion in Section 7.6 and conclusion in 

Section 7.7. 

 7.2 Motivating Example 

In this hypothetical example, a phase II clinical study will be carried out 

for a drug. For simplicity all patients involved in this study will receive the same 

dose of the drug. The dosing schedule will involve three doses at a dose interval 

fixed at twenty-four hours. Based on prior biomarker data, the clinical team has 

defined a therapeutic window for the trough concentration for the third dose 

(analogous to a steady state dose) to be in the range of [0.3 unitL
-1

, 1.3 unitL
-1

]. 

Here the therapeutic range was considered to be a success/failure scenario. A 

concentration that falls within the range is a success where it is sure that the drug 

worked. A concentration outside the range is a failure where it is unsure if the 

drug worked or not. The clinical study is defined as successful if at least 60% of 

patients have a third dose trough concentration within this therapeutic range.  
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The drug is assumed to be given orally and the PK follows a Bateman 

model with three fixed effects parameters, absorption rate constant (ka), clearance 

(CL) and volume of distribution (V). The parameters are assumed to follow a 

multivariate log normal distribution with mean β  (a 3 x 1 vector) and variance 

covariance matrix Ω  (a 3 x 3 matrix). The jth measurement of the blood 

concentration for patient i is given in equation 7.1 where a combined error model 

with proportional error  p  and additive error  a  was assumed. Both errors 

were assumed to be independently and identically normally distributed with mean 

0 and variance 2
p  and 2

a , respectively. 
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DDD is the defined daily dose for the drug, di is the dose interval (di = 24), dn is 

the number of doses given (dn = 3) and e
(.)

 is the exponential function. At this 

stage the drug has not been used in patients and the likely parameter estimates for 
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the underlying model are as yet known only approximately from healthy 

volunteer’s data. 

From past experience with similar compounds, it is known that an 

experimental design with seventy patients where each patient provided eight 

blood samples for a DDD of one unit will yield an 80% chance of success for a 

clinical trial in healthy volunteers (with no uncertainty in the population fixed and 

random effects). However, since the population mean and variance for patients 

may not be the same as healthy volunteers, a phase II experiment should not be 

designed solely based on the point estimates from the phase I study. Uncertainty 

associated in these estimates should be considered when designing for the patient 

population.  

7.3 Methods 

The method to locate a design that minimises the expected cost and 

accounts for the additional level of uncertainty in the population PK parameters is 

presented in this section. The uncertainty of the population PK parameters was 

incorporated with an additional level of hierarchy where the population PK 

parameters are assumed to arise from hyper-prior distributions. 

The formulas to compute the hyper-parameters, the definition of the 

expenditure of a clinical study, the definition of the cost of a clinical study, and a 

detailed procedure to determine the optimal design that minimises the expected 

cost of a phase II clinical study are presented. Assumptions were made that there 

was no other limitation (e.g., ethical consideration) in the study resources other 

than cost per unit and it is always possible to redo the study following an 

empirical design if a candidate study fails.  It is important to note that this 

condition is only required during the iterative search over the possible candidate 
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studies. Once the optimal design has been located then this design automatically 

accounts for study outcomes. 

7.3.1 Uncertainty in population PK parameters 

The hyper-parameters of the hyper-prior distributions were calculated 

from formulae derived by Dokoumetzidis and Aarons [48], where the fixed effects 

are assumed to follow a normal hyper-prior distribution  Σμβ ,~ N , the 

variances of the between subject variability follow an inverse Wishart distribution 

 ,~ RΩ IW  and the variance of the random error (proportional and/or additive) 

follow an inverse Gamma distribution,  baIG ,~2 .   

If the point estimates and the uncertainty of the fixed effects, β̂  and 

 βcov ; the point estimates and uncertainty for the variances of the between 

subject variability, Ω̂  and  Ωvar ; and the point estimates and uncertainty for the 

variance of the random error (proportional and/or additive), 2̂  and  2var  ; all 

are available then the hyper-parameters can be computed by using the formulas 

from [48] where  
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 tr  is the trace function and p is the number of fixed effects parameters. Thus the 

hyper-parameters are  ba,,,,, RΣμΗ  . Using these formulas to compute the 

parameters of the Wishart distribution assumes that all variances have the same 

average uncertainty. 

7.3.2 Expenditures of a clinical study 

For a given design  TsDDDNsNp ,,, , the expenditure  X  of a study 

which follows design   is defined as 

    CdDDDdnCsNsdsCpNpX  $ ,   (7.3) 

where Cp  is the cost per patient which includes the cost of pre-study 

investigations (e.g., for eligibility), nursing, housing, medical care and 

investigations during study. Cs  is the cost per sample which defines the cost to 

draw and assay the blood sample. Indirectly this cost can be used to reflect a 

penalty for ethical and recruitment considerations. Cd  is the cost per unit dose of 

the drug. In this notation the design is limited to a single elementary design with a 

single dose for all subjects but both of these conditions can be relaxed. ds  is the 

number of days where blood samples will be collected and dnds  = 3 for the 

hypothetical example. 

7.3.3 Cost of a clinical study 

The overall cost  Φθ |,C  of a successful study given the population PK 

parameters  22
,,, ap ΩβΦ   and a design   is set to the expenditure of the 

study  X . The cost of a failed study is set to the sum of the expenditure of the 
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proposed study  X  and the expenditure to redo the study with an empirical 

design  0X , where 0  is an empirical and non-parsimonious design that has 

been shown to provide a successful study in a previous (similar) clinical trial, and 

a penalty expenditure for a time delay of having to repeat the study  TPX . Thus  

 
 

     











study failed afor ;

study successful afor ;
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0 TPXXX

X
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 Φθ .  (7.4) 

The optimal design CM  (CM means cost minimisation) is a design that 

minimises the expected cost,    HΦθ,CE , of a clinical study (for simplicity 

the notation is written as  CE  from here onwards) 

  CECM





 minarg ,    (7.5) 

where   is the admissible design domain with  

    RΖΖΖ ,0,,, TsDDDNsNp , Ζ  is the set of positive 

integers and R  is the set of positive real numbers. The expected cost is thus 

defined as 

          ΦθΗΦΦθΦθ ddppCCE 21 |,, ,   (7.6) 

where  Φθ |1p is the conditional probability distribution of individual patient’s 

PK parameters given a set of population PK parameter values and  ΗΦ2p  is the 

conditional probability distribution of the population PK parameters given a set of 

hyper-parameter values.  
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7.3.4 Design for cost minimisation 

The procedure for cost minimisation design is illustrated in Figure 7.1. 

Given the population PK estimates  22 ˆ,ˆ,ˆ,ˆˆ
ap ΩβΦ   from a phase I study, the 

design variables (Np, Ns and DDD) were optimised across the integral using an 

exchange algorithm [113]. At each iteration of the exchange algorithm, the 

sampling schedule Ts for Ns samples was an exact D-optimal design. The 

uncertainty (standard errors) of the point estimates       2ˆ varand ˆvar,ˆcov Ωβ  

were evaluated with the population Fisher information matrix of the current 

design. The hyper-parameters  ba,,,,, RΣμΗ   were computed using equation 

7.2 and the hyper-priors were updated to reflect the information content of the 

current design.  

Following these updated hyper-prior distributions a set of population PK 

parameters were generated. Np sets of individual parameters were simulated from 

the population PK distribution. The trough concentration of the third dose was 

calculated for each patient in the study with random residual error included. The 

expected cost was determined by Monte-Carlo sampling of 1000 replications of 

each study design for the population PK parameters generated from the hyper-

prior distributions, where on each realisation of a study the success or failure and 

total cost  Φθ |,C  of the study was evaluated and  
 

1000

|,
1000

1


 i

C

CE

Φθ

.  The 

design that provides the minimum expected cost is the optimal design CM
 . The 

power of CM
  is defined as the proportion of successful studies out of the 1000 

replications. 
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Figure 7.1: Procedure of the cost optimisation method.            

DDDNsNp ,,

                                                                          

 Optimise Ts                                                                           

Evaluate      2ˆvar,ˆvar,ˆcov Ωβ                                                                        

Compute  ba,,,,, RΣμΗ                                                                         

Generate ΗΦ                                                                        

Simulate Np Φθ                                                                        

Determine trough concentration  

of the Np  patients                                                                       

Calculate  Φθ |,C                                                                        

Calculate  CE                                                                        

Determine study success or failure                                                                       

Repeat  

1000 

times 
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7.4 Simulation Study 

The point estimates of the fixed effects and variance of the random effects 

were assumed to be based on the data collected from a phase I PK trial for the 

motivating example in this simulation studies as follows, 
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The nominal means of ka, CL and V were assumed to follow a normal 

hyper-prior distribution,  Σμβ ,~ N . The variances of the between subject 

variability were assumed to follow an inverse Wishart distribution,  ,~ RΩ IW . 

The variance of the proportional error was assumed to follow an inverse Gamma 

distribution,  baIGp ,~2 . The variance of the additive error 2
a  was fixed to 

0.05. The hyper-parameters  ba,,,,, RΣμΗ   were determined using formulas 

in equation 7.2 for each design under evaluation in the cost minimisation 

procedure. 

The costs were arbitrarily set to: Cp = $10000, Cd =$10 and Cs will be 

investigated at $100, $500 and $1000 per sample. The empirical design with Np = 

70, Ns = 8 and DDD = 1 unit which has at least an eighty% power if there is no 

uncertainty in the population PK estimates was used to define  0X . Thus 

 0X = $870100 when Cs = $100,  0X = $1542100 when Cs = $500 and 

 0X = $2382100 when Cs = $1000. Three doses of DDD of the drug will be 

given at fixed 24 hours dose interval and blood samples will be drawn according 

to Ts after each dose. 
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Three different scenarios were considered in this study: (1)  TPX  was 

assumed to be $0, (2)  TPX  was assumed to be half of  0X , (3) Number of 

samples per patient was fixed to 8 with  TPX  = $0. CM
  was located using the 

proposed procedure in section 7.3.4. The upper boundary for the exchange 

algorithm [113] was set to 100 patients, 30 samples per patient per day and 6 units 

of defined daily dose, thus   

 240,61,351,1001  TsDDDNsNp .   

These upper boundaries were chosen to exceed the study design proposed under 

0 . 

7.5 Results 

The cost minimisation procedure was performed twelve times, which was 

four times for each value of Cs for each of the three scenarios. In all simulation 

settings an optimal design  CM  was located that minimised the expected cost 

and did not consist of any design variables being located at the boundary of the 

design space. This provides support for the primary aim of this Chapter which is 

to assess whether an optimum design exists for cost minimisation that does not 

require the investigator to a priori specify the required study power or pre-specify 

any limiting conditions for the study variables.  

The sampling schedule Ts varied for all scenarios and is not presented here. 

The results of each scenario were presented in Tables 7.1 to Table 7.3. The 

expected cost was arranged from the lowest to the highest for each Cs.  
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Scenario 1: Without time penalty  TPX = 0 

As shown in Table 7.1, the optimal design tended to favour a high power 

of, on average, 0.91 with no value being less than 0.85. By comparing different 

costs per sample, the optimal design resulted in fewer samples per patient and 

more patients when the cost per sample increased. In three out of four simulations 

the optimal design appeared to be the same for Cs = $500 and Cs = $1000 with 58 

patients, 6 samples per patient per day and 3 units of defined daily dose which 

achieved the same power at about 0.89. 

  

Table 7.1: The optimal designs, corresponding expected cost of the study and 

the power of the design for clinical study without time penalty. 

Cs Np Ns DDD  CE  Power 

100 33 18 3 582,520 0.918 

38 15 3 589,224 0.960 

38 15 3 594,440 0.954 

43 11 3 625,370 0.943 

500 46 8 3 1,185,771 0.890 

58 6 3 1,259,900 0.901 

58 6 3 1,263,000 0.899 

58 6 3 1,283,000 0.886 

1000 58 6 3 1,884,100 0.893 

58 6 3 1,886,500 0.892 

58 6 3 1,886,500 0.892 

56 6 3 1,925,600 0.852 
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Scenario 2: With time penalty    0

1

2
X TP X   

As shown in Table 7.2, the optimal design again favours a high power. 

Indeed it is noted that the average power for this scenario is 0.94 with no design 

having a power less than 0.9. This is comparably higher than scenario 1 when no 

time penalty was included. The expected cost is generally higher when a time 

penalty is included for a failed study. Despite an increased cost and an increased 

power there was little difference with regards the number of samples per patient. 

However, the optimal design tended to include more patients for higher cost per 

sample as compared to scenario 1. 

 

Scenario 3: Fixed Ns = 8 and  TPX  = $0 

When the number of samples per patient is fixed to eight, designs that 

minimised the expected cost are the same for the three costs per sample under 

investigation. All optimal designs suggested 43 or 46 patients and 3 units of 

defined daily dose, where 46 patients has slightly higher power as shown in Table 

7.3. This finding is similar to that from scenario 1 when at about 10 samples per 

patient the number of patients was also around the approximate value of 40. The 

expected cost increased with higher cost per sample. The average power is 0.86 

and in no case was the power less than 0.8. If compared to the empirical design 

with seventy patients and eight samples per patient, fewer patients are required to 

minimise the study cost and achieve more than 80% power. Notably the required 

power was lower than when the number of samples per patient was not fixed.   
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Table 7.2: The optimal designs, corresponding expected cost of the study and 

the power of the design for clinical study with time penalty  
2

1
TPX  0X  

Cs Np Ns DDD  CE  Power 

100 38 17 3 618,980 0.968 

38 15 3 622,290 0.948 

41 14 3 630,270 0.966 

53 8 3 722,010 0.954 

500 53 8 3 1,279,500 0.953 

58 6 3 1,301,500 0.916 

63 6 3 1,348,400 0.937 

62 6 3 1,350,100 0.928 

1000 58 6 3 1,957,900 0.908 

62 6 3 1,998,800 0.928 

62 6 3 1,998,800 0.928 

63 6 3 2,012,600 0.932 
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Table 7.3: The optimal designs, corresponding expected cost of the study and 

the power of the design for clinical study with eight samples per patient. 

Cs Np DDD  CE  Power 

100 43 3 667,585 0.850 

43 3 673,680 0.843 

43 3 678,900 0.837 

46 3 678,952 0.880 

500 46 3 1,195,000 0.884 

46 3 1,195,000 0.884 

43 3 1,199,700 0.838 

43 3 1,207,400 0.833 

1000 46 3 1,844,500 0.884 

46 3 1,844,500 0.884 

43 3 1,851,800 0.838 

43 3 1,854,200 0.837 
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7.6 Discussion  

An approach to derive optimal designs that minimise the expected cost of 

a phase II clinical study was proposed in this chapter and a simple hypothetical 

example was chosen for illustration. The results showed that the optimal design 

did not reach the upper boundary of the design space. Thus an optimal design that 

naturally balances the cost and the power of a study can be derived, without the 

need for setting arbitrary constraint in the design space. All optimal designs for 

the hypothetical example produced high power (about 90% or more). In general, 

more patients need to be recruited with less number of samples per patient as cost 

per sample increase. By comparing the result for with and without time penalty, 

number of patients increase when time penalty is included with higher expected 

cost. The power of study is larger when optimised the design with time penalty. 

This is due to the fact that when penalty of failure is high the optimal design is 

forced to be the one that achieve higher power. When the number of samples per 

patient is fixed to eight in scenario 3, the optimal design are the same for different 

cost per sample with similar power. 

In the hypothetical example, the defined daily dose of the optimal design 

is 3 units in all scenarios, one may argue that the dosage is three times higher than 

the empirical design for healthy volunteer and concern may be raised about the 

side effects at this dosage. However, researchers need to consider the risk of side 

effects versus the benefit of desired effects for a dosage to be used in real life 

experiments. Given that higher dosage may cause more cases of side effects but 

the drug may not show the desired effects at lower dosage, thus a higher dosage 

that achieves desired effect is preferred as long as no or minimal severe toxic 

effects will be observed. This however should be considered on a case by case 

basis for different drugs and different studies and did not suggest that higher 

dosage is always better.  
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An expense for time penalty  TPX  is considered in the simulation when a 

clinical study failed. If a clinical study fails and researcher requests for a re-

trial,  TPX  may be incurred for many reasons. Researchers need to explain the 

reason of failure to the sponsor with justification for a repeat study and the 

associated time required to lobby for a re-trial. Researchers would then have to re-

develop the study protocols including ethical consent. This will further delay later 

phase studies and potentially time to marketing with the associated cost of loss of 

patent time for the drug under development. It was interesting to see from the 

simulation study that including an additional cost penalty for time delays resulted 

in designs being preferred that had higher power.  

Cost functions were considered in optimal design in early studies [24, 26, 

99 and 110] but were incorporated as a constraint to the design. The optimal 

design is penalised for number of patients, number of blood samples and/or study 

duration. The success or failure of the study is not taken into consideration when 

the design is optimised via a cost function. As compared to these studies the 

proposed method penalises study failure by optimising the expected cost. Thus the 

resulting design naturally balances the cost and power of a clinical study. The 

design was not penalised for more patients or more samples, and was not 

constrained by resources. 

Drug development is a cost intensive and high risk process where the 

sponsor needs to prove efficacy and safety of the drug. Failure of a study in any 

phase may cause a delay of the drug to market or perhaps contribute to an overall 

no-go decision and abandonment of the drug. Hence locating efficient and reliable 

designs are important to ensure success within the development budget. An 

empirical power of 80% is usually chosen a priori as a design with such power is 

considered as a good design to follow (see Caze et al [111] where they showed 

that the bias in the result of a trial is negligible when the statistical power of a test 

is at least 0.8). However the simulation study of the hypothetical example shows 
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that optimal design for cost minimisation can achieve a power more than 80%. 

Thus setting power a priori did not ensure the best design and cost minimisation 

design is a more sensible way to design studies which naturally result in study 

with appropriate power. 

The optimal design is located based on the assumption that blood samples 

from a patient are independent and identically distributed where in reality high 

within subject correlation may exists if blood samples are drawn too frequently 

(small time range apart between sampling) from the same patient. Thus not all the 

designs for the motivating example are practicable i.e., it may be impractical to 

take 18 blood samples per day from one patient. However, an optimal design can 

be located by fixing any of the design variables under consideration to a practical 

value (for example in scenario 3 of the simulation study the number of samples 

per patient is fixed to eight).  The cost per sample can be used as an indirect 

method of penalising trials that might be unacceptable to the patient or unethical 

in the particular clinical setting. 

An empirical design is used as study design to re-do the study when the 

study failed, this can be replaced by using the latest successful design in the 

simulation. The expected cost of a study may be different by doing so. It is 

believed that the resulted optimal design shall not change but this should be 

studied further. 

A 0/1 loss function was considered in the hypothetical example where the 

loss is absolute if the plasma concentration of a patient is outside of the 

therapeutic window and no loss if the plasma concentration is within the window. 

This naïve loss function is chosen to simplify the demonstration of the simulation 

studies. However, the cost minimisation method can be generalised to the 

application of more complex loss functions such as the linear and quadratic loss 

function (see Wakefield [112] for a detailed description). 
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The work here is limited to only one elementary design for the clinical 

study of the hypothetical example, which means one sampling schedule  Ts  for 

all patients. This can be generalised to more than one sampling schedule for 

different groups of patients and indeed also for multiple ascending dose studies. 

In real life experiments, expenses of the development process increase 

with larger and longer clinical trials. Patient recruitment rate decreases with 

increased interventions as patients may be less inclined to participate if the trial 

protocol includes many blood samples. In addition, a large number of blood 

samples per patient may also raise ethical issues, although in theory if it could be 

shown that these are necessary for study success this may be justifiable to 

approval authorities. Recruiting more patients increases the pre-investigation cost 

and results in an overall increase in study cost. Thus the trade-off between study 

duration to the number of patients should be taken into consideration. The 

recruitment delays associated with designs is not investigated in this study which 

means the design is not penalise for longer duration. But arbitrarily high cost per 

sample was applied as a method of indirectly penalising designs that were likely 

to have shown difficulty in recruitment due to the number of blood samples.  

7.7 Conclusion 

In this chapter, a method is proposed to locate optimal design that 

naturally balances the cost and power of a phase II clinical study, without 

arbitrary constraint on the design space, and without the need to define power a 

priori. The optimal design method accounting for uncertainty in the population 

PK estimates obtained from healthy volunteers to design experiment for targeted 

patients by incorporating another level of uncertainty with hyperprior distributions. 

The optimal design incorporated cost per unit where the designs change with 

different cost structures. Although the results shown here are specific to the 
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chosen hypothetical example, the application of the proposed approach is 

certainly not limited to this particular example.  
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 Experiments are conducted to gather information to address scientific 

questions. For some experiments e.g. clinical studies in paediatric patients, only 

sparse data are available due to ethical constraints on the number of blood 

samples per patient. Thus, gathering an informative data set is extremely 

important if any experimental outcome is to be achieved. Various optimal design 

methods based on model-based design theory e.g., D-optimal design, have been 

proposed to determine sampling schemes for these studies. These optimal designs 

allow for a parsimonious study that provides a high level of efficiency. However, 

optimal design for nonlinear models has an issue of dependency on both the 

model and the parameter values. Thus, assumptions are required to be made 

during the design phase. Unexpected departure from the assumptions upon which 

the design is based may result in experimental failure. In this thesis, optimal 

design methods that are robust to uncertainty were developed. These methods are 

applicable to design studies that will be analysed using nonlinear fixed or mixed 

effects modelling techniques. These methods were evaluated with simulation 

studies and real-life study. The proposed methods are expected to provide 

efficient designs even when the a priori assumptions do not completely hold.  

The HClnD-optimal design proposed in Chapter 2 was developed to 

design experiments that accommodate uncertainty in the parameter space. 

Although various robust design methods have been proposed to address the 

dependency issue on the parameter values for experiments involving nonlinear 

models [27-29], these methods are generally computationally intensive. The huge 

advantage in speed, in the order of 100 fold, of HClnD-optimal design as 

compared to existing robust design methods such as ED- and API-optimal design 

was shown in Chapter 2. The HClnD-optimal design was not inferior in terms of 

D-efficiency (assessed via simulation studies in Chapter 2) and standard errors of 

the estimates (assessed via analytical or numerical analysis methods in Chapter 3). 

Although only simple nonlinear models were used to demonstrate the non-

inferiority, the trend of the equality in performance of HClnD with other robust 
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designs is believed to be extendable to more complex models. The 100 fold 

improvement in speed is even more significant when the model is more 

complicated, e.g., when the model is defined as a set of ordinary differential 

equations, which will require substantially longer times for optimisation. 

The proposed HClnD criterion was applied to design a population PK 

clinical study in Chapter 4. The main aim of the clinical study was to determine 

the dose-exposure relationship for droperidol and midazolam, when the drugs 

were given via an intramuscular route to highly agitated patients in the Emergency 

Department. HClnD-optimal design required knowledge of the prior parameter 

estimates for the construction of the underlying parameter distribution. These 

prior estimates can be obtained either by fitting a model to a current data set, or by 

performing an analysis of literature data. The later can be achieved by performing 

a meta-analysis over studies on the drug of interest, or by extracting patient level 

data from specific publications. The extracted data can then be combined as a 

single data set for model fitting. The prior models for the HClnD-optimal design 

in Chapter 4 were determined using data extracted from three publications [88-90]. 

Data for 9 subjects were extracted from Cressman et al. [88] and were treated 

naively (since only mean concentration data were available) as if the data arose 

from a single patient to construct the droperidol prior model. The estimates of the 

fixed effects were obtained by fitting a model to this data set. The random effects 

were determined with weighted least square approach, where simulated annealing 

[116] was used to search for random effects estimates that minimised the 

weighted residuals of the observed variances (calculated from the extracted data 

set), and the estimated variances (calculated from a simulated data set). Data of 

five subjects were extracted from two publications [89, 90] and a model was fitted 

to the combined data set to obtain the fixed and random effects for the midazolam 

prior model. 



Chapter 8: Conclusion 

 203 

Sampling windows based on the resulting sampling schemes from the 

HClnD-optimal design were proposed as the final design in Chapter 4 to allow 

flexibility. Sampling windows provide a natural framework to design with 

uncertainty in the prior model. Sampling within the windows forms a composite 

design (i.e., the mixture of optimal and other design points within the window) 

that aid in the case if the design is optimised at poor prior estimates. Analyses of 

the data from the clinical study showed that the final model agreed with the 

structural model used to optimise the design. Existence of two sub-populations in 

the absorption was not planned in the design phase, which indicates that 

conducting a study that followed an optimal design does not constrain new 

information to only align with the prior model.  

As opposed to a robust design, an adaptive design offers an alternative 

method to account for the dependency issue of nonlinear models on the parameter 

values [9, 10]. With adaptive design methods, a series of adaptive (sequential) 

experiments is conducted by alternating the design and estimation steps. The 

experimental resources are divided into portions and the experiment is carried out 

in stages, where one portion of resource is used in each stage. The experiments 

start with an initial design and the design is refined as new data become available 

to update the estimates. Thus, the estimates are expected to approach to the true 

parameter values and the design will improve at each additional stage. The 

advantages of adaptive design have been demonstrated by various authors [97, 

104-106]. In this thesis, application of adaptive optimal design was explored in 

the context of PK bridging studies.  

A bridging study is defined as “a supplementary study conducted in a 

new region to provide information on efficacy, safety, dosage and dosing regimen 

of a drug for extrapolation of foreign clinical data” [64]. PK bridging studies are 

generally designed under the assumption that the prior and target-population have 

similar PK profiles. The study design for the target-population is usually based 
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solely on knowledge of prior-population PK. However, the PK profile of these 

two populations may diverge widely and thus the design might be suboptimal for 

the target-population. An optimal design methodology based on the idea of 

adaptive design, termed as D-optimal ABS (D-optimal adaptive bridging study), 

was proposed to design an efficient experiment for studying the target-population. 

Subjects from the target-population were divided into batches and were enrolled 

by batch. The batches of data from the target population were combined with data 

from the prior-population to form a pooled data set for parameter estimation. The 

design was refined by optimising at the updated PK estimates with each additional 

batch of target-population data. Although the statistical properties of the proposed 

adaptive optimal design method were not studied in this thesis, the advantage of 

this method was demonstrated via simulation. The method was shown to produce 

a design with higher parameter estimation accuracy for the target-population, as 

compared to the traditional one-go method, when the prior and target-population 

PK profile are widely divergent. A batch optimisation approach that allowed for 

early full enrolment of the target patients when the design achieved a desired 

efficiency was also proposed. The approach was shown to establish a quick 

“jump” for full enrolment (after recruiting the first batch of target-population 

patient) when the assumption of similar PK profile held. Based on the results of 

batch optimisation approach, a possible way to improve the performance of D-

optimal ABS is to optimise the design on estimates from a covariate model, where 

a covariate is added in the pooled data set to indicate which population the 

patients belong to. HClnD-optimality criterion can be applied to the target 

patients’ estimates from the covariate model to construct a set of hypercube 

estimates. The design is then optimised over the prior-patients’ estimates and the 

hypercube estimates from the target patients.  

Ultimately it does not matter how informative the design is if it is not 

conducted according to plan. Thus, a design should account for the uncertainty in 

its implementation. Sampling windows have been proposed to address this 



Chapter 8: Conclusion 

 205 

uncertainty issue [44-47, 94]. However, due to the complexity in nonlinear mixed 

effects models, there is no analytical solution available for the determination of 

sampling windows. Two methods were proposed to determine sampling windows 

for nonlinear mixed effects models (which is described in Chapter 6). The first 

method is a naïve adaptive approach. This approach can be used to determine the 

next sampling window when current and previous sampling times are known. The 

second method is a recursive random sampling approach based on the idea of 

Gibbs sampling. The recursive random sampling approach was shown to converge 

rapidly with no issue of autocorrelation in the samples and was assessed via 

simulation study. Both methods were shown to provide sampling windows that 

reflect the sensitivity in the sampling times of population PK models. Neither 

method required the setting of initial constraints on the lower and upper bound of 

the windows. However, these methods can be further improved by incorporating 

root-finding algorithms such as bisection or secant method in the searching of the 

sampling windows.  

The influence of incorporating cost in designs has been studied in earlier 

works where a maximum cost was considered, and the design is optimised within 

the limitation of the study cost [22, 24, 26 and 99]. An optimisation approach was 

proposed here to determine the optimal design that naturally balances the cost of a 

study, in this case a phase II population PK study, against the probability of study 

failure. The design variables were the number of patients, number of samples per 

patient, the corresponding sampling times and the dose. The PK estimates from 

healthy volunteers in a phase I study were used to design the study for patients. 

The uncertainties in the parameters (population means and variances) were 

accommodated by using hyperprior distributions. Simulation studies for a simple 

setting of a phase II clinical study with a 0/1 loss function were conducted to 

explore the use of a utility based solely on cost. The proposed approach located a 

set of optimal designs without the need for specifying the upper design boundaries. 

All resulted optimal designs were associated with high study power (often 0.9 or 
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greater). Note here that the power was not defined a priori but rather was the 

observed power post-study. Although the setting in Chapter 7 was simple and not 

intended to represent an actual application, the results revealed that by minimising 

on a cost utility alone, it is sufficient to generate an appropriate design which 

naturally balances the cost versus probability of success. It would be of interest to 

investigate the performance of the proposed optimisation approach in a placebo 

controlled trial setting which included false positive outcomes (not considered in 

the current work).   

All optimal design methods developed in this thesis pertained to the D-

optimality criterion and applied to population PK models. However, 

generalisation of the methods to other nonlinear fixed or mixed effects models 

with single or multiple responses (e.g. PD, PKPD) and other optimality criterion 

(e.g. A-, C-, G-optimality) should be straight forward. Statistical properties of the 

D-optimal ABS, the recursive random sampling method and the cost minimisation 

method can be studied that may provide new insight on these methods and 

perhaps mechanisms for further enhancement. Optimal design methods that are 

robust to uncertainty in model space are not addressed in this thesis. This is a 

significant area of future research interest.  Compound criterion based on model 

averaging [37, 38] and product D-optimality [41, 49] were proposed to locate 

designs that performed well over a range of plausible models. These initial results 

are of value and provide the basis for further research in this challenging area. 
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Appendix A1: Nonmem code for M3 method 

with $Mix 

$PROB DROPERIDOL PK 

$INPUT ID TIME DV AMT EVID MDV TYPE 

$DATA droperidol_M3.csv IGNORE=# 

 

$SUBR ADVAN4 TRANS4      

 

$PK   

            CALLFL=1 

      EST=MIXEST 

 

      ; COVARIATE MODEL 

      TVCL=THETA(1)                

      TVV2=THETA(2)                

      TVQ=THETA(3)                   

      TVV3=THETA(4)                

      

      ; MODEL FOR RANDOM BETWEEN SUBJECT VARIABILITY 

      CL=TVCL*EXP(ETA(1))                

      V2=TVV2*EXP(ETA(2))                

      Q=TVQ*EXP(ETA(3))                

      V3=TVV3*EXP(ETA(4))   

 

      IF(MIXNUM.EQ.2)THEN 

           TVKA=THETA(5) 

      ELSE 

           TVKA=THETA(6) 

      ENDIF              
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      KA=TVKA*EXP(ETA(5))                

 

      ; SCALE CONCENTRATIONS 

      S2=V2                

 

$ERROR 

        SIG1=THETA(7) 

      SIG2=THETA(8) 

      LOQ=5 

      IPRED=F 

      SD=SQRT(SIG1*SIG1*IPRED*IPRED+SIG2*SIG2) 

      DUM=(LOQ-IPRED)/SD 

      CUMD=PHI(DUM) 

IF (TYPE.EQ.1) THEN 

           F_FLAG=0 

           Y=F*(1+SIG1*EPS(1))+(SIG2*EPS(2)) 

      ENDIF 

      IF (TYPE.EQ.2) THEN 

           F_FLAG=1 

           Y=CUMD 

      ENDIF   

                

  $MIX 

NSPOP=2 

  P(1)=THETA(9) 

  P(2)=1-THETA(9) 

 

$THETA    

       (0,30) ; CL 

    (0,45) ; V1 

    (0,80) ; Q 

    (0,40) ; V2 
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    (0,1) ; KA1 

    (0,10) ; KA2 

    (0,0.1) ;SIG1 

    (0,0.5) ;SIG2 

    (0,0.3,1) ; P 

   

$OMEGA                      

   0.1 ; PPVCL 

   0.1 ; PPVV1 

    0.1 ; PPVQ 

    0.1 ; PPVV2 

    0.1 ; PPVKA 

 

$SIGMA 

    1 FIXED 

    1 FIXED 

 

  $EST MAX=9999 SIG=3 PRINT=0 METHOD=COND INTERACTION 

LAPLACIAN NUMERICAL SLOW NOABORT 

 

$COV 

 

$TABLE ID TIME CL V2 Q V3 KA DV IPRED Y EST 

ONEHEADER NOPRINT FILE=droperidol_2cpt_M3_CE_mix.fit 
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Appendix A2: Additional results of Chapter 5 

 

Figure A2.1: Boxplots of percentage relative error (%RE) for the simulation-

estimation study to evaluate the estimation capability of NONMEM for the 

transit compartment model. The study design is an intensive design with 

fifteen samples per patient. Parameters: clearance (CL), volume of 

distribution (V), mean transit time (MTT), number of transit compartments 

(N), between subject variability for CL 
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 . The 

horizontal line within each subplot is the zero percentage. 

 



Appendix A2 

 226  

 

Figure A2.2: Boxplots of percentage relative error (%RE) for clearance (CL), 

volume of distribution (V), mean transit time (MTT), number of transit 

compartments (N), between subject variability for CL 
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a
  for the pooled model estimates with five batches linear accumulation 

in simulation scenario 2. The horizontal line within each subplot is the zero 

percentage. There are five iterations in this simulation, which is labelled as I1 

to I5. 
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Figure A2.3: Boxplots of percentage relative error (%RE) for clearance (CL), 

volume of distribution (V), mean transit time (MTT), number of transit 

compartments (N), between subject variability for CL 
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a
  for the pooled model estimates with five batches geometric 

accumulation in simulation scenario 2. The horizontal line within each 

subplot is the zero percentage. There are five iterations in this simulation, 

which is labelled as I1 to I5. 



Appendix A2 

 228  

 

Figure A2.4: Boxplots of the percentage relative error (%RE) for clearance 

(CL), volume of distribution (V), mean transit time (MTT) , number of transit 

compartments (N), between subject variability for CL 
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a
  for the covariate model estimates of obese patients with five batches 

geometric accumulation. The horizontal line within each subplot is the zero 

percentage. There are five iterations in this simulation, which is labelled as I1 

to I5. 
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Figure A2.5: Boxplots of percentage relative error (%RE) for final estimates 

of clearance (CL), volume of distribution (V), mean transit time (MTT) , 

number of transit compartments (N), between subject variability for CL 
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a
  in simulation scenario 2 with five batches 

geometric accumulation. “Iter 5” represents the estimates obtained in the 

fifth iteration of the D-optimal ABS. “ND” represents the estimates obtained 

if the eight sampling time point D-optimal design located for the normal 

weight patient model is applied directly to study the obese patients. “T to T” 

represents the estimates obtained if the obese patients study design is the 

eight sampling time point D-optimal design optimised at the obese population 

mean parameter value. The horizontal line within each subplot is the zero 

percentage. 
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Figure A2.6: Boxplots of percentage relative error (%RE) for final estimates 

in the last iteration of simulation scenario 2. Lin 5 represents the fifth 

iteration estimates for five batches linear accumulation. Geo 5 represents the 

fifth iteration estimates for five batches geometric accumulation. Lin 3 

represents the third iteration estimates for three batches linear accumulation. 

Geo 3 represents the third iteration estimates for three batches geometric 

accumulation. Parameters: clearance (CL), volume of distribution (V), mean 

transit time (MTT), number of transit compartments (N), between subject 

variability for CL 
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Appendix A3: Pseudo-code for recursive 

random sampling method 

Input:   Optimal design, DΞ  = 






 D

s

DD
ttt ,,, 21   

   Design range, T 

   Efficiency of sampling windows, %  

   Number of iterations, k 

Output: Sampling windows, w 

Initialisation: 
     

















 D

s

DD

s tttttt ,,,,,, 21

00

2

0

1   

       1iter   

Procedure: 

while iter ≤ k do 

 for j = 1 to s do  

determine 
)(iter

ja , 
)(iter

jb   

  conditioned on     






 



)1()1(

1

)(

1

)(

1 ,,,,,
iter

s

iter

j

iter

j

iter
tttt   
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 randomly sample 
)(iter

jt  following 
   
















 iter

j

iter

jj bapdf ,  

 end for 

   iter = iter + 1 

end while 

for iter = 1 to k do 

Arrange the boundaries in acceding order for windows with flip-flop 

end for 

w   Using equation 6.5, determine the lower and upper bounds of the sampling 

windows 

 


