Theoretical Study of the Trapped
Dipolar Bose Gas in the
Ultra-Cold Regime
Russell Bisset

a thesis submitted for the degree of

Doctor of Philosophy
at the University of Otago, Dunedin,
New Zealand.
August 22, 2013

ii

Abstract
The work of this thesis concerns the properties of a Bose gas of polarised
dipoles that have long-range and anisotropic interactions. Our work is divided into two parts. First, the stability of a dipolar Bose gas at finite
temperature (both above and below the critical Bose-Einstein condensation (BEC) temperature Tc ). Second, the fluctuations of a dipolar BEC
at zero and small finite temperature (T  Tc ) in a regime where rotonic

excitations emerge.

Part I
Stability of a Trapped Finite Temperature Dipolar Bose Gas:
Above Tc we implement a semiclassical Hartree-Fock theory and characterise the dependence of the stability boundary on temperature, trap geometry and the strength of the dipole-dipole interaction and contact interaction. We find that stability is greatly enhanced above Tc and that trap
geometry continues to play a key role. Furthermore, we find that for oblate
traps a novel double instability feature emerges.
To extend our stability analysis to the low temperature regime, T < Tc , we
develop a beyond semiclassical Hartree theory. We use this to characterise
the stability boundary as a function of geometry. Interestingly, we find
large beyond semiclassical effects above Tc for prolate trapping geometries.
We characterise thermal effects on biconcave condensate states.

Part II
Rotons and Fluctuations in a Trapped Dipolar Condensate:
To study density fluctuations we implement a numerical scheme to solve
the Gross-Pitaevskii equation and the Bogoliubov de Gennes equations.
We find that the phonon and roton gases spatially separate and we characterise the role of the anomalous density on the density fluctuations of the
thermally activated rotons. We develop a numerical scheme that calculates
number fluctuations within cells of various shapes and sizes, and find a
strong peak in the fluctuations when the cell size is around half the roton
wavelength, which should be detectable by current experiments. By tailoring the cell shape we predict that experiments should be able to detect the
iii

effects of individual roton modes.
For the study of zero temperature fluctuations we deploy the Gross-Pitaevskii
and Bogoliubov de Gennes equations to calculate the dynamic and static
structure factors for a highly oblate BEC. We find a clear signature of the
roton gas dispersion relation within the structure factors. This signature
should be detectible in current experiments using Bragg spectroscopy.
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Chapter 1
Introduction
1.1

Bose-Einstein Condensation

Early work by Satyendra Nath Bose and Albert Einstein in the 1920’s culminated in the
development of a new revolutionary field of physics, namely quantum statistics. Also
predicted was a new phase of matter - below a critical temperature Tc a macroscopic
number of bosons coalesce into the ground mode. This phase, later coined the BoseEinstein condensate (BEC), has special properties including off-diagonal long-range
order and superfluidity.
The dilute gas BEC was first confirmed experimentally in 1995 by remarkable experiments with rubidium [2] (see Fig. 1.1), lithium [3] and sodium [4], around 70 years
after the prediction by Bose and Einstein. The extraordinarily low temperatures required were achieved by a combination of laser cooling and subsequent evaporative
cooling [5–7]. The 1997 Nobel Prize in Physics was awarded to C. Cohen-Tannoudji, S
Chu and W. D. Phillips for their work in the development of laser cooling techniques.
Later, in 2001 the Nobel Prize for Physics was awarded to E. A. Cornell, C. E. Wieman
and W. Ketterle for the achievement and fundamental study of BEC.
Perhaps some may have marveled at these achievements as a curious novelty without
foreseeing the vast and seemingly ever expanding field that has subsequently blossomed.
Possible applications include metrology, ultra-precise clocks and quantum computing,
although the field is far too young to reliably predict the useful applications that will
emerge. An interesting analogy is to consider the laser which, first constructed decades
before being very useful, now seems indispensable and a ubiquitous part of our daily
lives.
BECs also provide platforms to test fundamental theories and to study fundamen1
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E. A. Cornell and C. E. Wieman: BEC in a dilute gas

FIG. 7. Three density distributions of the expanded clouds of rubidium atoms at three different temperatures. The appearance of
the condensate is apparent as the narrow feature in the middle image. On the far right, nearly all
87the atoms in the sample are in
the condensate. The original experimental data were two-dimensional black and white shadow images, but these images have been
converted to three dimensions and given false color density contours [Color].

Figure 1.1: The first gaseous BEC produced using

Rb atoms at

the NIST-JILA lab. The trapping potential was turned off and the

In the original TOP-trap apparatus we were able to
conferences, and the data were sufficient to convince the
BEC allowed to expand before imaging,
consequently these figures are
obtain so-called pure condensates of a few thousand atmost skeptical of them that we had truly observed BEC.
By pure condensates we meant that nearly all the
This consensus probably facilitated the rapid refereeing
representative of the initial velocityoms.
distribution.
From left to right
atoms were in the condensed fraction of the sample.
and publication of our results.

the temperatures are just above, at and just below the critical BEC
temperature Tc . The sharp peak to the right provides evidence of
BEC. (Copyright (2002) by The American Physical Society [1])

tal physics in clean and highly tunable systems. Among the numerous scientifically
interesting aspects are the analogues with cosmology, e.g. the Bosenova which is a
cold atoms analogue to the supernova [8], or the observation of Sakharov oscillations
after a dynamical quench of the inter-particle interactions [9]. Furthermore, pushing
FIG. 8. Looking down on the three images of Figure 7 (Anderson et al., 1995). The condensate in B and C is clearly elliptical in

dilute
gas
BEC’s towards strongly correlated regimes allows one to bridge the gap with
shape
[Color].
condensed
matter physics in a highly controllable manner, such condensed matter anaRev. Mod. Phys., Vol. 74, No. 3, July 2002
logues should prove insightful when probing outstanding condensed matter mysteries,
e.g. understanding high temperature superconductivity.
To date most BEC interactions between particles have been dominated by the swave contact interaction. In 1998, Ketterle’s group observed that the s-wave scattering
length can be tuned in sodium by using Feshbach resonances [10]. Today, tuning of the
2

contact interaction has become commonplace in BEC experiments, where even the sign
of the interatomic interaction can be flipped. A range of exotic long-range interactions
are possible and this area is receiving increasing interest. Long-range gravity analogues,
proposed for example by Ref. [11], are finally becoming a reality [12]. Laser induced
oscillating dipoles, predicted e.g. by Ref. [13, 14], have also very recently been created
[15]. In fact, it has been predicted that the shape of the long-range interaction may be
tailored. These potentials may be engineered by dressing rotational states of strongly
dipolar molecules with static and microwave fields [16–18].
The year 2005 saw the creation of the first

52

Cr BEC, remarkable as these atoms

possess strong permanent magnetic dipole moments [19, 20]. Quantum gases interacting via dipole-dipole interactions (DDI), with the dipoles polarised by an external field,
are said to be dipolar systems. Dipolar interactions produce rich new physics thanks
to the long-range and anisotropic nature of the DDI, hence it is not surprising that the
topic is developing into an important field in its own right [21]. There is even interest
in using dipolar particles as qubits for quantum computing [22].
Unfortunately, long-range and anisotropic interactions also make theoretical calculations difficult compared with the usual s-wave contact interactions, which can be
treated by a delta function psudopotential. As a consequence theoretical progress has
been slower, particularly at finite temperature. The dearth of finite temperature theoretical work motivates the main focus of this thesis, that is, the finite temperature
analysis of the dipolar Bose gas in the weakly interacting regime.

1.2

The Dipole-Dipole Interaction

The general dipole-dipole interaction between two ideal dipoles (see Fig. 1.2 (a)) takes
the form

where Cdd

Cdd (e1 · e2 )r2 − 3(e1 · r)(e2 · r)
Vdd (r) =
(1.1)
4π
r5
is either µ0 µ2 or d2 /0 for magnetic dipole momentum µ or electric dipole

moment d, respectively, and r is the vector joining the dipoles.
In this thesis however, we are interested in the polarised case, a situation where all
dipoles are aligned by an external magnetic or electric field, see Fig. 1.2 (b). The DDI
now takes the form

Cdd 1 − 3 cos2 θ
,
(1.2)
4π
r3
with θ being the angle between the polarising direction and r, while r ≡ |r|. In this
Vdd (r) =

form it is clear that the DDI is both long-ranged (1/r3 ) and anisotropic. In fact, the
3

T Lahaye et al

the same direction

,

(2.2)

of polarization and
main properties of
T Lahaye
T Lahaye
et alet al
3
ong-range (∼1/r ) Figure 1.2: Schematic of the dipole-dipole interaction (DDI). (a) Genthe
same
direction
nt
the same
direction
min(2.1)
and
(2.2), eral case: the dipoles are independently free to orient in any direction
es to
, isotropic contact specified by e1 and e2 . (b) Polarised case: the dipoles are uniformly
2
rticles
θ in ultra-cold oriented by an external field. The DDI is now determined by two
os
(2.2)
, ,
(2.2)
parameters only, the angle θ between the polarising direction and the

ion of polarization
articles
interactingandvector joining the dipoles r and by the magnitude of this vector, r.
ofwopolarization
and ( c IOP Publishing. Reproduced by permission of IOP Publishing.
main properties
s extensive
in the of
main
properties
of 3 )All rights reserved [21])
ts long-range
(∼1/r
ms
with long-range
3
ng-range
)
from (2.1)(∼1/r
and (2.2),
ot depend only on Figure 2. Two particles interacting via the dipole–dipole
nge,
isotropic
contact
m
(2.1)
and
particles.
It is(2.2),
easy interaction. (a) Non-polarized case; (b) polarized case; (c) two
n isotropic
particles incontact
ultra-cold polarized dipoles side by side repel each other (black arrows);
ining an extensive
behaviour(d)
of two
the DDI
is analogous
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of two barconfiguration
magnets. Asattract
shown in Fig. 1.3,
polarized
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‘head-to-tail’
ticles
in
ultra-cold
potential U (r )
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are(black
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inattract
the same
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(2.3)
and
eachscattering
other.
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Figure 1.4: Rosensweig instability (Copyright (2009) by Elsevier [23])
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dipole interaction is important. We also briefly review some of the experimental
progress that has been made in attaining and investigating these systems.

1.3.1

Electric Dipoles

Induced Dipoles
The electron cloud of neutral atoms is sensitive to an external electric field, and this
effect is quantitatively described by the electric polarisability. However, normally an
extremely strong DC electric field is required to produce even a modest dipole. It
was proposed by Refs. [13, 14] that applying an AC electric field, by irradiating a
gaseous BEC with an off-resonant laser, may feasibly produce a large dipole. For
AC fields, the polarizability is dependent on the frequency and may be enhanced by
many orders of magnitude due to virtual transitions to an excited state [13]. Note
that dynamically induced dipole-dipole interactions no longer take the simple form of
Eq. (1.2) or Eq. (1.1) and also contain components that decay more slowly than the
static 1/r3 .
Recently, large DDIs were induced in

87

Rb BEC by using a high finesse cavity

(Fabry-Perot resonantor) to enhance the AC field [15]. The atoms interact via a single
cavity mode - in this case the interaction potential does not decay with distance but
instead depends only on the position of the atom relative to the nodes and antinodes
of the cavity mode. In that remarkable experiment a roton-like mode was observed
to soften with increasing dipole strength, followed by a quantum phase transition to a
supersolid phase having a checkerboard pattern. In another recent experiment quasiresonant lasers were used to induce long-range interactions between atoms in an ultracold strontium gas. They provide evidence consistent with gravitational-like attractive
interactions in a one-dimensional geometry, however their experimental errors are too
large to precisely characterise the interaction behaviour [12].
Rydberg Atoms
These are highly excited atoms with at least one electron having a very large principle
quantum number n. The electron’s Kepler radius scales as n2 , for example an excited
atom with n = 137 has a radius ∼ 1µm, the resulting dipole-dipole interaction can

be enormous, scaling as n4 . Rydberg atoms are highly susceptible to external electric
7

and magnetic fields and may even influence each other via an extremely strong van der
Waals interaction that scales with n11 .
The dipole blockade of Rydberg excitations has been observed for a low temperature
cesium gas [24], a 87 Rb BEC [25] and a 2D mott-insulator phase of 87 Rb [26]. The idea
behind the dipole blockade is that an atom excited to a Rydberg state prevents similar
excitations of neighbouring atoms within a blockade radius, since a strong van der
Waals interaction shifts the neighbours off resonance. A difficulty of dealing with the
Rydberg atom is that the loosely bound electron is highly sensitive to ionisation and
the lifetime is extremely short. For an individual atom the lifetime scales as n−3 and for
dense samples it is significantly shorter [27], as a consequence the lifetime is typically
much smaller than any hydrodynamic timescale.
Polar Molecules
A heteronuclear diatomic molecule may possess a substantial dipole moment when in
a low rovibrational state. The electronegativities of the constituent atoms are required
to be unequal to produce a permanent dipole moment which must be oriented by an
externally applied electric field with strength ∼ 104 Vcm−1 . The polarising field is
necessary since the ground state is spherically symmetric and the permanent dipole
would otherwise average to zero. Under such conditions enormous dipole strengths

1

on the order of a Debye are possible, making ultra-cold polar molecules a kind of Holy
Grail for quantum gas physics.
These dipoles are large enough to reach the strongly interacting dipolar regime
[28, 29] where, for example, a quantum phase transition from superfluid to crystalline
phase is predicted [18]. As mentioned in Sec. 1.1 exotic long-range interaction potentials may in future be tailored by dressing rotational states of polar molecules with
microwave fields [16–18]. The dipole strength can be tuned to any smaller value simply
by decreasing the strength of the polarising electric field. While polar molecules will
almost certainly play a very large role in quantum gas physics in the future, experiments have yet to reach quantum degeneracy although the Jin and Ye groups are very
close, which we now discuss.
Table 1.1 summarises some of the main experimental progress to date, this list is by
no means complete and is only meant as an indication of the current progress. There
are two main approaches to produce quantum degenerate polar molecules, one is to
first produce a dual quantum degenerate gas of two species and then to convert these
1

Throughout this thesis I will interchangeably use the term ’dipole strength’ with ’dipole moment’.
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Table 1.1: Polar Molecule Experimental Progress
Group/Location

Molecule Species

JILA-Boulder

40

Progress/Notes

Refs.

K87 Rb (fermion) -rovibrational ground state -near Fermi

University of Tokyo

41

Innsbruck

133

temperature TF , i.e. T ≈ 1.4TF

K87 Rb (boson)
Cs87 Rb (boson)

[30–33]

-rovibrational ground state

[34]

-produced a dual-species BEC -weakly

[35–37]

bound molecules
Paris

6

Durham

133

JILA-Boulder

OH* (boson - hy-

-demonstrated evaporative cooling of [41]

droxyl radical)

molecules - not yet degenerate

London

Li40 K (boson)
Cs87 Rb (boson)

Imperial YbF

[38]

-produced a dual-species BEC

[39, 40]

-experiment

College
Garching-Munich

-molecules in an electronic excited state

under

construction

-building a stark decelerator
6

Li40 K (boson)

-Feshbach molecules close to degener- [42]
acy - both constituents fermionic

Freiburg

7

Li133 Cs (boson)

MIT

23

MIT

23

Yale

SrF

-rovibrational ground state

[43]

Na6 Li (fermion)

-ultra-cold Feshbach molecules

[44]

Na40 K (fermion)

-ultra-cold Feshbach molecules

[45]

-demonstration of molecule laser cool- [46, 47]
ing

Yale

133

Cs85 Rb (boson)

Hong Kong

23

Trento

23

Na K (fermion)

-experiment under construction

Florence

41

K87 Rb (boson)

-weakly bound

Innsbruck

88

Sr87 Rb (boson), -degenerate mixtures

84

Sr87 Rb (boson)

Na87 Rb (boson)

-vibronic ground state

[48]

-dual species BEC -found interspecies

[49–51]

Feshbach resonances
40

9

[52]
[53]

into degenerate molecules. To date some of the best advances with this approach have
been made, for example, by the Jin and Ye groups at JILA-Boulder [30–32]. In these
experiments they begin with a near quantum degenerate mixture of fermionic
bosonic

87

40

K and

Rb atoms. A Fano-Feshbach resonance is used to produce loosely bound

heteronuclear molecules. These are transferred to their rovibrational ground state using a single step of coherent two-photon Raman transfer, known as stimulated Raman
adiabatic passage (STIRAP). To date this approach has been the most successful with
the production of polar molecules in their rovibrational ground state with T ≈ 1.4TF ,
where TF is the Fermi temperature. Using a similar method, a group from the University of Tokyo have produced bosonic

41

K87 Rb molecules in their rovibrational ground

state, but these molecules are further from quantum degeneracy. One of the main difficulties with cooling these molecules further is 2-body losses due to instability against
atom exchange reactions e.g. KRb + KRb → K2 + Rb2 . The problem is exacerbated

greatly for bosons due to the larger densities required at degeneracy, however, ultracold quantum gas chemistry is interesting its own right [33]. To avoid 2-body losses
due to chemical reactions many groups are attempting to cool heteronuclear molecules
that are chemically stable e.g. CsRb or NaK.
The other main approach is to produce the molecules at relatively high temperature
and then to cool these to degeneracy. Significant progress has been made very recently
by the Ye group at JILA-Boulder [41] using hydroxyl radical molecules. The general
idea of their scheme is, first to convert thermal energy to kinetic energy by supersonic
expansion of the molecular gas through a pulsed valve, the kinetic energy is then
removed by a Stark decelerator and the gas is loaded into a magnetic trap. They
then perform microwave-forced evaporative cooling of the molecules down to 5.1mK,
speculating that much colder temperatures are possible and the quantum degenerate
regime may be within reach. Their experiment is remarkable since evaporative cooling
of molecules has typically been unfavourable due to the small elastic-to-inelastic ratios
combined with slow thermalisation rates. Furthermore, hydroxyl radical is unstable to
the chemical process OH + OH → H2 O + O but nonetheless, the elastic collision rate
still exceeds the inelastic one. A group at the Imperial College of London have also
embarked on an analogous experimental procedure using YbF.
As experiments progress towards quantum degeneracy a further problem may arise
for particles with large dipoles, particular for dense BECs, namely 3-body losses which
scale as (Cdd )4 [54]. One strategy to reduce both 2-body and 3-body loses is to apply a strong trapping confinement in the direction of polarisation to limit the role of
10

attractive head-to-tail dipole-dipole interactions [32].

1.3.2

Magnetic Dipoles

Finally we come to the second class of dipolar particles, namely, the magnetic dipoles.
While degenerate polar molecules may be very highly sought after, it is the magnetic
dipoles that are the most important currently, owing to numerous and remarkable experimental successes. We briefly discussed ferrofluids in Sec. 1.2, however in this system
the warm dipolar particles are macroscopic and distinguishable, ruling out quantum
statistical phenomena. Identical atoms, on the other hand, are indistinguishable and
some species exhibit significant permanent magnetic dipoles due to numerous unpaired
electrons.
Experience with cooling atoms has grown considerably since the first BEC in 1995
and has allowed cooling of more complex atoms (having multiple unfilled electron shells)
where large magnetic moments may occur. The first strongly dipolar degenerate gas
was achieved in 2005 by the Pfau group [20], in a remarkable experiment creating a
BEC of highly magnetic

52

Cr atoms. More recently, atoms with even stronger dipoles

have been cooled to degeneracy and magnetic atoms have quickly become one of the
most (if not the most) important workhorses for studying long-range interactions in
ultra-cold gases. Throughout this thesis we will review some of the intriguing and
important discoveries, but first let us take a brief look at the three important dipolar
species that have successfully been brought to quantum degeneracy.

Chromium
Isotopes of chromium with zero nuclear spin, e.g.

52

Cr, have a ground state spin

quantum number of 3, giving these atoms an unusually large magnetic dipole moment
of 6µB , where µB is the Bohr magneton. Laser cooling techniques normally used
for cooling atoms are not suitable for chromium as the peak density is considerably
limited by excited state collisions. As a consequence novel cooling strategies had to
be developed by the Pfau group, requiring a complicated sequence of magneto-optical,
magnetic and optical trapping techniques. A further challenge to reaching the high
densities required for degeneracy is dipolar relaxation, a 2-body loss process where
the spin of one of the colliding atoms is flipped, converting between spin and orbital
angular momentum. This problem was overcome by optically pumping the atoms
into the lowest energy spin state, ms = −3, and controlling the Zeeman splitting to
11
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In 2008 a group in Paris also Bose condensed 52 Cr using an all-optical method [56].
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They studied the effect of DDIs on certain collective excitations [57] and investigated
the spontaneous demagnetisation of a dipolar spinor BEC [58]. More recently, the
Paris group performed Raman-Bragg spectroscopy and claimed to have demonstrated
a DDI related anisotropic speed of sound [59].
Rare Earth Metals
We now turn our attention to the very recent achievements of quantum degenerate
highly magnetic rare earth metals. Foundational work for trapping and cooling ytterbium to BEC in Kyoto [60, 61], as well as cooling erbium to T . 2µK at NIST
Gaithersburg [62, 63], paved the way towards quantum degeneracy for the rare earths.
Late 2011 saw the Lev group create the first dysprosium (164 Dy) BEC [64], these
atoms have a magnetic dipole moment of 10 µB , the largest of any atom and equalled
only by terbium. For more details on their experimental setup see [65]. Dysprosium’s
large magnetic dipole paves the way for the study of strongly correlated systems such
as quantum liquid crystal phases. Even more recently, in 2012, the Lev group produced
the first quantum degenerate fermi gas of

161

Dy [66]. The fermions were cooled both

by sympathetic cooling with a bosonic isotope and directly via evaporative cooling.
The isotope used for sympathetic cooling was
evaporative cooling of fermionic

161

162

Dy, another first for BEC. The direct

Dy could be the first signature for DDI mediated

thermalisation since, for spin-polarised ultra-cold fermions, s-wave scattering is absent.
Furthermore, the Lev group were able to produce a near quantum degenerate BoseFermi mixture, with the bosons at T /Tc ≈ 1 and for the fermions T /TF = 0.2. Other
cold-atoms groups are building experiments with dysprosium, for example the Simon
group at The University of Chicago (unpublished) and the Pfau group [67].
In 2012 the first erbium (168 Er) BEC was created at Innsbruck [68], erbium also
has a large magnetic dipole moment of 7µB . Cooling of a fermionic isotope is also in
progress [69].

1.3.3

Comparison of Dipoles

Fig. 1.6 is a timeline showing key milestones for the attainment of quantum degeneracy
for the various magnetic atoms (bottom) and progress towards degeneracy for polar
molecules (top). From 2005 to 2011 chromium was the only degenerate dipolar gas and
a number of important experiments were performed by the Stuttgart and Paris groups,
some of which we will review in chapter 2. Only in the last two years has there been
13

40K87Rb
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52Cr

52Cr
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BEC - Innsbruck

(degenerate Fermi gas) - Illinois

Figure 1.6: Experimental highlights. Polar molecules (top): JILA
[31], Tokyo [34]. Degenerate magnetic atoms (bottom) from left to
right: Stuttgart [20], Paris [56], Illinois (164 Dy) [64], Illinois (161 Dy)
[66], Innsbruck [68], Illinois (162 Dy) [66].

a string of success with erbium and dysprosium isotopes, magnetic atoms have quickly
become the dominant workhorse for dipolar physics.
In table 1.2 we compare the dipole moments of various magnetic atoms and the
KRb molecule; note that µB is the Bohr magneton and a0 is the Bohr radius. First,
note that the DDI is proportional to the product of two dipole moments and, when
comparing the DDI size to the contact interaction, the mass is important too. To see
this we follow Ref. [21] by defining the dipole length
add ≡

Species

Cdd m
,
12π~2

(1.7)

Table 1.2: Dipole Strengths
Dipole Moment add
as (s-wave scat- dd ≡ add /as
tering length)

Rb

1 µB

0.7 a0

100 a0

0.007

Cr

6 µB

16 a0

100 a0

0.16

Er

7 µB

67 a0

Dy

10 µB

130 a0

∼ 175 a0 [68]

∼ 0.38

KRb

0.6 Debye

3700 a0

∼ 100 a0

∼ 37

14

∼ 100 a0

∼ 1.3

a quantity that places the DDI on an equal footing with the s-wave scattering length
(see Sec. 2.3.1, particularly Eq. (2.26)). Next, define the ratio
dd ≡

add
.
as

(1.8)

The regime dd > 1 is said to be dipole dominated and a uniform dipolar Bose condensate satisfying this condition will be unstable to collapse, whereas 0 ≤ dd < 1 is stable
(see Sec. 2.4.2).

First in table 1.2 is Rb, one of the most widely utilised species of cold atoms, for
which the ratio is dd = 0.007, i.e. the DDI is less that 1% of the strength of the contact
interaction thus it is usually safe to neglect DDIs for Rb condensates. Chromium on
the other hand, has a relatively strong DDI at 16% of the contact interaction strength.
Note that this system has been brought into the dipole dominated regime by decreasing
the size of the contact interaction via a Feshbach resonance [70, 71]. Due to large
dipole moments and atomic masses both erbium and dysprosium are significantly more
dipolar than chromium, with dysprosium being dipole dominated without even tuning
the contact interaction. Note that Feshbach resonances at weak magnetic fields have
been found for erbium2 which makes control of as ‘very convenient and straightforward’
[68]. KRb molecules have a DDI at least an order of magnitude larger than that for Dy,
taking KRb deep into the dipole dominated regime. Dipole strengths as large as that
for KRb are typical for the kinds of diatomic polar molecules currently being trapped
and cooled in experiments.

1.4

Thesis Outline

• In this chapter we have introduced dipolar systems and discussed their physical
realisations in current and future experiments.

• In chapter 2 we review background material with a particular focus on the novel
effects that the DDI has on condensate structure, elementary excitations and
stability.
• In chapter 3 we outline some of the numerical techniques that are crucial to the

work throughout this thesis. We also outline how to solve the dipolar GrossPitaevskii equation (GPE) and the dipolar Bogoliubov de Gennes (BdG) equations that underlie our work in part II.

2

Six loss resonances have been found in the narrow magnetic field range up to three gauss [68].
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• Chapter 4, the first of our results chapters, describes our Hartree-Fock semiclassi-

cal theory and we show the results of its application above Tc to the investigation

of stability against mechanical collapse. The results of this chapter have been
published in Physical Review A as a Rapid Communication [72].
• In chapter 5 we extend our stability analysis to the intermediate temperature

regime 0 < T < Tc by developing a Hartree theory that includes beyond semiclassical effects. The results of this chapter have been published in Physical
Review A [73].

• In chapter 6 we apply the GPE and BdG equations to calculate fluctuations in the
low temperature dipolar BEC. We calculate the non-condensate and anomalous

densities, and characterise their roles for the density fluctuations of the system.
The results of this work are in a manuscript published in Physical Review A [74]
3

.

Also in chapter 6 we develop a numerical scheme to calculate atom number fluctuations within cells of various shapes and sizes. An article on this work has been
published in Physical Review Letters [76]. Furthermore, an article outlining our
numerical method for calculating number fluctuations is in preparation.
• Chapter 7 entails the application of the GPE and BdG to calculate the dynamic
and static structure factors. The results of our work in this chapter have been
published in Physical Review A as a Rapid Communication [75] 3 .
• We conclude with chapter 8 and also discuss future work.

3

Although I did not undertake the primary calculations reported in Refs. [74, 75] I was involved in

the development of the code, verification of calculations, discussion and interpretation of physics as
well as the writing of the manuscript.
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Chapter 2
Field Overview
2.1
2.1.1

Tuning Interactions
Particle Interaction Pseudo-Potentials

Van der Waals interactions are important for quantum gases of neutral particles. These
are short-ranged, typically decaying proportional to r−6 , and are isotropic for large
inter-particle separation, r. In the ultra-cold regime the two-body wavefunction describing binary collisions is slowly varying with position for large r but varies rapidly
when two particles near each other, thus making detailed calculations prohibitive. Fortunately, in this low energy regime with typical momentum of k  2π/RI , where RI

is the range of the interaction, and for low density n, i.e. n1/3 as  1,1 we do not
need to know the short range details: the precise form of the interaction potential is
unimportant as long as the asymptotic (large r) behaviour of the wavefunction, before
and after the collision, is correct.
For a central potential decaying proportional to r−n the scattering phase shift has
the following behaviour,
δl (k) ∝

(

k 2l+1 , l < (n − 3)/2
k n−2 ,

otherwise

,

(2.1)

where l = {0, 1, 2, ...} is the angular momentum quantum number. This feeds into the
scattering amplitude,

fscat (θ) =
1


1 X
(2l + 1) e2iδl − 1 Pl (cos θ)
2ik l

(2.2)

The diluteness condition is necessary so that it is unlikely more than two particles will interact

simultaneously.

17

with Pl being the Legendre polynomial and θ the scattering angle [77].
For the Van der Waals potential n = 6, therefore the s-wave (l = 0) contribution
to fscat (θ) is independent of k, the p-wave (l = 1) contribution is proportional k 2 and
for l > 1 it scales as k 3 . Hence, for low energy scattering, k → 0, only the s-wave
contribution is important justifying the introduction of the delta function pseudopotential (see Eq. (1.6)), [78–83]
Us (x1 − x2 ) =

4π~2 as
δ(x1 − x2 ),
m

(2.3)

parameterised by the s-wave scattering length as . Equation (2.3) enables calculations
that would otherwise be intractable however, caution should be taken since it is not
suitable to study correlations at length scales shorter than as .
The DDI is not considered short-ranged however since, with n = 3, the scattering
amplitude for partial waves of all orders is independent of k and all orders remain
important as k → 0, hence a delta function pseudo-potential is insufficient to describe
the DDI. It is not clear how to construct a pseudo-potential to simultaneously describe

both the Van der Waals and dipole-dipole interactions. Yi and You [84] validated
that, within the first order Born approximation and away from shape resonances, the
DDI pseudo-potential takes the same form as the DDI itself but with a DDI induced
modification of the s-wave scattering length. Thus gs , in the full pseudo-potential,
(Eq. (1.6))
U (x1 − x2 ) = gs δ(x1 − x2 ) +

Cdd 1 − 3 cos2 θ
,
4π
r3

(2.4)

is dependent on the DDI strength, Cdd .

2.1.2

Feshbach Resonance

Quantum gases are highly controllable systems and the level of control seems to be ever
increasing. The Feshbach resonance, predicted theoretically in 1976 [85], was observed
for the first time in 1998 by several groups using 23 Na [10], 85 Rb [86, 87] and 133 Cs [88].
The Feshbach resonance provides a control knob for the s-wave scattering length which
can be tuned larger or smaller than the background scattering length abg and can even
flip its sign 2 .
Figure 2.1 describes a simple model that illustrates a Feshbach resonance. The
general idea is that two atoms colliding in an open channel may resonantly couple with
a bound state of a closed channel, provided that the energy of the bound state Ec is
2

For a recent review of Feshbach resonances in ultra-cold gases see Ref. [89].
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close to that of the collision energy E. The channel is closed since the scattered particles
cannot occupy this channel due to the requirement of energy conservation. If the two
channels have different magnetic moments then an externally applied magnetic field
may be used to tune the bound state energy. The asymptotic behaviour of the collision
is very sensitive to this resonance and thus allows for the control of the scattering
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the two channels. The energy difference can be controlled via a magnetic field when the corresponding
magnetic moments are different. This leads to a magnetically tuned Feshbach resonance. The magnetic tun-
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dipolar effects in a quantum ga
described, with an emphasis o

is also applicable for electric dipoles. From now on we incorporate the tuning factor
into the DDI, i.e. γCdd → Cdd , and it should be obvious from the context if γ 6= 1.

Tuning the DDI to zero could be useful, for example, during time-of-flight so that

the in-situ momentum distribution can be inferred without converting DDI energy into
additional kinetic energy. Inverted dipoles, γ < 0, open a whole new class of system
where the number of attractive dimensions increases to two (the radial plane) and the
number of repulsive dimensions decreases to one (the axial direction). As a final note,
it has been reported that dipolar erbium has Feshbach resonances accessible to very low
magnetic fields [68]. This potentially makes erbium a candidate for the simultaneous
tuning of both the s-wave scattering length and the DDI, since the rotation of weak
fields is experimentally more feasible. However, simultaneous tuning has so far not
been explored.

2.2

Dipolar Condensate Structure

Here we investigate the density structures of the three-dimensionally trapped dipolar
BEC for various regimes and make comparisons, where appropriate, with the nondipolar case. We begin by introducing the dipolar (and non-dipolar) Gross-Pitaevskii
equations - indispensable tools for the study of ultra-cold Bose gases. We find that the
variety of solutions for the dipolar BEC is considerably richer than for the non-dipolar
case.

2.2.1

Gross-Pitaevskii Theory

Time-Dependent Gross-Pitaevskii Equation
A powerful approach for investigating the zero temperature limit is to solve the timedependent dipolar Gross-Pitaevskii equation DGPE [97],
i
∂ψ0 (x, t) h
i~
= Ĥ0 + gs n0 (x, t) + ΦD
(x,
t)
ψ0 (x, t),
(2.10)
0
∂t
with N0 being the condensate number, n0 ≡ N0 |ψ0 |2 where ψ0 is the condensate waveR
function normalised to unity, i.e. d3 x|ψ0 (x)|2 = 1, and recall that Ĥ0 is the single
particle Hamiltonian. The dipole-dipole contribution to the meanfield energy is
Z
D
Φ0 (x, t) = d3 x0 Udd (x − x0 )n0 (x0 , t).
(2.11)
Equation (2.11) is known as the direct dipolar potential which may be either: pre-

dominantly negative for prolate traps where the head-to-tail attractive interactions
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FIG. 2. (Color online) Direct and exchange energy versus temperature for a dipolar Fermi gas. Direct energy ED (solid) and exchange
energy EE (dashed). Aspect ratios λ = 0.1 (blue/dark grey lines), 1
(green/light grey lines) and 10 (red/grey lines). Interaction parameter
Dt = 1. Note that the ED and EE results for the λ = 1 case are
almost indistinguishable.
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We present results for these energies in Fig 2. We observe that the direct interaction energy is strongly effected by
the trap geometry, is significantly increased in magnitude in
highly anisotropic traps and can be both positive and negaTime-Independent
tive. TheGross-Pitaevskii
exchange interactionEquation
energy is only slightly affected

1
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is isotropic, however this could be c
to modify the effective mass in diff
extend our meanfield analysis to thi

For equilibrium stationary solutions of the form ψ0 (x, t) = ψ0 (x)e−iµt/~ the time dependence may be eliminated from Eq. (2.10) giving the time-independent DGPE,
h
i
D
µψ0 (x) = Ĥ0 + gs n0 (x) + Φ0 (x) ψ0 (x),
(2.12)
where µ is the chemical potential.
Gross-Pitaevskii Energy Functional
Equivalent to finding stationary solutions of time-independent DGPE, is to minimise
the Gross-Pitaevskii (GP) energy functional,


Z
gs n0 (x) ΦD
0 (x)
3
∗
E[ψ0 ] = d xψ0 (x) Ĥ0 +
+
ψ0 (x),
2
2

(2.13)

A common method for finding GP ground states is by propagating an initial state,
according to the DGPE (Eq. (2.10)), in imaginary time 3 . However, this method is
slow and the Bohn group [99], for example, instead employ a scheme that directly
minimises the GP energy functional (Eq. (2.13)) using a conjugate-gradient technique.
3

This is also a common method for solving the non-dipolar GPE (Eq. (2.14))
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The general idea of conjugate-gradient methods is to minimise the energy functional by
"successive line minimisations along optimally chosen directions" [100]. This method
is significantly more efficient than simply taking the path of steepest descent.

2.2.2

Thomas-Fermi Regime

Contact Interaction
The (non-dipolar) Gross-Pitaevskii equation (GPE) was derived independently in 1961
by Gross [101, 102] and Pitaevskii [103, 104] and has since become a well-established
tool for investigating BECs. The non-dipolar GPE is trivially related to the DGPE,
e.g. the time independent version takes the form (cf. Eq. (2.12))
µψ0 (x) =




~2 ∇2
−
+ Vtrap (x) + gs n0 (x) ψ0 (x).
2m

(2.14)

For large N0 the interaction energy may dominate the kinetic energy over much of the
condensate, i.e.
~2 ∇2
gs n0 (x)ψ0 
ψ0 ,
2m

(2.15)

and a reasonable approximation is to neglect the kinetic energy altogether. This is
known as the Thomas-Fermi approximation and has the analytic solution
n0 (x) =

(

[µ − Vtrap (x)]/gs , µ > Vtrap ,
0,

otherwise.

(2.16)

For the case of harmonic confinement,
Vtrap =

m 2 2
(ω x + ωy2 y 2 + ωz2 z 2 ),
2 x

(2.17)

the solution takes the form of a 3D inverted parabola with the width in each direction independently set by the corresponding trap frequency. The density profile of
Eq. (2.16) broadens as the repulsive interaction strength gs increases and, in general, is
considerably wider than the limit of a non-interacting condensate (harmonic oscillator
ground state),
nNI
0 (x) = N0

 mω 3/2
π~

h m
i
exp − (ωx x2 + ωy y 2 + ωz z 2 ,
~

with ω ≡ (ωx ωy ωz )1/3 being the geometric mean trap frequency.
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(2.18)

Dipolar Interaction
The dipole-dipole interaction is long-ranged and anisotropic so it is perhaps intuitively
unclear as to what shape the Thomas-Fermi ground state may take. Surprisingly, a
rather involved derivation by O’Dell et al. [105, 106] shows that the dipolar ThomasFermi solution also has inverse parabolic form,


15N0
x2
y2
z2
n0 (x) =
1− 2 − 2 − 2 ,
8πRx Ry Rz
Rx Ry Rz

(2.19)

but with an aspect ratio distorted by magnetostriction (or electrostriction).
Here we outline their result and demonstrate how to calculate the widths for the
cylindrically symmetric case, ωx = ωy ≡ ωρ and Rx = Ry ≡ Rρ , although this is not a
necessary restriction. Defining the condensate aspect ratio κ ≡ Rρ /Rz and trap aspect
ratio λ ≡ ωz /ωρ , the radial width takes the form,


 2
1/5
15gN0 κ
3 κ f (κ)
Rρ =
−1
,
1 + dd
4πmωρ2
2 1 − κ2
where,

(recall that dd

(2.20)

√
1 + 2κ2 3κ2 arctanh 1 − κ2
−
(2.21)
f (κ) =
1 − κ2
(1 − κ2 )3/2
is defined by Eq. (1.8)). Unlike the non-dipolar case, the value of κ

depends on the DDI strength (through dd ) and is obtained by numerically solving the
transcendental equation,




κ2 3dd f (κ) λ2
+ 1 − 2dd − 1 = dd − 1.
λ2 1 − κ2
2

2.2.3

(2.22)

Exotic Ground States

Theoretical works have found that for dipolar condensates the Thomas-Fermi approximation is often inappropriate. As will be discussed in Sec. 2.4 - if the DDI becomes
too large then the system will become unstable and collapse to a dense state, thus for
stable systems the kinetic energy remains an important consideration. A more realistic
approach is to solve the full DGPE which we outlined in Sec. 2.2.1. Several groups
have solved these equations in various regimes and here we briefly review some of the
findings.
Blood Cell
Interestingly, the Bohn group found that for certain regimes with cylindrical symmetry the ground state density resembles a red blood cell, with the maximum density
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Figure 2.6: Isodensity surface of the ground state solution in a cylindrically symmetric trap with aspect ratio λ ≈ 8. The polarising field

is aligned along the tight axis of the trap. (Copyright (2007) by The
American Physical Society [99])

occurring on a ring in the radial plane, as demonstrated by the isodensity surface in
Fig. 2.6. The polarising field is aligned along the pancake trap’s tight direction and,
by ‘pushing’ the region of high density radially outward, the peak density and the
repulsive side-by-side DDIs are reduced.
Multi-Peaked Structures
In general, exotic solutions that do not have a centrally positioned peak are known
as ‘density-oscillating ground states’. Both Refs. [108] and [107] investigated how the
blood cell shape changes by breaking cylindrical symmetry, i.e. allowing all three trap
frequencies to be varied independently. Reference [108] solves the DGPE (Eq. (2.10))
using the usual ‘imaginary time evolution’ method. Alternatively, Ref. [107] directly
minimises the GP energy functional (Eq. (2.13)) using a method similar to that used
by Ref. [100], but implementing the Newton-Krylov instead of the conjugate-gradient

minimisation routine. Figure 2.7 characterises the various kinds of density-oscillating
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~/mωy . (Copyright (2012) by The American

Physical Society [107])

B. Ground-state types
V

We find that a density-oscillating condensate can exhibit a
range of different shapes; however, in the region of interest the
28
z confinement is sufficiently tight
that the nontrivial density
features occur in the xy plane. Following [40], we categorize
the ground-state solutions by the labels I–V as follows, with
reference to examples in Fig. 2.

LLATIONS IN TRAPPED . . .
so the axial separation of the two high density clumps acts to decrease the interaction
energy.

Figure 2.8: Isodensity surface of the ground state solution in a cylindrically symmetric cigar shaped trap, λ = 0.3. (Copyright (2010) by
The American Physical Society [109])

Finally, as a general comment on the various kinds of exotic ground states (also
termed density oscillating ground states), we note that these occur when the DDI
become large. In fact, they occur within islands of parameter space that border the
instability region termed density oscillation islands (DOIs). For more details about the
relationship between density oscillating ground states and instability see Sec. 2.4.3.

2.3
2.3.1

Elementary Excitations
The Quasi-2D Uniform System

Contact interaction strength dependence
(−)
ar interaction Dλ for a condensate in
ded areas mark the DOIs. The inset shows
odensity surface of the condensate. The
irection to which the DOIs move as λ is
As we shall see in Sec. 2.4.2, the purely dipolar BEC is always unstable in the 3D

untrapped regime. Stability may be attained however, by introducing a confining
potential along the polarisation direction that acts to limit the head-to-tail attraction
between dipoles. Here we consider the simple case of a quasi-2D uniform system (see

Fig. 2.9), unconfined in two dimensions but harmonically confined in the direction of
polarisation. Crucially however, the confinement is loose enough such that the atoms
are free to move and interact in 3D 4 .
4

Roughly speaking this requires the z-confinement length to satisfy az  {as , add }, a condition

normally well satisfied in experiments.
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Figure 2.9: In-plane cross sectional view of the quasi-2D system.
The gas is harmonically trapped in the direction of polarisation (zdirection), where we assume the density to take a gaussian form, and
untrapped in the x-y plane perpendicular to polarisation.

Following Ref. [110] (also see [111]) we assume a gaussian profile for the BEC
density along the confined direction, which we will refer to as the gaussian ansatz 5 .
Let us begin with an important result dating back to the 1940s, namely the Bogoliubov
dispersion relation for the homogeneous BEC [114],
E(k) =

s

~2 k 2
2m




~2 k 2
+ 2n0 Ũ (k) ,
2m

(2.23)

where Ũ (k) is the Fourier transform (FT) of the interparticle interaction potential and
n0 is the density.
Using the gaussian ansatz, the z-direction of the problem can be analytically integrated - we are therefore interested in the quasi-2D interaction potential,
Z Z
q2D
q2D
U (ρ) ≡ U (ρ1 − ρ2 ) =
dz1 dz2 χ(z1 )χ(z2 )U (x1 − x2 ),

(2.24)

where for the first step we made use of the translational invariance within the plane
defined by ρ ≡ {x, y}. Note that

 2
1
z
χ(z) = √ exp − 2 ,
az
az π

is the density profile in the z-direction, normalised to one, and az =
harmonic oscillator confinement length.
5

(2.25)
p
~/mωz is the

Note that Ref. [112] assumes an inverted parabola density profile along the confinement direction.

Reference [113] shows that results for the radially trapped system are quantitatively sensitive to the
precise density ansatz in the z-direction but are qualitatively indifferent (also see Fig.2.22). To our
knowledge, such comparisons have not been made for the quasi-2D uniform system.
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Substituting the full interaction potential (Eq. (1.6)) into Eq. (2.24) and taking the
FT of U q2D (ρ) gives [110]
Ũ

q2D

(kρ ) =

1
√

az 2π



gs + gdd F⊥



kρ az
√
2



(2.26)

where gdd ≡ 4π~2 add /m, gs ≡ 4π~2 as /m and

√
2
F⊥ (Q) = 2 − 3 πQeQ erfc(Q),

(2.27)

with erfc(Q) being the complimentary error function. In Fig. 2.10 we plot F⊥ which
exhibits a strong momentum dependence and has the following asymptotic properties:

and

F⊥ (Q → 0) = 2,

(2.28)

F⊥ (Q → ∞) = −1.

(2.29)

√
F ⊥ (k ρ a z / 2)

2

1

0

-1
0

1

2 √
k ρaz / 2

3

4

Figure 2.10: Plot of Eq. (2.27) showing the momentum dependence
of the quasi-2D DDI.

Inserting the quasi-2D interaction energy into Eq. (2.23) gives the quasi-2D dispersion relation,
v
u 2 2( 2 2
√

)
u ~ kρ ~ kρ n2D 2 
k
a
ρ
z
√
gs + gdd F⊥ √
E(kρ ) = t
+
,
2m
2m
az π
2

with the average areal density, n2D =
uniform system.

R

(2.30)

dzn(x), which is spatially invariant in the
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2.3.2

Phonons and Free Particles

Consider two limits of Eq. (2.30), the first being the small momentum limit kρ az → 0,

which using Eq. (2.28) we obtain

E(kρ → 0) = ~kρ

r

n2D
√ (gs + 2gdd ),
maz 2π

(2.31)

resulting in a linear dispersion relation. Such a dispersion relation is said to be phononic
and may be characterised by its speed of sound,
r
n2D
√ (gs + 2gdd ).
c=
maz 2π

(2.32)

In the alternative limit of large momentum, kρ az → ∞, F⊥ remains finite (see

Eq. 2.29) and we obtain the free particle dispersion relation
E(kρ → ∞) =

~2 kρ2
,
2m

(2.33)

with the effects of interactions being negligible.
In Fig. 2.11 we plot the Bogoliubov dispersion relation for a BEC interacting only
via the contact interaction. For comparison, the phonon and free particle limits are
also shown.

2.3.3

Rotons and Maxons

Liquid Helium
Revolutionary work in the 1940s by Landau, on the theory of superfluidity of liquid
4

He, brought forward the idea of phonons and rotons as elementary excitations of

the superfluid phase. He proposed that rotons would form a local minimum of the
dispersion relation E = ∆+~2 (k−k0 )2 /2µ, where ∆ is the height of the local minimum,
k0 is the average roton wavenumber and µ is a constant determining the curvature. In
1954 Feynman derived a relationship between the dispersion relation and the static
structure factor, E = ~2 k 2 /2mS(k) [115]. He then used measurements of the static
structure factor from neutron diffraction experiments to support Landau’s prediction
of a rotonic local minimum of the dispersion relation. This result, shown in Fig. 2.12,
shows that a bump of the static structure factor is associated with a roton minimum of
the dispersion relation. Although rotons originally got their name due to their predicted
manifestation as vortices, experiments have not confirmed whether this is necessarily
the case. The excitations at the local maximum, prior to the roton minimum, of the
32
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Figure 2.11: Bogoliubov dispersion relation, Eq. (2.30), for a quasi2D BEC interacting only via contact interactions, i.e. gdd = 0. The
phonon limit, characterised by the speed of sound c, and the free
particle limit are plotted as red and cyan dashed curves respectively.
For illustration purposes we set ~ = m = n2D = az = gs = 1.

dispersion relation are known as maxons and together these constitute the roton-maxon
dispersion relation.

Pure 2D Dipolar Gas
It has been predicted that an analogous roton spectrum may exist for pure 2D dipolar
condensates. The pure 2D regime is obtained by confining an ultra-cold gas in the
z-direction so tightly that particles can only approach and interact with each other
side-by-side, i.e. head-to-tail interactions are completely supressed. In such a limit the
full DDI (see Eq. (1.2)) reduces to the 2D version, which is purely repulsive,
2D
Udd
(ρ) =

33

Cdd
.
4πρ3

(2.34)
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prediction of a roton-like spectrum for the weakly interacting quasi-2D dipolar BEC,
also see Ref. [13].
Figure 2.14 shows the dispersion relation (Eq. (2.30)) in a rotonic regime. The
physical origin of the weakly interacting roton is different, compared to the strongly
interacting cases, and arises from the momentum dependence of the interaction energy.
Recall that the FT of the DDI (the second term of Eq. (2.26)) is proportional to F⊥
(Eq. (2.27)) which, crucially, changes sign as a function of momentum, passing through
zero at kρ az ∼ 1 see Fig. 2.10 [and also Eqs. (2.28) and (2.29)].

The repulsive DDIs for small kρ contribute to increasing the speed of sound for the

phonon part of the dispersion relation (see Eq. (2.32)), lifting the dispersion relation
higher relative to the free particle limit. For kρ az & 1 the DDI becomes attractive and
for large enough dipoles the dispersion relation becomes depressed, forming a rotonmaxon spectrum. As kρ increases further the kinetic energy dominates and once again
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Figure 2.14: Bogoliubov dispersion relation, Eq. (2.30), for a quasi2D BEC interacting only via DDIs, i.e. gs = 0. The phonon limit,
characterised by the speed of sound c, and the free particle limit are
plotted as red and cyan dashed curves respectively. For illustration
purposes we set ~ = m = n2D = az = 1 and gdd = 4.

the free particle regime is approached.
A hand waving explanation for the momentum dependence of the interaction energy
is demonstrated in Fig. 2.15. Let us consider the effect on the interaction energy from
excitations of varying wavelength. First, Fig. 2.15 (a) shows a schematic of how a
long wavelength excitation, kρ az . 1, tends to change the density. The resulting net
effect on interaction energy, due to such long wavelength density fluctuations, is overall
positive owing to the predominant side-by-side repulsive interactions. Second, Fig. 2.15
(b) shows that for short wavelength fluctuations, kρ az > 1, the length scale of the
fluctuations is now small compared to the confinement length and occupation of such
modes tends to decrease the interaction energy; owing to an increase of predominantly
head-to-tail interactions.
Such an interplay between interaction and kinetic energy, driven by the anisotropy
of the DDI, is at the heart of this weakly interacting roton-maxon spectrum. This
contrasts to the purely 2D roton-maxon spectrum which instead relies solely on strong
density correlations due the the purely repulsive, side-by-side, DDIs (see Eq. (2.34)).
Interestingly, Ref. [117] studies the crossover between the weakly and strongly inter36
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Figure 2.15: Schematic showing density fluctuations due to in-plane
excitations of (a) long wavelength kρ az . 1 and (b) short wavelength
kρ az > 1 for the quasi-2D system. The coloured regions indicate
where an excitation tends to increase the particle density. The excitation wavelength is represented by λρ .

2.3.4

Superfluidity

The superfluid, characterised by dissipationless flow, was first observed in liquid 4 He
experiments and was initially somewhat of an enigma. Landau’s now-famous proposal
to explain the theory of superfluidity is the existence of a critical velocity,


ω(k)
vL = min
,
k

(2.35)

below which a moving object cannot promote elementary excitations due to the requirement of simultaneous momentum and energy conservation [119]. The long wavelength
excitations form a linear dispersion relation, however it turns out that for superfluid
helium vL is significantly less than the speed of sound due to the rotonic dip in the
dispersion relation. Superfluidity has since become relevant to various fields such as
astrophysics and high-energy physics, but of particular interest here is its manifesta37

tion within BECs. For dipolar BECs a natural question to ask is; what effect does the
weakly interacting dipolar roton have on the superfluid critical velocity?
Wilson et al. [118] theoretically investigated the dragging of a blue-detuned laser
beam through a trapped dipolar condensate at different speeds and observed the ensuing occupation of depleted atoms. Their results show that (as is the case for 4 He) the
presence of a roton lowers the critical velocity. Similarly, Ticknor et al. [111] numerically dragged a probe through a quasi-2D homogenous dipolar BEC, but one which
has the dipole polarisation direction titled into the plane. There they found both an
anisotropic dispersion relation and anisotropic superfluid critical velocity. Bismut et
al. [59] performed Raman-Bragg spectroscopy for a
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Cr BEC and found some experi-

mental evidence for an anisotropic excitation spectrum.

2.3.5

Vortices

For a superfluid the flow velocity field v(x) relates to the wavefunction phase Θ(x) as
v(x) =

~
∇Θ(x),
m

(2.36)

Since the phase is periodic, equation (2.36) means that the line integral of the velocity
field around any closed loop must be quantised. However, v(x) is also a conservative irrotational vector field which implies that any closed path, whose line integral
is non-zero, must contain a phase singularity nested in a region of zero density. Such
topological defects are known as a vortices.
Yi and Pu [120] solve the dipolar GPE using the imaginary time method to investigate vortex properties in a rotating condensate. They looked at single vortices and
vortex lattices and found that, in the presence of a roton dispersion relation, the vortex
core exhibits a crater-like structure with density ripples emanating outwards, as shown
in Fig. 2.16. This behaviour is qualitatively different to typical non-dipolar BECs in
which the density is seen to monotonically increase radially outwards from zero density
core. Furthermore, they investigated the case of dipoles polarised perpendicular to the
rotation axis and found that the vortex cores become elliptical in shape and vortex
latices lose their hexagonal symmetry.
For other theoretical works that regard the dipolar effects on vortices see e.g. Refs. [121,
122]. Klawunn et al. [123] studied the 3D character of vortices and found that the DDI
significantly modifies (and for some parameters - destabilises) the spectrum for the
transverse (Kelvin) modes of the vortex line.
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VORTEX STRUCTURES IN DIPOLAR CONDENSATES

Figure 2.16: Density profile of a vortex lattice state for λ = 100,
FIG. 3. !Color
online" Density profile of a vortex lattice state for
a = −10a0 and rotating at angular frequency Ω = 0.4ωρ . The inset
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0.4"
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energy will dominate the repulsive effect of the quantum pressure (kinetic energy),
leading to a runaway collapse. Over the ensuing three years several groups proposed
ideas to reconcile this discrepancy, including the existence of a vortex [125] or repulsive
3-body interactions [126], also see Ref. [127].
Results by the Stoof group [128] and Bergeman [129] suggested that the Hulet
experiment might not have been as cold as first thought, instead having a dominant
thermal cloud with only a small fraction of atoms residing in the condensate. A year
later in 1997 the Hulet group published an erratum [130] consistent with this, they
stated, "... the [imaging] lens actually suffered from substantial spherical aberation ...
it is now clear that only about 103 condensate atoms were present...", hence bringing the
experiment into agreement with theory. Importantly, their original letter [3] reporting
a 7 Li BEC is still thought to be correct, albeit with a much smaller condensate than
first reported.
In 1998 Kagan et al. [131] published a nice theoretical article, that included 3body loss, showing time dynamics. The 7 Li condensate was seen to undergo a cycle
of collapses and revivals. The collapse is first triggered by the condensate exceeding
a critical number but is soon halted and reversed after the shrunken (thus very high
density) condensate is depleted by a large 3-body loss rate. The condensate number
then begins to grow once again, as atoms are drawn in from the large thermal cloud
reservoir, until the collapse threshold is again reached thus completing the cycle. The
broad, low density, thermal cloud contains the majority of the atoms but has little
spatial overlap with the condensate, thus each collapse cycle only burns a small hole
in the system density.

Bosenova
The year 2001 saw the publication of a landmark experiment by the Cornell-Wieman
collaboration [8, 132]. First, a relatively large and stable condensate was formed with
around 104 atoms of

85

Rb at a temperature less than 6 nK (almost pure BEC). The

initially positive scattering length was then ramped to a negative value, via a Feshbach
resonance, inducing a sudden collapse and subsequent explosion of the condensate, see
Fig. 2.17. This phenomenon has been termed the bosenova, and is considerably more
violent than the Hulet experiment [3] owing to the larger initial condensate and more
negative scattering length during collapse. Additionally, [8] reported the appearance
of bursts and jets - complex patterns of the exploding condensate.
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reflecting the phase distribution of the upper state; (c) residual condensate in the lower hyperfine state from which the vortex wa
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Figure 2.17: Bosenova explosion.
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2.4.2

Dipolar Homogeneous Gas

As discussed above, instability induced by the attractive contact interaction already
produces rich physical phenomena. We now consider instability due to the DDI which
is long-ranged and anisotropic, i.e. only attractive along certain directions.
To investigate instability for the homogenous (3D untrapped) system let us return
to the Bogoliubov dispersion relation (Eq. (2.23)),

E(k) =
where
Ũ (k) =

Z

s

~2 k 2
2m




~2 k 2
+ 2nŨ (k) ,
2m

d3 re−ik·r U (r) = Ũs (k) + Ũdd (k),

(2.37)

is the Fourier transform of the combined contact and dipolar pseudo-potential U (r),
given by Eq. (1.6). The Fourier transform of the contact part is simply the constant
Ũs (k) = gs , whereas for the dipolar part the Fourier transform is, [21, 133]
Z
Ũdd (k) ≡ d3 re−ik·r Udd (r)
=



Cdd
3 cos2 α − 1 ≡ gdd 3 cos2 α − 1 ,
3
41

(2.38)
(2.39)

where α is the angle between k and the polarisation axis z. Assembling these expressions the dispersion relation reads,
s


~2 k 2 ~2 k 2
2
E(k) =
+ 2n [gs + gdd (3 cos α − 1)] .
2m
2m

(2.40)

The value of Ũ (k) depends only on the direction of k (not the magnitude - in contrast
to quasi-2D) hence the most unstable modes (if any) will occur in the phonon limit,
~2 k 2 /2m  2n|Ũ (k)|, where the energy takes the form
q
~k
E(k) ≈ √
2nŨ (k).
2m

(2.41)

Furthermore, it only takes a single soft mode for the system to collapse so, for gdd > 0,
let us consider only the most attractive k direction, α = π/2, i.e. where k is aligned
perpendicular to the polarisation axis giving,
~k √ √
E(k) = √
2n gs − gdd .
2m

(2.42)

A schematic is shown in Fig. 2.18 qualitatively explaining why modes with k perpendicular to the polarisation direction are most unstable for the pure dipolar regime.
Soft modes are signaled by an imaginary energy i.e. when gs < gdd [from Eq. (2.42)],
for the case gs > 0 this instability condition may be rewritten as dd > 1 (recall that
dd ≡ add /as ≡ gdd /gs from Eq. (1.8)). For the special case of inverted dipoles, gdd < 0,
the most attractive k direction is instead α = 0 and the energy in the phonon limit
takes the form,

~k √ p
E(k) = √
2n gs + 2gdd ,
(2.43)
2m
giving the instability condition gs < −2gdd . For both normal and inverted dipoles the
system is always unstable for any gs ≤ 0 since, in the absence of external trapping,

quantum pressure cannot act to stabilise against even small attractive contact interactions; note that the pure dipolar case gs = 0 and gdd 6= 0 is always unstable without a
trap because there is always an attractive direction for Ũdd (k).

2.4.3

Dipolar Trapped Gas

For contact interactions the differences between trapped and untrapped systems are
often fairly subtle which is why local density approximations usually work so well.
Dipolar interactions on the other hand are long-ranged and anisotropic; not only is
the trapped and untrapped behaviour very different but precise details, such as dipole
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Figure 2.19: Collapse dynamics of the dipolar condensate for vari-

able hold times thold (see text). Top: experimental images averaged over around five experimental runs per pane, with the thermal
cloud subtracted. Bottom: Numerical calculations using the DGPE
(Eq. (2.10)). (Copyright (2008) by The American Physical Society
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orientation relative to an anisotropic trap or the occupation of neighbouring lattice
sites, may fundamentally alter the dominant physics observed. Here we explore some
of the fascinating behaviour of trapped dipolar gases in the context of instability by
briefly reviewing experimental and theoretical works.

D-Wave Collapse and Explosion
One of the remarkable experiments performed by the Pfau group looked at the dynamics
of instability for dipolar
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Cr [70, 71]. Prior to collapse a BEC with around 20 × 103

atoms is held in a slightly non-spherical trap (fx , fy , fz ) ≈ (600, 400, 530) Hz. The
scattering length is controlled via a Feshbach resonance and starts out at as = 30a0
(dd = 0.53), which lies within the stable regime, but then is rapidly ramped to as = 5a0
(dd = 3.2) thus tipping the system over to instability. The value as = 5a0 is kept fixed
for a variable hold time thold after which the trap is turned off to allow 8ms of expansion
before imaging. The results shown in Fig. 2.19 demonstrate the collapse and explosion
dynamics, reminiscent of the bosenova for contact interactions but with a distinctive
clover leaf pattern of the explosion products.
Such an event has been coined the d-wave collapse and explosion due to the complex
explosion pattern, however caution should be heeded not to take too seriously any
direct connection with the d-wave symmetry of the DDI. The physical origin of the
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pattern remains intriguing however. During the early stages of collapse the condensate
elongates along the polarisation direction and narrows radially, becoming rod-like. The
density at the rod centre is largest and swiftly increases such that three-body losses
rapidly remove a large portion of the central atoms. The corresponding sudden loss
of the DDI induced centrifugal force causes the remaining central atoms to be ejected
radially in a ring formation due to the quantum pressure. This ring (or belt) around
the centre of what remains of the rod is responsible for the d-wave resemblance.
Quasi-2D Uniform System
In Sec. 2.3.1 we discussed Bogoliubov theory in the context of the quasi-2D system,
assuming a ground harmonic oscillator state for the z-direction profile. Here we revisit
the quasi-2D system, but this time with the question of stability in mind.
Recall the quasi-2D Bogoliubov dispersion relation (Eq. (2.30))
v
u 2 2( 2 2
√
)

u ~ kρ ~ kρ n2D 2 
k
a
ρ z
√
E(kρ ) = t
+
,
gs + gdd F⊥ √
2m
2m
az π
2
which we use to construct Fig. 2.20 (from our paper [75]). We show the generic features
of the quasi-2D system as the dipolar and contact interaction parameters are varied.
Notably, the system can become unstable through a phonon or roton instability where
kρ → 0 (case B) or kρ ∼ 1/az (case D) modes, respectively, soften and develop imaginary eigenvalues. Within the stable region we have indicated a sub-region where the
dispersion relation has a roton feature i.e. a local minimum at finite kρ (case C).
The phonon instability boundary is simply obtained from Eq. (2.30) by recalling
that in the small momentum limit, (Eq. (2.28))


k ρ az
F⊥ √
= 2,
2 kρ az →0
the (straight line) phonon instability condition is gs < −2gdd . Determining the roton

instability region is not so trivial since the momentum dependent interaction competes
with finite kinetic energy to determine the softness of the rotonic modes. Consequently,
we characterise the roton behaviour by calculating the dispersion relation [Eq. (2.30)]
at each point of phase space and numerically testing each of these for rotonic shape.
In summary, the quasi-2D homogenous system is significantly more stable when
compared to the fully untrapped 3D system. In contrast to the latter case, which is
unstable for the pure dipolar regime (gs = 0 and gdd 6= 0) or for any gs < 0, the
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Figure 2.20: Stability phase diagram and related excitation properties
of quasi-2D uniform dipolar BEC. White and light-grey regions indicate where the BEC is dynamically stable. In the light-grey region the
spectrum has a roton minimum. In the dark-grey and black regions
the system is dynamically unstable. This can arise from modes at
zero momentum (phonon instability – black region) or finite momentum (roton instability – dark grey region) developing imaginary parts.
Subplots A-D show cases of the spectrum (B ≡ E from Eq. (2.30)),

with the real (solid line) and imaginary (dashed line) parts shown.
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quasi-2D gas is stable for the pure dipole regime (so long as the dipoles are not too
large) and even for regimes of moderately negative scattering lengths.
Fully Trapped
We have just discussed how the introduction of a trapping potential along the polarisation direction greatly enriches the stability diagram, now we consider the system trapped in all three dimensions and find a further embellishment to the available
physics.
Early work in Ref. [97] investigated stability for a variety of different trapping
geometries by solving the DGPE (Eq (2.10)) using the imaginary-time propagation
method, but was later shown to have made a numerical error thus invalidating their
results [134]. O’Dell et al. [105, 106] studied stability against scaling perturbations
of the condensate widths Rx , Ry , Rz (see Eq. (2.19)) in the Thomas-Fermi limit and,
interestingly, found that for pancakes beyond a critical trap aspect ratio, λ > λcrit =
5.1701, metastable solutions persists for arbitrarily large DDI strengths. However,
they do admit that very flat pancakes λ > λcrit are expected to be susceptible to short
wavelength (local) instability although they do not investigate this.
In addition to discovering the blood cell shaped ground state profile (see Sec. 2.2.3),
the Bohn group also characterised the stability diagram shown in Cdd -λ space which
we reproduce in Fig. 2.21. The stability boundary, represented by the the black line
separating the white from the shaded region, depends on the trap aspect ratio in a complicated manner for pancake geometries λ  1 offering significantly enhanced stability
over the spherically trapped system λ = 1. Also, note that the density oscillations occur in islands (DOIs) that border the unstable regime and that the density oscillations
become more pronounced closer to the boundary.
Bohn’s group also calculated a stability diagram [136] for quantitative comparison
with the Pfau experiment [135], which we reproduce in Fig. 2.22. In the experiment,
dipolar BECs was produced with N = 2 × 104
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Cr atoms in traps of various aspect

ratio. The scattering length was then reduced (via Feshbach resonance) until the
system collapsed, thus finding the stability boundary. The experiment, represented by
the points, is compared with two theoretical models. The dashed-line model assumes a
simple Gaussian ansatz in the z-direction, analogous to what was done for the quasi-2D
uniform system in Sec. 2.3.1, but here for the radially trapped system. The stability
boundary outlined by the shaded region is determined by exact solutions to the DGPE
(Eq. (2.10)).
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The situation is qualitatively different for very oblate geometries λ  1. In this

case global collapse is not possible, as indicated by O’Dell’s stability test against scaling

perturbations (Ref. [105, 106]). However, the system is able to collapse due to local
density fluctuations that tend to produce a series locally prolate high density regions,
see Fig. 2.23 (c). The kinetic energy cost for such short wavelength fluctuations is large
thus providing a significant enhancement of stability.
We note that the instability mechanism in very oblate traps is intrinsically linked
to the softening of roton modes, see the discussion of quasi-2D rotons in the weakly
interacting limit (Sec. 2.3.3) and in particular Fig. 2.15.
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limit. The situation is very different for dipolar gases where the long-ranged nature of
the interaction couples the lattice sites together, even in the zero tunneling limit.
The subject of dipolar gases in optical lattices is large and diverse in its own right
although to date most work has been theoretical, see for example the review [21].
Here we focus on an important experiment by the Pfau/Santos group collaboration [138] where a cigar-shaped
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Cr BEC is sliced into a stack of pancakes by a 1D

optical lattice, see Fig. 2.24. In this experiment, both the lattice depth and the contact interaction were varied

6

to construct a stability diagram which we reproduce in

Fig. 2.25.
This diagram shows two very different regimes to emerge: for small lattice depths
the dipoles destabilise the condensate which is then only stabilised by a strong repulsive
contact interaction parameter; for a deep lattice the system is instead stabilised by the
dipoles against large-negative contact interactions. The explanation for this diverse
behaviour is that for small lattice depths the dipoles feel the prolate nature of the
underlying trap and thus the head-to-tail attractive interactions dominate. Whereas,
for deep lattices each lattice site contains a pancake shaped BEC where the side-byside repulsive interactions instead dominate. Also plotted in Fig. 2.25 is the theoretical
result, solved by evolving the DGPE [see Eq. (2.10)] in imaginary time, which is in
excellent agreement with the experimental data.
We note another remarkable publication by the Pfau/Santos collaboration for a
similar setup [139]. There it was found that for certain parameters the condensate may
be stable in-trap but later collapses during time-of-flight, after all trapping potentials
have been turned off. The mechanism, they demonstrate, is that intersite coherence
leads to bright interference fringes during expansion, inside which the density exceeds
the critical value thus inducing collapse.
Several groups have theoretically studied dipoles confined within a stack of pancakes, e.g. see [113, 140, 141]. Optical lattices may in future be a very important tool
for the production of the highly oblate traps needed to stably contain strongly dipolar
gases such as polar molecules.

2.5

Finite Temperature

Studies of dipolar gases in the finite temperature ultra-cold regime are considerably
scarcer than those for zero temperature; here we briefly mention some of this work.
6

Recall from Sec. 2.1.2 that contact interactions may be tuned via Feshbach resonances.
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There has been more theoretical progress for dipolar fermions, compared with bosons,
for example see the semiclassical works by Refs. [98, 142–144]. For bosons, the first
self-consistent finite temperature work was performed by Ronen et al.[145]. They
considered a trapped gas in the condensed regime using the Hartree-Fock-Bogoliubov
method in the Popov approximation. Also, to allow tractable calculations, they neglected exchange interactions between excited modes. More recently, Ref. [146] extended this theory to include exchange interactions, but within the quasi-2D approximation. Ref. [147] included exchange interactions for the fully 3D trapped system but
was limited to very low temperature, T  Tc , due to numerical difficulties. None of
these finite temperature studies investigated instability.

2.6

Conclusions

In this chapter we have reviewed some of the important experimental and theoretical
developments that have been made with dipolar gases. A focus of this review is material
related to the main topics of this thesis:
(i) Stability of a trapped dipolar Bose gas at finite temperature: We have reviewed
the basic zero temperature theory of stability for pure (T = 0) condensates with both
contact and dipolar interactions. We have also discussed the results of experiments
that have mapped out the stability phase diagram and the dynamics of instability.
In chapters 4 and 5 we develop self consistent finite temperature theories for dipolar
BECs that are suitable for studying the stability phase diagram. Our results, both
above and below Tc , represent the first theoretical predictions of stability for dipolar
BECs at non-zero temperature.
(ii) Rotons and Fluctuations in a Trapped Dipolar Condensate: Another focus
of this chapter was the elementary excitations of a dipolar BEC. We reviewed the
important result that a quasi-2D dipolar condensate exhibits a roton-like excitation.
The properties of these rotons in the trapped system are largely uncharacterised and
are the subject of the second part of this thesis. In chapter 6 we show that rotons
have a significant effect on the fluctuations and non-condensate density. Indeed, we
demonstrate that density fluctuation measurements provide a robust signature of the
emergence of rotons. In chapter 7 we investigate the detection of rotons using Bragg
spectroscopy and demonstrate that this route is also feasible in current experiments.
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Chapter 3
Enabling Numerical Techniques
In this chapter we introduce some of the numerical techniques that were crucial for
deploying our models on the dipolar Bose gas in the regimes of interest. We also outline
how we solve two of these models, namely the dipolar Gross Pitaevskii equation and
the Bogoliubov de Gennes equations.

3.1

Calculation of Kinetic Energy

Often it is necessary to calculate the kinetic energy of a wavefunction, ψ(x), defined as
Z
Z
~2
~2
3
∗
2
d xψ (x)∇ ψ(x) =
d3 x|∇ψ(x)|2 .
(3.1)
Ekin = −
2m
2m
A fast and accurate approach to calculating Ekin is to transform to momentum space,
making use of the Fourier transform,
1
ψ(x) =
(2π)3

Z

d3 keik·x ψ̃(k).

Taking the gradient and then the modulus squared gives
Z
Z 3 0
d3 k
dk
0
2
|∇ψ(x)| =
ψ̃(k)ψ̃ ∗ (k0 )eik·x e−ik ·x k · k0 .
3
3
(2π)
(2π)

(3.2)

(3.3)

Inserting this expression into Eq. (3.1) and integrating with respect to x leads to the
result
Ekin

Z Z
~2 1
=
d3 kd3 k0 δ(k − k0 )ψ̃(k)ψ̃ ∗ (k0 )k · k0
3
2m (2π)
Z
~2 1
=
d3 k|ψ̃(k)|2 k 2 ,
2m (2π)3
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(3.4)
(3.5)

where k 2 ≡ |k|2 .

Evaluation of Eq. (3.5) removes the need for any numerical differentiation, instead

requiring a Fourier transform of the wavefunction and an integration in k-space. This
method is useful for calculating the kinetic energy of both the ground state and excited
state wavefunctions. An efficient method for Fourier transforms, useful for cylindrically
symmetric trapping potentials, will be outlined in Sec. 3.3.
Often we want to apply the kinetic energy operator, not just calculate its expectation value. To achieve this we again construct the kinetic energy in k-space but we
then transform this expression back to position space [cf. Eq. (3.5)], i.e. denoting the
Fourier transform as F,

3.2


− ∇2 ψ = F −1 k 2 F{ψ} .

(3.6)

Calculation of Direct Dipole-Dipole Interaction
Potential

An essential numerical requirement for our work is to accurately and efficiently calculate
the effective potential for the direct dipole-dipole interaction,
Z
D
Φ (x) = d3 x0 Udd (x − x0 )n(x0 ),

(3.7)

where n is the density. However, recall that the form of the DDI (Eq. (1.2)),
Udd (x − x0 ) =

Cdd 1 − 3 cos2 θ
,
4π
r3

(3.8)

has a 1/r3 divergence at the origin. While such a divergence is pathological for numerical integration of Eq. (3.7), it is not a fundamental problem of the theory since
integration over all directions produces a convergent answer 1 .
To overcome the numerical pathology we again transform the problem to Fourier
space, but instead of Fourier transforming the wavefunction we transform the density,
i.e.
ñ(k) ≡

Z

d3 xe−ik·x n(x).

Applying the convolution theorem to Eq. (3.7) we obtain
Z
D
Φ (x) = d3 keik·x Ũdd (k)ñ(k),
1

(3.9)

(3.10)

Note that the contribution to ΦD (x) at a point due to any concentric spherical shell of constant

density is zero.

56

with Ũdd (k) being the Fourier transform of the DDI (recall Eq. (2.39)),

Cdd
3 cos2 α − 1 ,
3

Ũdd (k) =

where α is the angle between k and the polarisation axis z.

3.3

Fourier-Hankel Transform

Following Ref. [100], we make use of Fourier-Hankel techniques to utilise cylindrical
symmetry and reduce the eigenvalue problem to being two-dimensional. The FourierHankel approach is useful because it allows accurate Fourier transforms to simplify
both the application of the kinetic energy operator and the convolution required to
construct the direct dipolar interaction.
The eigenstates in a cylindrical trap may be expressed in cylindrical coordinates,
ψ(ρ, φ, z) = exp(imφ)G(ρ, z),

(3.11)

with the angular part being separable, where m is the angular momentum quantum
number 2 . When taking the Fourier transform of the eigenstates in the transverse (ρ-φ)
plane the angular integral may be performed analytically giving
Z ∞
−m imkφ
G(ρ, z)Jm (kρ ρ)ρdρ,
ψ̃(kρ , kφ , z) = 2πi e

(3.12)

0

where Jm is the mth order Bessel function and the remaining ρ integral is known as
a Hankel transform. An ordinary Fourier transform in the z-direction completes the
3D-Fourier transform,
ψ̃(kρ , kφ , kz ) =

Z

∞

−∞

h
i
dze−ikz z ψ̃(kρ , kφ , z) ,

(3.13)

and we will refer to this hybrid Fourier transform as the Fourier-Hankel transform
(FHT). In practice we use both a fast Fourier transform and sine/cosine transforms for
the z-direction. We utilised the latter in more recent works as it allows for the reduction
of matrix size, making diagonalisation more efficient. Furthermore, sometimes only the
even or odd parity modes along the z-direction are of interest.
Fortunately, there exists a quadrature-like discrete Hankel transform that is both
efficient and accurate. A complication however, is that different non-equally spaced
grids are necessary for each angular momentum quantum number, thus extensive interpolation is required when comparing solutions of different m, for example when
2

Note that we also use m to represent particle mass, the case used should be clear from the context.
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Figure 3.1: Example of Hankel transform grid points (red dots) corresponding to roots of (a) zeroth order and (b) first order Bessel
functions of the first kind for K = 1. The zeroth and first order
Bessel grids corresponds to angular momentum m = 0 and m = 1
respectively.
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calculating density or inter-particle interactions. The jth grid point in position space
is given by,
xj = αmj /K,

(3.14)

for j = {1, 2, ..., jmax }, αmj is the jth root of the mth order Bessel function (any roots

at the origin are ignored) and K is approximately the maximal extent in momentum
space. Similarly,
kj = αmj /X,

(3.15)

is the jth grid point in momentum space and X is approximately the maximal extent
in position space. Example grids for m = 0 and m = 1 are shown in Fig. 3.1, note
that the grid points are not equally spaced. The limits X and K should be chosen to
encompass the region of significant amplitude for the respective spaces. The number
of grid points, jmax , is therefore constrained by the relation XK = αm(jmax +1) .
The general Hankel transform, of order m, required to evaluate the integral in
Eq. (3.12) is
g̃(k) =

Z

∞

g(x)Jm (kx)xdx.

(3.16)

0

Using the discrete Hankel quadrature grids gives


jmax
2 X g(xj )
αmj αmi
g̃(ki ) = 2
Jm
.
K j=1 Jm+1 (αmj )
αm(jmax +1)

(3.17)

All g̃(ki ) may be obtained in a single step via a matrix multiplication with a square
transformation matrix, see Ref. [100]. The inverse Hankel transform is trivially related
by exchanging g with g̃ and x with k.
The radial grids are fully characterised by the parameters which we will refer to
as NR ≡ jmax and R ≡ X (see Eqs. (3.14) and (3.15)), whereas the axial z-grids are

equally spaced and described by the grid range [−Z, Z] and the number of non-negative
grid points NZ .

3.4

Cutoff Dipole Interaction Potential

While calculation of the DDI energy in Fourier space removes the central divergence,
a new challenge arises - the discrete Fourier transform introduces alias copies of the
system which can mutually interact via the long-range DDI. We therefore truncate the
range of the DDI potential to minimise interactions between aliased copies, without
resorting to extraordinarily large numerical grids. We make use of both the spherical
cutoff developed in [100] and the cylindrical version suggested in [109].
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3.4.1

Spherical Cutoff

Ref. [100] restricted the range of the DDI potential to the spherical region,
(
Cdd 1−3 cos2 θ
, r < Rc
Rc
4π
r3
,
Udd (r) =
0,
otherwise

(3.18)

bounded by the cutoff Rc . This is physically reasonable as long as Rc > L, with L
being the sample size. The analytical Fourier transform of this truncated interaction
is,
Rc
Ũdd
(k)



Cdd
cos(Rc k)
sin(Rc k)
=
1+3
(3 cos2 α − 1),
−3
2
2
3
3
3
Rc k
Rc k

(3.19)

which reverts to that of the full DDI (Eq. (2.39)) in the limit Rc → ∞.

3.4.2

Convergence Testing

To test the efficiency of such a truncation (Eq. (3.18)) within the Fourier-Hankel transform method let us numerically evaluate a quantity, proportional to the total direct
interaction energy, which we define as (this test was first used in Ref. [100])
Z Z
ED =
d3 x1 d3 x2 Udd (x1 − x2 )n(x1 )n(x2 )
Z
1
=
d3 kŨdd (k)ñ2 (k),
(2π)3

(3.20)
(3.21)

assuming a gaussian density profile normalised to one,

 2

1
z2
1
ρ
exp − 2
+
n(x) = 3/2 2
,
(3.22)
π σρ σz a3ho
aho σρ2 σz2
p
where aho ≡ ~/mω is the harmonic oscillator length and ω = (ωρ2 ωz )1/3 is the geo-

metric mean trap frequency. Equation (3.20) may then be solved analytically, using
the full DDI, giving [21, 100, 134]
√
ana
ED
2
= √ 2 f (κ),
~ω
3 πσρ σz

(3.23)

where f (κ) is given by Eq. (2.21) with κ = σρ /σz . Choosing a slightly pancake geomana
etry, σρ = 2 and σz = 1, gives ED
/~ω = 0.038 670 861 409 990.

The schematic in Figure 3.2 (a) shows the trapped sample surrounded by the numerical grid boundary, characterised by R. Adjacent alias copies are separated by distance
2R and we define the characteristic sample size, L, as the greatest width encompassing
the region of significant density, which we take in this test to be where the density is
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Figure 3.2: (a) Schematic showing an alias copy produced by numerical calculation of the DDI in momentum space. The grid boundary
is represented by the square at distance R from the trap center, the
alias copies are separated by 2R and L is the sample diameter (see
text). (b) Relative error log plot of the numerically calculated ED ,
compared to the analytic solution (see text), as a function of the DDI
cutoff length Rc . The shaded region represents L < Rc < (2R − L).

R/aho = Z/aho = 30 are the radial and axial grid ranges, respectively, and NR = NZ = 300 are the corresponding number of grid
points (number of positive points only for the z-direction).
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Figure 3.3: Convergence testing of ED , calculated via Fourier methods, as a function of (a) grid range R (for fixed NR = 300) and (b)
number of grid points NR (for fixed R = 15). Both the truncated
DDI given by Eq. (3.19) (solid) and the full DDI (dashed) are used.
Note that we fix Z = Rc = R and NZ = NR .
at least one thousandth of its maximum value. For the pancake gaussian profile L is
p
the length along the radial direction i.e., L/aho = 2σρ 3 ln(10).
num
Figure 3.2 (b) shows the relative error for the numerically evaluated energy ED

num
ana
−
, i.e. |ED
using the truncated DDI, compared to the exact analytical result ED

ana
ana
ED
|/ED
. For small DDI range, Rc /aho . 5, the numerical error is large since the

range is significantly smaller than the sample size, L/aho ≈ 10.5. As Rc exceeds the

sample size, the machine precision limit (14 significant figures) is quickly obtained and
is maintained until Rc /aho ≈ 47, at which point aliased copies begin to interact with

each other, significantly degrading the numerical result. The shaded region indicates
where,
L < Rc < (2R − L),

(3.24)

i.e. the range of cutoffs that are large enough to allow the entire sample to self-interact,
while being small enough so that alias copies do not. For our work we aim for optimal
efficiency by choosing R ≈ L and setting Rc = R such that Eq. (3.24) is just satisfied.
We now briefly compare two numerical results in Fig. 3.3, one using the cutoff DDI
(Eq. (3.19)) and the other using the full DDI (Eq. (2.39)), and show that the cutoff
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version is superior if care is taken to choose grids. Figure 3.3 (a) shows the relative
error for the numerical calculation of ED as a function of R, NR = 300 is chosen large
enough so that R is always the limiting factor. For R = 15 the calculation using the
cutoff DDI has already reached machine precision, whereas that using the full DDI
is only accurate to the 1% level. The full DDI calculation converges slowly and by
R = 100 the relative error is of order 10−5 .
For Fig. 3.3 (b) the grid range is instead fixed, R = 15, and the number of grid points
is varied. From NR ≈ 20 onwards the relative error, when using the full DDI, plateaus
at about the 1% level as here the dominant error is due to interactions between the
aliased copies. The relative error for the truncated DDI calculation however, continues
to rapidly improve and machine precision is obtained by NR = 40.
An alternative (but ultimately equivalent) picture explaining the superiority of the
truncated DDI is to contrast the Fourier space potentials (Eqs. (2.39) and (3.19)).
The full DDI, while not divergent, is discontinuous at the origin owing to the angular
dependence. The truncation in position space however, acts to smooth the Fourier
space discontinuity resulting in a more agreeable function for numerics.

3.4.3

Cylindrical Cutoff

For highly oblate or prolate geometries a spherical cutoff becomes inappropriate since,
even for the tight trapping direction, the grid must extend far beyond where the density
vanishes to ensure the aliased copies remain outside Rc . The number of grid points
required in the tight direction is hence large to maintain adequate resolution across the
sample.
Following Ref. [109] we therefore implement a cylindrical cutoff of the DDI,
ρc ,Zc
Udd
(r)

=

(

Cdd 1−3 cos2 θ
,
4π
r3

0,

|z| < Zc and ρ < ρc
otherwise

,

(3.25)

the Fourier transform of which is semi-analytic,
ρc ,Zc
Ũdd
(k) =

Cdd
(3 cos2 α − 1)
3
+ Cdd e−Zc kρ [sin2 α cos(Zc kz ) − sin α cos α sin(Zc kz )]
Z ∞
Z Zc
ρ2 − 2z 2
− Cdd
ρdρ
dz cos(kz z) 2
J0 (kρ ρ),
(ρ + z 2 )5/2
Rc
0

where J0 is the zeroth order Bessel function.
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(3.26)

The first two lines of Eq. (3.26) limit the DDI range beyond two infinite planes
at ±Zc , while the third line completes the radial wall of the cylinder and must be
calculated numerically.

ρc ,Zc
While construction of Ũdd
(k) is numerically expensive it only needs to be cal-

culated once and the advantages, for highly oblate or prolate traps, far outweigh this
cost. We make use of the cylindrically cutoff DDI extensively in our work.

3.5

Solving the Dipolar Gross-Pitaevskii Equation

To solve the dipolar GPE we follow a similar strategy to that employed by the Bohn
group [100], by minimising the GP energy functional (Eq. (2.13)). To avoid having to
apply a normalisation constraint on the wavefunction during the minimisation process
we follow Ref. [148] by rewriting the GP energy functional (Eq. (2.13)) in a form that
is independent of the wavefunction norm, i.e.
E[ψu ] =
(3.27)


Z
Z
1
N0
N0
d3 xψu∗ (x) Ĥ0 +
gs |ψu (x)|2 +
d3 x0 Udd (x − x0 )|ψu (x0 )|2 ψu (x),
N
2N
2N
where
N ≡

Z

|ψu (x)|2 d3 x.

(3.28)

The un-normalised expression (Eq. (3.27)) gives the same energy as the normalised
form (Eq. (2.13)) and the un-normalised wavefunction ψu relates to the normalised
form as

√
ψu = ψ0 N .

(3.29)

The condensate ground state is determined by minimising the residual,


δE
1
N0
ΦD
u (x)
2
=
Ĥ0 +
gs |ψu (x)| +
ψu (x)
δψu∗ (x) N
N
N
"
#
Z
D
δN
Ĥ
N
Φ
(x)
0
0
− ∗
d3 xψu∗ (x)
+
gs |ψu (x)|2 + u 3
ψu (x),
δψu (x)
N2 N3
N

(3.30)

where δ/δψu∗ (x) denotes a functional derivative and the dipole-dipole contribution to
the meanfield energy is
ΦD
u (x)

= N0

Z

d3 x0 Udd (x − x0 )|ψu (x0 )|2 .
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(3.31)

Realising that δN /δψu∗ (x) = ψu (x) and simplifying, the residual can be written as
i
δE
1 h
=
L̂
ψ
(x)
−
µψ
(x)
,
GP u
u
δψu∗ (x)
N

(3.32)

where we define the GP operator as
L̂GP = Ĥ0 +

N0
ΦD (x)
gs |ψu (x)|2 + u
,
N
N

(3.33)

and

Z
1
(3.34)
d3 xψu∗ (x)L̂GP ψu (x).
µ=
N
An important difference, compared to the Bohn group, is that we do not use the

conjugate-gradient method to minimise the residual. Instead, we make use of the freely
available package for matlab, nsoli.m, that follows the Newton-Krylov procedure [149].
The Newton-Krylov method chooses each minimising step by utilising the residual from
the current iteration, along with residuals from previous steps, to gain a better picture
of the energy surface. The solution is usually found within relatively few steps and is
considerably more efficient than using the path of steepest descent.

3.6

Solving the Bogoliubov de Gennes Equations

Bogoliubov’s famous proposal was to split the field operator into two parts: a macroscopically occupied condensate mode described by a complex meanfield; and a fluctuations operator to describe the excitations (e.g. see [78] for application to the trapped
system),
Ψ̂(x) ≈

p
N0 ψ0 (x) + δ̂(x).

(3.35)

For the condensate-dominated gas we implement a scheme similar to other works
adapted to the dipolar case [100, 147, 150] but with important differences as we discuss
in Sec. 3.6.3.
The fluctuations operator is decomposed according to
δ̂(x) =

Xh
j

i
uj (x)α̂j − vj∗ (x)α̂j† ,

(3.36)

where α̂j and α̂j† are respectively the quasiparticle-excitation annihilation and creation
operators, of a boson in state j, which obey the commutation relations
h

i
α̂j , α̂k† = δjk

and

h

i h
i
α̂j , α̂k = α̂j† , α̂k† = 0.
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(3.37)

The coefficients uj (x) and vj (x) may be found by solving the Bogoliubov de Gennes
(BdG) equations,
L̂GP + X̂ − µ
−X̂

−X̂

L̂GP + X̂ − µ

!

uj (x)

!

!

,

(3.38)

d3 x0 |ψ0 (x0 )|2 Udd (x0 − x)

(3.39)

vj (x)

= j

uj (x)
−vj (x)

where the GP operator takes the form
2

L̂GP = Ĥ0 + gs N0 |ψ0 (x)| + N0

Z

and the exchange contact and dipolar interaction operator is defined by
Z
2
X̂f = gs N0 ψ0 (x) f(x) + N0 ψ0 (x) d3 x0 ψ0 (x0 )Udd (x0 − x)f(x0 ),

(3.40)

for test function f(x).

3.6.1

Decoupling the Bogoliubov de Gennes Equations

Defining ψj± (x) ≡ uj (x)±vj (x) and adding or subtracting the BdG equations (Eq. (3.38)),

assuming the condensate wavefunction to be real, gives
h
i
L̂GP − µ ψj+ (x) = j ψj− (x)
h
i
L̂GP + 2X̂ − µ ψj− (x) = j ψj+ (x),

(3.41)
(3.42)

then sequentially applying Eqs. (3.41) and (3.42) leads to the uncoupled equations,
h
ih
i
L̂GP + 2X̂ − µ L̂GP − µ ψj+ (x) = 2j ψj+ (x)
(3.43)
h
ih
i
L̂GP − µ L̂GP + 2X̂ − µ ψj− (x) = 2j ψj− (x)
(3.44)

3.6.2

Spectral Basis

We solve the Bogoliubov de Gennes (BdG) equations in the GP spectral basis with
modes φj (x) (normalised to unity) and energies GP
defined by
j
i
h
L̂GP − µ φj (x) = GP
j φj (x).

(3.45)

The excited GP modes are used, with the condensate mode removed, so that quasiparticle modes constructed from such a basis are automatically orthogonal to the condensate. The basis modes are obtained by diagonalising Eq. (3.45) using the matlab
function eigs.m which is able to find eigenstates of operators directly, by way of an
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Arnoldi method, without having to construct the matrix. The kinetic energy and direct dipolar terms are treated in Fourier space as discussed in sections 3.1 and 3.2,
respectively.
Making the expansion,
ψj+ (x) =

X

cjα φα (x),

(3.46)

α

premultiplying Eq. (3.43) by
XZ
α

φ∗γ (x)

then integrating gives the matrix equation

h
ih
i
d3 xφ∗γ (x) L̂GP + 2X̂ − µ L̂GP − µ φα (x)cjα = 2j cjγ ,

(3.47)

X

(3.48)

which simplifies to

α

Hγα cjα ≡

X
 GP j
2 j
GP
α δγα + 2Mγα α cα = j cγ ,
α

where the condensate exchange matrix element is
Z
Mγα = d3 xφ∗γ (x)X̂φα (x).

(3.49)

As with the the calculation of the direct energy (see Sec. 3.2), Mγα is efficiently evaluated in Fourier space,
Z
Mγα = gs d3 xφ∗γ (x)ψ0 (x)2 φα (x) +

1
(2π)3

Z

d3 kφ̃∗γ (k)Ũdd (k)φ̃α (k),

(3.50)

with
φ̃j (k) =
and

3.6.3

φ̃∗j (k) =

Z

Z

d3 xe−ik·x φj (x)ψ0 (x)

(3.51)

d3 xeik·x φ∗j (x)ψ0 (x).

(3.52)

Numerical Procedure

Listed here are the steps we take to solve the BdG equations:
1. Solve the dipolar GPE as outlined in Sec. 3.5.
2. Calculate the spectral basis modes as the NG lowest energy GP modes φj (x) and
energies GP
defined in Eq. (3.45).
j
3. Form the condensate exchange matrix element Mγα using Eq. (3.50).
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4. Construct the matrix Hγα defined in Eq. (3.48) and diagonalise using the matlab
function eig.m to obtain 2j and the coefficients cjα . We accept some number
NB < NG as accurate Bogoliubov modes.
5. Equations (3.46) and (3.41) may be used to obtain ψj− (x), and by the definition
of ψj− (x) and ψj+ (x) we arrive at,

1X
uj (x) =
1+
2 α

1X
1−
vj (x) =
2 α


GP
α
cjα φα (x)
j

GP
α
cjα φα (x).
j

(3.53)
(3.54)

For comparison with other works, Ref. [100] also diagonalised the BdG Eqs. (3.38)
but did so directly using eigs.m in position space. Their strategy is efficient if a small
number of excited modes is required but becomes prohibitive for large problems. Reference, [147] solved analogous finite temperature equations self-consistently - known as
the Hartree-Fock-Bogoliubov-Popov (HFBP) theory. The HFBP calculation is computationally very demanding for dipolar systems and as a consequence their results are
limited to systems with relatively few modes, i.e. very low temperature.
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Part I
Stability of a Trapped Finite
Temperature Dipolar Bose Gas
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Chapter 4
Mechanical Instability of a Trapped
Normal Bose Gas
4.1

Introduction

In addition to being a long ranged interaction, the DDI is also anisotropic with an
attractive component. Thus an important consideration is under what conditions the
system is mechanically stable from collapse to a high density state. In section 2.4 we
discussed the rich stability behaviour of the trapped dipolar Bose gas at zero temperature. Stability at finite temperature, pertinent to current experimental work with polar
molecules, remains much less clear. In particular, while there has been some work on
the stability of a normal dipolar Fermi gas [151], the finite temperature bosonic system remains largely unexplored. In this chapter we develop a theory for the stability
of a trapped dipolar Bose gas at temperatures above the critical temperature. Our
work is based on self-consistent meanfield calculations in which we identify the stability regime using the density response function. This allows us to quantify the roles of
trap geometry, temperature, and short range interactions.
The work in this chapter has been published in PRA as a Rapid Communication
[72].

4.2

Formalism

We start by briefly introducing the Hartree-Fock meanfield theory for an uncondensed
(T > Tc ) Bose gas.
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Hartree-Fock Meanfield Theory
Taking an expansion of the bosonic field operator in terms of single particle modes
X
Ψ̂(x) =
uj (x)âj ,
(4.1)
j

the Hartree-Fock equations are determined by variationally minimising a density matrix
which is quadratic in âj (e.g. see [152]). This gives
Z
h
i
HF
j uj (x) = Ĥ0 + 2gs n(x) + d3 x0 Udd (x0 − x)n(x0 ) uj (x)
|
{z
}
dipolar direct interaction term
Z
+ d3 x0 Udd (x0 − x)ñ(x, x0 )uj (x0 ) ,
{z
}
|

(4.2)

dipolar exchange interaction term

where HF
are the Hartree-Fock energies with associated single particle modes uj . We
j
have also introduced the quantities
ñ(x1 , x2 ) =

X

n̄j u∗j (x1 )uj (x2 )

(4.3)

j

and

n(x) = ñ(x, x),

(4.4)

which are the (one body) density matrix and density, respectively, with
n̄j =

1
β(HF
j −µ)

e

(4.5)

−1

being the equilibrium (Bose-Einstein) occupation of the mode and µ the chemical
potential

1 2

. The factor of 2 on the contact term results by adding the direct and

exchange interaction terms, which in this case are identical.
The Semiclassical Approximation
In the regime that we are interested, T > Tc , a large number of modes are needed to
describe the system. Hence, we make use of the semiclassical approximation in which
we set Ĥ0 → ~2 k 2 /2m + Vtrap (x) (see e.g. [154]). The system is then described by a
Wigner (distribution) function,

W (x, k) =
1
2

1
eβ[HF (x,k)−µ]

−1

,

(4.6)

An overview of the applicability of such theory in the regime we consider is given in Ref. [153].
Note that the Bogoliubov excitation energies j [see Eq. (3.38)] are implicitly written relative to

µ (which is set by the condensate), whereas for the Hartree-Fock energies HF
we explicitly separate
j
µ.
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and note that using
W (x, k) =

Z

d3 re−ik·r ñ (x + r/2, x − r/2) ,

takes account of the off-diagonal coherence
HF (x, k) =

3

(4.7)

of the gas. The HF energy is defined as

~2 k2
+ 2gs n(x) + Vtrap (x) + ΦD (x) + ΦE (x, k),
2m

with the dipolar direct energy, [Eq. (3.7)]
Z
D
Φ (x) = d3 x0 Udd (x − x0 )n(x0 ),
and the dipolar exchange energy in terms of the Wigner function,
Z 3 0
dk
E
Φ (x, k) =
Ũdd (k − k0 )W (x, k0 ).
(2π)3

(4.8)

(4.9)

(4.10)

The density is then obtained by integrating over the momentum coordinate, i.e.
Z
d3 k
W (x, k),
(4.11)
n(x) =
(2π)3
which can be performed analytically if the dipolar exchange term is neglected, giving

+
β[µ−Veff (x)]
n(x) = λ−3
,
dB ζ3/2 e

(4.12)

where β = 1/kB T is the inverse temperature,
ζαη (z)

=

∞
X

η j−1 z j /j α

(4.13)

j=1

√
is the Bose/Fermi function, λdB = h/ 2πmkB T the thermal de Broglie wavelength
and the effective potential is given by
Veff (x) = Vtrap (x) + 2gs n(x) + ΦD (x).

(4.14)

The neglect of dipole exchange 4 is consistent with other work on finite temperature
bosons [145] and zero temperature studies of fermion stability [155]. Dipolar exchange
3
4

Off-diagonal coherence refers to the coherence between two points separated by finite r
We neglect the exchange because it is numerically extremely difficult to treat accurately, especially

near the regime of instability. A project to include exchange in the regime studied here has been
underway by D. Baillie (in collaboration with P. B. Blakie and R. N. Bisset) over the past two
years, and is almost complete. Those results verify that dipolar exchange has a quantitative but not
qualitative effect on predictions made here.

73

has recently been included in equilibrium calculations for the fermionic system [151]
and found to be less significant than direct interactions except in near-spherical traps
[98]. We also note the work of Ticknor for the condensed Bose gas in quasi-2D traps
which includes exchange [146]. More generally, the experience from fermion studies
suggests that exchange effects will give rise to shifts in the stability boundaries, but
not change the overall qualitative behavior [151, 155]. We also neglect collisional loss,
such as exothermic bimolecular reactions. This is an issue for reactive molecules such
as KRb [33] but may be unimportant for other alkali-metal dimers [156] being pursed
in experiments, such as RbCs [35, 157].

Numerical Procedure
We consider atoms confined within a cylindrically symmetric harmonic trap, for which
we make use of the Fourier-Hankel transform (see Sec. 3.3). The main challenge in
solving the mean field theory is that the numerical grids must have sufficient range and
point density to accurately represent the DDI. In practice the grids become quite large
for anisotropic traps since we employ the spherical cutoff of the DDI (see Sec. 3.4.1).
Another requirement is that Eqs. (4.12), (4.14) and (4.9) need to be solved selfconsistently, which we implement using a fixed point iteration scheme. Near instability
regions, the convergence rate of this scheme generally decreases significantly.

Stability Condition
To calculate the stability phase diagram we determine the parameter regime where selfconsistent meanfield solutions are obtained. In practice we see a number of signatures
of instability in our solutions, such as the divergence of the density (i.e. density spike)
and strong dependence on the numerical grid. While such failures of convergence have
been widely used to identify meanfield instability, for the results we present here we
use an unambiguous condition in terms of the density response function diverging 5 .
This divergence is related to the mode-softening used in calculations by Ronen et al. to
identify dipolar condensate instability [99].
The density response function of the system, in the random phase approximation
5

We have numerically confirmed that convergence failure and the response function divergence are

in excellent agreement for a range of systems with 0.1 . λ . 4. Verifying agreement for large λ
becomes computationally demanding.
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(RPA), is given by
χ0 (k)
,
(4.15)
1 + [2gs + Ũdd (k)]χ0 (k)
where χ0 (k) is the bare response function 6 . Within the semiclassical approximation
χ(k) =

used in our meanfield theory the response functions also depend on position, however
as instability occurs at trap center we take these to be evaluated at x = 0. We note
that Eq. (4.15) includes direct and exchange contact interactions [158], but only the
direct dipolar interaction (also see [159]). For stability considerations we take k → 0

along the direction which Ũdd (k) is most attractive, i.e. θk = π/2. With this limit the
stability region is determined by the condition
1 + (2gs − Cdd /3) χ0 (0) > 0,
where
χ0 (0) =

+
βζ1/2
(eβ[µ−Veff (0)] )

λ3dB

(4.16)

(4.17)

(e.g. see [160]).
It is worth noting that, for the non-dipolar gas where the interaction is isotropic,
the k → 0 limit of the density response function is proportional to the compressibility,

i.e. κ = n−2 χ(k → 0). Thus in this case, instability is signaled by diverging compress-

ibility and hence density fluctuations of the system. Such a relationship between the

diverging density response function and density fluctuations is also expected to hold
for the dipolar case, although the anisotropy of the interaction precludes a simple
relationship with the compressibility.

4.3

Results

4.3.1

The Interplay of Temperature and Geometry

We present results for the stability regions of a purely dipolar gas (gs = 0) in Fig. 4.1(a).
We observe that the stability region grows with increasing λ. The strong geometry de6

The static density response function χ(k) is a susceptibility that gives the average density fluctu-

ation at wavevector k induced by a (density coupled) potential with Fourier component δUk at this
wave vector, i.e.
δhδñk i = χ(k)δUk .
A divergence in the response function indicates extreme sensitivity to density fluctuations and reveals
that the system is unstable. The bare response function [see Eq. (4.17)] is determined directly from
the Hartree-Fock energies. For discussion of the derivation of the RPA with contact exchange, see
Ref. [158].
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pendence of these results arises from the anisotropy of the dipole interaction: In oblate
geometries (λ > 1) the dipoles are predominantly side-by-side and interact repulsively (stabilizing), whereas in prolate geometries (λ < 1) the attractive (destabilizing)
head-to-tail interaction of the dipoles dominates. Geometry dependence has also been
observed in the stability of a (T = 0) dipolar Bose condensate [99].
A prominent feature in Fig. 4.1(a) is that all the stability boundaries terminate at
the critical point with Cdd = 0. This can be understood because χ0 (0) of a saturated
Bose gas 7 diverges and the system is unstable to the attractive component of the dipole
interaction [see Eq. (4.16)]. The harmonic trap provides a long wavelength cut-off that
limits the divergence of χ0 (0) [160] and (beyond the semiclassical approximation) will
allow systems with small Cdd to be stable below the critical point. In chapter 5 we
extend our stability analysis to the condensate regime. At temperatures well-above
condensation thermal pressure dominates and the critical dipole strength for stability
increases with temperature.
It is interesting to contrast the behavior to that of an equivalent system with Fermi
statistics, for which


−
β[µ−Veff (x)]
n(x) = λ−3
,
dB ζ3/2 e

(4.18)

see Eq. (4.13). The stability regions, identified using an analogous procedure to the
Bose gas, are shown in Fig. 4.1(b). At high temperatures both systems exhibit similar
stability properties. The systems are distinctly different at low temperatures (note
TF0 ≈ 1.93Tc0 ) with the Fermi system being stabilised by degeneracy pressure. We note
that Fermi stability calculations using the same theory have been carried out in [155]
for T = 0.
A striking feature of the oblate system in Fig. 4.1(a) is that the stability boundary
bends back on itself so that the system is only stable for moderate values of Cdd . This
feature, which we refer to as double instability, first arises for moderate anisotropies
of the confining potential (λ & 2), but becomes more prominent as λ increases. The
physical origin of the double instability can be understood by considering system properties along the vertical line marked A in Fig. 4.1(a), and by noting that in the purely
dipolar case the stability condition (4.16) reduces to Cdd χ0 (0) < 3. For the lowest
values of Cdd the system is saturated (n ≈ 2.612/λ3dB and χ0 → ∞) and unstable for

any attractive interaction. However, since the average effect of the dipolar interaction
across the whole cloud is repulsive for the oblate trap, the effect of increasing Cdd is to

decrease the central density. Any decrease in density from saturation causes a rather
7

By ’saturated’ we mean that the thermal cloud is saturated and thus a condensate is present.

76

6
λ = 10

(a)

5

Cdd /4πC0

4
λ=1
3
A

2

λ = 0.1
1
0

1

0.9

1.1

1.2

1.4

1.3

1.5

T /Tc0
(b)

λ = 10

Cdd /4πC0

15
Fermi
gas

10

λ = 0.1

5
0

0

1

20

λ=1

(c)
χ(0)h̄ωa3ho

20

15
10

βn(0)

χ(0)
χ0 (0)

5
0

2
T /Tc0

0

1

2

3

Cdd /4πC0

Figure 4.1: Stability of a purely dipolar Bose gas.

(a) Stability

boundaries for different trap geometries, where the shaded regions
to the right of the boundaries are stable. Filled symbols indicate
self-consistent calculations of the stability boundary according to
Eq. (4.16). (b) Comparison of Bose (lines) and Fermi (dashed) gas
stability. (c) Density response functions for λ = 10 along the fixed
temperature path A indicated in (a). The classical limit of the bare
response function, βn(0) is shown, where n(0) is the density at x = 0.
To make our calculations independent of N we scale T by the ideal
p
gas critical temperature Tc0 = 3 N/ζ(3)~ω/kB and use the interacp
√
tion parameter C0 = ~ωa3ho / 6 N , where ζ(α) ≡ ζα+ (1), aho = ~/mω
p
and ω = 3 ωρ2 ωz .
large decrease in χ0 [see Fig. 4.1(c)] and the system becomes quite stable (i.e. χ takes a
moderate value). As Cdd is further increased the system eventually becomes unstable
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due to interactions (noting χ0 is rather small at this upper instability as the system
is far from saturation) [Fig. 4.1(c)]. Thus the lower instability arises from saturation
(divergence of the bare response function) while the upper instability is driven by the
large interaction strength. Because the normal Fermi gas cannot saturate, the double
instability feature cannot occur for this system [c.f. Fig. 4.1(b)].

4.3.2

The Interplay with Contact Interactions

In Fig. 4.2 we investigate the effect of contact interactions on the stability diagram
for two different trap geometries. In both cases we note that for repulsive contact
interactions (gs > 0) the stability region is increased over the purely dipolar gas,
while for the attractive case (gs < 0) stability is reduced. These observations can be
qualitatively understood from the stability condition (4.16), e.g. a positive value of gs
can offset the attractive component of the DDI. Indeed, if 2gs > Cdd /3 then there is no
attractive component to the overall interaction and the system is stable. We see this in
Fig. 4.2(a) and (b) where the boundary lines terminate at the critical temperature Tc
∗
with the dipole interaction strength Cdd
= 6gs . In Fig. 4.2 we schematically indicate

the stability regions for the condensed phase below Tc using this result 8 .
Finally we comment on the effect of contact interactions on the double instability
feature that occurs in the oblate trap [Fig. 4.2(b)]. Attractive contact interactions make
the feature more prominent (noting this case cannot stably condense). The double
instability region gets smaller for moderate values of repulsive contact interactions
and admits a stable condensate phase. For sufficiently large values of gs the double
instability region disappears. In the λ = 10 trap this occurs at gs ≈ 1.5C0 [Fig. 4.2(b)].

4.4

Discussion

Our results are most significantly applicable to current experiments with polar molecular gases, which are now approaching degeneracy. To put our results in context we
now discuss the typical interaction parameters accessible in the lab. While the dipole
strength d is dependent on the electric field applied, using the maximal value for KRb
of d ≈ 0.57 D we have Cdd ≈ 4.76 × 4πC0 9 . For RbCs the dipole moment is expected
8

When the condensate fraction becomes appreciable we need to include the condensate density

∗
response, which gives the low temperature stability boundary Cdd
= 3gs . This is the homogenous

instability condition i.e. dd > 1, see Sec. 2.4.2
9
We have taken N = 105 and ω = 2π × 100 Hz.
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Figure 4.2: Stability for various values of the contact interaction with
(a) λ = 1 and (b) λ = 10. Shaded regions to the right of the boundaries are stable. Symbols indicate where self-consistent calculations
determine the stability boundary according to Eq. (4.16). Red lines
indicate Tc for cases with gs > 0 (for gs = 0 condensation occurs at
Cdd = 0 with Tc = Tc0 , and for gs < 0 the system is unstable prior
to condensation). Other parameters as in Fig. 4.1. Note that in this
figure g ≡ gs .
to be about twice that of KRb [161]. Much less is understood about the contact interactions of the molecular systems, although some progress on understanding the s-wave
properties has been made in Ref. [33].
In contrast, atomic systems interact with typically much weaker magnetic dipoles.
For comparison (using the same trap and particle number) the parameters of
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52

Cr

would be Cdd = 0.0117 × 4πC0 and gs = 0.325C0 (which can be varied using a Feshbach
resonance [135]). This value of Cdd is rather small on the scale of our phase diagrams
[Figs. 4.1(a) and 4.2(a)-(b)], and thus instability above Tc is not a concern for this
system even in the absence of any contact interaction. Furthermore, since gs  Cdd /6

this system is stable below Tc . As noted earlier, for the trapped system the bare

compressibility gets large but does not diverge at Tc as the residual quantum pressure
provides some stability. An investigation of condensate stability was performed using
the Gross-Pitaevskii equation [99]. There it was found that stability depends on λ
in a complicated manner but mostly the stability boundary was seen to increase with
increasing λ, reaching only Cdd ≈ 0.006 × 4πC0 for λ = 10 and N = 105 . This also
allows us to conclude that while quantum pressure is an important consideration for
the small atomic dipoles it is rather unimportant for the above polar molecules at their
maximal dipole strength.

4.5

Conclusions

In this chapter we have quantified the stability of a normal dipolar Bose gas. Our results
quantify the rich interplay of DDI anisotropy, trap geometry and contact interactions
in determining the stability regions, and demonstrate the distinctive behavior of the
dipolar Bose and Fermi gases. We have predicted a novel double instability region in
oblate traps, and explained how this arises from a competition between saturation and
interaction effects.
Pivotal to our analysis has been the use of the density response function in the RPA,
which we find to accurately predict where our meanfield calculations become unstable
and provide a quantitative condition for stability of the saturated gas. Interestingly,
experimental techniques have recently been developed to measure the density response
function in a trapped atomic gas [162–164]. Using these techniques should furnish a
broader understanding of the mechanisms leading to instability.
Our predictions will be relevant to current and emerging experiments with polar
molecules and suggest that a range of strategies including the use of highly oblate traps,
reduction of the dipole strength, or increasing the contact interaction strength will be
necessary to have a stable pathway to cool the system to a Bose-Einstein condensate.
Additionally, our prediction of a novel double instability feature occurs in oblate traps
currently favored in experiments (e.g. see [32]).
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Chapter 5
Thermal Effects on the Trapped
Dipolar Bose Einstein Condensate
5.1

Introduction

Theoretical studies on zero temperature dipolar condensates reveal a rich stability
diagram where, due to the DDI anisotropy, the stability is strongly dependent on
the geometry of the trapping potential and the properties of the short ranged (contact)
interactions (see Sec. 2.4.3, and in particular Fig. 2.21). Another interesting theoretical
observation is that for appropriate parameters (near instability) the condensate mode
exhibits spatial oscillations and has a density maximum away from the minimum of
the trapping potential (see Sec. 2.2.3). However, evidence for this density oscillating
state has yet to be observed in experiment.
In chapter 4 we studied the stability of a normal Bose gas (i.e. above Tc ) using a selfconsistent semiclassical approximation. In this chapter we extend this study to below
Tc and to include quantum pressure (i.e. beyond-semiclassical effects) by numerically
solving for the condensate and its excitations. Using this theory we study the crossover
from the high temperature (above Tc ) to zero temperature (pure condensate) stability.
Our results reveal that beyond semiclassical effects play a significant role above Tc
in oblate geometry traps and enhance the stability region, and that the double instability phase diagram in this trap geometry (predicted in chapter 4) remains prominent.
We also study the behavior of the emergent biconcave condensate (density oscillating
ground state) in the finite temperature regime, and find that thermal effects enhance
the density oscillation and enlarge the parameter regime over which this type of state
exists. We demonstrate that below Tc , temperature dependence of the stability bound81

ary is well-characterised by a simple model that accounts for the thermal depletion of
the condensate.
Our work in this chapter has been published in PRA [73].

5.2
5.2.1

Formalism and Numerics
Discrete Mode Hartree-Fock equations

In this section we describe the full Hartree-Fock theory for the dipolar Bose gas and discuss the reduction to the Hartree form we employ here. We then introduce the semiclassical Hartree approach we use to calculate high energy modes, which are insensitive to
beyond-semiclassical effects. The Hartree-Fock theory for a Bose gas is well-established
[152], particularly for the case of contact interactions (e.g. see Refs. [128, 129]). Here
we present this theory for a system interacting with a DDI and consider the cases of
above and below Tc separately. It is easy to extend our calculations to include local
(contact) interactions, however here we focus on the case of pure dipole-dipole interactions, as has been realised in experiments by use of a Feshbach resonance (e.g. see
[135]).
Above Tc
The Hartree-Fock equation (with gs = 0) for the modes of an uncondensed dipolar
Bose gas is given by [Eq. (4.2)]
HF
j uj (x)

= Ĥ0 uj (x) +

+

Z

d3 x0 Udd (x0 − x)n(x0 )uj (x)
|
{z
}
Hartree/Direct interaction term

Z

d3 x0 Udd (x0 − x)ñ(x, x0 )uj (x0 ) .
|
{z
}

(5.1)

Fock/Exchange interaction term

Recall that

ñ(x1 , x2 ) =

X

n̄j u∗j (x1 )uj (x2 ),

(5.2)

j

and

n(x) = ñ(x, x),

from Eqs. (4.3) and (4.4), respectively.
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(5.3)

Below Tc
Below Tc an appreciable number of atoms condense into the lowest energy single particle
mode, which we denote as the condensate mode u0 (x) with respective energy 0 and
occupation N0 ∼ O(N ). In this regime the Hartree-Fock equations take the form
Z
HF
j uj (x) = Ĥ0 uj (x)+ d3 x0 Udd (x0 − x)n(x0 )uj (x)
(5.4)
|
{z
}
condensate + thermal direct
Z
+ d3 x0 Udd (x0 − x)ñ(x, x0 )uj (x0 )
{z
}
|
thermal exchange
Z

3 0
0
0
0
+Q
d x Udd (x − x)n0 (x , x)Q {uj (x )} ,
{z
}
|
condensate exchange

where

n0 (x1 , x2 ) = N0 u∗0 (x1 )u0 (x2 ),
X
ñ(x1 , x2 ) =
n̄j u∗j (x1 )uj (x2 ),

(5.5)
(5.6)

j>0

n(x) = n0 (x, x) + ñ(x, x),

(5.7)

are the condensate and thermal first order coherence functions, and the total density,
respectively. We have also introduced the projector
Z
Q{f (x)} ≡ d3 y [δ(x − y) − u0 (x)u∗0 (y)] f (y),

(5.8)

to remove components of f (x) parallel to the condensate mode. The projection oper-

ator in Eq. (5.4) acts to ensure that atoms within the condensate do not undergo an
exchange interaction with themselves. In particular, when acting on the condensate
mode Eq. (5.4) reduces to the expected generalised Gross-Pitaevskii equation


Z
3 0
0
0
0 u0 (x) = Ĥ0 + d x Udd (x − x)n(x ) u0 (x)
Z
+ d3 x0 Udd (x0 − x)ñ(x0 , x)u0 (x0 ),

(5.9)

which has direct interactions with condensate and thermal atoms, but only thermal
exchange. The projector also ensures that the modes {uj (x)} form an orthonormal set
(e.g. see [83, 165]) 1 .
1

Note in Bogoliubov theory many practitioners neglect to perform the projection, which fortuitously

does not change the quasiparticle energies. However, in Hartree-Fock theory the mode energies are
affected by projection.
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5.2.2

Reduction to Hartree Theory

The full numerical solution of Eq. (5.4) [or even Eq. (5.1)] is extremely challenging,
because the thermal exchange requires ñ(x0 , x) to be calculated (or at least applied) for
each self-consistent iteration. This limits the theory to applications involving a small
number of modes and away from regimes where mechanical stability can be studied.
The Hartree theory we use is obtained by neglecting both condensate and thermal
exchange terms [as labeled in Eqs. (5.4)], yielding
HF
j uj (x)



~2 2
= −
∇ + Veff (x) uj (x),
2m

(5.10)

where the effective potential is
Veff (x) = Vtrap (x) +

Z

d3 x0 Udd (x − x0 )n(x0 ).

(5.11)

The absence of exchange terms means that a projector is no longer needed and no
additional adjustment below Tc (compared to above Tc ) is required to account for the
condensate, meaning that the theory smoothly transitions across Tc .
The properties of the Hartree, Hartree-Fock and other theories for the homogeneous
Bose condensed gas, including conservation laws, are extensively discussed in Sec. VI
Ref. [166] (also see [167] for a discussion of the HFB and HFBP theories of the inhomogeneous system). We note that in the uniform purely dipolar gas, the Hartree term
is zero and the DDIs affect the system only though the Fock term. However, in the
trapped system the Hartree term is often dominant, particularly when the harmonic
trap is appreciably anisotropic (i.e. λ  1 or λ  1).
As discussed in the previous chapter, the neglect of dipole exchange is consistent with other work on finite temperature bosons [145] and zero temperature studies of fermion stability [155]. Importantly, Ticknor studied the quasi-two-dimensional
Bose gas using the Hartree-Fock-Bogoliubov-Popov (HFBP) meanfield theory [146] and
found that exchange terms were generally less important than direct terms.
We emphasise that our motivation for using this theory is that it includes the dominant direct interactions and the full discrete character of the low energy modes, yet
is more computationally efficient than Bogoliubov-based approaches. This enables us
to study challenging problems that have not been explored, in particular finite temperature mechanical stability, in which obtaining convergent self-consistent solutions
is demanding and time consuming.
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5.2.3

Description of Hartree Algorithm

In this section we discuss our implementation of the Hartree model as a numerical
algorithm.
Semi-Classical Treatment of High Energy Modes

(a)

(b)
z

Energy

High E
semiclassical treatment
Low E

ρ

High E
Low E
discrete modes

Figure 5.1: Schematic of our approach to solving dipolar Hartree
equations. (a) The low energy (discrete) modes are explicitly solved
for by diagonalizing the Hartree equations, whereas higher energy
modes are treated using a semiclassical approximation. (b) Schematic
of the range of the spatial grids used to solve for the discrete modes
and the large grid used to solve for the high energy semiclassical
theory.
The Hartree equation (5.10) is cylindrically symmetric and can be solved using a
set of two-dimensional grids. However, at finite temperature typically & 105 modes
are thermally accessible in the regimes we study, and a full self-consistent calculation
is not feasible in terms of the discrete (i.e. diagonalised) modes. Instead we employ a
hybrid method and diagonalise for the lowest energy modes, up to some energy cut ,
and then calculate the remainder within the semiclassical approach [see Fig. 5.1(a)].
The semiclassical approach can be obtained by making the replacement ∇ → ik in

Eq. (5.10), where k is a wavevector (also see Sec. 4.2). This transforms the Hartree
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equation to an algebraic equation in which the energy is given in (x, k)-phase-space as
HF (x, k) =

~2 k2
+ Veff (x).
2m

(5.12)

The semiclassical portion of the system is described by a (Wigner) distribution function
W (x, k) =

1
eβ[HF (x,k)−µ]

−1

.

(5.13)

For consistency the semiclassical description can only be applied to regions of phasespace where (x, k) > cut to avoid double counting of modes. From this we obtain the
semiclassical region density
nsc (x) =

Z

HF >cut

=
where

d3 k
W (x, k),
(2π)3


1
β[µ−Veff (x)]
ζ
e
,
βK
(x)
,
min
3/2
λ3dB

2
ζ3/2 (z, y) = √
π
is the incomplete Bose function and

Z

y

∞

√
t
dt
t
e /z − 1

Kmin (x) ≡ max{cut − Veff (x), 0}.

(5.14)
(5.15)

(5.16)

(5.17)

Summary of Algorithm and Numerical Considerations
All the excitations up to a given energy cut are solved for using the Arnoldi algorithm.
The associated discrete mode density is constructed
X
n̄j |uj (x)|2 ,
nd (x) =

(5.18)

HF
j <cut

The semiclassical and the total densities are then evaluated
n(x) = nd (x) + nsc (x).

(5.19)

We use fixed point iteration of these steps to ensure self consistency. To avoid oscillations only a small amount of the new prediction for the total density (nnew ) is mixed
in with the existing prediction (nold ), i.e.
n(x) → λmix nnew (x) + (1 − λmix )nold (x),

(5.20)

where λmix is the mixing parameter. Upon obtaining a self-consistent solution external
parameters are adjusted to tune the solutions to a desired macrostate (e.g. an outer
loop of µ being adjusted to obtain the correct total number N ).
We briefly mention a number of aspects of our algorithm:
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1. We consider gases confined in cylindrically symmetric traps with dipoles aligned
along the z-direction.

We thus make use of Fourier-Hankel techniques (see

Sec. 3.3) to utilise the cylindrical symmetry and reduce the eigenvalue problem to being two-dimensional. The Fourier-Hankel approach is useful because it
allows accurate Fourier transforms to simplify the evaluation of the convolution
required to construct the direct dipolar interaction. However, the radial Hankel
transform requires a different radial grid for each angular momentum projection
quantum number m, thus the problem requires a set of two-dimensional grids
(we typically diagonalise modes with m up to 10, i.e. requiring 11 grids – generally even more in oblate geometries). This requires extensive transformation of
quantities [e.g. n(x)] between the grids.
2. We use a cutoff dipole interaction potential for improved accuracy and to reduce
the size of the numerical grids needed. The cutoff potential minimises interaction
between aliased copies of the system (problematic with Fourier methods used for
systems with long-range interactions). We make use of both the cylindrical and
the spherical cutoff, see Sec. 3.4.
3. We use two grid extents as schematically shown in Fig. 5.1(b). Since we only
calculate the discrete modes up to some relatively small energy, cut , we can use
a small and dense set of grids to accurately perform the diagonalizations [and
obtain nd (x)]. Then a much larger grid is used for the semiclassical region which
extends out to much higher energy, as needed to accurately capture the thermal
tails of the system.
4. In application to mechanical stability, finding self-consistent solutions is challenging and care needs to be taken to ensure that metastable states are not lost
prematurely and that a coarse grid does not disguise instability. In using fixed
point iteration effectively, we employ an algorithm to efficiently increase or decrease the mixing speed λmix during the self-consistent process. We have observed
that if λmix is too large early on in self-consistency iterations a metastable solution may be lost. Normally we start with λmix = 0.3 (∼ 0.01 for biconcave
density regions) and appropriately increase or decrease this during the search for
a self-consistent solutions depending upon conditions. We also note that care
needs to be taken to reliably detect mechanical instability collapse. We perform
a number of tests to determine instability including detecting the development
of density spikes and large gaps in the low energy spectrum. We have confirmed
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that these are good signatures of the grid dependent numerical collapse discussed
in Sec. 5.3.2.

5.3
5.3.1

Results
Comparison to Previous Calculations

To benchmark our Hartree calculations we perform a quantitative comparison to the
HFBP calculations that Ronen et al. [145] performed for the three-dimensional trapped
Bose gas at finite temperature. In this subsection we make this comparison for two
different sets of results from [145].
We note that those HFBP calculations excluded thermal exchange interactions,
although they did include condensate exchange interactions (exchange interaction of
condensate atoms on the thermal excitations). We extended our Hartree algorithm to
include condensate exchange but found it made negligible difference to the predictions
and do not include results with this term here.
Condensate Fraction
The results of the first comparison we perform are presented in Fig. 5.2(a). There we
compare the condensate fraction, as a function of temperature, for a system with λ = 7.
We observe that the Hartree and HFBP theories predict an appreciably lower condensate fraction than the ideal case, and are in very good agreement with each other over
the full temperature range considered. The low energy excitations of a Bose-Einstein
condensate are quasi-particles, which are accurately described by Bogoliubov theory
(such as the HFBP theory), however the thermodynamic properties of the system are
dominated by the single particle modes (e.g. see [168]). A comparison of the Bogoliubov and Hartree-Fock spectra of a T = 0 dipolar Bose-Einstein condensate (BEC) was
made in [100]. That comparison revealed that the spectra were almost identical, except
for low energy modes with low values of angular momentum, where small differences
in the mode frequencies were observed.
Density Oscillating Ground States
An interesting feature of dipolar condensates is the occurrence of ground states with
density oscillation features, where the condensate density has a local minimum at trap
centre. For a cylindrically symmetric trap these states are biconcave (red blood cell
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Figure 5.2: (a) Condensate fraction and (b) density oscillation contrast (see text) for a dipolar BEC in a λ = 7 pancake trap. Hartree
results (pluses), HFBP results (solid lines), ideal gas result (dashed
line). HFBP data corresponds to results shown in Figs. 5 and 6
of Ref. [145]. Other parameters: {ωρ , ωz } = 2π × {100, 700} s−1 ,
N = 16.3 × 103 52 Cr atoms with contact interactions tuned to zero.
p
Tc0 = 3 N/ζ(3)~ω/kB is the ideal condensation temperature, where
p
ω = 3 ωρ2 ωz and ζ(α) is the Riemann zeta function with ζ(3) ≈ 1.202.

shaped – surfaces of constant density are shown in Fig. 5.7) first predicted for T = 0
condensates in Ref. [99]. In the purely dipolar case such biconcave states occur under
certain conditions of trap and dipole parameters, but notably only for λ & 6 and for
dipole strengths close to instability. In [145] the HFBP technique was used to assess
the effect of temperature on the density oscillating states. This was characterised by
the contrast, a measure of the magnitude of the density oscillation, defined as
c=1−

n(0)
,
nmax

(5.21)

where n(0) is the density at trap centre and nmax is the maximum density of the system.
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In Fig. 5.2(b) we compare our Hartree and HFBP theories for the contrast. This
comparison reveals some small residual differences between the theories, however the
results are in reasonable agreement and both predict that the contrast goes to zero
(i.e. the condensate returns to having maximum density at trap centre) at T ≈ 0.65Tc0 .

5.3.2

Mechanical Stability

Our first application of the Hartree theory is to study the finite temperature mechanical
stability of a trapped dipolar Bose gas. To do this we construct a phase diagram for
the range of dipole strengths for which the gas is stable for a number of different trap
geometries. Such stability properties, and the dependence on interactions and trap
geometry, have been measured accurately in the dipolar system in the zero temperature
limit (e.g. see [135]). We note theoretical studies [128, 129, 169] showing the important
role of temperature on the observed stability of 7 Li condensates [3], which have an
attractive contact interaction.

Locating the Stability Boundary
We consider a trapped sample of fixed mean number N and wish to determine the
values of the dipole interaction parameter for which the system is mechanically stable
as a function of temperature. In doing so we construct a phase diagram in {Cdd , T }-

space that indicates the stable region. In practice we locate the stability boundary
(i.e. a curve) that separates the stable and unstable regions. Our procedure to obtain
this boundary involves a computationally intensive search through parameter space to
find the self-consistent solutions on the verge of instability. Determining the stability
boundary for fixed mean number N complicates this process: since we work in the
grand-canonical ensemble where the proper variables are {µ, Cdd , T }, an additional

iterative search over the parameter µ is required to fix N to the desired target number.

In Fig. 5.3 we provide some examples to illustrate how we identify the value of the
DDI at the stability boundary for a gas with (target number) N = 2 × 105 atoms at a

particular temperature. To do this we show the dependence of total atom number on
µ for two different values of the DDI [Fig. 5.3(a)]. For both curves the total number
increases as we move along these curves until some maximum value Ncrit is reached
at which the system becomes unstable. The non-monotonic behavior of these curves
arises because the ground state energy 0 changes as the number of atoms increases,
and hence the role of DDIs increases. For this reason we also show the same two cases,
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tal number of atoms of the self-consistent Hartree solution versus chemical potential for λ = 1/8, kB T = 40~ω and Cdd =
7 × 10−4 ~ωa3ho (dashed, case A), 1.5 × 10−4 ~ωa3ho (solid, case B), with
p
aho = ~/mω. Each line terminates at the point of instability and
occurs at the respective critical number Ncrit . (b) Same results as

in (a) but plotted against 0 − µ. The dotted line represents the

target number, in this case N = 2 × 105 . Density Profiles (lower

subplots): Solid (dashed) line represents the radial (axial) density n,
higher curves are near the stability boundary. λ = 1, N = 2 × 105 .
(c) T /Tc0 = 0.82 (N0 /N ≈ 0.43) and Cdd /4πC0 = {3.65 × 10−4

(gray), 1.83 × 10−4 (black)}. (d) T /Tc0 = 1.27 and Cdd /4πC0 = {2.91

(gray), 1.22 (black)}. We have used the interaction strength unit
√
C0 = ~ωa3ho / 6 N which is convenient for cases where N is fixed. Note

that in this figure 0 ≡ HF
0 .
91

but as a function of HF
0 − µ, in Fig. 5.3(b).
The sharp cusps in Figs. 5.3(a) and (b) correspond to the point where the system
HF
condenses [i.e. where HF
0 − µ ≈ 0]. The dependence of 0 on N0 is strongly dependent

on the trap geometry, and for the cases we consider here with λ = 1/8, HF
decreases
0
with increasing N0 . This is because the head-to-tail character, in the cigar geometry,
emphasises the attractive part of the DDI so that as the condensate number increases,
HF
(≈ µ) decreases.
0
For case A in Fig. 5.3(a) the number at which collapse occurs is less than the target
number, thus we conclude that the DDI used in this calculation lies within the unstable

region for the system (i.e. no stable solution can be found for N atoms with this value
of DDI). In contrast, for case B in Fig. 5.3(a) Ncrit > N and thus the value of DDI is
in the stable region. To locate the stability boundary points we need to trace out these
curves for various Cdd values until we find Ncrit = N to within our numerical tolerance
(this has to be done for each value of T ). This process is painstaking and can take
several days to find a single point on the stability boundary.
We identify the self-consistent Hartree solutions as being unstable when they become grid-dependent. This means that as the distance between grid points tends to
zero, the radial width of the cloud contracts and the chemical potential tends to negative infinity. Precisely locating the instability point is a stringent numerical task and
requires careful convergence tests. For condensates with contact interactions this type
of numerical instability analysis was applied in Refs. [128, 129, 169] (also see Ref. [72]).
In Fig. 5.3(a) the instability point occurs at the end of the upper horizontal plateau in
the N versus µ curves (compare to Fig. 1 of [128]). We show examples of the spatial
density profiles for a spherical trap in Figs. 5.3(c) and (d). The system considered in
Fig. 5.3(c) is condensed, while that considered in Fig. 5.3(d) is above the critical temperature. For both cases a result is shown that is well inside the stable region (black
curves) and near the stability boundary (gray curves). Despite a large difference in the
density scales of the two regimes they both exhibit a similar sharpening of the density
profile near instability.
An additional consideration emerges for stability calculations below Tc in regimes
where the condensate is in a density oscillating state. Here the first mode to go soft (and
then develop imaginary parts) as the stability boundary is reached is a m 6= 0 quasiparticle mode [121], where m is the angular momentum projection quantum number

(so called angular roton mode [99]). This instability is not revealed in the Hartree
excitations, and as we solve for the condensate in the m = 0 space (see Sec. 5.2.3), the
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condensate does not exhibit numerical instability. Thus in cases where the condensate
exhibits a density oscillating state we perform a Bogoliubov analysis of the condensate
mode (within the effective potential of the self-consistent Hartree solution) to determine
if any m 6= 0 modes have become unstable 2 .
Stability Above Tc
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Figure 5.4: Stability regions in DDI-temperature space. Shaded regions indicate stability for each geometry, from top to bottom λ =
{8, 4, 2, 1, 1/2, 1/8}, the geometric mean trap frequency is fixed and
N = 2 × 105 . Actual data points represented by symbols while the

shading of the stable regions interpolates to guide the eye, the semiclassical model is given by the solid curves. Error bars represent the
1 σ spread in the convergence test (see Sec. 5.3.3 for more details).
In Fig. 5.4 we show our results for the stability of the normal phase. In chapter
4 we examined this regime using a semiclassical Hartree approach which are shown
2

For an analogous calculation, but at T = 0, see [100]
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here as solid lines in Fig. 5.4. We observe that as a general trend the stability region
grows with increasing λ. The strong geometry dependence of these results arises from
the anisotropy of the dipole interaction: In oblate geometries (λ > 1) the dipoles are
predominantly side-by-side and interact repulsively (stabilizing), whereas in prolate
geometries (λ < 1) the attractive (destabilizing) head-to-tail interaction of the dipoles
dominates (a similar geometry dependence is observed for the stability of T = 0 dipolar
condensates [99, 109]).
A primary concern is the nature of beyond semiclassical effects, i.e. what differences
emerge from our diagonalised Hartree theory over the semiclassical formulation. Most
prominently in the results of Fig. 5.4 we observe that while the Hartree and semiclassical
stability boundaries are in good agreement for prolate geometries, in oblate traps the
Hartree results are significantly more stable. This difference between the boundaries
predicted by the two theories increases with increasing λ. This observation is surprising
because our calculation is for a rather large number of atoms (N = 2 × 105 ), where
the semiclassical approximation would normally be expected to furnish an accurate
description of the above Tc behavior.
We attribute this failure of the semiclassical theory to its inappropriate treatment of
the interactions between the low energy modes 3 . The nature of the DDI, when tightly
confined along the polarization direction, has been extensively studied in application to
pure BECs [110, 113], where it has been shown that it confers additional stability on the
system, as verified in recent experiments [138]. This arises from a confinement induced
momentum dependence of the interaction: the interaction is repulsive (stabilizing)
for low momentum interactions, but decays to being attractive with a characteristic
p
wavevector k ∼ 1/az set by the z confinement length az = ~/mωz . Notably these
features of the confined interaction mediate BEC instability through the softening of
radially excited modes with a wavelength ∼ az [75, 110–112, 118].
It is not clear that these confinement effects will be applicable at a modestly oblate
trap with λ = 8, however numerical studies have revealed that quasi-particle modes
with a wavelength ∼ az soften in a BEC with λ = 7 [99]. Within the limited range

of results we have for λ > 1 we see evidence consistent with confinement induced effects playing an important role in the above Tc Hartree calculations. Notably, that the
relative difference between the stability boundaries of the Hartree and semiclassical calculations scale with 1/a2z . Also, when the system is unstable, during the self-consistency
3

For definiteness, this discussion relates to the in-plane interaction between atoms in the lowest z

vibrational mode.
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iterations (prior to collapse) strong radial density fluctuations develop in the system
A key prediction from our semiclassical study [72] is a double instability feature in
oblate trapping geometries arising from the interplay of thermal gas saturation and the
anisotropy of the DDI. Our Hartree calculations in this oblate regime, despite shifting
the stability boundary from the semiclassical prediction by a considerable amount,
reveal that the double instability feature is robust to beyond-semiclassical effects.
A prominent feature of the semiclassical calculation is that the stability curves for
the purely dipolar gas terminate at the critical point with Cdd = 0 (i.e. predicting
that without contact interactions only an ideal gas is stable below Tc ). This occurs
because the local compressibility at trap centre diverges at the critical point and the
gas is unstable to any attractive interaction (see [72]). In the beyond-semiclassical
calculations the trap provides a finite momentum cutoff that prevents the divergence
of compressibility, and thus the system has a finite residual stability at and below Tc ,
which we consider next.
Stability Below Tc
In Fig. 5.5 we consider the stability below Tc where the semiclassical model does not
apply. These results are identical to those shown in Fig. 5.4, but the below Tc details
are revealed using a logarithmic vertical axis. Compared to the above Tc gas the condensate is rather fragile, with the critical DDI strength defining the stability boundary
decreasing by ∼3 to 4 orders of magnitude.

In the zero temperature limit our results agree with previous calculations based

on solving the Gross-Pitaevskii equation [99]. This agreement is expected as the two
theories are identical when the excited modes have vanishing population. For a pure
condensate, the critical DDI strength depends on the condensate number and trap
geometry according to [99]
?
Cdd
=

F (λ)
,
N0

(T = 0)

(5.22)

with F (λ) a rather interesting function of trap geometry alone, as characterised in
Fig. 1 of [99] 4 . More generally, beyond the case of pure DDIs, F also depends on the
contact interaction strength, e.g. see [75, 109].
4

Note we use fixed geometric mean trap frequency, whereas [99] fixes ωρ . The interaction parameter
p
used in [99] (N  1 limit) is D = N Cdd /4π~ωρ a3ρ ) with aρ = ~/mωρ , which relates to our parameter
as D = N 5/6 λ−1/6 Cdd /4πC0 .
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Figure 5.5: Stability boundary focusing on the below Tc behavior
(line styles as in Fig. 5.4). For reference the ideal finite size adjusted
λ=1
λ=8
critical temperature Tc,F S [104] for two geometries (Tc,F
S and Tc,F S )

are indicated by short vertical lines. The effect of DDIs on Tc was
calculated perturbatively in [170, 171], however our results are far
outside the perturbative regime.
As temperature increases, but focusing on T < Tc0 , we observe in Fig. 5.5 that
the stability boundary increases significantly. This occurs because as the temperature
increases the condensate is thermally depleted. Indeed, by simply accounting for the
thermal depletion we can immediately extend result (5.22) to predict the critical value
?
of the DDI at finite temperature Cdd
(T ):

?
Cdd
(T ) =

F (λ)
N
?
(0)
= Cdd
,
N0 (T )
N0 (T )

(5.23)

where the last expression is obtained using N0 (T = 0) = N . Equation (5.23) predicts
that the stability at finite temperature increases inversely proportional to the condensate occupation and, as shown in Fig. 5.6, provides a good description of the stability
predictions from the full Hartree calculations. In these comparisons we have used two
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Figure 5.6: Stability boundary scaling. The stability boundary results
(symbols) have been taken from Fig. 5.5 for λ = {8,1,1/8} (top to
bottom). Dashed line prediction is based on a non-interacting N0
scaling (see text) and the solid line uses the N0 calculated from the
Hartree solutions.
models for the condensate occupation: (i) the non-interacting prediction
N0NI (T ) = N [1 − (T /Tc0 )3 ],

(5.24)

and (ii) the value of N0 (T ) obtained from the Hartree calculations. Equation (5.23)
using N0NI (T ) provides a good prediction for Hartree stability curves with λ = 1/8 and
1. For the oblate system (λ = 8) agreement is not as good as is apparent in Fig. 5.5
for T & 0.5Tc0 . In this case the values of Cdd at the stability boundary are much higher
than for the other values of λ, and thus interaction effects more significantly affect the
condensate. However, much better agreement is obtained if we take N0 (T ) from the
Hartree solution.
We note that the simple model (5.23) does not account for any other effects of the
thermal cloud on the condensate [e.g. thermal back action through modifications of
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Veff (x)]. Thus, the level agreement of this simple model with the full Hartree results
suggest that these additional effects are not significant in the regimes we have studied.

5.3.3

Convergence Tests of Stability Boundary

In oblate geometries the self consistent calculations above Tc become increasingly difficult to perform as λ increases. For this reason we have not extended our calculations
beyond λ = 8. The origin of the difficulty is two fold: (i) the effective potential flattens
considerably which increases the low energy density of states, meaning that a large
number of modes exist below cut . (ii) In oblate geometries the interaction strengths
at instability are much larger, and these numerous low energy modes interact strongly
with each other.
The important convergence test is that our results are independent of the boundary (cut ) separating the discrete low energy modes from the continuous semiclassical
spectrum. The typical error bars shown in Figs. 5.4 and 5.5 represent the variation
in the stability boundary as cut was varied (1 σ spread obtained from tests where the
number of discrete modes ranged over ∼ 10 to 1000). It is not computationally feasible

for us to take cut high enough for λ ≥ 4 (above Tc ) to get a self-consistent result fully
independent of cut . However, note we do not observe a systematic drift nor monotonic
relationship between cut and the stability boundary.

Below Tc the error bars are instead determined arbitrarily by the bisection tolerance
of parameters µ and Cdd .

5.3.4

Thermal Effects on Biconcavity

As our final application we consider thermal effects on the biconcave density profiles
which occur in oblate geometries. To date, the only study of temperature effects of these
states was in Ref. [145] [which we reproduce in Fig. 5.2(b)]. That study considered a
single line (at fixed Cdd and N and varying T ) through the phase diagram, and showed
that biconcavity persisted at small finite temperatures (T . 0.25Tc0 ), but then was
rapidly washed out as temperature increased further.
Using our Hartree theory we provide a broad characterization of the thermal effects
on biconcavity. We focus on the case λ = 8, which supports a biconcave condensate
at T = 0. In Fig. 5.7(a) we present contours of biconcave contrast [as defined in
Eq. (5.21)] over the entire range of parameters where this state is stable. These results
show that biconcavity is not destroyed as temperature increases. Instead the parameter
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of the parameter regime over which biconcave density oscillations are found. Furthermore, a large thermal cloud may
oped a Hartree theory for a
actually enhance the biconcave contrast making direct imagn be applied to make predicing of an in situ blood cell more feasible, see Fig. 6 (lower).
l temperature Tc for condenAbove Tc we find that the results of our theory predict signif-

region over which biconcavity occurs grows, with large biconcave contrasts emerging
at higher temperature. The general trends seen can be understood by considering
the thermal depletion of the condensate, using similar arguments to those made to
obtain Eq. (5.23): as the temperature increases the value of Cdd required for the
condensate to exhibit a biconcave density profile should increase in a manner that is
approximately inversely proportional to the condensate occupation. Thus, the washing
out observed in [145] [our Fig. 5.2(b)] arises because they considered Cdd fixed. Thermal
depletion of the condensate is not sufficient to explain all aspects observed in our results,
e.g. the deepening of the biconcave contrast that develops at higher temperatures in
Fig. 5.7(a). This arises from additional effects of the thermal interaction with the
condensate, e.g. small changes in the aspect ratio of the effective potential that the
condensate experiences can significantly change the contrast (c.f. the strong dependence
of biconcavity on trap aspect ratio near λ = 8 in Fig. 1 of Ref. [99]).
In Fig. 5.7(b) we show two examples of the biconcave density profiles at different
temperatures. Case B displays the very pronounced biconcavity for a system at T ≈
0.9Tc0 , where the condensate fraction is N0 /N ≈ 0.07.

5.4

Conclusions

In this chapter we have developed a Hartree theory for a trapped dipolar Bose gas
that can be applied to make predictions above and below the condensation temperature. We have used this theory to quantify the role of thermal fluctuations on the
mechanical stability of the cloud, and present results for the stability phase diagram
as a function of temperature and aspect ratio. Above Tc our theory predicts significant
corrections to the stability boundary over the equivalent semiclassical theory. Most notably, the semiclassical theory underestimates the size of the stability region for oblate
geometries. Below Tc (but at finite temperature) we find that the stability boundary is
well described by the zero temperature result after scaling for the thermally depleted
condensate.
We have also studied the role of thermal fluctuations on biconcave condensate
states. Our results show that as temperature increases, and the condensate thermally
depletes, the range of interaction parameters in which these kinds of states can be found
increases. Furthermore, a large thermal cloud may actually enhance the biconcave
contrast making direct imaging of an in situ density oscillating state more feasible, see
Fig. 5.7(b).
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An important step for future theoretical studies in the finite temperature regime is
to fully include thermal exchange effects. Because a large number of modes are important for temperatures of the order of Tc , full Hartree-Fock calculations will probably
not be feasible. It is possible to include exchange interactions semiclassically (c.f. Fermi
studies [98, 151]), although our work here has shown beyond semiclassical effects are
important even above Tc . An interesting possibility is the extension of classical field
methods to thermal dipolar gases (e.g. [172–175]) which may provide a comprehensive
description for temperatures around the condensation transition.
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Part II
Rotons and Fluctuations in a Trapped
Dipolar Condensate
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Chapter 6
Fluctuations of a Roton Gas
6.1

Introduction

To date there has been no experimental evidence for the existence of rotons in dipolar
condensates, and increasing attention is turning to developing signatures for detecting their presence, such as structure formation in the ground state density profiles
[99, 107, 109, 176], anisotropic superfluidity [111, 118] and sensitivity to perturbations
[75, 177, 178]. Experimentally, rotons will likely be realised in pancake shaped traps
(or an array of pancake traps, e.g. see [138]), and the trap itself plays a very fundamental role in the nature of the rotons that emerge [99]. In particular the rotons
are sensitive to the condensate density, which decreases away from trap centre due to
the weak radial trapping. As a result the rotons are effectively confined to the central region of the condensate realising what has been termed a confined roton gas [122].
In this chapter we consider a radially symmetric pancake trapping potential with
λ = 20. Our fully 3D calculations find the condensate by solving the GP equations (see
Sec. 3.5) while excitations are treated within a Bogoliubov framework (see Sec. 3.6),
our results show that the rotons have an essential 3D character. We note that other
work in this area has focused on close-to-spherical traps [99, 179, 180] or has been in
the quasi-2D regime [146, 181, 182].
We demonstrate that measurements of atom number fluctuations in a trapped dipolar condensate is a sensitive probe to reveal the presence of the elusive roton excitation.
The key signature is a super-Poissonian peak in the fluctuations as the size of the measurement cell is varied, with the maximum occurring when the size is comparable to
the roton wavelength. The magnitude of this roton feature is enhanced significantly
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for relatively low temperatures (well below Tc ). While our main results are based on
full numerical solutions of the meanfield equations, we also develop and validate a
simple local density theory. We find that fluctuations reveal rotonic behaviour that is
qualitatively different in the trapped gas as compared to the quasi-2D uniform case.
This chapter covers our works accepted to Phys. Rev. Lett. [76] and currently under
review by Phys. Rev. A [74]. An additional paper for detailing the numerical techniques
for calculating fluctuations within cells is currently in preparation.

6.1.1

Number Fluctuations Within Cells

In this chapter we investigate how rotons manifest themselves in the fluctuations of
a dipolar BEC. This is motivated by significant developments made in BEC imaging
systems to allow precise in situ measurements of density (e.g. see [163]). Such measurements actually determine the atom number N̂σ within a finite sized cell σ, with
the cell parameters determined by the imaging system [183].
In equilibrium the number fluctuations
δNσ2 ≡ hN̂σ2 i − Nσ2 ,

(6.1)

about the mean number Nσ ≡ hN̂σ i are crucially dependent on the cell size [184]: for

cells smaller than all relevant length scales (i.e. healing length and thermal de Broglie
wavelength) the fluctuations are Poissonian δNσ2 = Nσ (known as the shot-noise limit),
whereas for large cells the thermodynamic result holds
δNσ2 = Nσ kB T nκT ,

(6.2)

with n the density and κT the isothermal compressibility. In the high temperature
limit the compressibility becomes classical,
κT =

1
,
nkB T

(6.3)

and again [inserting Eq. (6.3) into Eq. (6.2)] the shot-noise limit is reached.
DDIs introduce two important features for fluctuations: (1) the roton wavelength
introduces a new length scale which is revealed as the cell size changes; (2) the attractive
nature of the interaction for short wavelengths induces enhanced fluctuations, this is in
contrast to the suppression of fluctuations expected in a condensate with short ranged
s-wave interactions 1 .
1

Large BECs with purely contact interactions are only stable when as > 0, which suppresses long

wavelength fluctuations.
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Figure 6.1: Schematic geometry of the system we consider: a radially
symmetric pancake condensate realised by tight confinement along z;
cylinder and washer-shaped cells in which number fluctuations are
measured. The cylindrical cell is parameterised by the radius R from
trap centre to the cylinder axis, and its diameter D. The washershaped cell is centred on the trap centre, and is parameterised by the
mid-radius R and width W . For both cells the z extent is taken to
be larger than the condensate thickness.

The geometry of the tightly confined (pancake) dipolar condensate and the types
of cells in which we measure number fluctuations are shown in Fig. 6.1. The two
cell shapes we consider are cylindrical and washer-shaped cells with the z extent of
these cells being larger than the condensate thickness in this direction. The cylindrical
cell can be realised experimentally using absorption imaging (column density along z)
with the minimum diameter (D) being set by the spot size

2

of the imaging system

(e.g. see [183, 185, 186]). These measurements are made using a charged coupled device
(CCD) in which the pixel size is typically much smaller than the spot size. Cells with
more general shapes in the xy-plane can be realised by collecting signal from a set of
pixels, e.g. larger diameter cylinders and the washer-shaped case that we consider later.

2

The spot size is representative of the diffraction and aberration limited image size of a point-like

sample [183]
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6.2

Local Density Fluctuations

Before considering number fluctuations within cells we take a detour and in this section
we consider local density fluctuations, focusing on the regime where a roton-like excitation spectrum develops. As is the case for the majority of this chapter our results are
obtained by solving the GPE and BdG equations (see Secs. 3.5 and 3.6, respectively)
for a dipolar BEC in a pancake trap (λ = 20). We report on the behavior of a number
of key quantities that characterise the system, including the non-condensate density
and density fluctuations; elucidating remarkable properties of the roton gas.

6.2.1

Density of a Confined Roton Gas

We follow Ref. [100] and introduce C = N as /aρ and D = 3N gdd m/4π~2 aρ as the dimensionless contact interaction and DDI parameters, respectively 3 . The non-condensate
density, given by [see Eq. (3.36)]
ñ(x) ≡ hδ̂ † δ̂i =

X

n̄j |uj (x)|2 + (n̄j +1)|vj (x)|2 ,

(6.4)

j

characterises the atoms excited out of the condensate due to interactions and thermal
effects, where n̄j is the Bose-Einstein distribution,
n̄j = hα̂j† α̂j i =

1
.
exp(j /kB T ) − 1

(6.5)

In Figs. 6.2(a1) and (b1) we show the non-condensate density for systems in a
pancake shaped trap at a small, but non-zero temperature. The result in Fig. 6.2(a1) is
for a condensate with only dipole interactions (i.e. D = 220, C = 0), while Fig. 6.2(b1)
is for a contact interaction only case (i.e. D = 0, C = 127). The values of the
interaction parameters were chosen to ensure than both cases had approximately the
same chemical potential (µ ≈ 37.5~ωρ ), which leads to the condensate modes being

quite similar [e.g. see condensate density contours shown in the insets to Figs. 6.2(a1)
and (b1)]. The value D = 220 is sufficiently large to reveal the effects of DDIs on
the system, yet is still well in the stable region (about 10% below the critical value
at which the system becomes dynamically unstable). Indeed, for these parameters the
system exhibits a roton-like feature in its excitation spectrum [see Fig. 6.2(a2), and
description below], and associated with this is a prominent peak in the non-condensate
3

Note that D also represents the diameter of cylindrical cells. However, throughout section 6.2 we

do not consider cells at all and D will always represent the dimensionless DDI parameter.

108

20

25

(a1)
D = 220

10
0
0
-0.5

z /a ρ

-10

-5

0

5

0
0

x/a ρ
25

(b1)
C = 127

6

4

6

(b2)

15
10
5

0.5
0
-0.5

z /a ρ

-10

-5

0

5

10
0
0

2

hk ρ ia ρ

x/a ρ

(c)
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Figure 6.2: The non-condensate density in the y = 0 plane for a
system with (a1) dipolar interactions D = 220 (C = 0) and (b1)
contact interactions C = 127 (D = 0). Insets show the the same data
in the main subplot as a false color image with white contours added
to show the condensate density in each case [also see Fig. 6.4(a) and
(b) for the condensate density along the x axis for (a1) and (b1),
respectively]. The spectrum of excitations mapped to a dispersion
for the (a2) dipolar case and (b2) contact case, only showing modes
with angular momentum projection |m| ≤ 2. (c) ñin and (d) ñout

(see text) for the case shown in (a1), with the energy and kρ range
of modes used to construct these shown by the dashed box in (a2).
Other parameters λ = 20 and T = 10 ~ωρ /kB .
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density near trap centre [see Fig. 6.2(a1)], which we refer to as the roton peak. This
roton peak in ñ is absent in the contact only case, which instead has a local minimum
(along the x-axis) at trap centre [see Fig. 6.2(b1)]. It is also important to take note that
the roton peak exhibits a greater z-extent than the parts of ñ away from trap centre.
This indicates that the excitations responsible for the roton peak have some important
3D character and would not be accurately captured in the quasi-2D treatment in which
the z-motion is essentially frozen out (also see [113]). This reaffirms the necessity of
the full 3D numerical solution we provide here.
To quantify the nature of excitations in the trapped system we follow the procedure
introduced in [118] to approximately map the excitations to a dispersion relation. In
this procedure each quasiparticle is assigned a momentum according to
sR
d3 k kρ2 [|ūj (k)|2 + |v̄j (k)|2 ]
R
hkρ ij ≡
,
d3 k [|ūj (k)|2 + |v̄j (k)|2 ]
where

ūj (k) =

Z

3

d xe

−ik·x

uj (x),

v̄j (k) =

Z

d3 xe−ik·x vj (x),

(6.6)

(6.7)

are the quasiparticle amplitudes in momentum space. The result of this analysis for the
purely dipolar case [see Fig. 6.2(a2)] reveals a clear flattening in the dispersion relation
for 2/aρ . hkρ ij . 5/aρ , as well as some particular modes dropping down. The upper
branch of excitations (j ≥ 20~ωρ ) in this figure corresponds to modes that are excited

in the tightly confined z-direction. For the contact interaction case [see Fig. 6.2(b2)] a

strong phonon-like (linear) dispersion is apparent, with no roton-like softening in the
hkρ ij range where it occurs for the dipolar case.

To verify the relationship between the roton-like part of the spectrum and the

roton peak in the non-condensate density we define ñin as the non-condensate density
calculated according to Eq. (6.4) but with the summation over modes restricted to
those satisfying hkρ ij ∈ [2/aρ , 5/aρ ] and j < 10~ωρ . The boundaries of this region are
indicated by the dashed box in Fig. 6.2(a2), and were selected to include the modes

where the roton-like softening is observed. We define ñout to be the non-condensate
density arising from all other modes, such that ñ = ñin + ñout . In Fig. 6.2(c) we show
ñin for the dipolar case, verifying that the roton peak arises from modes in the roton
region. Furthermore, ñout , shown in Fig. 6.2(d), is very similar to the contact case
[c.f. Fig. 6.2(b1)], since the character of long wavelength excitations (i.e. those with
hkρ ij < 2/aρ ) for the two cases [compare Figs. 6.2(a2) and (b2)] are similar.

The localised nature of the roton-like excitations for a pancake shaped dipolar

BEC was revealed in previous numerical studies that examined individual excitations
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Figure 6.3: Development of a roton peak in the non-condensate as
the dipole interaction increases. Non-condensate density in the y = 0
plane for (a1) D = 80, (b1) D = 140, (c1) D = 200, with respective mapped dispersions in (a2)-(c2). Insets show the non-condensate
density with white lines indicating contours of the condensate density.
Note: C = 0 in all these results.

[75, 99]. More recently, Jona-Lasinio et al. [122] have proposed the idea of a confined
roton gas based on a local density analysis of a trapped dipolar condensate. Their
analysis shows that the sensitivity of the roton excitations to the condensate density
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effectively confines these excitations to a small region near the trap centre, and explains
the roton peak in ñ we observe.
In Fig. 6.3 we show how the density peak in ñ develops for several values of the
dipolar interaction strength. The peak is absent for low interaction strengths, where
the excitation spectrum is monotonically increasing with hkρ i [Fig. 6.3(a1), (a2)]. The
peak first appears at D ≈ 140 [see Fig. 6.3(b1)] which is also when the excitation
spectrum flattens to a horizontal plateau [i.e. at hkρ i ∼ 2.5/aρ in Fig. 6.3(b2)] and
becomes more prominent at larger interaction strengths [Fig. 6.3(c1), (c2)].

6.2.2

Anomalous Density and Fluctuations

The anomalous density manifests itself in the density fluctuations of the system. These
can be characterised by the second order density-density correlation function,
G(2) (x1 , x2 ) ≡ hΨ̂† (x1 )Ψ̂† (x2 )Ψ̂(x1 )Ψ̂(x2 )i.

(6.8)

Recall from Sec. 3.6 that the Bogoliubov decomposition of the field operator reads
[Eq. (3.35)]
Ψ̂(x) ≈

p
N0 ψ0 (x) + δ̂(x),

where the fluctuations operator is decomposed according to [Eq. (3.36)]
δ̂(x) =

X
j≥1

uj (x)α̂j − vj∗ (x)α̂j† ,

with α̂j and α̂j† being the quasiparticle annihilation and creation operators, respectively.
Within Bogoliubov theory (choosing ψ0 to be real), [187]
G(2) (x1 , x2 ) = n(x1 )n(x2 ) + n0 (x1 , x2 ) [m̃(x1 , x2 ) + m̃∗ (x1 , x2 )]
+ n0 (x1 , x2 ) [ñ(x1 , x2 ) + ñ∗ (x1 , x2 )] + m̃∗ (x1 , x2 )m̃(x1 , x2 ) + ñ(x1 , x2 )2 ,

(6.9)

where n0 (x1 , x2 ) ≡ N0 ψ0∗ (x1 )ψ0 (x2 ) with n0 (x) ≡ n0 (x, x) the condensate density and

n(x) = n0 (x) + ñ(x) is the total density. Result (6.9) is obtained using Wick’s theorem
[152, 188] 4 . The non-condensate density matrix takes the form
D
E X

†
ñ(x1 , x2 ) = δ̂ (x1 )δ̂(x2 ) =
u∗j (x1 )uj (x2 )n̄j + vj (x1 )vj∗ (x2 )(1 + n̄j ) ,

(6.10)

j

4

The non-local (two-point) G(2) correlation function was calculated for a trapped dipolar conden-

sate in Ref. [181]. Those calculations were performed within a quasi-2D approximation at T = 0.5Tc ,
but neglected the contribution of m̃.
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and the anomalous density matrix, which characterises pairing correlations

5

in the

thermal component of the field, is given by 6
D
E
X

m̃(x1 , x2 ) = δ̂(x1 )δ̂(x2 ) = −
uj (x1 )vj∗ (x2 )(1 + n̄j ) + vj∗ (x1 )uj (x2 )n̄j . (6.11)
j

The local version of the second order correlation function simplifies to,
G(2) (x) ≡ G(2) (x, x)

(6.12)

= n0 (x)2 + 4n0 (x)ñ(x) + 2n0 (x)m̃(x) + 2ñ(x)2 + m̃(x)2 ,


2(ñ(x) + m̃(x))
2
≈ n(x) 1 +
,
n0 (x)

where
m̃(x) ≡ m̃(x, x) = −

X
(2n̄j + 1)uj (x)vj∗ (x),

(6.13)
(6.14)

(6.15)

j

is the so called anomalous density. Expression (6.14) is accurate to first order in ñ/n0
and m̃/n0 .
Since pairing is strongly influenced by the nature of the interactions (i.e. attractive
versus repulsive interactions) it is useful to compare the anomalous density between
dipolar and contact condensates in Fig. 6.4(a) and (b). The parameters of this comparison are the same as those used in Figs. 6.2(a1) and (b1). For the contact case
[Fig. 6.4(b)] the anomalous density exhibits behavior seen in other studies of a trapped
condensate with repulsive contact interactions (see [189] and references therein), notably m̃(x) is negative in region where the condensate density is significant. For the
dipolar condensate [Fig. 6.4(a)] the anomalous density is similar to the contact case
near the condensate surface (|x| & 4aρ ), but has strikingly different behavior near trap
centre where it turns positive and forms a peak.
Expression (6.14) shows how the density fluctuations are sensitive to the sum of the
non-condensate and anomalous densities. We also show ñ + m̃ in Figs. 6.4(a) and (b).
For the contact gas this quantity is less than zero, i.e. suppression of density fluctuations, except near the surface where ñ & n0 . In contrast, for the dipolar condensate
ñ + m̃ is positive and peaked at trap centre .
To put the relative scale of the density fluctuations into context, it is convenient to
define the fluctuation density as the root-mean-square of the density fluctuations, i.e.
q
nF (x) = G(2) (x) − n(x)2 .
(6.16)
5

Pairing correlations pertain to the separation between particles and are therefore related to density

correlations.
6
Both ñ and m̃ are real since the sum is taken over all modes.
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Figure 6.4: Comparison between densities of (a) a purely dipolar condensate with D = 220 and (b) a purely contact interaction condensate with C = 127. Figures show the (blue dashed) normal density ñ,
(red dash dot) anomalous density m̃, (green solid) ñ + m̃, and (grey
solid) the scaled condensate density, all evaluated along the x axis.
(c) Shows the development of the fluctuation density nF (see text)
with dipolar strength for a purely dipolar condensate (D = 120 to
D = 220 in steps of ∆D = 20). The dashed line shows the real part
of nF for the purely contact case of C = 127. These results are at
T = 10~ωρ /kB . (d) Shows the development of the fluctuation density
(see text) with temperature for the purely dipolar condensate with
D = 220 (T = 0 to T = 10~ωρ /kB in steps of ∆T = 2~ωρ /kB ). Other
parameters λ = 20 and N0 = 25 × 103 .
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In Figs. 6.4(c) and (d) we examine nF (x) for the dipolar gas as a function of the
DDI parameter and temperature. These results show that the condensate exhibits
reasonably strong density fluctuations relative to the total density of the system. For
example, in Fig. 6.4(c) the total density at trap centre decreases with increasing D,
−3
i.e. the total density decreases from n(0) = 783 a−3
ρ at D = 120, to n(0) = 568 aρ

at D = 220. Over this same range of D values the central fluctuation density in−3
creases from nF (0) = 125 a−3
ρ to nF (0) = 231 aρ . For the purposes of comparison,

in Fig. 6.4(c) we also show the real part

7

of nF for the contact case. In this case

the fluctuation density is only non-zero near the surface of the condensate. To leading
p
order in ñ and m̃ the fluctuation density is given by nF ≈ 2n0 (ñ + m̃).

6.2.3

Effective 2D interaction in k-space

In preparation for the next subsection we discuss how to calculate an accurate 2D
(in-plane) DDI in k-space. We do this by numerically integrating
Z
dkz
Ũdd (kρ , kz )λ̃0 (kz )2 ,
Ũ2D (kρ ) =
2π

(6.17)

where λ̃0 (kz ) is the Fourier transform of the normalised z-profile of the condensate at
x = y = 0, i.e.
λ0 (z) = R

|ψ0 (0, z)|2
.
dz 0 |ψ0 (0, z 0 )|2

(6.18)

Note that in the limit of vanishing interactions, where the z shape of the condensate
is a Gaussian (independent of ρ), Ũ2D (kρ ) reduces to the analytic result


gdd
A
Ũ2D
(kρ ) = √
F⊥ √12 kρ az ,
2πaz

(6.19)

where F⊥ (Q) is defined by Eq. 2.27. We develop this approach more fully as an approximate description in Sec. 7.2.2.

6.2.4

Momentum space density and depletion

Since the rotons develop in a specific momentum range [see Fig. 6.2(a2)] it is interesting
to consider how they manifest in the momentum space density of the non-condensate.
Indeed, Mazets et al. [14] considered the momentum distribution in quasi-1D (cigar
shaped) system with laser induced DDIs. Their results showed that the presence of a
7

For the contact case G(2) (x) < n(x)2 in the central region and the fluctuations are suppressed

below the Poissonian level.
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roton minimum in the excitation spectrum was revealed by a local peak in the noncondensate momentum distribution at a momentum corresponding to the roton. Similarly, Jona-Lasinio et al. [122] have shown using time dependent GPE simulations that
a halo in momentum space can develop for a pancake dipolar BEC (e.g. by quenching
interactions).
Here we examine the non-condensate density in momentum space, which is given
by
ñ(k) =

X

n̄j |ūj (k)|2 + (n̄j +1)|v̄j (k)|2 .

(6.20)

j

In Fig. 6.5(a) we compare ñ(k) for dipolar and contact cases at T = 0 and T =
5 ~ωρ /kB .
The T = 0 results reveal the momentum distribution of the quantum depletion
(i.e. atoms excited out of the condensate due to interactions). A feature of note is the
strong suppression of ñ(k) for the dipolar case for momenta near kx ∼ 3/aρ . This can

be understood by considering the momentum dependence of the interaction [see inset
to Fig. 6.5(a) and Sec. 6.2.3]. This shows that the interaction crosses over from being
positive (repulsive) for kρ . 3/aρ to attractive at kρ & 3/aρ . Thus for kρ ∼ 3/aρ the

interaction is effectively zero, explaining why few atoms are depleted at this momentum.

The contact interaction gas does not have this suppression and as a result at T = 0
R
the total depletion, Ñ = d3 x ñ(x), is larger [see Fig. 6.5(b)]. The local maximum
that occurs at kx ∼ 5/aρ

8

is associated with the same roton modes that gave rise to

the roton peak in the position space non-condensate density (also see [122]).
As temperature increases the softer spectrum of the dipolar condensate becomes
thermally activated more rapidly than the contact case, particularly in the vicinity of
the roton [e.g. see T = 5~ωρ /kB result in Fig. 6.5(a)]. Indeed, at all temperatures
we have considered (up to 10 ~ωρ /kB ) we observe a local maximum in the momentum
density at the roton wavevector. We emphasise that because the thermally activated
rotons are spread out over an annular halo in the kx -ky plane, the size of the peak in
ñ(k) defining halo is small [see kx ∼ 5/aρ in Fig. 6.5(a)].
A
Our results in the inset to Fig. 6.5(a), show that Ũ2D
is a poor approximation for

D = 200, which serves as an additional caution on the use of the quasi-2D approximation in the roton regime.
8

We note that the rotons emerge with a wavevector set by the z confinement length, i.e. k ∼ 1/az .
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6.3

Formalism: Number Fluctuations Within Cells

We now return to investigate the number fluctuations within finite cells. We characterise the number fluctuations within cell σ by the variance of the atom number,

2 
2
δNσ ≡
N̂σ − Nσ
(6.21)
D E
(6.22)
= N̂σ2 − Nσ2 ,
where
N̂σ ≡
and
hN̂σ2 i

≡

Z Z
σ

σ

Z

d3 xΨ̂† (x)Ψ̂(x)

d3 x1 d3 x2 hΨ̂† (x1 )Ψ̂(x1 )Ψ̂† (x2 )Ψ̂(x2 )i.

Neglecting terms greater than second order in the quasiparticles, one obtains
Z
XZ

2
3
δNσ =
d x1 d3 x2 δni (x1 )δn∗i (x2 ) coth 21 βi ,
σ

i

(6.23)

σ

(6.24)

(6.25)

σ

where β = 1/kB T and δni (x) ≡ ψ0 (x) [ui (x) − vi (x)] is the density fluctuation ampli-

tude of the i-th quasiparticle and i is its energy; we have taken ψ0 to be real.

While Eq. (6.25) might be elegant, it is impractical to calculate in its current form
as an inordinate number of quasiparticle modes is required to reasonably represent the
delta function implicit within the non-normally ordered form of the density correlation
function. We therefore calculate fluctuations by normally ordering the field operators,
i.e.
δNσ2

Z Z

[G(2) (x1 , x2 ) + δ(x1 − x2 )hΨ̂† (x1 )Ψ̂(x2 )i]d3 x1 d3 x2 − Nσ2
σ σ
Z Z
2
= Nσ − Nσ +
G(2) (x1 , x2 )d3 x1 d3 x2 ,

=

σ

(6.26)
(6.27)

σ

where we defined G(2) in Eq. (6.8). Again, only keeping terms to second order in the
quasiparticle operators, i.e. neglecting the last two terms of Eq. (6.9), we arrive at
δNσ2

= Nσ +

XZ Z
i

σ

σ

n
d3 x1 d3 x2 n0 (x1 , x2 ) [m̃(x1 , x2 ) + m̃∗ (x1 , x2 )]

o
+ n0 (x1 , x2 ) [ñ(x1 , x2 ) + ñ∗ (x1 , x2 )] .

This approximation is valid when n0 (x)  ñ(x), |m̃(x)|.
118

(6.28)

y
!b

!a
!
!B

cylinder

x

!

Figure 6.6: Schematic showing how we integrate over the cylindrical
cell in the x-y plane by summing over arcs of varying length for each ρ
that reaches inside the cylinder. The red arc demonstrates an example
of how the angular limit φL (ρ) is chosen such that only the cylindrical
region is integrated. The radial limits ρa and ρb are also indicated.

6.4

Numerical Implementation

Taking advantage of the cylindrically symmetric trap we can decompose the modes as
uj (x1 ) = ei(mj φ1 +Sj ) u2D
j (ρ1 , z2 )

(6.29)

vj∗ (x2 ) = e−i(mj φ2 +Sj ) vj2D (ρ2 , z2 ),

(6.30)

with mj the z-direction angular momentum projection m of mode j and Sj is a global
phase for each mode which will be canceled when taking the expectation values. By
construction we take u2D
and vj2D to be real.
j
As discussed in Sec. 6.1 we wish to investigate the number fluctuations within
cylinder-shaped and washer-shaped cells. Without loss of generality we position the
cell symmetrically about the x-axis so that the limits of φ integration are symmetric
about zero, which we write as φL and −φL . The φ integration is performed first and
in general φL is ρ dependent, meaning that the x-y integration of cylindrical cells is

performed by summing arcs that subtend various angles, see Fig. 6.6 for an example of
such an arc. For washer-shaped cells however, φL = π is always a constant. In practice,
the limits in the z-direction (−zL and zL ) are also chosen to be symmetric about zero
and are large enough so that the cylinder height is greater than the sample thickness.
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Returning to our expression for number fluctuations, Eq. (6.28) now reads
Z zL
Z φL (ρ1 )
Z ρb
Z zL
Z φL (ρ2 )
X Z ρb
2
dρ1
δNσ = Nσ +
dz1
dρ2
ρ1 dφ1
dz2
ρ2 dφ2
h

ρa

j

−zL

ρa

−φL (ρ1 )

−zL

−φL (ρ2 )

− 2 cos(mj (φ1 − φ2 ))ψ0 (ρ1 , z1 )ψ0 (ρ2 , z2 )uj (ρ1 , z1 )vj (ρ2 , z2 ){1 + 2n̄j }

+ 2 cos(mj (φ1 − φ2 ))ψ0 (ρ2 , z2 )ψ0 (ρ1 , z1 )uj (ρ1 , z1 )uj (ρ2 , z2 )n̄j .

i
+ 2 cos(mj (φ1 − φ2 ))ψ0 (ρ2 , z2 )ψ0 (ρ1 , z1 )vj (ρ1 , z1 )vj (ρ2 , z2 ){1 + n̄j }

(6.31)

Fortunately, the φ integral is analytic i.e.
Z φL (ρ2 ) Z φL (ρ1 )
4
cos(mj (φ1 − φ2 ))dφ1 dφ2 = 2 sin(mj φL (ρ1 )) sin(mj φL (ρ2 )). (6.32)
m
−φL (ρ2 ) −φL (ρ1 )
After performing the z-integration δNσ2 takes the numerically feasible form
N

anomalous

normal

σ
z
}|

{ z  }|
{ z
{ i
X h }|
2
δNσ = N0σ +
Aj n̄j + Bj 1 + n̄j + Cj 1 + 2n̄j + Dj n̄j + Ej 1 + n̄j . (6.33)

j

The condensate and non-condensate contributions are constructed [using Eq. (6.4) for
the non-condensate] according to
Z

ρb

Z



zL

n0 (ρ, z)dz dρ,

2
uj (ρ, z) dz dρ
φL (ρ)ρ
Aj = 2
−zL
ρa

Z z L
Z ρb
2
vj (ρ, z) dz dρ.
φL (ρ)ρ
Bj = 2

N0σ = 2

φL (ρ)ρ

−z
Z zLL

ρ
Z aρb

and

ρa

(6.34)
(6.35)
(6.36)

−zL

For |mj | > 0,
8
Cj = − 2
mj

zZ

αj
}|

zZ
{ 
ρb
z
ρ sin(mj φL (ρ)) [Iu0
(ρ)] dρ

ρa

Dj =

ρb

ρa

8
[αj ]2
m2j

and

βj
}|

{
z
ρ sin(mj φL (ρ)) [Iv0
(ρ)] dρ , (6.37)

Ej =

8
[βj ]2 ,
m2j

(6.38)

whereas for mj = 0,

Cj = −8

zZ

ρb

ρa

γj
}|

z
ρφL (ρ) [Iu0
(ρ)] dρ

Dj = 8[γj ]2

and
120

{ zZ

ρb

ρa

δj
}|

{
z
ρφL (ρ) [Iv0
(ρ)] dρ ,

Ej = 8[δj ]2 ,

(6.39)
(6.40)

where
z
Iu0
(ρ)

≡

Z

zL

uj (ρ, z)ψ0 (ρ, z)dz

and

−zL

z
Iv0
(ρ)

≡

Z

zL

vj (ρ, z)ψ0 (ρ, z)dz.

(6.41)

−zL

We note that because we obtain the u2D
and vj2D on quadrature grids careful interj
polation onto a specialised cell-integration grid is required to avoid boundary effects
when performing the numerical integration to get αj , βj , γj and δj . This is particularly important when the cell size is small compared to the grid spacing for the BdG
solutions.
Given that we calculate around 104 modes it typically takes around 2 minutes per
cell to calculate δNσ2 on a single core machine. For each of our figures we normally
need to consider several hundred different cells which would take of order a day on a
single core. Fortunately, the calculation for each cell is independent hence this process
may be efficiently calculated in parallel.

6.5

Results

Using the above formalism and techniques we again apply the GPE and BdG equations
to the low temperature dipolar gas contained within a pancake-shaped harmonic trapping potential, with λ = 20. For the remainder of this chapter we focus on the specific
case of 2.5 × 104
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Dy atoms (a regime that should be accessible for experiments and

corresponds to the dimensionless dipole interaction parameter of D = 220 considered
earlier in this chapter) and D will now refer to the cylinder diameter, as shown in
Fig. 6.1.

6.5.1

Roton Instability

In Fig. 6.7(a) we show the numerically determined stability diagram, indicating the
range of contact and dipolar interactions where all the quasiparticle energies are real
and positive. In the upper part of the stable region, where the DDI dominates, roton
excitations tend to develop (e.g. see [75]). Indeed, in Fig. 6.7(b) we show the energy
spectrum along the dashed path in Fig. 6.7(a) where we vary as , as can be done using
a Feshbach resonance. As as becomes smaller we observe a radially excited roton
mode soften, leading to instability for as ≈ −3a0 . We note that there is a range

of roton modes softening, including those with non-zero values of z-direction angular
momentum projection m (which are not shown in the spectrum) although the modes
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Figure 6.7: (a) Stability phase diagram in interaction parameter space
for N0 = 2.5 × 104
−1

164

Dy atoms in a λ = 20 trap with ωρ = 2π ×

10.8 s . The shaded region indicates where a stable solution exists
and the gray portions of the boundary mark the boundary of density
oscillation islands [99]. Crosses indicate the three sets of parameters
we examine in this chapter with as /a0 = 0, 9.04, 18.1 as the cases
we label as α, β, γ, with a0 the Bohr radius. The dipole length is
add ≡ mgdd /4π~2 ≈ 132.6 a0 for
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Dy. (b) Quasiparticle energies of

m = 0 modes as as is varied along the dashed path in (a). Vertical
lines mark the cases α, β and γ, and the crossed circle indicates the
lowest energy roton mode.The contours of the density fluctuation δni
for the roton shown in inset. Contour spacing is 3 × 1011 cm−3 , solid
lines (dot-dashed) represent positive (negative) contours, while nodes
are shown as thick black lines.
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that soften all have a similar wavelength, as indicated in the inset to Fig. 6.7(b). In
Fig. 6.7 we indicate three parameters sets that we will use here and have labeled α, β, γ
(differing by the value of as ). The purely dipolar case α has the most prominent rotons,
while cases β and γ (progressively further from the stability boundary) may be more
convenient to explore experimentally.

6.5.2

Cylindrical Cells

We present results for δNσ2 for the purely dipolar case α in Fig. 6.8. These results
are calculated using Eq. (6.33) (normally ordered form) and include contributions
from ∼ 104 quasiparticle modes. We emphasise that our calculations are fully threedimensional and we have performed tests with up to 105 modes finding changes in δNσ2
R
of .0.7%. The total depletion is Ñ = d3 r ñ ≈ 1570 (i.e. 6% of N0 ) at the highest T

considered. The peak in the depletion density [see inset to Fig. 6.8(b)] near trap centre
reveals the presence of the confined rotons modes. These are also revealed by the peak
in nF shown in the inset.
At T = 0 [Fig. 6.8(a)] and for R = 0 (cells at trap centre) the number fluctuations

are almost Poissonian (δNσ2 /Nσ ≈ 1) for the smallest cell diameter D = 0.239 µm,
increase to become super-Poissonian for D ∼ 2 µm, and then decrease to sub-Poissonian

for D & 3 µm. The dominant contribution to the fluctuations in Eq. (6.25) arises from
modes with wavelength comparable to the cell width [184]. The dominant modes for
the smallest size cells are the high energy (free particle-like) excitations, while for
the largest cells it is the long wavelength repulsively interacting phonon-like modes
that suppress fluctuations. For intermediate cell sizes comparable to half the roton
wavelength λrot /2 ≈ 1.5 µm

9

[see inset to Fig. 6.7(b)] the fluctuations are enhanced

by the effective attractive character of the DDI for modes at this scale. The sign
change of the effective DDI, as a function of the momentum of the excitation, was
characterised in Sec. 6.2.4 for the same system parameters. This roton peak in δNσ2 is

a key feature of dipolar condensates and can be used as a signature of the emergence
of roton excitations.
Temperature plays an important role in BEC fluctuations, and the results in Fig. 6.8(b)
are for a case typical of the lowest temperatures obtained in experiments (≈ 13% of
9

Note that the assignment of a wavelength to the roton mode shown in Fig. 6.7 is somewhat

ambiguous, for example the width of the central antinode is broader than the other antinodes.
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. These results show that thermal effects wash out the

sub-Poissonian fluctuations in large cells, while the roton peak in δNσ2 (occurring for
D ∼ λrot /2) is significantly enhanced. For both temperature regimes in Fig. 6.8 the
height of the roton peak decreases with R as the cell is moved away from the central
region, because the rotons are effectively confinement to trap centre [122].
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function of cylinder diameter at T = 5.2 nK. Each graph has results
for three different values of contact interaction (see Fig. 6.7). Solid:
full calculations and dashed: LDA result (see text).

Figure 6.9(a) examines the fluctuations at R = 0 for a cylinder of fixed diameter
D = 1.67 µm, chosen to be sensitive to the roton excitations, as a function of temperature and for several values of the contact interaction. In all cases the plateau at low
T represents the quantum fluctuations associated with the rotons, while the transition
to a rising line coincides with the thermal activation of these modes, occurring when
kB T is of the order of the lowest roton energy. With reference to spectra in Fig. 6.7(b)
we note that the energy of the lowest roton increases as as increases. In Fig. 6.9(b) we
show the dependence of δNσ2 on cell diameter. Importantly, the results with larger as
(where the roton energy is higher), and the roton peak in δNσ2 at D ∼ 21 λrot is smaller,

but still discernible.

In Fig. 6.9(b) we also present results of a simplified theory based on the local density approximation (LDA) for calculating the fluctuations in the quasi-two-dimensional
10

We restrict our attention to T  Tc and neglect the interaction of excitations with the thermal

component, c.f. [73, 145, 146]
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(quasi-2D) regime, valid when kB T < ~ωz . This LDA theory makes use of the GPE
wavefunction but avoids the computationally challenging step of calculating all the
quasiparticles and integrating them over the cell region σ, as required to use Eq. (6.25).
We first note that for a uniform quasi-2D system the fluctuations in a disk of radius D
is
δNσ2

= n2D

Z

J12 ( 21 Dkρ )
d kρ
S(kρ ),
kρ2
2

(6.42)

with S(kρ ) the static structure factor, n2D the areal density, and the Bessel function
term arising as a geometric factor for the cell [184].
The basis of our approach for extending this result to the trapped system is to use
ψ0 to calculate a local Bogoliubov dispersion relation B (kρ , ρ) at each radial position
ρ = (x, y) (see Sec. 7.2.2 for a fuller description of the rationale and implementation
of the LDA theory), from which a local static structure factor can be obtained as
S(kρ , ρ) =

~2 kρ2
coth
2m B

1
βB
2



.

(6.43)

The static structure factor for the system within the cell σ can then be computed by
the density weighted LDA sum
Sσ (kρ ) =

Z

d2 ρ n2D (ρ)S(kρ , ρ),

(6.44)

σ

where n2D (ρ) ≡

R

dz |ψ0 (ρ, z)|2 .The number fluctuations for the trapped system is

then given by Eq. (6.42) with the replacement S(kρ ) → Sσ (kρ ). The comparison in
Fig. 6.9(b) demonstrates that the LDA results provide a useful quantitative estimate.

6.5.3

Washer-Shaped Cells

It is interesting to consider more general cells shapes for measuring δNσ2 . Here we
examine the non-simply connected washer-shaped cell (see Fig. 6.1). We show δNσ2 for
this cell versus washer radius R and for various washer widths at both zero [Fig. 6.10(a)]
and finite temperature [Fig. 6.10(b)]. The most striking feature of these results is the
emergence of fine oscillations in δNσ2 as R is varied. This arises because the washer
geometry only allows m = 0 modes to contribute

11

, thus only a small number of

modes contribute to the result. Indeed, in the inset to Fig. 6.10(b) we compare the full
result for δNσ2 to that calculated by restricting the sum in Eq. (6.25) to just the lowest
energy roton mode, and find reasonable agreement, with the difference being due to
11

Selectivity to m = 0 modes arises in (6.25) because the washer cell is radially symmetric and the

azimuthal character of the δni fluctuations for m 6= 0 integrate to zero.
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other excited m = 0 modes. The broad envelope of these oscillations is similar (as
a function of R) to that observed for the cylindrical cells in Fig. 6.8 (reflecting roton
confinement).

6.6

Conclusions

In this chapter we have explored the behaviour of key quantities for a trapped dipolar gas: the non-condensate density, in both position and momentum space, and the
anomalous density. To our knowledge this is the first time these quantities have been
reported for this system and compared to the better understood case of a condensate
with contact interactions. The concept of a roton gas forming in the central region of a
pancake dipolar condensate was recently proposed in Ref. [122] based on a local density
analysis in a quasi-2D approximation. Our results support this concept with general
calculations that reveal an intrinsic 3D character to the rotons, and demonstrate the
effect of temperature. Importantly we show that the roton gas emerges as a peak in the
non-condensate at trap centre, and that in this region the anomalous density is positive
leading to large density fluctuations. In momentum space the non-condensate density
reveals the presence of rotons as a halo with radius set by the roton momentum.
We have examined the number fluctuations that occur within small cells of a dipolar
BEC. We have shown that these fluctuations provide a large signal indicating the
presence of roton excitations, even when the depleted density associated with these
excitations is small. Our results show that the fluctuations are highly dependent on
the cell size relative to the roton wavelength, and should be practical to measure in
experiments with imaging that can resolve cells of size ∼ 2 µm. This resolution has
been approached in similar style quasi-2D experiments with Cs [183], and well-exceeded

with other quantum gas microscope (e.g. [190]) and in scanning electron microscopy
[191] experiments. While we have focused on a physically realizable regime with Dy,
we emphasise that Cr and Er systems are also suited to this type of measurement.
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Chapter 7
Roton Spectroscopy in a Harmonically
Trapped Dipolar BEC
7.1

Introduction

A number of theoretical proposals for detecting roton features have been made including
sensitivity to external perturbations [136], depression in the critical velocity [111, 118],
and signatures in density fluctuations [184] (c.f. [183]). However, to date there has
been no experimental evidence for roton properties in dipolar BECs 1 .
In this chapter we continue our study of a dipolar BEC confined in a quasi-2D harmonic trap in the regime where rotons emerge. We vary contact and dipole interaction
parameters over a wide range and characterise the emergence of a roton through the
static and dynamic structure factors. These quantities closely relate to the observable
for Bragg spectroscopy [192–195], i.e. the rate at which momentum is transferred to
the system by stimulated two-photon Bragg scattering [196, 197]. We note that Bragg
spectroscopy has emerged as a flexible tool for investigating ultra-cold gases and has
been applied to resonant Bose [198] and Fermi [199] gases, quasi-1D Bose gases [200],
and vortices in BECs [201, 202]. Recently the first application of Bragg spectroscopy to
a dipolar BEC has been made [59] in a nearly spherical trap, and used to demonstrate
an anisotropic speed of sound.
Our calculations for the structure factors are based on solving the non-local GrossPitaevskii equation (GPE) for the condensate and the Bogoliubov de-Gennes (BdG)
equations for the quasi-particle excitations. Our calculations are fully three-dimensional,
1

Roton mode softening has been observed in a BEC with cavity mediated long-range interactions

[15].
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i.e. we do not make the quasi-2D approximation, in which an ansatz for the condensate
shape in the tightly confined direction is assumed. We also develop a local density approximation (LDA) theory (similar to that employed in the last chapter) that provides
a reasonably accurate description of our full theory. We emphasise that the regime of
our study is appropriate to current experiments with magnetic dipoles.
This chapter is based on our paper published in PRA as a Rapid Communication
[75]

7.2

Formalism

Our numerical method utilises the cylindrical symmetry to solve the GPE and BdG
equations as described in chapter 3.

7.2.1

Bragg Spectroscopy

Bragg spectroscopy has become a routine technique employed in experiments. Here
we briefly review the Bragg spectroscopic technique and how it relates to the dynamic
structure factor, which is the focus of this chapter.
Particles subjected to a Bragg pulse may be described by the time-dependent Hamlitonian,
Ĥt = Ĥ + ĤI (t),

(7.1)

where Ĥ represents the unperturbed Hamiltonian and ĤI (t) is the time-dependent
Bragg perturbation. Figure 7.1 schematically demonstrates how ĤI (t) is formed by two
(far-detuned) overlapping laser beams, having equal amplitudes but with wavevector
and frequency differences of q = k1 − k2 and ω = ω1 − ω1 , respectively. The Bragg

perturbation can be written as
Z
ĤI (t) = d3 x Ψ̂† [~V (t) cos(q · x − ωt)] Ψ̂,

(7.2)

where V (t) is the strength of the optical potential, see Fig. 7.1(a).
After applying the Bragg pulse for a time Tp (see Fig. 7.1(b)) the momentum transfer
is used to measure the effect on the condensate. Therefore, the measured observable is
(see Refs. [192, 193])
R(q, ω) = γ
where
γ −1 =

P (Tp ) − P (0)
,
~q

(7.3)

π
N0 Vp2 Tp
2

(7.4)
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Figure 7.1: Bragg spectroscopy of a BEC. (a) Two laser beams with
wavevectors k1 and k2 and frequencies ω1 and ω2 respectively, create
a moving optical potential with wavevector q = k1 −k2 and frequency
ω = ω1 − ω2 (see [203]). (b) Temporal behaviour of the Bragg pulse.
(Copyright (2002) by The American Physical Society [197])

and P is the momentum of the system. Applying linear response theory (i.e. in the
limit of a small Bragg excitation) this observable is given by

2

R(q, ω, Tp ) = S(q, ω) − S(−q, −ω),

(7.5)

where
S(q, ω) =

1 X −βEm
e
|hm|ρ̂q |ni|2 δ(~ω − Em + En ),
Z m,n

(7.6)

is the dynamic structure factor (see [204]). The density fluctuation operator takes the
2

This result formally only holds precisely in the long pulse limit and in the absence of a confining

potential, e.g. see [197].
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form
ρ̂q =

Z

d3 x Ψ̂† (x) exp(−iq · x)Ψ̂(x),

(7.7)

where Z is the partition function, |mi are the eigenstates and Em the energy levels.

Within a Bogoliubov treatment of a condensed Bose gas the dynamic structure

factor is given by
S(q, ω) =

X Z
j

2

d3 x [u∗j (x) + vj∗ (x)]eiq·x |ψ0 | [(n̄j + 1)δ(ω − ωj ) + n̄j δ(ω + ωj )] .
(7.8)

Note that in the zero temperature limit n̄j = 0 and the structure factor reduces to
S0 (q, ω) =

X Z
j

2

d3 x[u∗j (x) + vj∗ (x)]eiq·x |ψ0 | δ(ω − ωj ),

(7.9)

(where ωj ≡ j /~) which has been utilised by e.g. Refs. [195, 205, 206] under various
forms of approximation.

7.2.2

Local Density Approximation

For the case of BECs with contact interactions a successful analytic approximation
for S(k, ω) has been developed using the Thomas-Fermi approximation for the condensate and treating the excitations within the local density approximation (LDA)
[195] (c.f. semiclassical descriptions of dipolar gas excitations [72, 98, 151, 207]). We
have found that the main issue in extending this type of analysis to the tightly confined dipolar BEC arises from the sensitive dependence of the in-plane DDI potential
(c.f. Eq. (2.26)) upon the shape of the condensate in the z direction (see Sec. 2.3.1).
For this reason we use the GPE solution itself as the basis for calculating S(k, ω) using
an LDA treatment of the excitations, thus avoiding the need to numerically solve for
the BdG equations. We note that generalised z mode treatments, e.g. Ref. [113], could
also be used. We define a locally varying in-plane interaction potential
Z
i
dkz h
0
Ṽ2D (kρ , ρ) =
g
+
Ũ
(k
,
k
)
[ñ(kz , ρ)]2 ,
s
dd ρ z
2π[n(ρ)]2
where
n(ρ) = N0

Z

dz |ψ0 (ρ, z)|2

(7.10)

(7.11)

is the areal density, ñ(kz , ρ) is the z-direction Fourier transform of the condensate
density, and
Ũdd (kρ , kz ) = gdd (3kz2 /kρ2 − 1)
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(7.12)

0
is the Fourier transform of Udd (r) 3 . The ρ dependence of Ṽ2D
(kρ , ρ) accounts for the

changing z profile of the condensate as ρ varies. Note that in the limit of vanishing
interactions, where the z shape of the condensate is a Gaussian (independent of ρ),
0
Ṽ2D
(kρ , ρ) reduces to the analytic result in Eq. (2.26). We construct S(k, ω) treating

the in-plane excitations with the LDA, i.e. summing over the parts of the BEC at
various densities [195]
SLDA (k, ω) =
where B (kρ , ρ) =

7.3
7.3.1

Z

dρ 2πρ

n(ρ)(kρ )
δ (ω−B (kρ , ρ)/~) ,
B (kρ , ρ)

(7.13)

q
0
(kρ )2 + 2(kρ )n(ρ)Ṽ2D
(kρ , ρ) (c.f. Eq. (2.30)).

Results
Parameter Regime and Units

The results we present focus on a trap with λ = 40, although we find qualitatively similar behavior for λ & 10. We have chosen λ = 40 as being sufficiently tight for the roton
to emerge at a reasonably large k value, yet is an aspect ratio that is readily achievable
in experiments (e.g. [208]). For convenience (as before) D = 3N0 gdd m/4π~2 aρ and
C = N0 gm/4π~2 aρ are dimensionless parameters for the dipolar and contact interacp
tions, respectively, with aρ = ~/mωρ and N0 the number of condensate atoms.

7.3.2

Instability: Roton Softening

In Fig. 7.2(a) we show the excitation spectrum of m = 0 modes for C = 0 as a function
of D. For D & 400 we observe that high-lying quasi-particle modes begin to rapidly
decrease in energy as D increases. We identify the softening of these highly excited
modes (i.e. modes with many radial nodes) as the manifestation of the roton spectrum
in the trapped gas (consistent with the behaviour seen for λ = 20 in Fig. 6.7). This
interpretation is supported by mapping the quasi-particle modes onto a dispersion [see
Eq. (6.6)], which we show for several values of D in Fig. 7.3. In this figure we have
also shown ñ(x) for comparison to the λ = 20 result in the last chapter. Returning
to Fig. 7.2(a), we see that at D ≈ 730 the first of these roton (quasi-particle) modes
3

The combination of n−2 (ρ)[ñ(kz , ρ)]2 gives a normalised Fourier transformed z mode of the con-

densate, which in general varies with ρ. Note, in the last chapter we defined this, at ρ = 0, to be
λ̃0 (kz )
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Figure 7.2: (a) Spectrum of m = 0 quasi-particle modes demonstrating the roton-softening. (b)-(d) Contour plots of modes at D = 700.
(b) Condensate density. (c) and (d) give the density perturbation
[δρj = ψ0 (uj + vj )] for the first [(c)] and third (roton) [(d)] m = 0
quasi-particles [these modes are indicated by circles in (a)]. Solid
(dotted) contours indicate positive (negative) density perturbations.
(e) S(k) for D values corresponding to the vertical dashed lines in
(a). Inset: A comparison of full calculations for S(k) (symbols) to
the LDA results [Eq. (7.13)] (lines) for D = 200, 600, 725 (lowest to
higher curves). Results for λ = 40 and C = 0.
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Figure 7.3: Development of a roton peak in the non-condensate as
the dipole interaction increases. Non-condensate density in the y = 0
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hits zero energy and develops an imaginary part, signaling the onset of a dynamical
instability. We note that modes with |m| > 0 exhibit similar trends to the m = 0

results shown in Fig. 7.2(a).

The condensate orbital and the density perturbations associated with two quasiparticle modes are indicated in Fig. 7.2(b)-(d). Notably the roton mode [Fig. 7.2(d)] is
localized near the center of the condensate and has a short wavelength. Using Eq. (6.6)
we assign the wavevector hkρ i to the modes and find that for this mode hkρ i3 = 6.45/aρ ,
similar to the inverse z confinement length 1/az ≈ 6.3/aρ .

7.3.3

Static Structure Factor

Recall the dynamic structure factor for a T = 0 BEC is [Eq. (7.9)]
X Z
2
S(k, ω) =
d3 x [u∗j (x) + vj∗ (x)]eik·x ψ0 (x) δ(ω−ωj ).

(7.14)

j

Bragg spectroscopy measures the imaginary part of the response function [196, 197]
Im [χk (ω)] = − π~ [S(k, ω) − S(−k, −ω)]

(7.15)

[see Eq. (7.5)], and to leading order this is only sensitive to the zero-temperature
dynamic structure factor. Thus our results should be applicable to regimes with a
discernible non-condensate fraction. Corrections beyond leading order will require a
finite temperature extension of the theory (e.g. see [72, 145, 146]).
Integrating S(k, ω) over frequency yields the static structure factor
Z
S(k) = dω S(k, ω),

(7.16)

which also relates to the Fourier transform of the pair correlation function [195]. For the
uniform system S(k) directly gives the dispersion relation through the Bijl-Feynman
formula
S(k) = (k)/B (k).

(7.17)

Here we restrict our attention to evaluating the structure factors for in-plane wavevectors, where the roton modes exhibit non-trivial structure [see Fig. 7.2(d)], and from
hereon will denote these with scalar arguments, i.e. S(k, ω), S(k) for with k the magnitude of the in-plane momentum. For a given value of k the numerical evaluation of
S(k, ω) requires including modes up to a maximum energy max with
max & ~2 k 2 /2m.
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(7.18)

In practice we check that sufficiently many modes are included by ensuring that the
f -sum rule,

Z

∞

dω ωS(k, ω) =

0

~k 2
,
2m

(7.19)

is satisfied. For the k values we consider here (k . 20/aρ ) we typically use & 104 modes
in our calculations 4 .
We present results for S(k) in Fig. 7.2(e) for various values of the dipole interaction
strength. The suppression of S(k) as k → 0 reveals the low-energy phonon spectrum of

the system (see [193]). A significant peak in S(k) at kpeak ∼ 6.5/aρ forms for interaction

values of D > 400, which corresponds to where the high energy modes begin to rapidly
descend in the spectrum [see Fig. 7.2(a)]. Appealing to the Bijl-Feynman formula we
identify a significant peak in the static structure factor with the appearance of a roton
feature in the excitation spectrum (also see Fig. 2.12). This identification is useful
because it corresponds to a practical experimental observable.
In Fig. 7.4 we characterize the behavior of S(k) over a broad range of contact and
dipole parameters where the BEC is dynamically stable. We show where a peak in S(k)
emerges and characterise its height [Fig. 7.4(a)] and wavevector (kpeak ) [Fig. 7.4(b)].
Our results show that the roton character of the spectrum is generally enhanced
[i.e. height of peak in S(k) increases] at fixed dipole strength by decreasing (i.e. making
more negative) the contact interaction strength, although the value of kpeak tends to
decrease as this happens.
In Fig. 7.4 we also indicate the boundary upon which the BEC becomes dynamically unstable. Because the cloud is tightly confined in the z direction the repulsive
character of the DDI (due to side-by-side dipoles) dominates and hence the DDI partially stabilises the BEC against collapse from a negative value of the contact interaction. Similar observations, for gases with smaller trap aspect ratio, were presented
in Ref. [109]. There are regions near the boundary where the condensate develops a
bi-concave density profile with a local minimum in the BEC density at trap centre
[99]5 . We do not notice any signature of the bi-concave BEC in S(k).

7.3.4

Dynamic Structure Factor

Because the frequency dependence of the system response is most directly measured in
Bragg spectroscopy experiments it is also worth discussing the behavior of the dynamic
4
5

Note we include excited z-modes and m vlaues up to ∼ 200.
We only show where the bi-concave regions intercept with the stability boundary.
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Figure 7.4: Characterisation of the roton properties of a λ = 40
trapped dipolar BEC using S(k). (a) Peak value of S(k). (b) Peak
wavevector kpeak (none shown when max[S(k)] < 1.05). Circles mark
the parameters of states analysed in Fig. 7.2(e). Grey boundary line
indicates when the system is unstable due to excited modes softening,
with black segments indicating that the BEC is in a bi-concave state
at the boundary (see [99]).

structure factor. In Figs. 7.5(a)-(f) we show S(k, ω) for the same cases considered in
Fig. 7.2(e). In the vicinity of the roton wavevector [i.e. k ∼ 6.5/aρ ] the frequency
response is quite broad and dips down sharply towards zero frequency for D & 700.

The discernible response feature indicated with an ellipse in Fig. 7.5(f) is due to the
roton mode identified in Fig. 7.2(d) (but also has contributions from similar modes
with |m| > 0, giving rise to the oscillations in ω above this feature).
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Figure 7.5: (a)-(f) S(k, ω) for indicated values of D. A Gaussian
of width ∆ω = 0.5 ωρ is used to smooth the δ-functions in S(k, ω).
The white dashed line shows the free particle dispersion (k)/~. The
solid black and grey lines are the mean response ω̄(k) obtained from
GPE based and quasi-2D approximation LDA calculations, respectively [see text and below]. White ellipse in (f) identifies a roton
response feature. LDA calculations of S(k, ω) for the parameters in
(f) are shown in (f1) and (f2). (f1) GPE based LDA approach of
Eq. (7.13). (f2) quasi-2D approximation LDA approach (see text).
R
The mean response ω̄(k) ≡ dω ωS(k, ω)/S(k), is shown for each
result. Other parameters: C = 0 and λ = 40.

7.3.5

Local Density Approximation

In Figs. 7.5 (f1) and (f2) we compare our GPE based LDA (7.13) against LDA calcula0
tion using the quasi-2D approximation [this only differs by the replacement Ṽ2D
(kρ , ρ) →

Ṽ2D (kρ ) in Eq. (7.13)]. This comparison reveals the sensitivity of S(k, ω) to the z shape

of the condensate. In the inset to Fig. 7.2(e) we compare the full numerical calculations
of S(k) against the GPE based LDA, and find good agreements until D & 700 where
the roton modes approach zero energy.
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7.3.6

Parameters

We now relate the dimensionless parameters of our calculations to current experimental
systems. A value of D ∼ 700 for ωρ = 2π × 40 s−1 would require a condensate with

N = {64.3, 4.1, 8.1} × 104 atoms for {52 Cr,

164

Dy,

168

Er}, respectively. The value of D

can be adjusted by changing the radial confinement, atom number or dipolar strength
[96]. Our results demonstrate [see Fig. 7.4(a)] that instead, for fixed dipole strength,
the roton spectrum can be accessed by making the s-wave scattering length negative
(e.g. see [135]). We note that the quantum depletion increases as the roton stability is
approached, yet is sufficiently small that Bogoliubov calculations remain valid 6 .

7.4

Conclusions

In conclusion we have explored the excitation properties of a quasi-2D dipolar BEC
in terms of the dynamic and static structure factors. Our results show that clear
and direct signatures for the roton spectrum will emerge in the structure factors and
should be readily observable with Bragg spectroscopy in current experiments. We
have constructed an approximate LDA theory for S(k, ω) which we have validated
against the full theory. This LDA theory is of broad potential use for calculating a
range of properties for the trapped dipolar gas, such as thermodynamics. Future work
will consider the extension to a set of quasi-2D traps realised with an optical lattice
[113, 138, 141].

6

E.g. We calculate a depletion of ∼ 400 atoms at (C, D) = (0, 725), using ∼ 104 modes with

energies up to 70~ωρ .
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Chapter 8
Conclusions
Until now, there has been very little work in the finite temperature regime for ultra-cold
dipolar gases. A notable example is the absence of reliable calculations to investigate
finite temperature stability behaivour. With this in mind, in chapter 4 we developed a
semiclassical Hartree-Fock theory applicable to the dipolar bosonic gas above Tc . We
characterised the dependence of the stability boundary on temperature, geometry and
the strength of DDI and contact interaction. Above Tc the stability is greatly enhanced
by several orders of magnitude as compared to the zero temperature regime, relevant
to current experiments with polar molecules. Surprisingly, we found a novel double
instability feature in oblate traps.
To address stability in the finite temperature regime below Tc we developed a dipolar Hartree theory, that includes beyond semiclassical effects, in chapter 5. Our model
is capable of being applied continuously from the above Tc regime down to zero temperature, thus bridging the gap between our work in chapter 4 and zero temperature
studies. We found that above Tc there are significant beyond semiclassical corrections
for dipoles in oblate traps, however, the double instability feature predicted in chapter
4 survives. We found that as the temperature decreases below Tc there is a sharp decrease in the stability boundary, after which, the stability boundary is predominantly
determined by the condensate population. Contrary to suggestions in previous work,
we found that the blood cell shaped condensate deepens and occurs over a broader
parameter region at finite temperature, as compared to zero temperature.
The weakly interacting roton has long been predicted but never observed experimentally. Making such an observation will be technically challenging, however several groups are actively pursuing this goal. We investigate two independent strategies
for roton detection, that should be feasible in current experiments, by deploying the
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GPE-BdG equations with realistic parameters to quantify the signal sizes expected in
experiments.
In chapter 6 we calculated number fluctuations within cells and found a strong peak
of the fluctuations when the cell size is around half the roton wavelength. These cells
are ideal for revealing the local character of roton modes, unique to the trapped system,
and their shape can be tailored to be sensitive to individual roton modes. Revealing
rotons through number fluctuations requires high resolution in situ imaging, which is
technically challenging but is now feasible in current experiments.
In chapter 7 we calculated the dynamic and static structure factors for the highly
oblate dipolar BEC. Our results show that the structure factors reveal a strong signature for the roton spectrum that should be detectable in current experiments using
Bragg spectroscopy. The strength of the signal is limited due to the confinement of the
roton gas to the high density central region of the condensate. The roton signal may be
amplified further by confining the condensate within a flat bottomed trapping potential
in which the roton gas will occupy a larger proportion of the condensate. As is the case
for our results in chapter 6, the structure factor relates to density fluctuations, since
the observable of Bragg spectroscopy is related to the Fourier transform of the densitydensity correlations. On the one hand, Bragg spectroscopy is easier experimentally but
only sensitive to the T = 0 structure factor. On the other hand, number fluctuation
measurements are sensitive to the temperature enhanced effects of fluctuations, which
our results show are appreciable.
In addition to proposing roton detection schemes, our investigations encountered
many interesting features in their own right. For example, we found a spatial separation
of the phonon and roton gases with the roton gas emerging as a peak in the noncondensate density at trap centre. The anomalous density was characterised, and
found to be positive in the spatial region of the roton gas resulting in large density
fluctuations. Conversely, in the outer phonon region the anomalous density is negative
and hence associated with the suppression of density fluctuations.
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8.1

Future Directions

There is significant scope for future work in finite temperature theory of dipolar gases.
Preliminary results of calculations using the full Hartree-Fock (semiclassical) theory
show that the inclusion of exchange interactions quantitatively (but not qualitatively)
shifts the stability boundary, and that the double instability feature is seen to persist.
The extension to beyond semiclassical Hartree-Fock calculations would be interesting (given the important effects this was shown to have in chapter 5) but would be
intractable for the typical parameters of experiments.
The large fluctuations observed in our Bogoliubov calculations in the roton regime
motivate the future development of theories in which the non-condensate back action is
accounted for. Indeed, these fluctuations may contribute to de-stabilising the system,
especially at finite temperature. This observation was also made by [209] in the uniform
system. A comprehensive finite temperature formalism for the roton regime is an open
question. Indeed, we have shown that the anomalous average can be large and positive,
suggesting that the Popov approximation (neglecting the anomalous average) may be
inappropriate. Interestingly, our Hartree theory (of chapter 5) was shown to be in good
agreement with the Popov calculations of Ronen et al., even though that theory should
include rotons (the absence of pair excitations means rotons should not occur in the
Hartree theory).
One promising avenue we are pursuing is the implementation of a dipolar c-field
theory that should be applicable for temperature up to ≈ Tc . The major advantage of cfield theories are that they: (i) naturally include exchange effects in a tractable manner;
(ii) include a beyond meanfield treatment of interactions between excitations; (iii) can
be applied to study both dynamics or equilibrium properties at finite temperature.
There has been an explosion in the number of atomic dipolar experiments, with
production of Dysprosium and Erbium condensates, and number second generation
experiments under construction. Of particularly interest in this recent generation of
experiments, is their larger dipole moments and potential for exploring a broader range
of dipolar physics. Our predictions show that these new systems are ideally suited to
producing and observing rotons. Furthermore, it is possible that these experiments
may yield results for thermal effects on stability and rotons well before a comprehensive
formalism is developed.
Progress with heteronuclear experiments, and thus strongly polar gases, is more
difficult to assess. Important milestones, such as the production of molecules in their
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ground rovibribational states, have been made. Loss is a significant problem in these
systems, and it is not clear if they can be made degenerate. Indeed, internationally a
large number of labs are working on a wide range of molecules. While the production
of a degenerate polar molecular sample still seems some time off, this field is renowned
for making abrupt and unexpected breakthroughs.
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