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Abstract
This research project develops an adaptable framework for simulating hydroelastic interaction using acceleration potential techniques. Finite Element methods
are used to solve for the motion of the ﬂuid and of an elastic beam, which are
coupled through Bernoulli’s nonlinear pressure equation and a nonlinear acceleration potential. Sensitivity tests are presented to quantify the eﬀects of changes to
the numerical parameters of the method, and to demonstrate that such eﬀects are
acceptably small for the type of conﬁgurations that we consider.
An extended discussion and comparison of a variety of nonlinear beam models
is included, both to show the adaptability of this approach and to quantitatively
establish the impact on the hydroelastic problem of various assumptions in the
standard, linear beam theory. Additional research pathways under investigation
are presented, alongside some initial ﬁndings, to further demonstrate the potential
scope of this approach.
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Chapter 1
Introduction
Every year, millions of square kilometres of sea ice forms and thaws, ﬂexing,
ridging and dispersing throughout the polar seascapes (Houghton, 1985). Not
only do these vast, transient plains provide habitat to much of the polar fauna,
they contribute to global weather patterns, reﬂecting solar radiation and altering
thermohaline currents (e.g., Eamer et al., 2007, Ebert and Curry, 1993). Polar sea
ice provides natural platforms for human activity, academic and commercial, and
represents some of the most striking, alien and challenging terrain on Earth.
Modelling sea ice and its interaction with the ocean is an indispensible component
of a thorough understanding of the physical behaviour of our world.
As technology has advanced, maritime developments have been at the forefront. Naval nuclear reactors were being tested two years before a full-scale
reactor had been successfully attached to a power grid. Marconi’s commercial
radio technology, which was deployed on White Star Lines ships shortly after the
turn of the 20th century, introduced a new age of communication. However, the
dramatic sinking of one of those ships, the Titanic, just over one hundred years
ago, serves as a reminder that a theoretical and practical knowledge of the principles of marine engineering is as vital to human safety as to human progress.

Figure 1.1. Governor Albert D. Rosellini Bridge - Evergreen Point [WA., USA]

These two areas of research, ice physics and marine engineering, meet in the
ﬁeld of hydroelasticity. That is, the study of interactions between ocean waves
and ﬂoating elastic bodies, such as large ice ﬂoes or pontoon-like platforms. At
1
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the edge of the sea ice cover, in a region termed the marginal ice zone (MIZ), dispersed ice ﬂoes often have similar sizes and physical characteristics to some of the
more ambitious Very Large Floating Structure projects. Indeed, as we discuss in
more detail later, both can be described using the same mathematical models. At
these length scales, elastic eﬀects are important, and engineers and polar navigators must be aware of the behaviour particular to bodies of that size. Some of the
larger pontoon-like ﬂoating structures can be well over 1 km, with the Evergreen
Point Floating Bridge, the world’s largest, measuring well over 2 km and carrying
a major road link out of Seattle. The photograph in Figure 1.1 was taken at
height from a commercial airliner; the buildings and yachts provide scale. On ice
roads, a particularly ﬁne example of the synergy of the two ﬁelds, strict speed
limits for trucks have to be kept to avoid generating a bow-wave under the ice
that could potentially fracture the road (Squire et al., 1987; Gold et al., 1971).
Despite this, much more work is required to provide fully satisfactory models
of hydroelasticity, even in relatively standard conditions. Korobkin et al. (2011)
describes the inherent mathematical challenges in hydroelasticity as the main barrier to progress in the ﬁeld, both theoretically and practically.
Changes in the global climate are predicted to bring some movement of severe
tropical and extratropical weather patterns (Bengtsson et al., 2006; Yin, 2005).
As such, research into the behaviour of both ﬂoating structures and sea ice in
storm conditions and extreme wave behaviour is especially pertinent.
In this work, we wish to develop a framework where various mathematical
models of ocean, ﬂoating structures and ice may be exchanged depending on the
circumstances. This is our primary research aim. Existing solvers for wave–structure interaction are generally constrained to a single set of modelling assumptions,
where new ideas or adaptations require a new approach. This allows for highly
tailored, numerically precise algorithms that can quickly predict the motion of a
theoretical ﬂoating body to well within the bounds of measurement error. However, to understand the motion of a realistic, in situ elastic ﬂoating body, it is of
beneﬁt to omit some of the unphysical assumptions made by these standard, analytical hydroelastic models, according to the speciﬁc setting.
As such, we explore a system for interchanging an expandable set of submodels of elasticity and ﬂuid dynamics, using highly adaptable, numerically
focused methods. These may not provide results as quickly or with as high consistency as a uniﬁed, highly-analytic hydroelastic solver, but allow us to selectively
include additional real-world eﬀects and to improve modelling of in-ﬁeld
behaviour.
As part of this adaptability, we allow the modeller, rather than the method, to
choose the trade-oﬀ between accuracy and computation time, and the means of
doing so will be discussed in subsequent chapters. Moreover, we provide some
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demonstratory examples to show the scope for extension that is available under
this framework. For instance, it is possible to include arbitrary numbers of ﬂoes,
each with their own beam model, or cracking beams, without substantially
changing the method.
The overarching system that we employ is based on a family of Finite Element
approaches using the acceleration potential method of Tanizawa (1995). We have
exploited the ﬂexibility of this formulation to modularize the beam and ﬂuid
motion, allowing separate interchange of speciﬁc sub-models, to incorporate
advanced Finite Element techniques and to investigate real-world problems
beyond nonlinear wave interaction.
As noted by Korobkin et al. (2011), a blind, untailored pairing of standard
hydrodynamic and elastic numerical techniques is insuﬃcient to obtain an adequate solution of the hydroelastic problem. In particular, the free surface – body
interaction and the coupling of body acceleration with body forcing complicate
the process of ﬁnding a stable, eﬃcient method to analyse the complete problem
reliably. A change in the estimate of free surface motion can eﬀect the ﬂux under
the beam, substantially altering its elastic response, and consequently the acceleration of the ﬂuid near the free surface. It is therefore worth emphasizing that the
current work is largely a development of the basic articulated framework in such a
way that standard (or advanced) hydrodynamic and elastic models can be legitimately adapted to the hydroelastic context, with an exploration of some of the
beneﬁts that this provides. Korobkin et al. (2011) also remark that the expectation of some combined ﬂuid dynamics / Finite Element panacea is naïve, and this
has been our ﬁnding also. Limitations exist, such as our requirement that the free
surface not drop below the bottom of the beam, which bounds the steepness of
waves we can consider for a given draft. While we have presented some potential
work-arounds, it is infeasible, if even theoretically possible, to build a single,
highly-accurate, eﬃcient, catch-all algorithm. However, we believe that this work
represents some progress in that direction, providing many of the beneﬁts of such
a combined system, though requiring adaptation to the application to minimize
the drawbacks.
As a case in point of the adaptability of this framework, we provide an
extended study of the behaviour of multiple advanced beam models, to conﬁrm or
revise standard assumptions about what aspects of elasticity may be neglected.
Using this system, we demonstrate that for a moderately steep incident wave, the
linear theory is, in general, adequate but that certain nonlinear aspects of the
elasticity may need to be taken into account for the larger waves that may be
expected as a consequence of global warming.
As indicated above, we are particularly interested in incorporating models that
can eﬀectively represent steep wave eﬀects, since these scenarios frequently occur
and the risk of catastrophic consequences increases with the expansion of interest
in ﬂoating structures.
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Consequently, our key criteria for an eﬀective modelling approach are:
•

ability to easily interchange ﬂoe (or VLFS) and ﬂuid models,

•

adjustable balance of speed and accuracy,

•

framework for testing standard assumptions.

We will measure the suitability of our chosen method by its fulﬁlment of these criteria.
To allow us to contextualize the project, we begin by providing a basic mathematical description of the problem that will aid us in outlining relevant developments within the wide-ranging twin ﬁelds of sea ice and ﬂoating platform
research.
Firstly, we shall build a model of an ice ﬂoe or large pontoon with a relatively
large number of assumptions and simpliﬁcations. For example, we shall be
neglecting the multiple body problem, assuming the ice to be isotropic and incompressible, taking the ﬂuid to be irrotational, inviscid and incompressible, requiring
a constant depth and avoiding discussions of any non-wave forcing. Through various amendments and additions, we shall examine a cross-section of recent modelling approaches and solutions, still largely based around standard theory. In the
ﬁnal subsection, we shall relate this to the current research project by discussing a
few more complicated or computationally demanding approaches, which aim to
represent more realistically the eﬀects of extreme wave behaviour.
Hegarty and Squire (2008) discuss the need for a greater understanding of the
response of an ice ﬂoe or very large ﬂoating structure (VLFS) to high seas, in the
context of climate change. As seas become rougher, ice bordering the Southern
Oceans and structures in the littoral zones will be subjected to increased stresses
and, in both ﬁelds, it is important to have a modelling strategy to predict the
outcome of these nonlinear wave events.
The key and underpinning idea in the analysis presented herein, is that an ice
ﬂoe and a VLFS may be modelled by the same methods and will be considered to
be interchangeable, being jointly termed compliant rafts or bodies (Squire, 2008).
We do, however, brieﬂy describe some of the distinct concepts behind the two
research themes, to help illustrate the separate settings on which the joint models
are based.
Watanabe et al. (2004b) make an interesting case for the priority of studying
ﬂoating structures, at least in empirical terms, referencing King Xerxes’ ﬂoating
bridges across the Hellespont (constructed in approximately 480BC) at the head
of a wide variety of structures identiﬁed in their extensive review. Nonetheless,
the roots of theoretical research into sea ice ﬂexure and VLFS hydroelasticity can
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be traced back as far as Alfred George Greenhill’s seminal paper on hydrodynamics in 1887 (Greenhill, 1886-1887), in which the author treats the motion of
water under a layer of elastic ice. Squire (2008) attributes the ﬁrst quantitative
analysis in the joint ﬁeld of the 2D plate problem to Evans and Davies in their
1968 paper based on the Wiener-Hopf method (below). In fact, it is interesting to
note, as Greenhill does, that the ﬁrst material for which Young’s modulus of elasticity was experimentally estimated was indeed ice.
We shall consider some of the context-speciﬁc research surrounding ice ﬂoes
and VLFS in the following sections, before discussing the mathematical theory
that undergirds them both, as compliant bodies.

Figure 1.2. Illustration of the basic ﬂoe problem (shown in 3D for clarity). For the
majority of work in this thesis, a single ﬂoe is considered. This corresponds to the
assumption that neighbouring ﬂoes are suﬃciently distant that their contribution is negligible. As shown in later chapters, this requirement is for convenience of exposition and
is not a necessary condition of the implementation

1.1 Sea ice
Research into the mathematics surrounding sea ice has developed considerably
over the second half of the twentieth century. Hegarty and Squire (2008) cite connections between sea ice depletion and regional climates, and opportunities for the
commerical development of formerly inaccessible ice-covered areas, as motivational
factors encouraging further research into the break-up of ice sheets. This break-up
may be catalysed by increasingly violent ocean waves, a process which may only
be accurately modelled through a deeper understanding of ice ﬂoe responses to
nonlinear wave action. We include a short discussion to help illustrate the environment of and external factors aﬀecting ice ﬂoes.
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Squire et al. (1995) discuss ice ﬂoe dynamics in the region between shore-fast
ice and open water, that is, the marginal ice zone (MIZ) referred to in the
opening section. They characterize it as an array of ice fragments, with a spectrum of lengths decreasing radially from the broadest bodies near the interior ice
sheet to the smallest at the perimeter of the ﬁeld. Wave amplitude is attenuated
as waves move into the ﬁeld and the authors explain this eﬀect by the response of
the ﬂoes, which ﬁlter out increasingly large wavelengths as the train penetrates
from the ocean. Wadhams (1973) reports upon ice ﬁeld attentuation, noting that
a ﬁnite series of ﬂoes having a diameter at least double the wavelength and in
narrow separation will be well approximated by a continuous ice sheet, so that
our particular interest in this study will lie further out in the MIZ. Figure 1.2
illustrates a neighbourhood of ﬂoes in the MIZ.
Complementary to the aforementioned impact of ﬂoe distribution on the wave
train, Meylan and Squire (1994) state that wave action in the MIZ is the primary
factor aﬀecting ﬂoe size within the region. Despite this feedback loop, the single
ﬂoe model forms a useful basis for understanding ice-ﬁeld mechanics and can
even, under amenable formulation, be extended to a multiple ﬂoe set-up.
A number of other physical processes aﬀecting the incoming ocean wave
through the ice-cover interaction are identiﬁed by Squire et al. (1995), including
viscoelasticity, ﬂoe-ﬂoe interaction, pressure ridges, ﬂoe surging and storms; it is
clear that a robust understanding of the action of waves on a ﬂoe is necessary to
an understanding of the physics of cold regions.

1.2 Very Large Floating Structures
There are two broad categories into which VLFS may be split, pontoon-type and
semi-submersible (Watanabe et al., 2004a). It is the former which most interests
us, as these designs are amenable to analysis through similar techniques to sea ice.
As such, we shall reserve the term VLFS speciﬁcally for pontoon-type structures.
Floating platforms can provide practical solutions to a number of problems facing
commercial organisations and of public interest, often stemming from a shortage
of real estate in coastal areas. In favourable situations, VLFS can provide an economical alternative to land reclamation and can allow for considerably reduced
environmental impact (Watanabe et al., 2004a). Examples include the Mega-Float
airport in Tokyo bay (Seto et al., 2005; Ohmatsu, 2005); Suzuki (2005) presents
an overview of the nature, technicalities and context of this particular structure.
The expensive investment in the construction and maintenance of ﬂoating platforms necessitates development of a practical, robust framework for the prediction
of wave-response and structural integrity.

1.2 Very Large Floating Structures
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Ohmatsu (2005) identiﬁes two deﬁning characteristics of a VLFS: the wavelengths of interest are small relative to horizontal structure size and bending
rigidity is low enough that hydroelastic eﬀects dominate over the rigid-body
mechanics. It is notable that experimental results show VLFS deﬂections may be
greater than 1 m under certain conditions (Chen et al., 2003a). In fact, in his
paper based on a bi-cubic B-spline function method, Kashiwagi (1998) demonstrates the importance of considering hydroelastic eﬀects on a 5 km raft even at
wavelengths of 25 m or less.
In their report on VLFS applications, analysis and design,
Watanabe et al. (2004b) identify a number of considerations within VLFS construction beyond those of land-based structures, including the magnitude of horizontal wave forces relative to other (non-seismic) horizontal forces, salt-water corrosion, fatigue due to repetitive wave forces and the practicalities of mooring.
Chen et al. (2005) emphasise the diﬀerences in VLFS design compared to other
ﬂoating structures, referring to the small stiﬀness and plate-like behaviour, while
Murai et al. (1999) consider their uniqueness characterized by their small relative
bending rigidity and small relative wavelength (compared to the length scale of
the body). As a result of this uniqueness, a largely independent corpus of VLFS
literature has grown to develop understanding of the particular needs and nature
of these peculiar structures. For a pragmatic analysis of design considerations for
VLFS, ISSC (2006) and Watanabe et al. (2004b) are highly informative texts.
In the aforementioned report by Watanabe et al. the authors identify a wide
variety of external loads for inclusion in VLFS design which, potentially, may be
experienced by such a ﬂoating structure; not least among these, the dead weight
of the structure, hydrostatic pressure and wave action, but also wind load, tidal
change, snowfall and incident sea-creature action to name but a few. We primarily restrict our attention to the ﬁrst three.
Watanabe et al. (2004a) attribute the development of early full three-dimensional hydroelasticity theory to papers by the authors Bishop, Price and Wu
during the 1970s (for a slightly later discussion of their work, see Bishop et al.,
1986) who use a Green’s function in the water and the Finite Element method for
the ﬂoating body. However, as expanded upon below, other authors have consequently made use of a variety of numerical techniques to solve VLFS-associated
problems.
Works connected to the study of ﬂoating platforms represent a considerable
body of literature; as a case in point, Kostoﬀ (2003) amasses over 300 pages of
references directly relevant to the design of ﬂoating ocean platforms (or ‘sea
bases’) applying advanced data-mining techniques to selected databases, including
a speciﬁc VLFS database of over 500 works. As such, review articles form an
essential tool for research in this area; papers such as Watanabe et al. (2004a);
Ohmatsu (2005); Chen et al. (2005); Squire (2008), to name but a few recent
examples, have proved to be invaluable in the composition of this thesis.
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1.3 Ocean waves
Wang et al. (2007) emphasises the apparently random nature of ocean waves and
the consequent need for a statistical description. The Rayleigh distribution is recommended, though a spectrum-based approach may be used, using JONSWAP in
coastal areas or Pierson-Moskowitz away from the land (e.g. Meylan and Squire,
1994; Watanabe et al., 2004b). The author describes the wave train energy as a
kinetic component, associated with the circular path of individual particles and a
potential component acting through the undulating surface elevation.
Watanabe et al. (2004b) discuss some of the key characteristics of seawater
and waves in relation to compliant body behaviour. They remark that waves of
interest will be generated by wind, tidal or seismic action and may, given a suﬃciently long period, travel substantial distances before decaying below detection.
In the same report, they support the inclusion of regular waves in sea-modelling,
despite their unphysicality, noting that they form the building blocks of irregular
waves by superposition and may be described fully by wave period and height.
This latter feature is of great advantage in the mathematical analysis and underpins a number of the numerical methods described below.

1.4 Hydroelasticity
Chen et al. (2005) deﬁne hydroelasticity as the study of “the motion and distortion of deformable bodies responding to environmental excitations in the sea” and
credit Heller and Abramson for characterizing it as the examination of “phenomena involving interaction between inertial, hydrodynamic and elastic forces”.
Korobkin et al. (2011) refers to “the deformations of elastic bodies responding to
hydrodynamic excitations and simultaneously the modiﬁcation of these excitations
owing to the body deformation”. It is clear then, under all of these deﬁnitions,
that the study of compliant ﬂoating rafts falls squarely into this ﬁeld and that
VLFS and sea ice research form important components of the extensive body of
hydroelastic literature.
As a consequence, in both of these ﬁelds, mathematically parallel work has
been published, though these strands have been drawn together through recent
reviews of the joint corpus of literature, such as Squire (2007) and Squire (2008).
The direct connection can be seen most clearly in the area of linear wave theory
applied to thin elastic plates (e.g. Squire, 2008). Indeed, work in the ﬁeld of sea
ice research has been referenced in the VLFS literature and vice versa, (Ohkusu
and Namba, 1997; Hermans, 2000; Watanabe et al., 2004a; Kohout, 2008; Hegarty
and Squire, 2008).

1.4 Hydroelasticity
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Within the ﬁeld of sea-ice hydroelasticity, relevant experimental work is limited and often inadequate to analyse more recent theory (Squire, 2007). Within
the linear regime, recent experimental work includes that of Montiel et al. (2011),
who considered transient and frequency domain response of one or more ﬂoating
elastic plates in a wave tank, and Sakai and Hanai (2002), who considered the
ﬂexural behaviour of a ﬂoating plate in a wave ﬂume. Some discussion of experimental and theoretical hydroelasticity results in industrial applications is provided
by Ohmatsu (2005), particularly in regard to the Mega-ﬂoat project. As noted by
Squire (1984), carrying out measurements of nonlinear wave response can be challenging, costly and dangerous, reducing the availability of ﬁeld results. In a wave
tank, Yoshimoto et al. (1997) experimentally consider the (nonlinear) response of
a shallow-draft VLFS in the event of bottom slamming. However, our primary
consideration in this research is the numerical signiﬁcance of the modelling
assumptions, and we defer experimental comparison to future work.
The core challenge of the hydroelastic model is, as highlighted by
Murai et al. (1999), that the ﬂow ﬁeld must be understood to predict the raft
response, yet the raft forcing must be known to solve for the ﬂow ﬁeld. Hence, we
have a coupled problem.
Watanabe et al. (2004b) identify the following assumptions commonly made in
basic VLFS models, which also apply in the ice ﬂoe case:
•

the body may be modelled as an elastic plate with free edges

•

only plate motion in the z-direction need be considered (no surge motion)

•

the ﬂuid medium may be regarded as inviscid and irrotational

•

incident waves and plate responses are of small amplitude relative to the
VLFS dimensions

•

no gaps form between the plate and the free surface

It is usual to append incompressibility assumptions for the ﬂuid and plate to this
framework. In various situations, it is favourable to neglect or adapt some of
these assumptions, developing ﬂexible models to cope with more realistic or context-speciﬁc hydroelastic systems and we shall discuss these possibilities later.
Ohmatsu (2005) identiﬁes the need for speciﬁc methods as a product of the
prohibitive computational demands placed by standard, general techniques. While
many other factors also come into play, a trade-oﬀ between the complexity of
theory and size of the resulting numerical problem is generally apparent. Basic
approaches can often be applied to a wide variety of formulations but computational constraints motivate more technically involved methods, which allow a
reduction in size of the numerical problem.
However, it may be seen below that this investment of time in developing
faster methods is often counterbalanced by the speciﬁc nature of such methods, as
the analytical beneﬁts follow from the stronger formulation. For example, a
number of the techniques used in the linear thin-plate model will not extend to
certain nonlinear scenarios.
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To give us a basis for understanding we will begin by outlining a simplestapproximation model to illustrate the point, including assumptions that may have
to be amended or removed as we build conceptually to a more realistic problem.

1.5 Basic model
Before we enter into a more technical discussion, contrasting extant modelling
approaches, it is useful to begin with a fundamental framework and to construct a
generalised theory upon this basis of understanding, adjusting, superceding or
losing our convenient assumptions and approximations along the way.
It often proves possible to build independently in diﬀerent directions, treating
speciﬁc nonlinearities in an otherwise simple blueprint, or introducing further
approximations to more analytically involved schemes.
In this spirit, we introduce the compliant body problem under a theory of
linear potential and linearized hydroelasticity, allowing us to develop nonlinear
aspects and more complicated ﬂuid models subsequently.
For simplicity, we will generally assume a constant depth of ﬂuid and isotropy
in the plate.

Figure 1.3. Schematic diagram of a basic 1-dimensional plate (beam) modelling
problem. The solid boundaries are denoted by ΓW , the free-surface by ΓF and the ﬂuid
domain by Ω. The surface displacement is given by z = ζ(x)

1.5.1 Mathematical framework
In the case of a two dimensional ﬂuid, the mathematical problem is more thoroughly described, with appropriate derivations, in Chapter 2. That exposition will
add a number of restrictions particular to our research. To permit a more general
discussion of the literature, we provide a brief theoretical introduction here.
Unless otherwise speciﬁed, we use plate to refer either to a plate or beam,
depending on the problem’s physical dimension.
We begin by considering an irrotational, inviscid, incompressible ﬂuid. In the
context of ocean waves this forms a useful approximation as we have no concern
for shocks and we have a low-viscosity medium (further discussion in Section
1.7.4). This model permits a smooth potential φ to be deﬁned such that,
∇2 φ = 0,
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where the ﬂuid velocity at a point is given by ∇ φ (Batchelor, 1970). To describe
a well-deﬁned problem, we must set boundary conditions for the ﬁxed computational extents ΓW and for a free surface ΓF on which our body ﬂoats (Figure 1.3,
omitting body).
The normal velocity at the ﬁxed boundary ΓW we take to be zero, treating the
domain as a closed box, with no through-ﬂow, so that
φn = v · n = 0 on ΓW ,
where n is the outward normal and v is the velocity of the ﬂuid. Our remaining
boundary (prior to adding a ﬂoating body), is the free surface ΓF . We describe
this via a function ζ(x), x ∈ ΓF , being the vertical signed distance from the mean
free surface, z = 0, where upward deﬂection is positive. As the vertical velocities
of the ﬂuid at the surface and of the boundary must match, we obtain a kinematic condition,
φz = ζt on ΓF .

(1.1)

To close the system, we require another constraint on ζ. Noting that on our free
surface, water-pressure must match atmospheric pressure, we wish to invoke a formula connecting water pressure to our solution variables, φ and ζ. As such, we
invoke Bernoulli’s equation for pressure in a potential ﬂow, given as
1
p = pa − ρw φt − g ρw z − ρw |∇ φ|2 in Ω,
(1.2)
2
where ρw is water density, pa is atmospheric pressure and g is gravitational acceleration (Batchelor, 1970). To obtain the free-surface condition, we set p = pa at
z = ζ to get
1
(1.3)
φt = −g ζ − |∇ φ|2 on ΓF .
2
It is worth noting that this equation may be rewritten solely in terms of the
potential and its derivatives by taking the time-derivative of Equation 1.3 and
substituting in Equation 1.1 (for further discussion of the uses of this formulation,
see Phillips, 1977). As indicated above, we shall ﬁrstly constrain ourselves to the
mathematically simplest convenient case and note that, by neglecting the |∇ φ|2
term, the above conditions generate the linear system of potential theory. As
such, we recast our Bernoulli equation in linearized form,
φt = −g ζ on ΓF .

(1.4)

To add a body ﬂoating on the waves, we begin by assuming zero draft, so that
our body may be described by a portion of the ﬂuid boundary, ΓS ⊂ ∂ Ω and its
action on the waves through pressure-forcing, i.e. through Eq. 1.2 replacing p by
a separate equation of hydroelasticity.
We take a simple Euler-Bernoulli beam model (or, if a 2D body ﬂoating in a
3D ﬂuid, a Kirchoﬀ thin plate), which requires,
D ∇4 ζ + ρR h ζtt = p on ΓB ,

(1.5)
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where D is the ﬂexural rigidity, ρR is the density of the plate and h is the depth
of the plate. Inserting this into the Bernoulli equation (1.2) and taking pa = 0
without loss of generality, gives
1
D ∇4 ζ + ρR h ζtt + ρ φt + g ρ ζ + ρ |∇ φ2| = 0 on ΓB .
2
In the linearized version, we again neglect the |∇ φ2| term.
Some solution procedures, require a horizontally inﬁnite domain in which case,
we must replace the vertical boundary conditions on ΓW . An alternative constraint described in John (1950) or Wehausen and Laitone (1960) is then required;
the Sommerﬁeld radiation condition on the potential ensures we have only outgoing waves at inﬁnity and closes the ﬂuid problem. This is stated below. We
may also extend the domain downward for inﬁnite depth, in which case we prescribe
lim φz = 0,

z→−∞

this being the limit equivalent of the ﬁnite-depth condition. For the moment, to
allow us to develop a complete boundary value problem (BVP) without additional
constructions needed for the inﬁnite domain, we assume Ω is bounded.
Utsunomiya and Watanabe (2002) state the linear problem for a ﬁnite draft,
by including a boundary condition of the form
φn = 0 on ΓV ,
for ΓV , the submerged portion of the vertical walls of the body. Tkacheva (2003)
notes that if the wavelength is of the order of the plate thickness, the draft must
be taken into account and, moreover, we shall see the reﬂection of nearly all wave
energy at the surface by the beam. However, most of the methods outlined below
neglect draft.
Note that the zero-draft assumption allows us to describe the inﬂuence of the
plate on the ﬂuid (and vice versa) as a modiﬁed free-surface condition, viz. a
region of the upper boundary where the pressure condition is given by a diﬀerent
formula to the free surface. Methods which incorporate the plate into the
boundary conditions of the ﬂuid problem are termed pressure distribution
methods. In fact, Chen et al. (2005) characterize pressure distribution methods as
essentially a subset of the Boundary Element methods (BEM) with a zero-draft
assumption.
To maintain continuity of the bending moment and shearing stress, and to
prescribe fully the complete hydroelastic problem, Fox and Squire (1994) derive
the following equation which must hold along the boundary of the plate.
∂2 ζ ∂3 ζ
∂3 ζ
∂2 ζ
+
ν
=
+
(2
−
ν)
= 0 on ∂ ΓB ,
∂ s2 ∂ n3
∂ n ∂ s2
∂ n2
where ν is Poisson’s ratio. The terms n and s denote the normal and tangent
along ∂ ΓB respectively (this can be contracted for a beam, ignoring tangent
derivatives and setting n to be ±x as appropriate).
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By the free surface arguments above, the kinematic condition still applies on
ΓB , so we may state our complete ﬁnite-space linear-potential thin-plate theory as
follows
∇2 φ
φz
φ˙
D ∇4 ζ + ρR h ζ¨ + ρ φ̇ + g ρ ζ
φn
2
3
3
2
∂ ζ ∂ ζ
∂ ζ
∂ ζ
+ν 2 =
+ (2 − ν)
∂s
∂ n3
∂ n ∂ s2
∂ n2

= 0
= ζ˙
= −g ζ
= 0
= 0

in
Ω
on ΓB ∪ ΓF
on
ΓF
on
ΓB
on
ΓW

=

on

0

(1.6)

∂ ΓB

This system must be solved for φ and ζ simultaneously. In the following section,
we turn to a brief discussion of available techniques for solving this and other similar formulations.

1.6 Solution methods
One of the key distinctions between solution methods is the choice of a timedomain or frequency-domain approach, as detailed by Watanabe et al. (2004b). In
both cases, our solution technique may dictate whether or not the computational
domain must or must not be bounded; in the latter case, we must make adjustments to the system described in Equations 1.6 by, for example, constraining ourselves to harmonic waves only.

1.6.1 Frequency domain models
Underlying the frequency domain model is the assumption that motion may be
adequately represented by a time-harmonic solution and that we can write,
ζ(x, t) = Re[ζˆ(x) e−iωt]
φ(x, t) = Re[φ̂(x) e−iωt]

(1.7)

for a given frequency ω and complex-valued functions ζˆ, φˆ (John, 1950). We can
also consider this as an examination of the frequency response of the system,
where we can expect to characterize the general behaviour by the response of the
system for various ω and initial conditions. As such, we deﬁne an incident wave,
φinc and consider the resulting scattering due to the plate. John (1950) explains
that we may take our potential to be a sum of the incident potential, which may
be described as the potential were there no body, and a secondary potential that
results from the body’s response to the incident wave. It is helpful to observe that
this summation is permitted by the choice of a fully linear formulation.
For simplicity, during the discussion of time-harmonic models we shall drop
the circumﬂex and consider ζ and φ as functions of x alone.
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If we wish to use a horizontally inﬁnite domain, we must replace our vertical
ΓW conditions by the aforementioned Sommerﬁeld radiation condition (written as
per Meylan, 2001; Wang and Meylan, 2003),


√
∂
2
lim r
− i ω (φ − φinc) = 0,
∂r
r→∞
where r = |x| and φinc is the incident wave potential.
In fact, if we consider time-harmonic forcing of a frequency ω, Meylan (2001)
notes that the linearity of the system ensures all time-dependent quantities have
the same time-harmonic nature, with frequency ω. Since our linear assumptions
tell us that a new forcing wave may be constructed by summing these building
block wavelets and, moreover, that we may sum the component solutions to ﬁnd a
solution of the new problem, we can then justify consideration of the time-harmonic problem as the basis of a more general (linear) setting. As a case in point,
Watanabe et al. (2004b) consider wind-generated waves characterizable by such
summations. In fact, Fox and Squire (1994) remind us that that any ﬁnite-energy
incident wave may be characterized as a (possibly inﬁnite) sum of harmonic
waves, so, within the conﬁnes of linear theory, no theoretical restriction has
occurred. It should be noted, however, that only steady-state waves may be
described in this way and such treatments entirely neglect irregular activity.
The form of the motions described in Equation 1.7 may substituted into Equations 1.6 to render the the system amenable to study as a solely spatial problem.
This allows a general solution for a given ω and all time. As such, some frequency
domain approaches have the beneﬁt of requiring only one computationally
involved calculation for a given frequency, where a time-domain approach would
demand a numerical solution for each time-step. Time-domain solutions, however,
are not constrained to dealing with time-harmonic problems and so do not require
a single-frequency wave.
In the time-harmonic assumption, one method of solution is to rephrase the
problem in terms of a Green’s function, a technique particularly prevalent in sea
ice literature, alongside eigenfunction-matching methods. A closed form of an
appropriate Green’s function is derived by John (1950) satisfying not only the
(ﬁnite distance) boundary conditions, but also the radiation condition. This construction is used by a variety of authors working in amenable frameworks, to
develop distinct methods, e.g. Wehausen and Laitone (1960); Chen et al. (2003a);
Wang and Meylan (2003); Andrianov and Hermans (2006); Squire (2008). Using
this function, a Fredholm integral equation over the body surface may be derived
(Teng and Eatock Taylor, 1995), lowering the dimension of the required numerical
integration. In fact, considering the plate discretization, this is simply a zero-draft
BEM (Chen et al., 2005). Wang et al. (1997) provide some eﬀective optimization
techniques for Green’s function methods for a discretized plate, including a truncation of the terms of a Green’s function when the distance between source and
potential is large.
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Eigenfunction-matching methods
provide
an
alternative
approach
(Ohmatsu, 2005). The potentials beneath the plate and in the open-water
region(s) are expanded in terms of eigenfunctions of the governing equations and
matched via a continuity assumption on the boundaries between them. Early
approximate solutions included Wadhams (1973) and Squire (1984), where an
incomplete set of eigenmodes were derived for each region (the region under the
ﬂoe and the remaining connected regions) and the unknown coeﬃcients matched
where the region boundaries meet the surface. This provided a solution for the
potential which was relatively easy to achieve, though there was no guarantee of
matching inside the ﬂuid. Fox and Squire (1994) extended this method to give a
precise solution for ﬁnite depth, requiring the minimization of an error integral.
More recently, Hermans (2003a), Kohout et al. (2007) and Montiel et al. (2011)
have applied this basic matching formulation with alternative solution procedures.
Other alternatives include the approach used by Gayen et al. (2005), in the 2D
problem (speciﬁcally, 3D problem with homogeneous y axis) to convert the whole
problem into two coupled singular integral equations, based on similar work by
Chakrabarti (2000) for the related semi-inﬁnite ice-sheet problem. The WienerHopf method is another technique in this semi-inﬁnite case, developed for sea ice
by Evans and Davies (discussed by Evans, 2005). In this method, the potential is
divided, as with eigenfunction matching methods, into regions under and outside
the ice. It is then Fourier transformed to give a problem of two overlapping analytic functions in the complex plane and used to derive a suitable function, which
may be solved for by the Wiener-Hopf method of complex analysis. This problem
was solved for the semi-inﬁnite scenario by Balmforth and Craster (1999),
Tkacheva (2001) and others, providing a closed solution for a given incident waveform. Tkacheva (2003) brings this back to the compliant body case, by adapting
the Weiner-Hopf method for use in a ﬁnite plate; the author remarks that this
technique matches well with other numerical techniques even at short wavelengths.
Using
alternative
techniques
from
complex
analysis,
Chung and Linton (2003) apply residue calculus to suitably chosen functions, providing a simpler alterative to the Wiener-Hopf approach in the semi-inﬁnite case.
Within the frequency-based methods, a decision must be made regarding the
nature of the solution in the plate, by choosing a method in one of two broad categories (Liu and Sakai, 2002; Watanabe et al., 2004a; Ohmatsu, 2005). In the ﬁrst
set of options, ‘modal expansion methods’ (not to be confused with eigenfunction
matching methods), one approximates the elastic motion by a ﬁnite sum of modal
functions and their complex amplitudes; Chen et al. (2005) remark on the popularity of these methods. They lead to a two-part process: resolution of the modes
in a preparatory step, followed by a solution of the linear algebra problem in
amplitudes, generated by the governing equations (Watanabe et al., 2004a). The
second family, of so-called ‘direct’ methods (or ‘mesh’ methods, Ohmatsu, 2005),
bypass any separate consideration of the eigenfunctions by applying Finite Ele-
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ment techniques to the time-harmonic hydroelastic problem as presented.
Ohmatsu (2005) helpfully classiﬁes a selection of relevant literature into this primary division and a number of sub-categories, highlighting the fundamental
nature of this distinction for numerical frequency-domain methods. This may be
combined with one of the approaches for approximating the potential described
above: Wu et al. (1995) apply both eigenfunction-matching for φ and modal
expansion for ζ, as does, for example, Ohmatsu (2000) who describes an analytical solution for the coeﬃcient of the ﬂuid force, allowing for a particularly fast
code (in fact, one which was used in the design of the Tokyo Bay Mega-Float airport).
The modal expansion methods require the modeller to choose a set of modal
functions a priori (Bishop et al., 1986; Newman, 1994); typically, these will be
the ‘dry modes’ (Meylan, 2001) or the ‘wet modes’ of the structure, though the
use of other families of functions has produced rewarding results (Newman, 1994).
The dry modes are the eigenmodes of the structure freely vibrating in isolation,
that is, the rigid-body motions and a countable inﬁnity of elastic modes of vibration. In contrast, the wet modes are the eigenmodes of the structure in the full
hydroelastic problem. Clearly, the wet modes require more involved calculations
to resolve than the dry modes, though most of the work is done once this has
been achieved. Hamamoto and Fujita (2002) point to the practical nature of wetmodes and note that they can provide a useful tool for damage prediction and
detection.
Much of the work over the last two decades has been based on the dry-mode
expansion approach (e.g. Meylan and Squire, 1994; Chen et al., 2003a; Wu et al.,
1995) and, while Meylan (2001) notes the advantage of choosing easily calculable
modal functions over dry-modes, he also remarks that the latter allow us to avoid
solving for the plate alongside the water in the second step. In the 2D plate (3D
problem), the dry mode approach becomes more challenging, as products of freefree beam modes do not correctly satisfy the free plate boundary conditions
(Eatock Taylor and Ohkusu, 2000), though they can still be used eﬀectively
(Kashiwagi, 1998).
For a general plate shape, numerical methods are required to derive these wet
or dry modal functions (Meylan, 2001) though it is possible to determine the
eigenfunctions analytically in certain speciﬁc cases (Utsunomiya, 2007) (e.g. for a
circular ﬂoe, Meylan and Squire, 1996). Kashiwagi (1998) identiﬁes a disadvantageous dependence on high accuracy in these calculations, when dealing with very
short wavelengths, and instead uses a B-spline Galerkin method to capture
shorter wavelengths eﬀectively, reducing the number of unknowns while maintaining accuracy.
Still within the time-harmonic family, direct methods generally involve discretizing the plate at the outset and using a Galerkin formulation to reduce the
original equations to a linear problem in terms of the displacement and the poten-
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tial. This method avoids the error introduced by truncating the series expansion
of the modal expansion method, though it leads to a much larger system of
unknowns (Seto et al., 2005).
Hermans (2000) approaches the problem on a slightly diﬀerent tack, contracting the surface conditions and elasticity equation into an integro-diﬀerential
equation for the potential alone. He considers both the mode-expansion and
direct (ﬁnite-diﬀerence) approaches in the 1D case, though only the direct method
can be extended to the next dimension. Much of the work in this approach is
taken by numerical integration, with the remainder applied to solve a full matrix
of O(n) dimensions, (n, the number of collocation points). Hermans (2003a), however, chooses a set of ‘ray-functions’ eiKSn(x) as modal functions to apply the
mode-expansion method, Sn(x) being real-valued phase functions. More physical
boundary conditions are applied such that this expansion-based ray method may
be used in three dimensions.

1.6.2 Time domain models
If we wish to examine highly irregular waves or nonlinear waves, we will need a
time-domain approach (Ohmatsu, 2005; Kashiwagi, 2000). These break down into
two distinct categories (Watanabe et al., 2004a): those which apply frequencydomain techniques to the ﬂuid domain, then use a Fourier transform to couple
them with the elasticity equations in the time-domain, and those which
apply ‘direct time integration’. Within the linear context, the convenience of the
frequency-domain approach gives it a considerable advantage. Once we extend to
a nonlinear wave context, however, these time-domain approaches become the
foundation of our study (Liu and Sakai, 2002; Watanabe et al., 2004a; Watanabe
et al., 2004b). The frequency domain model is based on the assumption that
waves may be expressed as a linear sum of basic single-frequency waves,
neglecting second order interaction. Chen et al. (2005), however, note that some
nonlinearities may be treated in the frequency domain, remarking that the ineﬃciency of the time-domain approach should lead us to adopt it only in cases where
nonlinear considerations demand.
Another drawback of the time-domain approach is noted by
Wu and Eatock Taylor (1995): as error accumulates over time, shorter timesteps
will be needed such that total computation time may not increase in proportion
to the ﬁnal theoretical time. As such, highly-accurate methods will be needed to
slow degradation of the solution. In that paper, a summary is given of the direct
process. The Bernoulli equation gives the force on the structure and the elastic
equation, the response; the standard equation converts the force to acceleration,
which may be integrated over the time-step to give a new velocity and, moreover,
displacement. This provides us with the tools to solve the equations at the next
step.
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1.6.3 Fluid discretization approaches
The Boundary Element methods (or Green’s function methods with discretization, in zero draft) have been popular, as they reduce the dimensions of the
resulting matrix from O(n3) to O(n2), (1D body, O(n2) to O(n)) for n the
number of cells in a given direction. They have gained a degree of popularity,
combined with FEM in the plate (e.g. Hamamoto and Fujita, 2002).
Utsunomiya (2007) highlights the capacity of FEM (in the plate) to deal with
complicated geometries, making them particularly useful for dealing with realistic
bodies.
However, FEM in the ﬂuid have retained popularity as they lead to sparse
matrices, while BEM generally give full ones; Wu and Eatock Taylor (1995)
provide a comparative study. We shall expand upon this point in Chapter 2.
Furthermore, they identify another diﬃculty with BEM, in a time domain context: the computational domain must be ﬁnite so, as waves propagate outwards,
the problem becomes arbitrarily large and a truncation with appropriate
boundary conditions must be found. Wu and Eatock Taylor (2003) remark that,
(prior to 2000) all suggested possibilities for the nonlinear case are incomplete.
Conversely, in rafts of general shape and, again, in the time domain context,
they suggest that the advantages of FEM may be annulled by the need for computationally demanding mesh generation at every timestep. They extend
Wu and Eatock Taylor (1995) by proposing a coupled methodology, using both
BEM and FEM, the former on an inner region containing the origin, the latter on
the complementary region surrounding it. We reserve a deeper discussion of the
literature around such rigid body methods until our Finite Element exposition
(Chapter 3).

1.7 Extensions of the basic model
In certain physical situations, steep water waves1.1 may impact on the compliant
body, for which the assumption of small, sinusoidal waveforms is no longer appropriate (Linton and McIver, 2001; Liu and Sakai, 2002). Inside the basic models
presented earlier, there are a number of simpliﬁcations and linear approximations,
many of which can be independently replaced with an alternative, possibly nonlinear formulation and separately considered as part of an otherwise basic system.
Often situations mandating improved accuracy in one respect may be particularly
well modelled by a loose approximation in another (e.g. viscosity in slamming
models, Faltinsen et al., 2004). Recognising this articulation, we will treat each of
1.1. That is, those
(Watanabe et al., 2004a)

where

the

product

of

wave-number

and

amplitude

is

large
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several conceptual groupings separately, with some brief remarks as to their combination.

1.7.1 Nonlinearity in the Bernoulli equation
Including the nonlinear term of the Bernoulli equation provides a natural extension of the original model, allowing for a greater ﬂexibility in the wave proﬁle.
Faltinsen (2000), though treating local rather than global cases, notes that nonlinear wave phenomena, such as bottom slamming, may have a signiﬁcant hydroelastic eﬀect on the structure. An in-depth discussion of bottom slamming for
VLFS is presented by Faltinsen et al. (2004). Wu and Eatock Taylor (1995) suggest that the most noticeable omissions in the linear theory are the slowly varying
drift forces and those related to “springing”, which require higher order terms to
be included.
We restate the Bernoulli free-surface condition (Equation 1.3),
φt = −g z −

1
|∇ φ|2 in Ω.
2

Neglecting the |∇ φ|2 term, we recover the linear free-surface condition (1.4). An
alternative nonlinear approach is outlined by Phillips (1977), where, given suﬃcient depth relative to wavelength and a small ratio of the nonlinear terms to the
linear ones, we may assume that the nonlinear eﬀect is characterized by a regular
perturbation about the linear solution. Phillips (1960) suggests that higher order
components in the free surface should be considered when the longest wave
lengths exceed the water depth. This parallels our ﬁndings on comparison with
nonlinear shallow water theories in Chapter 4. This technique is considered in
recent sea ice literature, e.g. Hegarty and Squire (2008).
Nonlinearity is especially important for waves having a large amplitude relative to their wavelength, as the amplitude may be of the order of the body’s
thickness and nonlinear characteristics inside the waveform can bring much to
bear on the results, as noted above. Within shallow-water VLFS design, these
considerations are necessary prior to deployment in areas of high tsunami risk, as
such waveforms require a nonlinear approach to capture their deﬁning properties
(Watanabe et al., 2004b). Furthermore, high seas can involve shorter frequencies
and a nonlinear discretization scheme is required to avoid the consequent numerical diﬀusion (e.g., Kashiwagi, 1998).
Despite this, Hegarty and Squire (2008) point out that little work has been
published on the propagation of large-amplitude sea-waves through sea ice. In the
context of VLFS, a quantity of work has been undertaken, including extensions
from
the
parallel
ﬂoating
cylinder
problem
(Kyoung et al., 2005;
Kyoung et al., 2006). Within ship hydrodynamics too, free-surface nonlinearity is
also being used to model slamming and hull ﬂexure (e.g., Faltinsen, 2000).
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However, as stated previously, the nonlinear waveform approach provides an
obstacle to the application of the frequency-domain techniques detailed above,
since we are unable to account for any nonlinear interactions between frequencies
in a summation of modes (Liu and Sakai, 2002). As such, for nonlinear work we
are generally constrained to time-iteration (Liu and Sakai, 2002; Watanabe et al.,
2004a; Kyoung et al., 2006). For examples of such approaches, see
Kyoung et al. (2006) or Ohmatsu (2005). Nonetheless, in certain circumstances,
frequency-domain solutions can be used alongside certain higher order schemes to
some advantage (Kashiwagi, 1998; Newman, 1990). Newman (1990) remarks that
the principal complication of the second-order potential boundary value problem
lies in the inhomogeneity of the respective free-surface condition.
Wu and Eatock Taylor (1995) suggest a Finite Element approach for nonlinear
waves (without a body), citing diﬃculties with singularities in the Boundary Element alternative. Moreover, they note that, while the Boundary Element methods
constrain the modeller to potential ﬂow, the Finite Element approach, in principle, does not. Kim et al. (2009) nonetheless use BEM for such a problem, by
considering nonlinear Froude-Krylov and restoring forces in their hydroelastic
model.

1.7.2 Linear plate extensions
As in the formulation presented earlier, treatment of the plate is often undertaken
using the ‘pressure distribution method’ (Kashiwagi, 1998), where we assume a
body ﬂoating on the surface with zero-draft. This allows a full representation of
the eﬀect of the body on the water through the pressure distribution on the surface, and eﬀectively embeds the hydroelastic problem into the boundary conditions of the otherwise standard free-surface water-ﬂow problem.
The works cited above largely focus on the thin-plate formulation, though
alternative possibilities exist for modelling the plate, possessing a stronger expression of the eﬀects of thickness. Tkacheva (2003) remarks that, at short wavelengths, experimental data and theoretical results based on the thin-plate hypothesis do not match (for a selection of numerical methods, which provide good
agreement between themselves). Treating the plate as a 3-dimensional object and
solving accordingly creates the additional computational demands of an extra
dimension.
It is possible to use a ‘thick-plate’ formulation to achieve the beneﬁts of the
inclusion of the z-dimension without the computational overhead arising from a
full treatment. Zienkiewicz and Taylor (2000) describe the Riesner-Mindlin
method, whereby a two-dimensional problem is developed by assuming a linear
variation in strain over the depth of the plate, integrating over the z-direction and
treating the remaining x-y problem using similar compliant body techniques. This
is much like considering a 3-dimensional problem with the depth of a single cell.
The validity of such a model rests on the neglibility of the vertical extent in comparison to length or width.
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Kyoung et al. (2006) and Hamamoto and Fujita (2002) model VLFS as a
Mindlin plate, as do Balmforth and Craster (1999) in the sea ice context.

1.7.3 Nonlinear extensions in the plate
Including nonlinear models of plate ﬂexure allows us to see the eﬀect of nonlinear
surface waves hitting the elastic body, without the artiﬁcial diﬀusion due to the
linear assumption. If large structural displacements are occuring (>1m),
Chen et al. (2003a) remark that, in multidirectional waves, wavelengths are likely
to be short enough that membrane forces should be accounted for, applying the
(nonlinear) von Karman plate theory to do so.
The nonlinear substitutes for the Bernoulli beam equation (Equation 1.5),
include the Forbes, Drozdov and von Karman models, which have been considered
using perturbation techniques by Hegarty and Squire (2008). Much of our subsequent comparison will be based on the Gao model (Gao, 1996). For example,
Forbes (1988) (similarly, Forbes, 1986) derives a 1D nonlinear plate model by
studying a suitable conformal mapping of the function φ + i ψ (for stream-function ψ), though he does suggest ﬂoes would crack before necessitating the given
nonlinear description. Regardless, these nonlinear responses have been considered
in sea ice (Hegarty and Squire, 2008) and VLFS research (Chen et al., 2003a), as
behaviour close to such cataclysmic events is of considerable interest in both
areas. We provide a brief history of general beam theory in Chapter 5.
Moving from the resolution of nonlinear waveforms to the use of a nonlinear
plate or beam elasticity model is a natural extension, gaining the advantage of the
additional terms from the free-surface condition as, by assumption, these nonlinear terms are of appreciable magnitude. Chen et al. (2005) in reviewing primarily Asian VLFS literature, refer to a 2003 report in Chinese, by Chen, which
treats the nonlinear plate and ﬂuid problems simultaneously.
Following a theme, this admission of nonlinearity restricts our available solution methods: Hegarty and Squire (2008) note that the nonlinearity in the plate
model invalidates the convergence arguments for the eigenfunction matching in
higher terms, though Green’s function methods (Hegarty and Squire, 2008) or the
modal superposition method (Chen et al., 2003a) may still be applied.
Chen et al. (2003b) (and earlier works) extend this Euler-Bernoulli nonlinearity underneath the plate, by Taylor expanding the pressure term. They remark
that, at the length scales we are considering, the resonant frequencies of the compliant raft will be low, so higher order hydroelastic models should be considered
to account adequately for the strong forcing induced by certain waves. A quantity
of the work within nonlinear (potential-based) hydroelastic analysis is presented
in the Chinese literature; the review paper by Chen et al. (2003a) helpfully provides an overview of some of the techniques published therein.
Another consideration within the plate is that of lateral compressibility.
Bates and Shapiro (1980) identify the need for a consideration of wind-induced
lateral stress and remark1.2 that a wind speed of 5 ms−1–10 ms−1 across 100 km–
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250 km of meter-thick ice will cause a stress in the range 3.5 kPa–35 kPa, though
this length scale is beyond any VLFS consideration and at the upper end of relevance to our consideration of sea ice. We may ﬁnd a semi-inﬁnite sheet a more
convenient
model
for
such
length
scales
and,
indeed,
Balmforth and Craster (1999) provide for this forcing in their solution of the
semi-inﬁnite
problem
using
Wiener-Hopf
techniques.
Nevertheless,
Chen et al. (2005) point out that membrane eﬀects in certain short wavelength
conditions may increase longitudinal stresses by up to 30%.

1.7.4 Extensions within the fluid domain
The next major extension to consider is in the ﬂuid, which is most simply simulated by a potential function as above, but beneﬁts from the greater ﬂexibility of
the Euler equations, allowing rotation, or the incompressible Navier-Stokes equations, allowing viscosity, at the expense of the more tractable Laplace’s equation.
The inclusion of viscosity provides certain advantages, such as admitting the more
physical no-slip condition at the ﬂuid-plate boundary (as compared to the potential ﬂow free slip condition), though Forbes (1986) suggests this may be neglected
without serious errors resulting. Linton and McIver (2001) brieﬂy discuss some of
the limitations of the inviscid theory.
Phillips (1977) notes that (ﬂuid) viscosity in open sea is relevant only in small
scale motions where the velocity change is low, such as small eddies or capillary
waves on the surface. In fact, Fox and Squire (1994) note that the inviscid
assumption, combined with time-harmonicity, is suﬃcient to show that the ﬂow is
irrotational by application of Kelvin’s Circulation Theorem (Fox and Squire, 1994;
Wesseling, 2001). By an existence result referred to above, we are then guaranteed a potential function, bringing us back to the original formulation.
Wu and Eatock Taylor (1995) remark that the use of BEM constrains us to
inviscid ﬂow, so viscous formulations will need FEM instead. As computational
capacity has grown, some authors have introduced rotationality (or viscosity) into
ﬂoating and submerged structure problems (Park et al., 2003; Lin, 2006;
Zhuang and Lee, 1996; Zhuang et al., 1995; Liew et al., 2007). However, few of
these apply to the ﬂoating hydroelastic problem, the amplitude of interactions
that we consider, or the ﬂow regimes of current interest. For the slamming
problem, Faltinsen et al. (2004) note that viscosity does not apply during the
timescales involved in impacts. References to viscosity in the hydroelastic problem
are
generally
constrained
to
roll
damping
(Faltinsen et al., 2004;
Querard et al., 2008), which is beyond our 2D study. A possible extension to this
project would be the implementation of a domain decomposition method for multiple rheologies, potentially over the sliding mesh framework described in Chapter
3. We discuss viscosity as an extension in Chapter 7.
1.2. Based on experimental results from the Gulf of St Lawrence, Ca., presented by Seifert and Langleben, 1972
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1.7 Extensions of the basic model

Taking a completely diﬀerent tack in the case of long nonlinear waves (i.e. in a
shallow-water setting) allows us to adjust some assumptions. Green-Naghdi
theory, based on the Cosserat theory of directed surfaces, has been applied to
these problems and can produce results with only incompressible, or inviscid and
incompressible assumptions, depending on the formulation. It may even provide
an alternative nonlinear approach to potential theory once an irrotationality
restriction is added (for example, Kim et al., 2001). This has been applied to
VLFS research by, for example, Xia et al. (2008). We brieﬂy revisit this in
Chapter 7.

1.7.5 Numerical considerations
For panel- or cell-based methods, there may be a question as to the family of
functions used for shape functions. While these may be linear, some authors have
chosen to use nonlinear shape functions. Though Teng and Eatock Taylor (1995)
remark that much of the preceding literature is based on constant panel methods
(in pressure), they suggest that higher-order elements would provide a more
favourable relationship between accuracy and computational burden (e.g. Kashiwagi, 1998), particularly in nonlinear cases. In these scenarios, they note that
there is a greater dependence on the spatial derivatives of approximated values,
which will be evaluated through spatial derivatives of the shape functions. It
should be noted, however, that Galerkin methods using the variational formulation not only allow one fewer order of continuity, but also let us apply the divergence theorem to avoid second order spatial derivatives in Laplace’s equation,
that is,
Z
Z
Z
2
w ∇ φ d Ω = − ∇ w · ∇ φ d Ω + w ∇ φ · n dΓ,
Ω

Ω

Γ

for a weighting function w.
Wang and Meylan (2003) use the same nodes and shape functions for both the
plate and the BEM in the water, which allows a straightforward formulation of
the governing equations for the coupled displacement and potential as a pair of
linear matrix equations to be jointly solved.
The choice of numerical method also has a bearing on the coupling of plate
and ﬂuid. For example, neglecting potential assumptions, the free surface can be
deﬁned by a ‘marker particle’ system, whereby cells containing marker particles
are inside the ﬂuid and those without are considered outside, implicitly deﬁning a
surface (Harlow et al., 1965). However, if the nodal points instead move with the
ﬂuid, placing nodes along the free-surface at the outset allows us to track it precisely throughout and, further, to mesh our plate in such a way that plate nodes
are coincident with ﬂuid nodes along the ﬂuid boundary, freeing us from the need
to introduce interpolation at the coupling stage.
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1.8 Summary
The majority of work in sea ice research is based around frequency domain principles, which is incompatible with our focus on adaptability. Time domain models,
particularly in ﬂoating structures research, tend to use Boundary Element
Methods in the ﬂuid. While they are an improvement over frequency domain
techniques from that perspective, they are still limited in application to a greater
extent than full 2D/3D Finite Element Methods. As one of our key criteria is generality, we invoke FEM. This allows us to incorporate new models easily, as most
eﬀects we would wish to consider have been, or are simple to, formulate in FEM.
In particular, FEM (and BEM) allow us to model nonlinear wave interactions
and to continuously adjust our resolution parameters, obtaining qualitatively
useful results faster than high accuracy results. This is important as one of the
primary advantages of frequency domain methods is the ability to solve once for
all time, often to a high degree of accuracy. While BEM has traditionally been
preferred to FEM on a basis of eﬃciency, in the following chapter we discuss mitigating factors that may negate or, at least, ameliorate this discrepancy.
Our approach develops from that of Kyoung et al. (2006), who provide a timestepping solution method for linear plates over nonlinear potential ﬂow. This fulﬁls our basic requirements for a framework and gives us a useful departure point,
incorporating nonlinear beam behaviour, advanced FEM techniques and an exploration of the stability of the simulation system. We will expand on these selection
criteria subsequently.
In the following chapter, we describe our mathematical framework, the basis of
the schema and beam exchangeability. The third chapter explains the numerical
aspects of this method, particularly the FEM implementation, some of the relevant literature and some more advanced techniques that we have needed to incorporate to achieve our key criteria. In the fourth chapter, we explore the behaviour
of this method in the context of other, standard theoretical models for wave
motion and provide experimental stability results.
In the ﬁfth chapter, we introduce a number of alternative beam models and
provide a précis of the ﬁeld of beam theory to contextualize this work. The
derivations and physical aspects of these beams are discussed, with reference to
the FEM implementation. We include a concise stability study for the advanced
beams, before describing our key hydroelasticity results in the sixth chapter.
Extensions to this basic setup that we have considered, or believe could be
straightforwardly incorporated, are discussed in the seventh chapter. A summary
of our ﬁndings and recommendations for future research compose the ﬁnal
chapter. While our investigation explores only a portion of the possibilities available using this system, we hope to eﬀectively demonstrate its adaptability and relevance to the study of compliant bodies.

Chapter 2
Formulation
2.1 The hydroelastic problem
The hydroelastic problem is that of a ﬂoating elastic body, typically an ice ﬂoe,
partially submerged in a volume of water. The body is excited by the ﬂuid pressure along its wetted boundary and, conversely, the motion of the body provides
forcing on the ﬂuid.
As the ﬂoating bodies under consideration will be thin in comparison to their
horizontal extents, horizontal motion is neglected and the body is assumed to
move only in the vertical direction. For the purposes of ocean simulation, the
eﬀect of shocks and viscosity in the water are insigniﬁcant, so the ﬂuid is assumed
to be incompressible, inviscid and irrotational.
The computational domain is as illustrated in Figure 2.1. The base of the
beam is denoted ΓB , and the ﬂuid pressure along this boundary will supply our
forcing term for the elastic motion of the beam. The impermeable walls of the
beam are denoted ΓV . These will provide some wave reﬂection. The free surface is
denoted ΓF and extends from the edges of the domain to the edges of the body,
on both sides. A horizontal line is chosen against which to measure vertical displacements, referred to as the mean free surface. It is standard to use the simple
average of the initial free surface displacement, especially in an inﬁnite-extent, frequency domain context, in which case it remains the line of average displacement
throughout time. However, changing the actual location of the reference line contributes only a constant oﬀset to the acceleration potential, with no impact on the
physical ﬂow variables themselves and, for convenience, we choose this line to be
the level of the undisturbed ﬂuid.
The remainder of the ﬂuid domain is taken to be an impermeable wall,
denoted ΓW . To avoid full reﬂection, a numerical beach may be employed,
although our interest primarily lies in elastic response early in the simulation
since this is when the maximum deﬂection as a consequence of large waves will
occur. The ﬂuid domain enclosed by these boundaries is denoted Ω and all ﬂuid
functions will be deﬁned over this region.
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Figure 2.1. Computational domain

The horizontal direction is denoted by x, the vertical direction is denoted by z
and the time dimension by t. The vertical coordinate, z is measured from the
mean free surface and x is measured from the lefthand end of the domain, both in
metres. Letting L represent the domain length, and l and r the left and right
extents of the beam respectively, the domain is thus deﬁned in the region 0 6 x 6
L and the beam in l 6 x 6 r.
A number of techniques exist for solving this problem under various circumstances and assumptions. In the context of sea-ice and ﬂoating structures most
use the potential ﬂow formulation, as follows.
Since the ﬂuid is assumed to be irrotational and incompressible, a smooth
potential function φ may be deﬁned over Ω such that the ﬂuid velocity at a point
(x, z, t) is given by,
v = ∇φ,
and such that,
∇2 φ = 0 on Ω.

(2.1)

(Batchelor, 1970).
We assume that no overturning waves occur along the free surface or beam.
While this places a restriction on the physicality of the model when applied to
strongly nonlinear wave events, this assumption is nonetheless adequate for our
real-world applications and for the wave-heights considered in this project. We
discuss this further in Chapter 3.
Taking the vertical and domain-ﬂoor boundaries to be ﬁxed, the position of
the remaining ﬂuid boundaries, ΓF and ΓB, can then be described at time t by the
vertical displacement of the free surface and beam, respectively. To do so, we
deﬁne a pair of functions giving the vertical deﬂection from the mean free surface
at a distance x from the lefthand end of the domain,
w (x, t) on ΓB ,
ζ (x, t) on ΓF ,

2.1 The hydroelastic problem
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such that, for given t,
ΓB |t = {(x, w(x, t))|x ∈ [l, r]} and
ΓF |t = {(x, ζ(x, t))|x  (l, r)}.
That is, we have a function w giving the displacement of the beam between the
left and right extents of the beam, x = l and x = r, and we have a function ζ providing the displacement of the free surface at any upper boundary point not in
this region. The behaviour of the boundary ΓB is dictated by the beam response
to ﬂuid pressure along the base of the beam, which may be represented in a general form as,
[w, ẇ , ẅ]|T = E (p(T )|ΓB; [w, ẇ , ẅ]t<T ).

(2.2)

That is, the motion at time t is some algorithmically-deﬁned function E, speciﬁed
by the beam model, of the pressure under the beam and the beam motion over
previous time. For some beam models, E may also be a function of other, beamspeciﬁc variables at previous time, such as rotary inertia or horizontal deﬂection.
The motion of ΓF is governed by two free surface equations. Firstly, the kinematic condition relates the vertical displacement function ζ(x, t) to the ﬂuid
velocity at the surface ∇φ. The component of ﬂuid motion normal to the surface
may be written φn 6 ∇φ · n, where n is the normal to the boundary. This is
equivalent to the normal velocity of the surface.
∂
We deﬁne φ̇ = ∂t φ. It is useful to highlight that φ̇ is not the acceleration
potential (in a nonlinear regime). Tanizawa (1995) calls this the pseudo-acceleration potential and uses it as a primary solution variable. Considering the deﬁnition of acceleration of a ﬂuid particle,


D
1
2
a=
υ (t, x) = υt + (v · ∇) υ = ∇ φ̇ + |∇φ| = ∇Φ,
Dt
2

where Φ 6 φ̇ + 2 |∇φ|2 is the (Prandtl) acceleration potential. In contrast to the
methods of, for example, Tanizawa (1995); Kyoung et al. (2006), where φ˙ , not Φ,
is a solution variable, we make direct use of the acceleration potential,
1

1
Φ = φ˙ + |∇φ|2.
2
1
Indeed, throughout the formulation, φ˙ appears only alongside 2 |∇φ|2, allowing us
to avoid calculation of φ˙ in the ﬂuid interior entirely. The primary beneﬁt of φ˙ as
a solution variable is that it satisﬁes Laplace’s equation, thus permitting any of a
variety of standard solution techniques to be employed. However, having established φ by the stage at which we must ﬁnd Φ, we can instead solve Poisson’s
equation,
∇2 Φ = f ,
1 2
where f =
∇ |∇ φ|2.
2
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As we are using a general Finite Element approach, this equation is tractable with
little additional eﬀort.
We can establish an expression for the vertical acceleration of the surface, ζ˙ in
terms of φ, φ˙ using energy principles, by considering velocities normal to the surface or, geometrically, by considering the motion of an inﬁnitesimal segment. The
latter is more enlightening and forms a direct counterpoint to our geometric beam
derivations. The free surface may be considered the limiting case of inﬁnitesimal
thickness in a beam of nonlinear curvature. In general, the theories underlying
both the free surface and the elastic beams are very closely related and it is interesting to note the overlap of early investigators in those ﬁelds – D. Bernoulli,
Cauchy, Euler, A. E. Green, G. Green, Love and Stokes, to name a few. Forms of
Cosserat theory, discussed later, have been used to generate more speciﬁc theories
in both areas.
P'

ζx
ϕN
P

Figure 2.2. Vertical motion of a point on the free surface

Consider a small region around a point P = (x, ζ(x, t), t), where ζ is smooth
and may be approximated by its tangent line, with constant ζx and φx (Figure
2.2). At time t + δt, the line previously through P will have moved by φn in the
normal direction and its slope will be ζx (t + δt). This line is then described by,
ẑ = (x̂ , ζ(x, t) + δt φn n2 + [x̂ − (x + δt φn n1)] ζx (x, t + δt)),
where n1 and n2 are the components of the normal n.
Consider the point P ′ lying on this line and directly above P . Its vertical displacement from P is,
ζ (x, t + δt) − ζ (x, t) = φn δt [n2 − n1 ζx(x, t + δt)]
p
= φn δt [1 + ζx (x) ζx (x, t + δt)]/ 1 + ζx2 ,

and so, taking the limit as δt → 0,

p
ζ˙ (x, t) = φn 1 + ζx2
= φn/n2

(2.3)
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Alternatively, we may note that the velocity of the free surface, normal to the free
surface, is equal to the ﬂuid velocity normal to the free surface,


d
(x, ζ(x)) · n
φn =
dt
= ζ˙ n2.
A second condition on this boundary may be obtained by considering the
Bernoulli equation for pressure in a potential ﬂow,
1
p/ρw = pa/ρw + φ˙ + g z + ∇2 φ,
2

(2.4)

where ρw is the density of the ﬂuid and pa is the atmospheric pressure. pa is taken
to be zero, without loss of generality. Evaluating then at the free surface, where
p = pa = 0, we obtain the dynamic condition,
ϕ̇ = −g ζ +

1 2
[∇ φ]|ΓF .
2

(2.5)

where, for convenience, ϕ (x, t) 6 φ (x, ζ(x, t), t). The no-ﬂow conditions provide
von Neumann boundary conditions for φ on the walls ΓV , ΓW . By the same logic
as applied to the free surface, (0, ẇ) · n = φn |ΓB, and so the beam equation (2.2)
provides a von Neumann condition along ΓB .
To solve this problem in the frequency domain, as described in the preceding
chapter, an ansatz is provided for φ and another for ζ,
φ (x, z, t) = φˆ(x, z) eiωt ,
ζ (x, t) = ζˆ (x) eiωt.
Furthermore, it is assumed that the displacement of the boundaries ΓF and ΓB
may be neglected when calculating φ̂, that is, φˆ(x, 0, t) = φˆ(x, ζ(x), t). To complete the linear formulation, all remaining nonlinear terms in the equations are
neglected.
As such, the following equations are obtained from the linearized versions of
Eqns (2.1), (2.3) and (2.5),
∇2 φˆ = 0 in Ω,
i ω φˆ = −g ζˆ on ΓF ,
i ω ζˆ = φˆz on ΓF .
This system forms the basis of many of the methods identiﬁed in the previous
chapter. However, these approaches are generally constrained to follow linear
interaction theory or assume negligible deformation of the free surface. Instead,
this work is concerned with keeping the nonlinear terms in the governing equations and relaxing these assumptions where possible. As such, a time domain
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technique is employed and, through a ﬁxed discretization, tn+1 6 tn + ∆t, a slower
but more adaptable method is achieved.

2.2 The time inductive approach
This algorithm largely follows and builds upon the approach of
Kyoung et al. (2006), which is in turn based on those of Tanizawa (1995) and
Bai et al. (2003).
As described above, through the general beam equation (2.2) and the no ﬂow
conditions, boundary conditions for the Laplace equation in φ are already available along all boundaries of Ω but the free surface. An inductive argument is used
to achieve a condition along this remaining boundary, ΓF . For clarity of exposition, we shall initially assume estimates w, ẇ , ẅ of beam motion are available at
time tn+1, leaving a fuller explanation of the relevant mechanics of the beam
model for Chapter 5 (Advanced Beam Models).
By establishing ζ and ζ˙ at a time tn, time integration may be used to predict
ζ at a subsequent time, tn+1. Similarly, having ϕ and ϕ̇ allows the prediction of
ϕ at tn+1. Inductively assume ζ n 6 ζ(tn) and ϕn 6 ϕ (tn) are already available.
Obtaining φn inside Ω would allow φnn |ΓF to be established and, through the kinen
matic condition (2.3), would provide ζ˙ . To obtain φn in the ﬁrst place, however,
n
a boundary condition along ΓF must be available. While ζ˙ is, as yet, unknown,
φn |ΓF =ϕn is available and so a Dirichlet condition may be prescribed.
In general, we shall use a superscript n to indicate that a function, for
example ζ(x, t), should be considered as a spatial function at timestep n, say
ζ n(x) = ζ(x, tn). This should be distinguished from subscript, bold n the normal
derivative.
This completes the set of boundary conditions required for φ = φn, which may
be obtained, at time tn, by solving the set of equations,
∇2 φ = 0 on Ω,
φ = ϕ on ΓF ,

(ẇ , 0) · n on ΓB
φn =
0
on ΓV , ΓW .
It is similarly possible to solve for Φ, which is needed to obtain the ﬂuid pressure
under the plate, using the no-ﬂow conditions above, the dynamic condition (2.5)
and the beam motion. This may be expressed as,


1
2
2
∇ Φ − |∇φ|
= 0 on Ω
2
Φ = 
−g ζ on ΓF
(ẅ , 0) · n on ΓB
Φn =
0
on ΓV , ΓW .
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Through the kinematic condition (2.3), dynamic condition (2.5) and the inductive
n
hypothesis, ζ˙ and ϕ̇ n are now available. This allows us to predict ζ n+1 and ϕn+1
and so our induction is valid for the next timestep. To complete the inductive
argument, at time t = t0, there must be initial values set for ζ = ζ 0 and ϕ = ϕ0.
The former is referred to as the initial displacement and the latter is, in this
work, taken to be zero.
To calculate the beam motion at a timestep, the pressure along the base of the
beam must be known. As this pressure is a function of φ and Φ, which require
the motion of the beam to be known for their boundary conditions, an initial
guess for the beam motion must be available at each time step. This is taken to
be the converged result from the previous timestep, that is, assuming the beam
has been at rest since time t = tn. To ﬁnd a converged answer for the beam and
ﬂuid motion at time t = tn+1, an Adams-Bashforth-Moulton implicit time-stepping
method is used to predict, and correct, values of ζ and ϕ at each timestep
(Longuet-Higgins and Cokelet, 1976; Kyoung et al., 2006). This may be formulated as,

ζrn+1 =


n
n+1
n−1

+ ζ˙ n−2],
 ζ n + (∆t/24) [9 ζ˙r −1 + 19 ζ˙ − 5 ζ˙

r>0


 ζ n + (∆t/24) [55 ζ˙ n − 59 ζ˙ n−1 + 37 ζ˙ n−2 − 9 ζ˙ n−3], r = 0,

n+1
n
n−1 + ϕ̇ n−2]
= −g ζ˙r + (∆t/24) [9 ϕ̇rn+1
ϕn+1
r
−1 + 19 ϕ̇ − 5 ϕ̇

with r the iteration number of the correction loop. Note that we neglect components of the forcing due to rotational motion, which is taken to be small for a long
thin beam (contrast Tanizawa, 1995; Koo and Kim, 2004). We also neglect the
acceleration reaction, as we expect the contribution to the pressure due to the
acceleration of the beam to be small compared to contribution due to the velocity
over any ﬁnite span (both are unbounded at the corner) (Batchelor, 1970). This is
the case for the parameter sets used in this thesis and, more generally, for the
physical situations in which we are interested.
At each correction iteration, the beam motion from the previous iteration is
used in the relevant von Neumann conditions for φ and Φ. A new estimate for the
motion is then obtained by solving the beam equation under the pressure given by
the resulting solutions for φ and Φ. We follow Kyoung et al. (2006) in using a
scaling factor α to reduce the change in beam acceleration at a given correction
iteration (timestep n + 1),
ẅnew ← α ẅnew + (1 − α) ẅold,
where ẅnew is the newly corrected beam acceleration given by the beam solver and
ẅold is the beam acceleration from the previous correction iteration.
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As the predicted pressure can induce an artiﬁcially large beam acceleration
that increases error in the acceleration potential, and so forth, instability can
develop. For small α, adjusting the acceleration in this manner improves stability
but signiﬁcantly increases the number of correction iterations required until satisfactory convergence of the beam motion has been obtained.

2.3 Beam equations
To complete the description of this problem, an expression must be provided for
the function E in the general beam Equation 2.2.
Considering a beam, that is, a rectangle of length L and thickness h, an
expression may be obtained for the motion in terms of the pressure, p, and
bending moment, M .
Mxx + ρb h ẅ + ρw g w = p.
The bending moment, M (x) is deﬁned to be the sum of moments about an axis,
lying in the cross-section and perpendicular to vertical (Nash, 1992). It can be
written as M = E I/R, where R = R(x) is the radius of curvature, E is the
Young’s modulus of the beam material and I is the moment of inertia. A simple
approach to explore the eﬀects of alternative beam equations is to take a selection
of diﬀerent expressions for R.
Taking a standard approximation of the bending moment, M = E I wxx, gives
the Euler-Bernoulli beam equation,
E I wxxxx + ρb h ẅ + ρw g w = p.
This equation provides a basic reference model against which to compare the nonlinear alternatives. It is employed extensively in the research of sea-ice hydroelasticity, in contrast to the thick beam and thick plate techniques common in the
ﬂoating structures literature.
Derivations of the various beam models used in this research, including the
Euler Bernoulli beam, are presented in Chapter 5, Advanced Beam Models.

2.4 Driving the simulation
2.4.1 Wavemaker
We use two main methods to generate waves. Firstly, and perhaps most conventionally, we use a simple Neumann wavemaker descending from a non-zero depth.
It is implemented by setting the Neumann condition along the left-hand end of
the tank to be non-zero when solving for velocity potential and acceleration term,
multiplying a time-dependent ﬂow magnitude by a spatially varying proﬁle coeﬃcient. No actual deformation of the domain Ω occurs; the change in Neumann
conditions represents only velocity of ﬂuid ﬂow across the ﬁxed boundary.
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Figure 2.3. Wavemaker proﬁle coeﬃcient

As shown in Figure 2.3, we deﬁne a function p(z): [0, h] → [0, 1] that provides
the ‘shape’ of our wavemaker. The thick black line denotes the magnitude of the
coeﬃcient as it varies over depth. For instance, we may use,

z6b
 1,
p(z) =
(z − a)/(b − a), b < z < a

0,
otherwise.

A simple time-dependent coeﬃcient may be chosen, such as cos ω t for a suitable
angular frequency ω, and, producting this with the chosen amplitude Awave, we
obtain a virtual displacement of the wavemaker surface,
Awave p(z) sin ωt.
To avoid introducing a sudden shock to the system, we product the displacement
condition with a ramp function,

1,
t > twave
q(t) =
,
t/twave, t 6 twave

for an attack parameter twave. The complete expression for the displacment condition is then,
Dwave (z, t) 6 Awave p(z)q(t) sin ω t.
Diﬀerentiating this with respect to time, we obtain a Neumann condition along
the wall for the velocity potential,
Vwave (z, t) = Awave p (q̇ sin ω t + ω q cos ωt) = φn = φx.
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Taking partial time derivatives,
V˙wave (z, t) = ω Awave p (2 q̇ cos ω t − ω q sin ω t) = φ˙n = φ˙x ,
as q̈ is non-zero (and undeﬁned) only at the point t = twave, when it is neglected.
This implies a Neumann condition for the acceleration term,
Φn = Φx
1
∇|∇φ|2·n
2
= φ̇x + φx φxx + φz φxz
≈ φ̇x
= V˙wave(z, t),

= φ̇x +

where, as we will only consider small wavemaker amplitudes, we neglect the terms
two orders higher than the wavemaker velocity.
Note that this implies positive leftward velocity and acceleration for small
time, as φn, Φn are the velocity and acceleration, respectively, in that direction.
Equivalently, mapping Awave −Awave and setting Vwave = −φn, V˙wave = −Φn, will
give the same results.
This is only suitable for small amplitude waves as instabilities quickly develop
at a point of contact between the free surface and the wavemaker, and the ﬂow
rate at a given time step becomes codependent with the free surface elevation.
The same issue was noted by Wu and Eatock Taylor (1994) when solving the free
surface problem with a similar algorithm.
Furthermore, a big increase or large discontinuity in the vertical derivative of
the wavemaker conditions reduces the reliability of the Finite Element solution
near x = 0. The scheme must accurately resolve the potential along this line to
obtain an accurate and stable estimate of the normal derivative at the left end of
the surface. As ζ˙ = φn at this point, free surface elevation errors will otherwise
accumulate in this area.



2.4.2 Initial profile
As we are interested in the nonlinear eﬀects of larger waves, it is necessary for us
to consider alternative forcing techniques.
In particular, we consider the eﬀect of an initial proﬁle where, at t = 0 the
system is assumed to be at rest but ζ |t=0 varies along the free surface. As time
progresses, this initial proﬁle generates waves driving the body motion.
For a number of the subsequent tests, we will employ an initial proﬁle along
the following lines,
(
A
[1 + cos (π x/λprof)] 0 6 x 6 λprof
2
ζ0(x) =
.
0
otherwise
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This has two particular advantages: ﬁrstly, it provides a large leading wave of
amplitude approximately A/2; secondly, ζ0,x(x)|x=0,l = 0, so the initial condition is
a diﬀerentiable function and matches the acceleration Neumann condition at the
wall. Taking values (x, z, t) = (0, ζ0(0), 0), this can be shown as follows,
0 = Φn =
=
=
=
⇒ ζ0,x = 0 or

Φx
φ˙x
ϕ̇x − ζ0,x φz
−ζ0,x (g + φz ).
φz = −g,

noting that ∇(|∇φ|2) · n = 0 along the no-ﬂow boundary. As we have assumed we
start from rest, φz = 0  −g and thus ζ0,x = 0.
However, using this proﬁle does lead to a signiﬁcant drawback. The initial elevation at the left hand corner is approximately double the maximum elevation
subsequently experienced by the free surface away from the corner and the beam.
As such, the steep acceleration is a possible source of instability for larger initial
amplitudes. When the wave reaches the beam, the run-up will reach a similar
level and so to model this kind of hydroelastic interaction, we must also be able to
model the behaviour at the tank corner reliably.
For intermediate depths of water (those admitting neither shallow nor deep
approximations), we can use this proﬁle to obtain nonlinear waves with simply
predictable properties of steepness and amplitude.

2.4.3 Extensions
Using a nonlinear wavemaker, we could generate focused waves that fulﬁl our nonlinear criteria without loosing smoothness in spatial or time derivatives at the
wavemaker. Ducrozet et al. (2006), for instance, provide examples of such wavemakers, though tailored to a spectral framework.
This may require a considerably longer domain to place the ﬂoe in a suitable
target ﬁeld, and correspondingly increased simulation times. However, it could
provide a useful, and more standard, alternative to the initial proﬁle forcing. As
discussed later, this would allow us to compare eﬀectively with Stokes waves,
rather than validating our nonlinear forcing through comparison to solitary waves
(Chapter 3).

2.5 Summary of method
To obtain a suitably steep, stable wave, we have generally used a simple initial
displacement of the free surface, a cosine hump, to drive the simulation.
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Assuming the beam starts from rest with a given initial draft, we have enough
information to predict a set of boundary conditions for the velocity potential and
acceleration term at time t1 = ∆t. We solve the two Laplace problems using Finite
Elements, and so obtain an expression for the pressure at the base of the beam.
Using our chosen beam equation, we may then derive new estimates for the
beam motion at time t1, which in turn provides improved Neumann boundary
conditions to re-evaluate the two potentials. Simultaneously, we use a predictorcorrector scheme to improve the estimates for free-surface motion. We repeat this
process until satisfactory convergence has been obtained, usually by specifying a
minimum number of iterations. The complete algorithm for a single ﬂoating body
is provided in Appendix A.
While the basic method has been explored in the literature, the current
research seeks to exploit its inherent adaptability to gain greater technical understanding of the impact of model choice, and subsidiary numerics, on the hydroelastic problem, within a mathematical framework.
As such, we begin by exploring the Finite Element method, and the aspects of
its numerical parameters and implementation particularly relevant to this project.
We will then discuss a number of linear and nonlinear beam models, contrasting
their behaviour under steep wave conditions. Finally, we will consider additional
adaptations that may provide insight into the eﬀects of standard assumptions
prevalent in the hydroelastic literature.
In all cases, we wish to provide a qualitative and quantitative understanding
of the impact, if any, of the implicit and explicit modelling decisions inherent in
any hydroelastic analysis. It is intended that this approach will contribute to a
deeper understanding of the relationships between the several distinct ﬁelds of
research underpinning the Finite Element compliant body problem.

Chapter 3
Finite Element Analysis
As noted previously, in the sea ice literature the governing hydroelastic equations
are often solved using expansions in modes of vibration or frequency domain techniques; a natural choice given the dominating periodic behaviour exhibited in
these problems. However, as also observed, these techniques can be limited by
their lack of adaptability to situations involving important non-periodic or nonlinear components.
Instead, Finite Element methods can be applied, where we make no such
restrictive assumptions about the nature of the solution. These techniques allow
us to incorporate more complicated features into the model, without needing to
observe linearity or periodicity assumptions. Finite Element methods (FEM) and
closely related Boundary Element methods (BEM) are more popular for examining these types of hydroelastic problems in the engineering literature than in the
sea ice literature, but rarely include a full analysis or in-depth mathematical discussion of the numerical techniques employed and of the scope of their use.
Boundary Element methods generate a Green’s function problem for the
potential ﬂow problem, not necessarily using the single-frequency ansatz of frequency domain methods, and can thereby obtain the ﬁnal solution by solving a
Finite Element problem along the boundary. Generally, Boundary Element
methods have been preferred on a basis of eﬃciency, as they involve a Finite Element solution on the 1D (or 2D) boundary rather than the full 2D (or 3D) interior used by a direct Finite Element approach. However, this may not be representative of their relative computational complexity, as discussed below.

3.1 Introduction to Finite Element theory
To solve a problem of the form,
Lu = f ,
with u a continuously diﬀerentiable function from a space Ω to R and L a linear
diﬀerential operator, we consider an equivalent weak formulation,
Z
Z
∀v ∈ V ,
v Lu dΩ =
v f dΩ,
Ω

Ω
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where V is a suitable space of functions also over Ω.
Informally, we deﬁne the Sobolev space H m(Ω) ⊂ L2(Ω) as the space of L2
functions over Ω that have m-th order partial derivatives also in L2(Ω). Here, we
take a weak deﬁnition of partial diﬀerentiability. That is, D(k1, ,kn) v is a partial
derivative for v with respect to k1, kn if, for all inﬁnitely diﬀerentiable functions
u on Ω with compact support,
Z
Z
Σki
{v D(k1, ,kn) u} dΩ.
{D(k1, ,kn) v u }dΩ = (−1)
Ω

Ω

H m(Ω) is a Hilbert space.
The Galerkin method involves approximating the solution to a problem of the
form,
Find u ∈ H m(Ω) s.t.
∀v ∈ H m(Ω),
a(u, v) = L(v),
for a bilinear operator a and a linear operator L by substituting a ﬁnite dimensional subspace for H m(Ω) and obtaining the L2-closest solution to the full
problem in that space. The theory of the Galerkin method can be used to show
that, for an appropriate choice of subspace V ⊂ H m(Ω), the solution of,
ﬁnd u ∈ V s.t.
∀v ∈ V ,
a(u, v) = L(v),
will be error minimizing when compared to the true solution, over functions in V .
In the Finite Element approach, we ﬁrst triangularize the space Ω, obtaining a
ﬁnite partition, or mesh, T = {Tk }. The processes of choosing a mesh and moving
it as the domain changes are crucial to the eﬀectiveness of the Finite Element
approach and it is this aspect of the system which provides the primary tool for
the modeller to trade between accuracy and eﬃciency, as described in Chapter 1.
We deﬁne a set of three functions Nik: Tk → R on each of these these triangles,
which shall be termed shape functions. We refer to the triangles as cells. The
shape functions are bilinear functions chosen such that Nik(vj ) = δij for each of the
vertices vj of Tk and such that they are linear on the boundaries of Tk. Such a triangle equipped with these shape functions is a Lagrange Finite Element.
For each vertex vi of the triangulation, we deﬁne, for x ∈ Tk,
Ni (x) = Nik(x).
These functions Ni are well-deﬁned on the internal boundaries as a consequence of
′
the deﬁnitions of Nik, Nik on the shared edge of Tk and Tk ′.
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Let VT = hNi i, an i-dimensional subspace of C 0(Ω). As the Ni are piecewise
smooth, VT ⊂ H 0(Ω) and so is a candidate for our space V . We have thus reduced
our H 0(Ω) problem to ﬁnding a solution u ∈ VT such that,
∀v ∈ VT ,
a(u, v) = L(v).
We can adapt this to our case by letting,
a(u, v) =
L (v) =

Z

ZΩ

v LudΩ
v fˆdΩ,

Ω

where fˆ is the nodal projection of f onto VT . Then we are searching for u ∈ VT
such that,
∀vZ∈ P1 (Ω),
Z
v LudΩ =
v fˆdΩ,
where P1 (Ω) is the space of piecewise linear functions smooth on the interior of
the cells of Ω.
As VT is ﬁnite dimensional, we can write,
X
v =
vi Ni
X
u =
ui Ni
X
fˆ =
fi Ni ,

for some coeﬃcients ui, vi, fi, 0 6 i < n = dim VT .
As the Ni form a basis for VT , by linearity it is true that
Z
Z
Z
Z
ˆ
∀v ∈ VT , v LudΩ = v f dΩ ⇔ ∀i, Ni Lu dΩ = Ni fˆdΩ.

Applying this linearity also to u and to fˆ, we may rewrite the ﬁnal equation as,
X Z
X Z
u j Ni LNj dΩ =
fj N j dΩ.
i,j

j

For a given operator L, the integrals are independent of u, v and fˆ and they may
be calculated in advance. We let,
R

N
L
N
dΩ
M =
i
j
i,j
Ω
u = ( u i )i

R
f = fi Ni dΩ i ,

then our solution u = Σui Ni where,

M u = f.
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It is then suﬃcient to achieve a solution to this equation for u using standard
linear algebra techniques.
As Ni is non-zero only on cells containing vertex vi, for each i, the i, j integrals in matrix M are non-zero for only a small number of j. As such, M is a
sparse matrix and may be solved using appropriate linear algebra techniques.
While the worst case scenario for an LU decomposition is O(n3), tailored pivoting
techniques can make it much faster to ﬁnd the L U decomposition of a sparse
matrix (Williams, 2011, Press, 2007). When we apply this process for quadratic
elements, we form quadratic shape functions instead of bilinear, with the required
additional quadrature points at the mid-points of the cell boundaries.

3.2 Discontinuous Galerkin methods
Discontinuous Galerkin (DG) methods allow us to drop the requirement of
continuity along cell boundaries. To do so, we must deﬁne new terms,
JvK

6
6

(vi nij + vj n ji),
1
hvi
(vi + v j ),
2
deﬁned along the mutual boundary of two cells i and j, where vi is v considered
in cell i, v j is v considered in cell j and n is the normal vector along the
boundary. These will generally be included in DG variational forms and, as
explained in Chapter 5, they will appear when integrating by parts.
Our primary application of DG methods in this project is to solve non-standard beam equations, using the machinery of discontinuous Finite Elements to
enforce slope continuity conditions and account for discontinuities in the bending
moment. In Chapter 7, we also provide an example of these being used to establish a model for a cracked beam.
DG methods are also particularly useful if we are more concerned about conservation laws being satisﬁed inside a cell than rigidly enforcing continuity along
interior boundaries, such as is the case in a ﬂuid dynamics context. DG methods
thus provide the advantages both of Finite Volume and standard Finite Element
approaches. While we will generally use continuous methods for solving our
potential ﬂow problems, having access to these techniques gives room for expansion and we provide the example of hybridizable DG methods for Navier-Stokes
Equations applied to this problem (Labeur and Wells, 2010).
To place this in the context of the previous exposition, when using Discontinuous Galerkin methods we no longer have the combined, C 0 functions, Ni (x).
Instead of deﬁning these functions, we continue considering Nik separately. For
example, taking an interval of n 1D cells, we would then have 2 n slope functions,
rather than the n + 1 of a continuous method. Note, however, that this increases
the memory footprint and complexity of the matrix problem for this method.

3.4 Finite Element in floating structures
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3.3 Finite and Boundary Element methods
As noted above, Boundary Element methods, as applied to our problem, have a
1D domain on which to solve a smaller Finite Element problem, as compared to
the 2D domain of the full Finite Element problem. However, this may not reduce
the order of eﬃcency by a commensurate degree; Boundary Element matrices
tend to be full, whereas the Finite Element matrices we construct in this project
are sparse. An eﬃcient L U solver in this situation achieves a lower complexity
than standard techniques applied to a similarly sized full matrix.
While we do need to reassemble the Finite Element matrices at each correction iteration to take account of mesh deformation, from our experience using the
FEniCS project software, this does not appear to be a rate-limiting step. Experimental evidence shows that the time taken to build the precompiled variational
forms into matrices is of a similar order to that taken by the matrix solver in the
solution step.
More generally, in keeping with our adaptability criterion, we wish to minimize our constraints on the ﬂuid model. Boundary Element methods generally
require a problem that is linear on the interior of the domain and for which a
suitable Green’s function may be found, although some advanced techniques exist
to extend this approach to the nonlinear (interior) case. It is therefore conceptually more straightforward to extend a linear potential model to a nonlinear
Navier-Stokes model, for instance, using a Finite Element approach from the
outset rather than working within a Boundary Element regime.

3.4 Finite Element in floating structures
Outside the hydroelastic setting, time-stepping Finite Element methods have been
used for modelling ﬂoating structures exhibiting non-coupled or no elastic eﬀects.
The method that we use in this research falls inside a family of EulerianLagrangian approaches most commonly used for smaller bodies than we consider,
with horizontal dimensions much closer to their vertical dimensions than would
generally be the case for a compliant body. In these schemes, a mesh that is
ﬁxed, or moves independently from the ﬂuid, is used to solve the ﬂuid equations
in an Eulerian setting. Moving surfaces can be tracked in a Lagrangian manner,
with the physical equations rewritten to take motion of notional packets of ﬂuid
at the surface, so tracking the motion of the boundary. A fully Lagrangian
approach involves solving the ﬂow ﬁeld equations for such packets, tracking a
single packet or point as time advances. By contrast, a semi-Lagrangian method
maintains a reference frame separate to the ﬂuid ﬂow and at each grid point may
be thought of as considering the motion of a new parcel for every timestep, the
next being whatever notional parcel that arrived at the end of the last timestep.
If the mesh is constrained only to distort vertically and a semi-Lagrangian
approach is used, we can avoid the need for regular regridding.
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The particular approach used in the current research is a relatively straightforward version appropriate to our setting, although the scope to expand within this
framework is a signiﬁcant beneﬁt of such a formulation. We introduce a few signiﬁcant, relevant works.
Longuet-Higgins and Cokelet (1976) are often credited with producing the
seminal work in this area, using a Mixed Eulerian-Lagrangian Boundary Element
method with time-stepping to examine free surface wave overturning. Notably
they employ an ABM predictor-corrector system for this application, although the
advantage gained in that context is the reduction of required evaluations of the
potential term, when compared to a fourth order Runge-Kutta method. In our
case, the number of correction iterations required is signiﬁcantly larger as we solve
a coupled problem of two regimes. Moreover, those authors use a smoothing
system to reduce sawtooth errors that tend to appear in the free surface displacement, an approach which is based on a similar principle to that introduced later
in the chapter. The primary contribution for our purposes, however, is the combination of an Eulerian approach, solving the interior ﬂow equations in a ﬁxed reference frame, and a Lagrangian approach, tracking the free surface.
The sawtoothing behaviour observed by Longuet-Higgins and Cokelet forms a
consistent challenge to modelling moderately steep free surface waves using Finite
Elements. Robertson and Sherwin (1999) use hp/spectral methods to allow the
removal of higher modes and add a diﬀusive term with a coeﬃcient dependent on
the local skewedness of the mesh. For our purposes, the Chebyshev smoothing
described by Longuet-Higgins and Cokelet has proved suﬃcient, but the incorporation of such a mesh-dependent diﬀusive term may be a useful subsequent extension to this work.
While most authors subsequent to Longuet-Higgins and Cokelet generally followed the Boundary Element paradigm, Wu and Eatock Taylor (1994) introduced
a Finite Element approach for modelling the interaction between a rigid body and
a water tank. As with Longuet-Higgins and Cokelet (1976), they used an Eulerian-Lagrangian scheme, but restricted their formulation to admit vertical motion
of the free surface, using a semi-Lagrangian approach. At each timestep the mesh
is moved according to changing values of the free surface displacement, similar to
our implementation. The authors noted the diﬃculty of modelling by Finite Element the singularity resulting from the intersection of the free surface and wavemaker, where the respective boundary conditions introduce an inherent inconsistency.
Tanizawa (1995) introduces a timestepping mixed Eulerian-Lagrangian scheme
that accounts for the ﬂuid forcing on a moving body, thereby allowing the simulation of ﬂoating bodies. This approach requires the partial time derivative of the
potential, φ˙ , to be established at each timestep. The scheme of
Kyoung et al. (2006) that has already been mentioned in previous chapters, is

3.5 Mesh movement
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very closely related to the approach of Tanizawa (1995). However, in contrast to
these authors, we use the acceleration potential, not the pseudo-acceleration
potential. After considerable experimentation, we have concluded that the former
is necessary to maintain consistency in the context of our approach and implementation. This appears to be a consequence of the need for a bounded boundary
condition for φ˙ at the submerged corners of the compliant body that, in the current framework, must be obtained as the sum of beam acceleration at that point
and the normal derivative of ∇φ|2, both of which are theoretically unbounded (in
the limit of continuity and convergence of the beam acceleration). While, unlike
φ˙ , the solution for Φ contains a boundary singularity, we avoid the errors introduced by ﬁrstly separately approximating the unbounded ∇φ|2, then subtracting
it from the theory before solving (to give boundary conditions for φ˙ ) and ﬁnally
adding the approximated version to φ˙ to obtain the pressure under the beam.
The system of Tanizawa (1995), solving for the nonlinear quasi-acceleration
potential, has been widely employed. For example, Koo and Kim (2004) present a
fully
nonlinear
numerical
wavetank
with
beach
and
smoothing.
Bai and Eatock Taylor (2007); Bai and Eatock Taylor (2009) use domain decomposition methods to model successively more complicated objects ﬂoating in the
water.

3.5 Mesh movement
A number of techniques exist for determining the mesh movement, avoiding
bunching of cells or distortion that would degrade the quality of the Finite Element solution. Advanced techniques exist, such as the Quasi-ALE Finite Element
method of Ma and Yan (2006), which allows the mesh to alter as is most suitable,
semi-independently of the ﬂuid motion. Here, for simplicity, we constrain ourselves to a relatively basic algorithm that only permits vertical motion of individual nodes, trusting this ﬁxed horizontal separation to reduce the eﬀects of
bunching. This algorithm was established independently for the purposes of this
project.
Points are moved according to a Lagrange polynomial, such that, as they get
close to one of several control points dependent on the point’s location, the
adjustment tends to the known change at that control point. Figure 3.1 shows the
control points (solid) for three mesh points (open) in diﬀerent regions of the
domain. The inﬂuence of a given point is inversely dependent on the indicated
strA slightly more advanced version uses a similar process but with motion ﬁrst
mapped to the nearest vertical wall or beam, and takes the minimum vertical
coordinate given by these two possibilities.
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We have found that the choice of a mesh moving algorithm that minimizes
distortion is a crucial element of this framework, and the current approach to distributing vertical scaling is the most eﬀective and extensible of those with which
we have experimented. Full details of the algorithm are presented in Appendix D.

3

1
2
Figure 3.1. Examples of control points that may be used in three diﬀerent parts of the
domain. The points are chosen such that the expressions on the internal boundaries
approximately match for neighbouring domains

3.6 Adopting the FEniCS project
As the Finite Element method is highly standardized, the most eﬃcient approach
for this project has been to use pre-existing optimized routines where possible,
adapting them to the current situation as required. This allows us to employ certain techniques that would, in development, have monopolized project time at the
expense of extending the scope of the research. In particular, the coding and
incorporation of reliable and eﬃcient support for Discontinuous Galerkin methods
(or interior penalty methods) is known to be highly time consuming
(Engel et al., 2002).
To provide these routines, we have chosen a suite of tools named FEniCS,
intended particularly for the “automated solution of diﬀerential equations using
Finite Element methods” (Logg and Wells, 2010; Logg et al., 2012). Diﬀerential
equations are expressed as variational problems using UFL (Universal Form Language), a purpose-built extension of the Python programming language. These
can then be incorporated into a larger Python or C++ program using the
DOLFIN libraries, a subproject of FEniCS.
Under the Python framework, when a variational problem is ﬁrst encountered
during program execution, UFC (Universal Form Compiler) compiles and caches
the form for future use. While this process must be repeated if the form or the
element type changes, the form does not generally need to be recompiled to
accommodate geometric mesh changes. The compilation process produces an
expression of the problem with the necessary coeﬃcients of Finite Element shape
functions explicitly included.

3.6 Adopting the FEniCS project
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In the C++ framework, the UFC compilation is performed prior to compilation of the C++ program. The compilation step produces C++ header ﬁles from
the pythonic UFL code; they are then included into the wider C++ code and so
incorporated into the ﬁnal binary during the normal process of program compilation.
FEniCS provides support for a number of diﬀerent types of quadrature,
although our project solely uses Lagrange elements (that is, elements such as
those deﬁned in the introduction). It also allows us to adopt higher-order cells; we
use quadratic elements in solving Poisson’s equation to ensure an accurate representation of the normal derivative on the boundaries. Moreover, this provides us
with a wider family of available methods for solving the fourth-order beam
problem. No longer restricted to a C 1 Finite Element space, we may apply interior penalty conditions and solve over a suitable C 0 space.
To ensure optimum eﬃciency, the DOLFIN libraries are written in C++ and
the computationally intensive linear algebra routines are called from standard C
libraries. Such backends include PETSc, uBLAS, Trilinos/Epetra, MTL4 and a
simple STL backend (standard C++ template library). While we are generally
content to use the default framework, some of the purpose-written code (used in
our sliding mesh solver, described in detail in Section 3.9) requires a PETSc
backend. DOLFIN cleanly separates the linear algebra backend from the userfacing interface so, elsewhere, this choice can simply be changed at compile-time
without any necessary change of code.
PETSc is primarily developed at Argonne National Laboratory (US) and is
specialized for the eﬃcient solution of large scale problems and the use of parallelization. In this project, we have not yet exploited the parallelizability of the
PETSc or DOLFIN libraries, but the feasibility and comparitive simplicity of
incorporating these techniques in the future has informed our approach.
The FEniCS project itself is being developed at and supported by a number of
research institutions and universities across Northern Europe and the US, particularly the Simula Research Laboratory (Norway), University of Cambridge (UK),
University of Chicago (US), Texas Tech University (US) and KTH Royal Institute
of Technology (Sweden).
The choice to adopt the FEniCS project was reinforced by the existence of an
open and highly active developers’ mailing list, a number of research papers published on the project and growing external interest in the software for academic
use.
All of the software referred to above is open source and, particularly in the
case of the DOLFIN libraries, access to the source code has proved beneﬁcial in
understanding the algorithms, problem resolution and development of supplementary routines. Conversely, we have contributed to the project by identifying bugs
and ﬁling potential ﬁxes upstream.
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3.7 Discrete hydroelastic equations
To solve the hydroelastic equations using the DOLFIN libraries, we must recast
the equations in weak (variational) form. Recalling that we must solve elliptic
problems over Ω for both φ, the velocity potential, and Φ, the acceleration potential, we restate these equations. Firstly, for the velocity potential, we must solve
Laplace’s equation with mixed boundary conditions,
∇2 φ = 0 on Ω,
φ = ϕ on ΓF ,

(ẇ , 0) · n on ΓB
φn =
0
on ΓV , ΓW .
Secondly, we must solve Poisson’s equation for the acceleration potential, noting
that φ is a known variable once the above equation has been solved,


1
2
2
∇ Φ − |∇φ|
= 0 on Ω
2
Φ = −g ζ on ΓF

(ẅ , 0) · n on ΓB
Φn =
0
on ΓV , ΓW .
The variational expression for the velocity potential may be written as follows,
Find φ ∈ H m(Ω), such
that, ∀vZ∈ H m(Ω),
Z
Z
v φn dΓ
v φdΓ −
v ∇2 φdΩ + C1
ΓB ∪ΓV ∪Γ
Ω
ZW
Z ΓFS
v ϕdΓ,
v (0, ẇ) · ndΓ + C1
=
ΓB

ΓFS

where C1 is a suﬃciently large penalty term. As it is especially important to get a
good estimate of the normal derivative at the free surface, using a penalty method
to enforce the Dirichlet condition allows φ|ΓFS to incorporate some of the error at
this boundary that would otherwise degrade φn.
The space Ω is meshed, that is triangulated with a partition T (Ω), and following the principles of the Galerkin method, we ﬁnd an approximate solution for
the above equation in the new discrete space, V = VT ⊂ H 2(Ω). By Galerkin
theory, solving the following formulation will give us the closest approximation in
the discrete space to the true solution in H 2(Ω),
Find φ ∈ V , such that,
∀v ∈ V , Z
Z
Z
v φn dΓ
v φdΓ −
v ∇2 φdΩ + C1
ΓB ∪ΓV ∪Γ
Ω
ZW
Z ΓFS
v ϕdΓ,
v (0, ẇ) · ndΓ + C1
=
ΓB

ΓFS
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To remove second order derivatives from this expression, we apply the divergence theorem to the Laplacian term,
Z
Z
Z
Z
v ϕdΓ.
v (0, ẇ) · ndΓ + C1
v (φn + C1 φ) dΓ =
− ∇v · ∇φdΩ +
ΓFS

ΓB

ΓFS

Ω

The v φn term on the left-hand side may be neglected, provided C1 is suﬃciently
large. Additionally, for neatness, we reverse the polarity to leave our interior integral positive,
Z
Z
Z
Z
∇v · ∇φdΩ − C1
v φdΓ =−
v (0, ẇ) · ndΓ − C1
v ϕdΓ.
Ω

ΓB

ΓFS

ΓFS

Applying the same process to Φ gives,


Z
Z
1
2
∇v · ∇ Φ − |∇φ| dΩ − C1
v ΦdΓ
2
Ω
Γ
FS
Z
Z
= −
v (0, ẇ) · ndΓ + C1
g ζdΓ.
ΓB

ΓFS

In keeping with convention, we move terms not involving Φ to the right-hand side,
giving a symmetric bilinear form in v and Φ on the left-hand side and a linear
form in v on the right,
Z
Z
v ΦdΓ
∇v · ∇ΦdΩ − C1
ΓFS
Ω
Z
Z
Z
1
2
=
g ζdΓ
v (0, ẇ) · ndΓ + C1
∇v · (∇|∇φ| ) dΩ −
2 Ω
ΓFS
ΓB
Directly evaluating the second derivatives of φ in the manner above is possible
only if we have solved for φ using elements of quadratic or higher order. In practice, we ﬁnd that using nonlinear elements is important for accurate evaluation of
the normal derivative at the free surface (this point is discussed later in greater
depth), and that if we instead solve Laplace’s equation for φ̇, second derivatives of
φ will nonetheless appear in the boundary conditions.

3.8 Surface smoothing
We employ the arbitrary spacing smoothing technique used by
Koo and Kim (2004) to reduce cumulative sawtooth errors in the free surface displacement. This particular approach is referred to as ﬁve point Chebyshev
smoothing and is based on the idea that, with sawtoothing errors, separating the
solution into polynomials matching alternate evaluation points around a node can
be used to give a better representation of the original function, with reduced oscillation.
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In practice, as we use a quadratic 1D mesh along the surface, it is more eﬀective to project this to a linear 1D mesh that is twice as dense, apply the Chebyshev smoothing and elevate the smoothed result to the quadratic mesh. To avoid
unnecessary numerical diﬀusion, this process is applied once every ﬁve timesteps.
This has been of beneﬁt in maintaining free surface stability over the longer time
periods required for multiple ﬂoe problems. The eﬀects of smoothing on the free
surface proﬁle are illustrated in the relevant subsection of the sensitivity study
later in the chapter.
A full formulation of the process is included in Appendix C.

3.9 Sliding mesh theory
We introduce a more involved technique to use as an advanced alternative to the
basic Finite Element system. This technique is intended to help us reduce numerical error when the free surface comes close to the beam base, an obstacle
expanded upon in the later section entitled Limitations.

3.9.1 Defining the sliding problem
In some simulations we have adopted a series of sliding meshes. This allows us to
divide the ﬂuid into multiple regions, with the vertical scaling in each largely
independent of the next. The natural application of this facility is to decouple the
under-beam and outside-beam regions, such that the beam can move up and
down regardless of the behaviour of the free surface abutting it. As our mesh
deformation is solely in the vertical direction, we may draw lines descending from
the beam ends and so divide the ﬂuid domain of the single ﬂoe problem into three
subdomains (Figure 3.2).

Figure 3.2. Division of the ﬂuid domain for a sliding mesh problem
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This complicates our solution process slightly. Formerly, if we wished to apply
a standard Finite Element method to the Laplace equation for φ over Ω, we had
our internal continuity guaranteed by our choice of continuous Lagrange elements.
However, on the internal boundaries, this is no longer the case. As such, we need
to enforce continuity through additional constraints.
Moreover, as these submeshes are treated distinctly, we have no reason to
expect that the cells match on either side of the internal boundaries, and so our
Finite Element representations, say φ+ and φ−, of φ may well be deﬁned over different spaces, complicating any interaction between them.
As such, we take an approach from the ﬁeld of mortar methods, methods
developed for this type of problem, by using a Lagrange multiplier and penalty
terms to minimize the inconsistency along those boundaries. Speciﬁcally, we consider Egger’s hybrid mortar method (Egger, 2009).
As in Figure 3.2, we denote the subdomains, from left to right, Ω1, Ω2 and Ω3
respectively. The two internal boundaries are denoted Γ12 = Ω1 ∩ Ω2 and Γ23 =
Ω2 ∩ Ω3. We consider φ1, φ2, φ3 to be deﬁned on the closures of the respective
subdomains. Note that there is as yet no enforced requirement, for instance, for
φ1|Γ12=φ2|Γ12.
If we consider that the Laplace problem on the full domain has a unique C 1
solution (Jeﬀrey, 2003), it is then suﬃcient to require that the φi and their
normal derivatives be matched on the internal boundaries.
The problem,
∇2 φ = 0 on Ω,
is then equivalent to,
∇2 φk = 0 on Ωk ,
φi |Γij = φ j |Γi j ,
∇ φi · ni |Γij = −∇φ j · n j |Γi j ,
for k ∈ {1, 2, 3}, (i, j) ∈ {(1, 2), (2, 3)}.
To enforce these continuity conditions, we reformulate our variational equations adding penalty terms on the interior boundaries,

Z
X Z
v ∇ φk · ndΓF
∇vk · ∇ φk dΩk −
ΓF
Ωk
k
X
+
K (JvK, JφK)Γi j − (h∇vi, JφK)Γi j − (JvK, h∇φi)Γi j = 0,
(i,j)

where (i, j) ∈ {(1, 2), (2, 3)}, (·, ·) is an as-yet undeﬁned inner product on Γij and
the jump terms are,
JφK|Γi j

h∇ φi|Γi j

6
6

(φi nij + φ j n ji)|Γij ,
1
(∇ φi + ∇φ j )|Γi j.
2
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Note that these jump deﬁnitions mirror the Discontinuous Galerkin (DG) deﬁnitions. Indeed, if we assume continuity of the mesh and linear elements, we will
obtain the DG formulation by this method.
Through the Γij inner products, this introduces direct coupling between the
neighbouring meshes. K is a suﬃciently large penalty parameter that will be
described later.
To mitigate the problems associated with performing these integrals, we deﬁne
1
a Lagrange multiplier λij = 2 (φ j + φi)|Γ i j on each boundary. We drop the λ
indices where they may be inferred from the domain. Applying a variational
approach to λ using suitable trial functions µ, we obtain,

Z
X Z
v ∇ φk · ndΓF
∇vk · ∇ φk dΩk −
Γ
Ω
F
k
X k
K (JvK, JφK)Γij − (h∇vi, JφK)Γij − (JvK, h∇φi)Γij = 0,
+
(i,j)

(µ, φ j + φi)Γij = 2 (µ, λ)Γij ,

⇒

X Z
k

+

X
(i,j)

Ωk

∇vk · ∇ φk dΩk −

Z

ΓF

v ∇ φk · ndΓF



K [(vi , φi)Γi j − (vi , φ j )Γi j − (v j , φi)Γij + (v j , φ j )Γij ]

1
1
− (∇vi , φi nij )Γij − (∇v j , φi nij )Γij
2
2
1
1
− (∇vi , φ j n ji)Γij − (∇vj , φ j n ji)Γij
2
2
1
1
− (vi nij , ∇ φi)Γij − (vi nij , ∇ φ j )Γij
2
2
1
1
− (vj n ji , ∇ φi)Γij − (v j n ji , ∇ φ j )Γij
2
2
+K (µ, φ j + φi)Γij − 2 K (µ, λ)Γij = 0.

However, we have the simple identity,

and another,

1
1
1
1
(vi , φi) − (vi , φ j ) − (vj , φi) + (v j , φ j )
2
2
2
2
= (vi , φi) − (vi , λ) + (vj , φ j ) − (v j , λ),
(∇ vi · nij , φ j ) = −(∇vi , φ j n ji).

Together, these allow for a simpliﬁcation,
Z
X Z
v ∇ φk · ndΓF
∇vk · ∇ φk dΩk −
ΓF
Ωk
k
X
+
2 K (vk − µ, φk − λ)Γk k ′ − (∇vk · nkk ′, φk − λ)Γk k ′
′
k

1
−(vk − (vk + vk ′), ∇φk · nkk ′)Γk k ′
= 0,
2

[

]

(3.1)
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where k ′ is summed over the possible inner boundary pairs, Ωk ∩ Ωk ′ for each k
(either one or two possibilities). This counts, for instance, the pairs (1, 2) and (2,
1) separately.
We may symmetrize Equation 3.1 by adding (µ − JvK, ∇φk · nkk ′) for each (k,
k ) pair,
Z
X Z
v ∇ φk · ndΓF
∇vk · ∇ φk dΩk −
ΓF
Ωk
k
X
+
2 K (vk − µ, φk − λ)Γk k ′
′

[

k′

]

−(∇vk · nkk ′, φk − λ)Γk k ′ − (vk − µ, ∇φk · nkk ′)Γk k ′

= 0.

Combining the contributions from both sides of each interior boundary, the additional terms, given suﬃciently smooth φk, should sum to 0.
In this formulation, no inner product involves more than one subdomain.
However, we have yet to choose a space VΓk k ′ for λ, µ and, moreover, to deﬁne a
suitable inner product over VΓk k ′.
Whatever choice of VΓk k ′ we make, we must be able to represent φk |Γk k ′ and
φk ′|Γk k ′ appropriately. In the linear element case, we deﬁne a mesh Γhkk ′ as the
union of points in Ωhk |Γk k ′ and Ωhk ′|Γk k ′. Letting VΓk k ′ be the linear Lagrange Finite
Element function space over this mesh, we can represent both φk and φk ′ precisely
on the boundary by linear interpolation mappings Xk: Vk |Γk k ′→VΓk k ′; φk Xk ◦ φk,
where ◦ denotes function composition. For those quadrature points (vertices) on
Γhkk ′, values on Ωhk are projected directly, and for the points contributed by the k ′
mesh, but not shared by the k mesh, values are linearly interpolated from the
neighbouring k mesh values. For this process to work, the uppermost and lowermost points on the inner boundary must be shared by both meshes.



As such, we can now deﬁne our inner products,
Z
(Xk ◦ φk) µ dz,
(φk , µ)|Γk k ′ =
Γk k ′

etc.

In the second order case, choosing a suitable quadratic inner boundary space is
complicated by the necessity of having quadrature points in the middle of cell
edges. We can no longer project the Ωk internal quadrature points (edge midpoints) directly onto the boundary mesh, as these points will only be coincident
with the boundary space internal quadrature points (1D cell mid-points) when a
cell is projected from Ωk without intervening Ωk ′ points. Figure 3.3 illustrates
these diﬃculties. On the left of the ﬁgure, the joint boundary of two 2D meshes is
shown, with the boundary mesh points of Ω1 shown as red dots, and the
boundary mesh points of Ω2 shown as blue squares. Internal quadrature points on
either side are shown as crosses. On the right, a naïvely combined 1D mesh is
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shown, with the images of mesh points illustrated as black circles and the images
of quadrature points as black dashes. The projected quadrature points on Γ12 are
not all in the middle of the new Γ12 cells and, indeed, Γ12 cells may be given no
internal quadrature point at all.

Figure 3.3. Generation of the quadrature points of Γ12

We have found that it is suﬃcient instead to deﬁne Γhkk ′ as the mesh with vertices given by the amalgamated vertices and edge mid-points of Ωk, Ωk ′ along the
boundary. We may then generate a linear space VΓk k ′ with degrees of freedom for
every geometrically distinct quadrature point on either side of the boundary. In
practice, this will project a quadratic function on a cell edge to two piecewise
linear functions on Γkk ′. However, provided our meshes are suﬃciently ﬁne, this
approach generates a successful technique for establishing φk, φk ′. The author is
unaware of extant literature establishing this particular application to quadratic
meshes.
For the sliding mesh, it is simple to move vertices by linearly interpolating
between the moving top (free surface or beam) and the bottom of the domain.
The mesh movement algorithm is complicated by the requirement that both the
free surface and underbeam meshes must have the vertices at the submerged corners, so that Γkk ′ is well-deﬁned. Consequently, as a second step, we rescale
whichever of the two joining meshes has the higher top boundary, to make sure a
(non-corner) boundary node matches the corner of the other mesh.
We have yet to choose our penalty coeﬃcient K. This is taken to be αsl/h,
where h is dependent on mesh-size (e.g. cell diameter) and αsl is suﬃciently large
(Egger, 2009). Experimentally, we have found that choosing αsl = 1.0 × 103 provides good results for the parameter sets that we have used.
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3.9.2 Solving the sliding problem
The resulting global Finite Element matrix takes a block tridiagonal form,


T
A1 B12
−

T
+
 B12− Λ12 B12

T
M = 
B12+ A2 B23
−

T

B23− Λ23 B23
+
+
B23
A3

u





= 



φ1
λ12
φ2
λ23
φ3





,





F1
0
F2
0
F3



f = 








,






,



where the Ai are the Finite Element matrices for the standard Laplace problem
(with mixed boundary conditions) on the Ωi, the Λi are the matrices generated by
the (λ, µ) inner products and the matrices Bij ± are those generated by the (φi , λ)
and (φ j , λ) inner products.
It should be noted that the Ai matrices will, in general, be much larger than
the Λij matrices, as these represent the number of degrees of freedom on the Ωhi
and Γhij meshes, respectively.
To solve the tridiagonal system, we follow
solve a matrix system of the form,


d11 f11
x11
 2 2 2
 2
 e1 d1 f1
 x1

 3
3
3
3

 x1
e1 d1 f1



e41 d41 f14  x41
e51 d51
x51
where all of the individual entries are matrices.

the algorithm of Heller (1976) to










 = 





Firstly, we derive a new block matrix system,
!
!
1
1
1
d2 f 2
x2
=
e22 d22
x22

v21
v22

v11
v12
v13
v14
v15






,



!

,

and ﬁnally reduce this to a single matrix problem,
d13 x13 = v31.
Our solution for x13 provides us with x12 and x22, and ﬁnally the xi1, which correspond to φi, λij .
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The new dij are deﬁned as follows,
d12 =
=
2
d2 =
=
1
d3 =

d21 − e21 [d11]−1 f11 − f12 [d31]−1 e31
−1
−1
T
T
Λ12 − B12
− A1 B12− − B12+ A2 B12+,
d41 − e41 [d31]−1 f13 − f14 [d51]−1 e51
−1
−1
T
T
Λ23 − B23
− A2 B23− − B23+ A3 B23+,
d22 − e22 [d12]−1 f21.

The eij , f ji and v ij are given by,
e22 =
=
1
f2 =
=
v21 =
v22 =
v31 =

−e41 [d31]−1 e31
−1
T
−B23
− A2 B23−,
−f12 [d31]−1 f13
−1
T
−B12
+ A2 B12+,
−1
−1
T
T
−B12
− A1 F1 − B12+ A2 F2
−1
−1
T
T
−B23
− A2 F2 − B23+ A3 F3
v22 − e22 [d12]−1 v21.

To avoid the computational overhead of having to completely invert a matrix, we
solve for x13 using a conjugate gradient method, outlined in Table 3.1 for a matrix
system M u = f (e.g. Hageman and Young, 2004). This is solved using PETSc,
as discussed in the earlier section on the FEniCS Project.
Pick an initial guess, u0
r0 6 M u 0 − f
p0 6 −r0
Until rk is suﬃciently small :

αk 6

krk k2
pT
k M pk

uk+1 6 uk + αk pk
rk+1 6 rk + αk M pk
βk+1 6 krk+1k2/krk k2
pk+1 6 −rk + βk+1 pk
Increment k
Table 3.1. Conjugate gradient algorithm

It can be seen from Table 3.1 that it is suﬃcient for performing the algorithm
to know how to multiply the matrix M by an arbitrary vector, without needing
to know any of the entries of M . In PETSc terminology, we deﬁne a MATSHELL for d13 (Balay et al., 2011). This is a structure that we may, multiplicatively, treat as a matrix. We do so by attaching a function of the form,
d13_mult(Vec x, Vec b)

3.10 Limitations
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This function is called to ﬁll b with d13 x. It is easy to achieve this using the
deﬁnition of d13, but we must perform an inverse multiplication of d12 in the process. For the same reasons, we deﬁne another MATSHELL for d12 to perform this
multiplication, again using conjugate gradient.
The d12 deﬁnition itself involves two inverse multiplications, but these are of A1
and A2. We know these matrices to be sparse and we have their entries, so it is
most eﬃcient to perform L U factorizations in advance, passing these to the d12
MATSHELL to perform the requisite inverse multications as they arise. We treat
similarly any other inverse multiplications involving the Ai matrices.
It should be noted that the sparseness of the large Ai matrices is exploited
using this method, whereas the potentially more expensive conjugate gradient
solutions are performed for matrices d12 and d13, which have the sizes of Λ12 and
Λ23.

3.10 Limitations
3.10.1 Bottom emergence
In our usage, bottom emergence describes the development of a state where the
free-surface has dropped below the base of the beam at one of its ends. More generally, it describes the situation where a portion of the beam’s base becomes dry
as a free surface forms underneath. This has been considered, for example, by
Greco et al. (2009).
Under the standard, single-mesh paradigm, it is not possible for us to realistically represent bottom emergence, as our cells along the vertical beam wall
become inﬁnitesimally small as the free surface approaches the base. Under the
sliding mesh paradigm, there is scope for avoiding this problem as the meshes can
adjust to avoid bunching. While this does allow the simulation to continue, a
naïve implementation will still lose some accuracy as a consequence of the ∇φ singularity at that point, and the free surface/ﬂuid interface that develops between
the meshes. In practice, this usually appears as unstable oscillation in the two
free surface nodes closest to that corner. This instability is not immediately visible in the beam motion.
We have explored the possibility of tying the two meshes together once the
free surface reaches the corner, so that the middle mesh eﬀectively peels away
from the beam, avoiding the free surface/ﬂuid interface. However, this introduces
problems in the identiﬁcation of nodes in the under-beam free surface around this
area, especially important in determining the distribution of von Neumann and
Dirichlet boundaries for φ and Φ under the beam. Nonetheless, this may prove a
fruitful area for further examination. In our current framework, incorporating the
more technical approaches in the literature should be comparatively straightforward, but beyond the scope of the present study.
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3.10.2 Overturning waves
As our approach allows grid points to move only in the vertical direction, and
deﬁnes the free surface by a single-valued function of horizontal distance from the
left end, we are unable to account for overturning waves. In particular, this prevents us from accurately calculating the eﬀect of green water on the beam.
Faltinsen et al., 2002 highlight the challenges of incorporating realistic green
water loading phenomena, even with advanced nonlinear models. Most methods
require a fully Lagrangian approach, tracking the ﬂuid surface as it turns over,
although as discussed by Longuet-Higgins and Cokelet (1976), physicality will still
be lost when the wave recontacts itself or, in the present case of structure interaction, as it splashes on the upper surface of the body. However, a basic approximation to account for the consequent reduction in ﬂow under the beam should be
suﬃcient for our speciﬁc hydroelastic context.

3.10.3 Beam corner rounding
The nonlinear ﬂuid model involves restores |∇φ|2 terms to the free surface and
coupling equations. In comparison with the linear pressure equation, numerical
parameters must be tightened (timestep decreased, minimum correction iterations
increased) to achieve satisfactory convergence. This is a consequence of the presence of singularities in Φ at the bottom corners of the beam.
However, we have found that converged results are obtained much more eﬃciently by rounding the beam corners at standard timestep and resolution, than
by decreasing the timestep and increasing the resolution. Indeed, the results for
very high resolution are closer to the rounded corner results than to the intermediate resolution results, the latter showing non-negligible variation with changes
in the mesh around the beam corners. Consequently, for the nonlinear results, we
use rounded bottom beam corners. In fact, this is generally physically realistic for
ice ﬂoes, although VLFS may have relatively sharp corners. However, for our
tests, the rounding itself makes little diﬀerence to the converged results, as shown
in the following chapter.
To implement the rounding, we have replaced the right-angle by a quarter
ellipse with radius of 0.2 m in the horizontal coordinate and 0.05 m in the vertical
coordinate. This is suﬃcient to avoid the adverse eﬀects of the singularity, but
small enough not to interfere signiﬁcantly with the beam or free surface physics
unless the free surface drops as far as the rounded edge. For our linear tests, it is
beneﬁcial to maintain the sharp corner, otherwise the rounding will contact with
the free surface for the largest amplitude initial forcing wave (0.4 m). However,
our nonlinear cases are run at smaller amplitudes (max. 0.3 m), so they are unaffected. We provide further details and a demonstrative comparison of rounding in
the subsequent chapter.

3.11 Implementation process
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3.10.4 Additional constraints
An unphysical aspect of the interaction between the beam and ﬂuid in this model
is the lack of horizontal deﬂection at the beam ends. Even if we constrain the
centre-line not to extend, the rotations at the end will not be represented by our
vertical beam wall. We assume that this has negligible impact, as the horizontal
deﬂection and beam thickness are small in comparison to the beam length, or at
least the horizontal region in which we expect to see elastic eﬀects.
While we could alter our beam models to ﬁx the rotation at the ends to the
vertical, we would no longer have a vanishing bending moment at the ends, which
would similarly lead to unphysical results. Indeed, as bending moment is our primary tool for comparison, this may lead to a greater violation of physicality in
our measurements.

3.11 Implementation process
The reﬁnement of the overarching time-stepping algorithm has proved to be at
the core of this project. The majority of work has been directed to tailoring the
algorithm for stability of the free surface displacement. This is particularly challenging given the moving boundary, which is highly sensitive to errors in the
boundary derivatives, and the singularities at the submerged beam corners.
The process of obtaining an eﬀective system has involved ﬁnding suitable
numerical parameters; identifying tractable, realistic parameter sets; deﬁning
approximations and incorporating the machinery of the Finite Element solution
system, to provide a method within the capacity of the computing facilities available.
While the additional power and versatility provided by the FEniCS system is
fundamental to our approach, its relatively early stage of development at the
beginning of this project has also contributed to workload. Some features that
have since been developed upstream had to be implemented, ad-hoc for our
project. As we have followed their releases, some of these have been supplanted
by the upstream versions, providing performance improvements and helping us
resolve our own bugs. One particular example is 1D Finite Element evaluation at
a point, which was not implemented by the developers until 2011, 2D and 3D
evaluation having been included prior to our project’s outset. Coding an eﬃcient
and accurate point evaluator for a general 1D cell involved signiﬁcant time in
development and bug-testing.
Nonetheless, we believe that the FEniCS system has reduced our workload
overall, by providing power we could not feasibly have developed in a reasonable
timeframe.
As indicated above, our free surface is highly sensitive to errors in the normal
derivative at the surface. We have gone through a number of techniques to establish an approach that does not introduce instability into the time-stepping algo-
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rithm. Originally, we used the solver to obtain ∇φ, in Cartesian coordinates over
the whole surface and used ζ to give us an estimate of the normal : (−ζx , 1)/
p
1 + ζx2 . This allowed us to obtain nonlinear expressions for the normal,
depending only on the level of approximation of ζ. Moreover, it was clear that
directly extracting either the normal or the normal derivative from the Finite Element solver, as a Finite Element function, would require a signiﬁcant degree of
familiarity with the inner workings of the software.
We could then dot product these terms to obtain,
φn/nz = φz + ζx φx.
However, this approach led to instabilities, especially where the free-surface slope
was large. We surmised that the instabilities could be a result of taking the
Cartesian partial derivatives of a function deﬁned over an unstructured mesh; the
distance of the ﬁrst quadrature point below the surface varies, introducing slight
inconsistencies in the derivatives. We consequently altered our approach, considering,
ϕ(x) = φ(x, ζ(x))
ϕx(x) = φx + ζx φz
⇒φn/nz = (1 − ζx2) φz + ζx ϕx.
While this provided some improvement, we still had instability near the ends of
the free surface. This seemed to be a result of numerical inaccuracy at the corner.
We can illustrate this as follows. Assume that ζx = 0 at the corner (0, ζ(0)) at
time tn and, for simplicity, we are using ﬁnite diﬀerence (as a reduced case of
ﬁnite element). Suppose an error ε in ζ˙ at the corner at time tn+1 and negligible
error at the ﬁrst cell inwards. Calling the estimate ζ˜, at time tn+1, that would
imply,
˜
ζ˙ − ζ˙ = ε
φ˜z − φz ∝ ε + h.o.t.
φ˜zx − φzx ∝ ε/∆x + h.o.t.
φ˜xz |(0,ζ(0)) ∝ ε/∆x + h.o.t.
This contradicts our no-ﬂow condition at the left boundary. Consequently, when
we solve Laplace’s equation, the errors appear in φz at the corner, used to establish a new ζ˙ . As we are solving Laplace’s equation along a Dirichlet boundary, we
expect lower quality results for the partial derivatives than if we were considering
the result along a Neumann boundary. When we include |∇φ|2, this eﬀect is magniﬁed.
Errors in the displacement can be introduced by the contradiction of nonlinear
ζ (surface displacement) functions and the straight cell edges. To avoid this, we
can use linear ζ, but this introduces errors in the x-derivatives at the ends of the
free surface, and, if we do not use linear basis functions for φ, Φ, this is selfdefeating, introducing inconsistencies in the evolution equations.
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If we do use linear basis functions for φ, Φ, we get poor approximations of the
normal derivative along the Dirichlet boundary, where it is most important. In
particular, the quality of the normal derivative depends strongly on the cell-size
but, for reasons described above and other aspects of the numerics, we decrease
stability by reducing the cell size too far.
Through substantial experimentation, we have found using quadratic 1D and
2D basis functions throughout to be the most eﬀective combination for bounding
error. The regime could be made more theoretically sound by the incorporation of
quadratically curved cells along the surface, so the boundary location in the
Poisson solver exactly matches (x, ζ(x)). This feature is currently being developed
for FEniCS.
Curved cells may also allow a reduction of cell density on the free surface, as
the current, small average width seems be required by the discrepancy between
the evaluation point of, say, φz(x), and (x, ζ(x)).
Using ϕ and ∇φ on the boundary to establish the normal derivative for the
whole free surface, seemed to cause a feedback loop and consequent loss of stability. We tried instead to obtain the normal derivative directly, using the Euler
method. To this, we deﬁne a function as follows,
x = (x, ζlin(x)) − ǫ n
p
h = ∆z/ 1 + ζx(x)
(p
1 + ζx (x) · (φ(x) − φ(x − ∆z n))/∆z,
φn/n(x) =
(1 − ζx2) [φ(x) − φ(x − (0, h))]/h + ζx ϕx ,

x − ∆z n ∈ Ω
otherwise,

where ∆ z is a numerical parameter speciﬁed by the user. This provided much
more satisfactory solutions, even for very small values of ∆z. Sensitivity tests are
presented later in this chapter. However, the large number of additional point
evaluations and the necessary rebuilding of the Finite Element intersection tree
after each mesh move raises the simulation time considerably.
We experimented with artiﬁcial surface tension to reduce sawtoothing, adding
a µ ζxx term to the ϕ̇ evolution equation. This did provide some beneﬁts for lower
amplitude waves, but using the Euler method to establish the normal derivative
proved much more eﬀective and, when using this, the additional surface term provides little beneﬁt.
Once the FEniCS API had improved and we had come to a better understanding of the internal Finite Element function representation, we tested a
system where the normal derivative was directly evaluated from the solver’s
internal representation of the normal and ∇φ. However, this proved less eﬀective
than the Euler method, particularly near the corners. The accuracy of ∇φ in a
near-vertical direction may be adversely aﬀected by the horizontal no-ﬂow condition, when ∇φ is deﬁned using a variational approach and an unstructured mesh.
During the process of implementation, we identiﬁed and submitted ﬁxes for
two important bugs in the FEniCS software. As a direct consequence, one bug
has been resolved upstream and the other is (at the time of writing) in progress.
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For the sliding mesh code, we calculated the intersection between two given
meshes and created a new 1D mesh from the suitably ordered union of their
degrees of freedom. This process gave us the means to deﬁne a Finite Element
map from each mesh to the new internal boundary mesh. We used FEniCS to
generate the basic Finite Element matrices for the component meshes, Ωi , Γij .
Our most eﬀective formulation was achieved using matrices,


Z
X
2α
T
Ykk ′ ◦
∇vk · ∇φk dΩk +
(µkk ′, λkk ′) ◦ Ykk ′ + external b.c.s,
Ak ↔
h
Ωk
′
k 

2
α
±
T
Bkk
(µkk ′, λkk ′) ,
′ ↔ Ykk ′ ◦ −
h
2α
Λkk ′ ↔
(µij , λij )Γi j ,
h
where Ykk ′ is our transfer matrix from degrees of freedom on Ωk to the boundary
vertices Γkk ′.
The sliding mesh code was written in Python, being much easier to debug the
complexities of the sliding mesh algorithm. However, to solve the resulting tridiagonal matrix system with the minimum calculations, the power of standard
matrix libraries was necessary and unavailable through the FEniCS API. As such,
a mini-library was written in C, using PETSc directly, and a Python interface to
allow us to incorporate it into our extant code. To bridge this gap, we used the
wrapper, SWIG, which also underlies the FEniCS API bridge. As our rate-limiting code is now in the faster language, we have gained the speed of C with the
ﬂexibility and readability of Python.

3.12 Summary
In this chapter, we have outlined a system for solving a 2D hydroelastic problem
using the Finite Element method and discussed the challenges and limitations of
such an approach. An introduction to the mathematical theory underlying this
approach has been presented, alongside a number of technical aspects of our
implementation and a discussion of the family of coupled Finite Element
approaches as they appear in the (generally inelastic) ﬂoating structures literature. Moreover, we have discussed an advanced approach that splits the problem
into multiple domains by using mortar methods, allowing independent motion of
submeshes. These two methods, as derived in this chapter, will form the basis of
our subsequent study.
In the following chapter, we introduce some basic sensitivity results and comparisons with traditional free surface theories to highlight the beneﬁts and limitations of the current framework.

Chapter 4
Basic results
We introduce some results for conﬁgurations without any beam or using only a
basic linear, Euler-Bernoulli beam. This allows us to compare our output with the
standard theory and to quantify any variation in the results due to changes in the
numerical parameters. Doing so allows us to establish standard conﬁgurations on
which we may base beam model comparisons in the following chapters.
In this chapter we do not generally smooth the free surface by using the
Chebyshev method, although, as shown in the subsequent sensitivity testing,
including or omitting it has little impact on the bending moment, our standard
comparative measure for hydroelastic problems. However, we have found little difference between the free surface peak speeds with and without smoothing, as
would be expected in case of the relatively low amplitude waves that we consider
in this chapter.

4.1 Small regular waves
Suppose we have a train of small linear gravity waves with wavenumber k. Under
Airy theory, a linear free surface theory, for a potential ﬂow of intermediate
depth, the wave speed c can be expressed as,
q
g
c =
tanh (k h) ,
k
(Debnath, 1994).
To demonstrate the validity of our approach for small waves, a wavemaker is
used, as described in the Chapter 3. We restate the Neumann conditions along
the wavemaker as they were given in Chapter 2,
φn = Vwave (z, t) = Awave p (q̇ sin ω t + ω q cos ωt),
φ˙n = V˙wave (z, t) = ω Awave p (2 q̇ cos ω t − ω q sin ω t),
where the functions p(z) and q(t) are ramp-functions,

z6b
 1,
p(z) =
(z − a)/(b − a), b < z < a

0,
otherwise,
q(t) =



1,
t > twave
t/twave, t 6 twave.
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Wavemaker

Awave 0.04 m
Depth 1.0 m
ω
0.1 Hz
∆t
0.005 s
Bernoulli pressure : p/ρw = −g z − φ̇

Domain 80 m
ρw
1025 kg m −3

Table 4.1. Parameters for the basic wavemaker problem

A tank of 80 m is used, being considerably longer than that employed for the
majority of our simulations. The ﬂoating body is removed to avoid any disruption
of the wave by obstacles or reﬂection, allowing us to compare our wave progression with standard expressions for open water problems. We choose a small
timestep of 5 × 10−3 s to accurately resolve the time delay values required for our
calculations.

Figure 4.1. Free-surface displacement at t = 20 s

Figure 4.1 shows the progression of a small wave across the free surface at t =
20 s, before it reaches the right end of the domain, with the displacement in
metres from the mean free surface denoted by ζ(x). During the initial ramp of
wavemaker velocity, the maximum magnitude of the Neumann condition rises linearly from Aamp = 0 to Aamp = 1. The eﬀects can be seen at t = 20 s in the rightmost extrema, with the amplitude of the peaks and troughs starting small and
rising to a maximum absolute value at the second trough from the right, before
dropping slightly to the median level for the leftmost minima and maxima. The
spacing is also slightly wider towards the righthand side, as the smaller, rightmost
waves spread into the undisturbed region with a greater velocity than those waves
produced after the wavemaker has completed its ramping.
We can obtain an estimate of the phase speed by measuring the time a chosen
peak moves a speciﬁc distance. As our wavemaker begins with a ramp, it is reasonable to ignore the front of the wavetrain as unrepresentative. Instead, we consider the third large peak as it moves across the domain.
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We choose two points to observe along an 80 m domain with a suﬃcient gap to
obtain a representative estimate, suﬃciently far from either end to avoid eﬀects of
the wall and near enough to the LHS that our results are obtained before the
reﬂected wave returns from the RHS. To achieve this, we choose points x = 16 m
and x = 32 m. Figure 4.2 shows the displacement from the mean free surface in
metres, ζ(x, t), as the simulation progresses. The black curve shows motion for
x = 16 m. For clarity, the passing of the third large peak is marked as A. On the
grey curve for x = 32 m, the passing of the third peak is marked B. Initially, the
free surface is at rest at both points and as the rightmost wave of Figure 4.1
passes over, they begin to show visibly non-zero values at timesteps 1000 (t = 5 s)
for the black curve and 2200 (t = 11 s) for the grey curve, approximately. Note
that, as the ﬁrst passing wave disperses crossing the domain, it actually reaches
x = 32 m some time before the displacement becomes visible in Figure 4.2.
Point A is reached at timestep 4045, that is t = 20.225 s. Point B is reached at
timestep 5098, that is t = 25.490 s. We estimate the phase speed to be,
cest = (32 − 16)/(25.490 − 20.225) = 3.039 m s−1 (4 s.f.).
Measurements are quoted to 4 s.f. for the remainder of this section.
To compare this with linear theory, we must have an estimate for the
wavenumber k. To achieve this, we measure the distance between the third and
fourth peaks shown in Figure 4.1. The fourth peak from the right is located at
x = 15.24 m and the third from the right is at x = 30.48 m. We obtain a separation
of λest = 14.73 m and kest = 2 π/λ = 0.4266 m−1.
r
g
cAiry =
tanh (kest h)
kest
= 3.042 m s−1.
This shows the discrepancy between the Airy theory prediction and experimental
measurement to be of the order of 0.1%, for this very low amplitude parameter
set.

4.2 Initial profile waves
To provide some illustrative contrasts of beam behaviour, we plot the variation
over time of the root mean square of the bending moment for diﬀerent amplitudes. This gives us a simple measure of the average degree of ﬂexure across the
beam at a given moment. For an Euler-Bernoulli style (linearized) bending
moment across a beam lying between x = l and x = r, this is deﬁned as,
sZ 
2
r
EI
EI
M = −
wxx
=
wxx dx ,
1 − ν2
1 − ν2
l
L2
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Figure 4.2. Vertical displacement of two free-surface points over time

where E is Young’s modulus, I is the second moment of area, ν is Poisson’s ratio
and w is the vertical deﬂection of the deformed beam at a point x ∈ [l, r]. This
quantity has SI units of N m.
To generate these results we use an experimental setup as given in Table 4.2.
This deﬁnes a problem of a wave of moderate initial steepness interacting with a
solitary compliant body centred in a 40 m long ﬂuid domain. The body has material properties relevant to sea ice. To demonstrate nonlinear behaviour in the
body by developing a nonlinear wave proﬁle over time, we choose a domain of
only 1 m depth, much shallower than open ocean and more physically realistic in
the littoral setting than the pelagic. It is important to note that the technique
applies equally well for greater depth. Up to numerical parameters, this is the
same set of conditions as is used for a number of tests in later chapters (termed
Case WA in Chapter 6).
Figure 4.3 shows the vertical displacement in metres, ζ(x), from the mean free
surface at two diﬀerent times after the beginning of the simulation. The vertical
displacement of the beam from its initial, hydrostatic position, w(x), is superimposed in the x = 10 m to x = 30 m gap in the free surface, where the beam lies.
These are the thick black lines in Figure 4.3. The thin lines correspond to the displacement of the free surface. In Figure 4.3a, we see the wave shortly after
arriving at the beam and rising up its left end. The wave has begun to go under
the beam and its displacement has already caused some motion in the free surface
at the right end. The second ﬁgure, Figure 4.3b, shows the displacements of beam
and free surface after the main body of the wave has gone beneath the beam. A
reﬂected wave can be seen returning to the left end of the domain and there is
visible elastic arching in the beam. A smaller transmitted wave can be seen travelling rightwards across the righthand side of the domain.
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Beam extens l = 10 m; r = 30 m
Init. Draft
0.3 m
πx
1
Init. Prof.
A × 2 1 + cos 5

Depth
1.0 m
∆t
0.02 s
Min. CI 12

E 8 × 109 Pa
α 0.005
β 0.25

Domain 40 m
ρb
917 kg m−3
ρw
1025 kg m −3

Bernoulli pressure : p/ρw = −g z − φ̇

Table 4.2. Parameters for basic initial proﬁle simulations with varying initial displacement amplitude, A

a) t = 3.0 s

b) t = 4.5 s

Figure 4.3. Vertical deﬂection of the beam, w (x), in metres (thick lines) and displacement of free surface, ζ(x), in metres (thin lines) at time t = 3.0 s, 4.5 s

Rather than considering displacement, we may plot the root mean square of
the bending moment over time for the same simulation. This quantity is deﬁned
at a given time t as,
M = kM k2
1/2
Z r
2
M dx
,
=
l

M = −

EI
wxx ,
1 − ν2
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where M is the bending moment in the Euler-Bernoulli beam at a point x. M
thus gives us a measure for the average amount of bending across the beam as the
simulation progresses. When M peaks, the elastic potential in the beam,
EI
1 − ν2

2
wxx
= M 2 (1 − ν 2)/E I is large and when it is small,

EI
1 − ν2

wxx ≪1 across

the beam, and so the curvature R ≈ wxx is also small across the beam.
Figure 4.4 shows a plot of this measure for the previously described parameter

Figure 4.4. Comparison of M over time in an Euler-Bernoulli beam for six amplitudes
of the initial forcing wave

set, using a range of values for A, the amplitude of the wave used in the initial
proﬁle. As the front of the wave reaches the ﬂoe, we can see the bending moment
rise, slowly then steeply. The ﬁrst peak in Figure 4.4 corresponds to the displacement shown in Figure 4.3a, when the wave crest reaches the left end of the beam,
and the second corresponds to the displacement shown in Figure 4.3b, when the
main body of the wave has moved under the beam. Note the low trough between,
signifying that the beam changes from a concave to convex proﬁle.
The top two lines in Figure 4.4 end abruptly part-way through the simulation.
This is a result of the free surface dropping below the bottom-left corner of the
beam, as discussed in Section 3.10.1. When this stage is reached, the results are
no longer reliable as the mesh is unable to follow the true (or even subsequent
predicted) location of the free surface.

4.2.1 Sliding mesh
We can extend the life of the simulation slightly farther by using the sliding mesh
approach. M results are shown in Figure 4.5 for the parameters of the preceding
simulation with an initial forcing wave amplitude, A = 0.5 m, using both the standard and sliding techniques. The solutions match well until shortly prior to the
ﬁrst trough, when the free surface at the left end of the beam drops below the
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Figure 4.5. Non-sliding mesh (dashed, thick, black) and sliding mesh (solid, grey) for
an initial forcing wave amplitude A = 0.5

beam corner and the non-sliding mesh simulation crashes. Since the sliding mesh
is able to follow the free surface past this point, the simulation carries on. However, the exact location of the corner free surface point is dependent on the ﬂux
between the leftmost mesh, Ω1, and the middle mesh Ω2, which is in turn dependent on the position of the mesh corner, and so the predictor-corrector system
ceases to converge to a physical solution. The free surface quickly develops instabilities and, while the simulation is able to carry on for almost another half
second, the results shown after t ≈ 3.6 s are illustrative only.
This is an analogous instability to that due to a wavemaker intersecting the
free surface, described by Wu and Eatock Taylor (1994) and seen in this project.
However, in this case, not only is the free surface corner location dependent on
the total ﬂux over the boundary, but the ﬂux at an individual submerged point
on the boundary is dependent on the location of the free surface corner above.
Nonetheless, the sliding mesh technique allows us to conﬁrm the validity of an
important assertion. As the free surface comes close to the beam base in the nonsliding case, the vertical distance between nodes drops dramatically and we
require the results to remain consistent despite the distortion near this nonsmooth point. Considering the close matching of the two curves prior to this time,
we may infer that the bunching of cells that occurs under the non-sliding
paradigm does not substantially aﬀect the results. This is an important validation
of the non-sliding approach, showing it to be suitable for gauging M during situations close to bottom emergence. Signiﬁcantly, it conﬁrms that the stability limiting factor in modelling the motion shortly prior to the crossing of the beam
bottom by the free surface is not cell bunching.
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4.2.2 Beam corner rounding
As discussed in Chapter 3, the presence of |∇φ|2 terms in the free surface and
coupling equations necessitates the use of beam corner rounding in the nonlinear
ﬂuid case. In the linear ﬂuid case, as we run slightly larger amplitude tests (up to
0.4 m) than for the nonlinear ﬂuid case (up to 0.3 m), the free surface can dip to
the level of the rounded corner. As such, it is preferable to retain the right-angled
corner in this test, and in all other linear ﬂuid tests for consistency. Since we
treat the linear and nonlinear ﬂuid cases as two separate families of comparison
for the advanced beam models, there is very little quantitative comparison
between linear and nonlinear ﬂuid tests. However, for those instances where there
is, both linear ﬂuid and nonlinear ﬂuid simulations will be run with rounding.
To illustrate the eﬀect of this adjustment, Figure 4.6 shows the contrast in the
root mean square bending moment, M , under the linear ﬂuid model as a result of
rounding the beam corners. An initial forcing wave amplitude of 0.3 m is used,
being the largest amplitude for which the rounding remains valid. Note that, for a
0.4 m initial wave in the nonlinear case, the free surface will drop to the beam
corner (regardless of the rounding) and so 0.3 m is the largest amplitude used for
the nonlinear ﬂuid comparisons. The same general parameter set is used as has
been employed for the beam comparisons (Chapter 6; Case WA).
Little diﬀerence is observable, except between 5.3 s and 5.8 s where the
rounded beam provides slightly larger values for M than the unrounded case.
Physically, this may correspond to the slightly higher normal derivative of potential at the corner, due to the larger horizontal component of the normal, when the
ﬂuid is ﬂowing fast in the x direction under the beam.

Figure 4.6. Comparison of linear ﬂuid model using rounded and unrounded beam corners with an Euler-Bernoulli beam for an initial forcing wave amplitude of 0.3 m
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As stated in the previous chapter, we have replaced the right-angle by a
quarter ellipse with radius of 0.2 m in the horizontal coordinate and 0.05 m in the
vertical coordinate. This is suﬃcient to avoid the adverse eﬀects of the singularity, but small enough not to interfere signiﬁcantly with the beam or free surface physics, for initial forcing wave amplitudes of 0.3 m or below.

4.2.3 Inherent nonlinearity
Using this Finite Element system, we avoid the
in the standard frequency domain models.
behaviour nonlinearly dependent on amplitude
system, with only linear constitutive equations
linear free surface or elasticity terms).

free surface linearization inherent
We now consider some of the
that results from the use of this
(that is, without additional non-

Figure 4.7. M for varying initial forcing wave amplitude A, normed by the height of
the ﬁrst peak h(A)

To do so, we take the results illustrated by Figure 4.4 and normalize them to
the height of the ﬁrst peak. Models that have fully linearized free surface evolution equations, such as standard frequency domain techniques, should scale linearly with A and consequently the proﬁles of the normed bending moment curves
should be coincident.
However, in Figure 4.7, we can see the proﬁles for the Finite Element
approach are not coincident. The most clearly visible eﬀect around the ﬁrst hump
is the leftward motion of the peak, as the amplitude increases. It is, in fact, true
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that the maximum elevation of the free surface above the left-hand corner exhibits
the same amplitude-dependent behaviour. When the vertical displacement of the
free surface and beam is examined, the delay between the maximum displacement
of the free surface and of the beam at x = l is almost independent of initial amplitude, which suggests that any delay seen in the bending moment as a result of
changing amplitude directly corresponds to a delay in the arrival of the free surface wave. We may thus infer that a delay in wave arrival is primarily responsible
for the spreading of the leftmost peaks seen in the M plot.
To account for the linking of initial amplitude to phase speed, it is useful to
consider higher order free surface theories over water of shallow and intermediate
depth.

Figure 4.8. Separation of the initial proﬁle wave (t = 4 s)

When the wavelength to depth ratio is large, our initial proﬁle separates into a
large soliton-like body and series of much smaller components travelling at different speeds (Figure 4.8). As such, we look for parallels between the behaviour of
our wave and that predicted by soliton theory.
As our wavelength to depth ratio drops, we expect to be able to adopt theories
for shallow water. Airy theory, being a linear theory, predicts a constant limiting
√
value of c = g h for the phase speed. For a higher order alternative, we can consider the Korteweg-de Vries equation (KdV), with terms to include the nonlinear
behaviour due to wave steepening and dispersion. Exact soliton solutions of the
KdV equation may be found that take the form,


2

ζ(x, t) = a sech

3a
4 h3

1/2


(x − c t) ,
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where c is the (nonlinear) phase speed (Debnath, 1994). This speed is given by,

√ 
a
c = gh 1+
.
(4.1)
2h

Other nonlinear free surface theories, such as Stokes waves, provide similar
expressions relating the phase speed, or the square of the phase speed, to the
amplitude with slightly diﬀerent coeﬃcients. Where these do diﬀer signiﬁcantly
from Equation 4.1, the discrepancy may be attributable to periodicity in Stokes
waves. Longuet-Higgins and Cokelet (1976) provide a comparison between the
theory of Stokes waves and a Mixed Euler-Lagrangian algorithm similar to that
which we use.

Figure 4.9. Peak velocity, c, for varying peak height, a, using several initial proﬁle
wavelengths, λprof. Circular markers indicate the values obtained from individual simulation runs by varying the initial proﬁle amplitude A. The dashed and dotted lines indicate the predictions of phase velocity by amplitude for the Korteweg-de Vries (KdV)
and Airy theories

To compare our numerical results and the estimations of standard free surface
theories, we plot the speeds of the solitary peak travelling across the domain
against the height of that peak. This is not simply the amplitude of the initial
proﬁle wave, as the sustained form of the peak develops from the half-cosine displacement curve over the ﬁrst second of simulation time, and it is this measurement that we must use to obtain estimates of the phase velocity from the theoretical predictions. We may obtain a value for the peak height by letting it fully
enter the open water ﬁrst. While dispersion causes this to drop over time, the
values for these amplitudes and depths are actually well sustained in the midregion. In general, the peak height a ≈ A/2, where A is the amplitude of the initial forcing wave. In Figure 4.9, we see the peak speeds for several initial proﬁle
wavelengths plotted against peak height. For comparison, the KdV and linear pre-
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dictions for shallow water are included. To obtain the speeds numerically, two
points well inside the domain were chosen (20 m and 30 m) and the time lapse
between the peak arriving at the ﬁrst and reaching the second was calculated.
Assuming constant speed,
cest = (30 − 20)/(t2 − t1),
gives us an estimate of the phase velocity. The height of the peak, a, was evaluated at the latter point.
As can be seen in the same ﬁgure, the slope of the estimated values matches
the slope of the KdV prediction well and for values we may be using in our experiments, we lie closer to a nonlinear soliton solution than the linear theory. However, there is a clear and consistent gap of ∼0.1 m s−1 between both theoretical
predictions. This is not dependent on the wavelength-to-height ratio and may
instead be attributable to the diﬀerence between a perfect soliton and our solitonlike formation. Unlike a true KdV soliton solution, the main peak in the numerical tests gradually loses amplitude and gradually sheds slower moving components of the initial proﬁle (such as those shown that can be seen in Figure 4.8).

Figure 4.10. Peak velocities for varying depth, using initial amplitudes of A = 0.01,
0.4. Crosses show values for individual simulation runs

Figure 4.10, shows the change in peak velocity, this time against change in
depth, for two initial amplitudes, one large and one small. In this ﬁgure, we can
see that as we get close to zero depth, our readings of peak velocity of small ini√
tial amplitudes converge to the Airy theory prediction ( g d for depth d). As we
can see, the amplitude diﬀerence, neglected in the linearized free-surface theory,
has an appreciable eﬀect over a range of shallow and intermediate depths. For the
larger amplitude wave, the peak moves consistently faster than the linear shallow
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water theory predicts in that regime and, indeed, a consistently large discrepancy
between the large and small amplitudes is visible moving into intermediate depth.
The small initial amplitude peak speed agrees with the theory excellently.
In the future, if a suitable nonlinear wavemaker were employed, it would be
instructive to consider steep periodic waves for comparison with Stokes theory in
intermediate depth. We note that when the peak velocity tests were run with free
surface smoothing, very similar results were obtained.
Returning to the nonlinearities in the beam simulation (Figure 4.7), the
second noticeable contrast between the M lines is the hump between 5 s and 6 s
which forms as the initial amplitude increases. We suggest this is a consequence
of the increasing ratio of the initial amplitude to depth, that is, the result of the
relative dispersion or retention of the wave form under the beam as a consequence
of the proximity of the tank bottom. To conﬁrm this connection, we plot the variation of M over four depths, using the largest of the plotted initial amplitudes,
A = 0.4 m (Figure 4.11).

Figure 4.11. Comparison of M for tanks of varying depth using initial forcing wave
amplitude A = 0.4 m

Coming towards the ﬁrst peak, Figure 4.11 shows the dramatic increase in initial bending for shallower tanks and the delay incurred in arrival as dispersal is
reduced. While the ﬁrst trough rises slightly as the depth falls, the second peak is
not signiﬁcantly aﬀected by depth, although both features retain the delay
already visible in the ﬁrst peak. The inﬂection between 5 s and 6 s, however,
moves from being almost invisible for d = 1.4 m to being a small peak for d =
0.8 m. To conﬁrm that this is not simply a product of depth-dependent changes in
the behaviour of the free surface motion, we compare the extrema of the free surface displacement at the lefthand end of the beam with the extrema of M visible
in Figure 4.11.
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Figure 4.12. Free surface displacement (m) at left end of the beam (x = l m) compared
to the RMS of the mean bending moment, M (N m), for initial amplitude A = 0.4 m
and depth d = 0.8 m. The displacement has been scaled by a factor of 105 to allow comparison on the same axes

Figure 4.12 shows the line of M for A = 0.4 m, which has already been seen in
Figure 4.11, alongside (scaled) free surface displacement at the left end of the
beam. We see that, of the three M maxima prior to 7 s, only one does not occur
near an extremum in ζ(l, t). This is the same depth and amplitude dependent
hump that have already discussed, marked by †. Consequently, we infer that the
beam motion in this time region is being dominated by beam–tank base interaction.
The small, high-frequency oscillations visible in ζ(l, t) are a numerical inconsistency in the unsmoothed free surface case, dependent on the mesh size at the
corner, undermining the usefulness of this measurement for quantitative analysis.
M , however, remains consistent over these variations. This mesh sensitivity is discussed further in the next section.
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4.3 Sensitivity testing
4.3.1 Basic formulation
Establishing a stable and eﬃcient set of numerical parameters has been a major
part of this project, ensuring that the results obtained are accurate and reproduceable in a reasonable time-frame.
Relevant numerical parameters include (ignoring beam-speciﬁc parameters) :
•

α - Kyoung’s convergence parameter, used during the predictor-corrector
process

•

β - Newmark beta, used for timestepping in the beam

•

cell density near ﬂoe corners – primarily aﬀects ﬂoe excitation and, in the
nonlinear ﬂuid pressure case, resolution of the singularity in Φ, the acceleration potential

•

cell density along surface – primarily aﬀects free surface motion

•

cell density in mesh interior – primarily aﬀects reﬂection oﬀ the domain
bottom and, under the beam, beam–base interaction

•

cell ratio – horizontal/vertical scaling after meshing, used to set a relative
priority of cell density between the horizontal and vertical directions

•

correction iterations – minimum iterations required for convergence, which
is also dependent on α

•

smoothing frequency – if the Chebyshev smoothing is applied too frequently, it leads to a noticeable dissipative eﬀect that can be seen in plots
of M

•

∆t - size of timestep

•

∆z - parameter for Euler’s method used to established φn at the free surface; for large values this will aﬀect the accuracy of evaluation of the surface normal

Some physical parameters can also signiﬁcantly aﬀect stability, consistency or,
more generally, our ability to obtain reliable results. These include :
•

depth - as it decreases, the acceleration of the beam at each timestep for
early corrector loop iterations becomes large. If the initial acceleration is
too large, the predictor-corrector algorithm will not converge at that
timestep. This instability may be reduced by lowering α, which will require
an increase in the number of correction iterations and longer wall-time for
the same simulation
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•

beam length - particularly aﬀects the pitching of the beam. For shorter
beams, this can make the beam more susceptible to bottom emergence

•

beam thickness - aﬀects the distance the free surface must drop before
meeting the bottom corners

•

beam rigidity - high rigidity can make the beam problem numerically
harder to solve and lead to oscillations faster than a given time step can
capture

•

domain length - aﬀects the time prior to a reﬂected wave returning, which
may contaminate the results. As discussed in Chapter 7, a numerical beach
is a simple and eﬀective way to allow shorter domains to be used for longer
time without this eﬀect

•

beam position - aﬀects the shape of the wave when it reaches the beam

•

wave steepness - aﬀects the skewing of mesh cells and validity of the linear
model

•

initial wave shape - any initial wave shape must be C 1 to ensure our free
surface evolution does not enhance discontinuities in the derivative. The
cosine hump must have suﬃcient mesh resolution around its second derivative discontinuity to avoid it aﬀecting the evolution equations. We have
found this to be more important when using quadratic cells on the free
surface than when using linear cells

•

wavemaker amplitude and frequency - these must be suﬃciently restrained
to allow the wave to propagate fully into the domain before, for example,
direction changes. The smoothness of the normal derivatives along this
wall is also dependent on the shape and amplitude of wavemaker, which
can aﬀect the quality of results in the rest of the domain

While, in principle, we may choose our numerical parameters as necessary to
provide stability and consistency, in some cases we are constrained by computation time. For instance, given a complexity of LU decomposition of order O(n3),
a uniform increase in the mesh resolution by a factor of 2 could increase the simulation time by a factor of approximately 8 times. As such, this process of parameter optimization is a fundamental step in the construction of a viable scheme.
As our primary tool for comparison of results later in the thesis, we use the
convergence of M (the RMS of the bending moment), to gauge sensitivity. This
is a particularly useful measure as it shows greater variation during the correction
process than the beam displacement or any averaged measures in the ﬂuid, which
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are damped by the lack of activity away from the beam, and it has a clear physical interpretation. Unless stated otherwise, we use the parameter in Table 4.2.
4.3.1.1 Minimum CI sensitivity
We begin by exploring the sensitivity of M to the minimum number of correction
iterations (CI). This also provides insight into the inﬂuence of the convergence
parameter α and a visual representation of convergence under the predictor-corrector process.

Figure 4.13. Sensitivity of M to changes in the minimum number of correction iterations, for timestep ∆t = 2 × 10−2 s

Figure 4.14. Sensitivity of M to changes in the minimum number of correction iterations, for timestep ∆t = 2 × 10−3 s
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∆t
Min. CI
12
22
32
42
52
102

2 × 10 s
7.50 × 103
3.08 × 103
1.22 × 103
4.91 × 102
2.16 × 102
−2

% ref. max
14.7%
6.05%
2.39%
0.964%
0.424%

2 × 10 −3 s
9.22 × 102

% ref. max
1.81%

1.84 × 101
-

0.0361%

Table 4.3. RMS error (N m) of linearly interpolated M for varying minimum number
of correction iterations and timestep, t ∈ [0 , 7]. For the lower timestep, we provide
results only for the two largest and the smallest numbers of minimum CI, noting that
even at the 12 CI level, the discrepancy is under 2% [ref: min. CI of 102]

Figures 4.13 and 4.14 show comparison plots of M for several diﬀerent minimum numbers of correction iterations (CI), using two diﬀerent timesteps. It is
clear that the minimum number of correction iterations required is dependent on
the timestep. In Figure 4.13, we can see that all of the critical points are
smoothed by using too few correction iterations. As the number rises, we see convergence with little diﬀerence visible even by 42 CI. Figure 4.14 shows little diﬀerence between any of the M lines; they are not visually distinguishable in the
ﬁgure. Table 4.3 quantiﬁes this, giving the L2 error between M for each minimum
number of CI and that for 102 CI, for each timestep. The error as a percentage of
the reference L2 norm is also presented. This table shows that we can get below
2% error either by using 30-40 CI for the longer timestep or by using 12 CI for
the shorter timestep. For our purposes, 12 CI are suﬃcent for a timestep ∆t = 2 ×
10−3 s (Figure 4.14), but a larger number are required for ∆t = 2 × 10−2 s (Figure
4.13).
As such, if we wish to optimize for speed, we need to decide on an eﬃcient
balance between these parameters. Nonetheless, for the purposes of the subsequent consistency tests, we will generally take a minimum of 50 CI and a small
timestep of 2 × 10−3 to ensure a high degree of accuracy and allow a strong basis
to test other parameters. However, when we progress to the beam comparison
tests, we ﬁnd that using a timestep of 1 × 10−2 s is actually suﬃciently small to
obtain useful results.
The natural alternative to varying the minimum number of correction iterations is to specify a tolerance for relative error in a given variable. However,
EI
choosing diﬀerent variables, such as w, ẅ, M = − 1 − ν 2 wxx, ζ or ζ˙ , to measure
convergence can give diﬀerent proﬁles for the number of correction iterations over
time and acceptably small relative tolerance in one variable does not automatically imply a small relative tolerance has been achieved in the others. Even if we
measure convergence by the bending moment, M , the eﬀects of this lack of pre-
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dictor-corrector convergence in a certain variable may not become apparent in the
proﬁle of M until much later in time. Hence, using a minimum number of correction iterations and treating this, as with other numerical parameters, as a variable
to be optimized allows us to obtain a reliable M proﬁle independent of the predictor-corrector relationship between those variables at each timestep.
To ensure that we have achieved a basic level of convergence, we require a certain tolerance in the relative error of ẅ to have been reached before leaving the
predictor-corrector cycle, regardless of the present number of correction iterations.
This is why, strictly, we specify only the minimum number of correction iterations. In practice, this is relevant only for a few of the sensitivity tests, since our
minimum number for the experimental results is suﬃciently high to ensure this
tolerance is achieved.
4.3.1.2 Smoothing errors
Figure 4.15 shows the impact on M of applying Chebyshev smoothing to ζ(x),
the free surface displacement, frequently, intermittently and not at all. As can be
seen for the plot, frequent smoothing leads to dissipation in M , but occasional
smoothing, suﬃcient to damp sawtooth errors in the free surface, shows no signiﬁcant contrast in M with the unsmoothed solution. The choice of interval for this
intermittent smoothing follows that of Koo and Kim (2004).
While our comparison measures in this research are nearly always based on

Figure 4.15. Comparison of M for various frequency of application of Chebyshev
smoothing to the free surface displacement; once per correction iteration (blue), once
every ﬁve timesteps (red) and with no smoothing applied (black dashed)
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Smoothing
Smoothing per CI
Smoothing per 5 TS
Unsmoothed

Error (N m)
1.59 × 103
5.73 × 102
-

% ref. max
3.19%
1.13%

Table 4.4. RMS error (N m) of linearly interpolated M for diﬀerent frequencies of
smoothing, t ∈ [0 , 6] [ref: unsmoothed]

Figure 4.16. Comparison of the eﬀects on free surface displacement to the left of the
beam, applying smoothing every correction iteration, every ﬁfth timestep or not at all

the bending moment (Euler-Bernoulli or otherwise), it is instructive to consider
the free surface displacement to the left of the beam for these three
smoothing/non-smoothing cases. Figure 4.16 shows the free surface displacement
to the left of the beam at 9 s from the start of the simulation. At the left end, the
reﬂected wave from the beam may be seen reaching the wall, with smaller oscillations following to its right. The blue line showing smoothing every correction iteration lacks these smaller components, they have been lost to the dissipative eﬀect
of the algorithm. The red line, however, still shows these components, slightly
damped, but without the sharp unphysical features in the displacement exhibited
by the unsmoothed solution. For longer times, when we consider the multiple
body problem, this smoothing is essential to prevent these inconsistencies developing into sawtooth errors and dominating the solution. Table 4.4 quantiﬁes this
discrepancy, showing the L2 norm of the diﬀerence between M for the two
smoothed runs and M for the unsmoothed run. If we accept, as in the previous
subsection, a 2% discrepancy, the error for the intermittent smoothing falls well
within this range.
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4.3.1.3 α sensitivity
We consider the impact on M of altering the α convergence parameter, within
the required bounds to maintain stability. Recall that α scales the change in
acceleration of the beam response at a given correction step to retain stability at
the expense of slower convergence. We ﬁnd that, for the parameters already
described, the simulation becomes unstable for α & 10−2. As such, results are
shown for values of α smaller than this threshold.

Figure 4.17. Sensitivity of M to changes in α

α
1 × 10−3
3 × 10−3
5 × 10−3
8 × 10−3

Error (N m)
1.31 × 103
1.00 × 102
1.50 × 101
-

% ref. max
2.58%
0.197%
0.0293%

Table 4.5. RMS error (N m) of linearly interpolated M for varying α, t ∈ [0 , 6] [ref:
α = 8 × 10−3]

Figure 4.17 shows a comparison of M proﬁles for several diﬀerent values of α.
Around our usual value of α = 5 × 10−3, we see negligible contrast in the results.
However, for the smallest value, α = 1 × 10−3, there is a visible diﬀerence, with the
extrema being smoothed out in comparison to the regular values for α. Table 4.5,
which shows the L2 error between M values for varying α and those for α = 8 ×
10−3, conﬁrms this. We see that we obtain percentage errors below our nominal
2% for all but the lowest value of α. For this smallest value of α, we should see
convergence towards the other results as the number of CI increases.
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Figure 4.18. Convergence of M for α = 1 × 10−3 as CI increases

Min CI
52
82
102

Error (N m)
1.30 × 103
5.51 × 102
3.31 × 102

% ref. max
2.55%
1.08%
0.651%

Table 4.6. RMS error of linearly interpolated M , t ∈ [0 , 6] [ref: α = 5 × 10−3, 52 CI]

Figure 4.18 shows the RMS bending moment, M , for increasing numbers of
correction iterations using the lowest value of α. We see that, as expected,
increasing the number of correction iterations brings the M measurements in line
with the higher α measurements. Table 4.6 provides a quantitative comparison of
the L2 error between M for varying minimum CI and α = 1 × 10−3, and M for
our reference solution, using α = 5 × 10−3. As in the plot, we can see that even for
low α, increasing the number of correction iterations from 52 to 82 is suﬃcient to
bring the curves into line. This supports our assertion that the solution should be
independent of decreasing α, for a suﬃciently large number of correction iterations and neglecting computational errors. That is, given an α for which the timestepping procedure is stable, we expect the solution to approach an α-independent
limit representing the true predictor-corrector solution, as we keep correcting.
Compared to the three dimensional model of Kyoung et al. (2006), we have a
very low α value. In three dimensions, the plate, corresponding to our beam,
occupies a region in the middle of domain, leaving a gap for the wave to wash
around the body on either side. Neglecting Poisson’s ratio, a Kirchoﬀ plate
stretching between both lateral walls, forced by laterally homogeneous initial wave
conditions is mathematically equivalent to our two dimensional problem. In this
scenario, the full wave must go under the plate, so the initial acceleration of the
plate at each timestep would be larger. Consequently, the α coeﬃcient would necessarily be smaller to compensate.
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4.3.1.4 Timestep sensitivity
The sensitivity of the algorithm to changes in the timestep is closely connected to
the minimum number of correction iterations. As we increase the timestep it is
necessary to increase the number of correction iterations to reduce diﬀusion. In
terms of the algorithm, α aﬀects only the beam acceleration term; as the timestep
drops so does the (∆t)2 term ahead of the acceleration. Consequently, the acceleration becomes small relative to either the displacement or velocity, and so the
error introduced by altering the acceleration is diminished.

Figure 4.19. Sensitivity of M to changes in the timestep for four timesteps ranging
from ∆t = 1 × 10−3 s to ∆t = 2 × 10−2 s using a minimum 12 CI

Figure 4.20. Sensitivity of M to changes in the timestep for four timesteps ranging
from ∆t = 1 × 10−3 s to ∆t = 2 × 10−2 s using a minimum 52 CI
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∆t (s)
2 × 10−2
1 × 10−2
2 × 10−3
1 × 10−3

12
6.74 × 103
3.69 × 103
4.65 × 102
-

Min. CI
% ref. max
52
13.3%
9.62 × 102
7.26%
4.54 × 102
0.917%
5.31 × 101
-

% ref. max
1.89%
0.891%
0.104%

Table 4.7. RMS error (N m) of linearly interpolated M , t ∈ [0 , 6] [ref: ∆t = 1 × 10−3 s]

Figures 4.19 and 4.20 show the change in the proﬁle of M for varying
timesteps, and two diﬀerent minimum numbers of correction iterations. Table 4.7
shows the percentage error for each of the runs when compared to a very small
timestep. For a small number of correction iterations, we can see that a small
timestep is required to reduce the percentage error to similar levels as our tests so
far, whereas for the larger number of correction iterations, all of our tested
timesteps provide very similar results.
We can conﬁrm that the connection between CI and timestep arises directly
from the beam evolution equation, rather than some numerical consequence of a
combination of free surface and beam behaviour. Considering the free surface
motion away from the beam, prior to the arrival of the reﬂected wave from the
beam, allows us to compare the ﬂuid behaviour for varying timestep.

Figure 4.21. ζ(x, t) at x = 5.04 m for 12 CI, ∆t = 2 × 10−2 s

Figure 4.21 shows the displacement proﬁle of a point on the free surface,
approximately half way between the left end and beam, over time for a small minimum number of correction iterations and large timestep. In contrast to Figure
4.19, we can see in Figure 4.21 that there is strong agreement between various
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timesteps, at least until a time we may reasonably expect the reﬂected wave to
return.
4.3.1.5 Mesh sensitivity - free surface
We remark on the sensitivity of M to changes in the mesh resolution along the
free surface. Changes in this region are considered separately to the rest of the
mesh, as this density here is the primary numerical variable aﬀecting free surface
behaviour, especially in intermediate depth and deep water scenarios.
Figure 4.22 shows the variation in M as a result of changing the density of

Figure 4.22. Sensitivity of M to changes in the cell size along the free surface, given
by cell characteristic length (in vertical direction)

cells along the free surface. As can be seen in this ﬁgure, changes to the mesh
density along the free surface have little eﬀect on the M proﬁle. However, there is
a small diﬀerence noticeable at the minimum between 6 s and 7 s, for the largest
cell size.
Figure 4.23 shows the free surface displacement (without smoothing) at the
beam corner for the same cell densities. It can be seen that the free surface displacement at the beam edge is sensitive to mesh reﬁnement near the surface
(speciﬁcally, near the corner). This is in contrast to M for the same parameter
sets (Figure 4.22) and undermines this quantity’s usefulness as a tool for quantitative analysis, at least for waves of this steepness or greater. For the largest mesh
characteristic length, the numerical oscillations dominate from approximately 4 s,
when the gap between the base of the beam and the free surface is smallest. For
the smallest characteristic length, stability is lost and the oscillations grow
unboundedly until the simulation crashes. We note, however, that a plateau is
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Figure 4.23. Sensitivity of ζ(10, t), the vertical coordinate of the intersection of the
free surface and beam, to changes in the cell size along the free surface, given by cell
characteristic length (in the vertical direction)

apparent, where displacement proﬁles for the intermediate values show similar features, although with some discrepancy.
4.3.1.6 Mesh sensitivity - beam and base
We consider the impact that a decrease in the average cell size (away from the
free surface) has on the mean bending moment. This only has a substantial
impact on beam behaviour that depends on the proﬁle of the ﬂuid ﬂow at depth,
rather than simply near the free surface.

Figure 4.24. Sensitivity of M to changes in cell size (below free surface) for ∆t = 1 ×
10−3 s, expressed as multipliers of the characteristic length
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Figure 4.24 shows M for various cell reﬁnement levels using a very small
timestep. From the ﬁgure, we can see that the primary eﬀect of decreasing the
cell diameter is a slight change around the 5.74 s peak. As discussed previously,
this peak corresponds to the interaction of the wave under the beam with the
bottom of the domain and so it logically follows that this, rather than the surface
wave peaks, would be aﬀected by the resolution at depth. However, for our purposes, the normal resolution (that used for other tests) provides suﬃcient accuracy, especially as the ﬁrst two peaks are of primary interest.
4.3.1.7 Euler method ∆z sensitivity
To evaluate the normal derivative of the potential at the surface, we choose to
take a simple diﬀerence quotient. See Section 3.11 for context. This takes the
form,

φN (x)|ΓFS =





φ(x) − φ(x − ∆z n)
∆z
φ(x) − φ(x − k j)
(1 + ζx2)
k

x − ∆z n2 ∈ dom(ζ),

− ϕx(x) ζx otherwise,

where k 6 ∆z/(1 + ζx2), n = (n1, n2) is the normal, ϕ(x) = φ(x, ζ(x)) and j is the
unit vector in the vertical direction. Note that dom(ζ) is the set of x coordinates
in the free surface and, in the single beam case, is given by (0 6 x 6 l) ∪ (r 6 x 6
L). Note that, as ∆z → 0 the ﬁrst and second choices become equivalent.
Using this formulation allows us to avoid any complications in evaluating the
normal derivative near the side walls and beam walls, which, using the normal
Finite Element deﬁnition, may introduce unwanted coupling with the horizontal
derivative in those corner cells. Experience shows that this coupling can contribute to numerical instability near the corners.
At present, the evaluation is carried out by requesting a simple evaluation at a
point of the Finite Element function. However, this is the sole reason that the
intersection tree, the structure required for linking arbitrary points to cells, needs
to be rebuilt between mesh adjustments. This contributes considerably to the
computation time at each correction iteration. As such, a routine to keep track of
the cells and their distortion manually, outside the FEM framework, would be a
valuable extension to the code.
As this introduces a new numerical parameter, ∆z, we must conﬁrm that our
results are not signiﬁcantly sensitive to changes in this variable.
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Figure 4.25. Sensitivity of M to changes in ∆z

∆z (m)
1 × 10−5
1 × 10−6
1 × 10−8

Error (N m)
3.41
6.87 × 10−2
-

% ref. max
0.00670%
0.000135%

Table 4.8. RMS error of linearly interpolated M , t ∈ [0 , 6] [ref: ∆z = 1 × 10−8]

Figure 4.25 shows the proﬁle of M using several values for ∆ z with a
timestep of ∆t = 2 × 10−3 s and an initial forcing wave amplitude of 0.4 m. The
corresponding table, Table 4.8, shows percentage error for M when comparing
proﬁles for varying ∆z with the reference value of ∆z = 1 × 10−8 m, using the L2
norm. Both the plot and table conﬁrm that no noticeable diﬀerence can be seen
between proﬁles of M for successively decreasing values of ∆z. When ∆z drops,
the simulations should increase in accuracy, as the approximation of the derivative improves, until computational errors from the small divisor dominate. As can
be seen, even for a ∆ z as small 1 × 10−8, we are able to obtain good computational results and no diﬀusion is evident on raising this to 1 × 10−5, our standard
value.

4.3.2 Nonlinear fluid results
We now consider the impact of switching to a full (nonlinear) Bernoulli pressure
on the stability of the simulation. This involves the restoration of |∇φ|2 terms to
the free surface and coupling equations. As discussed in the previous chapter, it is
thus necessary to round the submerged beam corners to limit the eﬀect of the singularities in |∇φ|2 at those points. While we have run a substantial number of
nonlinear sensitivity tests, both as regards mesh variation and numerical parame-
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ters, we here restrict ourselves to presenting a comparison of timesteps and minimum correction iterations. The sensitivity tests in the following chapter include
additional nonlinear ﬂuid pressure results.
4.3.2.1 Timestep sensitivity
We begin by considering timestep sensitivity. Using the same parameters as in
the linear case (Table 4.2) but with an initial forcing wave amplitude of 0.3 m, we
vary the timestep from ∆t = 2 × 10−2 s to ∆t = 5 × 10−3 s.

Figure 4.26. Sensitivity of M to changes in the timestep using a minimum of 10 correction iterations over a nonlinear ﬂuid pressure

∆t (s)
2 × 10−2
1.5 × 10−2
1 × 10−2
5 × 10−3

Error (N m)
6.95 × 102
5.16 × 102
3.35 × 102
-

% ref. max
2.00%
1.53%
0.992%

Table 4.9. RMS error of linearly interpolated M for various timesteps over a nonlinear
ﬂuid pressure, t ∈ [0 , 6] s [ref: ∆t = 5 × 10−3]

Figure 4.26 shows a comparison of proﬁles of M for four timesteps using minimum 50 correction iterations. As can be seen in both the diagram and in Table
4.9, very little variation is visible changing the timestep for this level of minimum
correction iterations. Convergence is relatively slow, but the only visible discrepancies are around the 5.5 s hump. The beam physics of this part of the M proﬁle
will be discussed in the next chapter. However, we can see that a timestep of 1 ×
10−2 s will be suﬃcient for producing beam contrasts, and this will be the value
we use for our comparison tests.
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4.3.2.2 Minimum CI sensitivity
As with the linear setting, we can also consider convergence in terms of the minimum number of correction iterations. In this section, we omit results for
timesteps of 2 × 10−3 s, which converge after minimum 10 CI.

Figure 4.27. Sensitivity to changes in the minimum number of correction iterations for
∆t = 1 × 10−2 s over nonlinear ﬂuid pressure

Min. CI
10
30
40
50

Error (N m)
2.47 × 103
2.24 × 102
5.92 × 101
-

% ref. max
7.30%
0.663%
0.175%

Table 4.10. RMS error of linearly interpolated M for varying minimum number of correction iterations and timestep ∆t = 1 × 10−2 s, t ∈ [0 , 6] [ref: min. CI of 50]

Figure 4.27 shows a comparison of M for varying minimum numbers of correction iterations using the full nonlinear Bernoulli pressure in the free surface
and in the coupling equation. As before, we note that lowering the number of correction iterations causes unacceptable smoothing of the important features of the
M proﬁle but by raising the minimum number of correction iterations to 30, we
already recover all the main features of the highly resolved M plots. Very little
diﬀerence is observable once we pass minimum 50 CI. As we will be working with
more complicated beams that may have slower convergence, we will generally use
minimum 50 CI, but this indicates that for Euler-Bernoulli tests in similar conﬁgurations, a lower minimum CI would be adequate.

4.4 Comparison of linear and nonlinear pressure models
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4.4 Comparison of linear and nonlinear pressure
models
The underlying diﬀerence between the linear and nonlinear models is the inclusion
of the kinetic energy due to circulation in the pressure equation. Consequently,
the choice of model is of primary relevance, at those points in the domain where
the velocity is greatest. In particular, over the time we are considering, it has a
signiﬁcant impact on the forcing pressure at the lower left corner of the beam.
1
Indeed, at this point 2 |∇φ|2 can be shown to be singular. When the beam
2
wall and beam base form a right angle, this singularity is of order − 3
(Batchelor, 1970). Consequently, φ remains bounded but the acceleration poten1
tial, Φ = φ̇ + 2 |∇φ|2, does not.
As we solve using a variational formulation, essentially matching integrals over
a full cell, this singularity does not cause signiﬁcant numerical problems, although
it does slow convergence near the corner. For initial proﬁle forcing, the nonlinear
pressure term has a particularly signiﬁcant impact on the results. As we have a
soliton-like wave, the steepness will be better preserved in the nonlinear ﬂuid case.
Figure 4.28 shows the root mean square of the bending moment, M , of an EulerBernoulli beam using both linear and nonlinear pressure conditions, and initial
proﬁle forcing. The relative steepness of the incoming wave in the nonlinear case
can be seen in the shorter time from arrival to the ﬁrst peak of the bending
moment (as the wave moves under the beam). The slightly higher peaking in the
nonlinear case is a consequence of the narrower soliton-like formation that arrives
at the left end of the beam, when compared to the more dispersed formation that
would be seen in the linear pressure case.

Figure 4.28. Comparison of M for linear and nonlinear pressure for ∆ t = 2 × 10−3,
min. 50 CI and an initial forcing wave amplitude of A = 0.3 m. Both beams are rounded
(as is standard in the nonlinear beam case)
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Despite the slightly higher and steeper ﬁrst peak, as shown in Figure 4.28, the
highest peak in the bending moment over the ﬁrst 8 s is lower for the nonlinear
pressure condition than for the linear pressure condition. To understand why this
may be the case, and the impact the nonlinear ﬂuid term has on the wider
hydroelastic problem, we can consider energy conservation equations for the coupled system. Following the notation of the previous chapter, Ω denotes the ﬂuid
domain and the beam lies between l and r.
Debnath (1994) expresses the total energy in ﬂuid as,

Z 
1
2
EF =
ρF |∇φ| + ρF g z dΩ.
2
Ω
This can be considered as the sum of kinetic energy and gravitational potential
energy. In the beam we have, with Euler-Bernoulli approximations,

Z r
1
1
2
2
EB =
w + ρb h ẇ + ρb h w dx.
2 (1 − ν 2) xx 2
l
The derivation of individual energy terms is presented in the chapter Advanced
Beam Models. The sum of these must be constant for a closed system, so we
obtain,
Z r
Z
F
F
(EPEB + KEB + GPEB) dx = C ,
(GPE + KE )dΩ +
Ω

l

where GPE is gravitational potential energy, KE is kinetic energy and EPE is
elastic potential energy. Superscript F and B denote the free surface and beam,
and C is an unknown constant.
However, neglecting kinetic energy in the ﬂuid, we can write,
Z r
Z
B
B
F
(EPEB
GPElin dΩ +
lin + KElin + GPElin) dx = Clin,
Ω

l

the ‘lin’ subscript signifying a linearized pressure regime. For simulations beginning from rest, considering the two regimes at t = 0 shows C = Clin. Thus we can
infer,
Total GPEFlin + Total Beam Energylin > Total GPEF + Total Beam Energy.
In our speciﬁc case, a number of factors inﬂuence the second peak size, particularly the contrast in behaviour around the ﬁrst peak and any consequent diﬀerences in rigid body motion not directly visible in the bending moment proﬁle.
The energy relationship above, while informative, is only one of several contributing factors. The third peak, for example, may be higher in the nonlinear
case than in the linear, primarily as a consequence of the smaller second peak.
For completeness, we note that the acceleration reaction has been omitted
from our forcing term in the coupled motion algorithm, this representing the part
of the kinetic energy directly resulting from the motion of the body, as it is small
relative to the kinetic energy as a result of circulation.

4.5 Summary
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4.5 Summary
In this chapter, we have introduced the system with which to solve the potential
ﬂow equations and some of the more general aspects of the framework and its
implementation that are essential to an understanding of our hydroelastic solver.
Our particular choice of framework and libraries has been discussed and aspects
of the Finite Element literature directly relevant to our application have been
reviewed.
Using a sliding mesh algorithm, it has been shown that as the free surface
drops to the base of the ﬂoating beam, the standard algorithm provides good
results, despite cell bunching. A number of important limitations have been identiﬁed, some with potential remedies as part of a longer term project. In particular, we are constrained by the requirement that the beam ends do not leave the
water. This is a standard restriction in such methods for ﬂoating structures, but
applied to our case, it makes the modelling of extreme wave interactions with thin
beams more challenging.
The results of some of our sensitivity tests have been shown, to justify our
choice of numerical parameters and demonstrate convergence. We emphasize that
our choice of a relatively shallow domain for the beam problem, in comparison to
most physical problems of interest, is to ensure an intermediate depth regime. We
have shown earlier in this chapter that the current ﬂuid approach is eﬀective in
both shallow and deep water, notwithstanding the above reservations. However,
this intermediate depth parameter set provides an important test case where nonlinear behaviour is relevant and the standard approximations, such as the shallow
water or KdV equations, are insuﬃcient.
Moreover, we have chosen simulation periods suﬃciently short to capture the
nonlinear eﬀects apparent as the initial proﬁle wave ﬁrst reaches the beam. In
general, excepting the artiﬁcial possibility of constructive inference due to reﬂection of the tank walls, later interactions will involve lower amplitude surface
deﬂection and nonlinear eﬀects are commensurately less signiﬁcant.
While the requirements in the nonlinear ﬂuid pressure case are more stringent,
we have shown that solutions with an acceptably low relative error may be
obtained in feasible computation time.

Chapter 5
Advanced beam models
Much of the beneﬁt obtained through the time-stepping FEM approach is in the
resulting scope for beam adaptation. The bulk of sea-ice literature has been centred on linear beams, through the use of frequency domain techniques, and so the
major focus in this research project is on establishing contrasting results for nonlinear or, more generally, less analytically tractable beams.
While the standard frequency domain techniques exploit the linearity of the
beam equations to ﬁnd periodic solutions to the hydroelastic system, for nonlinear
beams, the existence of periodic solutions even for the dry beam problem becomes
more subtle. For example, Gao (2000) notes that his formulation can be reduced
to a Duﬃng type equation given suitable physical approximations. In some cases,
given suitable forcing, periodic solutions for nonlinear beams can be found
(Gentile and Procesi, 2009). Moreover, some more complicated linear models have
been studied in contrast; Han and Benaroya (2002) compare vibration responses
of four linear theories, based around the Euler-Bernoulli and Timoshenko formulations. However, the beneﬁt of our method is its generality, we do not require the
existence of periodic solutions to a given beam equation to include it in our
hydroelastic model.
According to Reddy (2007), for most purposes, the use of Euler-Bernoulli or
Timoshenko beams proves suﬃcient for modelling hydroelastic problems. Moreover, Fox and Squire (1991) demonstrated that no signiﬁcant diﬀerences should be
found between thick and thin models in the sea ice context. However, a number of
the nonlinear extensions based on these models are described below, which
provide more physically realistic representations of VLFS and ice, potentially
showing non-negligible contrast with linear models, and which admit nonlinear
constitutive relations, allowing the inclusion of a more complex understanding of
the construction materials or of the ice structure itself.

5.1 Synopsis of relevant elastic beam research
The most basic form of beam model in which we are interested is the EulerBernoulli model. This model has its origins in Euler’s Elastica, which itself gave
form to an earlier insight of James Bernoulli. His key observation was that the
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the curvature of a thin elastic beam is proportional to its bending moment at a
point (Rao, 2011). Notably, Bernoulli’s formulation actually provided a nonlinear
expression for the bending moment (Antman, 2005). In Euler’s model, a number
of key assumptions are made to provide a simple, analytically tractable form, as
stated in Chapter 1. The alternatives employed in this project may be considered
extensions of this model, refraining from making certain of those assumptions.
From the 1880s onwards, a body of research devoted to ﬂexural waves was
amassing, particularly in the cylindrical beam case, for which Pochhammer and
Chree had independently found exact solutions and for which a number of later,
more practical approximations were established (Abramson, 1957). However, this
wave theory was insuﬃcient for studying arbitrary deformations.
In terms of a more general theory, work by a number of authors, particularly
Kirchoﬀ and Love, led to the establishment of a standard set of assumptions still
common in modern beam theories, the Kirchoﬀ-Love assumptions. These may be
summarized as,
i. Cross-sections remain plane and normal to the beam on deformation,
ii. The transverse stress may be neglected,
iii. The bending moment is proportional to the curvature at a point,
(Dill, 1992).
Ericksen and Truesdell (1957) consider the expression of Love to be the ﬁrst
straightforward exposition of that family, incorporating all necessary aspects,
though still grounded in geometrically linear theory. A thorough history of the
development of beam elasticity prior to the mid-20th century is presented by
Love (1944). The author continues by building on the theory of Saint-Venant and
Kirchoﬀ to provide a thorough exposition of the wider ﬁeld of rod theory, the
three-dimensional deformation of a thin prism, incorporating eﬀects due to torsion.
Antman (2005) notes that at the start of the 20th century, another theory had
developed from Kirchoﬀ’s basis, that which came to be known as special Cosserat
theory. Antman also notes that the Timoshenko theory could be seen as part of
this family, although the generality in which it is now stated would cover the vast
majority of beams that we would wish to consider. Ericksen and Truesdell (1957)
revived the concept, which now underlies a number of modern rod theories (see,
for example, Antman, 2005). A number of geometrically exact theories may be
traced back to Reissner (1972), who provided a concise graphical exposition for
the bending of a beam. As well as Antman (1976), Simo and Vu-Quoc (1986)
developed their own theories based on Reissner’s principles, preﬁguring an entire
family of such geometrically exact models. In contrast to the Cosserat theory,
Simo and Vu Quoc use Lie algebras to rewrite the beam equations through pullbacks. Crisﬁeld and Jelenić (1999) provide a useful summary of the family of rod
techniques.
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Also around the start of the century, Theodore von Kármán established a pair
of PDEs to account for large deﬂections and stresses in a plate (or beam) experiencing compressive force (Berger and Fife, 1966). Von Kármán’s ﬁrst exposition
of these equations occured in a 1910 literature survey, as he expanded on the
standard linear theory for the case of larger deformations. As a consequence of
their nonlinearity, they can admit multiple solutions representing buckling states,
a topic that von Kármán revisited in multiple papers over three decades for both
plates and shells (Antman, 2006). It is this triality principle that Gao has
explored, adding further terms to the von Kármán formulation to incorporate
transverse normal strain (e.g. Gao, 1996; 2000).
A body of literature expanded around von Kármán’s principle although,
according to Ciarlet (1980), the theoretical basis for these equations remained
obscure. Ciarlet himself provided a formal derivation, beginning with nonlinear
3D elasticity theory and showed the von Kármán equations to be a ﬁrst order
approximation given appropriate boundary conditions and small strain assumptions. Moreover, he obtains the Kirchoﬀ-Love displacement, connecting the theory
back to those described earlier.
In the early 1920s, Stephen Timoshenko developed a beam model including
shear and independent rotation. In contrast to the Euler-Bernoulli model, wave
speed is ﬁnite in the Timoshenko beam, making it more suitable for studying
transient eﬀects in vibration theory than its predecessor (Felippa, 2005).
This ‘thick beam’ principle led to a number of theoretical expansions that could
provide improvements in the surface boundary conditions, such as those linked to
Reddy and Touratier’s formulations (see, for example, Reddy, 2007; Liu, 2010).
Conveniently tying this branch into the work described above,
Menzala and Zuazua (2000) showed the Timoshenko model under certain conditions to be the limit of a von Kármán beam as a small parameter tends to zero.

5.2 Finite element definitions
The discussion of the Finite Element Method as applied to each beam will be
deferred until the respective subsection below. However, to succinctly describe
the contributions of Discontinuous Galerkin (DG) discontinuities in our integrals,
we must introduce some basic notation. For a partition of an interval [a, b] given
by [a = x0, x1, , xn−1, xn = b], we deﬁne,
−
fi± = f (xi±) = limx→xi± f (x), with f (x+
0 ) = f (a), f (xn ) = f (b),
−
Jf Ki = jump(f , xi) = f (x+
i ) − f (xi ),
1

−
hf ii = avg(f , xi) = 2 [f (x+
i ) − f (xi )].

98

Advanced beam models

We derive a standard identity. Let f , g be smooth, real-valued functions in
the intervals between the xi, with the possibility of discontinuity only at these
internal boundary points. Now consider,
Z

b

f gx dx =

a

=

n−1 Z
X

i=0
n−1
X
i=0

=

xi+1

f gx dx

xi


Z
−
xi+1
[f g]x+ −
i

[f g]ba −

= [f g]ba −

n−1
X
i=1
b

Z

xi+1

fx g dx
xi



{(f g) (xi−) − (f g) (x+
i )} −
fx g dx +

a

n−1
X
i=1

n−1 Z
X
i=0

xi+1

fx g dx
xi

hf gii

(5.1)

However,
Jf gKi = fi+ gi+ − fi− gi−
1
=
{2 fi+ gi+ − 2 fi− gi−
2
+fi− gi+ − fi− gi+ + fi+ gi− − fi+ gi−}
n
1
=
(fi+ + fi−) gi+ − (fi+ + fi−) gi− + (gi+ + gi−) fi+ − (gi+ + gi−)fi−}
2
1
1
=
(fi+ + fi−) (gi+ − gi−) + (fi+ − fi−) (gi+ + gi−)
2
2
= hfi i JgiK + JfiK hgi i.

Substituting this equality into Equation 5.1,
Z

b

f gx dx =

a

[f g]ba −

Z

b

fx g dx +

a

n−1
X
i=1

(JfiKhgi i + hfi i JgiK).

(5.2)

Note that, in the continuous context, where [fi] = [gi] = 0, this reduces to standard
integration by parts,
Z b
Z b
b
fx g dx.
f gx dx = [f g]a −
a

a

We will use another important identity for the DG case. When we later formulate the Lagrangian for use in Hamilton’s Principle, we may want to add a
term to enforce continuity of the bending moment through a Lagrange multiplier,
known as a dislocation potential (Altay and Dökmeci, 1996). Suppose f is as
before, but (for simplicity) has only a single discontinuity, that being at x1,
)
(Z
Z
b

b

δ

a

a Ldx + λ1Ja f1K

=

a

a δL dx + δ λ1 Jf1K + λ 1 δ Jf1K,

(5.3)
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where a is any constant function on [a, b], L is the Lagrangian and λ1 is a
Lagrangian multiplier, deﬁned only at x1. The general result for n − 1 discontinuities may be obtained simply by addition, and will involve n − 1 Lagrange multipliers, λi.

5.3 Derivations
The beam models below are derived either using geometric principles or energy
considerations, by Hamilton’s Principle. For consistency with the expositions
oﬀered in the literature, we only follow the derivation matching the model but, for
clarity and contrast, we provide both approaches to establishing the EulerBernoulli equations. While the selected references for each beam mostly contain
skeleton expositions, we provide full rederivations here in one of two common
styles ﬁrstly for the beneﬁt of clarity and consistency of exposition and, secondly,
to establish Finite Element formulations directly from Hamilton’s Principle.
The reader will note that some beams include the Poisson eﬀect and some do
not. We regard this as a property of the model, retaining or neglecting terms in ν
according to relevant literature. While we include ν for the Euler-Bernoulli
derivation, it is common to reformulate the basic model without Poisson’s eﬀect,
e.g. Han and Benaroya (2002). For simplicity we take E and h, the Young’s modulus and beam thickness, to be constant in our derivations.
For the nonlinear beams, we use a simple Newton-Raphson solver. As FEniCS
has developed, we have been able to exploit its standard interface to use the nonlinear matrix solvers in the linear algebra back-end rather than our less eﬃcient,
purpose-written implementation.
We take the beam to lie along z = 0 and, in keeping with the deﬁnition of the
hydroelastic problem, we assume it extends from x = l to x = r. To improve stability of the FEM solution, it is useful to introduce a length scaling, equivalent to
making giving the beam length 1,
x
w
etc.




(r − l) x
(r − l) w

Note that we do not perform a full nondimensionalization. For brevity, we do not
include this scaling in the expressions below but, particularly for beams that tend
to exhibit instability, we have found that such a scaling reduces the number of
simulation crashes. Results match well until the rapid degradation of the unscaled
solution as the matrix problem becomes ill-conditioned.
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The pressure below the beam, p for a beam with vertical deﬂection w, will be,
p = −ρw g (w − D) − ρw φ̇ −
= −ρw g (w − D) − ρw Φ,

1
ρw |∇φ|2
2

where ρw is the density of water, D is the initial draft, φ is the velocity potential
and Φ is the acceleration potential. The forcing from gravity at horizontal coordinate x on the beam will be,
F g = −ρb h g
= −ρw D g,
by Archimedes Principle. Thus, the net perpendicular forcing at x is,
F = −ρw g w cos ψ − ρw Φ,

(5.4)

where ψ is the angle between a deformed (planar) cross-section and the vertical.
In general, we shall neglect the cosine term.
Following Kyoung et al. (2006), we express the two terms comparison F separately in the variational problem, allowing us to use the vertical deﬂection solution variable itself in Equation 5.4. In each correction loop of the over-arching
predictor-corrector system, an approximation of Φ will have been achieved before
we solve for the beam motion, so it is here treated as constant. Below, we simply
write F with the substitution of Equation 5.4 implied.

5.3.1 Euler-Bernoulli
5.3.1.1 Geometric approach
In Figure 5.1, the deformation of a beam element is illustrated. Suppose that the
displacement of the origin r to r ′ is (u, w) and that the displacement of a point
on the cross-section through the origin, x = r + (0, z), to a deformed point x ′ is
u = (u ′, w ′) = x ′ − x. The upward normal to the centre-line at r ′ is then C (−wx ,
1), where C = (1 + wx2)−1/2. Neglecting the second order term in wx, we can write,
u ′ = u − z wx ,
w ′ = w.

(5.5)

We then consider the Green–St Venant strain tensor (Gao, 1996), which provides a measure of diﬀerence between the deformed conﬁguration and a rigid-body
motion,
E =

1
[∇u + (∇u)T + (∇u)T (∇u)].
2
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+

+

M

N

+

Figure 5.1. Deformation of a beam segment

The individual strain terms are given by,
1
1
(ux − z wxx)2 + wx2 ,
2
2
1
=
wx (ux − z wxx), e21 = e12,
2
1 2
=
w .
2 x

e11 = ux − z wxx +
e12
e22

Neglecting second order terms, we obtain,
e11 = ux − z wxx ,
e12 = 0,
e22 = 0.

(5.6)
(5.7)
(5.8)

For a beam, we assume all our stresses at a given point are in-plane, which, for a
homogeneous, isotropic material, gives us conditions,
σ11 =
=
σ12 =
=
σ22 =
=

E
(e11 + ν e22)
1 − ν2
E
(ux − z wxx),
1 − ν2
2 G e12
0,
E
(e22 + ν e11)
1 − ν2
Eν
(ux − z wxx),
1 − ν2

(5.9)

(5.10)
(5.11)
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where E is the Young’s modulus, G is the shear modulus and ν is Poisson’s ratio
for the beam material (Barber, 2009). Note that these relationships are approximate and only valid in the thin beam case. This point is expanded on in the Timoshenko and Heyliger-Reddy derivations to follow. We assume the beam has unit
breadth and height h, so the cross-sectional area will be A = h · 1 = h m2.
Our geometric exposition follows the argument of Drozdov (1996), simpliﬁed
for the linear case. As illustrated in Figure 5.1, for a given segment there are
transverse shear forces exerted by adjacent segments, denoted by the straight
black arrows. The leftward segment exerts a force Q− downward on the illustrated segment, and it in turn exerts a force Q+ downward on the following segment. As such, the segment experiences a net upward force of Q+ − Q− due to
transverse shear. With appropriate smoothness assumptions, for a segment of
length δ x, we may consider this as a series of evenly distributed point forces
[Q+ − Q−]/δx. Letting δx → 0, the transverse shear force experienced at a point
becomes Qx.
Supposing an external forcing F (x) (as deﬁned above) perpendicular to the
beam and beam density ρb, we can sum forces at a point to obtain, by Newton’s
Second Law,
F (x) + Qx(x) = ρb h ẅ ,

(5.12)

where the double dots denote the second time derivative, and where we have
neglected the angle between the direction of acceleration perpendicular to the
beam and the vertical.
Similarly, by considering forcing parallel to the beam, we can write down an
expression for the mid-line axial forcing, N , denoted by the straight grey arrows
in Figure 5.1, as follows,
Nx(x) = 0,
without external axial forcing, neglecting axial acceleration and ignoring the component of vertical acceleration that will lie in the axial direction. The derivation
in the Drozdov section below provides a fuller discussion with the inclusion of
these small geometric terms.
Considering the bending moments M + and M −, exerted by neighbouring segments and indicated in Figure 5.1 by curved grey arrows, we can derive an expression for the total moments about the centre-point of a segment,
δx
δx
= M + − Q+ .
2
2
Let ψ be the angle that a deformed cross-section makes with the normal. Considering the limit as δ x → 0 and applying Newton’s Second Law for rotary motion,
we then have,
M − + Q−

Mx (x) − Q(x) = ρb I ψ̈ ,
⇒F + Mxx = ρb h ẅ + ρb I ψ̈x.

(5.13)
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To obtain the Euler-Bernoulli formulation, we neglect the rotational inertia,
F + Mxx = ρb h ẅ.

(5.14)

It is also possible to write down expressions for N and M in terms of the stresses,
Z h/2
σ11 dz
N =
−h/2
Z h/2
E
=
(ux − z wxx) dz
1 − ν 2 −h/2
Eh
=
ux ,
1 − ν2
Z h/2
z σ11 dz
M =
−h/2
Z h/2
E
(z ux − z 2 wxx) dz
=
1 − ν 2 −h/2
E h3
wxx
= −
12 (1 − ν 2)
EI
= −
wxx ,
1 − ν2
where h is the beam height, ν is Poisson’s ratio and I is the second moment of
area.
The expression for Q in terms of σ12 reduces to zero, as a consequence of
approximating the rotation angle by wx. While this is an inherent inconsistency in
the Euler-Bernoulli equations, we can complete the formulation without resorting
to this expression, eliminating Q as shown in Equation 5.14.
We have then,
EI
wxxxx = ρb A ẅ.
(5.15)
1 − ν2
As we assume the ends are freely moving, without external forcing other than the
pressure, we expect the shear force and bending moment to vanish at x = l, r.
Thus,
F−

M = Q = 0 for x = l, r,
⇔wxx(x) = wxxx(x) = 0 for x = l, r.

(5.16)

5.3.1.2 Energy approach
Rather than deriving an expression for the displacement using the force equilibrium equations, we can instead employ Hamilton’s Principle. It is useful to have
both derivations at our disposal when we begin to consider more involved models.
We begin with a general expression for elastic potential energy at a point in
time,
Z
1X
σij eij dzdx.
U 6
2
i ,j
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For our unit breadth beam case, we can write this as,
Z Z
1 r h/2
U =
(σ1 1 e11 + σ12 e1 2 + σ22 e22) dz dx,
2 l −h/2

(5.17)

for a beam having length l − r and thickness h. Note that, in general, an integral
over [−h/2, h/2] is equivalent to integration over a cross-section in 3D. In particular, this means that our elasticity equations are identical to plane stress in a 3D
object of 1 m breadth or, more generally, by similarly scaling by breadth in the
potential ﬂow, it is equivalent to a 3D hydroelastic problem of arbitrary breadth
and symmetry along the new, perpendicular y-axis. Thus, without loss of generality, we shall continue to treat this as a 2D problem with 1D cross-sections.
By applying Equations 5.6 - 5.10, Equation 5.17 for the potential energy
becomes,
Z r Z h/2
E
U =
e2 dz dx
2 (1 − ν 2) l −h/2 1 1
Z r Z h/2
E
2
(u2 − 2 z ux wxx + z 2 wxx
) dz dx
=
2 (1 − ν 2) l −h/2 x
Z r
E
2
=
(h u2x + I wxx
) dx.
2 (1 − ν 2) l
Neglecting the horizontal deﬂection term, we obtain the following expression,
Z r
EI
2
wxx
dx.
U =
2 (1 − ν 2) l
By deriving expressions for the kinetic energy and work done by the external
forcing, we may exploit Hamilton’s Principle. This states that the governing equations of a physical system may be described as the stationary point of a functional,
Z T
L(w, wx , , ẇ , ẅ , ; p) dt,
π[w] =
0
Z T
K − U + V p dt,
=
0

where L is the Lagrangian of the system, K is the kinetic energy, U is the potential energy, V p is the work done by the pressure, and T is an arbitrary time over
which the system is considered. This is achieved by taking the variation of this
functional and solving for the relationships that will make δπ ≡ 0; these relationships will be the governing equations of the system, termed the Euler-Lagrange
equations. In essence, a variation is the collection of small, arbitrary perturbations of each of the functional’s arguments made independently. In this case, the
only independent variation is that of w, denoted δ w. An admissible variation is
such a perturbation that satisﬁes certain criteria to be considered a physical distortion of the system. In particular, at t = 0, T and at Dirichlet boundaries,
admissible variations will be zero. If π is smooth, we can apply a process analo-
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gous to diﬀerentation to write down the required equations for the stationary
point. Alternatively, to skip this process and establish the eponymous EulerLagrange equations directly, we may employ the more concise approach of using
the standard, eponymous Euler-Lagrange technique. In general, taking variations
has beneﬁts for our application, but both methods will be shown for the EulerBernoulli beam.
The Euler-Lagrange approach has the beneﬁt over the geometric formulation
of being self-contained for free edges. When no energy is put into the system
other than through the pressure, all necessary natural boundary conditions are
inherent in the variational formulation. It also provides a concise, exact expression (from given energy approximations), without requiring any further trigonometry or approximations of angles.
The kinetic energy may be expressed as,
Z Z
1 r h/2
d
K =
ρb | (u, w)|2 dz dx
2 l −h/2
dt
Z r Z h/2
1
ρb |u̇ − z ẇx , ẇ |2 dz dx
=
2 l −h/2
Z Z
1 r h/2
ρb (u̇ 2 − 2 z u̇ ẇx2 + z 2 ẇx2 + ẇ 2) dz dx
=
2 l −h/2
Z
1 r
=
[ρb h (u̇ 2 + ẇ 2) + ρb I ẇx2] dx.
2 l

Neglecting the lateral velocity, this becomes,
Z
1 r
(ρb h ẇ 2 + ρb I ẇx2) dz dx.
K =
2 l

The work done by the perpendicular forces may be expressed as,
Z r
P =
F |(u, w)| dx
Zl r
F [u2 + w2]1/2 dx,
=

Zl r 
1 2
u dx + h.o.t.
Fw+F
=
2w
l
As in the geometric case, we neglect the diﬀerence in angle between the normal in
the deformed frame and the vertical, so P approximates the vertical forcing. As
|u| ≪ |w|, we may approximate this by,
Z r
F w dx.
P =
l

We are ready to write down an expression for the Lagrangian,

L = K −U +P

Z r
1
EI
1
2
2
2
=
ρb h ẇ −
w + ρb I ẇx + F w dx.
2
2 (1 − ν 2) xx 2
l
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Then,
π[w] =

Z

0

T

L(x, w, wxx , ẇ , ẇx) dx.

By Hamilton’s Principle, the stationary points of this functional will represent our
physical solutions and establishing equations for these points will recover our governing equations from the geometric exposition. To ﬁnd these we can solve the
related Euler-Lagrange equations,






∂L
d2
d2
d
∂L
∂L
∂L
+ 2·
+
= 0.
− ·
·
∂w dt ∂ ẇ
dx
dx dt ∂ ẇx
∂wxx
Substituting for L, we ﬁnd,
EI
wxxxx + ρb [h ẅ − I ẅxx] = F .
1 − ν2

The third term on the left-hand side represents the rotational inertia. In keeping
with the geometric formulation, we neglect this, giving,
EI
wxxxx + ρb h ẅ = F .
1 − ν2

Alternatively, we may use variational principles to directly establish the same
equations from π[w]. As a by-product of this process, we obtain a variational
expression that may easily be adapted for the Finite Element formulation. Consequently, we prefer this approach to the shorter Euler-Lagrange method in subsequent energy derivations.
Taking variations of π and integrating by parts,
δπ
=
=
=
=

Z

Z

T
0
T

Z0 T

Z0 T
0Z

Z

r

δL(x, w, wxx , ẇ , ẇx) dxdt

Z r
EI
1
1
2
2
2
−
δ (wxx) + ρb h δ (ẇ ) + ρb I δ (ẇx ) + F δw dxdt
2 (1 − ν 2)
2
2
l

Z r
EI
−
wxx δwxx + ρb h ẇ δ ẇ + ρb I ẇx δ ẇx + F δw dxdt
(1 − ν 2)
l

Z r
EI
−
wxx δwxx − ρb h ẅ δw − ρb I ẅx δwx + F δw dxdt (5.18)
(1 − ν 2)
l
l

r

+
[ρb h ẇ δw + ρb I ẇx δwx]T0 dx

Z Tl Z r 
EI
−
wxxxx δw − ρb h ẅ δw + ρb I ẅxx δw + F δw dxdt
=
(1 − ν 2)
l
0
r
Z T
EI
EI
+
wxxx δw −
wxx δwx − ρb I ẅx δw dt
(1 − ν 2)
(1 − ν 2)
0
l
Z r
[ρb h ẇ δw − ρb I ẇxx δw]T0 dx
+
l

+[ρb I ẇx δw]T0,l,r.
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Neglecting terms resulting from the rotational inertia, this becomes,

Z T Z r
EI
−
δπ =
wxxxx − ρb h ẅ + F δwdxdt
(1 − ν 2)
l
0
r
Z T
EI
EI
+
wxxx δw −
wxx δwx dt
(1 − ν 2)
(1 − ν 2)
0
l
Z r
[ρb h ẇ δw]T0 dx.
+
l

The admissible variations of w, wx are those smooth functions on [0, T ] × [r, l]
which are zero at t = 0, T and at essential boundary conditions. Physically, we
cannot vary w at values that we already know. However, for the free case, there
are no essential boundary conditions and the only term that is thus cancelled is
the ﬁnal term on the right-hand side. This leaves,

Z T Z r
EI
−
δπ =
wxxxx − ρb h ẅ + F δwdxdt
(1 − ν 2)
l
0
r
Z T
EI
EI
+
wxxx δw −
wxx δwx dt.
(1 − ν 2)
(1 − ν 2)
0
l
To achieve δ π ≡ 0 for all admissible variations δw it is both necessary and suﬃcient that their coeﬃcients in w and coeﬃcients of their derivatives, internally and
on the boundary, are identically zero. This gives rise to Euler-Lagrange equations,
as follows,
F−

EI
wxxxx = ρb h ẅ , for x ∈ [l, r],
(1 − ν 2)
wxxx = 0, for x = l, r,
wxx = 0, for x = l, r.

(5.19)

We have obtained Equations 5.15 and 5.16, the constitutive equations established
by the geometric approach, by using Hamilton’s Principle. While both the geometric and energy methods are equivalent given the same modelling assumptions,
the advanced beams may be better suited to one or other of these approaches.
5.3.1.3 Finite element equations
Taking Equation 5.18, without the rotational inertia term, we know that to ﬁnd w
we must solve,

Z T Z r
EI
−
wxx δwxx − ρb h ẅ δw + F δw dxdt ≡ 0,
(5.20)
(1 − ν 2)
l
0
for all admissible variations δw. However, at a given timestep, this form contains
two unknown functions, wn+1 and ẅn+1. To reduce this to one unknown, we
assume knowledge of w (and its derivatives) at previous time-steps and turn this
into an implicit timestepping problem, through application of the Newmark Beta
Method. This approach has been used for the hydroelastic problem by
Kyoung et al. (2006).
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In this method, two numerical parameters, β and γ, are chosen between 0 and
1. The vertical velocity, ẇn+1 is approximated by,
ẇn+1 = ẇn + ∆t (γ ẅn+1 + (1 − γ) ẅn),
and the deﬂection by,
1
∆t2 ẅ β ,
2
= 2 β ẅn+1 + (1 − 2 β) ẅn.

wn+1 = wn + ∆t ẇn +
ẅ β

(Paz and Leigh, 2004)
Choosing γ = 1/2 and β = 1/4 gives the constant acceleration method and we
have found this suﬃcient for our hydroelastic analysis. We rearrange to provide
ẅn+1 as a function of wn+1 and values from previous timesteps,




1
1−2β
2
ẅn+1 =
wn+1 − wn − ∆t ẇn −
(∆t) ẅn ,
β (∆t)2
2

which may be substituted into Equation 5.20 at a given timestep. For simplicity,
we leave ẅ in the variational equations equations as expressed here, with the
understanding that it is substituted in the timestepping method by this aﬃne
function of the solution variable.
This translates neatly into a discrete Finite Element problem. The beam
interval, [l, r], is divided into subintervals; we call the partition P. A suitable
Finite Element function space, V , is deﬁned over this 1D mesh with simple
Lagrange elements, polynomial in the interior and continuous across the internal
boundaries.
Z

l

r

Find w ∈ V , suchZthat, ∀v ∈ V ,
Z r
r
EI
vxx wxx dx +
ρb h v ẅ dx =
v Fdx.
(1 − ν 2)
l
l

(5.21)

To solve this equation, using a single real-valued trial function, and obtain the
deﬂection of an Euler-Bernoulli beam, requires either special elements or interior
penalty methods, where a large term is added to the Finite Element formulation
to penalize certain types of discontinuity. These are necessary to ensure continuity of the slope across internal boundaries, that is, to achieve globally C 1 solutions. Without this requirement, which is relevant only in the discrete formulation, the second derivative will be ill-deﬁned at boundaries, our equation will be
under-constrained and our matrix problem will contain unphysical solutions.
As we want to establish an approach that can be employed in a standard
solver, such as FEniCS, we refrain from using specialized elements. While we
could use an interior penalty method, we gain clarity and ease of generalization
by using a mixed model, which more readily extends to our advanced beam formulations. This process involves solving for two functions, w and the bending
EI
moment, M = − 1 − ν 2 wxx in the same space of real-valued C 0 functions. This
ensures that the bending moment is not only deﬁned at boundaries but is also
continuous across them, which is not necessarily true of wxx.
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Note that we can substitute M into Hamilton’s Principle and rederive EquaEI
tion 5.21 for two solution variables, with M = − 1 − ν 2 wxx enforced by a Lagrange
multiplier. For the purposes our current exposition, this complicates the algebra
unnecessarily. However, to provide mathematical justiﬁcation in the context of
Discontinuous Galerkin theory and dislocation potentials, the full details are provided in Appendix B.
One important point of caution should be observed in interpreting Equation
5.21. This does not include any continuity constraints to cover the possibility of
w or M being discontinuous; it is assumed that this is prevented by the choice of
V . In subsequent beam formulations, we may wish to include discontinuous
methods, and the Lagrangian may easily be adapted using Lagrange multipliers
for this purpose. As illustrated in the earlier section on discontinuous identities,
these terms will then appear in an appropriately augmented version of Equation
5.21.
We adapt Equation 5.21 to include M , with a corresponding test function µ,
w, M ∈ VZ, such that, ∀v, µ ∈ V ,
Z r
Z Find
r
r
r
v Fdx,
ρb h v ẅ dx − [vx M ]l =
vx Mx dx +
l
r

Z lr
Zl r
EI
EI
µ Mdx.
=
µx wx dx −
µ wx
2
(1 − ν )
(1 − ν 2)
l
l
l

(5.22)

It is convenient (and preferable numerically) to enforce the Dirichlet condition for
M using µ, its test function, which renders the boundary term in the ﬁrst
equality of Equation 5.22 redundant. To enforce this condition, we can either set
Dirichlet conditions directly in the solver, or use penalty terms. Choosing the
latter, we pick some C2 suﬃciently large. Note that the boundary condition for
the shear force is still implied in the ﬁrst equality; our move to a mixed formulation has only restricted the space of possible solutions, removing those functions
EI
with ill-deﬁned M = − 1 − ν 2 wxx.
The Finite Element equation becomes,

Z

r
l

Find w, Z
M ∈ V , such that,
(5.23)
Z r ∀v, µ ∈ V ,
Z r
r
vx Mx dx +
ρb h v ẅ dx =
v Fdx,
l
l
lr
Z r
EI
EI
r
µ Mdx.
µx wx dx −
µ wx − C2 [µ M ]l =
(1 − ν 2)
(1 − ν 2)
l
l

Note that the separation into two equations is purely for ease of reading. In practice, the two equations are coded as one combined equation, this being equivalent
since the theoretical separation is enforced by the independence of the trial functions. We will state the Finite Element equations for subsequent beams in simultaneous form, with this synthesis in the implementation implied.
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If Dirichlet conditions are directly enforced in the solver, the space of functions from which µ is chosen will change. That is, µ ∈ V 0, the space of Lagrange
Finite Element functions (of a given polynomial order) on that partition, which
are zero at the ends l, r. This corresponds to a comment about admissible variations in the derivation of the Euler-Bernoulli equations by Hamilton’s Principle,
where we noted that variations were zero at essential boundary conditions since
the solution could not vary at those points. In this case, for suﬃciently large C2,
the wx boundary term in Equation 5.23 may be neglected. Although the essential
boundary conditions eﬀectively remove two unknowns from the matrix problem,
the penalty formulation provides the small advantage that any error at the
boundaries may be shared between the bending moment and shear force. As we
expect in the nonlinear ﬂuid case (an approximation of) unbounded pressure at
the beam corners, this may prove beneﬁcial.
For our space V , we pick a discrete space of piecewise smooth C 0 functions
over the 1D mesh P. Speciﬁcally, we choose V ⊂ H 1(l, r), the Sobolev space of
absolutely continuous functions on [l, r], such that for all f ∈ V and cells [xi , xi+1],
f |[xi,xi+1] is polynomial of order 4.

5.3.2 Timoshenko beam
Beam thickness, in this context, is generally deﬁned by various rules of thumb
according to a given author and application, with an upper limit of the order of a
1:5 - 1:10 thickness–to-length ratio, although it does depend on a number of
parameters
beyond
those
two
terms.
Han et al. (1999)
and
Han and Benaroya (2002) provide instructive quantitative analyses for the
vibrating case.
When the beam is comparatively thick, we invalidate our thin-beam assumptions and may no longer assume that cross-sections normal to the midline remain
normal on deformation. The Timoshenko model incorporates this by adding a
term to represent rotation, ψ. Instead of Equation 5.5, this gives rise to the following formulation for the deﬂection of a point (x, z) located in the beam reference frame,
u ′ = u + z ψ,
w ′ = w.

(5.24)

As before, we consider the Green–St Venant strain tensor, which provides a measure of diﬀerence between the deformed conﬁguration and a rigid-body motion,
E =

1
[∇u + (∇u)T + (∇u)T (∇u)].
2
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As a consequence of the change of deﬁnition shown in Equation 5.24, our strains
become,
1
1
e11 = ux + z ψx + (ux + z ψx)2 + ψ wx ,
2
2
1
κ {wx + ψ + (ux + z ψx) wx },
e12 =
2
1
wx ψ,
e22 =
2
where a shear coeﬃcient, κ, is introduced to scale e12, allowing us to account for
the fact that the shear strain is not constant over a cross-section. Its value is commonly taken to be κ = 5/6, or κ = 6 (1 + ν)/(7 + 6 ν) when Poisson’s eﬀect is
included (Han and Benaroya, 2002). Our (linearized) stresses are then,
E
σ11 =
(ux + z ψx),
1 − ν2
σ12 = G κ (wx + ψ),
σ22 = 0,
where the shear modulus, G = E/2 (1 + ν) for a homogeneous, isotropic material
Sadd (2009).
This results in a new formulation for M , the bending moment,
Z h/2
z σ11 dz
M =
−h/2
Z h/2
E
(z ux + z 2 ψx) dz
=
1 − ν 2 −h/2
E h3
ψx
=
12 (1 − ν 2)
EI
=
ψ x.
1 − ν2
Further, the Timoshenko formulation includes rotational inertia, which allows us
to account for angular momentum in the elasticity equations. Consequently,
Equation 5.14 for the angular momentum around a point in the beam becomes,
Mx (x) − Q(x) = ρb I ψ̈(x).
In contrast to the Euler-Bernoulli derivation, we can no longer complete the formulation without expressing Q in terms of the strains. This is simply,
Z h/2
σ12 dz
Q =
−h/2
Z h/2
= κG
(wx + ψ) dz
−h/2

= κ G h (wx + ψ).

In this model, the constitutive equations then become,
F + κ G h (wx + ψ)x = ρb h ẅ ,
EI
ψxx − κ G h (wx + ψ) = ρb I ψ̈.
1 − ν2

(5.25)
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The natural boundary conditions for vanishing bending moment and shear force
are,
EI
ψx = 0 x = l, r,
1 − ν2
κ G h (wx + ψ) = 0 x = l, r.
In the thin case, the substitution ψ ≈ −wx, while retaining G (wx + ψ)
recovers the Euler-Bernoulli approximation.



0,

5.3.2.1 Finite element formulation
In the case of the Timoshenko beam, it is simplest to formulate a mixed variational problem from the diﬀerential equations, as given in Equation 5.25,
Find w,Z ψ ∈ V , such that, ∀v, Ψ ∈ V ,
(5.26)
Z r
r
v ρb h ẅ dx + [κ G h v (wx + ψ)]rl ,
v (F + κ G h (wx + ψ)x) dx =
l

r

Z r 
Zl r
EI
EI
v
v ρb I ψ̈ dx −
ψxx − κ G h (wx + ψ) dx =
Ψ ψx ,
1 − ν2
1 − ν2
l
l
l

where the signs of the boundary conditions have been chosen to cancel on integrating by parts. We thus rephrase,
Find
(5.27)
Z r
Z rΨ∈V ,
Z r w, ψ ∈ V , such that, ∀v,
v Fdx,
v ẅ dx =
vx (wx + ψ) dx − ρb h
−κ G h
l
Z lr
Z lr
Z r
EI
Ψ ψ̈ dx =
Ψ (wx + ψ) dx − ρb h
−κ G h
Ψx ψx dx.
1 − ν2 l
l
l
Note that we treat ψ̈ here as we treat ẅ, using the Newmark Beta Method to
write it as an aﬃne function of the solution variable, ψ. Unlike the EulerBernoulli case, we formulate the mixed beam problem in terms of the deﬂection
and the slope, rather than the deﬂection and the bending moment. This is facilitated by the convenient expression for the shear force in the Timoshenko formulation, which does not involve higher order derivatives of either solution variable.

5.3.3 von Kármán beam
The von Kármán beam includes nonlinear lateral strain and retention of an independent longitudinal displacement term. It is a nonlinear model, with the caveats
outlined below.
We follow the exposition of Lagnese and Leugering (1991). In particular, this
involves relaxing the assumption that e11 is linear. Retaining the other assumptions that lead us to Equations 5.6-5.8, we obtain strains,
1
e11 = ux − z wxx + wx2 ,
2
e12 = 0,
e22 = 0.
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Consequently, we have the following stresses (neglecting, as the authors do,
Poisson’s ratio),
σ11 = E 
e11

1 2
= E ux − z wxx + wx ,
2
σ12 = 0,
σ22 = 0.
Following the energy approach outlined for the Euler-Bernoulli beam, the elastic
potential energy becomes,
Z r Z h/2
1
U =
e211 dz dx
E
2

Zl r −h/2
1
1
2
2
2
4
=
h ux + I wxx + h ux wx + h wx dx.
E
2
4
l

The kinetic energy may be expressed as,
Z Z
1 r h/2
d
K =
ρb | (u(x, z), w(x))|2 dz dx
2 l −h/2
dt
Z Z
1 r h/2
ρb |u̇ − z ẇx + wx ẇx , ẇ |2 dz dx
=
2 l −h/2
Z
1 r
[ρb h (u̇ 2 + ẇ 2 + u̇ wx ẇx + wx2 ẇx2) + ρb I ẇx2] dx.
=
2 l

Putting these alongside the work done by the pressure, we may apply Hamilton’s
Principle, as before,
Z T
−U + K + Pdt
π =
0
Z Z
1
1 T r
2
{ − E I wxx
− E h u2x − E h ux wx2 − E h wx4
=
4
2 0 l
2 2
2
2
+ρb h u̇ + ρb h ẇ + ρb h u̇ wx ẇx + ρb h wx ẇx + ρb I ẇx2 + F w } dxdt
Z Z
1 T r
2
≈
{ − E I wxx
− E h u2x − E h ux wx2 − E h wx4
2 0 l
+ρb h u̇ 2 + ρb h ẇ 2 + ρb I ẇx2 + F w } dxdt,
where terms of cubic order involving time derivatives have been neglected.
It is clearer to use a variational approach at this stage, rather than the EulerLagrange equations, although they are equivalent. Moreover, as noted in previous
subsections, this provides us with a convenient expression for Finite Element formulation,
Z TZ r
δπ =
{ − E I wxx (δw)xx
0
l




1 2
1 2
−E h
ux + wx (δu)x + wx ux + wx (δw)x
2
2
+ρb I ẇx (δw)tx + ρb h (u̇ (δu)t + ẇ (δw)t) + F δw } dx dt
(5.28)
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=

Z

T

Z

r

{ − E I wxxxx δw




d
1 2
d
1 2
+E h
ux + wx δu + E h
wx ux + wx δw
dx
2
dx
2
+ρb I ẅxx δw − ρb h (ü δu + ẅ δw) + F δw } dx

 r
 
 r
1 2
1 2
−E h ux + wx δu − E h wx ux + wx δw
2
2
l
l
r
r
−E I [wxx (δw)x]l + E I [wxxx δw]l − ρb I [ẅx δw]rl } dt
#T
#T
"Z
"Z
L
L
u̇ δu + ẇ δw dx + ρb I [ẇx δw]T0,l,r.
ẇxx δw dx + ρb h
−ρb I
0

{

l

0

0

0

0

By Hamilton’s Principle, δw = δu = 0 at x = l, r and t = 0, T , so we obtain,
Z T Z r
{ − E I wxxxx δw
{
δπ =
l 
0



d
1 2
d
1 2
+E h
ux + wx δu + E h
wx ux + wx δw
dx
2
dx
2
+ρb I ẅxx δw − ρb h (ü δu + ẅ δw) + F δw } dx
 r
 
 r

1 2
1 2
−E h ux + wx δu − E h wx ux + wx δw
2
2
l
l
r
r
−E I [wxx (δw)x]l + E I [wxxx δw]l − ρb I [ẅx δw]rl } dt.
Taking coeﬃcients of the variational functionals,


d
1 2
Eh
ux + wx = ρb h ü ,
dx
2


d
1 2
−E I wxxxx + E h
wx ux + wx + F = ρb h ẅ −ρb I ẅxx.
dx
2

(5.29)
(5.30)

The natural boundary conditions are, for x = l, r,
1 2
w = 0,
2 x
E I wxxx = ρb I ẅx ,
wxx = 0.

ux +

The bending moment, axial forcing and transverse shear force are given by the
following expressions,
Z h/2
z σ11 dz
M =
−h/2


Z h/2
1 2
=
E z ux − z wxx + wx dz
2
−h/2
= −E I wxx ,
Z h/2
σ11 dz
N =
−h/2
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=
=
Q =
=

h/2


1 2
E ux − z wxx + wx dz
2
−h/2


1
E h ux + wx2
2
−ρb I ẅxx − Mx
E I wxxx − ρb I ẅxx ,
Z



where the last equation is simply the restatement of Equation 5.13 with −wx
approximating ψ.
Thus the natural boundary conditions are equivalent to vanishing bending
moment, axial forcing and shear force. Note that, as the axial forcing is obtained
directly from the variation on u, we may choose between a Dirichlet condition or
the Neumann condition on axial forcing on u. That is, we may prescribe the horizontal motion of each endpoint or the axial forcing at these points.
By neglecting second order terms and cross-derivatives in Equation 5.30, we
will recover the Euler-Bernoulli equation. In particular, note that if wx2 and axial
inertia are neglected, ux ≡ 0 and the only permissible axial motion is lateral rigid
body displacement, that is, surge, in the hydroelastic context. As we neglect
surge, the end extension should be zero or, if we wish instead to allow elastic
extension due to the underbeam forcing but neglect compression (or extension)
due to beam wall pressure, we set the forcing at the ends to zero. Both possibilities are explored in the following chapter.
While Equations 5.29 and 5.30 are clearly nonlinear, Gao (2000) points out
that if horizontal (elastic) acceleration is neglected, then,
1 2
w = Λ,
2 x
− E I wxxxx + E h Λ wxx = ρb I ẅxx − ρb h ẅ + F ,
ux +

⇒

(5.31)

where Λ is a constant dependent on the relative horizontal forcing at the ends.
With this simple assumption, the von Kármán beam may be modelled using
Equation 5.31, without reference to u. The model is now linear.
5.3.3.1 Finite element formulation
Replacing the variational functionals δu, δw in Equation 5.28 by trial functions s
and v, we may write down a Finite Element problem for a given timestep,
Find u, w ∈ V , such that, ∀s, v ∈ V ,
(5.32)

Z r
Z 
1
ρb h s ü dx,
−E h sx ux + wx2 dx =
2
Z r
Zl r
Z r
Z r
ρb I vx ẅx dx,
ρb h v ẅ dx +
vxx wxx dx =
v Fdx − E I
l
l
l
l


Z r
1 2
vx wx ux + wx dx
−E h
2
l
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though this is subject to the requirement that V lies in a space of C 2 functions on
[l, r]. As with the Euler-Bernoulli equation, we introduce a separate variable for
the bending moment, M and drop the restriction on V
Find u, w, M ∈ V , such that, ∀s, v, µ ∈ V ,
(5.33)

Z 
Z r
1
ρb h s ü dx
−E h sx ux + wx2 dx =
2
l
Z r
Z r
Z r
Z r
ρb I vx ẅx dx,
ρb h v ẅ dx +
vx Mx dx =
v Fdx −
l
l
l
l


Z r
1
−E h
vx wx ux + wx2 dx
2
Z r
Z rl
r
µ Mdx,
E I µx wx dx + C2 [µ M ]l =
l

l

where the Dirichlet condition on M has been moved to the new ﬁnal equation.
For a fuller discussion, see the subsection on the Euler-Bernoulli Finite Element
formulation.
Equation 5.33 has nonlinear terms and so we use an iterative approach. Originally, we implemented a simple Newton-Raphson solver, using FEniCS to establish a Jacobian matrix. However, we have been able to migrate to more eﬃcient
versions of the same techniques, due to the recent improvement of access to the
nonlinear solvers in the underlying matrix libraries, such as PETSc (Chapter 3).
This system has proved eﬀective for all of the nonlinear beams. As a convergence
criterion (inside each correction iteration), we require the relative error ǫrel < 1.0 ×
10−6.

5.3.4 Gao beam
Gao (1996) derives a nonlinear beam equation by incorporating von Kármán
(nonlinear lateral) strains and retaining the second order terms arising from the
transverse strain. The author uses an energy approach to apply this to static
deformation of a beam by an obstacle (contact problems). In a subsequent article,
Gao (2000), the model is applied to post-buckling analysis, including dynamic
eﬀects and identiﬁes the linearity of the von Kármán beam, referenced above.
Given the following full (thin beam) expression for the Green–St Venant strain
tensor,
1
1
(ux − z w xx)2 + wx2 ,
2
2
1
=
wx (ux − z wxx),
2
1 2
=
w ,
2 x

e11 = ux − z wxx +
e12
e22

5.3 Derivations

117

Gao (1996) assumes that the beam thickness, axial deﬂection u and slope wx are
of the same order, O(ε), and neglects terms of order higher than O(ε2). This
results in the following expressions,
1
e11 = ux − z wxx + wx2 ,
2
e12 = 0,
1 2
w .
e22 =
2 x
As this model takes into account Poisson’s ratio, we have the following expressions for the stresses,


E
1
2
σ11 =
ux − z wxx + (1 + ν) wx ,
1 − ν2
2


1
E
ν (ux − z wxx) + (1 + ν) wx2 .
σ22 =
2
1 − ν2
Rather than a geometric approach, Gao (1996) uses an energy approach. Firstly,
we consider the deﬁnition of elastic potential energy,
Z
1
σij eij dB
U =
2 B
Z Z
1 r h/2
=
(σ11 e11 + σ22 e22) dz dx
2 l −h/2
Z r Z h/2
E
=
(e2 + 2 ν e11 e22 + e222) dz dx,
2 (1 − ν 2) l −h/2 11

Taking variations with respect to the beam displacement variables,
Z r Z h/2
E
[(e11 + ν e22) δe11 + (e22 + ν e11) δe22] dz dx
δU =
(1 − ν 2) l −h/2
δe11 = (δu)x − z (δw)xx + wx (δw)x
δe22 = wx (δw)x

Z r Z h/2 
E
1
2
⇒ δU =
{ ux − z wxx + (1 + ν) wx (δu)x
1 − ν 2 l −h/2
2


1
−z ux − z wxx + (1 + ν) wx2 (δw)xx
2
+wx (1 + ν) (ux − z wxx + wx2) (δw)x }dz dx

Z r
Eh
1
2
=
ux + (1 + ν) wx δudx
{−
1 − ν2
2
x

Z r 2 l
h
2
wxxxx − (wx (1 + ν) (ux + wx))x δwdx
+
12
l

 r
1
h2
2
+ ux + (1 + ν) wx δu + [wxx δwx]rl
2
12
l
 r

2
h
2
+ − wxxx + wx (1 + ν) (ux + wx) δw }
12
l

(5.34)
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We now consider kinetic energy at a given time.
Z
1
K =
ρ(ẇ 2 + (u̇ − z ẇx)2) dB
2 B

Z r
h2 2
1
2
2
ẇ + u̇ +
ρh
ẇ dx
=
12 x
2
l
r




h2
ẇ (δw)t + u̇ (δu)t +
⇒ δK = ρ h
(5.35)
ẇx (δw)tx dx
12
l 


Z r
h2
ẇ −
= ρh
ẇxx (δw)t + u̇ (δu)t dx + [ρ I ẇx (δw)t]rl .
12
l
Z

We then integrate this from time 0 to an arbitrary time T ,


Z T Z r 
Z T
h2
ẇ −
{
δKdt = ρ h
ẇxx (δw)t + u̇ (δu)t dx
12
l
0
 02
r
h
+
ẇx (δw)t dt }
12



 2
r
Z T Z r  l
h2
h
− ẅ −
=
ẅxx δw − ü dx −
ẅx δw
dt
12
12
0
l




Z r l
T
T ,r
h2
h2
ẇxx δw dx +
ẇx δw
.
ẇ −
+
12
12
l
0
0,l
Recall Hamilton’s Principle, that solutions of the Gao model are stationary points
of the action functional,

Z r
Z T
F wdx dt,
−U + K +
π =
0

l

where F is the work done by external forces. Thus,

Z r
Z T
F δwdx dt.
−δU + δK +
0 = δπ =
0

(5.36)

l

The variational functionals are zero at t = 0, T and so our boundary terms in time
disappear. Taking coeﬃcients of the variational functionals, δ u, δ w, as they
appear in Equation 5.36 and neglecting axial acceleration gives,
Eh d
1
[ux + (1 + ν) wx2] = 0
1 − ν dx
2
Eh d
EI
wxxxx +
[wx (ux + wx2)] + F = ρb h ẅ − ρ I ẅxx.
−
1 − ν dx
1 − ν2

We also obtain natural boundary conditions,

1
ux + (1 + ν) wx2 = 0,
2
wxx = 0,
−

EI
Eh
wxxx +
[wx (ux + wx2)] = ρ I ẅx ,
1 − ν2
1−ν

x = l, r
x = l, r
x = l, r.

(5.37)
(5.38)
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Calculating the bending moment, axial forcing and axial shear force, we may compare the boundary conditions to the zeroing of these terms at the beam ends,
Z h/2
z σ11 dz
M =
−h/2


Z h/2
Ez
1
2
=
ux − z wxx + (1 + ν) wx dz
2
2
−h/2 1 − ν
EI
= −
wxx ,
1 − ν2
Z h/2
σ11 dz
N =
−h/2

Z h/2 
1 2
E ux − z wxx + wx dz
=
2
−h/2


1
= E h ux + wx2
2
Q = −ρb I ẅxx − Mx
EI
=
wxxx − ρb I ẅxx.
1 − ν2
Thus, as in the von Kármán case, the natural boundary conditions are equivalent
to vanishing bending moment, axial forcing and shear force.
Following the exposition of Gao (2000), we can simplify Equation 5.38 slightly,
and in a manner that isolates the nonlinear component,
1
(5.39)
ux + (1 + ν) wx2 = Λ,
2
Eh
3
EI
wxxxx + Λ
wxx + E h wxx wx2 + F = ρb h ẅ − ρb I ẅxx.
−
2
1−ν
2
1−ν
In the case that there is no axial force, as in the natural boundary conditions, λ =
0 and so we obtain equations,
1
ux + (1 + ν) wx2 = 0
2
3
−E I wxxxx + E h wxx wx2 + F = ρ b h ẅ − ρb I ẅxx.
2
5.3.4.1 Finite element formulation
We combine δU , as given in Equation 5.34, and δK, as given in Equation 5.35, as
follows,
δπ
=
=

Z

Z

T
0
T
0



Z

r



F δwdx dt
−δU + δK +
l


Z r 
E
1
2
−
h ux + (1 + ν) wx (δu)x + I wxx (δw)xx
1 − ν2 l
2

]

+wx h (1 + ν) (ux + wx2) (δw)x dx
Z
Z r
(h ẅ δw + h ü δu + I ẅx (δw)x) dx +
−ρ b
l

r



F δwdx dt,
l

(5.40)
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where derivatives of the variational functionals with respect to time have been
integrated by parts. As noted above, the (time) boundary contributions are zero.
Replacing the variational functionals δu, δ w in Equation 5.28 by trial functions s and v, we may write down a Finite Element problem for a given timestep,
Find u, w ∈ V, such that, ∀s, v ∈
V , Z r
Z
Eh
1
ρb h s ü dx,
−
sx ux + (1 + ν) wx2 dx =
2
1−ν
2
l
Z r
Z r
Z r
EI
v Fdx −
vxx wxx dx − E h (1 + ν)
vx wx (ux + wx2) dx
2
1
−
ν
l
l
l
Z
Z
r

r

ρb h v ẅ dx +

=

(5.41)

ρb I vx ẅx dx,

l

l

although this is subject to the requirement that V lies in a space of C 2 functions
on [l, r]. As with the Euler-Bernoulli and von Kármán equations, we introduce a
separate piecewise continuous variable for the bending moment, M , and may drop
the restriction on V ,
Find u, w, M ∈ V , such that, ∀s, v, µ ∈ V ,
(5.42)

Z r
Z 
Eh
1
−
ρb h s ü dx
sx ux + (1 + ν) wx2 dx =
2
1−ν
2
Z r
Z r
Zl r
Z r
EI
v Fdx +
vx Mx dx =
ρb h v ẅ dx +
ρb I vx ẅx dx,
1 −ν 2 l
l
l
l

Z r
1 2
vx wx ux + wx dx
−E h
2
l
Z r
Z r
r
µ Mdx,
E I µx wx dx + C2 [µ M ]l =
l

l

where the Dirichlet condition for M has been moved to the new ﬁnal equation.
Note that,
Eh
2

Z

r

3Eh
vx wx3dx = −
2

l

Z

r

v wxx wx2dx =
l

3h
2I

Z

r

v M wx2 dx.
l

Consequently, we can make a ﬁnal simpliﬁcation for the case Λ = 0, following the
logic that was used to establish Equation 5.39, as follows,
Find u, w, M ∈ V , such that, ∀s, v, µ ∈ V ,
(5.43)

Z 
Z r
1
Eh
−
sx ux + (1 + ν) wx2 dx =
ρb h s ü dx
2
2
1−ν
Z r
Zl r
Z r
Z r
EI
ρb I vx ẅx dx,
ρb h v ẅ dx +
vx Mx dx =
v Fdx +
1 − ν 2Z l
l
l
l
3h r
+
v M wx2 dx
2
I
l
Z r
Z r
r
E I µx wx dx + C2 [µ M ]l =
µ Mdx.
l

l
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5.3.5 Heyliger-Reddy beam
A formulation of Heyliger and Reddy (1988) extends the concept of the Timoshenko beam. In particular, the Heyliger-Reddy beam provides for deformation of
a typical cross-section by a cubic, rather than linear, function, allowing the tranverse shear to vanish identically on the top and bottom of the beam and avoiding
the use of a shear coeﬃcient. Additionally, certain second order terms arising
from a von Kármán approach are retained. Consequently, this model shares some
of the properties of the von Kármán approximation on which Gao has commented. As with the von Kármán formulation above, the authors neglect
Poisson’s ratio.
While we restrain ourselves to the classical case of a St Venant material, where
the eﬀect of point forcing on the material decays quickly when moving away from
the point, this particular model has been extended by Reddy (2007) to non-local
problems, such as are found in nanotubes literature.
Heyliger and Reddy (1988) express the displacement of a point (x, 0) as,



 
4 z 2
u = u+z ψ −
(ψ + wx) ,
3 h
w ′ = w.
′

In the same paper, a synopsis derivation of the Euler-Lagrange equations by
Hamilton’s Principle is presented. While the process of deriving Euler-Lagrange
equations is standard, as has already been seen, we require a full derivation to
obtain the expression used in the subsequent Finite Element formulation. A few
of the key equations may be compared and, in particular, we note an error in one
of those expressions as presented in the original paper (highlighted below).
On substitution into the Green–St Venant strain tensor, we obtain,


 
4 z 2
1
e11 = ux + z ψx −
(ψx + wxx) + wx2 ,
3 h
2


2
1
z
e12 =
(ψ + wx) 1 − 4 2
2
h
e22 = 0.
σ11 = E e11, σ1 2 = G e12, σ22 = 0.
Consequently, the elastic potential energy may be expressed as,
Z
1X
σij eij dzdx
U =
2
i ,j
Z r Z h/2
1
(σ11 e11 + 2 σ12 e12) dz dx
=
2 l −h/2
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1
=
2

Z

r
l

Z

h/2

(E e211 + 2 G e212 ) dz dx.
−h/2

As before, we take the variation with respect to the displacement and rotation
variables,
Z r Z h/2
(E e11 δe11 + 2 G e12 δe12) dz dx,
δU =
l

−h/2

where

δe11
δe12




 
4 z 2
= (δu)x + z (δψ)x −
((δψ)x + (δw)xx) + wx (δw)x ,
3 h


z2
1
(δψ + (δw)x) 1 − 4 2 .
=
h
2

To obtain the Euler-Lagrange equations, we must substitute for the δeij ,

Z r Z h/2 ( 
1 2
E ux + wx (δu)x
δU =
2
l
−h/2



 
 
4 z 2
4 z 2
2
+E z ψx −
(ψx + wxx)
(δψ)x −
((δψ)x + (δw)xx)
3 h
3 h


1 2
+E wx ux + wx (δw)x
2



z2 2
+G (ψ + wx) 1 − 4 2 (δψ + (δw)x) dz dx,
h
where terms of odd order in z have been neglected. Performing the z integration,5.1




Z r
1 2
1 2
E h ux + wx (δu)x + E h wx ux + wx (δw)x
δU =
2
2
l

16
((ψx +wxx) (δψ)x + ((δψ)x + (δw)xx) ψx)
+E I ψx δψx −
105


1
8
+ (ψx (δψ)x + wxx (δw)xx) +
G h (ψ + wx) (δψ + (δw)x) dx. (5.44)
21
15
To remove derivatives of the variationals where possible, we integrate by parts,


 

Z r
1 2
1 2
−E h ux + wx δu − E h wx ux + wx
δw − E I ψxx δψ
δU =
2
2
l
x
x
16
16
+
E I (ψxx + wxxx) δψ +
E I (ψxx δψ − ψxxx δw)
105
105
1
+ E I (wxxxx δw − ψxx δψ)
21
5.1. There is a discrepancy between this statement and the parallel statement of
Heyliger and Reddy (1988), due to a typographical error by the authors involving the term with coeﬃ1
cient 21
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8
8
+ G h (ψ + wx) δψ −
G h (ψ + wx)x δw d x
15
15

 r
 
 r
1 2
1 2
+E h ux + wx δu + E h wx ux + wx δw + E I [ψx δψ]rl
2
2
l
l
16
16
r
E I [(ψx + wxx) δψ]l +
E I [ψxx δw − ψx (δψ + δwx)]rl
−
105
105
1
8
+ E I [wxx δwx − wxxx δw]rl +
G h [(ψ + wx) δw]rl .
21
15
We now consider the kinetic energy,
 


Z 
 
 2
1
4 z 2
2
dB,
ψ̇ + ẇx
K =
ρ ẇ + u̇ − z ψ̇ −
2 B
3 h
Z r
1
=
(ẇ 2 + u̇ 2) dx
ρh
2
lZ


r
1
68 2 32
1 2
+ ρI
ψ̇ −
ψ̇ ẇx +
ẇ dx,
2
105
105
21 x
l
Taking variations, as before,
Z

r

h (ẇ (δw)t + u̇ (δu)t) dx




Z r 
68
16
1
16
+ρ I
(δ w)xt d x,
ψ̇ −
ẇx (δ ψ)t +
ẇx −
ψ̇
105
105
21
105
l
(5.45)

δK = ρ

l

We will need the integral with respect to time,
Z

0

T

Z r
δK =
{ −ρh
ẅ δw + ü δu dx
0
l



Z r 
68
16
1
16
−
+ρ I
ψ̈ −
ẅx δψ +
ẅxx −
ψ̈ δwdx
105
105
21
105 x
l
 r

16
1
ẅx −
ψ̈ δw } dt
−ρ I
105
21
l
Z r
T
[ẇ δw + u̇ δu]0 dx
+ρ h
 Zl r 



T
68
16
1
16
+ρ I
ψ̇ −
ẇx δψ −
ẇxx −
ψ̇ δwdx
105
105
21
105 x
l
0

 T ,r
1
16
+ρ I
.
ẇx −
ψ̇ δw
21
105
0,l
Z

T

As before, we consider Hamilton’s Principle, noting that the variations are zero at
t = 0, T ,

Z r
Z T
F δwdx dt.
(5.46)
−δU + δK +
0 = δπ =
0

l
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Taking coeﬃcients of the functionals gives governing equations,


1 2
= ρ h ü
E h u x + wx
2
x
 



1 2
1
8
16
E h wx u x + wx
−EI
wxxxx −
ψxxx +
G h (ψ + wx)x
2
21
15
105
x


1
16
= ρb h ẅ − ρb I
ẅxx −
ψ̈ − F
21
105 x




68
8
16
16
68
EI
ψxx −
wxxx −
G h (ψ + wx) = ρ b I
ψ̈ −
ẅx
105
15
105
105
105
The natural boundary conditions at x = l, r are as follows,


1 2
E h u x + wx = 0
2




16
8
1 2
1
ψxx −
wxxx +
G h (ψ + wx)
E h wx ux + wx − E I
105
15
2
21


16
1
ẅx −
ψ̈
= −ρb I
105
21


16
1
EI
ψx −
wxx = 0
105
21


16
68
EI
ψx −
wxx = 0.
105
105

(5.47)

(5.48)

Note that the Timoshenko formulation with shear coeﬃcient κ = 2/3 may be
recovered by making (only) the following approximations in the relevant HeyligerReddy Euler-Lagrange equations,
ü ≈

1
16
EI
wxxxx −
ψxxx ≈
21
105


16
68
EI
ψxx −
wxxx ≈
105
105


68
16
ρI
ψ̈ −
ẅx ≈
105
105


0
1
E I wxxxx
5
84
E I ψxx
105
84
ρb I ψ̈.
105

We may compare the natural boundary conditions for the Heyliger-Reddy formulation to the vanishing of the bending moment, transverse shear force and axial
forcing,
Z h/2
z σ11 dz
M =
−h/2




Z h/2
 
4 z 2
1 2
E z ux + z ψx −
=
(ψx + wxx) + wx dz
3 h
2
−h/2


1
= E I ψx − I (ψx + wxx) ,
5
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N =
=
=
Q =
=
=

Z

h/2

σ11 dz




 
4 z 2
1 2
E ux + z ψx −
(ψx + wxx) + wx dz
3 h
2
−h/2


1
E h ux + wx2 ,
2
Z h/2
σ12 dz
−h/2


Z h/2
z2
1
(ψ + wx) 1 − 4 2 dz
G
h
−h/2 2
5
G h (ψ + wx).
6
−h/2
Z h/2

Note that, as the Heyliger-Reddy beam is a thick beam, the integral form of the
transverse shear force does not degenerate to zero and so we may use this expression, rather than a diﬀerential representation.
A fourth boundary condition may be obtained by applying Newton’s Second
Law for rotational motion at the ends, where the angular deﬂection is given as uz′ ,
Z h/2
z 2 üz′ dz,
Mx − Q = ρb
−h/2


4
5
1
EI
ψxx − wxxx −
G h (ψ + wx)
5
6
5

Z h/2 

4 z4
2
z ψ̈ −
= ρb
ψ̈ + ẅx dz
3 h2
−h/2



1
= ρb I ψ̈ −
ψ̈ + ẅx ,
5
Putting them together, we may derive the natural boundary conditions.
5.3.5.1 Finite element formulation
To achieve a Finite Element formulation, we combine δ U , as given in Equation
5.44, and δK, as given in Equation 5.45, as follows,
(5.49)

δπ
Z

T



Z

r



F δwdx dt
−δU + δK +
l




Z T  Z r
1 2
1 2
E h ux + wx (δu)x + E h wx ux + wx (δw)x
−
=
2
2
l
0

16
+E I ψx δψx −
((ψx +wxx) (δψ)x + ((δψ)x + (δw)xx) ψx)
105


1
8
+ (ψx (δψ)x + wxx (δw)xx) +
G h (ψ + wx) (δψ + (δw)x) dx
21
15

=

0
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Z r 





68
16
16
1
−ρb I
ψ̈ −
ψ̈ δψ +
ẅx −
ψ̈ δwx dx
105
105 x
105
21
l

Z r
+
F δwdx dt,
l

where derivatives of the variational functionals with respect to time have been
integrated by parts, the boundary contributions being zero by Hamilton’s Principle.
Replacing the variational functionals δu, δ w, δ ψ in Equation 5.28 by trial
functions s and v, we may write down a Finite Element problem for a given
timestep,
Find u, w ∈ V , such that, ∀s, v ∈ V ,

Z
Z 
1 2
ρ h s ü dx + E h sx ux + wx dx = 0,
2

(5.50)




1
16
ρ h v ẅ dx + ρ I vx
ẅx +
ψ̈ dx
21
105




Z
Z
8
1 2
+ρw g v w dx + vx E h wx ux + wx +
G h(ψ + wx) dx
15
2


Z
Z
1
16
+E I vxx
wxx +
ψx dx − v F dx = 0,
21
105
Z

EI

Z

χx



Z


Z
8
68
16
ψx +
wxx dx +
G h χ (ψ + wx) dx
15
105
105


Z
16
68
+ρ I χ
ψ̈ +
ẅx dx = 0,
105
105

although this is subject to the requirement that V lies in a space of C 2 functions
on [l, r]. As noted in Section 5.3.1.3, this requirement may be side-stepped by
adopting a mixed formulation, introducing a new solution variable to substitute
16
1
for 21 wxx + 105 ψx and removing second derivatives of the deﬂection. A full
expression, with appropriate jump terms, is provided in Appendix B, along with a
rederivation of the (slope-discontinuous) Euler-Lagrange equations.

5.3.6 Drozdov beam
Drozdov (1996) uses a geometrical approach to derive a nonlinear beam with
fewer trigonometric approximations than the Euler-Bernoulli beam. The author
uses this formulation, with some additional simpliﬁcations, to obtain a modiﬁed
Korteweg-de Vries (KdV) equation for the behaviour of a thin beam, but we,
using the Finite Element method, may attempt to solve the most general case
that he presents en route. Drozdov attributes the basis of the formulation to
Antman (see, for example, Antman, 1976) and follows his KdV derivation with an
exploration of soliton solutions in the ﬁnite strain framework. While the deriva-
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tion presented here is similar to that of Drozdov, we have expanded and adapted
it to the current setting, particularly to ﬁt the format of the other beam deﬁnitions, making clear the similarities and diﬀerences for analysis in the subsequent
chapter, Advanced Beam Results.
To obtain the Drozdov formulation, we must ﬁrstly recognize that the deformation is not necessarily locally linear, which introduces trigonometric terms into
our equilibrium relations.

ψ
ψ+Δψ/2
+

Q
N

+

R

Figure 5.2. Deformation of a Drozdov beam segment. A segment of original length ∆x
and centred on a point r is deformed into a segment of length ∆s with radius of curvature R, centre-point r ′ and which subtends an angle ∆ ψ. The forces on the segment
due to elasticity are the axial forces, N − at the left end, N + at the right, and the transverse shear, Q− at the left and Q+ at the right. The moments at the ends are M − at
the left and M + at the right

As illustrated in Figure 5.2, at the ends of the segment we have forces acting
at angles ψ ± ∆ψ/2, respectively, to the vertical. As such, our acceleration equation becomes,
F ∆x cos ψ + F ′∆x sin ψ + Q+ cos ψ + − Q− cos ψ −
(5.51)
′
+
+
−
−
+N sin ψ − N sin ψ = (ρb ∆s) A ẅ0,
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where F is the perpendicular forcing, F ′ is tangential forcing, ρb′ is the density in
the deformed conﬁguration and ∆ s is the length of the deformed segment. As
ρb′ ∆s = ρb ∆x, we can deduce that,
ρb ∆x A ẅ0 = F ∆x cos ψ + F ′∆x sin ψ
+∆N sin ψ + N − (sin ψ + − sin ψ −)
+∆ Q cos ψ + Q− (cos ψ + − cos ψ −)
= F ∆x cos ψ + F ′∆x sin ψ
+∆N sin ψ + ∆ Q cos ψ
+N − [2 cos ψ sin ∆ ψ/2] − Q− [2 sin ψ sin ∆ ψ/2]
= F ∆x cos ψ + F ′∆x sin ψ
+∆N sin ψ + ∆ Q cos ψ
+N − ∆ ψ cos ψ − Q− ∆ ψ sin ψ + O([∆ ψ]2).
Dividing through by ∆x,
ρb A ẅ = (F cos ψ + F ′ sin ψ)
∆N
∆ψ −
+
sin ψ +
N cos ψ
∆x
∆x
∆Q
∆ψ −
+
cos ψ −
Q sin ψ + h.o.t.
∆x
∆x
Let F z = F cos ψ + F ′ sinψ. Taking limits as ∆x → 0,
⇒ρb A ẅ = F z +

d
[N sin ψ + Q cos ψ].
dx

(5.52)

We perform a similar exercise for the angular momentum equation, neglecting
angular acceleration. Resolving moments around r ′, near which our segment has
radius of curvature R,
0 = M+ − M−
+R sin ∆ψ/2 [(Q+ + Q−) cos ∆ψ/2 − (N + − N −) sin ∆ψ/2]
+R (1 − cos ∆ψ/2) [(Q+ + Q−) sin ∆ ψ/2
+(N + − N −) cos ∆ψ/2]
= M + − M − + R (Q+ + Q−) sin ∆ψ/2
+R (N + − N −) (cos ∆ ψ/2 − 1)
Q+ + Q −
= M+ − M− + R
∆ψ + O([∆ψ]2)
2
dM
= −R V .
⇒
dψ
Figure 5.3 illustrates the geometric basis for the trigonometric terms in the preceding derivation.
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F
Q

R

a

Figure 5.3. Resolving the moment at r ′ due to a tranverse shear force Q along the
radius of curvature, where a = ∆ψ/2 and F and G represent perpendicular components
of Q
ds

Drozdov notes that R = d ψ , where s is an arc-length parametrization of the
curve representing the deformed conﬁguration, and so we ﬁnd that,
Q = −
Following from the deﬁnition of ψ,

dx
ds

dM
.
ds

= cos ψ and so,

Q = −Mx cos ψ.
By (5.52),
d
[N sin ψ − Mx cos2 ψ].
dx
We now consider the strains. Unlike the Euler-Bernoulli case, we admit a nonlinear deformation matrix. Geometric considerations show us that, under deformation,
ρb A ẅ0 = F z +

(x, z)



(û , ŵ) = (x + u + z sin ψ, w + z cos ψ),
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and so our Jacobian is,
dψ

dψ

J =

1 + ux + z dx cos ψ wx − z d x sin ψ
sin ψ
cos ψ

The term ux can be expressed as

ds
dx

!

.

− 1 = (1 + wx2)1/2 − 1.
dψ dx

dψ

dψ

We can reduce this further using dx cos ψ = d x ds = d s = −κ, where κ = 1/R is
the curvature. Following the other thin beam formulations, we consider only the
axial strain,
1
1
e11 = ux + u2x + wx uz
2
2
≈ ux − z κ
and, dropping higher order terms and applying the linear theory of elasticity,
σ11 = E e1 1.
Neglecting ν, this adjusts our values for N and M to,
Z h/2
σ11 dz
N =
−h/2

= E h ux ,
Z h/2
z σ11 dz
M =
−h/2

= −E I κ.

To eliminate ψ, we note that,
cos ψ = (1 + wx2)−1/2,
sin ψ = wx (1 + wx2)−1/2.
We need an explicit expression for F z. From the introduction to this chapter, the
forcing on the beam is (neglecting the impact of thickness change due to deformation on gravitational forcing at point),
Fexternal = −ρb g h (0, 1) + p n
= −ρb g h (0, 1) + ρw [−g w + g D − Φ] n
where n is the normal to the beam in the deformed conﬁguration. Thus,
F z = −ρb g h + p cos ψ.
Finally, we can formulate a complete expression for the bending in terms of the
displacement w and its derivatives,
d
[N sin ψ − Mx + Mx sin2 ψ]
(5.53)
ρb A ẅ = F z +
dx
= −ρb g h + p (1 + wx2)−1/2 + [N s − Mx + Mx s2]x
s 6 wx (1 + wx2)−1/2
N = E h ((1 + wx2)1/2 − 1)
M = −E I (1 + wx2)−3/2 wxx.

131

5.3 Derivations

Note that the shear force may be expressed as,
Q = −Mx cos ψ
2
= −E I [wxxx (1 + wx2)−3/2 − 3 wx wxx
(1 + wx2)−5/2] (1 + wx2)−1/2


3
= −E I wxxx − wxx (1 + wx2)−1 (1 + wx2)−2.
2
As the the (s2 Mx)x term is an order smaller than the other terms in the expression, Drozdov (1996) neglects it in his statement of the full nonlinear PDE,
giving,
ρb A ẅ = −ρb g h + p (1 + wx2)−1/2 + [N s − Mx]x.
The boundary conditions, derived from vanishing shear force and bending
moment at the ends, are,
wxx = 0 for x = l, r,
wxxx = 0 for x = l, r.

5.3.6.1 Finite element formulation
Unlike many of the previous examples, we have no energy equation to use as a
template. Instead, we derive a Finite Element formulation directly from the diﬀerential equations. To satisfy the continuity requirements for the bending moment,
it is convenient to use a mixed formulation, particularly as our equations are formulated as such. Rewriting Equation 5.53 in a weak formulation,

+

Z

r

FindZ w, M ∈ V , such that, ∀v, µ ∈ V ,
r
v (−ρb g h + p (1 + wx2)−1/2) dx
l

2

l

(5.54)

) Mx]rl

2

Z

r

ρb h v ẅ dx,
v [N s − Mx + Mx s ]x dx +[v (1 − s
=
Z r
Zl r
wxx
−E I
µ
dx + C4 [µ M ]rl =
µ M dx,
2 3/2
(1 + wx)
l
l
p

2
1 + wx − 1 ,
N (w) 6 E h
wx
s(w) 6 p
,
1 + wx2

where C4 is a suﬃciently large penalty parameter and derivatives of the variational functionals with respect to time have been integrated by parts. As noted in
previous subsections, the (time) boundary contributions are zero. We have added
a term [v (1 − s2) Mx]rl to account for the shear force boundary condition; the beneﬁt of this particular choice of expression will be seen below.
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Equation 5.54 is clearly nonlinear and it is not obvious that any converged
Finite Element solution could be found by standard iterative techniques. However, we have found this to be possible when integration by parts is used to
remove those second derivatives outside (1 + wx2)−1/2 terms. That is,
FindZ w, M ∈ V , such that, ∀v, µ ∈ V ,
(5.55)
r
v (−ρb g h + p (1 + wx2)−1/2) dx
Z r
Z r l
r
2
ρb h v ẅ dx,
vx [N s − (1 − s ) Mx] dx +[v N s]l =
−
l
l


r
Z r
Z r
µ
wx
EI
wx dx + µ
+ C4 µ M
=
µ M dx,
(1 + wx2)3/2 x
(1 + wx2)3/2
l
l
l
with N and s deﬁned as before. Note that, unlike our other, natural formulations,
we are left with a non-zero boundary contribution in the ﬁrst equality of Equation
5.55, on a Neumann boundary. The eﬀect of this term on the overall hydroelastic
problem is explored in the Chapter 6.

5.3.7 Forbes beam
While a very small number of nonlinear beam models have been tailored for seaice, one particular example is due to Forbes (1986). On the basis that the coupled
model incorporates the beam through the pressure and displacement along its
bottom, the author reformulates the standard beam equations, using a change of
variables, to solve for the motion of this line. Additionally, when deriving the
beam equations through a geometric approach, he preserves the full, nonlinear
description of curvature.
As opposed to our regime, Forbes assumes the elastic beam extends inﬁnitely
in both positive and negative x directions and, signiﬁcantly, that the ﬂuid under
the beam is inﬁnitely deep. He solves this problem using a Fourier series technique developed by Stokes (1880), and emphasizes the close analogy to the nonlinear free-surface problem without beam studied by Schwartz (1974). The author
speculates that his nonlinear beam condition, though approximate, should be adequate for the majority of physical scenarios.
In particular, it is noted by Forbes that the study of waves under long ice
beams is an useful tool to improve the understanding of periodic crack formation
observed in ice covered regions (Squire, 1984), a relevant concern in ice-engineering. This model has subsequently been applied to moving loads on sea ice, for
instance by Părău and Dias (2002).
Referring back to the geometric exposition of the Euler-Bernoulli beam, from
Equation 5.14 we have,
p + Mxx = ρb ẅ.

133

5.3 Derivations

While Forbes (1986) neglects beam acceleration, we must include it to enable a
time-stepping solution. The author describes the nonlinear bending moment as,
1
M = −E I ,
R
η ξξ
1
=
,
R
(1 + η 2ξ )3/2
where R is the curvature of the beam and we have swapped η, ξ for the standard
w, x. A change of variables is then performed, to take displacement values relative to the base of the beam. This is illustrated in Figure 5.4.

R

θ

Figure 5.4. Change of coordinates used in Forbes beam

For convenience, we have named the coordinates on the outer surface (x, w),
so our equation becomes,
!
ηξξ
p−EI
= ρb η̈ ,
(1 + η 2ξ )3/2
ξξ

h
cos θ
2
h
η = w + sin θ.
2
−1/2
2
Since wx = −cot θ and cos θ = (1 + tan θ)
, we can write,
h
wx
ξ = x− p
,
2 1 + wx2
h
1
.
η = w+ p
2 1 + wx2
ξ = x+
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Either by noting that (x, w) and (ξ, η) have concentric osculating circles5.2, or by
a quantity of algebra, we obtain,
h
1
=
(1 + wx2)3/2
2
wxx
wxx
1
=
.
⇒
h
2 3/2
R
(1 + wx) − 2 wxx

R+

Rewriting the acceleration in terms of x, w, gives


d2
h
2 −1/2
η̈ =
w + (1 + wx)
dt2
2
"
#
ẇx wx
h d
.
= ẅ −
2 dt (1 + wx2)3/2
As in previous subsections, we neglect higher order terms involving time derivatives and so may approximate η̈ by ẅ.
We may now rewrite our primary equation in terms of x, w,
!
wxx
p−EI
= ρb ẅ.
h
(1 + wx2)3/2 − 2 wxx
xx

Similarly, we apply this technique to the bending moment and shear force, which
must vanish at the beam ends,
η ξξ
at x = l, r
(1 + ηξ2)3/2
wxx
=
h
2 3/2
(1 + wx) − 2 wxx
= 0
(for wxx ≪ 1).

0 = M =

⇔

wxx

Consider the transverse shear stress, Q = −ρb I η̈ ξξ − M ξ. We again ignore the
cross derivative, leaving,
0 = Q = −M ξ
at x = l, r

−1
dξ
= −
Mx
dx


−1

h
h
2 3/2
2 −3/2
−wxxx (1 + wx) − wxx
= 1 − wxx (1 + wx)
2
2

−2 

h
h
2 3/2
2 1/2
+wxx (1 + wx) − wxx
3 wx wxx (1 + wx) − wxxx
2
2
wxxx
= −
as wxx = 0 at x = l, r
(1 + wx2)3/2
⇔ wxxx = 0.
5.2. It is perhaps worth noting that the explanatory diagram of Forbes (1986), illustrating a curved
beam segment, is slightly misleading; in the case of negative wx x, as illustrated by the author, the
unsigned radius of curvature is −R, with which substitution our osculating circle argument may be
applied.
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5.3.7.1 Finite Element formulation
As with the Drozdov beam, we have no energy formulation, so must work from
the weak form of the diﬀerential equations. We use a mixed formulation, with the
bending moment as a second solution variable. However, unlike the Drozdov
beam, we retain second derivatives in the expression for M and use a penalty
term to enforce (a suﬃcient approximation of) continuity in wx,
Find w, M ∈ZV , such that,
Z
Z r∀v, µ ∈ V ,
r
vx Mx dx =
v pdx −
l

l

(5.56)
r

ρb h v ẅ dx,
l

+[v (1 − s2) Mx]rl
Z r
wxx
µ
−E I
µ M dx,
dx =
h
(1 + wx2)3/2 − 2 wxx
l
l
n−1
X
r
+C5 [µ M ]l + C6
huii JwxKi
Z

r

i=1

where C5, C6 are suﬃciently large penalty parameters, and derivatives of the variational functionals with respect to time have been integrated by parts.

5.3.8 Special Cosserat theory
Antman (2005) presents a thorough and highly generalized exposition of the
deformation of elastic rods, based on Cosserat theory. In particular, the author
discusses the geometrically-exact, planar motion of a special Cosserat rod; most of
our preceding beam theories may be described as subsets of this theory for given
material constitutive relations and simpliﬁcations. We introduce some basic principles to illustrate the additional generality that may be achieved. However, we
contend that the models shown thus far are suﬃcient for our problems, without
the additional machinery added by this broader formulation. For a more complete
and formal explanation of this general theory of rod dynamics, the reader is
directed to Antman (2005).
Antman introduces the notion of a reference conﬁguration, B and a base
curve, r0, from which deformations are considered. For simplicity, we take the
vertical coordinate of our reference frame to be the beam centre-line in the equilibrium state, that is, our origin is set to (0, h/2 − d). We may then deﬁne our
beam B = (l, r) × (−h/2, h/2) and r0 = (x, 0). We call a vertical slice, A(x) =
{x} × (−h/2, h/2), a cross-section of the reference conﬁguration.
At a given time t, the displacement of the centreline is deﬁned by r(x, t) =
(x + u, w), using the notation of our geometric Euler-Bernoulli exposition. More
generally, we require a function,
p: B × [0, T ]
(x, z, t)



R2,
(x + u ′(x, t), w ′(x, t)),
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such that p(B ) is the closure of our deformed beam and,
p(r0(x), t) = r(x, t).
We may additionally deﬁne a set of vectors di(x, t) that allow us to describe the
deformation of cross-sections through r0(x) via a function g, such that,
p(x, z, t) = r(x, t) + g(x, z, t, di(x, t)).
These are called directors. The (i + 1)-tuple, (r, di), is referred to as a conﬁguration. To complement the base curve, we deﬁne some reference directors, d◦i . We
then have a special conﬁguration, the reference conﬁguration, (r◦, d◦i ). More
exotic forms of Cosserat rod theory than we intend to employ may encode high
order terms in the directors, such as the curvature of the deformed cross-section,
or other material information. Plotnikov and Toland (2011) use a single director
formulation when deriving a (2D) ﬂoating hyperelastic shell.
For (planar) special Cosserat rod theory we take two orthonormal directors, d1
and d2, although we do not yet deﬁne them explicitly. For simplicity, we introduce the assumption that g takes the form,
g(x, z, t, di) = ϕ1(x, z) d1(x, t) + ϕ2(x, z) d2 (x, t).
As we expect the directors to somehow describe the cross-sections, it is convenient
to let the directors in the reference conﬁguration be deﬁned as, d01 = (1, 0) and
d◦2 = (0, 1), such that,
A(x) = r◦(x, t) + z d◦2.
By the basic properties of orthonormal vectors in R2, there must be some θ,
such that,
d1 = (cos θ, sin θ),
d2 = (−sin θ, cos θ).
Moreover, since any two non-colinear vectors in R2 form a basis, we can write any
other vector in R2 as x1 d1 + x2 d2 for some x1, x2 ∈ R. In particular, let ξ , η be
such that rx = ξ d1 + η d2. We further deﬁne µ = θx. In the reference conﬁguration,
ξ ◦ ≡ 0, η ◦ ≡ 1 and we may correspondingly let θ◦ ≡ 0.
Following a similar process to that followed in the Drozdov formulation, we
now consider the forces and moments acting on a deformed beam segment. At
present, it is convenient to leave these expressions in vector form, without
choosing bases. We let n+ be the force exerted on a segment by the material to
its right and −n− be the force exerted by the material to its left. Calling the
body force F , we may equate the impulse due to those forces over time with the
consequent change in momentum,
#
Z
Z
Z tb "
+
−
ρ A (rt(tb) − rt(ta)) dx.
Fdx dt =
n −n +
ta

seg

seg
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That the expression for the change in momentum for a beam involves only the
centre of mass of each cross-section, is logical, but in the general case, the justiﬁcation and, in particular, the origin of the ρ A coeﬃcient is more subtle. We have
made some implicit modelling decisions, such as the centroidal nature of r◦(x)
and its straightness. Antman provides a fuller, abstract investigation of modelling
choices aﬀecting this physical equation and its component terms.
If we assume the smoothness of these functions, we may divide by the segment
length (in the reference conﬁguration) and the time interval, taking the limit as
they go to zero to obtain,
nx + F = ρ A rtt.
We can apply a similar process to the moments about the origin, acting on a segment. If we call the (resultant) external moment l = (0, 0, l), we ﬁnd,
mx + (r × n)x + r × F + l = ρ A r × rtt + ρ J d2 × d2,tt ,
where J is the second moment of area. The precise derivation of the second term
on the right-hand side is again subtle, but it is worth noting that this equation is
much simpliﬁed by the assumption of uniformity in the beam. Note that d2 ×
d2,tt = θtt k, where k is the unit vector in the third dimension.
Reducing the second of these two equations using the ﬁrst, we may state the
special Cosserat rod theory in the dynamic, planar case as,
nx + F = ρ A rtt ,
mx + rx × n + l = ρ J θtt k.
To derive scalar equations, we deﬁne N , Q and M such that,
n = N d1 + Q d2
m = Mk
nx = Nx d1 + N θx d1,θ + Qx d2 + Q θx d2,θ
= (Nx − Q θx) d1 + (Qx + N θx) d2
rx × n = (ξ d1 + η d2) × (N d1 + Q d2)
= (ξ Q − η N ) k.
Note that these scalar variables do not yet have any physical interpretation. By
our deﬁnitions of ξ, µ, we then have,
Nx − Q µ + F · d1 = ρ A rtt · d1
Qx + N µ + F · d2 = ρ A rtt · d2
Mx + ξ Q − η N + l = ρ J θtt.
For our problem, we may take l ≡ 0, as we have no body moment.
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Note that, while we have made modelling assumptions, we have made no signiﬁcant approximations. We have not yet given physical meaning to our directors,
or to the majority of variables in the above expression, but to progress any further we must become more speciﬁc about our interpretation and, in particular,
our elastic constitutive equations. This set of equations gives us a general framework into which the majority of beam theories we would wish to consider will ﬁt.
We will refer to it again in Chapter 7.
The subsequent step in fully developing a rod theory is to state material equations. Antman terms a rod theory elastic when functions,
M (x, t) = M̂ (ξ, η, µ, x),
N (x, t) = N̂ (ξ , η, µ, x),
Q(x, t) = Q̂(ξ , η, µ, x),
may be deﬁned that provide the constitutive relationships.
To demonstrate the principle, we show how the Drozdov model may be
obtained from the special Cosserat theory of rods. We begin by assigning
meaning: M (x) is the bending moment at x, N (x) the axial force, Q(x) the shear
force. The small Greek letters are the strains, and the directors are the normal
and tangent vectors to the cross-section, respectively. It is assumed that cross-sections remain plane after deformation and, if we assume our force acts normal to
the cross-section, we may infer F is parallel to d2. Let F = F d2/|d2|.
Following Drozdov, we use the basic relations of linear elasticity,
M =
=
N =
=

E I (µ − µ◦)
E I µ,
E A (ξ − ξ ◦)
E A (ξ − 1).

Drozdov uses an unshearable rod, that is, η ≡ 0. Consequently, there is no constitutive equation for Q, it is arbitrary, although it will continue to appear in the
formulae as an unknown function. For stricter theories, ξ may be ﬁxed to 1 and
the rod is termed inextensible. N would also then be arbitrary. In the current
case, Drozdov neglects horizontal deﬂection and so ν is deﬁned through rx to be
ξ = rx · d1 = cos θ · 1 + wx sin θ. This highlights an inconsistency of the Drozdov formulation, that our deﬁnition of ξ and η is incompatible with η ≡ 0. However, if
we neglect the higher order term, we achieve Drozdov’s model. µ is still simply θx.
Rotational inertia is also neglected, so that,
Mx
Q x + N θx + F
N x − θx H
⇒Qx cos θ − θx Q sin θ + N θx cos θ + Nx sin θ + F cos θ
[Q cos θ + N sin θ]x + F cos θ
2
⇒[Mx sin θ − Mx + N sin θ]x + F cos θ

=
=
=
=
=
=

−cos θ Q,
ρ A ŵtt cos θ
ρ A ŵtt sin θ
ρ A wtt
ρ A wtt
ρ A wtt.
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This matches Drozdov’s formulation (Equation 5.53). The approximations
required in the simpliﬁcation from the special Cosserat theory to the Drozdov
model are either treated by other models in this section, are not relevant to our
physical problem or are better discussed in Chapter 7, where we shall consider
novel extensions.

5.3.9 Other models
A number of important beam models have been intentionally omitted from this
study. These include non-local beams, that provide for small-scale eﬀects in nanoengineering, and simpliﬁcations of the Timoshenko beam.
We have also decided to include only one example based on the family of geometrically exact formulations of Reissner (1972) and Antman (e.g. Antman, 1976;
Antman, 2005), as these are intended for much larger deformation than we shall
consider. This grouping includes the models of Crisﬁeld and Jelenić (1999),
Simo and Vu-Quoc (1986) and Ibrahimbegović and Mikdad (1998), amongst
others. While the family of beams based on models of Argyris have a conceptually
diﬀerent basis, they are intended for similar large deformation problems and so we
have omitted them from this study.
Cosserat theory is particularly well adapted to modelling hyperelastic problems and has already been applied to ﬂoating elastic shells
(Plotnikov and Toland, 2011). Again, this is beyond this particular study of standard (linear and nonlinear) beam elasticity, but would make an interesting future
extension for comparison.
In the comparable problem of ﬂuid loaded beams, where an elastic beam of
inﬁnite length responds to a ﬂuid moving over its upper surface, nonlinear models
have been researched, combining von Kármán eﬀects with full curvature. However, Peake (2001) notes that, in this scenario, using the full curvature does not
provide qualitatively diﬀerent results to a simple von Kármán beam.

5.3.10 Non-dimensionalization
We present a brief discussion of non-dimensionalization as a tool to gain insight
into the expected behaviour of the beams. As this is applied to a single component of a coupled problem, this is not suﬃcient for a complete analytical understanding of beam behaviour in the hydroelastic setting. In contrast, Fox (2001)
provides a discussion of scaling in the combined, linear formulation. We note that
our length and time scaling match those of Fox (2001). We have not found the
non-dimensionalization of most of the beams to provide signiﬁcant additional
insight, and so we present here only the von Kármán and Gao beams.
We split the forcing term, F , into two components, F = −(ρw g w + q), where
the cosine in Equation 5.30 has been approximated as 1, in keeping with the
assumptions of the von Kármán formulation.
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1 2
d
ux + wx = ρb h ü ,
Eh
2
dx


1
d
wx ux + wx2 − (ρw g w + q) = ρb h ẅ −ρb I ẅxx.
−E I wxxxx + E h
2
dx

(5.57)
(5.58)

We non-dimensionalize this equation. Let ŭ = u/lc , w̆ = w/lc , q̆ = q t2c /lc mc , x̆ =
x/lc where lc, tc and mc are the characteristic length, time and mass yet to be
deﬁned. The cupped variables are then non-dimensional. Substituting these into
Equations 5.57 and 5.58,


ρ hl
1 2
Eh d
ŭx̆ + w̆x̆ = b 2 c ŭt˘t˘,
2
lc d x̆
tc


1
m l
ρ I
Eh d
ρ hl
EI
w̆x̆ ŭx̆ + w̆x̆2 − ρw g lc w̆ − c2 c q̆ = b 2 c w̆t˘t˘ − 2b w̆x̆x̆t˘t˘.
− 3 w̆x̆x̆x̆x̆ +
2
lc d x̆
tc lc
tc
tc
lc
t2c
ρb h lc

b

w

and the bottom equation by

lc3
EI

gives,


1 2
E t2c d
ŭx̆ + w̆x̆ ,
ŭt˘t˘ =
2
ρb lc2 d x̆


2
4
4
4
ρ w g lc
hl d
1
mc lc
ρ b h lc
ρb lc2
−w̆x̆x̆x̆x̆ + c
w̆x̆ ŭx̆ + w̆x̆2 −
w̆ −
q̆
=
w̆
w̆ ˘˘.
−
˘
˘
I d x̆
EI
2
E I t2c
E I t2c t t E t2c x̆x̆t t
It is important to note that there is an implicit breadth of 1m in the beam equation, which means that the E h term in Equations 5.57 and 5.58 is strictly E A =
E h · (1m) and I = h3 · (1m)/12 (1 − ν 2). With these substitutions, the above equations are seen to be non-dimensional.
EI
ρ h
We choose lc4 = ρw g , t2c = ρwb g , mc = ρb h, then,


1 2
d
ŭx̆ + w̆x̆ ,
ŭt˘t˘ = C̆
2
d x̆


d
1
1
−w̆x̆x̆x̆x̆ − w̆ − q̆ + C̆
w̆x̆ ŭx̆ + w̆x̆2 = w̆t˘t˘ − w̆x̆x̆t˘t˘,
d x̆
2
C̆
r
q
E
E
ρ2b h2 ρw g
= h ρ g I appears in both equations.
where the constant C̆ = ρ
ρ2 g 2 E I

Scaling the top equation by

w

Consider now the Gao beam, as described by Equations 5.37 and 5.38. For
simplicity and consistency with the above non-dimensionalizations, we approximate ν = 0 and make them same substitution for F as before,


d
1 2
Eh
u x + wx = 0
(5.59)
dx
2
d
[wx (ux + wx2)] − (ρw g w + q) = ρb h ẅ − ρ I ẅxx.
(5.60)
−E I wxxxx + E h
dx
Using the same process as before, we ﬁnd,


d
1 2
ŭt˘t˘ = C̆
ŭx̆ + w̆x̆ ,
d x̆
2
1
d
w̆x̆ (ŭx̆ + w̆x̆2) = w̆t˘t˘ − w̆x̆x̆t˘t˘,
−w̆x̆x̆x̆x̆ − w̆ − q̆ + C̆
d x̆
C̆
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where the constant C̆ = h
the second equation by,

q

E
.
ρw g I

Thus the Gao and von Kármán beams diﬀer in

C̆ d 3
3 C̆ 2
w̆x̆ =
w̆ w̆x̆x̆ .
2 d x̆
2 x̆
Hence, from the properties of C̆ , we expect the discrepancy to increase as the
Young’s modulus increases or, since I ∝ h3, as the thickness decreases.

5.4 Summary
In this chapter, several beam models have been described, forming a representative sample of advanced alternatives to the Euler-Bernoulli formulation, that may
be considered of interest for the hydroelastic problem. Derivations of their constitutive equations have been included to provide a context within standard beam
theory and to give an algebraic basis for the physical diﬀerences. As indicated,
some of these derivations have short expositions available in the literature, and it
is highly likely that the original authors have performed full derivations even if
they are not published in the form presented here, as all of the formulations are
obtained by applying the underlying principles (either Hamilton’s Principle or a
geometric argument) in a standard manner. However, they have been derived in a
consistent manner and included in full here to establish the requisite Finite Element formulations and to enable subsequent analysis and comparison of the
impact of contrasting beam theory on the hydroelastic results.
Chapter 6 will explore the ramiﬁcations of modelling a compliant body using
one of these advanced beams and will provide comparative results with an EulerBernoulli beam in the same conﬁguration.

Chapter 6
Advanced beam results
Finite Element formulations were established for several advanced beams. To reiterate, including primary distinguishing feature(s), the models that we consider
are,
•

Timoshenko beam - includes rotational inertia and axial shear [T]

•

von Kármán beam - includes nonlinear axial strain [vK]

•

Gao beam - includes nonlinear axial and transverse strain [G]

•

Heyliger-Reddy beam - with non-planar deformation and nonlinear axial
strain [HR]

•

Drozdov beam - has a (close approximation of) geometrical exactness [D]

•

Forbes beam - for which deformations are taken from the base of the beam
and the nonlinear Gaussian curvature is used [F]

The bracketed letters will occasionally be used as initialisms to distinguish the
models in plots involving more than one beam type.
We restate our deﬁnition of M , the Euler-Bernoulli style bending moment,
M = −

EI
wxx.
1 − ν2

In general, we compare beams using the measure M rather than the beam
moment. While this is the true expression of bending moment for several of the
advanced beams, it is not so for all of them. However, using this measure to compare the beams provides us with a reference value that has a consistent interpretation in the wider hydroelasticity problem.
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For an in vacuo study of beam behaviour, comparing true bending moments of
two beams would make sense as quantities of physical signiﬁcance, even if they
had diﬀerent mathematical expressions. However, in the ﬂoating beam problem,
the coupling pathway from beam to ﬂuid is through w and its derivatives, and
does not change between beams. Moreover, M is proportional to the linearized
curvature of ΓB, the beam base boundary of the ﬂuid domain. Alternatively, it is
not true to say that beams with the same bending moment will interact with the
ﬂuid in the same manner, whereas two beams with the same proﬁle of w and its
derivatives will interact with the ﬂuid identically.
As a consequence, using a changing measure such as bending moment has the
potential to be misleading in the context of the wider hydroelastic problem. However, in practice, the choice between M and true bending moment for a given
beam makes no signiﬁcant diﬀerence at these initial forcing wave amplitudes, as
shown in the Timoshenko beam results below.
As we are interested in the behaviour of elastic bodies experiencing nonlinear
waves, it is most eﬀective to use a shallow/intermediate depth tank for these comparisons, to ensure the steepness of the initial forcing wave has not dissipated by
the time the wave reaches the body. As such, we generally use domains of only
1 m depth. This also allows us to consider eﬀects resulting from the proximity of
the beam to the tank base as the draft of the body increases. It should be noted,
however, that the current method is equally applicable for deeper ﬂuid domains.
To provide some illustrative time-domain beam comparisons, we plot the rootmean-square of bending moment over time for diﬀerent beams. This gives us a
simple measure of the average degree of ﬂexure across the beam at a given
moment. For an Euler-Bernoulli style (linearized) bending moment, this is given
by,
EI
−
wxx
1 − ν2

=

sZ 
r
l

L2

EI
wxx
1 − ν2

2

dx .

This quantity has units of N m and will be denoted M , as in previous chapters.
In some cases, which will be discussed in the results sections, the L∞ norm is
also used,
−

EI
wxx
1 − ν2

= sup
L∞

x∈[l,r]

EI
wxx .
1 − ν2

This also has units of N m and will be denoted M ∞. For practical reasons, this
norm will be approximated by,
M ∞ = max
x∈VP

EI
wxx ,
1 − ν2
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where VP is the set of vertices and interpolation points of the Finite Element
mesh in the beam.
When we wish to consider the bending moment expression of a speciﬁc beam,
rather than the standard Euler-Bernoulli formulation, M , this will be stated
explicitly and the notation B M[beam] used, with over-bar or superscript inﬁnity
corresponding to the relevant norm above. In general, subscripting a variable X,
as X[beam] will be used to indicate that variable X should be considered in the
context of beam formulation [beam].
A brief analysis of parameter sensitivity will be carried out, a condensed version of that for the Euler-Bernoulli case, providing a basis for our choice of
timestep and minimum correction iteration (CI). This will be followed by an
introduction of the comparative study. Results and discussion will be presented
for each beam model in turn.

6.1 Sensitivity tests
To test the stability of our numerical approach when applied to the advanced
beam models, we present results obtained for a selection of timesteps and minimum correction iterations. Sensitivity tests have been carried out for the
advanced beams varying a number of other parameters. However, these results are
generally smilar to the Euler-Bernoulli case, providing little additional insight,
and are omitted for the beneﬁt of conciseness.
Error values provided for M are taken with respect to a reference test, either
the smallest timestep or minimum correction iteration. As with our M deﬁnition
above, the L2 norm is again employed,
ε =

sZ

T
0

(M − Mref)2 dt .

As well as the simple L2 error, we also provide a percentage error according to a
chosen characteristic length: the height of the highest peak over the same period.
As much of the discussion will involve the peaks in the M proﬁle, this is often a
more contextually informative measure of the relative importance of the error
between two given proﬁles than the L2 error itself or error scaled by other characteristic lengths. For instance, error as a percentage over the M integral over the
same period may give lower error values for sharper peaks or may be misleadingly
dependent on secondary features of the reference proﬁle.
The parameters used in the following sensitivity tests are as shown in Table
6.1, unless otherwise stated.
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E 8 × 109 Pa
Domain 40 m
α 0.005
ρb
917 kg m −3
β 0.25
ρw
1025 kg m −3
1
2
˙
Bernoulli pressure : p/ρw = −g z − φ − 2 |∇φ|
a) For linear ﬂuid pressure sensitivity tests

Beam extents l = 10 m; r = 20 m
Init. Draft
0.3 m
πx 
1
Init. Prof.
0.4 × 2 1 + cos 5

Depth
1.0 m
∆t
0.01 s
Min. CI 50

E 8 × 109 Pa
Domain 40 m
α 0.005
ρb
917 kg m −3
β 0.25
ρw
1025 kg m −3
1
Bernoulli pressure : p/ρw = −g z − φ˙ − 2 |∇φ|2
b) For nonlinear ﬂuid pressure sensitivity tests

Beam extents l = 10 m; r = 20 m
Init. Draft
0.3 m
πx 
1
Init. Prof.
0.3 × 2 1 + cos 5

Depth
1.0 m
∆t
0.01 s
Min. CI 50

Table 6.1. Beam parameter sets for advanced beam sensitivity testing (linear ﬂuid and
nonlinear ﬂuid pressures)

6.1.1 Timestep and minimum correction iterations (CI)
We consider the various models for diﬀerent timesteps and numbers of correction
iterations to see whether their bending moment proﬁles converge satisfactorily.
The root mean square of (Euler-Bernoulli) bending moment, M , will generally be
used for comparing diﬀerent beam types. Consequently, it is important that
changes to the mesh have only an acceptably small impact on the M results, and
so we use it as a sensitivity measure here.
As an example of the typical contrast that may be seen, Figure 6.1 shows the
proﬁle of M over time for an initial proﬁle wave of amplitude 0.3 m incident on a
Forbes beam, using nonlinear Bernoulli pressure with the standard parameter set
and a higher accuracy parameter set (∆ t = 0.005 s, min. 80 CI). We note that
little diﬀerence is visible except around 5.5 s, when the full body of the pressure
wave is under the beam, and its speed is most strongly coupled to the beam
behaviour. However, this is still acceptably small for our purposes.
As can be seen in Table 6.2, for all beams the percentage error is around 1%
of the highest peak in [0, 8] seconds. Other tests that have been run also conﬁrm
that at the levels we use, increases in the minimum CI and decreases in the
timestep add little beneﬁt.
As can also be seen in Table 6.2, for these suﬃciently high minimum CI,
changing the timestep makes little diﬀerence, for any of the beams. This gives us
greater conﬁdence that our ∆t = 1 × 10−2 s simulations are not smoothing out
higher-frequency nonlinear behaviour with periods around the 5 × 10−3 s level.

6.1.2 Mesh refinement
We consider the eﬀect of increasing the mesh resolution on the results. A signiﬁcant number of tests have been run to determine sensitivities in various regions of
the mesh, some of which have been presented in the previous chapter. For the
purposes of this chapter, however, it is suﬃcient to show the behaviour given a
general increase, with greatest reﬁnement around areas of particular importance.
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Figure 6.1. Comparison of proﬁles of the root mean square of bending moment, M , in
the Forbes beam using nonlinear Bernoulli pressure and an initial forcing wave amplitude of 0.3 m, for the standard conﬁguration (∆ t = 0.01 s; minimum 50 correction iterations) and for higher accuracy conditions (∆ t = 0.005 s; minimum 80 correction iterations)

Bernoulli pressure Beam
Linear
Euler-Bernoulli
Drozdov
Forbes
Gao
Heyliger-Reddy
Timoshenko
von Kármán
Nonlinear

Euler-Bernoulli
Drozdov
Forbes
Gao
Heyliger-Reddy
Timoshenko
von Kármán

Error (N m)
6.29 × 102
4.48 × 102
6.29 × 102
5.36 × 102
4.83 × 102
4.69 × 102
6.28 × 102

% ref. max
1.232%
0.954%
1.232%
1.140%
0.948%
0.922%
1.231%

3.48 × 102
3.33 × 102
3.48 × 102
3.32 × 102
3.48 × 102
3.48 × 102
3.48 × 102

1.029%
0.983%
1.029%
0.983%
1.028%
1.029%
1.029%

Table 6.2. RMS error of linearly interpolated M , t ∈ [0, 8], for linear and nonlinear
Bernoulli pressure, using a larger timestep with a lower minimum number of correction
iterations (standard conﬁguration), and a small timestep with a high minimum number
of correction iterations [ref: ∆t = 0.05 s; min. CI of 80]

We present a comparison of error in the root mean square of bending moment for
diﬀerent beams using two meshes: a standard mesh, which will be used for our
subsequent beam investigation, and a higher resolution mesh, with a high degree
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of additional reﬁnement along the beam walls and base, and a moderate increase
in cell density elsewhere. These are shown in Figure 6.2.
Two of the beams do not remain stable for very small cell sizes, at least in
their current formulation and using only the basic length scaling that we have
employed. These are the Heyliger-Reddy and Drozdov beams. Consequently, the
reﬁned mesh used for testing the mesh independence of results is slightly coarser
for these beams than that used for the other beams. The high resolution mesh
used for these beams is as Mesh B, but without the additional corner reﬁnement,
those already being at a very high resolution in Mesh A, and with a x1.5 resolution increase along the beam base, rather than the x2 increase of Mesh B.

a) Mesh A - standard mesh resolution

b) Mesh B - high mesh resolution
Figure 6.2. Meshes used for the mesh reﬁnement comparison. For the nonlinear
Bernoulli pressure case, the corners are rounded (as seen here), where as for the linear
Bernoulli pressure case, they are unrounded. The reﬁnement is otherwise the same

We compare the results over these two meshes by the percentage relative differences in the root mean square bending moment, M , over the ﬁrst 8 s of simulation time. We do this using linear and nonlinear Bernoulli ﬂuid pressure and all
seven beam types.
As an example of typical contrast, Figure 6.3 shows the proﬁle of M using
both Mesh A and Mesh B over a nonlinear ﬂuid. The only noticeable diﬀerence
between the two curves is around t = 5.5 s, where the standard mesh undershoots
the reﬁned version, although the discrepancy is at the level of those shown in the
sensitivity results of the previous chapter. This point in the simulation corresponds to the main body of the soliton-like wave being under the beam, with the
steep potential gradients at either end of the beam contributing to the reﬁnement
sensitivity. Moreover, as noted above, the wave speed and beam ﬂexure will be
particularly closely coupled during this period of time. However, we consider this
margin acceptably small for our subsequent experiments, which compare the relative importance of various aspects of beam physics in the hydroelastic context.

6.2 Comparative tests
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Table 6.3 shows the error between the two meshes for linear and nonlinear
Bernoulli pressure. We can see that though the error is smallest for the EulerBernoulli beam, it is nonetheless acceptably small for the other nonlinear and
thick beams, with the entire integrated error still generally under 1% of the maximum peak height. The notable exception is the Timoshenko beam in the nonlinear ﬂuid. This may be a consequence of combining high resolution at the corner
with rounding and the independent rotation parameter, slowing convergence or
reducing the physicality of the results (note that while the Heyliger-Reddy beam
provides better results, it is compared on a coarser mesh). However, at the standard resolution with or without rounding, and in the reﬁned case but without
rounding, it compares very well to the Euler-Bernoulli and Heyliger-Reddy beams.
While the alterations to the cell density at this magnitude give reasonably
consistent results, making them substantially smaller ultimately reduces the
quality of results and, in particular, can lead to bunching of cells as the mesh
deforms near the free surface–beam interfaces.

6.2 Comparative tests
6.2.1 Configurations
To analyse beam behaviour and hydroelastic response, two types of conﬁguration
are introduced: wet and dry. The wet problem is the hydroelastic problem
involving a single beam ﬂoating in a numerical water tank, as previously discussed. In the dry problem, described in detail below, we consider only the beam.
To allow us to switch easily between standard parameter sets, we shall deﬁne
several “cases”. They shall be enumerated as Case WA, Case DB, etc. where the
ﬁrst letter indicates the wet (W) or dry (D) problem and the second indicates the
speciﬁc set of parameters listed (Table 6.4 or Table 6.5). The parameter set used
in a given plot, if appropriate, will be indicated in the caption. Any deviations
from the standard parameters, such as variation in thickness or initial amplitude,
will be noted in both the caption and the discussion.
We deﬁne ﬁrstly two standard sets of parameters for the wet beam problem.
Case WA (Table 6.4) is an initial proﬁle problem with an initial amplitude A =
0.4 m and initial draft D = 0.3 m, over a linear ﬂuid. When presenting plotted
results for wet beam cases, we generally vary one of these two parameters. Case
WB (Table 6.5) is the same initial proﬁle problem with A = 0.3 m and using a
nonlinear ﬂuid pressure model. Since, for a given amplitude, the initial wave will
be steeper and higher on reaching the beam in the nonlinear ﬂuid than the linear
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a) Full domain

b) Region for 4.0 s6t 6 6.0 s, 10000 N m6M 6 35000 N m
Figure 6.3. Comparison of proﬁles of the root mean square of bending moment, M , in
the Forbes beam using nonlinear Bernoulli pressure and an initial forcing wave amplitude of 0.3 m, for the standard conﬁguration and for a higher level of mesh reﬁnement.
The full domain is shown in Plot a), and the region of greatest contrast in Plot b)
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Bernoulli pressure Beam
Linear
Euler-Bernoulli
Drozdov∗
Forbes
Gao
Heyliger-Reddy∗
Timoshenko
von Kármán
Nonlinear

Euler-Bernoulli
Drozdov∗
Forbes
Gao
Heyliger-Reddy∗
Timoshenko
von Kármán

Error (N m)
2.47 × 102
2.61 × 102
2.47 × 102
3.43 × 102
3.38 × 102
3.11 × 102
2.78 × 102

% ref. max
0.486%
0.556%
0.486%
0.729%
0.664%
0.650%
0.609%

1.23 × 102
5.07 × 102
2.48 × 102
2.51 × 102
3.09 × 102
1.03 × 103
1.28 × 102

0.363%
1.497%
0.732%
0.742%
0.913%
3.029%
0.379%

Table 6.3. RMS error of linearly interpolated M , t ∈ [0, 8], for linear and nonlinear
Bernoulli pressure and two meshes of diﬀerent resolutions; ∗ denotes beams using a
slightly lower resolution for the reﬁned mesh (Sec. 6.1.2) [ref: Mesh B]

ﬂuid, the maximum possible initial proﬁle amplitude, A, that may be chosen
without risk of bottom emergence is lower in the nonlinear ﬂuid case than in the
linear ﬂuid case. Consequently, A 6 0.3 m for most of the nonlinear tests, but is
frequently taken to be A = 0.4 m for linear tests. A full description of this type of
initial proﬁle forcing is provided in Chapter 2. The inclusion of Poisson’s eﬀect is
considered a property of the beam model. Where it is included, it is taken to be
ν = 0.3.
Note that the beam thickness is directly proportional to the initial draft
through Archimedes Principle, with a constant ratio ρb/ρw, for given densities.
Hence, varying beam draft is equivalent to varying beam thickness. This is discussed further in the ﬁrst thick beam section below, in the context of the Timoshenko model.
A number of results have been already provided for Case WA and Case WB
parameter sets in Chapter 4 using an Euler-Bernoulli beam. Here, we will use
these two wet beam cases to compare the Euler-Bernoulli beam with more
advanced alternatives.
Beam extent l = 10 m; r = 30 m
Init. Draft
0.3 m
πx 
1
Init. Prof.
0.4 × 2 1 + cos 5

Depth
1.0 m
∆t
0.01 s
Min. CI 50

E 8 × 109 Pa
α 0.005
β 0.25

Domain 40 m
ρb
917 kg m−3
ρw
1025 kg m−3

Bernoulli pressure : p/ρw = − g z − φ̇

Table 6.4. Wet beam parameter set for Case WA : linear initial proﬁle wave
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Beam length l = 10 m; r = 30 m
Init. Draft
0.3 m
πx 
1
Init. Prof.
0.3 × 2 1 + cos 5

E 8 × 109 Pa
α 0.005
β 0.25

Depth
1.0 m
∆t
0.01 s
Min. CI 50

Domain 40 m
ρb
917 kg m−3
ρw
1025 kg m−3

1

Bernoulli pressure : p/ρw = −g z − φ̇ − 2 |∇φ|2

Table 6.5. Wet beam parameter set for Case WB : nonlinear initial proﬁle wave

We introduce dry beam simulations that allow us to compare the behaviour of
two or more beam types in vacuo for predetermined forcing. While the focus of
this research is on the hydroelastic problem, dry beam tests can give us insight
into the physical signiﬁcance of the beam formulation without the complications
of the ﬂuid behaviour. To keep the beams in place, we include restorative forcing
equivalent to the buoyant force in the hydroelastic (wet beam) case,
Fbuoy = −ρb h w.
Equivalently, the beam is on an elastic base. The Euler-Bernoulli equation, for
example, now becomes,
−E I wxxxx = ρb A ẅ + F
F = Fbuoy + Finc,
where Finc is our chosen forcing.
We deﬁne Case DA in Table 6.6, a static forcing. Case DB is deﬁned in Table
6.7. To obtain clearly contrasting responses in the displacement, we use highly
ﬂexible, very thin beams.
Beam length
Thickness

30 m
0.1 m

Mesh nodes
∆t

1000
0.01 s

E
β

8 × 105 Pa
0.25

Finc
ρb

2πx 

103 · sin 5
917 kg m−3

Table 6.6. Dry beam parameter set for Case DA : static forcing

Beam length 30 m

Mesh nodes 1000

Thickness

∆t

0.1 m

0.01 s

E 8 × 105 Pa

β

0.25

ρb



2 π (x + t)
5
917 kg m −3

Finc 103 · sin



Table 6.7. Dry beam parameter set for Case DB : travelling pressure wave

We provide an illustrative example of such a simulation. Figure 6.4 shows the
vertical displacement w(x) at time t = 0.25 s plotted against distance from the left
beam end, x, for the Euler-Bernoulli, von Kármán, Gao and Drozdov beams in
Case DA. Figure 6.4a shows the deﬂection across the entire beam length of 30 m.
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Figure 6.4b shows a zoomed-in section of Figure 6.4a, capturing the third peak
from the left. An analysis of the behaviour of individual models in this particular
example will be undertaken in Section 6.2.7.
Note from Table 6.6 that the forcing in Case DA vanishes at the beam ends.
Consequently, any vertical motion at the ends seen in Figure 6.4a is directly due
to the elastic properties of the beam and is highly dependent on the boundary
conditions. This has provided us with a useful testing ground to ensure that the
boundary conditions as implemented do indeed provide physically realistic results.

a) x ∈ [0.0, 30.0]

b) x ∈ [10.5, 12.0]
Figure 6.4. Vertical deﬂection, w, by distance from the left-end of a 30 m beam, x, for
several thin beam models under constant sinusoidal forcing, at time t = 0.25 s (full context in Section 6.2.7) [Case DA]
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6.2.2 Overview
Before considering each beam model separately, some combined plots of M are
presented, showing results for all beams. This allows a discussion of general
trends, which will inform our beam-speciﬁc development. We re-introduce several
variables that appear often in our comparison plots: A is the initial forcing wave
amplitude in Case WA; D is the initial draft of the beam in Case WA; h is the
thickness of the beam. In Case WA, the initial draft and thickness are related by,
ρb h = ρw D,
where ρb = 917 kg m−3 and ρw = 1025 kg m−3 are the density of the beam and
water, respectively.

EI

Figure 6.5. Comparison of M = − 1 − ν 2 wxx, the Euler-Bernoulli style root mean
square bending moment beam for all seven beam models over linear ﬂuid for min. 50
CI, ∆ t = 1 × 10−3 with initial forcing amplitude A = 0.4 m. In the second plot, the
Euler-Bernoulli line is in the pair with highest peak [Case WA]

Figure 6.5 shows the behaviour of all seven beams used in this study for Case

6.2 Comparative tests
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Figure 6.6. Plot of Φ over Ω, the ﬂuid domain, at t = 3.3 s for an Euler-Bernoulli beam
simulation, using an initial forcing amplitude of A = 0.4 m, an initial draft of D = 0.3 m
and a linear ﬂuid. The gap at the top-centre represents the beam. The plot has been
scaled by a factor of 10 in the vertical direction and lighter colours represent more negative values of Φlin = φ̇ [Case WA]

Figure 6.7. Plot of Φ over Ω, the ﬂuid domain, at t = 4.4 s for an Euler-Bernoulli beam
simulation, using an initial forcing amplitude of A = 0.4 m, an initial draft of D = 0.3 m
and a linear ﬂuid. The plot has been scaled by a factor of 10 in the vertical direction
and lighter colours represent more negative values of Φlin = φ̇ [Case WA]

WA (linear ﬂuid) using an initial forcing wave amplitude of A = 0.4 m. The minimum number of correction iterations is set to 50 and the timestep to 1 × 10−2 s,
as this conﬁguration gives a good balance of speed and accuracy, having given us
stable results in the preceding sensitivity analysis. The results fall into two
remarkably consistent groups, those closely aligned to the Euler-Bernoulli beam,
and the Gao and Drozdov beams. The lines for all seven beams match closely to
the Euler-Bernoulli model until around 4.2 s at which point the Gao and Drozdov
beams depart, peaking around M = 4.6 × 105 N m, whereas the other beams peak
over M = 5.0 × 105 N m. While the ﬁrst peak roughly corresponds to the peaking
of both the free surface run-up and the vertical deﬂection at the left end of the
beam, this second peak occurs shortly after both the subsequent dipping of the
free surface and the vertical deﬂection at that end. Figures 6.6 and 6.7 show the
geometry of the ﬂuid domain, Ω, and values of Φ, at times close to the ﬁrst and
second peaks, respectively.
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EI

Figure 6.8. Comparison of M = − 1 − ν 2 wxx, the Euler-Bernoulli style root mean
square bending moment beam for all seven beam models over nonlinear ﬂuid for min. 50
CI, ∆ t = 1 × 10−3 with initial forcing amplitude A = 0.3 m. In the second plot, the
Euler-Bernoulli line is in the pair with highest peak [Case WB]

The nonlinear ﬂuid version of this simulation is shown in Figure 6.8, with an
initial forcing wave amplitude of A = 0.3 m. As the nonlinear wave is steeper
when reaching the beam than the linear wave, for a given initial forcing wave
amplitude, to avoid bottom emergence, we must reduce the initial amplitude.
This simulation is also performed with a minimum number of correction iterations
of 50 and a timestep of 1 × 10−2 s, based on the stability tests. As the majority of
our subsequent simulation runs will involve contrasting linear and nonlinear ﬂuid
tests, choosing these values as standard for both conﬁgurations will allow us to
easily contrast the results. Figure 6.8 shows noticeably diﬀerent proﬁles of M
than those for Figure 6.5, in line with the results of previous chapters for linear
and nonlinear ﬂuid. As with the linear case, the lines may be grouped into two
categories, those remaining close to the Euler-Bernoulli beam and the Gao and
Drozdov beams. Again, the latter agree well with the other ﬁve beams until near
the second peak, with the Gao and Drozdov beams peaking lower than the rest.
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They rejoin around the hump at 5.5 s and remain close until the end of shown
time.
To summarize, as may be expected, we obtain a similar contrast between
linear and nonlinear beams in a nonlinear ﬂuid setting to that which can be seen
in the comparable linear ﬂuid results, and in both settings the beams may be
grouped into two families by their M proﬁles. The background to these contrasts
will be discussed in the remainder of the chapter, alongside adjustments or alternative boundary conditions and their impact on the M results for each beam
compared to Euler-Bernoulli model.

6.2.3 Timoshenko model
The Timoshenko model, which adds an independent rotation term, is of greatest
value when considering beams with a relatively large thickness-to-length ratio.
Our beams are relatively thin, we see little impact of the additional terms in the
Timoshenko formulation. For the convenience of the reader, we restate the constitutive equations of the Timoshenko beam from the previous chapter,
F + κ G h (wx + ψ)x = ρb h ẅ ,

(6.1)

EI
ψxx − κ G h (wx + ψ) = ρb I ψ̈ ,
1 − ν2
where E is Young’s modulus, I is the second moment of area, A is the beam
cross-sectional area, w is the vertical deﬂection of a point in the deformed conﬁguration and ψ is the rotation in the deformed conﬁguration of a cross-section
through the mid-line. G, the shear modulus, is a property of the material and for
a homogeneous, isotropic material is G = E/2 (1 + ν). The term κ, the shear coefﬁcient, is a function of shape and, for a rectangular cross-section beam, is approximated by,
κ =

6 (1 + ν)
.
(7 + 6 ν)

The natural boundary conditions for vanishing bending moment and shear force
are,
EI
ψx = 0
1 − ν2
G h (wx + ψ) = 0

x = l, r,
x = l, r.

Figure 6.9 shows the contrast in M , the root mean square (Euler-Bernoulli style)
bending moment, for Case WA over a linear ﬂuid, between the Euler-Bernoulli
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Figure 6.9. Comparison of M for Timoshenko and Euler-Bernoulli beams using multiple initial forcing wave amplitudes over linear ﬂuid [Case WA]

(dashed) and Timoshenko (solid) beams, with a variety of initial amplitudes used
to drive the initial displacement problem. As discussed, comparing the EulerBernoulli style bending moment, rather than the true bending moment gives a
consistent reference measure with respect to the wider hydroelastic problem.
However, as we show below, this makes negligible diﬀerence to the results. The
curves of M in Figure 6.9 are largely indistinguishable between the Timoshenko
and Euler-Bernoulli models for the any of the tested amplitudes. The ﬁrst slight
mismatch can be seen around 7 s, but it is still below the error of our sensitivity
assessment.
The impact of rotation on the true bending moment at a point in time can
more clearly be seen by comparing the bending moment of a Timoshenko beam as
given by the Timoshenko derivation and as given by the Euler-Bernoulli derivation (i.e. M ). Figure 6.10 shows M , the Euler-Bernoulli style bending moment,
for the Timoshenko beam and B M[T], the true Timoshenko bending moment, for
the same beam at time t = 4 s using an initial forcing wave amplitude of 0.4 m and
initial draft of 0.3 m over linear ﬂuid. The lines cannot generally be visually distinguished. Only a very small contrast can be seen at the ends.
Consequently, we see that for this standard thickness beam, even when the
shear force is comparatively large, the eﬀect of rotation is suﬃciently small that
the contrast in bending moment expressions is negligible and −wx provides a good
approximation of rotation.
As the beneﬁts of the Timoshenko model are dependent on the thickness of
the beam, it is perhaps of interest to consider the contrast in M for EulerBernoulli and Timoshenko beams of varying thickness, increasing from our stan-

6.2 Comparative tests
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Figure 6.10. Comparison of the standard Euler-Bernoulli bending moment applied to
the Timoshenko beam (M ; thin line) and the bending moment in the Timoshenko beam
at t = 4 s as given by the Timoshenko derivation (BM[T]; thick line) [Case WA]

Figure 6.11. Comparison of M for Timoshenko and Euler-Bernoulli beams using multiple initial drafts, D (equivalently, beam thicknesses, h = ρw D/ρb) over linear ﬂuid
[Case WA]

dard 0.3 m hydrostatic draft (Case WA) to 0.6 m. By Archimedes principle, this
corresponds to a thickness range of h = 0.3 ρw/ρh ≈ 0.335 m (3 s.f.) to h ≈ 0.671 m
(3 s.f.). Figure 6.11 shows Case WA over a linear ﬂuid for the Euler-Bernoulli and
Timoshenko beams with an initial forcing wave amplitude of 0.4 m for values of
the initial draft in this range. The curves for the lower thicknesses (black and
purple lines) are indistinguishable. As the thickness increases (red and yellow
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lines), we see a slight contrast between the beam types around the second peak
since, as the beam gets thicker, wx becomes a poorer approximation for the rotation of a cross-section in the Euler–Bernoulli model, but the Timoshenko model is
unaﬀected, as it uses an independent variable ψ for this quantity.
This contrast is still neglible when compared to our numerical sensitivity tests,
shown previously. In conclusion, for the type of scenarios we are exploring, the
Timoshenko beam over linear ﬂuid provides little beneﬁt.

Figure 6.12. Comparison of Timoshenko and Euler-Bernoulli beams for multiple
amplitudes over nonlinear ﬂuid [Case WB]

Figure 6.13. Comparison of Timoshenko and Euler-Bernoulli for multiple beam thicknesses over nonlinear ﬂuid [Case WB]

6.2 Comparative tests
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The proﬁle of M for Case WB, is shown in Figure 6.12, using Euler-Bernoulli
(dashed) and Timoshenko (solid) beams over a nonlinear ﬂuid with varying initial
wave amplitude. Note that, as in Chapter 4, our maximum wave amplitude must
be lower in the nonlinear ﬂuid case (0.3 m, rather than 0.4 m) to avoid bottom
exposure, due to the increased steepness and height of the nonlinear wave on
reaching the beam. However, at this level and as in the linear ﬂuid regime, little
contrast is visible between the Euler-Bernoulli and Timoshenko models. The
curves lie on top of one another.
The same experiment is repeated for a ﬁxed initial wave amplitude of 0.3 m,
varying the thickness of the beam. Figure 6.13 shows Case WA for EulerBernoulli and Timoshenko beams, with these initial conditions and initial drafts
ranging from 0.3 m to 0.6 m over a nonlinear ﬂuid. The curves are indistinguishable for all but the thickest Euler-Bernoulli and Timoshenko beams (red and
yellow lines). Here the lines remain almost coincident from the outset until the
second peak in the ﬂuid where, using both 0.5 m (red) and 0.6 m (yellow) initial
draft, the Timoshenko curves (solid lines) very slightly exceed the Euler-Bernoulli
lines (dashed lines). This diﬀerence is below our level of sensitivity testing, so we
cannot reliably draw inferences from the results, but it is instructive to place the
observed discrepancies in the context of the physical problem. As in the linear
case, they are in regions of large rotational inertia, when the beam end ﬁrst dips
with the dropping ﬂuid, that is, around t = 4.5 s. After this initial entry event,
which causes a pressure and ﬂuid speed spike at the lower left beam corner, the
wave travels under the beam until around 9 s, in the 0.6 m initial draft case, when
the main transmitted wave body passes back into the ﬂuid on the right-hand side.
Once the primary components of the reﬂected wave and transmitted wave have
split, around t = 5.5 s in the 0.6 m initial draft case, very little contrast is visible
between the beams. From these results, it seems that the nonlinearities in the
Bernoulli pressure have no particular impact on the suitability of the planar deformation assumption and omission of the rotational inertia in this hydroelastic, initial forcing wave case.
In general, we see little signiﬁcant contrast between the Timoshenko and
Euler-Bernoulli beam models in this type of numerical test, with moderately steep
waves and physically realistic parameters. This is an important validation of the
widespread use of thin beam models in the sea ice literature and independently
conﬁrms the results of Fox and Squire (1991) and Balmforth and Craster (1999),
which suggest that the beneﬁts of the thick beam model are negligible in the sea
ice context.

6.2.4 von Kármán model
Rather than considering the addition of thickness to the beam model, we may
consider the impact of including nonlinear axial strain. The constitutive equations
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of the von Kármán beam, as derived in Chapter 5, are restated,


d
1 2
Eh
ux + wx = ρb h ü ,
dx
2


d
1 2
−E I wxxxx + E h
wx ux + wx + F = ρb h ẅ − ρb I ẅxx − p.
dx
2

(6.2)
(6.3)

The only term not already seen in this chapter is u, the horizontal deﬂection of a
point on the beam mid-line due to elastic behaviour. The natural boundary conditions are, for x = l, r,
1 2
w = 0,
2 x
E I wxxx = ρb I ẅx ,
wxx = 0.

ux +

1

Note that ux + 2 wx2 represents the axial forcing on the beam.

Figure 6.14. Comparison of M using von Kármán (solid) and Euler-Bernoulli
(dashed) beams for varying initial forcing wave amplitudes [Case WA]

In Figure 6.14, the behaviour of M , the root mean square of the EulerBernoulli style bending moment under wave forcing of varying initial amplitude
using the von Kármán model is compared with the same forcing using the EulerBernoulli model, for the parameter set Case WA over a linear ﬂuid. The lines are
indistinguishable for the shown initial amplitudes, and we may infer that the
wx2 wxx term has no signiﬁcant impact on the hydroelastic problem in the linear
ﬂuid case.
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Note that the Euler-Bernoulli bending moment, M , and the true von Kármán
bending moment, B M[vK], are identical (up to inclusion of Poisson’s eﬀect), as
those terms of the lateral shear stress σ[vK],xx that appear in the von Kármán formulation are even in the vertical beam coordinate, z, and so disappear on integrating z σxx with respect to z,
BM[vK] =

Z

h/2

z σ[vK],xx dz


Ez
1 2
=
ux − z wxx + wx dz
2
2
−h/2 1 − ν
Z h/2
z 2 wxx dz
= −E I
−h/2
Z h/2

−h/2

= −E I wxx
= (1 − ν 2) M (= (1 − ν 2) BM[EB]).

Thus, the solid lines in Figure 6.14 are, up to a factor (1 − ν 2), plots of the root
mean square of the actual von Kármán beam bending moment for varying initial
forcing wave amplitude.

Figure 6.15. Comparison of M using von Kármán (solid) and Euler-Bernoulli
(dashed) beams for multiple amplitudes over a nonlinear ﬂuid [Case WB]

The values of M for the von Kármán and Euler-Bernoulli beams that are produced with varying initial forcing wave amplitude, using Case WB over nonlinear
ﬂuid, are shown in Figure 6.15. The von Kármán model shows very little diﬀerence to the Euler-Bernoulli model, with the M lines matching at the lowest
amplitude (red). We may surmise that the von Kármán model with vanishing
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axial force provides no signiﬁcant contrast with the Euler-Bernoulli model for
moderately steep waves either over linear or over nonlinear ﬂuid.

Figure 6.16. Comparison of M for von Kármán beams including (solid) and
neglecting (dashed) lateral inertia using two diﬀerent initial amplitudes over a linear
ﬂuid [Case WA]

Figure 6.16 compares the values for M over time, for the von Kármán beam
including and neglecting axial acceleration for two diﬀerent initial forcing wave
amplitudes in Case WA over a linear ﬂuid. The curves appear identical for each
amplitude. This shows that lateral inertia is not signiﬁcant in the model for this
conﬁguration. Removing the lateral inertia from the von Kármán formulation,
that is, setting the ρ b ü term in Equation 6.3 to be zero implies that ux +
1
1
wx2 x = 0. Consequently, ux + 2 wx2 = Λ, for some constant Λ and, as we neglect
2
1
horizontal forcing, the ﬁrst natural boundary condition forces ux + 2 wx2 = 0 along
the beam. This is as discussed in the von Kármán subsection of the previous
chapter. The primary equation of the beams (Equation 6.3) then reduces to the
Euler-Bernoulli model and justiﬁes the lack of diﬀerentiation in our results.
However, if the boundary conditions restrict the axial extension, rather than
requiring zero axial forcing, this ceases to be the case. The full hydroelastic
problem, as it has been described, assumes there is no horizontal motion of the
beam or that, as horizontal motion is small compared to beam length and thickness, its eﬀects are negligible. While this is implied in a standard semi-Lagrangian
hydrodynamic model, it does not make sense as a physical requirement for a free
body. Nonetheless, there are physical situations that may enforce such a requirement, such as a ice ﬂoe trapped in a compact ice ﬁeld, or mooring at the structure ends, intended to inhibit drift.
In this case, the beam shows a small degree of nonlinear behaviour and solutions close to that of the free system no longer suﬃce. As such, we begin to see
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more impact of our choice of beam nonlinearities.

a) Initial forcing wave amplitudes, A = 0.3 m, 0.4 m

b) Initial forcing wave amplitudes, A = 0.1 m, 0.2 m
Figure 6.17. Comparison of M for the Euler-Bernoulli model [EB] (black/navy
dashed), von Kármán model [vK] (blue/yellow solid) and the von Kármán model with
axial extension constrained [vK2] (purple/green solid), using varying initial forcing
amplitude over linear ﬂuid; both plots are on axes of the same scale [Case WA]

Figure 6.17, shows the contrast in M over time for Case WA, between an
Euler-Bernoulli beam and a von Kármán beam that admits axial forcing, but with
horizontally ﬁxed end-points. There is some small diﬀerence between the von
Kármán and Euler-Bernoulli models at the amplitudes shown. Using the same
technique as for the sensitivity testing, the L2 error in M over time for the von
Kármán beam without axial extension when compared to the Euler-Bernoulli
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beam using the largest initial wave amplitude (0.4 m) is 2.05 × 103 N m (4.02% of
the largest Euler-Bernoulli peak height). The diﬀerences appear around the top of
the second peak, shortly prior to 4.5 s and largely disappear at the second trough,
around 5.2 s. After this time a small level of diﬀerentiation is visible, but is not
signiﬁcant compared to that at the second peak.
The largest separation is seen at the top of the second peak, where the EulerBernoulli bending moment continues rising past M in the von Kármán beam.
The second peak roughly corresponds to the ﬁrst occurence of moderate bending
in the entire beam, although this is a consequence of the current length and ﬂexural rigidity and is not implied by the existence of the peak itself. This can be
seen in Figure 6.18, which plots the bending moment proﬁle at t = 4.5 s, that is,
when M reaches the second peak. The peak in bending moment has travelled
most-way across the beam but the elastic behaviour has not yet signiﬁcantly dispersed the wave, and the energy stored in the beam due to the travelling wave has
not yet begun to be transferred back into the ﬂuid on the right-hand side. Nonzero bending moment is clearly visible throughout the majority of the beam. In
Figure 6.17, the development of a contrast between the models when there is nonzero bending moment near both ends is consistent with the appearance of eﬀects
associated with buckling behaviour, which separate the two beam theories. Note
in particular that, strictly, the horizontal deﬂection term u is only that compoment of the horizontal deﬂection relating to elastic extension or contraction,
rather than the rigid body motion, so we only expect to see signiﬁcant contributions when there is a large discrepancy between the forcing at either end of the
beam. As we do not at any point include horizontal rigid body motion in the
model, u may be equivalently referred to as the horizontal deﬂection of a point in
the beam.

Figure 6.18. Bending moment along the von Kármán beam at t = 4.5 s
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Returning to our examination of Figure 6.17, in this 4.5 s-5.2 s interval, the
values of M for the von Kármán beam with constrained axial end motion are
slightly below those of the Euler-Bernoulli beam. We additionally note that the
separation of the models decreases with the initial forcing wave amplitude and
that the two models are indistinguishable at the A = 0.1 m level, in keeping with a
higher order eﬀect such as nonlinearity in the axial strain.
To make the physical meaning of this trough near 5 s clearer, Figure 6.19
shows wxx along the two beams for the same simulation, progressing stepwise
from 5.0 s to 5.4 s. This value, wxx, is both (approximately) proportional to the
curvature and proportional to the bending moments derived in the previous
chapter. The former is of primary relevance to the ﬂuid interaction and the latter
to the beam mechanics. At 5.0 s, after the trough in M , we can see that the proﬁles are more similar, up to a small scaling factor. We note from Figure 6.17 that
indeed the gap between M values for the two beams has reduced when they reach
the large inﬂection and remains similar until the end of the simulation.
We compare the Euler-Bernoulli and von Kármán constitutive equations for
vertical acceleration, (with Poisson’s ratio neglected),
Euler-Bernoulli : E I wxxxx = F − ρb h ẅ ,
von Kármán : E I wxxxx



1 2
d
wx u x + wx .
= F − ρb h ẅ + ρb I ẅxx + E h
2
dx

By the deﬁnition of I = h3/12,




ρb I
1 2
ρb
1 2
d
h 2 ρb
ẅxx +
wx ux + wx = wxx ux + wx + wx ü +
ẅxx ,
Eh
2
E
2
dx
12 E
so we expect the contrast between the von Kármán and Euler-Bernoulli beams to

1
be more sensitive to changes in wxx ux + 2 wx2 , than to changes in the lateral
inertia, as ρb/E ≪ 1 and the lateral inertia is unlikely to be large for physical
parameter sets. Figures 6.16 and 6.17 support this assertion. Very little diﬀerence
1
is observable between the von Kármán and Euler-Bernoulli beams when ux + 2 wx2
is zero (i.e. with zero axial end forcing but lateral acceleration), but there is a vis1
ible contrast when ux + 2 wx2 is non-zero.
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Figure 6.19. Comparison of wxx along an Euler-Bernoulli beam and a von Kármán
beam (no horizontal extension at ends), with initial forcing wave amplitude of 0.4 m
over linear ﬂuid, at 5.0 s, 5.2 s and 5.4 s into the simulation [Case WA]

When we consider the axially constrained von Kármán beam in the nonlinear
ﬂuid case (Figure 6.20), we see a similar level of contrast as we did in the linear
case. That is, the nonlinearity of the pressure equation does not contribute to the
signiﬁcance of the nonlinear terms in the von Kármán beam. This plot uses Case
WB (nonlinear ﬂuid) and varying amplitude of the initial forcing wave to contrast
the behaviour of the von Kármán beam with horizontally ﬁxed ends and standard
Euler-Bernoulli beam. In this plot, the contrast is visible slightly earlier, around
4 s, with the von Kármán beam undershooting the values of M for the EulerBernoulli beam until 5 s, when it reaches the inﬂection. As M subsequently
decreases, the von Kármán beam drops slightly below, but the two beams remain
close, compared to the contrast in the 4 s to 5 s interval.
To conﬁrm that the averaging of the L2 norm is not masking more substantial
changes in the maxima than in the average, we show results for M ∞ in Figure
6.21. This is the same test using Case WA with varying amplitude for an EulerBernoulli beam and a von Kármán beam with horizontally ﬁxed ends. Indeed, we
see a similar level of contrast to the M case with the contrast for the 0.4 m input
wave largest slightly prior to 4 s and decreasing after 5 s.
From these results, we may infer that the nonlinear pressure terms do not disproportionately aﬀect the slope and curvature of the beam at any given point,
and do not combine with the wx2 wxx term, or the axial deﬂection, in the von
Kármán beam in a complicated or unpredictable manner.
In general, when subsequently using a von Kármán beam, it will be axiallyconstrained, unless stated otherwise.
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Figure 6.20. Comparison of M using von Kármán (solid) and Euler-Bernoulli
(dashed) beams for multiple amplitudes over nonlinear ﬂuid [Case WA]

Figure 6.21. Comparison of M ∞ using von Kármán (solid) and Euler-Bernoulli
(dashed) beams for multiple amplitudes over nonlinear ﬂuid [Case WA]

6.2.5 Gao model
The Gao beam should, as with its close relation, the von Kármán beam, show us
contrast with the Euler-Bernoulli model as the steepness increases, provided there
is non-negligible curvature in the same regions. While this model has strong similarities to the von Kármán model, lateral inertia has now been neglected and both
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transverse normal strain and the Poisson eﬀect included. The governing equations
are restated from the previous chapter,
1
(1 + ν) wx2 = Λ,
2
EI
Eh
3
−
wxxxx + Λ
wxx + E h wxx wx2 = ρ h ẅ − ρ I ẅxx ,
1 − ν2
1−ν
2
ux +

(6.4)

where Λ is (spatially) constant, dependent on the axial forcing at the ends and ν
is Poisson’s ratio. All other terms have been deﬁned in the preceding subsections.
The natural boundary conditions are,
1
ux + (1 + ν) wx2 = 0,
2
wxx = 0,
Eh
−E I wxxx +
[wx (ux + wx2)] = ρ ẅx ,
1−ν

x = l, r

(6.5)

x = l, r
x = l, r.

Note that, if the top natural boundary condition is employed, Λ = 0 and a single
displacement equation may be solved, diﬀering from the Euler-Bernoulli equation
only by a term proportional to wxx wx2. In this case, we expect to see diﬀerences
between the Euler-Bernoulli and Gao models for nonlinear waves. If, however, we
restrict the axial extension to be zero at the ends, in keeping with the modelling
assumptions and as discussed in the preceding subsection, this boundary condition is superseded by the requirement,
u = 0,

x = l, r.

(6.6)

This provides a greater contrast than the natural boundary condition, as will be
described below.

Figure 6.22. Comparison of M for Euler-Bernoulli and Gao models using varying initial forcing wave amplitude over linear ﬂuid [Case WA]
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As with the von Kármán beam in the previous subsection, we begin by
treating the case with axial extension allowed. Figure 6.22 shows M , the EulerBernoulli style bending moment, for the Euler-Bernoulli and Gao beams using
Case WA and over linear ﬂuid, for varying amplitude of initial forcing wave. It is
useful to note that the Euler-Bernoulli bending moment, M , and the Gao bending
moment, BM[G], have the same expression,
BM[G] =
=
=
=
=

Z

h/2

z σ[G],xx dz


Ez
1
2
ux − z wxx + (1 + ν) wx dz
2
2
−h/2 1 − ν
Z h/2
E
z 2 wxx dz
−
1 − ν 2 −h/2
EI
−
wxx
1 − ν2
M (=BM[EB]).

−h/2
Z h/2

Consequently, the solid lines of M in Figure 6.22 are the root mean square of the
actual Gao beam bending moment.
At the higher amplitudes (black, purple and red lines), Figure 6.22 shows signiﬁcant diﬀerence between lines of M for the two beam types. Using the same
technique as for the sensitivity testing, the L2 error in M over time for the Gao
beam compared to the Euler-Bernoulli beam using the largest initial wave amplitude (0.4 m) is 6.42 × 103 N m (12.6% of the largest Euler-Bernoulli peak height).
Thus, given free axial extension, the wxx wx2 term is important, in contrast to the
von Kármán beam without axial acceleration under the same conditions (Figure
6.17), where the formulation reduces to an Euler-Bernoulli model.
Both models maintain near parity through the ﬁrst peak, at all shown amplitudes, as the wave rises up the end of the beam. Only close to the second peak
does some distinction become apparent, around 4.5 s, for the 0.4 m (black), 0.3 m
(purple) and 0.2 m (red) initial amplitudes. In both cases, the Gao beam peaks
lower than the Euler-Bernoulli beam and the gap between the M curves is maintained at approximately the same level until ∼5.2 s. In the 0.2 m initial amplitude
case, the two curves rejoin, staying close for the remainder of the ﬁrst 8 s. In the
higher amplitude cases, the Gao and Euler-Bernoulli maintain a time oﬀset
throughout the rest of the simulation, never rejoining. This suggests that the contrasting behaviour of the models near the times of the second and third peaks has
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largely stable consequences for the behaviour over subsequent time.

Figure 6.23. Comparison of M for Euler-Bernoulli and Gao models using varying initial forcing amplitude over nonlinear ﬂuid [Case WB]

In Figure 6.23, the nonlinear ﬂuid case, Case WB, is considered for the EulerBernoulli (dashed) and Gao (solid) models, varying the initial forcing wave amplitude. A similar distinction is visible in this case as is visible in the linear case,
Figure 6.22 and across similar regions. As before, the models match well for all
amplitudes until the second peak, when the left end of the beam has dipped.
Again, around 4.3 s, we get a separation at the second peak for initial forcing
amplitudes of 0.3 m (black) and 0.2 m (purple), which is nonlinearly dependent on
the initial amplitude. Unlike the linear pressure tests, however, in the 0.3 m initial
amplitude cases, the Gao beam peaks at 5.5 s where the Euler-Bernoulli beam has
only an inﬂection, and some slight variation between the models is visible for the
rest of the simulation. From the previous chapter, we know that the third peak is
dependent on the depth of the tank. This suggests that the agreement from this
point onwards is a consequence of the dominance of the bending moment proﬁle
by the interaction between the tank base and the beam bottom, and is similar in
both the Gao and Euler-Bernoulli cases. In particular, this suggests that the visible diﬀerence between these beams in the initial forcing wave hydroelastic
problem is instead linked to the entry of the wave into the beam.
Consequently, it is of interest to examine the axially constrained case. The
natural boundary condition for axial forcing, Equation 6.5, is replaced by the
essential boundary condition for axial extension, Equation 6.6. Note that we
implement this change by use of a penalty parameter in the variational formulation, as is described in the previous chapter for other Dirichlet beam boundary
conditions.
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Figure 6.24. Comparison of M for the von Kármán model [vK], von Kármán model
with axial extension constrained [vK2], the Gao model [G] and the Gao model with
axial extension constrained [G2], using an initial forcing amplitude of A = 0.4 m over
linear ﬂuid. The proﬁles of M are shown between 3.5 s and 6.5 s into each simulation
[Case WA]

Figure 6.24 shows the contrast in M for Case WA using a von Kármán beam
(black, dashed), an axially constrained von Kármán beam (blue), a standard Gao
beam (brown, dashed) and an axially constrained Gao beam (yellow). Linear
Bernoulli pressure is used, as is the standard 0.4 m initial forcing wave amplitude.
The greatest contrast occurs between 3.5 s and 6.5 s, corresponding to the second
and third peaks in Figures 6.22 and 6.23, and so we show a zoomed-in plot spanning those times. There is signiﬁcant contrast between all four models at this
amplitude. As in previous experiments, the ﬁrst discernable diﬀerence occurs
around 4.2 s, prior to the ﬁrst peak (second peak in previous experiments). The
contrast reaches a maximum at that peak that is largely sustained until the subsequent trough around 5.1 s-5.3 s in each beam. It can be seen that this trough
occurs earlier (∼0.1 s) for the axially constrained beams than their free-free counterparts.
From Equation 6.3, 6.4, we see that the diﬀerence between the primary governing equations of the free (λ = 0) and axially-constrained (λ  0) beams is a
term of the form K wxx, where K is E h λ/(1 − ν) in the Gao case, for λ a constant dependent on axial forcing, and K = E h λ in the von Kármán case. Thus
they are the same in each case, up to Poisson’s eﬀect. Correspondingly, in Figure
6.24, we see that the diagonal oﬀset observable between 4.4 s and 5.1 s, from each
free beam to each axially constrained beam, is of a similar magnitude in both the
von Kármán and Gao settings. Note that the curvature of the beam at a point is
approximately wxx, and so these diﬀerences correspond to adding multiples of the
curvature to the governing equations. Thus, at a given time, we expect the most
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noticeable contrasts to be around areas of maximum bending. Moreover, this suggests that the diﬀerences will be most apparent in our plots when M =
sup |E I wxx | is large. However, since the motion at a given time is dependent on
location at previous time, the hydroelastic eﬀects may remain visible, even when
the bending moment subsequently drops.
Moreover, during this time period, the diﬀerence between the standard von
Kármán and Gao beams can be seen to be a diagonal oﬀset in the same direction
as in the constrained/free comparisons, though of a greater magnitude. Indeed, as
can be seen from the governing equations, the Gao and von Kármán beams diﬀer
by 3 E h wxx wx2/2 (neglecting axial acceleration, which was shown to be small in
the previous subsection). If we assume the horizontal deﬂection u is distributed
approximately linearly, that is ux ≈ Cu a constant, then this diﬀerence is
3 E h (λ − C2) wxx ∝ wxx, so it is reasonable to expect a similar transformation as
seen in the axially-free versus axially-constrained case. In particular, we note
that, in this hydroelastic initial forcing wave case, the additional transverse strain
term of the Gao formulation is actually more signiﬁcant than the eﬀect of adding
von Kármán strain. Further, the eﬀect of both extensions between 4.4 s and 5.1 s
can be described as simultaneously reducing the average bending moment and
advancing the observed behaviour in time.
As the only diﬀerence between the Gao beam and the linear von Kármán
beam is a coeﬃcient of wxx wx2, the substantial contrast between the two would
seem to validate the claim of Gao (2000) that the selective omission of wx2 in the
von Kármán model term is not always appropriate (see Gao formulation of the
previous chapter).
To further understand the physical behaviour of the Gao beam, we consider
the dry beam Case DA (Table 6.6). As Figure 6.25 shows, the addition of a

Figure 6.25. Comparison of the vertical displacement of three beam models in vacuo
at t = 0.3 s, under static, sinusoidal forcing [Case DA]
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wx wxx term contributes to the shape of the beam signiﬁcantly.
In particular, we notice that the Gao beam has greater curvature at the displacement peaks than the other two beams shown, but is the straightest of the
three in the intervals between those peaks. As this is simply a statement about
the curvature, it implies that the bending moment, which is proportional to curvature in this beam, is much smaller in the Gao beam in the intervals despite
having larger maxima than the other beams. Thus, it is informative to consider
both the mean bending moment (M ) and the peak bending moment (M ∞)
deﬁned earlier, the L∞ norm of the bending moment.

a) Comparison of M

b) Comparison of M ∞
Figure 6.26. Comparison of Euler-Bernoulli, von Kármán and Gao beams in vacuo
under travelling, sinusoidal forcing [Case DB]
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Figure 6.26a shows the contrast in M for the Euler-Bernoulli, von Kármán
and Gao beams using Case DB, that is, the forcing of a travelling sinusoidal wave.
Figure 6.26b shows the values for M ∞ over time in the same conﬁguration. This
case allows us to contrast the beam physics in a more complicated system without
such strong predictable, periodic behaviour as seen in Case DA. The proﬁles of
the Gao (black) and Euler-Bernoulli (purple) models are similar for M , although
the peaks are slightly lower and there is a growing time oﬀset. The steepnesses
match well and we infer that the primary consequence of adding the von Kármán
strains is simply early peaking of the bending moment, which would adequately
account for the growing time oﬀset. The contrast with the Gao proﬁle is signiﬁcant. There is reasonable agreement between the von Kármán and Gao time oﬀsets, in contrast to the wet case, but the the lines have very diﬀerent proﬁles and
slightly diﬀerent peak heights. Figure 6.26b similarly shows the early peaking
eﬀect in the M ∞ values for the von Kármán beam, when compared to the EulerBernoulli. The contrast with the Gao beam is more dramatic. Many of the peaks
are 10% - 20% larger in the Gao model. The sharp changes of direction seen in
M ∞ for the Gao case suggest the current location of maximum bending being surpassed by a growing peak elsewhere in the beam, and potentially a more complicated bending moment proﬁle at a given time than is seen in the other two
beams. Recall that the Gao equations can be simpliﬁed to a Duﬃng oscillator,
and we do not expect as predictable behaviour as can the seen in the EulerBernoulli case.
As we had anticipated, Figure 6.26 shows that the root-mean-square of the
bending moment, M , of the Gao beam is a lot closer to the Euler-Bernoulli and
von Kármán models than is the case for the peak bending moment, M ∞. Both
plots show the clearly nonlinear behaviour of the Gao beam in contrast to the von
Kármán, at least for this unphysical parameter set. Translating this idea to sea
ice raises an important question: does the transverse strain contribute signiﬁcantly
to fracture patterns in sea ice? In some areas, strong periodicity has been
observed in ﬂoe dispersal and, as we can relate the bending moment at a point to
the lateral stress, it seems plausible that beam models such as this could contribute to our understanding of the physical processes at work (Squire, 1984;
Forbes, 1986). In this case, the relevant quantity to consider is M ∞, as it will
indicate the attainment of a fracture limit anywhere in the beam, as opposed to
the length-wise averaging of M . The above tests demonstrate the signiﬁcant loss
of information that can occur between these measures.
However, if we consider the problem at hand; a single, moderately steep wave
entering a beam; then Figure 6.27 suggests that M ∞ gives some extra information. This plot shows the contrast in the M ∞ measure between the EulerBernoulli and Gao beams under Case WA for a linear ﬂuid pressure and varying
initial forcing wave amplitude. We see a very similar relationship between the
lines for the Euler-Bernoulli and Gao models as we do for M in Figure 6.22,
although the gap between the M ∞ cases is slightly larger. The lines match well
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Figure 6.27. Comparison of M ∞ for Euler-Bernoulli and Gao models using multiple
amplitudes over linear ﬂuid [Case WA]

until slightly prior to 4.5 s. The Euler-Bernoulli model bending moment remains
above that of the Gao until around 5 s where they trough at slightly diﬀerent
times. The subsequent peak, corresponding to bottom - beam interaction, is
higher in the Gao beam. After this point they remain closer together but the
Euler-Bernoulli beam shows a slight time delay. The sharp changes of direction
visible in the 6 s - 8 s region suggest that the maximum point is alternating
between two or more x locations, an insight not obtainable from the M plot
alone.
Figure 6.27 shows that the proﬁle of the peak bending moment is qualitatively
similar to the proﬁle of the average bending moment and does not provide a much
more persuasive argument for choosing a model than does the M proﬁle in Figure
6.24. The peak deﬂections and curvature are much larger in the dry beam case
than for the hydroelastic problem, and the consequent sharpening that separates
the M ∞ and M lines in that case may be a higher order eﬀect of our choice of
model. Nonetheless, including the Gao (and other lateral strain models) in a
study of the nonlinear periodic waves entering an ice ﬁeld may prove an instructive continuation of this line of reasoning.
Figure 6.28 shows the Euler-Bernoulli beam and Gao beam, with horizontal
extension unrestricted at the ends, for Case WB, now over a nonlinear ﬂuid pressure. As before, the lines match well until around 4 s, from when the values of M
for the Euler-Bernoulli beam exceed those of the Gao beam. They rejoin shortly
after 5 s and remain relatively close, though distinct, until the end of the simulation, as was the case under the linear ﬂuid regime.
There is a similar contrast between the peak values of M for the Gao beam
compared to the Euler-Bernoulli, as there was for the linear ﬂuid (Figure 6.24),
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suggesting that the nonlinearities in the ﬂuid equation do not directly aﬀect the
behaviour of those in the beam equation. We may infer that, for this type of
wave, the appearance of appreciable Gao beam eﬀects is independent of the nonlinear term in the Bernoulli equation.

Figure 6.28. Comparison of M for Euler-Bernoulli and Gao models using multiple
amplitudes over nonlinear ﬂuid [Case WB]

6.2.6 Heyliger-Reddy
The model due to Heyliger and Reddy (1988), combines aspects of both the von
Kármán and Timoshenko beams with cubic transverse deformation. As such, it
should demonstrate greatest divergence from the Euler-Bernoulli model when
seeing steep waves enter thick beams. We restate the governing equations of the
Heyliger-Reddy model,
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where all variables are stated previously.
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The natural boundary conditions at x = l, r are as follows,
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In common with both the Gao and von Kármán beams, the Heyliger-Reddy
beam is an extension of the Kirchoﬀ-Love formulation. Accordingly, it has an
independent axial deﬂection term, u, and we are again given the choice of natural
boundary condition or essential boundary condition to leave axial extension at the
ends free or constrained, respectively. However, the relevant nonlinear terms are
identical to those of the von Kármán model, which have already been examined in
previous sections, so we focus here instead on the thickness properties.

Figure 6.29. Comparison of M for two initial forcing wave amplitudes using Timoshenko [T], Heyliger-Reddy [HR] and Euler-Bernoulli [EB] beams over linear ﬂuid [Case
WA]

Figure 6.29 shows the (Euler-Bernoulli) bending moment over time for Case
WA using the Euler-Bernoulli beam and the two thick beam models: the Timoshenko beam and the Heyliger-Reddy beam. The ﬂuid model used in this plot is
the linear Bernoulli pressure and the values of M are shown for varying initial
forcing wave amplitude. For the Timoshenko beam, this test is identical to that
shown in Figure 6.9 (see Section 6.2.3).
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The three types of beam are visually indistinguishable at all shown amplitudes. This conﬁrms our assertion that thickness has little impact on the hydroelastic results for this shape of beam, even for moderately steep waves. We recall
from the previous Chapter that the cubic deformation of the Heyliger-Reddy
model can be expressed as,


 
4 z 2
ũ(x, z) = u(x) − z ψ(x) −
(ψ(x) + wx(x)) ,
3 h
w̃ (x, z) = w(x),



where (x, z) (x + ũ(x, z), z + w̃(x, z)) is the deﬂection, upon bending, of a point
(x, z) in the reference conﬁguration of the beam. As in the formulation above, h
is the beam thickness and the independent variables u, w, ψ are the axial deﬂection of, transverse deﬂection of and rotation of a cross-section through a point (x,
0) lying on the centreline in the reference conﬁguration. Neglecting the cubic term
and the axial deﬂection recovers the Timoshenko deformation. To illustrate the
signiﬁcance of the cubic deformation algebraically, we consider the bending
moment in the Heyliger-Reddy beam,



Z
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4 z 2
E z ux + z ψxx −
BM[HR] = z σxx dz =
(ψx + wxx) +
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z ψx −
= E
(ψx + wxx) dz
3 h2
−h/2
E h3
1
=
ψx −
E h3 (ψx + wxx)
12
60
1
= E I ψx − E I (ψx + wxx).
5
Note that the term due to the von Kármán strain does not appear in the expression for the bending moment, cancelling as we integrate through the beam, so
that the only major change between this expression and that for the Timoshenko
beam is the term due to cubic deformation.
The diﬀerence between the Timoshenko and the Euler-Bernoulli beams is due
primarily to the error in approximating ψ by wx. That is, as kψ + wx kL2 →0, the
Euler-Bernoulli approximation becomes a good approximation for the Timoshenko. For smooth ψ, w we may consider also kB M[EB] − B M[T]k ∝ kψx +
wxx kL2 → 0. Writing down the error (in any given norm) between, for example,
the bending moments of Euler-Bernoulli and Timoshenko with cubic deformation,


1
kBM[EB] − BM[HR]k = −E I wxx − E I ψx − E I (ψx + wxx)
5
4
= k−E I wxx − E I ψx k
5
< k−E I wxx − E I ψx k
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= kBM[EB] − BM[T ]k.
That is, if we are below a certain error tolerance for the bending moment (in any
given norm) such that the Euler-Bernoulli suﬃces as an approximation to the
Timoshenko beam, we will remain under that error tolerance on adding cubic
deformation. This sketch does not imply that cubic deformation will lack signiﬁcant impact on the beam motion over time (the von Kármán strains have impact
despite not appearing in the bending moment), or that it will not inﬂuence measures other than bending moment. However, it does complement our ﬁndings and
our assertion that using the Heyliger-Reddy model adds little beyond the Timoshenko and von Kármán beams in the hydroelastic setting.

Figure 6.30. Comparison of M ∞ for two initial forcing wave amplitudes using
Heyliger-Reddy [HR] and Euler-Bernoulli [EB] beams over linear ﬂuid [Case WA]

Our results for M ∞, shown in Figure 6.30, aﬃrms our inferences above. This
plot shows M ∞ (the L∞ norm of the Euler-Bernoulli bending moment) for Case
WA over linear ﬂuid, using the Euler-Bernoulli, Timoshenko and Heyliger-Reddy
beams. As in Figure 6.29, there is no perceptible diﬀerence between the beams for
either of the shown initial forcing wave amplitudes. While our RMS results, that
is, M in Figure 6.29, could conceivably smooth out contrasts in the bending
moment, agreement between the maximum (Euler-Bernoulli) bending moment for
the Heyliger-Reddy, Timoshenko and Euler-Bernoulli beams suggests this is not
the case. Moreover, from an ice-cracking perspective, this agreement is suﬃcient
to show that there should be similar fracturing behaviour under the three models.
If we make a naïve assumption that fracture will occur at a point once a speciﬁc
magnitude of bending moment is attained, then the L∞ norm will tell us conclusively whether this has happened.
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Figure 6.31. Comparison of M for two initial forcing wave amplitudes using HeyligerReddy [HR] and Euler-Bernoulli [EB] beams over nonlinear ﬂuid [Case WB]

In Figure 6.31, we show the behaviour of M for Heyliger-Reddy, EulerBernoulli and Timoshenko beam models under Case WB, which uses nonlinear
ﬂuid pressure, with initial forcing amplitudes of 0.2 m and 0.3 m. As in Figures
6.29 and 6.30, there is no perceptible diﬀerence between lines of M for each beam
model at either of the shown initial forcing wave amplitudes. Consequently, we
may infer that, for this problem, the addition of nonlinearity into the ﬂuid pressure has no signiﬁcant impact on the validity of the thin beam assumption, that
is, wx ≈ ψ.
Consider our third governing equation, with angular acceleration neglected,
EI



68
16
ψxx −
wxxx
105
105



=

8
G h (ψ + wx).
15

Let τ = ψ + wx, then,
EI




84
8
68
τxx −
wxxx =
Ghτ
105
15
105
1
17 2
h τxx ,
− h2 wxxx = τ −
4
84

where Poisson’s ratio has been neglected, as in the formulation of
Heyliger and Reddy (1988). Since wxxx ≪ 1 in our case, this suggests τ will be
small for the values of 0.3 < h < 0.7, that we wish to consider. In other words, we
do not expect to see signiﬁcant contrast between the Heyliger-Reddy and EulerBernoulli beams.
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Indeed, while other parameters are also relevant, our length to thickness ratio
for the beam in Case WA and Case WB is,
h/L =
=
=
≪

ρw D/ρb L
(1025 × 0.3)/(917 × 20)
1.68 × 10−2 (3 s.f.)
1,

so we do not expect to see any signiﬁcant thickness eﬀects at this level.

Figure 6.32. Comparison of M using Heyliger-Reddy and Euler-Bernoulli for multiple
initial drafts over linear ﬂuid [Case WA]

It is perhaps of more interest to consider the changing behaviour of the
Heyliger-Reddy beam as we alter the beam thickness. To ensure that the body is
in hydrostatic equilibrium at the start of the simulation, the initial draft and
beam thickness are ﬁxed relative to each other through Archimedes principle,
ρw D = ρb h, where D is the initial draft, h is the beam thickness and ρw, ρb are
the densities of the beam and water, respectively. This avoids introducing motion
other than that due to the initial forcing wave. As D is fundamental to the ﬂuidstructure interaction and is a key parameter of our 2D geometry, it is simplest to
characterize thickness variation through change in D.
Figure 6.32 shows the change in values for M for Case WA as thickness is
increased, using both the Euler-Bernoulli model and the Heyliger-Reddy model
over a linear ﬂuid. The initial forcing wave amplitude is 0.4 m. The solid black
line and dashed black line are the plots of M for an initial draft of D = 0.3 m and
are the same results as shown for the A = 0.4 m case in Figure 6.29. It is important to note that the depth stays ﬁxed at 1 m; the proximity between the beam
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base and tank ﬂoor thus shrinks to 0.4 m, when the ﬂoating beams have an initial
draft of 0.6 m. This will consequently increase the importance of bottom reﬂection
and contribute to the nonlinearity of the ﬂuid-structure interaction, while the
maximum deﬂection of the increasingly heavy beams decreases. The change in
proﬁle of the lines shows that the beam behaviour is not linearly dependent on D,
even if this is a fair approximation in the inﬁnite depth case.
Given the discussion of the cubic deformation above, it is important to emphasize that Figure 6.32 shows M for the Heyliger-Reddy beam, not the actual
bending moment, B M[HR]. In the Heyliger-Reddy formulation, the bending
moment is no longer M = BM[EB], but is given by,
BM[HR] = E I ψx −

1
E I (ψ + wx),
5

(6.7)

where ψ gives the rotation of the cross-section at a point. Under Euler-Bernoulli
assumptions, ψ ≈ wx and this reduces to BM[EB].
Considering now the eﬀects of change in thickness over a nonlinear ﬂuid, we
see a similarly small level of contrast as over a linear ﬂuid. Figure 6.33 shows
values of M , using the Euler-Bernoulli and Heyliger-Reddy beams, for Case WB
over a nonlinear ﬂuid with an initial forcing wave amplitude of 0.3 m and varying
initial draft. As before, the proportionality of initial draft and beam thickness
makes this equivalently a problem of varying thickness.
Moving forward in time towards the ﬁrst peak, both beams match well at all
initial drafts showing some discrepancy only near the peak itself. As the draft
increases (and the distance between the beam and the tank bottom decreases),
the values of M at this peak decrease until an upward jump at D = 0.6 m. This
parallels the behaviour in the linear ﬂuid case.
For initial draft D = 0.6 m, we do see some small contrast between the lines
(zoomed for clarity in Figure 6.33b), although this is negligible for our analysis,
being around the level of our sensitivity tests. However, the similarity in magnitude of contrast between the Heyliger-Reddy and Euler-Bernoulli beams, and
between the Timoshenko and Euler-Bernoulli beams, is in concert with our commentary for the linear section; we do not expect the Heyliger-Reddy beam to add
much beyond the Timoshenko for our applications.
As was noted earlier in the discussion of the Timoshenko beam, the lack of
contrast between the thick Heyliger-Reddy beam and the thin Euler-Bernoulli
beam ﬁts the results of Fox and Squire (1991) and Balmforth and Craster (1999),
which suggested that the beneﬁts of the thick beam model are negligible in the
sea ice context. While it may be of interest to consider thicker beams, we would
see less elastic behaviour and a large percentage of a similar sized initial forcing
wave would be reﬂected, rather than driving beam motion. Shorter beams may
also show thickness eﬀects, but the rigid body motions begin to dominate over the
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a) D = 0.3 m, D = 0.4 m

b) D = 0.5 m, D = 0.6 m
Figure 6.33. Comparison of values of M over time, using the Heyliger-Reddy [HR]
and Euler-Bernoulli [EB] beams, for Case WA over a nonlinear ﬂuid and with varying
initial draft. For D = 0.5 m and D = 0.6 m, a zoomed–in region is shown, from t = 2.5 s
to t = 5.5 s and for D = 0.6 m, M is shown also for the Timoshenko [T] beam [Case WB]

elasticity and the likelihood of seeing bottom emergence for a large wave
increases.

6.2.7 Drozdov
The beneﬁts of the Drozdov beam are primarily geometric, so we do not expect
considerable diﬀerences beyond those of the previous beams. In particular, the
eﬀects of thickness are neglected, so it is reasonable to expect greater agreement
between the Drozdov beam and the other nonlinear thin beams, such as the Gao
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or von Kármán, than the Heyliger-Reddy or Timoshenko. For convenience, we
restate the governing equations for this model,
ρb A ẅ = −ρb g h + p (1 + wx2)−1/2 + [N s − (BM[HR])x]x
s 6 wx (1 + wx2)−1/2
N = E h ((1 + wx2)1/2 − 1)
BM[HR] = −E I (1 + wx2)−3/2 wxx.

(6.8)

The boundary conditions, derived from vanishing shear force and bending
moment at the ends, are,
wxx = 0 for x = l, r,
wxxx = 0 for x = l, r.

(6.9)

We begin by considering the Drozdov model in vacuo, compared to the EulerBernoulli model, the von Kármán model without axial extension and the Gao
model. Figure 6.34a shows the vertical deﬂection, w, for Case DA, a static sinusoidal forcing, at t = 0.3 s, from x = 10.0 m to x = 12.5 m and using these four
models. This provides a zoomed in view of the top of a peak at t = 0.3 s. For a
panoramic view of the same simulation, displaying the entire beam, see Figure
6.34b.
The vertical deﬂection vanishes for all four models every 2.5 m, corresponding
to the zeroes in the sinusoidal forcing, except at the ends of the beam; there, the
free edge conditions introduce asymmetry about x = 0.0 m, 30.0m. The diﬀerences
in peak amplitude between the models are small relative to the actual height of
the peak. However, looking at a zoomed-in peak, Figure 6.34a shows signiﬁcant
contrast in the beam shapes at the maxima. The linear beam, the EulerBernoulli, is the most rounded, showing a lower peak curvature than the other
three. It is also the beam with greatest amplitude, although this may be expected
as the nonlinearities in the other beams introduce axial strain eﬀects that act
against the vertical deﬂection at maxima. The von Kármán beam is much
smoother in this region than the other two nonlinear beams but still shows the
reduced vertical deﬂection common to all three, suggesting that this eﬀect is a
product primarily of the von Kármán strains. The Drozdov beam matches very
closely with the Gao beam compared to either the von Kármán or EulerBernoulli, both showing a considerably higher maximum of curvature at the peak
than the other two beams. Some experimentation shows that this is primarily
dependent on the coeﬃcient of the wx2 wxx term in the Gao beam. To understand
the connection between this term and the same eﬀects in the Drozdov beam, we
include a brief mathematical reduction of the latter, under certain assumptions.
1
On taking (1 + wx2)1/2 − 1 ≈ 2 wx2, approximating pressure forcing as vertical and
neglecting terms of higher order than cubic, Equation 6.8 gives,
ρb A ẅ = −ρb g h + p + [N s − (BM[HR])x]x
s = wx (1 + wx2)−1/2
≈ wx

(6.10)
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a) 10.0 m6x 6 12.5 m

b) 0.0 m6x 6 30.0 m
Figure 6.34. Comparison of vertical deﬂection along the beam, w, at t = 0.3 s under
static forcing, using Euler-Bernoulli, von Kármán (without axial extension), Gao and
Drozdov beams [Case DA]

N = E h ((1 + wx2)1/2 − 1)
1
≈
E h wx2
2
BM[HR] = −E I (1 + wx2)−3/2 wxx
≈ −E I wxx
⇒
1
ρb A ẅ = −g h + p + E h [wx3]x + E I wxxxx
2
= −g h + p + 3 E h wx2 wxx + E I wxxxx.
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This is Equation 6.4, the deﬂection equation of the Gao beam, with the axial
forcing term, Λ = 0 and F = −ρb g h + p. Hence, the Drozdov beam approximates
the Gao beam rather than the Euler-Bernoulli beam when wx2 wxx is non-negligible. These results illustrate the connection between geometric nonlinearities and
transverse strain. By using simple, linear approximations in the geometrically
exact deformed conﬁguration, which underlie the Drozdov beam, we have matched
the equivalent components in the nonlinear expression of the Green St-Venant
strain tensor, which underlies the Gao beam.

Figure 6.35. Comparison of M using Drozdov [D] (solid) and Gao [G] (dashed)
beams, for varying amplitudes of initial forcing wave over a linear ﬂuid [Case WA]

Figure 6.35 shows values of M using the Gao and Drozdov beams for Case
WA over a linear ﬂuid, with varying amplitude. A strong correlation is visible
between the Gao beam and the Drozdov beam, now in the hydroelastic case.
There is some small deviation after 7 s for the largest initial forcing wave but, in
general, we can see that the exact curvature and other geometric nonlinearity of
the Drozdov model adds little to the hydroelastic analysis over a linear ﬂuid
beyond the much simpler Gao formulation.
If we adjust our Drozdov boundary conditions to be the natural boundary
conditions suggested in the Finite Element formulation (shown in Chapter 5),
that is,
(BM[HR])x = 0 at x = l, r becomes N s − (BM[HR])x = 0 at x = l, r,
then we ﬁnd a considerable contrast. This is shown in Figure 6.36, a comparison
of M for Case WA over a linear ﬂuid, using the Gao model and Drozdov model
(with natural boundary conditions) with varying initial forcing wave amplitude.
In accordance with the general behaviour of higher order diﬀerences, the discrepancy between the M lines decreases as the initial forcing wave amplitude drops,

6.2 Comparative tests

189

Figure 6.36. Comparison of M using Gao and Drozdov beams, for varying amplitudes
of initial forcing wave over a linear ﬂuid, with natural boundary conditions applied to
the Drozdov model [Case WA]

until they match well at the A = 0.1 m level. Nonetheless, unlike most of our previous simulations, there is still a visible contrast at this level, demonstrating that
higher order discrepancies in the boundary conditions can have at least as much
impact as similar terms in the interior. Note that the nonlinear Drozdov solver
still converges to within the usual relative tolerance (1 × 10−6) on each correction
iteration, and separate tests for higher numbers of minimum correction iterations
conﬁrm that the Drozdov solution as shown in Figure 6.36 remains unchanged.
As the curves rise to the ﬁrst peak, there is a clear distinction between the
Gao and Drozdov models, with the Drozdov curve falling noticeably short and
beginning descent earlier than the Gao curve. The ﬁrst trough is similar for both,
suggesting that the eﬀects of this contrast are signiﬁcant when the magnitude of
the bending moment is large. The second peak in the Drozdov curve is much
smaller than the corresponding, slightly delayed peak on the Gao curve, although
the third peak is slightly larger in the Drozdov case. As the ﬁrst two peaks represent the direct impact of the incident wave, it is reasonable that the boundary
condition at the left end would have greatest signiﬁcance. The undershooting in
the Drozdov case will leave it closer to the bottom of the tank when the inﬂuence
of the base reﬂection is seen, generally at the third peak, consequently showing a
greater eﬀect in the M plot for the Drozdov model than the Gao. In general, it
would seem that the adjusted boundary condition signiﬁcantly damps the (direct)
transmission of the wave into the beam.
In the case of the Drozdov beam, the original boundary condition (Equation
6.9) makes more sense physically and provides results more in keeping with the
other beams, despite being less intuitive or convenient mathematically when
incorporated into the variational setting. This underscores one of the beneﬁts of
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the beam formulations derived directly from Hamilton’s Principle: the natural
boundary conditions correspond to zero energy ﬂux and so correspond to the
physical boundary conditions in the free case, allowing us the numerical beneﬁts
and neater formulation of natural boundary conditions. Moreover, we have quantitatively shown the importance of carefully chosen boundary conditions, particularly with regard to transmission of the wave into the beam, in this hydroelastic
problem.
Considering now the nonlinear ﬂuid problem, Figure 6.37 shows M for Case
WB using the Gao and Drozdov beams, with the original boundary conditions, for
varying amplitude of initial wave forcing. The two models show almost identical
behaviour, as in the linear case. This indicates that the inclusion of nonlinearity
in the potential ﬂow does not directly aﬀect the expression of nonlinearity in the
beam.
Indeed, Equations 6.10 show that the two beams match theoretically to third
order, so we would expect a diﬀerence of at least fourth order in wx, which would
be invisible at the levels that we consider. This fact, and our computational
experiments above, suggest that any hydroelastic problem of this form requiring a
geometrically nonlinear beam is likely to be suﬃciently well modelled using a Gao
beam, without resorting to the additional complexities of the Drozdov formulation.

6.2.8 Forbes model
The Forbes model allows us to analyse the eﬀects of deﬂection (and pressure
forcing) at the beam base rather than, as is common to our other beams, the midline. In addition, Forbes uses a fully nonlinear expression for the curvature in the
beam, as is the case in the Drozdov formulation. We restate the constitutive
equations,
!
wxx
= ρb ẅ.
p−EI
h
(1 + wx2)3/2 − 2 wxx
xx

The boundary conditions in the free end case are, as in the Euler-Bernoulli formulation,
wxx = 0 at x = l, r,
wxxx = 0 at x = l, r.
Mathematically, the Forbes model diﬀers from the Euler-Bernoulli model only by
the use of Gaussian curvature and the addition of a small term in the denominator of the expression for curvature. As such, we expect little diﬀerence between
these two beams beyond that due to the exact curvature. Indeed, if a substantial
contrast were evident, due to the change of position variables rather than to the
geometric curvature, that would have important implications for the mid-beam
approximation used by our other beams.

6.2 Comparative tests
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Figure 6.37. Comparison of M using Drozdov [D] (solid) and Gao [G] (dashed) beams
for varying amplitudes of initial wave forcing over a nonlinear ﬂuid [Case WB]

However, Figure 6.38 displays no such diﬀerence. This plot shows the
behaviour of M over time for Case WA over a linear ﬂuid with varying initial
wave forcing, using the Euler-Bernoulli (dashed) and Gao (solid) beams. The lines
are largely visually indistinguishable, appearing as four curves. Any diﬀerence is
well below the level of our stability results, even smaller than the contrast with
the Euler-Bernoulli model provided by the Timoshenko beam. It is possible, however, that the use of a length averaged measure of curvature is smoothing out contrasts, particularly as our wxx term in the curvature denominator will only be sig-

Figure 6.38. Comparison of M using Forbes and Euler-Bernoulli models for varying
initial forcing wave amplitude over linear ﬂuid [Case WA]
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niﬁcant at points where the bending moment is large. If so, it may be productive
to compare the maximum (Euler-Bernoulli style) bending moments using M ∞.
Figure 6.39 shows M ∞ for Case WA over a linear ﬂuid with varying initial

Figure 6.39. Comparison of M ∞ using Forbes and Euler-Bernoulli models for varying
initial forcing wave amplitude over linear ﬂuid [Case WA]

forcing wave amplitude, using the Euler-Bernoulli and Forbes beams. As in Figure
6.38, the diﬀerence is negligible, indicating that no smoothing out of signiﬁcant
results has occurred using the M ∞ measure. We may infer that neither the nonlinear curvature nor the change of variables to the beam base make a signiﬁcant
diﬀerence in the linear scenario. To give this statement a mathematical basis, we
consider the constitutive equations.
For x in a smooth region of w, and certain analytical assumptions, we may
better understand the Forbes model through a Taylor expansion. Given suitable
smoothness of M about some point x,
M = 2 E I wxx/[2 (1 + wx2)3/2 + h wxx]
= 2 E I wxx/[h wxx + 2 + 3 wx2 + ]
= E I wxx (1 − 3 wx2/2 − h wxx/2 + ).
Intruigingly, the second term bears a striking parallel with that which appears in
the Gao formulation. However, this term contributes 3 E I wx2 wxx/2 to the
bending moment, alongside E I wxx, whereas Gao’s addition contributes a term
3 E h wx2 wxx/2 to the constitutive equation involving E I wxxxx. Since the second
moment of area, I is O(h3) and E I wxxxx is O(ε2) for E I wxx of O(ε), it is unsurprising that the eﬀect of including the full curvature from the beam base is small
in comparison to the diﬀerence observed in the Gao beam.
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Despite this similarity, the Gao and Forbes additions do have diﬀerent origins.
Forbes neglects axial forcing, that being the source of Gao’s term, and Gao only
retains second order terms in the bending moment. However, the relationship can
best be observed by comparison to the Drozdov beam, which includes both.
Drozdov’s deﬁnition of bending moment matches Forbes’s, neglecting the change
of variables and, as we have already seen in Equations 6.10, the signiﬁcant term in
the Gao beam can be achieved from the N s term in Drozdov’s formulation. We
may conclude that the similarity is an indirect consequence only of the regular
appearance of derivatives of wx2 terms throughout the various nonlinear formulations.
Turning to the nonlinear ﬂuid regime, we see no visible contrast as a result of

Figure 6.40. Comparison of M using Forbes [F] (solid) and Euler-Bernoulli [EB]
(dashed) beams for varying initial forcing amplitude over nonlinear ﬂuid [Case WB]

the change of variables to the beam base and the use of full Gaussian curvature.
Figure 6.40 shows the proﬁle of M for several initial forcing wave amplitudes over
a nonlinear ﬂuid under Case WB, using the Forbes model and the Euler-Bernoulli
model. The lines are indistinguishable at each initial amplitude, A. This conﬁrms
that the signiﬁcance of the nonlinearities of the Forbes model is not directly
aﬀected by the inclusion or omission of nonlinearity in the Bernoulli pressure
equation.
We may instead consider varying beam thickness, as our change of coordinates
to the beam base is likely to have greater signiﬁcance when the true location of
forcing (the beam base) is farther from the theoretical location of forcing in the
linear model (the beam mid-line). Figure 6.41 shows the proﬁle of M for several
initial drafts (equivalently, several beam thicknesses) over a nonlinear ﬂuid under
Case WB, using the Forbes model and the Euler-Bernoulli model. No contrast is
visible between the lines even at the greatest thickness. Note that, for a 20 m
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Figure 6.41. Comparison of M using Forbes [F] (solid) and Euler-Bernoulli [EB]
(dashed) beams for varying initial draft over nonlinear ﬂuid [Case WB]

beam, a thickness of ∼0.6 m is still generally considered thin for the purposes of
modelling assumptions. At greater thicknesses, the elastic eﬀects are diminished
and a suﬃciently large percentage of our initial forcing wave is reﬂected that the
nonlinear eﬀects in the bending moment would be at most negligible, if apparent
at all.
In conclusion, for this conﬁguration, the Forbes model shows negligible contrast with the Euler-Bernoulli beam. Indeed, for most physical hydroelasticity scenarios one of the other nonlinear beams would provide more additional information beyond the linear formulation than may be obtained using the Forbes beam.
We have, however, conﬁrmed that the change of deﬂection variables from the
beam mid-line to the beam base is not an important aspect of the hydroelastic
model in these conditions, a fact that underpins the preceding beam formulations
in this work.

6.3 Summary
In this chapter, we have shown that the eﬀects of rotational inertia, nonlinear
axial strain, linear transverse shear, cubic deformation (nonlinear transverse
shear), Gaussian curvature, using the beam base as a reference line (changing
variables to the beam base) and (elastic) axial inertia are negligible in the hydroelastic conﬁgurations that we wish to consider, using the root mean square of the
Euler-Bernoulli style bending moment, M , as a consistent tool for comparison.
However, we have found non-negligible contrast between the bending moment
results for a geometrically nonlinear beam (Drozdov model) and the standard
linear model. Moreover, we have compared this model to a simpler model

195

6.3 Summary

including nonlinear transverse normal strain (Gao model) and have found excellent agreement, suggesting that any diﬀerences are primarily a consequence of this
physical eﬀect. As has been shown in the Drozdov results section above, the nonlinear transverse normal strain term and the geometrically exact deformation are
theoretically equivalent to leading order in this conﬁguration. Furthermore, the
latter model, being far simpler to formulate and implement, is a suﬃcient and
preferable substitute for a geometrically nonlinear beam when performing such
hydroelastic simulations.
Effect
Axial inertia
Cubic deformation
Gaussian curvature
Nonlinear axial strain
Nonlinear deformation
Reference line at beam base
Rotational inertia
Transverse normal strain
Transverse shear

Beam model
[vK]
[HR]
[F],[D]
[vK],[G]
[D]
[F]
[T],[HR]
[G]
[T],[HR]

Significant effect?
N
N
N
N
Y
N
N
Y
N

Table 6.8. Conclusions about speciﬁc physical features not included in the EulerBernoulli from the study of advanced beam models. The beam codes are those that
have been used throughout the chapter. Note that, while the Drozdov uses linear elasticity, the nonlinear deformation is equivalent to the inclusion of Green–St Venant nonlinearities in the strain terms for the linear deformation case

Incorporating axial constraints, that is preventing elastic extension or contraction of the beam ends, makes a similar magnitude of diﬀerence to including the
normal strain. Consequently, further study should be undertaken to understand
the impact of the modelling assumptions and, in particular, the assumption that
no horizontal motion occurs, on the hydroelastic beam problem.
We have also considered the importance of suitably chosen boundary conditions for the geometrically nonlinear model and shown that, under the current formulation, natural boundary conditions provide inaccurate results. This is in contrast to the Hamilton’s Principle formulations (e.g. Heyliger-Reddy beam, Gao
beam), where the natural boundary conditions have a direct physical meaning.
In summary, for long, relatively thin beams, we have found that the standard
model is adequate, but subject to further study and a full theoretical analysis, we
have also found evidence that nonlinear tranverse normal strain may provide a
useful addition to the model for nonlinear wave events.

Chapter 7
Further extensions
The underlying principle of this project has been the development of an extensible
framework for hydroelasticity problems, with the nonlinear beam problems presented as a case-in-point of the beneﬁts of such an approach. However, there are
many other important extensions that this framework enables or simpliﬁes. We
outline some of these possibilities and, in certain cases, provide results or proof-ofconcept. It should be remembered that the prevalent theory is based on the negligibility of many of following eﬀects; thus we seek to provide a framework for justifying those assumptions or, conversely, establishing evidence of their unsuitability.
Within each section, those extensions that have been at least partially implemented are presented ﬁrst.

7.1 Fundamental extensions
A number of extensions can be made to the general framework, not speciﬁc to
either the ﬂuid or beam components. However, our basic algorithm remains
unchanged and so these concepts are not necessarily diﬃcult to include.

7.1.1 Beam peeling
The requirement that the free surface be above the beam base at all times is the
most restrictive aspect of the current framework, with regard to wave proﬁle. We
have experimented with a number of possible solutions to this problem, in particular, the use of a sliding mesh as described in earlier chapters. Faltinsen (2000)
provides an in-depth study of these eﬀects and it is clear that an accurate simulation is highly technical and unsuited to our potential ﬂow approach. Indeed, the
author notes that even direct CFD simulation of the full ﬂuids equations, without
special consideration of the ﬂuid-structure interaction, can lead to large errors. In
a full Navier-Stokes simulation, we would expect to see turbulence generated by
the sharp corner; in the potential ﬂow, the unphysical requirement of irrotationality manifests as a singularity, making an accurate evaluation of the nonlinear
Bernoulli pressure near the corner diﬃcult.
For our purposes, a basic approximation would be suﬃcient. We have tried
two methods with partial success. Firstly, allowing the sliding meshes on either
side Ω1, Ω3 to dip below the end of the beam, and treating the newly formed
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boundary from the beam corner down to the free surface as an impermeable wall.
Secondly, we allowed the free surface to get within a pre-deﬁned proximity of the
beam base before joining the two meshes at that corner and, as the free surface
continued drop, redeﬁned nodes along the top of the middle mesh as being part of
the free surface.
The ﬁrst method was unsuccessful, leading to much the same diﬃculties as
contact between the free surface and wavemaker, described in the Limitations section. As the top of the left mesh dipped below the top of the middle mesh, the
vertical velocity of the corner, ζ˙ = φn/n2 became dependent on the ﬂux into that
cell, via Lagrange’s equation. Conversely, the velocity set the geometry of the
domain at that time-step and a small change in the angle of the free surface at
the point of contact between the meshes signiﬁcantly changed the ﬂux. Consequently, we saw signiﬁcant instability at the free surface corner.

Figure 7.1. Separation of the beam from the ﬂuid by introducing multiple boundary
conditions along the top of Ω2

The second method was more successful. Figure 7.1 illustrates the process
once the free surface has descended below the level of the beam. We applied the
free surface evolution equation to the position of the beam at time tn, giving us
the dotted line shown in the ﬁgure. We compared this to the location of the beam
base and took our upper boundary of Ω2 to be the pointwise minimum of these
two curves (the thick dashed line). The best results were obtained by deﬁning a
Neumann condition (for the beam) where the pressure is positive, otherwise using
a Dirichlet condition. This allowed the joining point, shown as a hollow circle, to
gravitate to a point over the correction iterations and so gradually travel along
the beam. When the beam base and free surface became close, we joined the
meshes at one node, until the velocities from the evolution equations exceeded a
separation tolerance.
When the separation happened reasonably slowly, we found that this method
gave us some qualitatively useful results. However, dependence on choice of separation tolerance and the size of gap, as well as the frequent lack of convergence of
the location of the joining point, made this impractical for our purposes. It may
yet be worthwhile doing further studies, although the time required is beyond
that available for the current project.
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7.1.2 Spatial dimensions
One particularly immediate extension is that of adding a spatial dimension. A
clear beneﬁt of the Finite Element approach is that this is relatively simple,
though it is likely to considerably slow the process of solving the Finite Element
problems. As a consequence of using the FEniCS Finite Element software, we are
able to simply replace our triangular elements with tetrahedral ones and use the
same ﬂuid equations. The majority of extension work appears in the beam, as
these change to plate models, and in the mesh movement algorithm, as this is the
only place we currently require Ω to be 2D.
However, both of these aspects are resolvable fairly easily; the simpler plate
models, such as Kirchoﬀ, von Kármán or Reissner-Mindlin, have beam equivalents
that we have already included and the work is primarily in incorporating suitable
boundary conditions. The mesh movement algorithm, as described in Chapter 3,
is based on a Lagrangian interpolation of nearby points-of-interest. While this is
simple in a 2D case, where we have two movement regimes (under-beam and
under-surface), we would have several cases, possibly more with multiple plates.
Nonetheless, deﬁning proximity to a plate base and proximity to surface-at-plate,
adjusting our interpolation formula, would allow us to generalize the current technique and remove our dimensional dependence.

7.1.3 Axial motion
As we have described in the previous chapter, our results are sensitive to
boundary conditions for the axial strain and axial deﬂection. However, this is not
accounted for in our geometry; the mesh is ﬁxed horizontally and the beam ends
have no-ﬂow conditions.
To account for this fully, we would need to include horizontal deﬂection in our
Lagrangian model, tied to the beam motion, rather than the ﬂuid. While this
would complicate our free surface equations, provided that the beam has no signiﬁcant net drift, this should be achievable without unacceptable mesh deformation. Incorporating the principles of Kyoung and Hong (2008), where the authors
adjust their ﬂuid formulation to include axial drift, a full beam centre-line deformation model could be established. This may not be adaptable to a multiple
body problem and so more involved techniques may still be required.

7.1.4 Parallelization
FEniCS, PETSc and other underlying libraries have been developed with in-built
parallelizability. This could be exploited to speed up the Finite Element steps in
the overall algorithm, giving a performance advantage proportional to the number
of available processors. At present, we have generally been running a bulk series
of simulations at one time, one per processor, so parallelizability is of limited ben-
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eﬁt. When running a single higher resolution simulation, or more theoretically
complicated model, substantial beneﬁts are available. As the current code has
been written for basic functionality, this would involve some degree of recoding.
However, this is a small inconvenience, in comparison to that involved either in
implementing in-house parallel Finite Element code, or coding from scratch the
same algorithm in parallelized form.

7.2 Fluid extensions
The current relatively-basic ﬂuid model lacks a number of key features that are
present in real world applications, but are generally assumed to have negligible
relevance for the physical parameters we consider. Some of these become more
relevant in extreme environments, such as storms or seismic activity. Others are
of interest only for speciﬁc events and do not appear in normal operating conditions. However, these situations may well be deﬁning in the life of a ﬂoating
structure, or an ice ﬂoe, where a likely outcome of a volatile sea environment is
destruction of the body.

7.2.1 Numerical beach
A simple addition to the simulation is that of a numerical beach, so that an incident wave ﬁeld may be set up without disruption by waves returning from the
opposite wall. This allows the approximation of steady-state solutions that may
be compared with frequency domain results. Following Ducrozet et al. (2006), we
have implemented a simple beach of the form,

σ υ 2 (3 − 2 υ) x > xbeach
ς 6
,
0
otherwise
x − xbeach
,
υ 6
2λ
xbeach 6 L − 2 λ,
where λ and σ are parameters. We have chosen λ = 10, σ = 0.2. This is incorporated into the model through a modiﬁcation of the free surface evolution equations,
1
φ˙ |ΓFS = −g ζ − |∇φ|2 − ς ζ˙ .
2
This corresponds to the addition of a term ς ζ˙ to the Bernoulli pressure equation
and so represents an additional retarding force along the free surface, proportional
to the vertical velocity of the free surface and increasing according to a cubic proﬁle from x = xbeach = L − 2 λ to x = L. As our focus has been primarily on solitary
waves at early time, a beach has not been necessary for this project, but for frequency domain comparisons, it would prove very useful.
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7.2.2 Bottom extensions and submerged obstacles
For the simulations presented, we use only a ﬂat bottom. However, it is worth
noting that, as in much of the contemporary ﬂoating structures literature, the
bottom proﬁle is arbitrary. Moreover, it is not even necessarily single-valued over
x, our horizontal axis. In this case, we must adjust our Lagrange approximation
in the mesh movement to adjust only those vertices above the shallowest bottom
point for a given x. That is, if our bottom proﬁle is described parametrically as
ΓB = {(γ1(s), γ2(s)) O 0 6 s 6 1}, then we only move vertices v = (x, z) such that,
z >

sup {γ2(s) O x = γ1(s)}

s∈[0,1]

Figure 7.2 shows this system graphically. The second interior point, underneath
the beam, takes the four shown points for its Lagrange approximation. Interior
points below the bottom proﬁle do not move.

Figure 7.2. Illustration of mesh movement algorithm over a complicated bottom proﬁle

If the bottom is stationary during the simulation, we may account for its proﬁle simply by adjusting our input mesh. We can, however, also account for motion
by adjusting the no-ﬂow conditions for φ and Φ along ΓB as would be seen in, for
example,
a
submarine
landslide
(Pelinovsky and Poplavsky, 1996;
Grilli et al., 2002).
Similarly, we can incorporate submerged objects, as long as there is no appreciable drift that would lead to large mesh distortion. It is also necessary that they
be suﬃciently far below the surface that the mesh movement, as described in the
previous paragraph, may be executed without over-stretching the mesh vertically.
Moreover, we must ensure that the free surface does not reach any submerged
obstacle or the vertical size of cells directly above that object will reduce to zero.
In the hydroelastic context, submerged obstacles and varying bottom topography can have a signiﬁcant impact on the pressure proﬁle under the beam, and
basic tests done during this project have conﬁrmed this.
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7.2.3 Finite Element extensions
At present, this model naïvely employs quadratic elements in the entire domain to
solve for φ, φ˙ . However, subdividing Ω into a near-surface region and a submarine
region would allow us to have separate elements in diﬀerent locations. Unlike the
sliding mesh system, this separation is standard, and can be incorporated much
more straightforwardly than mortar element system, as the cell boundaries are
expected to match on the edges of those regions. This would allow us to use
linear cells deeper into the ﬂuid and potentially save on processing time, or to use
higher order elements around the beam corner.
Discontinuous Galerkin methods, as they permit gaps at the cell edges, are
better suited to modelling singularities such as those at the beam corners. They
allow us to reduce the error spreading through the mesh, as continuity is forced
only through a penalty term, and let us reduce the saw-toothing typical of continuous cells in the presence of unbounded behaviour. While this would provide an
interesting study, continuous cells have generally proved to be suﬃcient for our
simulations, as the corner singularity tends only to dominate in conﬁgurations
that lead to instability for other reasons.

7.2.4 Nonlinear fluid equations
A principal beneﬁt of this system over a frequency domain or Boundary Element
framework is that we have very weak restrictions on the constitutive equations of
the ﬂuid domain. If we can solve a given ﬂuids problem using the Finite Element
method, we can incorporate it directly into our model. Moreover, if an external
ﬂuids code can provide pointwise expressions of beam pressure at a given time, for
a supplied mesh and ﬂuid velocity on the beam boundary, it is possible, though
perhaps ineﬃcient, to adapt our process to include it when solving the hydroelastic problem. This is true when solving for any beam.
7.2.4.1 Green-Naghdi equations
We have begun exploration into the use of Level I Green-Naghdi theory. Unlike
the other ﬂuid equations we consider, this formulation is depth-averaged, so the
ﬂuid problem is only 1D. Initial progress has been made in solving the formulation outlined by Xia et al. (2008), employing the ABM timestepping technique
under FEniCS. We have tested open water and have encouraging results for separating the horizontal domains.
The governing equations take the following form,
ζt + d ux = 0,


D
1
−px/ρw , under beam,
¨
¨
u + g ζx +
4 ζx ζ + 2 (d + ζ)ζ x =
0,
otherwise,
Dt
6
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where u is the depth-averaged horizontal ﬂow velocity, ζ is the free surface (or
beam) displacement, p is the ﬂuid pressure, ρw is the ﬂuid density and d is the
depth.
The authors present this formulation for an Euler-Bernoulli beam, where the
elastic constitutive equation is incorporated into the ﬂuid equations. We are
experimenting with a techique that allows us to solve the three region problem
using the predictor-corrector method of Kyoung et al. (2006), with ζ and derivatives in the middle region prescribed by the beam model, iteratively solving for p.
The Discontinuous Galerkin capabilities of FEniCS allow us to solve for all three
ﬂuid regions in one equation, expressing the jump conditions as factors of dS, the
interior boundary functional.
This system provides an interesting contrast with the potential ﬂow model,
being a 1D nonlinear model and avoiding our beam corner limitation entirely.
The major challenge at present is the correct implementation of jump conditions,
some of which are expressed as the inﬁnitesimal limits of integrals of pressure at
the beam ends.
7.2.4.2 Rotational flow
The following well-known result, with certain qualiﬁcations, is attributed to
Lagrange (Batchelor, 1970),
A body of irrotational, inviscid fluid remains irrotational.
This has important implications for potential ﬂow and, in particular, allows us
to infer irrotationality from the material properties of the ﬂuid. However,
Batchelor (1970) notes that for this to be true, certain conditions regarding the
body forces must be adhered to and, notably, these can be undermined by the
boundary conditions. In particular, the author mentions the free surface as a
potential source of vorticity, but corners may also introduce rotation into the
ﬂuid.
As such, it is useful to consider a ﬂuid extension without the irrotationality
constraint. We have done preliminary work to integrate a Navier-Stokes solver
into the model, speciﬁcally that of Labeur and Wells (2010). Since the authors
have used FEniCS as their framework, we are able to adapt our code easily, alternating between the ﬂuid solver and beam solver using the predictor-corrector
method, just as in the potential ﬂow case. While this would be far slower than
the potential theory, ultimately we may be able to separate the ﬂuid regimes to
include a Navier-Stokes layer around the body and potential ﬂow in the remainder
of the domain, providing the necessary adaptability in the required locations with
a much smaller loss of speed. However, Coutand and Shkoller (2005) indicate that
stability issues exist in solving the dynamic coupled Navier-Stokes / elasticity
problem, which may undermine this approach, at least for some parameters sets.
This model could be extended to include non-constant ﬂuid density, that is,
compression, so allowing basic modelling of the eﬀect of submarine explosion on
the hydroelasticity problem.
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7.3 Beam extensions
The majority of investigation pursued during this project has been into the inﬂuence of beam modelling assumptions on the hydroelastic problem. We now consider a few extensions that are rendered straightforward by the coupled Finite
Element approach.

7.3.1 Multiple beams
When considering a large wave entering a ﬁeld of compliant bodies, an important
consideration from the modeller’s perspective is that of computational eﬃciency.
Even if the wave steepness is such that nonlinear beam models are required near
the ﬁeld boundary, the dispersive eﬀect of the outermost beams may be suﬃcient
to avoid the need for complicated models in the interior.
We consider Case WA from the previous chapter with a longer domain to
accommodate two beams (Table 7.1). The simulation times are now extended to
20 s and while we expect some degradation of the solution in later time for reasonable numerical parameters and mesh resolution, the main features of interest in
the M proﬁles are still maintained.
Beam extents l = 10 m; r = 30 m
Init. Draft
0.3 m
πx 
1
Init. Prof.
0.4 × 2 1 + cos 5

Depth
1.0 m
∆t
0.01 s
Min. CI 52

E 8 × 109 Pa
α 0.005
β 0.25

Domain 80 m
ρb
917 kg m−3
ρw
1025 kg m−3

Bernoulli pressure : p/ρw = − g z − φ̇

Table 7.1. Wet beam parameter set for Case WA (long) : linear initial proﬁle wave

Figures 7.3 and 7.4 show the proﬁles of M , the root mean square of bending
moment across the beam, over time for the ﬁrst and second beams, respectively.
The simulation is performed using Case WA over a linear ﬂuid, with standard initial forcing wave amplitude and beam thicknesses. Both beams are identical aside
from location. Considering the ﬁrst beam, we see little impact of the presence of
the second beam until after 10 s. The reﬂection from the second beam results in
noticeably increased ﬂexure for the 10 m separation pair at time 11 s. At time
13 s, however, the contrast is most marked, with constructive interference in the
10 m separation case giving M values approximately one-third higher than the
other cases and even higher than the maximum ﬂexure when the wave ﬁrst
arrives. In the 15 m separation case, we see the ﬁrst eﬀects of reﬂection around
15 s into the simulation, where both signiﬁcant increases and signiﬁcant decreases
in peak height are seen consistently until 20 s is reached.
The second beam, whose M proﬁles are shown in Figure 7.4 show diﬀerent
relative peaks heights for their second and third peaks, with the second peak
heights decreasing and the third peak heights increasing as the beam separation
grows. This could be due to the additional dissipation from distance in the small
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Figure 7.3. Proﬁles of M for the ﬁrst of two identical beams having varying separation distances. The initial forcing wave amplitude is 0.4 m and the initial draft of both
beams is 0.6 m. The ﬁrst beam lies between 10 m and 30 m in all three cases [Case WA]

Figure 7.4. Proﬁles of M for the second of two identical beams having varying separation distances. The reference line is the proﬁle of M for the ﬁrst of the two plates using
a 10 m separation and is one of lines shown in the previous plot. The initial forcing
wave amplitude is 0.4 m and the initial draft of both beams is 0.6 m. The ﬁrst beam lies
between 10 m and 30 m in all three cases [Case WA]

leading wave, followed by a steeper, more consistent wave. The greater then the
separation, the less bending that will occur as a result of the ﬁrst wave, and the
second will achieve a greater increase of curvature in a beam which has less
bending in the opposite direction.
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There clearly is a signiﬁcant contribution to the bending due to the multiple
body interactions that warrants further investigation using the current framework.
The ﬁrst beam has a similar, if not greater, requirement for a nonlinear beam formulation as in the single body problem. The second beam shows much less
bending than the ﬁrst, but in some cases, a higher order beam may still show
useful contrast to a linear beam. The results suggest that in most physical cases
and for any additional beams, an Euler-Bernoulli model is suﬃcient for modelling
the interior bodies, even if a higher order beam is required for the left-most beam.

7.3.2 Cracked beams
When there is a likelihood of fracture, it is of interest to model the behaviour of a
cracked beam. While hydroelastic models incorporating cracking are apparently
uncommon, one such example is that developed for a viscoplastic solid by
Favrie and Gavrilyuk (2011). For the purposes of illustrating the technique, we
assume a pre-existing hinge-type crack in the beam and establish a Discontinuous
Galerkin simulation technique in a manner similar to Mergheim et al. (2004).
For simplicity, we consider an Euler-Bernoulli beam. Our hinge-type crack
lacks any stiﬀness criterion over the boundary and only demands continuity of the
deﬂection, reversal of the shear force and vanishing of the bending moment at this
point. Using the standard DG terminology, this is equivalent to the following conditions at x = xc, the cracked point,

M = 0⇔



JwK = w+ − w −
JM K = M + − M −
1
hM i =
(M + + M −)
2
1
(Mx+ + Mx−)
hMx i =
2

= 0,
= 0,
= 0,
= 0.

Suppose we have a partition of the interval ΩB = [l, r] with vertices Σ ∋ xc. Let Σ◦
be the internal points without xc, that is Σ◦ = Σ\(∂ΩB ∪ {xc }). Using our mixed
Finite Element expression from the previous chapter, the Euler-Bernoulli variational equations become,
Z r
0 =
[c1 v ẅ +v c4 w + vx Mx] dx
lZ
r
[u M − c2 ux wx] dx + [c2 u wx + K1 u M ]rl
+
l

+[K2 JvxK JwxK + JuK hc2 wx i + K2 JuK JM K]Σ◦
+[−hvi JM K + JuK hc2 wx i + hc2 ui JwxK + hui JM K + JuK hM i] {xc },

where K1 is a penalty term enforcing the continuity of the slope, as before, and
K2 is enforcing the continuity of bending moment.
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Figure 7.5 compares M for beams with and without a crack using Case WA
(over a linear ﬂuid). The beam with a crack has a hinge crack at x = 20 m, its
mid-point. We see from the ﬁgure that the average bending moment is far smaller
in the cracked case than the uncracked. The ﬁrst peak is visible, as the wave rides
up the left end of the beam but, as the elevation of the left end of the cracked
beam is much greater than the uncracked beam and the free surface meets the
beam base at approximately 3.7 s, indicated by the abrupt end of simulation.
Until this time, the average bending moment across the uncracked beam is far
smaller and it both peaks and troughs considerably earlier than the uncracked
beam. To illustrate the reasons for this discrepancy, Figure 7.6 shows the contrast
in bending moment between the uncracked and cracked beams at time t = 1.0 s.
We note the vanishing of the bending moment in the cracked beam at x = 20 m,
marked by †. On the far side of the crack, the beam in fact bends in the opposite
direction, with a reversal of the polarity of curvature. The ﬁrst 10 m of bending
moment in the cracked beam look slightly like a scaled down version of the full
20 m uncracked beam, though without the vanishing shear at the right end. In
essence, this is the case, the left half of the cracked beam acts semi-independently
of the right half, with the interaction primarily through the displacement and
shear force, the slope having no (internal) boundary condition and the bending
moment being zero.
Additional (hinge) cracks may be added by replacing {xc } in the previous
paragraph with some discrete set of points C = {xik } ⊂ (l, r) ∩ P, where P = {xi }
is the set of vertices in the 1D beam mesh. Note that, since all xik ∈ C must be
vertices of this partition, a higher beam mesh resolution than generally used in
this project is required to approximate a continuous set of possible fracture loca-

Figure 7.5. Comparison of root mean square bending moment, M , for a cracked beam
(hinge crack at mid-point) and an uncracked beam, with initial forcing wave amplitude
A = 0.4 m [Case WA]
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Figure 7.6. Comparison of bending moment, M , across a cracked and uncracked beam
using an initial forcing wave amplitude of 0.4 m at time t = 1.0 s [Case WA]

tions. One interesting application of this technology is the transient development
of cracks according to a threshold value or function for the absolute value of the
bending moment. This allows for a cracking beam, where the location of fractures
is not known a priori but are marked as part of the separate “broken” interior
boundary subdomain, C, as they occur.

Figure 7.7. Comparison of M for a cracked, cracking and uncracked beam using an
initial forcing wave amplitude of 0.2 m [otherwise Case WA]

Figure 7.7 shows the contrast between a beam with a crack already incorporated, a beam which cracks once at whatever point the bending moment ﬁrst
reaches 5 × 103 Nm, and a standard Euler-Bernoulli beam. To obtain results
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without bottom emergence, we have chosen a smaller forcing amplitude, but the
parameter set otherwise follows Case WA. The point in time at which the beam
cracks is denoted †. We notice that there is, as before, a sizeable discrepancy
between the cracked and uncracked beams, but that their forms are generally similar. The cracking beam, however, follows the uncrackable beam exactly until it
breaks, as would be expected. Once it does break, it drops slightly past the
cracked beam and the average bending moment continues to oscillate wildly as a
consequence of the crack-induced springing. As a discontinuity is introduced suddenly at the cracking time, a very large penalty constant is required to ensure the
bending moment at the subsequent timestep is zero, despite being large in the
previous timestep. That is, (wn+1)xx = 0 but (wn)xx ≫ 0 in the beam equation.
Consequently, further work is required to understand the impact of the regime
change on the numerical analysis.
Interestingly, the average M trend in the cracking beam seems to roughly
follow the cracked beam, rising where the latter peaks and plateauing towards 7 s.
The behaviour of the cracking beam is considerably more intricate than either the
pre-cracked or uncracked beam, suggesting that this may form a fruitful area for
further study.

7.3.3 Variable material properties
In the real world, neither sea ice nor ﬂoating structures are truly axially homogeneous, either geometrically or in their material properties. However, these
assumptions are generally suﬃcient, especially at large length scales.
If we wish to vary the thickness along a beam’s length, we must adjust our
mesh shape and our beam constitutive equations. In particular, Antman (2005)
notes that special Cosserat rod equations are greatly simpliﬁed by the assumptions that, ﬁrstly, the reference line of the rod in its undeformed state is straight
and, secondly, it is also the line of cross-section geocentroids. To vary the beam
thickness and retain this property, we must have symmetry around the beam
centre-line when the beam is in its undeformed state (Figure 7.8). However, using
the principles outlined in the special Cosserat theory exposition of Chapter 5, we
may obtain a more involved but more realistic expression of the elastic eﬀects of
variation in the cross-section along the beam, which generally has an assymmetric
form for sea ice and often does for VLFS.

Figure 7.8. Illustration of an axially symmetric beam of variable thickness
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In the Euler-Bernoulli formulation as it appeared earlier, we used integration
by parts to avoid second derivatives appearing in the Finite Element formulation.
This leads to a small adjustment, as shown, (length-scaling neglected for simplicity),
Z r
[v ẅ −ρw g v w + vx Mx] dx
0 =
lZ
r
[u M − (E I ux)wx ] dx + [E I u wx + K1 u M ]rl .
+
l

Further, the mesh must also be adjusted to compensate. Noting that all of the
beams shown, with the exception of the Forbes beam, take w to be the centreline
deﬂection, it is prudent to keep it as such and introduce a variable term for draft.
7.3.3.1 Variation in Young’s modulus

Weeks and Assur (1967) remark on the signiﬁcant variation seen in Young’s modulus through an ice sheet. The authors attribute this vertical heterogeneity to
increasing brine concentration moving down the column, itself a consequence of
the temperature gradient between the base of the sheet (∼−1.8 řC) and the surface (∼−20řC) (Squire et al., 1987). Given a series of empirical relations, an
approximate formula relating depth and Young’s modulus may be derived.
Kerr and Palmer (1972) assume a relation of the form,
h

 i
z z0 n
E(z) = E0 1 − (1 − χ)
,
+
h h
where E is the Young’s modulus at a given depth, E0 is the Young’s modulus at
the surface, z0 is the neutral surface, where axial strain due to pure bending vanishes, h is the beam thickness. The constants χ and n are parameters obtained by
curve-ﬁtting with experimental data. This type of relationship is particularly
useful, as it gives a ﬂexural rigidity,
D = f (n, χ) E0 I ,
where I is the usual expression for the second moment of area. The authors
provide a selection of sample values for n and χ to complete their plate formulation. In particular, for n = 0.5, χ = 0.2, gives a value of 0.424 for f (n, χ), showing
a large discrepancy between the ﬂexural rigidity for a tranversely heterogeneous
ice beam and a homogeneous ice beam, based on surface rigidity, and emphasizing
the importance of the inclusion of brine eﬀects.
This formulation has an important beneﬁt for analysis. f is independent of
the horizontal coordinate and so we have, up to a constant multiple, arrived at
the variable thickness problem. However, other expressions are plausible; for
example, Assur (1967) provides a detailed argument to establish a more rigorous,
though considerably more technically involved relationship. As such, the Young’s
modulus may be considered to vary as E = E(x, z) and is not necessarily constant
over the length of the beam.
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In an marine engineering context, inhomogeneity of the Young’s modulus usually corresponds to a change of construction material, such a seen in a composite
structure. As such, it may be best modelled using a discontinuous constant, or
discontinuous proﬁle, both easily incorporated into our current framework. Analytically involved techniques have been developed to solve for a general ﬂexural
rigidity (Sturova, 2009; Hermans, 2003b).

7.4 Summary
A number of extensions that are well-suited to this framework have been discussed, with preliminary results provided for some cases, to demonstrate the eﬀectiveness of the current approach. We have demonstrated the capacity of the
framework to cope with a far wider variety of physical situations and considerations than its frequency domain counterparts. Moreover, most of the adaptations
that we have described may be implemented with little additional development of
the framework, ﬁtting inside our current paradigm. In contrast, in standard frequency domain models, some of these extensions would be challenging or impossible without a major change of approach.

Chapter 8
Conclusions
In this project, we have developed a framework for analysing hydroelastic problems based on the acceleration potential approach for modelling nonlinear potential ﬂow (Tanizawa, 1995; Kyoung et al., 2006). This model has the capacity to
interchange models of the elastic body and of the ﬂuid, fulﬁlling our primary
research objective as expressed in Chapter 1. This framework is adaptable, that is,
we can incorporate new (Finite Element) models easily; it is able to model nonlinear beam and wave effects; and it allows us to test standard assumptions.
As a case in point, we have compared a number of elastic beams, linear and
nonlinear, in the hydroelastic context to explore the signiﬁcance of standard simpliﬁcations. For the cases we have considered, the Euler-Bernoulli beam has been
found to be suﬃcient when compared to the advanced beams, with some exceptions reiterated below. We have provided sensitivity studies to quantify the
dependence of the model on the numerical parameters and have compared the
output of our simulation to standard open water theories. Further important
extensions that are feasible using this approach have been highlighted with examples given for some speciﬁc applications.
We summarize the key outcomes:
−

it is possible to obtain useful quantitative results for a coupled system with
hydrodynamic and elastic components using time-stepping and a predictorcorrector system. While accuracy is limited by computation power, we
have achieved our aim of obtaining better than ﬁeld quality results in reasonable time. In Chapter 1, we included a requirement that the modeller
should be able to ﬁne-tune the trade-oﬀ between accuracy and eﬃciency.
This is possible by choosing higher mesh resolutions at locations of
interest, changing between linear and nonlinear beam models, choosing
linear or nonlinear ﬂuid ﬂow, setting the timestep and setting the minimum correction iterations for the predictor-corrector method

−

to obtain eﬀective, accurate and stable results, nonlinear elements are
required. These are particularly important along the free surface to maintain the quality of the normal derivative of the velocity potential, which
sets the velocity of the free surface, and at the beam corners, to capture
the singularity in the nonlinear ﬂuid pressure. Moreover, we have found
solving for the Prandtl nonlinear acceleration potential to be more reliable
for our application than the standard pseudo-acceleration potential
approach
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−

using a standard, open Finite Element solution libraries has proved more
eﬃcient and extensible than writing the universal parts of Finite Element
in-house or using a MATLAB-like black-box Finite Element solver. We
have complete control over the formulation, elements, solution technique
and all numerical parameters, while obtaining the advanced, optimized
numerical techniques that would be infeasible to implement from scratch.
Simulation of most of the results presented was in the order of hours for
the time intervals shown, but some high resolution, low timestep sensitivity
testing runs ran into days. Substantial speed gains may be available
through parallelization and code optimization.

−

nonlinear elastic beam models oﬀer limited beneﬁt for long, relatively thin
ﬂoating elastic bodies, such as ice ﬂoes. We did, however, ﬁnd that the
transverse normal strain made a noticeable diﬀerence to the observed
bending moment, generally by reducing the peak beam average when the
wave ﬁrst enters. The validity of the solution should be conﬁrmed, if possible, using rigorous numerical analysis techniques. Using two separately
derived models, we have shown exactly the same eﬀect, with high consistency and without disproportionate sensitivity to the model parameters. If
this eﬀect is conﬁrmed, studying the transverse normal strain may give us
some additional insights into fracture patterns of sea-ice (Squire, 1984;
Forbes, 1986).

−

in the sea ice setting, where compliant bodies of interest are generally long
and thin, we have conﬁrmed the results of Fox and Squire (1991), which
indicate that thick beam models such as that of Timoshenko do not contribute substantially to the understanding of ice ﬂoe hydroelasticity

−

inclusion of nonlinearity in the Bernoulli pressure equation has a larger
impact than the inclusion of transverse normal stress eﬀects for low amplitude initial forcing waves although, as the amplitude of the incident wave
rises, they reach a similar order of magnitude

−

the current method has limitations, particularly with regards to green
water and to bottom emergence, which have proved challenging to resolve
and limit the size of waves for which the wave–body interaction may be
modelled. It may be possible to incorporate recent techniques in a multiple
regime setting within our current framework. This would require a subsequent substantial investigation

−

it is straightforward to implement certain other useful extensions that may
be theoretically diﬃcult or computationally infeasible using other
approaches. We have shown results for a cracking beam and for multiple
beams as cases in point. Both models have provided interesting data that
has considerable scope for further investigation

Conclusions
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−

we have developed a 1D/2D model, which may be extended using standard
methods to a 2D/3D model. This is considerably more straightforward
using a Finite Element approach than it would be using popular contextspecialized techniques, such as frequency domain methods

−

we have provided extensive sensitivity testing, although this approach lacks
the type of full, rigorous numerical analysis that may be established for a
simpler model. Nonetheless, the current work is an important departure
point and we believe that the existence of a well-founded technique with a
sound investigation of numerical dependencies encourages the development
of such rigorous convergence and stability proofs

In summary, this framework has considerable scope for expansion and we have
already shown its usefulness in quantifying the value of diﬀerent nonlinear beam
models. We have found evidence that, in some contexts, standard small-deformation elasticity models are insuﬃcient. We have also shown that transient activity,
such as cracking, is modellable in this framework. More generally, we hope that
this will prove a fruitful basis from which to explore new aspects of the hydroelastic problem and to better understand the implications of ubiquitous modelling
assumptions.
In the future, using such a framework, it may be possible to simulate the
breaking of ice ﬂoes in extreme conditions using a variety of models, and so to
improve understanding of the physics of marginal ice zones. Further expansion of
such techniques into VLFS research is also recommended, to widen incorporation
of important real-world phenomena into the design process. However, work must
ﬁrst be done to understand and to alleviate some of the key limitations of these
techniques.
As noted by Korobkin et al. (2011), progress in hydroelasticity is dependent
on communication between computational modellers, mathematical theorists and
experimentalists, and it is in this spirit that we present a work that we believe has
relevance to all three.
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Appendix A
Algorithm outlines
This appendix provides an overview of the overarching ﬂuid-structure interaction
algorithms used in this project. Note that these algorithms are simpliﬁcations,
showing only the most important steps and amalgamating substeps to provide
useful synopses.
Flow control terms are emphasized in bold, e.g. If, Return. Procedures
described elsewhere in this appendix, or in other appendices, are in bold-italics,
e.g. normal derivative.
The following procedures are discussed elsewhere:
Smoothing. Chebyshev smoothing of the free surface is discussed in
Appendix C
Mesh deformation. The movement of the mesh at a given time according to
the free surface is discussed in Appendix D. Skewing of the mesh, for the
sliding mesh case, is discussed below
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A.1 Standard mesh
Overarching ﬂuid-structure interaction algorithm (for the initial proﬁle forcing case)
Algorithm A.1
Set ζ = ζinit
Set ζ−i, ϕ −i, i = 1, , 4 to ζinit, 0, respectively
While t < T :
∆t
ζ = ζ−1 + 24 [55 ζ˙ − 59 ζ˙−1 + 19 ζ˙−2 + 10 ζ˙−3]
Correction loop :
Move mesh
ϕ̇ = −g ζ
∆t
ϕ = ϕ−1 + 24 [9 ϕ̇ + 24 ϕ̇ −1 − 5 ϕ̇−2 + ϕ̇−3]
Solve for φ
Extract the normal derivative, φn
Solve for Φ
ζ˙ = φn
∆t
Update ζ = ζ−1 + 24 [9 ζ˙ + 24 ζ˙−1 − 5 ζ˙−2 + ζ˙−3]
If this time loop counter is 0 mod 5
then smooth the free surface displacement

A.1.1 Normal derivative

Algorithm to evaluate φn at a point p = (x, ζ(x)) on the free surface
Algorithm A.2
Obtain approximations for ζx, ϕx by central diﬀerence (or one-directional diﬀerence for x
very near the domain or beam walls)
1
(−ζx , 1)
Let n = p
2
1 + ζx

Let the interior evaluation point q = p − n ∆z for a numerical parameter ∆z
If q not beneath the free surface (i.e. q1 ∈ dom (ζ))
then
∆z
φ(p) − φ(q)
p
Let q = p − p
(0, 1); φz =
2
2
1 + ζx
ζx2) φz

∆z

Return (1 +
− ϕx ζx
else
Return (1 + ζx2) (φ(p) − φ(q))/∆z

1 + ζx
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A.2 Sliding mesh
The overarching ﬂuid-structure interaction algorithm for the sliding mesh problem. The lines
in grey are those steps solely executed during “beam peeling”, the process of separating the top
of the centre mesh into free surface and beam components to allow the free surface to spread
under the beam. While we have not used this portion of the algorithm for our presented
results, it is discussed in Chapter 3 and is consequently included here.
Algorithm A.3
Create mesh from GMSH description
Identify 1D subdomains and build meshes, function spaces and maps to 2D space from
these
Initialize the beam
Set ζ = ζinit
Set ζ−i, ϕ −i, i = 1, , 4 to ζinit, 0, respectively
Move mesh to ζ0
While t < T :
∆t
Predict ζ = ζ−1 + 24 [55 ζ˙ − 59 ζ˙−1 + 19 ζ˙−2 + 10 ζ˙−3]
Build solver
Predict ϕ
Correction loop :
Adjust the meshes
Build Poisson solver
Set ϕ̇ = −g ζ
If ﬁrst timestep,
then set ϕ̇−i = ϕ̇ , for i = 1, , 4
∆t
ϕ = ϕ−1 + 24 [9 ϕ̇ + 24 ϕ̇ −1 − 5 ϕ̇−2 + ϕ̇−3]
Solve for φ
Solve for φfs, where we assume the entire beam domain is free surface
Solve for Φ
Extract the normal derivative, φn from φ and set ζ˙ = φn
Extract the normal derivative, φfs,n from φfs and set ζ˙fs = φfs,n
∆t
Update ζ = ζ−1 + 24 [9 ζ˙ + 24 ζ˙−1 − 5 ζ˙−2 + ζ˙−3]
∆t
Set ζfs = ζ−1 +
[9 ζ˙fs + 24 ζ˙−1 − 5 ζ˙−2 + ζ˙−3]
24

Under the beam, deﬁne ζnew(x) =



ζ(x) where x is in (underbeam) FS and ζ(x) < w(x)
w(x) otherwise

Calculate the pressure on the underside of the beam from φ̇ and ζ
Compute corresponding beam motion
Identify free surface under beam as region where ζfs < w
Update 1D variables for next timestep (ζ −1 ζ−2, etc.)
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A.2.1 Mesh adjustment
Algorithm A.4
Move meshes from ζold to ζ
Identify the four corners on the ﬂuid-structure boundary
If the gap along a vertical wall is small,
then match ζ , ζ−1, ϕ, ϕ−1, ϕ̇ −i, i ∈ 0, 4 on either side
Set ζold to be ζ
If FS at LHS of beam is above the beam,
then skew left mesh appropriately
else skew middle mesh appropriately
If FS at RHS of beam is above the beam,
then skew right mesh appropriately
else skew middle mesh appropriately

A.2.1.1 Skew
This is the process of skewing two neighbouring meshes such that the bottom and top of the
intersecting vertical boundary have nodes in both meshes. This will be true automatically for
whichever mesh has a lower top boundary (call this Mesh A), as the bottom of the intersection
is the bottom corner of both meshes, and the top of the intersection (call this point P ) will be
the top corner of the lower mesh. Call the other mesh Mesh B.
Algorithm A.5
Find the nearest node to P on the boundary of Mesh B; call it Q
Vertically scale those points that are directly above Q linearly, such that the top corner
of Mesh B is unmoved and Q is moved to P
Vertically scale those points that are directly below Q linearly, such that the bottom
corner of Mesh B is unmoved and Q is (still) moved to P
For a point R within a chosen horizontal distance of the boundary, ǫskew, calculate a
vertical skew distance by scaling the linear functions on the boundary to the top
and bottom of the mesh above and below R, respectively. Multiply this by a
factor of (1 − |R1 − P1|/ǫskew)

A.2.2 Normal derivative
Same process as for the non-sliding case (Algorithm A.1.1)

Appendix B
Beam finite element derivations
B.1 Mixed Euler-Bernoulli formulation
We derive the Euler-Lagrange equations for the mixed Discontinuous Galerkin
Euler-Bernoulli beam. Engel et al. (2002) conﬁrm such a derivation for the
unmixed case, along with proofs of convergence, stability and coercivity for that
formulation. However, we have adopted the dislocation potential approach given
by Altay and Dökmeci (1996) in a diﬀerent context. This allows us to derive the
same variational form as Engel et al. by applying Hamilton’s Principle to a constrained system, so providing a physical basis for the additional jump terms.
While we do not prove the convergence properties of this formulation, we have
obtained stable sensitivity results, as shown in the previous chapters. This is suﬃcient for our purposes, demonstrating the eﬀectiveness of these models, but the
appropriate numerical analysis proofs would be an important part of any future
mathematical development.
To derive a mixed formulation, we include the deﬁnition equation of M , that
is M = −E I wxx, as an extra term in the Lagrangian by producting it with a
Lagrange multiplier, µ. For clarity, we neglect Poisson’s ratio in this section, but
1
it may be reintroduced simply as a 1 − ν 2 coeﬃcient of each E term.
If we know w and M are only piecewise smooth, then we may follow the same
procedure as for a globally smooth case but require additional Lagrange multipliers at the nodes. These are called the dislocation potentials and are equivalent
to the statement that any energy minimizing solution fulﬁls certain, to-be-speciﬁed continuity requirements. In practice, we ﬁnd if w and M are a priori continuous, then we obtain all of our necessary smoothness requirements in the EulerLagrange equations by enforcing only continuity of the slope, wx. Note that, if we
do not include this requirement, or attempt to include additional continuity
requirements through dislocation potentials, we leave the resulting Finite Element
problem under-deﬁned or the additional Lagrange terms will cancel out, being
automatically satisﬁed.
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Together, this gives us the following energy functional,

0 = π =

Z

T

0

(

−U + K +

Z

r

[F w + µ (M + E I wxx)] dx +
l

n−1
X
i=1

(B.1)

)

λi JHiK dt,

where U is the elastic potential energy, K is the kinetic energy, F is the external
vertical forcing, M is the bending moment, w is the vertical deﬂection, E is
Young’s modulus, I is the second moment of area, µ is the Lagrange multiplier for
the bending moment deﬁnition, λi are the nodal continuity Lagrange multipliers
and Hi are as yet unspeciﬁed jump terms. Poisson’s eﬀect is neglected for simplicity of exposition.
We then take variations with respect to w, M and the Lagrange multipliers,
0 = δπ =

Z

T
0

+
+

Z


−δ U + δ K

r

l
n−1
X
i=1

[F δw + δµ (M + E I wxx) + µ (δM + E I δwxx)] dx
)

(B.2)

(λi JδHiK + δλi JHiK) dt.

The potential energy in an Euler-Bernoulli beam, as shown in Chapter 5 is,
1
U =
2

Z

r

l

1
= −
2

Z

h/2

Z

σ11 ε11 dzdx

−h/2
r

M wxx dx,

l
1

2
where the ﬁnal term may be equivalently written 2 E I wxx
, though the beneﬁts of
the given formulation will become apparent as we progress. The kinetic energy is,

1
K =
2

Z

r

ρb h ẇ 2 dx.
l

Substituting this into Equation B.2 gives,
0 = δπ =

Z

T

Z

r

1
[ (wxx δM + M δwxx) + ρb h ẇ δ ẇ
2
l
0
+F δw + δµ (M + E I wxx) )
+ µ (δM + E I δwxx)]dx
n−1
X
+
(λi JδHiK + δλi JHiK) dt.
i=1

(B.3)

B.1 Mixed Euler-Bernoulli formulation
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We equate coeﬃcients of δM to ﬁnd,
1
wxx + µ
2
1
µ = − wxx.
2
0 =

⇒

If we use this as it is, our M terms will cancel, leaving us with the same single
variable equation as we would have derived without the additional bending
moment variable. If, however, we use our knowledge that any valid solution must
1
have M = −E I wxx, we may substitute the equivalent expression µ = 2 E I M . This
retains M and gives us a mixed formulation such that any solution satisﬁes all of
our requirements.
Updating the variational equation (Equation B.3) accordingly,

Z T Z r 
1
0 =
wxx δM + M δwxx + ρb h ẇ δ ẇ + F δw +
M δM dx
EI
0
l
)
n−1
X
+
(λi JδHiK + δλi JHiK) dt.
i=1

Thus far, we have not needed to concern ourselves with the internal discontinuities. However, we will now integrate by parts, which will introduce contributions
along those boundaries. While the jumps of M and w, and their variations, will
be zero along these boundaries, we leave them in the formulation for clarity in the
subsequent section.
We begin by integrating the ﬁrst δwxx term and the δ ẇ term,

Z T Z r 
1
wxx δM − Mx δwx − ρb h ẅ δw + F δw +
M δM dx
0 =
EI
l
0
n−1
X
+[M δwx]rl +
(λi JδHiK + δλi )
i=1
)
n−1
X
+
hMi i Jδwx,iK + hδwx,i i JMiK dt,
(B.4)
i=1

noting that, under Hamilton’s Principle, the variations vanish at t = 0, T . This
equation will be useful for establishing the Finite Element formulation, but for
now we continue by repeating the integration by parts,

Z T Z r 
1
wxx δM + Mxx δw − ρb h ẅ δw + F δw +
0 =
M δM dx
EI
l
0
n−1
X
r
+[M δwx − Mx δw]l +
(λi JδHiK + δλi JHiK)
i=1
)
n−1
X
+
(hMi i Jδwx,iK + hδwx,i i JMiK − hδwi i JMx,iK) dt,
(B.5)
i=1
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where a zero jump contribution from JδwiK has been omitted. It is now possible to
read oﬀ the Euler-Lagrange equations as coeﬃcients of the independent variational terms,
Internal
δM
δw
External Boundaries

Internal Boundaries

1
M
EI
: 0 = Mxx − ρb h ẅ + F

: 0 = wxx +

δw|x=l,r : 0 = Mx |x=l,r
δwx |x=l,r : 0 = M |x=l,r
δλi
hδwi i
hδwx,i i
JδHiK
Jδwx,iK

:
:
:
:
:

0
0
0
0
0

=
=
=
=
=

JHiK
JMx,iK
JMiK
λi
hMi i

We must now choose expressions for the Hi. To avoid the average of Mi vanishing
on the internal boundaries, we must annul the Jδ wx,iK contribution. In doing so,
we achieve continuity of the slope. This may be achieved by a suitable choice of
Hi and λi,
λi = −hMi i
Hi = wx,i
We may now state the full Euler-Lagrange equations,
Internal
δM
δw
External Boundaries

Internal Boundaries

1
M
EI
: 0 = Mxx − ρb h ẅ + F
: 0 = wxx +

δw|x=l,r : 0 = Mx |x=l,r
δwx |x=l,r : 0 = M |x=l,r
h δMi i
hδwx,i i
h δwi i

: 0 = Jwx,iK
: 0 = JMiK
: 0 = JMx,iK

Using these expressions for λi and Hi, the energy functional becomes,

Z T Z r 
1
0 =
wxx δM + M δwxx + ρb h ẇ δ ẇ + F δw +
M δM dx
EI
0
l
)
n−1
X
−
(hMi i Jδwx,iK + hδMi i Jwx,iK) dt.
i=1

B.2 Euler-Bernoulli cracked beam
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It is convenient for our Finite Element formulation to remove the second order
derivatives, and so we integrate the two such terms by parts,

Z T Z r 
1
−wx δMx − Mx δwx + ρb h ẇ δ ẇ + F δw +
0 =
M δM dx
(B.6)
EI
l
0
)
n−1
X
+[wx δM + M δwx]rl +
(hδwx,i i JMiK + hwx,i i JδMiK) dt.
i=1

If we choose M in a space of continuous functions, then we obtain,

Z T Z r 
1
−wx δMx − Mx δwx + ρb h ẇ δ ẇ + F δw +
0 =
M δM dx
EI
l
0

r
+ [wx δM + M δwx]l dt,

which conveniently lacks any internal jumps. If instead we wish to solve for w
alone, then substituting M = −E I wxx into Equation B.6 will give us a simpler
formulation, where the integrated δ M = δ wxx terms cancel but the jump terms
remain. This recovers the formulation of Engel et al. (2002). Note that, to maintain stability, interior penalty terms of the form K Jwx,iK Jδwx,iK must be added,
where K is a suﬃciently large constant for a given mesh resolution.

B.2 Euler-Bernoulli cracked beam
We may adjust the variational form described above to allow hinge type cracks in
the beam. These are deﬁned as nodes where the beam can freely bend with no
requirement on the continuity of slope. As explained below, this involves the same
number of criteria to be achieved as is required at any other node, although the
speciﬁc continuity requirements are not the same.
We have not been able to derive a suitable modiﬁed Lagrangian with dislocation potentials for the cracked beam, as the additional terms that appear in the
variational form do not have simple anti-derivatives. Nonetheless, we may choose
a variational form that is compatible with the Euler-Lagrange equations, as
Engel et al. (2002) do in the uncracked case, by modifying the formulation above.
For suﬃciently large interior penalty terms, we obtain reasonable, converged
results.
As in Chapter 7, we take Σ = {xik } to be the set of beam nodes where there
are hinge cracks. Where there is a hinge crack, we require that the bending
moment vanishes, the shear force on the left is the negative of that on the right
(that is the average vanishes, such that the shear force cancels across the crack),
the deﬂection is continuous and no requirements are placed on the slope. Where
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there is no hinge crack, we require continuity of all four with no vanishing averages (as in the previous section).
Thus, the requirements may be written,
For internal boundaries xi ∈ Σ

For internal boundaries xi  Σ

wi+ = wi−
Mi± = 0
+
−
Mx,i
= −Mx,i
wi+
+
wx,i
Mi+
+
Mx,i

=
=
=
=

wi−
−
wx,i
Mi−
−
Mx,i

Equivalently,
For internal boundaries xi ∈ Σ

For internal boundaries xi  Σ

JwiK
JM K
h Mi i
h Mx,i i

=
=
=
=

0
0
0
0

JwiK
Jwx,iK
JMiK
JMx,iK

=
=
=
=

0
0
0
0

We note that, between the displacement and shear force, and separately between
the bending moment and slope, it appears possible to swap continuity and
average conditions as necessary at an internal boundary. This forms an analogy
with the requirement that Euler-Bernoulli (external) boundary conditions must be
applied to the displacement or shear force, and separately, to the bending
moment or slope.
We will show that this set of requirements is equivalent to the following variational formulation, an extension of Equation B.6,
0 =

Z

T

Z r 

+

X

0

l

xi ∈Σ

"


1
M δM dx
−wx δMx − Mx δwx − ρb h ẅ δw + F δw +
EI

hδwi i JMx,iK + JδMiK hwx,i i + Jwx,iK hδMi i

+ JδMiK hMi i + JMiK hδMi i + K1 Jδwx,iK JMx,iK + K2 JδMiK JMiK

+

X

xi  Σ



[JδMiK hwx,i i + hδwx,i i JMiK + K2 JδMiK JMiK + K3 Jδwx,iK Jwx,iK]
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+ [wx δM ]rl + K4 [M δM ]rl



dt,
(B.7)

where K1, , K4 are suﬃciently large interior penalty terms, determined experimentally. Integrating the ﬁrst two terms by parts gives,

Z T Z r 
1
wxx δM + Mxx δw − ρb h ẅ δw + F δw +
M δM dx
EI
0X l
[JδMiK hMi i + JMiK hδMi i + K1 Jδwx,iK JMx,iK + K2 JδMiK JMiK]
+
xX
i ∈Σ
+
[hδwx,i i JMiK − Jwx,iK hδMi i − hδwi i JMx,iK + K2 JδMiK JMiK + K3 Jδwx,iK Jwx,iK]
xi  Σ

+[wx δM ]rl + K4 [M δM ]rl } dt
= 0.

In the present formulation, the ﬁrst of each set, wi+ = wi− is satisﬁed by our
choice of space, so we may omit them from the Euler-Lagrange equations. The
remaining equations may be stated as follows,
Internal
δM
δw
External Boundaries

1
M
EI
: 0 = Mxx − ρb h ẅ + F

: 0 = wxx +

δw|x=l,r : 0 = Mx |x=l,r
δM |x=l,r : 0 = M |x=l,r

Internal Boundaries
xi ∈ Σ

xi  Σ

JδwiK
hδMi i
JδMiK

hδwi i
hδMi i

: 0 = hMx,i i
: 0 = JMiK
: 0 = hMi i
: 0 = JMx,iK
: 0 = Jwx,iK

We must use the variational formulation to enforce only the remaining conditions. We adapt the ﬁnal variational form from the Euler-Bernoulli mixed derivation,

Z T Z r 
1
wxx δM + Mxx δw − ρb h ẅ δw + F δw +
0 =
M δM dx
EI
l
0
+[M δwx − Mx δw]rl
X
(v1hMi i + hδwx,i i JMiK − v2 hMx,i i)
+
i∈ik

+

X
i  ik

)
(hδMi i Jwx,iK + h δwx,i i JMiK − h δwi i JMx,iK) dt,
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where v1 and v2 are suitable variationals.

Z T Z r 
1
−wx δMx − Mx δwx − ρb h ẅ δw + F δw +
0 =
M δM dx
EI
l"
0
X
hδwi i JMx,iK + JδMiK hwx,i i + Jwx,iK hδMi i
+
xi ∈Σ

+ JδMiK hMi i + JMiK hδMi i + K1 Jδwx,iK JMx,iK + K2 JδMiK JMiK
+

X

xi  Σ

[JδMiK hwx,i i + K2 JδMiK JMiK + K3 Jδwx,iK Jwx,iK]

+ [wx δM ]rl + K4 [M δM ]rl



dt.

(B.8)

B.3 Heyliger-Reddy beam
We show that solving the following variational formulation for continuous, piecewise smooth functions u, w, M , ψ is equivalent to solving the Heyliger-Reddy
Euler-Lagrange equations,

Z T Z r 
1
0 =
−Mx δwx − ρb h ẅ δw + F δw +
M δM dx
EI
0

 

Z r l
8
1 2
+
E h wx u x + wx
−
G h (ψ + wx) δwx dx
15
2
l 


Z r
16
1
δwx dx
ẅx −
ψ̈
ρb I
−
105
21
l 



Z r
1 2
ρb h ü δu + E h ux + wx δux dx
+
2
l 


Z r
16
68
ψx −
wxx δψx dx
EI
+
105
105
l 



Z r
68
16
8
EI
+
ψ̈ −
ẇx + G h (ψ + wx) δψ dx
105
105
15
l 



Z r
16
1
wx −
ψ δMx dx
M δM −
+
105
21
l
)
n−1
X
+
[K1 Jδwx,iK Jwx,iK + K2 Jδψx,iK Jψx,iK + K3 JδMx,iK JMx,iK] dt,
i=1

(B.9)

where w is the vertical deﬂection, u is the horizontal deﬂection, M is a convenience variable, ψ is the rotation of a cross-section through the mid-line, K1, ,
K4 are constants, E is the Young’s modulus, I is the second moment of area and
h is the beam thickness. Note that M is not the bending moment of the HeyligerReddy beam.

B.3 Heyliger-Reddy beam
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Integrating by parts, we ﬁnd,

Z T Z r 
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0 =
M δM dx
Mxx δw − ρb h ẅ δw + F δw +
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0
l
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Beam finite element derivations

Matching the coeﬃcients of the variationals in the discontinuity terms in
16
1
Equation B.1, and substituting M = E I 21 wxx − 105 ψx for convenience, we ﬁnd
that the complete set of Euler-Lagrange equations are as follows:
For x ∈ [l, r],

1 2
= ρ h ü
E h ux + wx
2
x
 



1 2
1
16
8
E h wx u x + wx
−EI
wxxxx −
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2
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15
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1
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21




16
8
16
68
68
EI
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wxxx −
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15
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The natural boundary conditions at x = l, r are,

1 2
E h u x + wx = 0
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15
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(B.12)

The internal boundary conditions are,
{
s
1 2
E h ui,x + wi,x = 0
2
s
{
s
{
1 2
16
1
8
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We have omitted the jump condition on M , as this is not automatically ful16
68
ﬁlled for 105 ψx − 105 wxx. Aside from the jump conditions, this is the same set of
Euler-Lagrange equations as established for the Heyliger-Reddy beam in Chapter
5. While we have it is possible to establish the Heyliger-Reddy formulation using
dislocation potentials and three variables (u, w, ψ), the resulting formulation was
unstable when used for Finite Element solution. After a signiﬁcant amount of
experimentation, the preceding formulation of the equations was chosen as it provided the most reliable and stable solutions.

Appendix C
Chebyshev smoothing
The basic form of ﬁve-point Chebyshev smoothing for the hydroelastic problem
was introduced by Longuet-Higgins and Cokelet (1976). For their implementation,
the nodes of the free surface had to be equidistant. Instead, we have used the
more technically involved approach of Koo and Kim (2004), where nodes may
have any spacing. As we use a quadratic 1D mesh along the free surface, we ﬁrst
project our values for ζ onto a double-resolution mesh, say P ∗, which will provide
a new vertex at each former interpolation point (so avoiding loss of information).
Once we have executed our smoothing procedure as normal on this denser mesh,
we lift the values for ζ to the quadratic mesh. For the remainder of this appendix,
we assume that this projection has been made and, moreover, that the nodes of
the mesh are sorted in order of increasing xi. Note that the free surface will be
split into m + 1 disconnected components for m, the number of beams (i.e. two
components in the standard, single beam case).
The process employed by Longuet-Higgins and Cokelet is simplest to concisely
describe. Suppose a function deﬁned about a point x j has oscillations of period
2 ∆ x, that is, sawtooth oscillations on a uniformly distributed mesh. If we suppose that this function is smooth over xk for even k, and smooth over xk for odd
k, it may be separated into two smooth parts, linked by an oscillating factor,
ζ j (x) = [a0 + a1 (x − x j ) + a2 (x − x j )2 +

] + (−1)k− j [b0 + b1 (x − x j ) +

],

for constants al, bl and x near xk. If we truncate the expansions at the quadratic
terms, we can ﬁnd al, bl such that the approximation matches ζ j (x) at x j and two
points on either side (a total of ﬁve). Dropping the oscillating component gives,
ζˆj (x) = a0 + a1 (x − x j ) + a2 (x − x j )2,
which is a smoothed approximation of ζ j .
We describe the process of updating the value of ζi = ζ(xi) to ζˆi for a non-constant internode separation in Algorithm C.6. This algorithm establishes an appropriate quadratic function to approximate a new smooth function around a point
x j . Away from the boundaries of (simply connected) components of the mesh,
x j = xi and the a0 that is obtained in the process of generating a quadratic representation is itself the new value at the node. Note that, strictly, it is unnecessary
to evaluate a1 and a2 in a given loop iteration when x j = xi. By setting ∆ xk =
(k − j) ∆x, the method of Longuet-Higgins and Cokelet (1976) may be recovered.
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Algorithm C.6
For xi ∈ P,
Let Pi∗ be the connected component of P ∗ that contains xi
[Picking a centre node, x j ]
If xi−1  Pi∗
then j = i + 2
else if xi−2  Pi∗
then j = i + 1
If xi+1  Pi∗
then j = i − 2
else if xi+2  Pi∗
then j = i − 1
[Defining nodal distances around the centre node]
Let ∆xk = x j +k − x j for k = −2, −1, 0, 1, 2
[Deriving a polynomial representation]
a0

6

a1

6

a2

6



∆x j −1 ∆x j +1
∆x j +1
1 ∆x j −1 ∆x j +1
ζ j −2 −
ζ j −1 +
+ 1 ζj
2 ∆x j −2 (∆x j +2 − ∆x j −2)
2 (∆x j −1 − ∆x j +1)
2 ∆x j −2 ∆x j +2
∆x j −1 ∆x j +1
∆x j −1
ζ j+1 +
ζ j+2
+
2 ∆x j +2 (∆x j +2 − ∆x j −2)
2 (∆x j −1 − ∆x j+1)
∆x j+2 + ∆x j +1 + ∆x j −1
1
ζ j −2 −
ζ j −1
2 ∆x j −2 (∆x j +2 − ∆x j −2)
2 (∆x j +1 − ∆x j −1)
∆x j+2 + ∆x j +1 + ∆x j −1
ζj
−
2 ∆x j −2 ∆x j +2
∆x j+1 + ∆x j −1 + ∆x j −2
1
ζ j+1 −
ζ j+2
+
2 ∆x j +2 (∆x j +2 − ∆x j −2)
2 (∆x j+1 − ∆x j −1)
1
1
1
−
f j −2 +
fj +
f j +2
∆x j −2 (∆x j +2 − ∆x j −2)
∆x j −2 ∆x j +2
∆x j +2 (∆x j +2 − ∆x j −2)

[Extrapolating a new nodal value]
Let f j (x) = a0 + a1 (x − x j ) + a2 (x − x j )2
ζˆi = f j (xi)
(Koo and Kim, 2004)

Flow control directives are emphasized in bold, e.g. If, For. Comments are
italicized inside square brackets.

Appendix D
Deformation algorithm
Under the semi-Lagrangian formulation that we have used, we only move mesh
points along a vertical line from their original location.
To update an internal point in the Finite Element mesh after an adjustment of
the free surface and beam(s), we deﬁne a number of control points and use a
Lagrange polynomial to generate a deﬂection for the internal point based on their
motion and the distance of the point to each. For a point under the free surface,
its four control points are the point on the free surface directly above it, the point
on the bottom directly below it and the points on the near submerged corners of
the beams on either side (or corner of the free surface at a wall, if appropriate).
This is illustrated in Figure D.1 for points in regions 1 and 3 . For a point under
a beam, its four control points are the point on the beam directly above it, the
point on the bottom directly below it and the intersections of the beam and the
free surface on either side. This is illustrated in the same ﬁgure for a point in
region 2 .
This approach has several beneﬁts,
−

as the beams and the gaps between beams increase, the jump in deﬂection
along a region interface reduces, since the three dominating control points
for a point on that boundary will be the same when the point is considered
as lying in either region

−

no point is dependent on control points outside its region, which reduces
mesh disturbance in still areas and prevents behaviour in one part of the
mesh inducing cell bunching in another. Even in the same region, the
Lagrange polynomials reduce the inﬂuence of a single control point, or
pair, to reduce the number of cells experiencing bunching and help avoid
cross-over of internal cell boundaries

−

the deﬂection of points in the neighbourhood of a control point varies
smoothly around that point (except when crossing the internal boundary)

Supposing that, for a point P = (x, z), the (vertical) deﬂection of one of its
control points Ci is δi, the deﬂection of P is then deﬁned to be,
X Y |P − Ci |
δ =
δi
.
|C j − Ci |
i

i j
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Deformation algorithm

Note that the deﬂection is not necessarily taken with reference to the original
location of the point but may, for instance, be taken with reference to the previous timestep or correction iteration. As the Lagrange polynomial is nonlinear,
these approaches are not necessarily equivalent. However, after experimentation,
we have found that using the original location reduces bunching when the beam
edge control points become close. As the ﬂuid ﬁrst runs high up the side of the
beam, using the latter technique results in the nearby points following and since
the free surface plunges very close to the edge, points may be caught behind the
crashing wave, over-stretching cell boundaries near the beam corner.
For the sliding mesh, we have used a simpler algorithm. In all three meshes,
we linearly interpolate between the top deﬂection and the bottom to ﬁnd the
deﬂection of an internal point. Unlike the non-sliding mesh, we do not need to
have (approximate) continuity of deﬂection across the internal boundaries.

3

1
2
Figure D.1. Examples of control points that may be used in three diﬀerent parts of
the domain. The points are chosen such that the expressions on the internal boundaries
approximately match for neighbouring domains

Errata
1. An error in the length scaling of ü, the axial acceleration, has aﬀected the
results for the von Kármán and Heyliger-Reddy beams. Recent simulations
indicate an agreement to at least 3 s.f. of the included results.
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