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Abstract
Tidal energy has the potential to generate sustainable electricity from tidal
flows using arrays of turbines. This thesis is the first exploration of the layout of large arrays in channels to explicitly model turbine-scale turbulence
and channel-scale flow reduction due to power extraction. As such this
project bridges the gap in scale between previous hydrodynamic modelling
studies of coastal ocean-scale or small arrays. Optimising array layout becomes a balance of maximising total power capture and power per turbine
while minimising impact on natural flow.
The flow around each array has been modelled using Gerris — an adaptive
mesh, Large Eddy Simulation, open-source flow solver — to solve the 2-D
incompressible Navier-Stokes Equations. Idealised model components have
been developed, reducing computational cost to enable simulation of many
hundreds of array layouts, each with a unique tuning curve. The channelscale flow is driven by a tidal head balanced by friction. This diﬀers from
previous 2-D models of small arrays that have applied a constant amplitude
velocity, neglecting velocity reduction due to power capture.
For all arrays, total power capture is near-linearly related to velocity reduction from the natural flow. Deviations from linearity of up to 15% are
possible by packing turbines into one side of the channel. For the largest
arrays, velocity decreases towards 60% of the velocity without turbines and
the head loss across the array tends towards the driving head. The optimum
turbine tuning for maximum power capture changes with layout and can
be up to 6× higher in small arrays than in larger arrays.
The number of rows, n, and turbines per row, N, were varied within arrays
consisting of: uniform rows, with a range of global blockages simulated by
iii

varying N ; packing turbines densely into one side of the channel and staggering turbines in alternate rows. In uniform rows, there is an optimum
global blockage for maximum power per turbine. As n increases that global
blockage decreases near-linearly and that maximum power per turbine decreases. The total power capture, however, continues to increase as global
blockage increases beyond that optimum and also as n increases. Packing
turbines into one side of the channel increases power per turbine and total
power capture, but only up to an optimum packing density and only if global
blockage is below the optimum. This optimum packing density decreases
with increasing rows. When global blockage is higher than the optimum, increasing packing density does not further increase the total power capture.
Staggering turbines in alternate rows with low packing density increases
power capture by up to 30% compared to the previous regularly arranged
rows. At packing densities above 0.6 there is negligible diﬀerence in power
capture from staggering, due to smaller gaps between turbine wakes.
Optimum array design for a specific development is likely to be driven by a
combination of the array-scale eﬀects found in this thesis, economic factors
and micro-siting due to local bathymetry variations. The results of this
study provide a foundation for developments of large tidal energy arrays in
the near future.

iv

Acknowledgements
Thank you to my devoted wife, Charlotte for everything you’ve had to put
up with over this period of our life together and for your support. I am
grateful beyond words for your stoic endurance and for being by my side
at all stages of this thesis journey.
Thank you to my supervisors Craig Stevens and Ross Vennell. Your wisdom, unwavering ability to listen and provide insightful input has been
invaluable to the completion of this thesis. Your words of encouragement
and stimulation have been truly inspirational. You have both far exceeded
my expectations of patience and guidance.
Thank you to Graham Rickard for mentoring, guidance and relentlessly
reminding me that ‘all models are wrong’ and ‘nobody knows’ when it
comes to modelling geophysical flow. Also, for those lengthy discussions on
the dissipation of momentum with reference to various oceanic, body fluids.
I look forward to reading your text book of fluid mechanics one day.
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‘Don’t be afraid,’ murmured the maid,
‘Be happy the sea isn’t flat,
For what is a high, without a low,
Where’s the adventure in that?’
‘I like how you think but what if I sink!
I really could do with a ride.’
And soon they were three chasing the sea,
Racing along on the tide.
...
And so it began, an innocent plan,
To travel together that day.
Then catching a ride on the outgoing tide
They happily floated away.
Selected text from Sommerset and Sommerset (2005).
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Chapter 1
Introduction
Tidal stream energy is the production of electricity from tidal currents. The tidal energy industry aims to be part of the solution to the dual problems of climate change
and peak oil by providing a clean, reliable source of electricity with minimal environmental impact. There are two main approaches to extract power from tidal currents.
Tidal barrages can exploit the power in large tidal ranges to generate power in a manner similar to hydro dams in a river. However, this thesis focuses on tidal stream
energy, where tidal turbines generate electricity from the hydrodynamic power in tidal
stream currents. In particular, this thesis focusses on the fast currents in tidally driven
channels and straits. Individual turbines that extract this power are currently being
designed and tested in a variety of shapes and sizes from horizontal to vertical axis
through large blades driving a belt; with mooring systems ranging from floating to
bottom mounted. Khan et al. (2009) lists 76 turbine technologies in development and
testing, three of which are shown in Figure 1.1. However, at the channel scale that

Figure 1.1: Example tidal turbines a) SeaGen in Strangford
Lough, Northern Ireland b) Atlantis Resource Corporation Ltd’s
AR-1000 being deployed at EMEC and c) OpenHydro at EMEC.
http://www.marineturbines.com, http://static.subseaworldnews.com
and http://www.openhydro.com/images.html 2013-12-09.
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this study focuses, the details of turbine design are less significant than diﬀerences in
the layout of arrays of turbine. This thesis sets out to explore how the design of large
arrays of turbines in channels can be used to maximise power capture.
There are two possible extremes to the development path for extracting energy
from tidal currents. Individual deployment of a few turbines at isolated locations
can produce small amounts of energy at a community scale similar to the early wind
demonstration projects. Alternatively, turbines can be deployed in large arrays that
generate hundreds of megawatts of power to the grid in large, industrial scale tidal
arrays. These arrays may have a similar structure to an oﬀshore wind turbine array as
shown in Figure 1.2. At this large scale, turbines will need to be arranged carefully into
array layouts that will maximise the power capture from the flow in a channel. Previous
studies have largely focussed on smaller or larger scales, only a few have focussed on
large array layout of turbines, tuned for maximum power capture. Tuning turbines to
operate eﬃciently in a specific large array layout rather than in isolation, is a crucial
part of array design that is often neglected (Vennell, 2010). Further, there is little
understanding of how large scale variations in array layout will aﬀect power capture or
the fundamental hydrodynamical impact of diﬀerent array layouts and tuning on the
flow.
The goal of this thesis is to compare the power extracted from the flow by diﬀerent
array layouts using numerical 2-D hydrodynamical modelling. Because this requires
modelling and synthesising of many hundreds of layouts, each with a unique response to
turbine tuning, the work also encompasses an estimation of tuning and minimisation
of computational eﬀort. The novel combination of modelling approaches have been
developed in order to capture the channel scale dynamics of fluid flow through and
around each array. As such, this is the first comprehensive study of the fundamental
relationships that govern channel scale optimisation of large array layout using a 2-D
hydrodynamic model. The modelling focuses on quantifying the hydrodynamic power
captured by diﬀerent array layouts.
This has required the development of a numerical model of a tidal channel containing an idealised array of turbines. In order to fully test every aspect of array design a
model with a domain that stretches to the continental shelf at each end of the channel would be necessary Adcock et al. (2011). In addition it would need to solve the
3-D Navier-Stokes Equations perfectly on cell sizes small enough to capture the full
dynamics of the turbulent wake around each turbine. Because these scales range from
hundreds of kilometres to micrometers, computational cost is prohibitive.
6

Figure 1.2: An array of wind turbines at the Horns Rev 1 wind farm,
oﬀ the coast of Denmark with wake extent shown by condensation
in the low pressure wakes behind upwind turbines. Industrial Wind
Action Group Corp. (2011)

The complexity and range of possible array layouts - even within some simple
constraints - leaves a vast optimisation space that could be explored. Turbines in each
array layout need to be tuned for maximum power capture specifically for each layout
in any specific channel. This tuning process requires multiple simulations with a range
of tuning parameters for each layout. The extra simulations required for tuning, further
increases the computational cost to fully explore array optimisation for tuned turbines.

This study uses the numerical model developed to explore the fundamental relationships that determine optimum large array layout for maximum power capture in
an idealised tidal channel under diﬀerent constraints. Previously this type of exploration of fundamental relationships has only been conducted with analytical models. By
contrast, this study is the first use of idealised Large Eddy Simulations (LES) with
adaptive mesh for channel scale array layout simulation.
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Figure 1.3: The complex flow in a tidal strait is driven by an elevation
diﬀerence in the ocean bodies at either end of the strait. Friction
between the fast moving water and the shallow ocean floor balances
the inertia in the flow, determining the channel-scale flow in a) Hoy
Sound from Stromness Harbour, UK and b) Cook Strait near the
entrance to Tory Channel, New Zealand. Flow is to the a) left b)
right.

1.1

Tidal oceanography of channels and straits

The fast tidal currents in narrow waterways that link larger ocean systems, such as
channels and straits are a consequence of rotational and mutual gravitational forces
on and between Earth and other celestial bodies. These forces result in tidal elevation
gradients on the ocean’s surface that move relative to a fixed location on Earth (e.g.:
Pugh, 1987). The local elevation gradient along the length of a channel or strait is
referred to as the tidal head loss. This tidal head loss accelerates the fluid towards the
end with lower surface elevation, but the inertia in this flow is impeded by friction forces
(Vennell, 1998b). The combined balance of inertia and friction results in the fast tidal
currents through channels and straits that are available for arrays of tidal turbines
to capture. The complexity of flow in a strait driven by an elevation diﬀerence is
illustrated in Figure 1.3. This section describes additional details of the oceanography
that are relevant to extracting tidal energy from the fast flows in tidal channels and
straits.
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1.1. Tidal oceanography of channels and straits

1.1.1

Tidal elevation

The ocean’s tides occur as a result of the gravitational attraction of celestial bodies
such as the moon and the sun acting on earth’s fluid components. Gravity pulls the
water to the side of Earth closest to the moon while Earth’s rotation around the centre
of the Earth-moon system pushes water to the opposite side. The combination of these
two forces results in two bulges on opposite sides of the Earth in line with the plane
of rotation. This lunar driven tide occurs twice daily and so is called a semi-diurnal
M2 (twice-daily moon-driven) tide. The lunar day is slightly longer than the solar day
because of a diﬀerence in the period of rotation of Earth and the moon’s orbit. The
Earth spins roughly 27 times faster than the rotation of the moon around Earth. This
dictates the monthly cycle of full and new moons along with a lunar day that is longer
than the solar day. This same lunar day was first observed in the ocean tides by Pliny
the Elder in the second century AD (Secundus, 1469).
The Sun creates additional bulges on Earth’s oceans in a similar way. The semidiurnal tide caused by the sun (S2) occurs twice per solar day. The S2 tide is only in
phase with the M2 tide every 14.76 days causing the spring-neap cycle in the tides.
The north-south wobble of the moon’s orbit leads to several diurnal terms such as
O1 and K1 which occur once per day. The inclination of the rotational axis relative
to the Earth-moon plane leads to the diurnal term M1. There are higher harmonics
and other constituents which total hundreds of frequencies and amplitudes. Each tidal
constituent contributes to the time varying tidal elevation at any location on the ocean
surface. While M2 and S2 have the strongest influence on the Earth’s tides at midlatitudes, there is considerable variation in the relative strength of diﬀerent constituents
at diﬀerent locations. Normally a handful of constituents dominate and can be used
to describe the variation in tidal amplitude at a given location (Godin, 1972). These
astronomical constituents form the equilibrium theory of tides or tidal elevation.
The simple celestial driving gets distorted by local eﬀects on Earth including the
shape of the ocean basins and the limit to the speed of a long wave travelling in
shallow water. The combined motion of the high tide travelling around an ocean basin
in response to celestial driving, Coriolis force and the response to coastlines is described
by a Kelvin wave (Pugh, 1987). In the northern hemisphere the crest and trough of
tidal elevation rotates counter-clockwise along the coastline of a large ocean basin and
clockwise in the southern hemisphere. The centre about which the Kelvin wave rotates
(where the surface does not rise and fall) is called an amphidromic point.
If a narrow basin or channel’s length is a quarter integer multiple of the tidal
9
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wavelength then the tidal wave will resonate in that basin. This will cause the tidal
amplitude to vary over a much greater range than normal. A well known example of
this is the Bay of Fundy in Canada where the tidal range is up to 17 m because the Bay
is a near resonant length of the tidal wavelength (Garrett, 1972). Shorter channels such
as the Pentland Firth, UK or Cook Strait, New Zealand are too short for resonance at
the tidal frequency so the tidal amplitude is smaller.

1.1.2

Tidal currents

Tidal currents arise from the horizontal movement of water under the Kelvin wave
(Pugh, 1987). In the open ocean this results in horizontal currents near high tide
and low tide but these currents are generally not as fast as coastal tidal velocities
(Trujillo and Thurman, 2014). In shallow coastal waters the flow can be accelerated
by the interaction of the wave with the ocean floor. In coastal areas where friction
dominates the wave motion, there is some phase diﬀerence between tidal head loss and
tidal current velocity but in a shallow channel there is no phase diﬀerence. This can be
noted in short channels where the fastest flood tide occurs roughly a quarter of a tidal
cycle after low tide and the fastest ebb flows occur after low tide (Vennell, 1998b).
The frequency of time-varying tidal currents generated by the passing tidal wave
can be described in a similar fashion to the tidal amplitudes using a sum of tidal
constituents. However, the magnitude and direction of tidal currents are less predictable than tidal elevation due to interaction with bathymetry, local coastline features
and other current drivers, such as wind. If the tidal amplitude was as simple as the
equilibrium theory driven by M2 then tidal currents would be a rectilinear current.
In a channel this rectilinear current would travel directly in and out along the length
of the channel. In reality the current’s direction and magnitude at a given location
is better described by a sum of rotating ellipses, one for each tidal constituent. The
phase, magnitude and orientation of semi-major and semi-minor axes of each ellipse
is described by tidal analysis (e.g.: Godin, 1972). An example of synthetic current
that is a sum of multiple tidal constituents, applied to tidal energy capture, developed
by Divett et al. (2009) is shown in Appendix D. Further, the local bathymetry near
coasts and the reflection of the tidal wave oﬀ the coast, can cause the ellipse’s sense to
change locally. The current may also change sense at diﬀerent depths or times at any
given location, such as in the complex flow in the Karori Rip region of Cook Strait,
New Zealand (Stevens et al., 2012).
10
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1.2

Tidal energy in channels and straits

In general, the sites that are of interest to tidal energy development are in geographic
locations where local landmasses or bathymetry focus the tidal current and increase
the velocity, often to speeds greater than ≈ 2 m s−1 (Myers and Bahaj, 2005; Couch
and Bryden, 2006). The current through straits such as Pentland Firth or Cook Strait,
that join two bodies of water are of particular interest to tidal energy developers. The
current in a tidal channel or strait is governed by the balance of friction and the inertia
in the flow due to the elevation head across the length of the channel (Pugh, 1987;
Vennell, 1998a,b). Here, straits refer to a subset of channels that are large, either
physically or in the sense that inertia dominates friction.
The tidal head along the channel is due to the diﬀerence in tidal elevation in the
two water bodies at either end of the channel. This hydrostatic pressure diﬀerence at
either end of the channel drives the flow through the channel. Friction, mostly with the
bottom of the channel, impedes the flow. This results in a natural channel velocity that
is the combined eﬀect of these two balancing forces. The determination of the depthaveraged bottom friction in a tidal channel is therefore pertinent to describing the flow
through that channel (e.g.: Bailey, in prep., 2014 ). However, it is also diﬃcult to
ascertain the correct value for a given channel, partly because it is diﬃcult to measure
accurately in fast currents.
Vennell (2010) identifies two scaling parameters that together govern the 1-D response of flow in a channel to the added friction of a tidal array:
• λ0 , which describes the balance between bottom friction and inertia in a tidal
channel, and
• α, which describes the ratio of tidal excursion to channel length.
These parameters are described mathematically in Section 2.5, where the dynamic
similarity of two approaches to scaling are presented. This novel scaling, with reference
to the channels and straits presented here, is discussed in Section 2.5.
A brief review of some of the oceanography that governs flow in some straits that
are of interest to tidal energy is presented below.

1.2.1

Pentland Firth

The Pentland Firth is the channel that separates the north of Scotland’s mainland and
the Orkney Islands, Figure 1.4. It connects the North Sea to the Atlantic Ocean, each
11
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Figure 1.4: The Pentland Firth and Orkney Waters, just north of
Scotland, showing the location of proposed tidal energy sites (dark
grey). Proposed wave energy sites are also shown (yellow). Reproduced from BVG (2011).

of which have their own tidal circulation patterns. The diﬀerence in tidal elevation on
the Eastern and Western ends of the Firth drives peak spring tidal currents of over
4 m s−1 . These fast currents - combined with the Firth’s convenient depth and the large
scale of this resource - result in the Firth being a focal point for the United Kingdom’s
tidal energy development activities.
The flow through Pentland Firth has been modelled using MIKE21 by Easton et al.
(2012), where the fast currents are driven by high surface elevation gradients. They
show the significance of the transfer of energy from potential to kinetic energy which is
then dissipated by bottom friction through the standard oceanographic description of
bottom friction, 0.005ρU|U|, ρ is the density and U is the horizontal velocity vector.
Cd = 0.005 is a bottom friction coeﬃcient that represents a “rough” sea floor. They
also note that the modelled currents are closer to measured currents when this rough
bottom friction coeﬃcient is used instead of the more “standard” value of 0.0025.
This choice of a “rough” bottom friction aﬃrms their observations of a boulder-strewn
sea floor at their test sites in Pentland Firth. Further, this reiterates the importance
12

1.2. Tidal energy in channels and straits

of driving flow through a channel with the correct balance of elevation gradient and
bottom friction, when considering the dissipation of kinetic energy by bottom friction
or the added friction of a turbine array.
Plans to utilise the Pentland Firth for tidal energy have been released by The
Crown Estate (BVG, 2011). There are four regions near the sides of the Firth that
have been approved for development. This development approach fits with the packed
row approach explored in Chapter 5 where turbines are packed into one side of the
channel to leave space free of turbines for other users of the channel (e.g.: shipping or
fishing). The fraction of the channel’s width occupied by each site is quite low as the
consented area only includes a small region on each side of the Firth at each site. The
four sites are to be occupied by four diﬀerent companies.
Adcock et al. (2013) take a diﬀerent approach to simulating tidal energy capture
from the Pentland Firth, calculating that up to 1.9 GW could be captured if turbines
were allowed to extend across the width of the Firth, filling up to 40% of the channel’s
cross section. At this 40% global blockage the velocity would be reduced to 30% of
the natural velocity. This approach is closer to the uniform rows modelled in this
thesis. Vennell (2013) applies a one-dimensional analytical model to calculate the
power available from a non-dimensional channel based on Pentland Firth, by 680 tuned
turbines in 3 uniform rows. Each row would block 20% of the flow and the whole array
would capture 1.8 GW in near agreement with Adcock et al.’s (2013) estimate for 1
row.

1.2.2

Cook Strait

Cook Strait lies between the North and South Islands of New Zealand and has enormous
potential as an energy source. It presents a barrier to the prevalent currents and winds
in the region that both predominantly flow to the east. A Kelvin wave that travels
around both major islands of New Zealand is 145◦ out of phase across the width of
Cook Strait. This results in strong elevation gradients across a short distance that
varies at the M2 frequency. At the narrowest region, 100◦ of this phase diﬀerence
occurs across 40 km (Vennell, 1998a). The centre of The Narrows section is adjacent
to Cape Terawhiti, Wellington which is near an amphidromic point. The resulting
elevation gradient drives strong currents through the strait with only minimal tidal
height variation near the centre of the Strait (Walters et al., 2001; Goring and Walters,
2002).
This resource is poorly measured and understood. There are only limited measure13
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Figure 1.5: Topography in Cook Strait, between North Island and
South Island, New Zealand. The Marlborough Sounds are on the
western side. Tory Channel is the southernmost arm of Queen Charlotte Sound, which is the southernmost sound connected to Cook
Strait.
From http://www.niwa.co.nz/sites/default/files/images/,
2013-08-05.
ments of the large scale ocean currents, small scale time varying currents, temperature
or salinity. Recent current measurements by Stevens et al. (2012) show the complexity of this resource at scales ranging from turbulent microstructure (micrometres) to
eddies shed oﬀ headlands (kilometres). However, even estimates of the mean flow
through Cook Strait vary between 0.15 Sv (1 Sv = 106 m3 s−1 ) derived from observations (Stevens pers. comm., 2013) and 0.5 Sv derived from modelling (pers. comm.
Hadfield, 2013).
The topography in Cook Strait is extremely variable as shown in Figure 1.5. The
regions with fast currents are generally deeper than would be considered desirable for
development of a tidal array (Stevens et al., 2012), varying from 50 m in the shallow
14
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region around Cape Terawhiti to just over 400 m in the canyons south of Karori Rip.
The narrowest region is Karori Rip, described in Stevens et al. (2012), lying between
Cape Terawhiti to the east and Tory Channel to the west.
The currents in the Karori Rip region reach up to 3.4 m s−1 in a strongly bidirectional, semi-diurnal current with strong harmonics due to non-linear interaction
with the bathymetry (Stevens et al., 2012). The current at the western side is not as
fast, with measured currents only up to 1.5 m s−1 .
The largest tidal ellipse is the M2 lunar semi-diurnal tide. Heath (1986) found
evidence of a combined M2 and M4 tide in Cook Strait. Stanton et al. (2001) found that
the fast (∼ 2.5 m s−1 ) tidal currents in Cook Strait can be modelled by a combination of
M2, M4, S2, K1 and O1 tidal ellipses giving an agreement with observed and modelled
ellipse parameters within 10%.
Neptune Energy Ltd. have a resource consent to test 1 turbine in the Karori Rip
region of Cook Strait near Cape Terawhiti while Vennell (2012b) calculates that Cook
Strait could supply 6 GW of power using 2500 turbines in a single highly blocked row.
This highly blocked row would be similar to the tidal fence description used in some
studies to describe a highly blocked row (e.g.: Giles et al., 2010; Draper et al., 2013).

1.2.3

Tory Channel

Tory Channel is located on the western side of Cook Strait and is the one of the drowned
rivers that forms the Marlborough Sounds. It is the southern arm of Queen Charlotte
Sound and the focus of Energy Pacifica’s proposed tidal energy development (Bellvè,
2012). The average depth of the channel is 39.2 m with a fairly constant across stream
depth profile in the main channel (Plew and Stevens, 2013). The flow through Tory
Channel is dominated by the larger scale dynamics of Cook Strait. There is a large
region in the main channel where the peak spring tidal velocity is 2 m s−1 to 3 m s−1 .
Vennell’s (2010) analytical model applied to Tory Channel in Plew and Stevens
(2013) predicts that maximum extractable power is of the order 105 MW. Plew and
Stevens (2013) modelled the flow through Tory Channel for assessment of its potential
for tidal energy using a 2-D numerical model. In Plew and Stevens’ (2013) study the
flow was driven through a larger Cook Strait region by surface elevations at the lunar
M2 and solar S2 tidal frequencies to simulate a spring-neap cycle. Turbine arrays
were simulated by adding friction elements in cells that are considerably larger than
individual turbines. Plew and Stevens’ (2013) study restricted turbine location to
regions deeper than 30 m, where spring tidal velocities exceed 2 m s−1 . Therefore Plew
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and Stevens (2013) calculated a much lower value for the power capture by an array of
turbines (33 MW). Energy Pacifica intend to place a handful of rows of approximately 4
turbines per row in the region near the entrance of Tory Channel (Bellvè, 2012), shown
in Figure 1.3. At this point the channel is approximately 250 m wide and similar to
the region where currents exceed 2 m s−1 in Plew and Stevens’ (2013) study.

1.2.4

Channels linking the ocean to a lagoon

This study is limited to straits which connect independent water masses where the
elevation of the water mass is independent of the flow rate through the channel. Channels that connect the ocean to a lagoon, harbour or bay need to be treated diﬀerently
due to the dependence of head diﬀerence on the volume flux into the lagoon (Garrett and Cummins, 2005; Vennell, 2010). The Minas Passage in the Bay of Fundy,
Canada (Karsten et al., 2013), Kaipara Harbour in New Zealand (de Vos et al., 2009)
or Strangford Lough in Ireland are examples of this type of channel that are of interest
to tidal energy development. The water flowing through the channel in these cases is
still determined by the balance of pressure head and friction. However, the volume
of water that flows into the lagoon is aﬀected by the development of a tidal array in
the channel. Hence, the elevation diﬀerence between the ends of the channel is not
independent of the array size or layout. The power potential of channels into a bay
or lagoon has been explored in several idealised studies (e.g. Blanchfield et al., 2008;
Draper et al., 2010) but is not explored further in this study.

1.3

Previous Modelling

The present study is the first to use a 2-D hydrodynamical modelling approach to explore the optimum layout of tidal arrays with tuned turbines in a channel where the
flow is driven by head loss balanced by friction. This array-scale approach bridges the
gap between small array models and coastal hydrodynamic scale models that incorporate an array. Previous modelling studies to investigate the optimum layout of turbine
arrays or turbine design, have focussed on one of three scales:
• Turbine scale models of small arrays of individual turbines;
• Channel scale models of large arrays of turbines; or
• Coastal ocean scale hydrodynamic simulations with arrays of groups of turbines.
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Previous 2-D or 3-D modelling has focussed on the first or third scale while 1-D analytical models have been applied to both the first and second. This section describes
these broad categories and their relevance to the present study before studies that fall
into each category are described in each subsection.
Small array models assume that the channel scale response of the flow to a change
in turbine or array design is negligible. This is often implied by the choice of boundary conditions rather than stated. When flow through the open ends of a channel is
modelled by a constant amplitude free-stream velocity (CAFSV) then the assumption
is made that the array will not reduce the free-stream velocity along the channel. This
is relevant to modelling small arrays which will not significantly reduce the flow in the
channel as added turbines change the natural balance between friction and inertia in
the channel. In these small array models, discussed further in Section 1.3.4.3, computational eﬀort is often focussed on a more detailed representation of each turbine and
their wakes than the present study.
In contrast, coastal hydrodynamic models concentrate more on the large scale variability of ocean dynamics due to bathymetry, wind, baroclinic forcing, higher tidal
harmonics, etc. These models focus computational eﬀort on the large physical domain,
often out to the continental shelf. As such, they have been developed to assess the
potential of a specific location for tidal energy or to test a handful of layout options at
a given location. These models will be discussed in Section 1.3.4.6.
At the intermediate, channel scale neither the small scale details of turbines and
their time-varying 3-D wakes nor the full details of coastal flow can be represented at
the same level of detail as in the previous approaches. However, this is the scale which
may be most relevant to the design of large arrays (Vennell et al., 2014).
The channel scale power capture of large arrays, that reduce the natural velocity
by at least 5%, can only be modelled when flow through the channel is driven by a
constant amplitude head loss (CAHL) along the channel. It is only when a CAHL is
applied that the feedback of the array’s power capture on the natural flow by diﬀerent
array layouts or turbine designs can be explored.
Models of large arrays which focus on the channel scale that the present study also
focusses on, have previously all been 1-D analytical approaches. These models neglect
any interaction of velocity deficit’s or head loss in an individual turbine’s wake with
downstream turbines or indeed with across-stream neighbouring turbines. These neighbouring turbines in the same row may experience wake interactions as the reversing
tide brings the turbulent wake back through the array. Further interactions may occur
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through streamtube expansion related to the velocity deficit downstream of a turbine.
Similar 1-D analytical models have also been applied to smaller arrays of a single row
packed into one side of a channel. Analytical models that simulate both small and
large arrays are described further in Section 1.3.4.2.

1.3.1

Free-stream velocity and boundary conditions in large
arrays

The impact of an array on the free-stream velocity in a channel has been discussed by
Bryden et al. (2004); Garrett and Cummins (2005); Sutherland et al. (2007); Vennell
(2011a) among others. For a channel where bottom friction dominates inertia the
volume flow rate at tuned drag for power capture was found theoretically to be 58%
by Garrett and Cummins (2005).
A row of turbines tuned for maximum power capture, were modelled in Johnstone
Strait by Sutherland et al. (2007). This tuned row of turbines reduced the volume flux
to 58% of the natural volume flux, slightly higher than the theoretical limit of 56%
calculated for that Strait using Garrett and Cummins’ (2005) model. Plew and Stevens
(2013) also found significant changes to the free-stream velocity in a channel due to an
array in Tory Channel, New Zealand. These are both examples of using a larger scale
oceanic model with turbines represented by regions smaller than the model cell size
where investigating array layout was not the primary goal. Very little attention has
been paid to the fundamental changes in free-stream velocity as array layout changes.
Thus, little work has been done on the changes in optimum layout as the free-stream
velocity changes in response to the array. This is crucial to understanding the power
capture of a large array because there is a complex feedback process between this freestream velocity and the power captured by an array that results in a linear relationship
between free-stream velocity reduction and total power capture for arrays of tuned
turbines (4.4.3.1).
Previous numerical simulation studies have looked at the eﬀect of blockage or microciting arrangements of turbines within a row. These studies have all driven the flow
through the channel with a CAFSV imposed at the boundaries (e.g.: Batten and Bahaj
(2006); Draper et al. (2010); Harrison et al. (2010); Lee et al. (2010); Belloni and
Willden (2011); Fleming et al. (2011); Malki et al. (2011a); Churchfield et al. (2013);
Draper et al. (2013)). Although these studies capture more detail in the structure of
the wake than the present study, their applicability is limited to small arrays due to the
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choice of boundary conditions. A CAFSV is more common in typical ocean engineering
applications than the CAHL that is used in the present study, partly due to the small
impact on the natural flow rate that is often assumed.
Garrett and Cummins (2005) explore the optimum free-stream velocity reduction
for maximum power extraction by a highly blocked row of turbines in an analytical
model. They found that the tidal head loss associated with the turbines will be 71%
of the driving tidal head loss along the channel at the optimum flow reduction. Couch
and Bryden (2006) point out that channels where the flow is driven by a tidal head loss
are excellent for tidal energy development. They developed a model of the flow through
such a site with no representation of an array. They pointed out that the elevation
loss across an array would tend towards the elevation loss across the whole channel
as the array capture tends towards the maximum potential power capture from that
channel. Further, they point out that this would slow the free-stream velocity due to
a lower elevation gradient in the upstream section of the channel, without quantifying
this change. In Section 4.3 of this thesis, changes in the tidal head loss across an array
are explored with respect to changes in layout.
It is only when the flow through the channel is driven by an elevation diﬀerence
across the length of the channel that the change in free-stream velocity can be assessed
(Vennell, 2012b). In the alternative approach, where the flow is driven by a constant
velocity at the input boundary there is no mechanism to assess the reduction in freestream velocity due to the array. The only previous study to use a tidal elevation
head to drive flow through a numerical simulation of arrays to assess power capture by
diﬀerent layouts is Divett et al. (2013). Divett et al. (2013) only assessed four diﬀerent
layouts, with turbines tuned for operation in isolation rather than tuning specific for
maximum power capture by that layout. This thesis explores changes in free-stream
velocity with changing array layout. Further, a limit on the size of an array that can
be considered small enough to model with a constant velocity due to a less than 5%
change in free-stream velocity is explored.

1.3.2

Tank studies of turbine wakes

The flow around scale model turbines and small arrays of turbines has been measured in flume tanks by Harrison et al. (2010); Myers and Bahaj (2009); Mycek et al.
(2011); McAdam et al. (2010); Maganga et al. (2010); Tedds et al. (2011). These studies investigate turbine performance and wake characteristics leading to inter-turbine
spacing within an array of a few turbines. The measurements consistently reveal a
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velocity deficit in the wake of the turbine. The length of the velocity deficit varies with
upstream turbulence, device design or inflow velocity. Mesh disks have been used to
simulate a small array of up to three turbines in a tidal flume by Myers and Bahaj
(2010, 2012) where a constant disk porosity was used to represent a thrust coeﬃcient
matching a tuned single actuator disk. The wake from a single mesh disk was found
to be similar to that of a scale-model turbine after only four diameters downstream
with only slightly less wake swirl from the disk than from the turbine. A third disk a
few diameters downstream of two upstream disks, in the accelerated flow between the
upstream turbines, was found to give 22% more power than the upstream turbines.
These studies have yet to expand to the point where multiple rows of more than a
handful of turbines are simulated.

1.3.3

Models of individual turbines

Individual tidal turbines have been modelled numerically in 2 or 3-D by Li and Calisal
(2010); Batten et al. (2008); Milne et al. (2010); Malki et al. (2012); Churchfield et al.
(2013). These models use a Discrete Vortex Method, Blade Element Method or panel
methods to describe eﬀects of turbulence on blade design or to investigate turbine wake
dynamics. The eﬀects of turbulence on blade design have been discussed with reference
to the complex flow in Pentland Firth, Fall of Warness, Cook Strait and the Sound
of Islay, respectively by Osalusi et al. (2009b,a); Stevens et al. (2012); Milne et al.
(2013). While these scales are clearly also of interest to the successful development of
tidal energy, they are not the focus of this thesis. In the array-scale models that this
thesis focusses on it is not computationally feasible to capture these turbine blade-scale
eﬀects. The only model of individual turbines that is discussed in detail here is linear
momentum actuator disk theory. This 1-D description of a turbine is relevant to the
1-D and 2-D array models discussed later and has been compared to the method used
in this thesis in Divett et al. (2013).

1.3.3.1

Actuator disks

Linear momentum actuator disk theory is a simple representation of a turbine as a disk
that imposes force on the fluid moving past it and optimises that force for maximum
power capture. By examining the pressure and velocity in the expanding stream tube
downstream of the disk, (Figure 1.6) predictions of these values and the tuning for
maximum power capture from a single turbine in isolation can be made. The Betz
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Figure 1.6: A horizontal slice along the axis of an actuator disc and
its stream-tube with centre-line pressure and velocity fields.
limit describes the maximum power that a turbine in isolation can hope to capture
and the turbine tuning at which this would occur (Betz, 1920; Lanchester, 1915).
The Betz limit predicts that the turbine tuning for maximum power capture occurs
when the velocity through the turbine is 2/3 of the free-stream velocity, Uf ree . It also
predicts that the response to changing the turbine tuning follows P ∝ (1 − r1 )r12 where
r1 = U1 /Uf ree following the notation in Figure 1.6.
The derivation of the Betz limit assumes that the turbine is in isolation so that the
pressure outside the streamtube is the same as that up and down stream in the far
wake. Garrett and Cummins (2007) apply a correction to this to account for proximity
of channel walls that confine the flow. However, there is no representation of turbulent
wake or mixing of the wake other than the decreased velocity and recovering pressure
fields. Houlsby et al. (2008) apply a further correction to the actuator disc theory for
a single turbine that accounts for the eﬀect of the free surface.

1.3.4

Modelling large and small arrays of turbines

’Large’ arrays reduce the free-stream flow to a fraction of the flow in the same channel
without turbines. This is diﬀerent to ’small’ arrays which do not significantly reduce
this velocity. The distinction may be as low as a 5% reduction in the free-stream
velocity. This definition is distinct to the definition of large and small arrays developed
in Vennell et al. (2014).
Large arrays result in a significant change in the dynamics of power extraction
compared to small arrays of isolated turbines. Where turbines in small arrays generate
electrical power directly from kinetic energy, large arrays convert the potential energy
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in the head loss along the length of the array to electrical energy. The diﬀerence
results in diﬀerent optimal tuning of turbines within large and small arrays. This is an
important definition and is described in further detail in Section 4.8.
The approach to modelling tidal turbine arrays used in this thesis, is a unique
combination of the following techniques.
• Modelling is focussed at the ’large’ array-scale.
• Channel-scale flow is driven by a head loss balanced by bottom friction.
• Temporal and 2-D spatial variation of flow in turbine wakes is captured by interaction of an idealised turbine with the flow.
• Turbines are tuned for each array layout simulated.
• A 2-D hydrodynamic LES model with adaptive mesh is used.
• The optimum array layout design for maximum power capture and minimum
impact is explored over a large range of variation.
Previous studies that have each used some, but not all, of these techniques are presented
here with reference to these key diﬀerences to the approach used in the present study.
1.3.4.1

Wind array layout

The problem of array optimisation has been approached in wind energy diﬀerently to
tidal energy due to diﬀerences in scale and dominant dynamics, but is more advanced.
Models using actuator discs or distributed roughness elements have been used to predict
a wind array’s power capture (Crespo et al., 1999; Vermeer et al., 2003) and these
methods bear repeating in the diﬀerent scale and dynamics of tidal arrays.
Wind turbines essentially skim an insignificant fraction of the energy from the
bottom of atmospheric flows leaving a large section of the flow to mix with the wake
deficit downstream of turbines (Couch and Bryden, 2006; Vennell et al., 2014). Tidal
energy sites are likely to be diﬀerent in that early deployments will likely be in a
maximum water depth of 50 m with turbine blades roughly 20 m in diameter. This
leaves a maximum of only 1.5 diameters of undisturbed flow above the turbines to mix
with wakes compared to the kilometres of flow above a wind turbine array.
Wind farms also tend to be distributed on ridge lines, hills or on the open ocean
surface rather than within the constrained channels that tidal power is focussed on.
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The horizontal constraints of the channel side walls constrain the flow, forcing it to
flow through an array rather than spread around an aggressively tuned turbine. This
suggests that the constrained pressure head may be more significant to tidal array
optimisation than in wind arrays. Further this suggests that the tuning of turbines
may diﬀer more between layouts in the constrained tidal flow in channels than for
existing wind farms.
Further, the statistically varying direction and intensity forms a major part of a
wind array’s resource characterisation (AWS Truepower, 2010). Wind turbines can yaw
into the direction of instantaneous maximum velocity. Wind turbines are often cited far
apart to avoid wake interactions with the wind coming from a full range of directions.
In a tidal channel this would relate to large spacing in both along and across stream
directions. If the flow in a tidal channel is largely bi-directional then wake interactions
from multiple directions are less relevant to tidal arrays than wind arrays. An analytical
model exploring diﬀerences in power capture with non-bi-directional flow is presented
in Appendix D. While the current in a tidal channel is not entirely predictable (Stevens
et al., 2012), the statistical variation of mean flow is less of a concern to array layout
optimisation in tidal arrays.
Wind turbine micro-siting is usually conducted in a commercial package that accounts for the statistical variation in wind speed, local terrain and wake eﬀects (Burton et al., 2002). The wake eﬀects are often modelled as a cumulative velocity deficit
and added turbulence intensity applied from Appendix D of the IEC61400 standard
(Barthelmie et al., 2007). This is opposed to a direct result of solving equations for the
time-varying fluid dynamics at the site. Further, at wind energy locations, hill tops
where wind turbines are preferentially sited are usually spaced further apart than the
spacing which would be imposed by wake deficits (Burton et al., 2002) meaning that
topography limits micro-siting of wind turbines more than wake or array dynamics.
The bathymetry may similarly aﬀect tidal turbine layout optimisation at a given site.
However, the goal of this study is to explore fundamental relationships that govern channel scale layout of tidal arrays. This information may be useful for reducing
the search space required by future commercial tidal array optimisation models, similar to those that are used for wind energy. Modelling systems such as Associated
British Port’s (ABP) hydrodynamical models (Cooper et al., 2008), Garrad Hassan’s
TidalFarmer (Garrad Hassan Ltd., 2009) and Danish Hydrographic Institute’s (DHI)
Decision Support System (Pans et al., 2011) are following this development path.
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1.3.4.2

Analytical tidal array models

Presently, the only studies that have looked at array layout at the channel scale are 1-D
analytical models because this is a challenging problem to solve numerically in more
dimensions. An analytical model that assesses a turbine in a channel was developed in
Garrett and Cummins (2007). This analytical model was extended to apply to a single,
small, packed row of turbines in a wide channel by Nishino and Willden (2012). The
optimal solutions of layout from these models are only applicable to arrays with small
numbers of turbines because they assume that the free-stream velocity in the channel
is not reduced by the addition of the array. This is reasonable for assessing the power
from small arrays that do not slow the natural velocity by a significant fraction, but
does not work for arrays that change the free-stream flow by even a small fraction.
Only a head elevation provides a realistic description of reduction in free-stream
flow which occurs when an array is built in a channel. Once an array is large enough to
reduce the free-stream velocity, the optimum array layout for maximum power capture
can only be predicted by a model that captures this dynamic, (Vennell, 2010). In a
reduced domain, such as used in this thesis, this can only be achieved by driving the
flow with a tidal elevation or an external forcing.
An elevation gradient, or tidal head, has been used previously to drive the flow in
an analytical model of array layout optimisation in a channel in Vennell (2010, 2011b,
2012a,b). In these studies, Garrett and Cummins’ (2007) model was combined with the
channel model in Garrett and Cummins (2005). This was made possible by using an
analytical approximation for the integrated flow rate over a tidal cycle. In the present
study a pressure head is used to represent the tidally oscillating elevation gradient
across the channel in a 2-D array-scale model with reference to individual turbine
wakes for the first time. This is shown to be crucial to understanding the dynamics
of large arrays and their impact on natural flow in Section 4.3. Vennell’s (2010) 1-D
model shows that channels with a diﬀerent balance between friction and inertia (λ0 )
or channel length relative to tidal excursion (α), have diﬀerent optimum array layouts.
The eﬀect of these scaling parameters on array design is further explored in the present
study.
These 1-D analytical models are well suited to obtaining a fast estimate of the
power available to a given array layout and tuning but they do not capture any of the
across-stream variation in flow or represent the wake interaction of individual turbines.
The wakes are described only by a velocity reduction factor relative to free-stream, with
no vortex street or meandering of the wake. Also, the representation of multiple rows
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does not take into account the wake interaction with upstream rows. These turbulent
processes are captured somewhat more realistically by the 2-D LES simulations used in
this thesis, although a full 3-D model incorporating a rotating blades at the sub-blade
scale would be required to fully capture these processes.
In Section 3.6 Vennell’s (2010) model has been applied to the uniform rows in
the channels used in this thesis. This provides a comparison between 1-D analytical
solutions and 2-D numerical solutions for the power capture by diﬀerent array layouts.
However, the analytical model in Vennell (2010) is only applicable to arrays with
uniform rows, not packed or staggered rows which are presented in Chapters 5 and 6
of the present study.
1.3.4.3

Numerical models using idealised turbines in small arrays

Small arrays of idealised turbines have previously been modelled in 2-D or 3-D using a
range of turbine representations. Idealised drag elements, Blade Element Momentum
Theory, fixed rotor, rotating line element and fixed or rotating blade models have
all been applied in small arrays (e.g.: MacLeod et al., 2002; Batten et al., 2007; Lee
et al., 2010; Churchfield et al., 2013; Belloni and Willden, 2011, respectively). These
successively more detailed representations of turbines increasingly capture more of the
3-D wake dynamics that are relevant to the design of small tidal arrays. These dynamics
are usually described by wake deficits or wake shadows but do not discuss the head
loss across turbines, or arrays of turbines, at the channel scale.
The power capture by small arrays of a handful of turbines have been modelled using
either frozen rotors, blade element momentum theory or actuator disks in a ReynoldsAveraged Navier Stokes (RANS) approach by, for example: MacLeod et al. (2002);
Batten and Bahaj (2006); Gant and Stallard (2008); Harrison et al. (2010); Lee et al.
(2010); Turnock et al. (2011); Roc et al. (2013). Batten and Bahaj (2006) were the first
to investigate layout of turbines in a small 3-D array where three dimensional RANS
simulations of actuator discs found that spacing turbines within a row two diameters
apart enhanced a venturi eﬀect on downstream turbines more than turbines spaced
three diameters apart. Draper et al. (2013) explore the power capture by a single row
of turbines located near a range of laterally non-bounded, non-channel sites using an
actuator disk representation of turbines within a shallow water equation model. They
found that power capture is maximised by placing turbines close together oﬀ a headland
although this causes flow to bypass the row towards the open end of the row. Bai et al.
(2009) simulated up to seven actuator disks in three rows in a RANS model driven by
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constant velocity. They found a diﬀerence of up to 8% in the power captured by the
centre turbine by varying along-stream and across-stream spacing.
All of these studies applied a constant velocity at the boundary, limiting their
applicability to small arrays which do not slow the natural flow by a significant fraction.
This thesis is the first study to simulate 2-D hydrodynamic flows around large arrays
in a channel where the flow is driven by a tidal head diﬀerence across the channel.
Hence it is the first 2-D hydrodynamical numerical study to explore fundamental array
layout optimisation that is applicable to large arrays.

1.3.4.4

Numerical models simulating an array within periodic boundaries

One method to simulate arrays numerically that saves computational cost is to simulate
a single turbine within a box that has periodic boundaries at the channel sides and/or
ends. These periodic boundaries represent an infinitely wide (and/or long) channel
with an infinite series of turbines spaced equally across (and/or along) the channel.
There have been several studies that have used this technique to evaluate the potential
of a device within a larger array with either actuator disks (e.g.: Batten and Bahaj,
2006; Batten et al., 2006; Harrison et al., 2010) or a more detailed model of the turbine
structure (e.g.: Lee et al., 2010; Belloni and Willden, 2011; Churchfield et al., 2013).
This approach is limited to simulating arrays that uniformly fill the width of a channel,
excluding arrays of packed rows as the array of a few turbines infinitely repeat. The
periodic boundaries also ignore the possibility for vortices to move across more than
a single turbine width. In reality two counter-rotating vortices may join together and
meander quite some distance across the domain as seen in Divett et al. (2013). While
these meandering vortex pairs may not have a significant eﬀect on power averaged over
a tidal cycle they will have a significant eﬀect on instantaneous power available and on
peak loading on turbines.
Large arrays will significantly reduce the natural flow by a fraction that is dependent
on the size and layout of the array (Vennell, 2010, 2011a, 2013). While it is possible to
simulate large uniform arrays with periodic side boundaries, Batten and Bahaj (2006);
Batten et al. (2006); Lee et al. (2010); Belloni and Willden (2011); Churchfield et al.
(2013) all drive the flow through the domain with a constant velocity which does not
respond to change in array size or layout. Thus, the very technique which is required to
numerically simulate large arrays has been omitted, and so these models are restricted
to simulating small arrays.
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1.3.4.5

Inter-row spacing investigated using numerical models

Some of the first studies of array layout looked at the optimum inter-row spacing
between rows of a few turbines as inspired by the inter-turbine spacing rules developed
for wind turbines. MacLeod et al. (2002) implicitly assumed that wake recovery was
the dominant dynamic driving row spacing and found little benefit to spacing rows of
turbines more than five diameters downstream. However, this study only simulated
two turbines directly downstream of each other in a channel that is 14 diameters wide.
Thus, the global blockage of this channel is only 0.07 which is close to a Betz-like
turbine in isolation. Global blockage is described in Section 2.3.1.
The eﬀect of ambient turbulence on the inter-row spacing was explored by Harrison
et al. (2010). Harrison et al. (2010) used a Blade Element Momentum (BEM) method
in a coupled RANS solver and found that an increased ambient upstream turbulence
decreases the wake recovery length. Therefore increased ambient turbulence decreases
the spacing needed between turbines to allow for wake recovery. This study modelled a
single turbine per row in a channel with periodic across-stream boundaries to simulate
an infinitely wide array with global blockage of 0.3. While this blockage is slightly
higher than the blockage used in MacLeod et al. (2002), it is still quite low compared
to the optimum global blockages found in Chapter 3 of the present study. Harrison
et al. (2010) also implicitly assumed that wake recovery is the dominant driver for
array layout and particularly for inter-row spacing. While this may be true to some
extent, both of these studies drove the flow with a constant velocity, limiting their
validity to small arrays. The present study presents a limited exploration of sensitivity
to inter-row spacing for large and small arrays, in Chapter 7.

1.3.4.6

Coastal hydrodynamic models with an array

Ideally, to explore array layout with reference to the channel scale, the channel’s flow
would be embedded within a larger scale ocean circulation model. This model would
impose a combination of free surface elevation and velocity on the edges of the channel
that is representative of larger oceanographic drivers. Simulations such as this have
been applied for a limited number of array layouts at several specific sites of interest.
For example Tory Channel NZ (Plew and Stevens, 2013), the Pentland Firth (Adcock
et al., 2013), Alderney Race, UK (Myers and Bahaj, 2005), Portland Bill, UK by
(Blunden and Bahaj, 2006), a small site in the Bristol Channel (Ahmadian et al.,
2012), the Bay of Fundy, Canada (Karsten et al., 2013) and Johnstone Strait, Canada
27

Chapter 1. Introduction

(Sutherland et al., 2007).
In these coastal hydrodynamic studies, turbines or groups of turbines have been
represented as patches of added roughness on the seabed. These patches impose an
extra force on the fluid via an enhanced bottom friction coeﬃcient. The flow in these
models is generally driven by surface elevation and currents, usually found from even
larger scale ocean models, at the open boundaries. However, this approach requires
a very large domain to be modelled, limiting the range of array layouts that can be
tested due to high computational cost of each simulation. To model the tidal flow
around even a single array of individual turbines within a domain this large requires
a significant computational eﬀort. This is due to the range of scales present, from the
turbine-scale (metres) up to the ocean basin scale (tens or hundreds of kilometres). At
the ocean basin scale the bathymetry, wind forcing, Coriolis, temperature, salinity and
even turbidity gradients can be significant to coastal hydrodynamics.
Of the studies that have simulated arrays at this scale, there are very few that
have explored more than a handful of layouts or tuning. Adcock et al. (2013) is the
only previous study that has explored a large range of layouts in 2-D hydrodynamical
simulations. In their model of Pentland Firth, rows of turbines are represented by
actuator disks, assumed to fill the width of the Firth. They found that three rows of
turbines could potentially generate 1.9 GW, averaged over a spring-neap cycle. They
also show that more power than this is unlikely to be captured. This is attributed
to the diminishing returns on the power captured by added swept area beyond this
point. This power per swept area, used by Adcock et al. (2013) is similar to the power
per turbine that is discussed in the present study as turbines or turbine wakes were
not represented individually by Adcock et al. (2013). Further, rows that only block
a fraction of the channel’s width were not considered, and staggered rows cannot be
simulated in this technique without breaking the actuator disk representation down
into smaller elements. All of these approaches to array layout have been incorporated
in the present study. In the present study individual turbine wakes are captured
more realistically than in the studies above which only resolve groups of turbines or
use RANS to capture time and spatially averaged wakes. Further, the present study
explores a larger range of layouts than has been explored in any of the previous, coastal
hydrodynamic scale models.
In these previous coastal hydrodynamical models it is generally not feasible to
compare a large number of array layouts, and tuning specific to each layout, with a
reasonable computational eﬀort. In this thesis, an idealised, channel-scale model is
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developed in which the optimal layout of large tidal arrays has been explored at the
array-scale with reasonable computational eﬀort. The fundamental exploration of array
layout optimisation that is presented in this thesis should inform developers of these
larger scale models.

1.3.4.7

Tuning turbines for maximum power capture in a specific layout

Turbines that are tuned to capture maximum power from flow when operating in
isolation are not necessarily tuned correctly for operation in an array when local hydrodynamics are impacted by the array. Sutherland et al. (2007) varied the enhanced
bottom friction drag of a single row to find the tuning that maximises power capture
for that row in a specific location in Johnstone Strait, Canada. Vennell (2010) showed
that tuning turbines for each array layout is crucial to finding the maximum power
capture for each array layout. This thesis uses a similar approach to Vennell’s (2010)
tuning technique and shows how significant it is to the optimised design of arrays.
Vennell (2011b) further shows that each turbine’s tuning parameter should be tuned
in-concert with every other turbine in the array for truly maximum power capture. He
found that in quasi-steady state cases (channels where total friction dominates inertia)
the in-concert tuning is nearly the same for all turbines in an array. This tuning inconcert has not been applied in this thesis because it adds too many degrees of freedom
to the optimisation for solution with a reasonable computational eﬀort.
Previously, numerical simulations of an individual turbine within a box with periodic boundaries have been used to explore array design (e.g.: Batten and Bahaj, 2006;
Belloni and Willden, 2011; Fleming et al., 2011). These studies represent varying blockages with a single turbine in an infinitely wide row of turbines by altering the relative
size of the box and turbine. In each case some element of turbine blade and/or duct
design was tuned for performance at that blockage. However, because these investigations were focusing on turbine design more than array design, turbine tuning for a
given layout and large array layout optimisation for power capture were not the main
focus. In this thesis, idealisations of the turbine are made so that the turbines are
represented by a single tuning parameter. This allows the bulk tuning of turbines in
the array for maximum power capture from each array layout in a 2-D hydrodynamic
model for the first time.
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1.3.4.8

Arrays of drag elements modelling aquaculture facilities

Arrays of drag elements have been used by Delaux et al. (2011) to explore the degree
of turbulent mixing present within an aquaculture farm by designing the layout of
farm blocks within a coastal flow. These 2-D Large Eddy Simulations with adaptive
mesh used the Gerris flow solver to model the flow past idealised drag components in
a similar approach to that used in the present study. The range of scales relevant to
the dynamics of the two problems is similar, from individual shellfish scale up to farm
scale in Delaux et al. (2011), and the turbine blade scale up to the array scale in the
present study.
Upstream turbulence was simulated by adding an extra row of drag elements upstream of the farm block being studied in unidirectional flow simulated by Delaux et al.
(2011). Delaux et al. (2011) found that upstream turbulence dominates the degree of
the total mixing within the farm, and that the total flow reduction is less aﬀected by
the orientation of the farm blocks when upstream mixing is present. This is analagous
to the finding that tidal turbine row spacing is dependent on upstream turbulence,
when velocity reduction in the wake was assumed to be the dominant driver of row
spacing, by Harrison et al. (2010). While the present study has intentionally neglected
upstream turbulence in order to isolate the turbine wake eﬀects that are relevant to
array scale power capture, the approach used by Delaux et al. (2011) to represent
upstream turbulence would make an interesting extension to the present study.

1.4

Thesis overview

This thesis explores fundamental relationships governing the power capture by large
tidal arrays in channels. Optimising the layout for maximum power capture is investigated under two broad constraints with some side exploration of variation to these
constraints. In Chapter 3 the power capture by diﬀerent array layouts is explored under the constraint that turbines are arranged in rows that are spread uniformly across
the channel width as shown in Figure 1.7a. Under this constraint the number of turbines in each row is varied to give diﬀerent global blockages. Chapter 4 analyses the
tuning, velocity and head loss in the channel as a whole and around each turbine for
each tuned layout.
Perturbations from uniform rows are tested in the following chapters. Chapter 5
investigates a second constraint where arrays consist of packed rows of turbine. A
constant number of turbines per row are packed more and more densely into one side
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of the channel, as shown in Figure 1.7b in these packed rows. Also in Chapter 5, the
eﬀect of the number of turbines in each packed row is partially tested with two test
cases.
In the layouts in Chapters 3 to 5 the turbines are arranged in a regular grid pattern
so that turbines in each row are directly downstream from each other. This assumption
is briefly relaxed in Chapter 6 where power capture under a third constraint, staggering
alternate rows, was explored for a constant number of turbines per row. Turbines in
alternate rows are oﬀset by half the inter-turbine spacing in these staggered rows, so
that turbines avoid the strongest wake shadow from turbines in the row immediately
upstream. This contrasts with the simulations in Chapters 3 and 5 where turbines in
all rows are at the same distance across-stream.
Though simple to state, exploring the contrasts in Chapters 3, 5 and 6 requires
considerable computational eﬀort, needing thousands of model runs to capture the
combinations of tuning and layout parameters necessary to synthesise the diﬀerences
in power capture by array layouts under these sets of constraints.
Each array has been numerically simulated using an adaptive mesh MILES approach
as described in Section 2.2. An idealised turbine representation in an idealised channel
has been developed in Chapter 2 to reduce computational cost. The purpose of this is
to run each simulation in as short a time as possible while still capturing the channel
scale dynamics appropriate to layout of large tidal arrays. A scaling based on the
description of the balance between inertia and friction in a channel in Vennell (2010)
was developed in Section 2.5. This scaling allowed a reduction of the tidal period, in an
attempt to reduce the length of each simulation, while maintaining dynamic similarity
of this balance with a full scale tidal period. Several diﬀerent turbine idealisations
were tested in Section 2.7. A rectangular box of constant, increased bottom friction
was chosen as the idealisation that captures the turbine-scale wake dynamics which are
relevant to array scale dynamics in the simplest possible approach.
Uniform rows vary from packed rows in two ways: the number of turbines per row
and the width of the channel that the array is allowed to occupy. Under the uniform
row constraint the number of turbines varies while the fraction of the channel width
occupied remains constant (the whole width). Under the packed row constraint the
number of turbines in each row is kept constant, while the fraction of the channel width
occupied by the array varies. In both uniform and packed rows the number of rows in
the array is varied from one to seven to explore the optimum layout as the number of
uniform and packed rows increases.
31

Chapter 1. Introduction

Figure 1.7: Schematic plan view of an array under the two constraints:
a) in uniform rows the number of turbines per row changes and b)
the fraction of the channel width occupied by the array is varied with
a fixed number of turbines per row.
For each constrained layout, the power captured by the flow by each array layout
is compared in two ways:
1. the power per turbine or average power that each turbine captures; and
2. the total power captured by the whole array.
An optimum layout for maximum power per turbine is found which is diﬀerent to the
layout which maximises total power captured by the whole array.
The fluid dynamics that determine power capture by each layout is further explored
under each layout. Chapter 4 explores the tuning of the turbines in each uniform layout.
This chapter also explores the velocity and pressure fields in the channel that occur at
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the tuning for maximum power capture by a given array layout of uniform rows. These
fluid dynamic variables are also explored for arrays of packed rows in Chapter 5.
Optimisation of array layout is explored mostly in a small tidal channel where
friction dominates inertia. Optimisation for uniform and packed rows is briefly investigated for a larger tidal strait at the end of each chapter. These simulations required
considerably more computational eﬀort. Consequently only a small subset of the array
layouts were simulated in this larger strait.
The along stream spacing of each row is kept constant at 10 diameters. In Section
7.5.1 of the discussion, the sensitivity to a change in this along stream spacing is tested.
The discussion also contains a sensitivity analysis to the value of bottom friction that
is used to describe the natural bottom friction in the channel.
The turbines in every layout simulated have been tuned to the turbine drag that
gives maximum power capture by turbines in that specific layout. This tuning is a
crucial step that allows fair comparison of the power capture by diﬀerent array layouts.
This tuning results in a novel turbine design space that may assist the design of tuned
turbines for maximum power capture in an array of a given layout. The turbine design
space applicable for designing arrays under both uniform and packed row constraints
is presented in Section 7.3 of the discussion.
This study combines the novelty of modelling at the large array scale with tuning
each layout and driving the flow with an elevation gradient (or a proxy for it) to allow
for variations in the free-stream velocity in the channel. The adaptive mesh LES captures temporal and spatial variation in flow structure while also saving computational
cost. Combined with the idealised model components, this adaptive mesh has made
it computational feasible to simulate the many hundreds of array layouts at this scale
for the first time. If any of these idealisations were relaxed, the results might change
somewhat but possibly not significantly.
The results of this thesis will hopefully guide future researchers that explore array
layout at specific locations by providing some fundamental analysis of the power capture
and optimum layout under diﬀerent constraints. These results, combined with future
studies of fundamental array scale eﬀects due to local bathymetry, should reduce the
search space required to find a suitable array layout for a specific site. This optimum
layout for a tidal energy array development in a given location may require a specific
balance of power capture and impact that is unique to a specific location.
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Chapter 2
Method and Techniques
The goal of the method described in this section is to develop a numerical 2-D hydrodynamical model of flow through a tidal channel to test a large number of tidal turbine
array layouts with reasonable computational eﬀort. To fully test every aspect relevant
to arrays of tidal turbines would require a domain that stretches to the continental
shelf at each end of the channel, while at the same time solving the full 3 dimensional
Navier-Stokes Equations (NSE) on cell sizes small enough to capture the full dynamics
of the turbulent flow in the wake of the turbines. These scales range from hundreds of
kilometres to micrometres. Modelling this range of scales is not possible with current
computing resource. Furthermore, the complexity and range of possible array layouts
leaves a vast parameter space that could be explored. Finally, the turbines in each array layout need to be tuned for maximum power capture specifically for that layout in
that channel. This tuning requires multiple simulations at diﬀerent tuning parameters
for each layout, further increasing the number of simulations that need to be run to
explore array layout optimisation.
The method developed here is aimed at capturing the channel scale dynamics of
fluid flow around arrays of tidal turbines, capturing the turbulent wake down to the
turbine diameter scale. This requires making modelling compromises so that neither
the full sub-diameter turbulent structure in the wakes of individual turbines, or the
large scale complexity of full tidal flow in a channel with real bathymetry are captured.
An idealised array model has been developed here to explore the optimum layout of
arrays of tuned turbines in a tidal channel at the channel scale under two sets of
constraints. The turbine’s power capture was tuned for maximum power capture over
a tidal cycle in each individual array for each channel to ensure that the maximum
possible power capture was compared for each array layout. The total power captured
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over a tidal cycle was calculated and compared to find the optimum layout under each
set of constraints.
To simplify this multivariate optimisation, the turbine drag coeﬃcient, Ct , is kept
constant through the tidal cycle and is assumed to be the same for every turbine in
the array. Turbines in each array layout are first tuned to the turbine drag coeﬃcient
for maximum power capture from that layout, Cttuned . This tuning is performed by
running simulations at a range of turbine drag coeﬃcients for each layout to find the
tuning that gives the maximum power. Once this turbine tuning for a specific layout
has been found, subsequent analysis uses only the values from simulations at or near
this Cttuned .
To reduce computational cost the following techniques were developed or used.
• Adaptive mesh modelling, described in Section 2.2.1.
• Channel modelled in two dimensions.
• Layout limited to three sets of constraints: uniform, packed and staggered rows.
• An idealisation of the domain and flow has been developed in Section 2.2.4.
• A rescaling of the tidal period, maintaining dynamic similarity to a full scale
period through Vennell’s (2010) two parameters, λ0 and α, that capture the
channel-scale dynamics of adding friction to a channel, in Section 2.5.
• Idealised turbines have been used, described in Section 2.7.
• Ct kept the same for all turbines and kept constant in time.
These idealisations enable simulation of the large number of simulations required to
explore the variations in array layout and tuning.
Further computational cost was saved by using an eﬃcient flow solver with adaptive
mesh. Adaptive mesh techniques can reduce the computational cost by a factor of 10
compare to fixed mesh (Popinet (2003)). The simulations were solved using Gerris, an
adaptive mesh, finite volume equivalent, open source flow solver. Gerris uses a Monotonically Integrated LES (MILES) approach to representing sub-grid scale turbulence
which will be discussed further in Section 2.2.
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2.1

Scale analysis

The governing equations for this problem start with the momentum equation for depth
averaged, inviscid flow through a channel, modified to account for accelerations due to
natural bottom friction,

Cd
U|U|
h

and turbine friction, Ct U|U| in locations where there

is a turbine. The spatial mask M (x, y) is 1inside turbines and 0 outside turbines. The
channel is assumed to be small enough that Coriolis force is not important.
∂U
∇p
Cd
=−
− U∇U − (
+ τ Ct )U|U|
∂t
ρ
h

(2.1)

An estimate of the magnitude of each term in Equation 2.1 is given in the first row
in Table 2.1 for a general characteristic length scale, L0 , and time scale, t0 .
There are two diﬀerent length and time scales that are inherent in the representation
of an array of turbines in a tidal channel: the channel scale and the turbine scale. The
magnitude of the terms of Equation 2.1 is quite diﬀerent for each scale as shown in
Table 2.1. At both scales the maximum of the sinusoidally varying horizontal velocity
is U0 = 2 ms−1 . A typical depth for a channel that is desirable to operate in is assumed
to be h = 50 m (Table 2.4).
At the channel scale, the characteristic length is the length of the channel which is
typically L = 2 × 104 m (e.g.: Tory Channel). The time scale based on tidal frequency,
ω, is 1/ω = 104 s. The drag force due to natural bottom friction (Cd = 0.005) and 20
turbines (Ct = 0.5, Figure 4.1) of total horizontal area 2.4 × 103 m2 is averaged over the
channel area (5 × 106 m2 ). The magnitude of the tidally varying head loss (∆p/ρ ) can
be represented by the maximum diﬀerence in free surface elevation between the ends
of the channel,

∆p
ρ

= gζ0 = 15 m2 s−2 for a typical tidal range of ζ0 = 1.5 m. This head

loss occurs along the length of the channel. The magnitude of each term of Equation
2.1 is then 10−4 (shown in Table 2.1).
In contrast, at the turbine scale the characteristic length scale is L0 = D = 20 m
and the time scale becomes t0 = D/U0 = 10 s. The head loss across each turbine in
a typical array is 0.3x the head loss along the channel (Figure 4.8). This head loss
occurs over the width of the turbine, dx = W = 6 m. Within the area of the turbine
the drag force imposed by the turbine totally dominates the drag force due to natural
bottom friction. All four terms in the momentum equation are of the same magnitude
although they are 3 orders of magnitude greater than the channel scale (Table 2.1).
One of the challenges of the method developed in this thesis is to capture the dynamics
that are relevant across this range of scales, from the channel scale to the turbine scale.
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Table 2.1: Order of magnitude of each of the terms in Equation 2.1
for characteristic length, L0 , and time time, t0 , and for the channel
scale and turbine scale. U0 is the same at both scales.
Term in equation 2.1
Length
Time
∇p
∂U
U∇U
( Chd + τ Ct )U|U|
∂t
ρ
scale
scale
Pressure
Gradient
Acceleration
Advection
Drag Force
2
U
∆p
U0
0
L0
t0
( Chd + τ Ct )U02
t0
ρL0
L0
Channel
length, L
Turbine
diameter, D

2.2

1/ω

D/U0

2 × 10−4
5 × 10−1

7.5 × 10−4
9 × 10−1

4 × 10−4

turb
( Chd + AAchan
Ct )U02
=9.6 × 10−4

2 × 10−1

( C50d + Ct )U02
=5 × 10−1

Modelling Framework and Challenges

To reduce computational cost, some assumptions and approximations have been made
as listed in table 2.2. Each approximation results in a significant reduction in computational cost as shown in Table 2.2.

2.2.1

Gerris and adaptive mesh

Gerris is an adaptive mesh, finite volume equivalent, open source flow solver (Popinet,
2003; Popinet and Rickard, 2007). Gerris has been used to model a wide range of

Table 2.2: Approximations and assumptions made to reduce computational cost, and the approximate time saving from each approximation. 1 too variable to assess. 2 Originally thought to be up to 10×
saving.
Computational
Assumption or approximation
cost reduction
up to 10×
Using an adaptive mesh rather than a fixed mesh
≈ 100×
Modelling the 3-dimensional problem in 2-dimensions
1
Layout limited to two sets of constraints
at least 5×
Restricting the domain of the model to the channel
1
Idealising the natural, pre-array, flow
02
Rescaling the channel dynamics to allow a shorter period
1
Idealising turbines to boxes of increased drag
1
Using the same, time-invariant Ct for all turbines in an array
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phenomena including fluid structure interaction, e.g. air flow past a research vessel
(Popinet et al., 2004), water flow past aquaculture structures (Delaux et al., 2011),
mixing of fresh and saline water at a fresh water tail race (O’Callaghan et al., 2010),
tidal flow in Cook Strait (Popinet and Rickard, 2007) and tidal turbine arrays (Divett
et al., 2013).
Gerris includes, among others, solvers for the 2-D incompressible Navier-Stokes
(NS) equations and a variation on these equations with a linear free surface approximation (GfsOcean) which have both been used in this work. The 2-D incompressible
Navier-Stokes solver has been used exclusively for the simulations in the present study,
although a comparison with an early attempt to use the GfsOcean solver is discussed
in Section 2.2.7. This section focusses on the 2-D incompressible Navier Stokes solver
as it was used for the majority of the simulations in the present study.
Assuming that the fluid in the channel is inviscid and incompressible then the 2-D
Navier Stokes equations simplify to the incompressible Euler evolution equations:
∂U
∇p
=−
− U∇U
∂t
ρ

(2.2)

∇·U=0

(2.3)

and

where U(x, y, t) = (U (x, y, t), V (x, y, t)), U and V are the along-stream and acrossstream components of velocity respectively, and p = p(x, y, t) is the pressure field at
location (x, y) and time t. Gerris solves equations 2.2 and 2.3 for U and p using a
second-order, unconditionally stable Godunov technique to solve the advection term
(Popinet et al., 2004). The resulting solutions are second-order accurate in space and
time.
Friction is applied to each component of the velocity calculated by Equation 2.2,
at fractional time-steps using
1
U (t)
U (t + ∆t) =
2
(1 + dt|U(t)|( Chd + τ Ct ))

(2.4)

V (t)
1
V (t + ∆t) =
,
2
(1 + dt|U(t)|( Chd + τ Ct ))

(2.5)

and

where Cd is the natural bottom friction coeﬃcient using the oceanographic definition
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of depth-averaged bed shear stress,
F = ρCd U|U|.

(2.6)

and τ is a spatial mask representing turbine location, 1 inside turbines, 0 outside
turbines. Ct is the turbine drag coeﬃcient. This is similar to the approach used by
Popinet and Rickard (2007) and Divett et al. (2013) but is applied here to Gerris’ 2-D
Navier Stokes solver where the previous studies applied bottom friction in this way
using Gerris’ GfsOcean solver, which is described in Section 2.2.7.
The spatial discretisation in on a quad-tree square mesh that adapts in space and
time. The smallest cells are always D/20 as the minimum cell size is enforced within
the turbines. Minimum cell size was chosen to be a compromise between simulation
speed and resolution. Minimum cell size D/20 seemed reasonable to resolve sub-turbine
turbulence scales without too much loss of speed. Cell size adapts at every timestep.
The adaptive mesh capability is a key concept in this method. By adapting the
mesh in space and time the solver is able to represent the wide range of scales inherent
in these simulations, from the kilometres-long channel to the metres-wide turbine and
wake vortices, with a reasonable computational cost without losing resolution in the
dynamically changing region of turbulent wakes.
The purpose of adaptivity is to model the smallest scale instabilities at the smallest
grid size while using larger cells elsewhere. Vorticity represents a measure of shear at
the smallest resolved scale, leading to smaller scale instability which can be resolved
when cells are subdivided. By adapting based on vorticity, regions of small cell size
follow regions with increased shear, indicative of smaller scale flow features, focussing
the numerical eﬀort on these regions. This vorticity criteria has successfully been used
by Popinet (2004), Popinet and Rickard (2007) and Delaux et al. (2011).
The adaptivity allows the cell size and time step size to change depending on
the vorticity, ∇ × U, in the system. A cell is refined to a smaller level whenever
∆x|∇ × U|/|Umax | > 0.01 where ∆x is the length of the cell’s side and Umax is the
largest velocity in the domain. This vorticity criteria has successfully been used by
Popinet et al. (2004); Popinet and Rickard (2007); Delaux et al. (2011) among others.
The threshold chosen (0.01) can be interpreted as the maximum acceptable angular
deviation of a particle traveling at the maximum speed in the domain, Popinet (2004).
As the vorticity at a given location increases, the cell size at that point decreases
and as the high vorticity reduces again at some later time, the cell size at that point
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increases in size. In this way, shorter length scale eddies are resolved in the more
energetic regions while only larger scale eddies are resolved in less energetic regions.
The time step, ∆t, adapts to meet the Courant–Friedrichs–Lewy (CFL) stability
criteria, |Umax |∆t/∆xmin ≤ 1, for the smallest cell length, ∆xmin , and largest velocity
in the domain. Minimum time steps are roughly 0.1 s but this is not enforced, so
some models may have adapted to smaller time steps for brief periods when there is
particularly high local velocity due to eddies in the flow. The adaptive mesh reduces
the computational time by up to a factor of 10 compared to the time required to run
a similar simulation on a fixed mesh.
The structure of the adaptive mesh in two dimensions is a quad-tree structure
where successively smaller cells are created by splitting a cell into four smaller cells.
This technique is currently limited to a structured, square mesh representation.
The adaptivity is particularly useful for simulating arrays of turbines in a tidally
reversing flow where the source of mixing, the turbines, is in the along-stream centre
of the domain. The flow upstream of the turbines is initially smooth whereas the flow
downstream is turbulent, so the cells upstream of the turbines are large and downstream
are small as shown in Figure 2.1. When the tide reverses the smooth flow coming in
from the upstream boundary has low vorticity so the cell size on this new upstream
end of the channel contains larger cells upstream of the turbulent wake region which
washes back through the turbines. Eventually the whole upstream end of the channel
is filled with the largest allowed cell size, ∆x = W/2, as shown in Figure 2.1. Figure
2.1 shows how the adaptive mesh allows cell size to increase in regions of smooth flow
and decrease in regions of turbulent flow.

2.2.2

Monotonically Integrated Large Eddy Simulation

Given the high Reynolds number (Re ≈ 107 ) of flow past turbines and the large range
of scales present when modelling arrays of these turbines within a tidal channel it is
not feasible to run direct numerical simulations (DNS). Large Eddy Simulation (LES)
has been chosen over Reynolds Averaged Navier Stokes (RANS) because LES captures
the time and spatially varying nature of turbulent flow explicitly down to scales only
limited by the minimum cell size and time step. All of this time and spatially varying
unsteadiness is intentionally removed from the flow simulation in RANS (Ferziger,
2005). In RANS modelling only the time averaged mean and turbulent intensity are
calculated, giving no information about the instantaneous changes to the fluid.
The LES approach does have drawbacks though. While the minimum cell size is
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Figure 2.1: The mesh in a sample array of 3 uniform rows at three
time steps: a) t = 0, b) T /4 and c) T showing the change in cell size
distribution as the adaptivity focuses small cells on regions of high
vorticity. b) and c) are close ups. Flow is initially at rest in a) then
from the left in b) and reverses to come from the right in c).
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1 m, dynamically adjusted, the smallest possible structures in the flow are in the order
of 1/Re ≈ 10−7 m. Some representation of the sub-grid scale turbulence process is
needed to describe the transport of energy from the smallest cell size (1 m) down to
this Kolmogorov scale. In LES the sub-grid energy transfer is sometimes represented
by an approximate parametrisation or model for the turbulent viscous stress, where
the viscosity is a semi-empirical function of space and time (Ferziger, 2005).
For example the Smagorinsky approach requires a parameter, CSm , to calculate
the subgrid eddy viscosity as a function of filter length scale, ∆, (roughly equivalent
but not necessarily equal to cell length) and the rate of strain. This parameter is not
constant and is diﬀerent for diﬀerent flows. In channel flow and near surfaces such as
channel walls, CSm is commonly reduced by almost an order of magnitude (Ferziger
and Perić, 1997). Comparisons between DNS and LES with a Smagorinsky model on
simple situations have shown that the Smagorinsky model is quite poor (Ferziger and
Perić, 1997). There are many other higher order methods to resolve sub-grid scale
dissipation including a spectral model which uses the distribution of turbulence energy
across length scales to find an eddy viscosity for each wave-number in the turbulenceenergy spectrum that all depend on some parameterisation of viscous stresses (Ferziger
(2005)).
However, in the simulations in this thesis, the Monotonic Integrated Large Eddy
Simulation (MILES) approach to modelling sub-grid turbulence is used where it is
assumed that this numerical viscosity describes the turbulent viscosity, accounting for
sub-grid transfer of energy. The advection scheme in Gerris does not contain any
explicit viscous terms, opting rather to represent the largest scales of motion explicitly
with the smallest dissipation possible. There is however numerical viscosity which is
due to the higher order errors that occur with a discrete representation of the solution,
as in any numerical scheme Popinet et al. (2004). This numerical viscosity scales
with cell size and gives a representation of sub-grid energy dissipation that scales
consistently with sub-grid scale dissipation. Popinet et al. (2004) points out that
Boris et al. (1992); Porter et al. (1994) have shown that this numerical dissipation can
approximate the turbulent sub-grid energy transfer as well as other approaches that
apply a semi-empirical viscosity to represent sub-grid energy transfer.
Gerris takes advantage of this scaling of numerical dissipation with cell size so that
local dissipation of momentum changes as cell size adapts, depending on the local
vorticity. This study does not use any further representation of turbulent dissipation
beyond this numerical dissipation. The largest scales of motion are solved explicitly
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down to the smallest cell size and numerical dissipation accounts for the energy transfer
below that. At a larger scale, there is added dissipation due to the depth-averaged
natural bottom friction applied throughout the domain proportional to U2 as described
in Section 2.5. The bottom friction does not change with cell size, rate of strain or any
other parameters other than velocity.
It is likely that this MILES approach results in turbulent wakes behind turbines that
persist further downstream than they would with an increased semi-empirical viscosity.
This is due to the bottom friction being applied uniformly over the domain as a function
of U2 and numerical dissipation only changing with cell size. For instance, the eddies
shed from coastal features in a Gerris model of tidal flow in Cook Strait may persist
for an unrealistic distance from the coastal feature where they are generated (Popinet
and Rickard, 2007). Neither of these dissipations specifically increase in regions of high
shear so will probably result in longer wakes behind turbines than if a sub-grid transfer
of energy was modelled as a function of shear. However, dissipation of horizontal
momentum due to bottom friction averaged over the domain, is probably considerably
higher than that by any “standard” semi-empirical representation of viscosity. In this
model to capture the channel scale dynamics of array layout this compromise seems
reasonable.

2.2.3

2D Models in a 3D World

While this study has focused on two dimensional modelling, turbulent processes are a
three dimensional phenomenon.
The modelled domain is a horizontal plan section, representing a tidal channel.
This domain could conceptually represent two diﬀerent approximations of the three
dimensional channel. Either the domain is a horizontal slice through the channel at
turbine hub height, or a depth average of the flow at all depths. In the horizontal slice
conceptualisation, the domain is assumed to be homogeneous in the vertical direction so
each turbine fills the water column. In contrast, in the depth averaged conceptualisation
the turbines fill any proportion of the water column as required, but vertical flow
bypass is ignored. In this work the focus is on the horizontal slice. The turbine drag
coeﬃcient in this 2-D representation relates to the local force applied at a point in
the water column, assumed the same over the water depth. This drag coeﬃcient is
discussed further in Sections 2.4 and 2.7.
In this two dimensional approach there is no representation of flow under or over
the turbines which could represent a significant mechanism for flow to bypass the
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turbines, especially in a highly blocked channel. This is a compromise made in this
eﬀort to understand the channel scale dynamics of horizontal fluid flow around arrays of
turbines. Here, the vertical diversion is assumed to be a small scale eﬀect that would be
better modelled with a more detailed three dimensional model of a turbine. Hence, the
lack of vertical flow diversion in this model is a necessary assumption within the scope
of this study. Although the vertical bypassing and three dimensional turbulent mixing
are smaller scale eﬀects, they are intrinsically linked to the horizontal flow and have
the potential to significantly aﬀect the results in this study. As such, the consequences
on these results of modelling a three dimensional world in two dimensions are discussed
further, with reference to the results found in this study, in Section 7.4.
Further, the turbulent coupling between horizontal and vertical eddies is not represented in this two dimensional model. There is no representation of the vertical eddies so
this source of momentum transfer is missing from the model. The lack of momentum
transfer and consequent dissipation of rotational momentum potentially means that
the turbine and farm wakes in this work will be longer than in reality. This is a smaller
scale eﬀect that is less important than velocity deficit and the shear-induced mixing in
the turbine wakes so this is a reasonable compromise in this study of the larger channel
scale eﬀects.

2.2.4

Idealisation of flow structure within the channel

Real tidal flows are elliptical rather than bi-directional, though can be almost bidirectional in channels, and oscillate at several frequencies as described in Appendix
D. In this idealised channel model, the free-stream flow is intentionally simplified to
bi-directional flow driven at the M2 period of 12.4 hours. Modelling only a single semidiurnal tidal cycle allows for shorter run times while still investigating the eﬀects of
reversing current and separates the eﬀect of non-bidirectionality from the channel scale
balance of friction and inertia in investigating optimum array layout.
It is assumed that the turbines are non-yawing. Non-yawing turbines have their
axis of rotation fixed rather than being able to rotate to align with the instantaneous
direction of the time-varying current. It is further assumed that the turbines capture
power only from the along-stream component of the flow and that they capture power
equally well on the ebb and flood tides.
There is also no attempt to represent the variation in current velocity with depth,
due to the 2 dimensional idealisation. Flow in tidal channels is slower at the bottom
due to bottom friction, and wind and waves potentially reduce surface currents. In this
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Figure 2.2: Boundary conditions to specify sinusoidally varying pressure and zero normal derivative at each end of the channel.
2 dimensional idealisation a depth averaged velocity is used.
In these Gerris models there is no representation of background turbulence that
would exist due to bottom friction of natural flow structure flowing into the channel.
This is both a limitation and an intentional feature. While natural turbulence does
have an eﬀect on wake structure (Harrison et al., 2010), removing it allows the eﬀects of
turbulent wakes to be separated from the natural turbulence. This makes identifying
flow features from the wakes simpler. It also simplifies the model, contributing to
shorter run times.
Modelling a free-stream flow that is bi-directional is simpler than true multi-component,
elliptical flow and this simplification is intentional for this study. However, driving this
flow with an elevation gradient along the length of the channel rather than an imposed
constant velocity at the boundary is more diﬃcult.

2.2.5

Open Boundary Conditions and Driving Flow with a
Pressure Head

The velocity through a channel is a consequence of a balance between the elevation
gradient along the channel and bottom friction (Pugh, 1987). This balance can be
described by the parameter, λ0 , that describes the ratio of the two forces, friction and
inertia, in a given channel in Vennell (2010). The inertia is due to the tidal elevation
diﬀerence between the two ends of the channel, which forces flow along the channel. In
this description the increase in the channel’s friction by adding turbines, is described by
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Figure 2.3: The velocity and pressure over time in the a) small and
b) large channels with no turbines, showing that the peak velocity
settles to a steady solution (black dotted line) after a short (T/2)
spin-up time. The two pressures are the driving pressures at the left
and right ends of the boundary. Velocity is the same throughout the
channel with no turbines. The slight distortion in the velocity in the
small channel compared to a pure sine curve is due to the dominance
of friction in the small, shallow channel as discussed in Section 2.5.
The indicated period used is the period used for power calculations
and velocity variations as discussed in Section 2.4 and 2.6.

an increase from a channel’s natural balance λ0 to the total, λtotal = λ0 + λF , including
the array’s friction, λF . This added friction from the farm will reduce the flow as more
turbines are added to the channel. Hence, the flow must be driven by an elevation
diﬀerence along the length of the channel if the model hopes to capture the eﬀects
of adding more turbines on the dynamical balance of the channel. This parameter is
described further in Section 2.5.
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If flow is driven through a specified velocity at the boundaries then the natural flow
through the channel will not be decreased due to the increased friction of turbines in
the channel. As a consequence the simulations will only be valid for small arrays that
don’t reduce the natural flow of the channel. Thus, the fluid flow through a channel
containing a large row of turbines that block a significant fraction of the channel’s width
can only be properly described if the flow is driven by a tidally oscillating elevation with
the appropriate current allowed to adjust to the combination of natural and turbine
friction within the channel.
Pressure can be used as a proxy for elevation in this 2D model so driving the
flow with a pressure diﬀerence along the length of the channel, ∆pchannel , is equivalent
to driving the flow along the channel with an elevation gradient. By specifying this
diﬀerence as a cosine function at either end of the channel, a sinusoidally varying
pressure diﬀerence is established that drives a velocity that depends on the total friction
in the channel and the length of the channel. The along-stream velocity through both
ends is allowed to take on whatever value is required for conservation of mass and
momentum. Thus, a tidally varying velocity that is dependent only on the pressure
diﬀerence and bottom friction in the channel is imposed on the channel.
The technique of driving both ends with an equal and opposite pressure was used
to establish a sinusoidally varying pressure diﬀerence between pressure at the two
ends of the channel while keeping zero pressure at the channel’s along stream centre.
The pressure at either ends of the channel increases and decreases with time with an
amphidromic point at the centre. In the absence of turbines the pressure at a given
point along the channel can be visualised like a see-saw going up and down, as seen in
the movies of pressure in the channel in Appendix B. Splitting the pressure diﬀerence
between the two ends results in a constant pressure equal to zero at the along-stream
centre of the channel. Since the location of a reference zero pressure is arbitrary,
driving each end of the channel with the opposite pressure value in this way applies
the same pressure diﬀerence as driving one end sinusoidally and clamping the other
end to equal zero. A zero pressure at the centre of the domain makes visualisation of
the time-varying pressure field clearer as a constant value is maintained at the fixed
centre.
The boundary conditions specified in the model are a Dirichlet boundary condition
specified as a cosine function of time on the pressure term at either end and a Neumann
boundary condition of zero on the along stream component of the velocity as shown in
the equations at either end of the channel in Figure 2.2. These two conditions specify
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the time-varying value of pressure at each end and a zero normal derivative for the
velocity, while allowing the magnitude of velocity to adapt to the dynamical balance
between friction and inertia shown in Section 2.5.
These boundary conditions allow vortices to travel out of the downstream end of
the channel without reflections (see movies in Appendix B.) In a real tidal channel
these vortices from turbine wakes may travel back into the channel on the reversing
tide rather than disappear when they pass through the boundaries in these simulations.
However, the limited extent of the modelled domain is an intentional simplification that
is necessary to run the number of simulations for this thesis. This seems to be a reasonable compromise given that interactions between wake turbulence and bathymetry
induced flow features are likely to dissipate turbine wakes faster than in the idealised
models and that at reversing tide the free-stream velocity is at its slowest so vortices
are weak compared to at faster phases of the tide.
The magnitude of the pressure gradient is calculated in Section 2.5 to give a
2.2 m s−1 flow in the channel with no turbines and only the natural background bottom
friction. When turbines are added to the array in the channel, this free-stream velocity
reduces as the driving pressure gradient remains the same.
At the side walls it is assumed that there is no friction and therefore no shear.
This is modelled by a free-slip impermeable boundary condition on both side walls of
the channel as shown in Figure 2.2. In the Gerris parameter file this is specified by
Neumann or zero normal derivatives for the velocity at both side walls. An example
parameter file is provided in Appendix C. Along with the idealised bathymetry this
helps narrow the focus of this study onto channel scale eﬀects of array layout rather
than wall or bathymetry eﬀects.
Most of the simulations in this thesis are in a small channel, the dimensions of
which are described in Section 2.5. Some simulations were also carried out in a large
strait, also described in Section 2.5. In the large strait there is a small phase lag, φ,
in the time-varying boundary condition

p0
cos(ωt
ρ

+ φ), that is added to reduce the

spin-up time. In the small channel, the velocity settles into a long term peak value
after a spin-up time of less than a quarter of a tidal period as required (Figure 2.3a)
without this phase shift. Hence, a phase shift is an unnecessary complication in the
small channel and hasn’t been used. The phase diﬀerence between the driving pressure
and the velocity in the large strait is greater than the phase diﬀerence in the small
channel as expected due to the dominance of inertia over friction in the large strait,
shown in Figure 2.3b. This balance between friction and inertia is the key diﬀerence
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between the two channels and is discussed further in Section 2.5.

2.2.6

Damping numerical instabilities near the open boundaries in reversing flow

Modelling the flow through a channel that is open at both ends, without including the
bodies of water at either end, is useful for saving computational cost but it presents
some diﬃculties. The most diﬃcult challenge is setting the boundary conditions at
the open ends of the channel to reduce numerical inconsistencies or reflections oﬀ the
boundary into the domain (Adcock et al., 2011). Marchesiello et al. (2001) suggests
using a nudging approach to resolve problems found when an outward flowing boundary
switches to inward flowing at the change of a tide. In the present study a damping
force is applied to the flow near the boundaries to prevent variations in across-stream
velocity from appearing at the upstream boundary when flow re-enters the domain
immediately after the tide reverses.
The method of driving flow with a pressure gradient and along stream velocity works
well for most of the simulations. However, occasionally, a combination of turbine arrangement and turbine tuning leads to significant across-stream velocities flowing into
the domain at the upstream boundary shortly after the tide reverses. This is undesirable as it introduces eddy structures into the flow which is expected to be smooth.
These upstream eddy structures appear in cases where there are strong gradients of
velocity at the downstream boundary at the time when the velocity reverses. At this
point, those strong gradients re-enter the domain as shown in Figure 2.4 a-d and a
strong across-stream velocity continues to flow into the domain throughout this phase
of the tidal cycle.
A combination of two methods is introduced here to dampen these numerical instabilities near the boundary in reversing flow. The first is a region near the ends of
the channel where the adaptive cell size is constrained to a larger minimum size than
in the rest of the domain. The second is a straw layer where flow near the boundaries
is straightened, analogous to placing straws in a physical flume tank. Both methods
have been used in all of the simulations in this work.
In the region of large cells a minimum cell size of 62.5 m is specified in a region
inside the boundaries as shown in Figure 2.5 for both the large and small channels.
Cells in this region are allowed to adapt to be larger than this minimum but cannot
be smaller than this. In these larger cells flow variations are averaged out before they
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Figure 2.4: A plan section of the left half of the channel with a packed
row of 5 turbines, shown by black rectangles, near the right end.
Across-stream velocity, V , emphasising flow at the upstream (left
hand) boundary at four times near reversing tide. Flow is initially
to the left just before a). Small scale variation in V at the first two
timesteps is associated with the turbulent wake downstream of the
turbines before the tide reverses. The relative time at each snapshot
is indicated by tidal phase to the left. Time progresses from just after
slack tide in a) and e) through to shortly after rightward flowing flood
tide in d) and h). All panels contain enforced larger cells near the
boundary and panels e to h have the straw layer as well.
reach the main section of the flow. This approach works in approximately 90% of the
simulations, but there is still persistent across-stream velocity in the remaining 10%
and the straw layer reduces that further.
In the straw layer, a damping force is applied only to the across-stream component
of velocity, V , as a drag force: FV = ρCs V 2 on the area of each cell within the straw
region, where CS is the coeﬃcient of across-stream friction in the straw region. This
force is only applied to the component of the velocity in the across-stream direction, so
it straightens the flow entering and exiting the channel much like a honeycomb of straws
straightens the flow in some flume tanks (e.g., Vogel and LaBarbera, 1978; Romano and
Antonia, 2001). By only applying the force to V this straightening is achieved without
impacting on the along-stream balance of friction and inertia described in Section 2.5.
This straw layer removes large scale fluctuations in velocity so works well with the
region of larger cells which removes smaller scale variation.
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Figure 2.5: Region of enforced large cells (red) in the small channel
at maximum flow going left to right with 3 packed rows of 4 turbines
(shown in blue). Larger cells are enforced in the region at the downstream (right) end of the channel. Cells in the upstream (left) part
of the channel have adapted to larger size as there is low vorticity
there. The cells at the far right are the smallest allowed (62.5 m).
The smallest cells shown in the centre of this figure are larger than
the cells used in the simulation, for visualisation at this scale.
Choosing the magnitude of CS is a balance between ensuring that the friction is
suﬃcient to dampen the numerical instabilities while not so great that strong gradients
of shear or pressure form at the boundary where it is applied. A value of CS = 20
satisfies these conditions. Although this value is high compared to the background
bottom friction and turbine friction coeﬃcients, the magnitude of the straw region
force is low because the across-stream velocities are several orders of magnitude lower
than the along stream velocities near the boundary.
The combined eﬀect of the larger cells and the straw layer reduces the variations in
across-stream velocity near the boundary to nearly zero. The across-stream velocity
with only the sponge region (Panels a to d) and with the straw region added (Panels e
to h) at four diﬀerent snapshots in time are shown in Figure 2.4. While V just inside
the boundary increases after a reversing tide with only a sponge layer, V in this region
decreases as the reversing tide increases with the straw layer added. These snapshots
show a marked reduction in V , leading to smooth flow in the upstream region, when
both layers are applied. The straw layer alone was also explored as an option to reduce
V but still leaves variations in V entering the domain on the reversing tide.

2.2.7

Linear free surface representation in two numerical descriptions of fluid flow

Representing the tidally oscillating head diﬀerence along the length of the channel is
a key part of this approach to modelling large arrays at the channel scale. Ideally, the
flow through the channel would be described by equations that represent the variation
in free surface along the length of the channel, the array, each row and each individual
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turbine. There are several sets of equations that could be applied to this problem,
including various formulations of the Shallow Water Equations (SWE), Saint-Venant
equations and modifications of the 2-D Navier Stokes (NS) equations that incorporate
a description of the free surface.
Two diﬀerent solvers that are implemented as part of the Gerris flow solver package
were compared for applicability to the modelling turbine arrays in a channel:
• The GfsOcean solver and
• The 2-D NS solver.
Initially, it seemed that the GfsOcean solver would be the most suitable approach of the
two for modelling tidal arrays. However the GfsOcean solver was eventually abandoned
in favour of the 2-D NS solver due to the appearance of non-physical free surface
variations that are inconsistent with the water depth. The 2-D NS solver was eventually
found to more appropriately capture the channel scale hydrodynamics relevant to array
layout optimisation. This solver oﬀers a better compromise of adequately describing
the tidal head that drives the flow, numerical consistency and computational expense.
This section describes the diﬀerences between the two solvers and discusses reasons
why the attempt to use the GfsOcean solver was unsuccessful for this problem, leading
to the use of the 2-D incompressible NS solver for the remainder of the present study
instead.

2.2.7.1

The GfsOcean solver

While the 2-D incompressible NS equations have been used to describe the fluid flow
through the channel in the rest of this thesis, Gerris’ “GfsOcean” solver seemed to
oﬀer a better alternative as it inherently calculates the free surface elevation. The
GfsOcean solver includes a linear representation of the free surface variation in a depth
integrated adaptation of the single layered 2D NS solver with a linear free-surface approximation, sometimes incorrectly referred to as the “primitive-equations” describing
oceanic motion (Popinet and Rickard, 2007). Neglecting terms for Coriolis, temperature and salinity, these incompressible, Boussinesq, hydrostatic equations of oceanic
motion with a “shallow water” approximation can be written as:
∂U
∂U
p
+ U · ∇U + w
= −∇ − g∇ζ0
∂t
∂z
ρ
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where ζ = h + ζ0 , h is the depth of the channel, ζ0 is the free surface elevation, w is
the vertical component of velocity in direction z and U is the depth-averaged velocity
of the fluid. In this solver, p is the Boussinesq hydrostatic pressure obtained from
p
=
ρ

ˆζ
−g

δρ
dz,
ρ0

(2.8)

0

neglecting baroclinic variations in the density such that δρ is a deviation from the
reference density, ρ0 , from ρ ≡ ρ(p).
The vertical component of the velocity, w, is found by vertically integrating the
continuity equation such that
ˆζ
w=−

∇ · Udz.

(2.9)

0

Assuming that ζ0 ≪ h, the continuity equation is linearised to
∂ζ0
+ ∇ · hU = 0.
∂t

(2.10)

as presented by Popinet and Rickard (2007).
This solver was developed to describe barotropic flow in the ocean and has been
successfully applied to many problems including, for example: tidal currents in Cook
Strait, flow over a Gaussian bump (Popinet and Rickard, 2007) and arrays of tidal
turbines in a channel (Divett et al., 2013). The shallow water assumption is key to
this formulation but is often poorly described. The term “shallow water” is used to
describe a body of water that’s depth is less than any horizontal length. In a channel
this would mean that h < L and h < W . A strict definition of the shallow water
assumption is that there is no length scale in the model that is shorter than the water
depth.
A boundary condition which is based on the Flather boundary condition is implemented in Gerris for the GfsOcean solver. This boundary condition oﬀers some
advantages over the open boundary treatment that was eventually applied (described
in Section 2.2.5). The Flather boundary conditions are a type of radiative boundary
condition suitable for ocean modelling (Popinet and Rickard, 2007; Carter and Merrifield, 2007). An expected value for the elevation and velocity perpendicular to the
boundary are supplied at the start of the simulation, in this case ζ =
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Figure 2.6: The vorticity field in the shallow water equation (SWE)
model showing an extremely large vortex. The red dot above the
central row of turbines represents a non-physical free surface variation
more than 100 times deeper than the water in the channel, ζ > 100h.

and U = 0. Any diﬀerence in the free surface between that calculated for the boundary cells and the specified value is allowed to radiate away from the boundary at the
shallow water wave speed. Thus the free surface oscillates at the specified rate and the
velocity through the open channel ends oscillates at the same frequency (ω), but out of
phase, and at a magnitude that maintains consistency with the flow through the rest
of the channel. When natural bottom friction and friction due to turbines are added
through an adjustment to the velocity at half-integer time-steps, the resultant velocity
settles to the expected balance between friction and inertia predicted by Equation (6)
in Vennell (2012a), reproduced as Equation 2.20 in Section 2.5.
The GfsOcean solver has some conceptual advantages over the 2-D NS equations
as a tool to describe the fluid flow around turbines. The free surface is relevant to
modelling flow near tidal turbines as the surface of the water potentially deforms in the
immediate vicinity of a turbine. The water level could be higher upstream of a turbine
and lower downstream in the low pressure wake. This process is potentially significant
to understanding the channel scale dynamics relevant to array layout where the flow is
driven by changes in the free surface along the channel. The GfsOcean solver’s inherent
representation of the free surface variation, through the depth parameter ζ0 , captures
this change in elevation around an array of turbines as shown in Figure 2.6.
As such, it is tempting to use Equations 2.7 to 2.10, solved by the GfsOcean solver
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to model the flow around arrays of turbines. However, these equations are based on
the assumption that the water is shallow, and this assumption must be assessed in
the context of the problem being solved. In the case of tidal flow in a channel, this
assumption is reasonable for channels that are shallower than they are wide or long.
This is the case for most tidal channels under consideration for tidal energy sites such
as Cook Strait which is tens of kilometres long and wide, where in comparison it is
only hundreds of meters deep making it shallow under this definition (Section 1.1).
However, when turbines are introduced into these channels, the turbines introduce
a smaller length scale: the turbine diameter. To strictly conform to the shallow water
assumption, the diameter of the turbines must be much longer than the water depth so
that the water depth is still the smallest length-scale in the domain. When the diameter
of the turbines is not small relative to the depth of the water then the shallow water
assumption is no longer valid.
When this constraint on turbine diameter is ignored, and 20 m diameter turbines
are modelled in a 50 m deep channel as in Divett et al. (2011), the free-surface elevation
associated with some eddies in the flow around turbines is magnified to extreme levels.
These extremely strong eddy fields are associated with a non-physical free surface
elevation that is orders of magnitude greater than the water depth. An example of
this behaviour is shown by the red spot representing a 9000 m deep hole in the free
surface, near the top of the central row of turbines in Figure 2.6. These vortices only
appear after the tide reverses and only near a turbine. It is likely that this is due to
the violation of the shallow water assumption but it is also possible that these vortices
have been aﬀected by interactions with the two open boundaries.
It is diﬃcult to ascertain whether the boundaries or the turbines have the dominant
impact on the intensity of these eddy fields. It is probably some combination of turbine
diameter relative to depth, the open boundaries and tidally reversing flow that create
the non-physical vortices seen in the tidal array simulations using this version of Gerris.
However, it is clear that when strong vortices in the wake move back through a turbine,
a significantly stronger eddy is created.
The GfsOcean solver has been successfully applied to modelling the flow around
objects with length scales smaller than the depth (e.g.: a Gaussian bump in the ocean,
(Popinet and Rickard, 2007), tsunamis in the Pacific Ocean (Popinet (2012)) and some
test cases of tidally reversing flow around a small array of tidal turbines, (Divett et al.,
2013)). The only diﬀerence between the simulation of the centred array in Divett
et al. (2013) and the simulation in 2.6 is the duration of the model run. Attempting
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Figure 2.7: The pressure field in a channel around an array of turbines
(black rectangles), calculated using the 2D-NS solver of Gerris. The
variable “P” in the scale represents a variation in water depth, equal
to p/ρ as used in the present study.
to simulate the flow around the centred array for an extra half tidal cycle introduced
an extra interaction with the boundary and another interaction of the eddy field with
the turbines in the array. Whichever eﬀect causes this, it is persistent and led to the
decision to abandon the GfsOcean solver in favour of the 2-D NS solver.
To avoid violating the shallow water assumption, the turbine diameter must always
be much greater than water depth if any model that makes the shallow water assumption is used to model the flow around turbines. This is not possible with horizontal
axis turbines that are as high as they are wide and is unlikely to be possible with any
type of turbine that is currently being developed. It would be possible to model groups
of turbines using the Saint-Venant equations without violating the shallow water assumption, but even this may still be subject to the non-physical free surface variations
observed.

2.2.7.2

The 2-D NS Solver

The 2-D NS solver in Gerris solves the 2-D incompressible NS equations, described
in Section 2.2.1. In contrast to the GfsOcean equations, the 2-D incompressible NS
equations assume a rigid-lid, so they do not contain the inherent representation of the
varying free surface that the GfsOcean equations contain. They do however provide a
57

Chapter 2. Method and Techniques

solution for the pressure on the fluid at each point in the domain. Allowing pressure
to act as a proxy for free surface variation through, p = ρgζ, means that changes in
the total water depth, ζ, are represented by changes in p/ρ.
The Flather boundary conditions were not implemented for the 2-D NS solver at the
time that this solution was chosen. Instead, the combination of boundary conditions
described in Section 2.2.5 were used. While there were still inconsistencies in acrossstream velocity that appear on reversing tide, these were eventually resolved with other
techniques as described in Section 2.2.6.
Thus, the 2-D incompressible NS equations can be used to solve the fluid flow
around tidal turbines in a channel where a pressure head is used as a proxy for the
elevation head along the length of the channel. Further, the NS equations are not
constrained by the shallow water assumption that the turbine diameter must be much
larger than water depth, like the Saint Venant equations are. Hence, the 2-D NS solver
in Gerris appears to be more suitable for modelling the channel scale flow around tidal
turbine arrays than the GfsOcean solver. Apart from the discussion presented in this
section the 2-D NS solver has been used for all of the modelling in this thesis.

2.2.8

Convergence of solution

Convergence of the solution for a single turbine with successively smaller cell size was
carried out by comparing the power captured by a single turbine with decreasing cell
size. The cell level specified in the convergence test is the minimum cell size allowable
in the adaptive refinement criteria. Larger cells than the minimum are allowed in
regions of low vorticity but the minimum cell size cannot be smaller than 250/2Cell level .
A similar convergence study was carried out for single turbines in a channel using the
GfsOcean model in Divett et al. (2013) and numerical consistency of the Gerris flow
solver has been demonstrated by a convergence test of flow past a research vessel in
Popinet et al. (2004).
The power captured over the tidal cycle in Figure 2.8 converges with smaller cell
size (higher refinement level) although it takes significantly smaller cells than the D/20
(level 8) cells used in the model before the solution converges completely. The converging trend in power with decreasing minimum cell size demonstrates numerical
consistency of the solution for a single turbine through the Lax equivalence theorem
(e.g. Ferziger and Perić (1997)). Running simulations at cell refinement level 11 takes
7.5× as long as simulations at cell level 8. The minimum cell size of D/20 (level 8)
was chosen as a compromise that gives a reasonable solution speed.
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Figure 2.8: Convergence of power captured by a single turbine over
a tidal cycle with increasing cell refinement level. Power is relative
to that captured by the turbine simulated at cell level 8. Cell size =
250/2Cell level . Run time for each simulation is shown at the bottom
of the figure.

2.3

Array layout

Two sets of array layouts have been used to explore the optimum layout of arrays at
the channel scale. Uniform rows, where turbines are spread evenly across the width
of the channel, and packed rows where each row only blocks a fraction of the channel.
The packed rows leave a section of the channel free of turbines to allow shipping traﬃc
or wildlife to pass freely.
In both cases the channel width and length are W and L, respectively, as shown in
Figures 2.9 and2.10. The channel depth, h, is only relevant in that the natural bottom
friction (without turbines) is depth averaged by dividing by the depth. The bottom
friction used is 0.005, rescaled as shown in Section 2.5.
In both uniform and packed rows the turbines within each row are arranged in a
straight line perpendicular to the flow. While there is certainly a potential to further
optimise the micro-siting of individual turbines within each row, especially in the context of bathymetric variability, here the focus is on the larger channel scale optimisation
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for each of these configurations.
There are n rows in each array and the eﬀect of varying the number of rows in the
array is studied. The first row is placed in the centre of the channel. For 3, 5 and
7 row arrays the extra rows are added at increments of 10 turbine diameters up and
downstream of the central row. For an array of 2 rows, the 2 rows are evenly spaced
5 turbine diameters either side of the centre (Figures 2.9 and 2.10). The 10 diameter
spacing between rows is chosen arbitrarily but has been used previously by, for example
MacLeod et al. (2002); Bai et al. (2009). Ten diameters should in no way be seen as an
optimum row spacing, merely a starting point. Sensitivity to row spacing is explored
in Sections 7.5.1 and 7.5.2.

2.3.1

Uniform rows of turbines

L
nrows

W

Nturbines

U
V

D

y
x

10D

Figure 2.9: Layout of uniform rows of turbines that are spread uniformly across the width of the channel of depth, h.

Uniform rows of turbines are arranged as shown in Figure 2.9. There are N turbines
of diameter D in each row. The turbines are evenly spaced across the channel so that
the hub to hub spacing is W/N and the global blockage,
60

2.3. Array layout

ϵ=

ND
.
W

(2.11)

Diﬀerent global blockages are achieved by changing the number of turbines in a
row. As extra turbines are added to increase the global blockage, the spacing between
turbines reduces until the cross-section of the channel is filled at ϵ = 1. Although the
turbine diameter in these simulations is represented as 20 m, the rescaling to global
blockage makes the turbine diameter less relevant to the array layout than global
blockage. These results apply to any combination of turbine and channel width that
give the same global blockage. However, in practice, dissipation in the shear regions
in the wake structure are dependent on the turbine diameter. As a result the actual
diameter of the turbine may aﬀect the power available to turbines, although the eﬀect
of varying turbine width is probably smaller than the eﬀect of varying global blockage.

2.3.2

Packed rows of turbines

L

U
V

x

Fixed Nturbines
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nrows

N(D+S)
D

10D

Figure 2.10: Packed row array layout.
Packed rows are rows in which the turbines only occupy a fraction of the cross-section
of the channel as shown in Figure 2.10. While for a fixed number of turbines the global
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blockage doesn’t change, the packing density increases as the same number of turbines
are packed more densely into a smaller section on one side of the channel. The packing
density,
ϵL =

ND
,
N (D + S)

(2.12)

is calculated from the number of turbines per row, N , the diameter of the turbines, D,
and the spacing between turbines within a row, S. The fractional width of the bypass
region, or the fraction of the channel that is left free of turbines one side of the channel
is 1 − ϵ/ϵL .
Packing density of a packed row was described as “local blockage” of a “partial row”
by Nishino and Willden (2012) but “packing density” is more clearly distinguished from
“global blockage” than “local blockage”. “Packing density” also clearly describes how
the same number of turbines are packed more densely into the side of the channel as
packing density increases, from uniformly spread (ϵL = ϵ) to densely packed (ϵL = 1.0).
In this way a “packed row” contains a fixed number of turbines and “packing density”
describes how densely those turbines are packed into diﬀerent fractions of the channel’s
width.
The eﬀect of changing the packing density is investigated by keeping the number of
turbines in each row constant and packing the turbines into a smaller fraction of the
channel so that the space between turbines is reduced until there is no gap at ϵL = 1.0.
As the packing density increases for a fixed N turbines, more of the channel is left
available for other users of the waterway. In this way packed rows reflect initial proposals for Pentland Firth which favour positioning turbines on one side of the channel
(Figure 1.4). The same limitations on applicability of diﬀerent turbine diameters apply
as previously mentioned for uniform rows.
It would be interesting to further investigate packed rows that are centred in the
channel. Symmetry around the wall that turbines are packed against could be utilised
to extrapolate the results from the present study to arrays that are packed into the
centre of the channel. However, care should be taken in doing so as the free-slip
boundary condition at that wall may impose a channel wall-like forcing on the flow
that would not exist for centred arrays. The increased pressure near the channel wall
(shown in the movies in Appendix B) may significantly increase the power available
to turbines in some layouts as suggested by Section 5.4. It is not immediately obvious
whether this increased pressure would be apparent in centred packed arrays.
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2.4

Power Capture and normalisation

Tidal turbines are being built to convert hydrodynamic power in tidal flows into electrical power. Total power and power per turbine are two measures that are important
to the economic operation of a tidal array. Total power relates to the total income
that a tidal power project will receive. Power per turbine relates to the income per
turbine allowing straight forward comparison with the costs of building, installing and
maintaining each turbine. The optimum layout is explored to maximise both the total
power capture by the whole array and the average power captured by each turbine.
The other metric that is explored is the impact on free-stream velocity. This metric
represents a measure of the impact on the natural flow and may be critical to gaining
planning permission for a given development as it will have eﬀects on the ecosystem in
the tidal channel and surrounding water bodies.
The force exerted by the turbines on the water in the channel is the drag force per
vertical metre of water
F = ρCt Ut |Ut |

(2.13)

where Ut is the along stream component of the velocity inside the turbine and ρ is the
density of the water. Ct is the turbine drag coeﬃcient which is a tunable parameter
that describes how much force the turbine exerts on the water at a given velocity. The
force in Equation 2.13 is applied to the velocity found by solving Equations 2.2 and 2.3
at each time step of the model, slowing the velocity. For higher drag coeﬃcient there
is a greater force that is imposed on the water, this in turn reduces the flow more and
consequently, beyond a peak Ct reduces the force on the flow. A significant part of the
modelling time for this thesis is devoted to finding the optimally tuned turbine drag
coeﬃcient for each array layout, Cttuned , utilising this non-linear feedback of the drag
coeﬃcient on the force.
It is important to note that Equation 2.13 diﬀers subtly from some definitions of
the drag force in that the velocity is the velocity in the cell where the force is applied
rather than an upstream velocity. This velocity is slowed by the drag force directly
rather than indirectly as the upstream velocity would be.
The average power captured over a tidal cycle by the turbines in the array is calculated using
1
P =
T

ˆ

3T /2

ˆ ˆ
τ ρCt |Ut |3 dadt.

T /2

(2.14)

A

to get the average power captured by the array in a tidal period, T , where the spatial
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Table 2.3: The average power per vertical meter captured from the
flow by a single turbine in each of the two channels, used to normalise
power capture by each array in a specific channel.
Channel Normalisation Power
Small
150 kJ m−1
Large
120 kJ m−1

mask defining turbine location, τ , is 1 inside turbines and 0 outside the turbines,
A = W L is the channel’s area and da is an element of the domain’s area. The power
in the first half of the tidal cycle is discarded as the model is still stabilising in this
period. Due to the 2 dimensional nature of these simulations this power is power per
vertical metre of turbine. To compare this power capture to a 3 dimensional turbine,
this power per vertical meter must be multiplied by the depth of the turbine and scaled
by the fraction of the square vertical cross-section that the turbine occupies.
The array power is normalised by the power captured by a single isolated turbine
over a tidal cycle in the same channel to give normalised power. This normalisation
power for a single turbine is shown for each of the two channels used in this study in
Table 2.3. The power captured by a single turbine is lower in the large channel than
in the small channel because a single turbine in the large channel has a lower global
blockage. Normalising the power captured by each array against the power captured
by a single turbine shows clearly whether a given array captures more or less power
than a single turbine in isolation.
The optimisation in this thesis seeks to maximise the power (Equation 2.15) and
the power per turbine (Equation 2.16) with reference to the turbine drag coeﬃcient,
Ct , the global blockage of each row, ϵ, and the number of rows in the array, n, using

P (Ct , n, N ) =

n
∑

N
∑

row=1 turbine=1

3T
ˆ /2 ˆ

ˆ
|τ U(x, y, t, Ct )|3 da dt,

ρCt
t=T /2

Pper turb =

(2.15)

A

P
.
nN

(2.16)

Where a row of N turbines has global blockage ϵ(N ) = N D/W , U(x, y, t, Ct ) is the
time-varying instantaneous velocity found by solving the 2 dimensional incompressible
Navier-Stokes equations over the entire channel’s domain.
The three parameters that can be varied under each set of constraints are Ct , N and
n. Each parameter independently eﬀects the solution of the Navier-Stokes equations
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so each layout and tuning needs to be simulated individually to compare the power
capture by each array over a tidal cycle.
In the present study “power capture” is used to describe the hydrodynamic power
captured from the flow by the turbines. This does not include the power lost due to
mixing losses in the wake. Further, no eﬀort is made to describe the cut-in or cutout speeds of the turbine or a transfer function that describes the turbine’s non-linear
transfer of hydrodynamic power to electrical power. These characteristics of a turbine
will potentially vary considerably between diﬀerent designs so are considered outside
the scope of this study.

2.5

Dynamical Balance and Scale in the Model Geometry

A further computational cost saving was attempted by rescaling the M2 driving period,
2π/ω, to one-tenth of the physical period, attempting to simulate tidally varying current in one-tenth the time that would be required to do this in a domain without this
rescaling. This increased tidal frequency is balanced by an increased bottom friction
and decreased channel length to keep dynamic similarity of the balance between inertia
and friction as well as the ratio of tidal excursion to channel length the same as two
real channels.
Vennell (2010) provides a non-dimensionalised description of flow in a channel
driven by a sinusoidally varying elevation gradient, where flow is slowed by friction
due to the turbines λT = αCA and the natural bottom friction parameter,
λ0 = αCd

L
gζ0
= 2 Cd ,
h
ω Lh

(2.17)

where
α=

gζ0
ω 2 L2

(2.18)

describes the ratio of the length of tidal excursion to the length of the channel. The
turbine drag in Vennell’s (2010) formulation, CA , is the array’s gross drag coeﬃcient
based on the cross-sectional area of the channel, W h. This turbine drag diﬀers from
the individual turbine’s drag applied in the present study, CT , which is based on the
area of each numerical cell inside the turbine area.
λ0 describes the balance of friction and inertia in the channel. Channels that have
λ0 > 1 are small, shallow channels in which the fluid flow is dominated by friction.
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Conversely large, deep straits where λ0 < 1 are dominated by inertia, (Vennell, 2012a).
A large strait, similar to Cook Strait would have friction parameter around 0.5 where
a small channel similar to Kaipara Harbour, New Zealand would have a friction parameter around 5.
The non-dimensional form of the depth-average 1D shallow water momentum balance in this channel is given by Equation (2.3) in Vennell (2010)
∂U ′
= sin(t′ + ϕg ) − (λ0 + λT )|U ′ |U ′
∂t′

(2.19)

where t′ is the time non-dimensionalised by 1/ω and U ′ is the velocity non-dimensionalised
by the velocity in the channel in the empty channel with no bottom friction or turbines,
∆V gζ0 /L. ∆V = 2 and ϕg = 0 in this channel with a φ = π phase diﬀerence in the
surface elevation with equal amplitude at either end of the channel.
Equation 2.19 shows that channels with the same λ0 and either α or Cd L/h will
have the same response to adding turbines. In the present study an attempt to reduce
computational time was made by using a channel with a shorter tidal period than M2
and an increased bottom friction and length to balance this to give the same λ0 and α
as the channels with a full scale M2 tidal period, as shown in Table 2.4.
A “small channel” that has λ0 = 5 and α = 1.84, similar to a relatively small,
shallow channel such as Tory Channel, New Zealand where friction is dominant has
been used for the majority of the modelling in this thesis. A subset of simulations are
also run in a “large strait” with λ0 = 0.5 and α = 0.21 which has a dynamical balance
dominated by inertia that is closer to Cook Strait. These two test cases are useful for
calculating and comparing the power capture and the reduction in flow caused by large
arrays in two channels with diﬀerent dominating natural dynamics. The dimensions
of these channels, as specified in the simulations are shown in table 2.4 with a few
channels and straits that are of interest for tidal energy development for comparison.
The first large tidal-stream arrays are likely to be constructed in regions where
the peak tidal flow is over 2 m s−1 . While peak currents are significantly higher in the
Karori Rip region of Cook Strait (Stevens et al., 2012) or the Merry Men of Mey region
of the Pentland Skerries (Salter and Taylor, 2007), these regions are relatively small
sections of the larger straits. The typical neap-spring averaged peak velocity, averaged
across Cook St is closer to 1.9 m s−1 (Vennell, 2010). A sinusoidally varying current,
2.2 m s−1 at peak, is used in these channels to represent a fast, but reasonable current
that is representative of current at tidal energy sites.
The relationship between the non-dimensionalised peak volume transport in an
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empty channel, Q0 /QI , and friction parameter, λ0 , is given in Equation (6) in Vennell
(2012a). Re-dimensionalising by multiplying by QI = gζ0 A/ωL (from Vennell (2012a))
, where QI is the transport in the channel with no bottom friction or turbines and A
is the cross-sectional area of the channel, and converting volume transport to velocity
through U = Q/A gives the tidal elevation amplitude
√
U02 ( 4λ20 + 1 + 1)
gζ0 =
2α

(2.20)

needed to drive a given velocity along a channel with a given λ0 and α. Equation 2.20
is simply used to calculate the tidal head required to drive a given velocity through a
channel with a given velocity, λ0 and α.
The Gerris simulations are driven by a pressure head at the boundaries which can
be found from the hydrostatic elevation loss by
∆p
= gζ0 .
ρ

(2.21)

Rearranging Equation 2.17 gives the ratio
Cd
L
= λ0 ω 2
.
h
gζ0

(2.22)

which shows that the simulations should be dynamically similar for any combination of
drag coeﬃcient and channel depth that gives the same ratio Cd /h. In this way a channel
with a smoother bottom surface in shallower water should give the same channel scale
dynamical response to power capture as a channel with a rougher bottom in deeper
water. Using h = 37 m in the small rescaled channel or 172 m in the large rescaled
channel simulations gives Cd = 0.025 in the rescaled simulations to match a standard
“rough” (e.g.: Popinet and Rickard, 2007; Baston and Harris, 2011) ocean bottom
friction of 0.005 in the unscaled channel.
The parameters that specify a small channel and a large strait in models with both
the full scale and reduced period scale simulations are shown in Table 2.4. These are
just two examples of channels with dynamic similarity to any channel that has the
same λ0 and α. The width is not as relevant to the channel scale dynamics, but it is
assumed to scale by the same ratio as the length of the two channels so that the aspect
ratio, L/W , is constant between the two scalings.
Turbines dimensions in the reduced period and full scale period scalings are shown in
Table 2.5. A single “turbine” in the reduced period simulations has diameter, D = 20 m
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Table 2.4: The dimensions of the small and large channels used in this
study in rescaled geometry simulated and the physical dimensions of
dynamically similar channels. All simulations in this thesis are run
in the small or large channel with reduced period. 1 From Vennell
(2013), 2 from Vennell (2010), 3 from Plew and Stevens (2013)
Channel
T = 2π
λ0
α
U0
L
gζ0
Cd
ω
s
m s−1
m
m2 s−2
Small full scale
44 700
5
1.84
2.2
20 000 14.54
0.005
Small reduced period 4 470
5
1.84
2.2
2 000
14.54
0.025
Large full scale
44 700 0.5 0.21
2.2
80 000 27.18
0.005
Large reduced period 4 470
0.5 0.21
2.2
8 000
27.18
0.025
1
Pentland Firth
44 700 1.6
1
2.5
23 000
12
0.005
2
Cook Strait
44 700 0.35 0.3
1.9
50 000
14
0.0025
Kaipara Harbour2
44 700 5.4
22
2.7
2 000
1.7
0.0025
3
Tory Channel
44 700 5.06 3.9 2 to 3 16 800
22
0.003

a)

h
m
37
18.4
172
86
70
100
20
39.2

b)
Figure 2.11: a) MCT’s proposed array of turbines with 1m tip spacing could achieve high blockages, reproduced from Langston (2012).
b) The Transverse Horizontal Axis Water Turbine (THAWT), reproduced from Figure 1 in McAdam et al. (2010).

and along-stream width, Lt = 6 m. Scaling this by 10 to keep the ratio of diameter
to channel width, D/W , the same in the two scalings results in “turbines” that are
200 m in diameter in the full scale period scaling. The relative dimensions of turbine
diameter and width to the channel’s depth, length and width are also shown for two
scalings for both channels simulated in this thesis.
While a turbine with a 200 m diameter is not representative of the diameter of
individual turbines that are currently in development, (e.g.: Khan et al., 2009) this
is representative of the diameter of a group of turbines. This group of turbines is
similar to Marine Current Turbine Ltd.’s (MCT) next generation turbine concept which
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Table 2.5: Turbine dimensions in the reduced and full scale period
representations.
Turbine Turbine D/h Lt /h D/W
Lt /L
diawidth,
meter,
Lt
D
m
m
×10−2 ×10−3
Small full scale
200
60
5.4
1.6
8
3
Small reduced period
20
6
1.1 0.33
8
3
Large full scale
200
60
1.2 0.35
2
0.75
Large reduced period
20
6
0.23 0.07
2
0.75
may be deployed in a group of three or more turbines packed close together in a line
perpendicular to the flow, shown in Figure 2.11a (Langston, 2012). Alternatively, each
“turbine” in the full scale world could be a single, long Transverse Horizontal Axis
Water Turbine (THAWT) similar to that proposed by McAdam et al. (2010), shown
in Figure 2.11b.
At the channel scale that this thesis approaches the dynamics of array layout,
the individual turbine design is not distinguished in any way other than the physical
dimensions relative to channel scaling. In this way, the “turbines” discussed in this
thesis are either individual long THAWT-like turbines or an MCT-like group of turbines
depending on the scaling and the choice of turbine design and scaling relevant to a
specific tidal energy development site. In the same manner the “power per turbine”
refers to the power that each individual long THAWT-like turbine captures or the
power captured by each group of MCT-like turbines captures.

2.5.1

Sensitivity to scaling

A few simulations of tuning curves for a single row were run in two diﬀerent channels
with the same λ0 and α to demonstrate that the dynamical response to power capture
and tuning is dominated by these two non-dimensional parameters, shown in Figure
2.12. The power captured by each array is normalised by the power captured by a single
tuned turbine in the rescaled simulations, for consistency. The power capture in the
unscaled simulations is 100× that in the rescaled simulations because of 100× larger
turbine area. When divided by this diﬀerence in area the power capture in both scalings
is only 3% diﬀerent between the two channels. The tuned turbine drag coeﬃcients for
both global blockages in Figure 2.12a is 5× higher in the rescaled simulations matching
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the 5× higher background bottom friction used in the rescaled simulations. The tuned
local velocity reduction inside the turbines, r̄1tuned , for both global blockages in Figure
2.12b is the same in both scalings. The gives confidence that the power capture and r̄1
is the same in both simulations, within a few percent and that only the tuned turbine
drag coeﬃcient is diﬀerent.
In retrospect, this rescaling was an unnecessary complication as the simulations
with full scale tidal period were completed with similar computational eﬀort to those
with the shorter tidal period. The smallest cell size in full and reduced scale period
were both specified as 1/256 of the channel width so in the full scale period simulations
the physical size of this is 10× that in the reduced period simulations. The adaptive
time-stepping procedure in Gerris responded to larger cells by allowing larger timesteps in the full scale period simulations, to meet the CFL criteria. This resulted in
simulations running with a similar number of time-steps and the similar computational
cost between models with the two periods.
At the time that the rescaling to higher frequency was chosen, the simulations
were sped up considerably by shortening the driving period. However, in retrospect
this was probably due more to other problems that were ameliorated by reducing the
tidal period and were eventually solved by other procedures. The problems of flow
variation at the upstream boundary and the violation of the shallow water assumption
that were described in Sections 2.2.6 and 2.2.7 are probably worse in simulations with
a full scale period. Once they were resolved through other means, the full scale tidal
period could have been used, although this was only realised after running all of the
simulations. Although the rescaling is unnecessarily complicated, the test cases in
Figure 2.12 show that the two representations respond almost identically to adding
turbines which increases confidence that the dynamics of power capture are the same
in the rescaled tidal frequency simulations run and any tidal channel with the same λ0
and α.
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Figure 2.12: The total power capture per unit area of turbine by
rows of turbines with 1 or 4 turbines in the unscaled and rescaled
geometries. Tuning curves as a function of a) turbine drag coeﬃcient
and b) local velocity reduction inside the turbine.

2.6

Free-stream velocity and velocity within the turbines

When large numbers of turbines are added to a channel, the flow will be reduced by
the extra force exerted on the fluid by the turbines. By driving the flow through the
channel with the elevation rather than with a fixed velocity, it is possible to find the
extent to which the free-stream velocity in the channel is slowed by the addition of the
array. This reduction is the fractional change in free-stream velocity,

R̄f ree

1
=
T

3T
ˆ /2

Uf ree (t)
dt,
U0 (t)

(2.23)

T /2

where U0 (t) is the along-stream velocity in the channel without any turbines and
Uf ree (t) is the spatial average of along-stream velocity in the free-stream region with
the turbines in the channel. Where free-stream velocity is presented as a single value
it is the median value of R̄f ree over the period T /2 < t < 3T /2. Free-stream velocity
is sometimes referred to as the bulk velocity.
The spatial average is taken over the width of the channel because there is some
variation in upstream velocity due to the turbulent wake. This average also removes
the considerable spatial variation in velocity across the width of the channel, even at
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Figure 2.13: Regions used to calculate free-stream velocity (red) in the
small channel containing 7 rows of 6 turbines uniformly distributed.
The upstream region used for free-stream velocity is at opposite ends
of the channel when the tide reverses.
the ends of the channel, seen with densely packed rows. The velocity in the side of
the channel that contains the packed row of turbines is slower than the open side of
the channel. The free-stream region is just inside the straw layer so there is no force
on the flow in these regions other than bottom friction and the adaptivity routine is
free to assign the smallest cell sizes in this region. The region used to calculate the
free-stream velocity changes depending on which direction the tide is flowing so that
it is always upstream of the array and is one of the red boxes shown in Figure 2.13.
The velocity in the region of the turbines themselves is slowed even more by the
force of the turbines. This local velocity reduction inside the region of each turbine,
r̄1 , is calculated as a fraction of the free-stream velocity,
1
r̄1 =
T

3T
ˆ /2

Ut (t)
dt
Uf ree (t)

(2.24)

T /2

where Ut (t) is the spatial mean of along-stream velocity inside the turbines. The mean
over a tidal cycle is applied to give a single, time and spatially averaged value for r̄1 .

2.7

How reasonable is the representation of turbines?

Each turbine is represented by a rectangular box of increased bottom friction where
power is converted from kinetic energy to electrical energy by the turbine. This force is
idealised to give a simple representation of a turbine that is appropriate at the channel
scale.
In these 2 dimensional simulations a turbine must be represented by some approximation for a real turbine. This idealisation must be as simple as possible, while still
capturing the relevant behaviour of a turbine in order to make make multiple runs real72
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istic with reasonable computational cost. There are two aspects of a turbine’s impact
on the flow that the idealisation must capture to demonstrate that the idealisation
is a reasonable reflection of the force imposed by a real turbine on the tidal flow in
a channel. The first is the length of the depth averaged wake and the second is the
depth-averaged force imposed on the flow by a real turbine. In this section several different transverse drag profiles have been compared to find a balance between realistic
capture of these aspects of a turbine’s impact on the flow and simplicity. Simplicity
and computational cost saving are more important than detail of the wake structure
in this study of the channel scale dynamics of array layout.

2.7.1

Comparison of drag coeﬃcients with actuator disc thrust
coeﬃcient

The force imposed by each cell within turbines in this study is F = ρCt Ut |Ut |. This
is applied by each cell (up to 6 × 20 cells) to the fluid which has velocity Ut in that
cell. In actuator disc representation of turbines a thrust coeﬃcient, k, is used to relate
the total force, or thrust, on the flow by the turbines as Fad =

1
ρkAad Uf ree |Uf ree |.
2

Here the area of the disc is usually a circle but in this case is a rectangle Aad = Dh.
This force is the same as the horizontal mean total force on the flow by each numerical
cell in the present study, integrated over the horizontal area of the cell and multiplied
by the water depth, F = r̂12 ρwhDCt Uf ree |Uf ree | where r̂1 is the instantaneous spatial
mean of the velocity reduction relating instantaneous Uf ree to the instantaneous spatial
mean of Ut . Equating these two forces and assuming no variation in density, ρ, gives
a relationship between the turbine drag coeﬃcient used in the present study and the
thrust coeﬃcient used in actuator discs,
k = 2r̂12 wCt .

2.7.2

(2.25)

Wake comparison with real turbines

The interaction of the wake downstream of MCT’s operational tidal turbine with the
water surface in Strangford Lough, Northern Ireland is shown in Figure 2.14. There
are currently no published velocity or pressure measurements in the wake of an in situ
tidal turbine. Two proxies for the wake of an in situ tidal turbine are compared against
wakes from 2-D turbine idealisations in this section. The wakes of five idealisations are
compared to velocity deficits measured in the wake of a tidal turbine in a flume tank by
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Figure 2.14: The disturbed flow downstream of MCT’s tidal turbine
operating in Strangford Lough, Northern Ireland. The turbine support structure’s wake interaction with the water’s surface is apparent
in the flow behind Craig Stevens, who is standing on the observation
tower above the turbine.
Tedds et al. (2011) and an in situ wind turbine by Hirth et al. (2012). The situations
that these turbine wakes are measured in is quite diﬀerent. Tedds et al. (2011)’s
scale model turbine in a tank is aﬀected by global blockage with flow constrained to
within the tank while Hirth et al. (2012)’s full scale in situ turbine is in unconstrained
atmospheric flow. Neither wake is an ideal comparison for the wake of a full scale tidal
turbine in channel flow but as there is currently no published data for such a wake
these two wakes are used here. Considering the low global blockage (ϵ = 0.08) of the
single numerical turbine, the unconstrained wind turbine wake is not too unrealistic.
In the numerical simulations the width of the turbine idealisation and shape of the
drag profile cause variations in turbine wake in the same way as varying Ct . The length
of the shear region in the wake changes in response to any of these factors. In this
study two turbine widths were used: w = 2 m and 6 m. Larger than this would be
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Figure 2.15: Velocity reduction in the wake behind a three bladed
turbine at optimum blade pitch. Reproduced from Tedds et al. (2011).

unrealistically wide, while smaller than this gets close to single cell size which would
cause sharp flow instabilities and could potentially cause numerical instabilities. By
tuning Ct for maximum power capture at a given layout the wake length for a given
representation is changed anyway. Unless the global blockage and tuning curve of the
turbine used for measured wake comparison at that blockage is known, comparing wake
profiles with tank studies or an in situ wind turbine wake will be subject to diﬀerences
due to the changing wake length. The wake length changes in response to changing
blockage and ’channel scale’ eﬀects. In the tank the ’channel’ is the tank and the
dissipation due to friction includes three dimensional turbulence which is diﬃcult to
calculate. However, at the scale at which this study focuses, this comparison shows
that several simple representations of a tidal turbine give a wake that is comparable
to both studies in the 5 D to 10 D range.
Figure 2.15 shows the velocity reduction in a horizontal section at hub height behind
a three-bladed turbine at optimal blade pitch angle measured behind a scale model of
a tidal turbine in a tank by Tedds et al. (2011). In the near-wake region (1.5 D to 3 D)
the velocity reduction is strongest near the blade tip and weakest near the hub. The
velocity reduction increases further downstream from the turbine and reaches 80% of
the free-stream velocity at 6 diameters downstream of the turbine.
Figure 2.16 shows the velocity at hub height in the wake behind the in situ wind
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Figure 2.16: Velocity in the wake behind an in situ wind turbine
measured by Hirth et al. (2012). Reproduced from Hirth et al. (2012).

turbine measured by Hirth et al. (2012). The wake shows the same large scale trend
as Figure 2.15 but a longer recovery length to 80% of free-stream of 10-12 diameters.
There is less detail shown in the wake as the measurement is over a larger area so the
higher velocity reduction near the tips is not evident.

2.7.3

Velocity reduction in the wake of idealised turbines

Figure 2.17 shows velocity reduction in the along-stream direction for all five turbine
profiles modelled in this study. Panel a shows the wake around an inverted Gaussian
bump drag profile, with highest drag at “blade tip” (shown magnified to the left of the
wake). Panels b and c are wide and narrow Gaussian drag profiles with highest drag
at the hub. Panels d and e are wide and narrow rectangular step drag profiles. All
profiles are at tuned maximum drag for power capture in a horizontal 2 dimensional
plane at peak free-stream velocity (2.2 m s−1 ).
These wakes represent a depth-averaged velocity reduction over the height of the
turbine, as the 2 dimensional representation assumes that the turbine takes up all
of the water column. The inverse Gaussian is more representative of the forces on a
slice through a turbine at hub height, with the highest forces furthest from the hub.
However, the others might be more realistic of the depth-averaged force on the flow as
the force averaged over a vertical cross-section of the turbine does not have a higher
force further from the hub.
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Figure 2.17: Instantaneous snapshots of velocity reduction in wakes
behind five diﬀerent turbine drag profiles at peak flow moving to the
right. The left hand panels show the width and shape of the drag
profiles.

The wake length can be measured as the distance taken to recover to 80% of the
free-stream velocity at the centre of the wake. Both Gaussian drag profiles impose
a substantially longer, smoother wake on the flow, with less of the sharp velocity
reduction near the tips that is seen in Figure 2.15. The inverse Gaussian and wide
rectangular drag profiles show shorter wakes, taking 12 and 13 diameters, respectively,
to recover to 80% of free-stream velocity. This can be seen more clearly in close ups
of the time averaged wakes in Figures 2.18 . The magnitude of velocity reduction
behind the tips in all five of the 2 dimensional idealised turbines is comparable with
that measured by Hirth et al. (2012) and Tedds et al. (2011).
The near-field wake behind an inverse Gaussian drag profile in Figure 2.18a shows
more of the sharp reduction in flow near the tips seen in Tedds et al. (2011) than that
in Figure 2.18b. However, the length of the wake to 80% reduction is similar, so the far
field wake is not too diﬀerent and they both show similar trends, although they have
a longer reduction length, to that measured by Tedds et al. (2011).
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Figure 2.18: Velocity reduction in the wake of turbines represented
by a) an inverse Gaussian drag profile and b) a rectangular step drag
profile averaged over 300s duration at 10 s sample period.

2.7.4

Betz limit for idealisations of a single turbine

To compare the depth-averaged force on the flow by the diﬀerent turbine profiles,
simulations were run with a range of turbine drag coeﬃcient for each drag profile to
compare them against the tuning curve for an actuator disc. The tuning curves for
a single turbine with five diﬀerent drag profiles are shown in Figure 2.19. The power
captured by the wide step, the narrow step, the wide Gaussian and inverse Gaussian
and a narrow Gaussian profile are plotted for a range of turbine drag coeﬃcients in
Figure 2.19a. There is clearly a similar shape to each tuning curve with a tuned
drag coeﬃcient for maximum power capture. Here the power is normalised by the
power captured by a wide step profile turbine that has been tuned for maximum power
capture. This shows that the wide step captures slightly more power than the wide
Gaussian or wide inverse Gaussian profiles and roughly 30% more than either of the
two narrow profiles.
If the power is normalised by the maximum power for each drag profile individually
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and plotted against the local velocity reduction, r̄1 , instead of drag, the curves all align
showing that relative power capture at diﬀerent velocity reductions are the same for
each profile (Figure 2.19b). In Figure 2.19b the tuning curve predicted by actuator disc
is
theory is shown for comparison. The peak of each simulated tuning curve at r̄tuned
1
slightly lower than actuator disc theory predicts. Adjusting the actuator disc curve to
peak at the same r̄tuned
as the simulated curves shows that the shape of each simulated
1
tuning curve is similar to the shape of the actuator disc curve. So the eﬀect of tuning
to Cttuned and normalising by the peak of that curve means that all five of the drag
profiles tested show similar tuning curves against r̄1 . These tuning curves are similar
to those predicted by actuator disc theory.
1 b)
Power normalised by Ptuned
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Figure 2.19: Tuning curve for single turbines represented by five different drag profiles with the tuning curve predicted by actuator disc
theory and an actuator disc curve with the peak shifted to the peak of
the modelled curves to compare shape of curves rather than absolute
peaks.

2.7.5

Single rows of turbines

The tuned power capture by single rows of turbines with varying global blockage comparing the two turbine idealisations that give the closest match to the wake profiles, the
wide rectangular and inverse Gaussian, is shown in Figure 2.20. The two idealisations
capture nearly the same power per turbine for the whole range of global blockages.
The tuned power is normalised by the power that an individual rectangular step tur79
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bine would capture for both representations. The inverse Gaussian captures a little
less power than the rectangular step across the whole range of blockages. This is most
apparent at low and high blockage. If the power capture by the inverse Gaussian
was normalised by the power captured by an individual inverse Gaussian, this diﬀerence would be even smaller. Both turbine representations show the same gradient of
increasing power capture with increasing global blockage.

Normalised tuned power per turbine

2.6
2.4
2.2
2
1.8
1.6
1.4
1.2
wide rectangular step
inverse Gaussian

1
0.8
0

0.2

0.4
0.6
Global blockage, ε

0.8

1

Figure 2.20: Tuned power for each global blockage for the two best
turbine idealisations. Power is normalised by the tuned power for a
single turbine, individually for each idealisation.

The wide rectangular step idealisation is the best idealisation to use because of
it’s simplicity and reasonable similarity of wake structure to measured wakes, at >
10 D downstream. The tuning curve for a single turbine and the maximum power
per turbine at tuned drag, captured for a range of global blockage ratios in a single
row are both almost exactly the same between the more complex inverse Gaussian
and the simpler rectangular step idealisations. On balance, the choice of idealisation
is almost irrelevant to the power capture at diﬀerent global blockages. In this case,
the simple wide rectangular step seems a reasonable idealisation for exploring turbine
power capture at the channel scale.
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2.8

Tuning the drag coeﬃcient for maximum power

The aim of this thesis is to find optimum layouts of arrays of turbines for maximum
power capture. In order to compare the power captured by diﬀerent arrangements of
arrays, each arrangement must be tuned for maximum power capture. This is achieved
by varying the 2 dimensional turbine drag coeﬃcient that describes the force that the
turbine imposes on the flow at a given current velocity.
For example, the turbine tuning for maximum power capture, Cttuned , for a single
row of 7 turbines is almost three times the Cttuned , in 7 rows of single turbines. This
is because the dynamics of channel flow change significantly between a highly blocked
row made of 7 turbines and 7 rows that hardly block the channel cross-section at all.
This will be discussed further in Section 3.1.2.
Each diﬀerent array configuration needs to be tuned to find the peak drag coeﬃcient,
Cttuned ,

for maximum power capture, P tuned . Unless this tuning is performed the power

capture by diﬀerent array layouts is not being compared at optimal tuning for each
specific layout. Vennell (2010) first highlighted the necessity of this tuning. The power
capture by turbines tuned for each layout will be shown to be quite diﬀerent to the
power captured by a constant Ct applied to all layouts. In the goal of capturing
maximum power by each layout this tuning is a crucial step.
An example of 11 tuning curves for single uniform rows of turbines is shown in
Figure 2.21. Each tuning curve has a diﬀerent number of turbines, to achieve a range
of global blockages from 0.08 (1 turbine) to 0.96 (12 turbines). Each point on each
curve is generated by simulating the flow over 1.5 tidal periods and averaging the power
captured over the last tidal period for a given drag coeﬃcient.
The fitted curves that are used to highlight the shape of the curve and find the
absolute maximum power and drag coeﬃcient, are found using a 5th order polynomial
tuned
tuned
is found for each array confit. Cttuned and the maximum power, Pper
turb , at Ct

figuration by finding the maximum value for the curve fit. This maximum power per
turbine for each fitted curve is indicated by the centre of each error bar.
The error bars also indicate the range of turbine drag coeﬃcients over that would
give 99.5% of the maximum power. At least three or four points lie within each error
bar and the range of power for each fitted curve is so close to the curve for this range.
This gives further confidence that the numerical simulations are stably calculating a
total power that is consistent with small changes to the drag coeﬃcient.
tuned
The quality of the curve fit is important to the accuracy of Cttuned and Pper
turb .
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Given the assumptions and idealisations used in these simulations the uncertainty in
tuned
Pper
turb is only expected to be within a few percent. The accuracy of the fit is worst

away from the maximum power point, for instance ϵ = 0.72, Ct = 1, where simulations
were intentionally run at large Ct intervals to reduce the number of simulations required
while still finding the overall shape of the curve. However, the fit is qualitatively good
tuned
tuned
close to Pper
and
turb giving confidence in the precision of the tuned values, Ct
tuned
Pper
turb .

Further, the power curves are relatively flat close to the maximum. The flatness
near the peak reduces the precision in prediction for Cttuned but increases the precision
tuned
of Pper
turb because there are several simulations with near-maximum power near each

peak. While it is important to find the maximum of each tuning curve, the precise
value of Cttuned for each layout is less significant to this optimisation problem than the
power capture at that tuning. Thus the flatness of the tuning curves near maximum
is an advantage in this optimisation of layout for maximum power capture.
The full tuning curves are important for the exploration of optimising array configuration. Finding the full curves facilitates comparisons of the power capture at
sub-optimal turbine tuning and exploration of the sensitivity of diﬀerent layouts to
tuning. The loss in power capture by operating at sub-optimal tuning for a given array
can be estimated from simulations run at sub-optimal tuning. Running simulations
across a full tuning curve also allows comparisons of results with studies such as Divett
et al. (2011) where each array has not been tuned for maximum power capture, instead
relying on a tuning for a single turbine and using that value for all arrays. There are
numerical searches that could have been used to find the maximum of each tuning
curve with less numerical eﬀort. However, these techniques are often not successful
unless the shape of the curve is known prior.

2.8.1

A note on fitted curves

In Figure 2.21 and in all the subsequent figures in Chapters 3 to 7, that synthesise the
behaviour of each array at maximum tuned power, there are a substantial number of
fitted curves. The fitted curves highlight trends in the data and are used in some cases,
such as the tuning curves in Figure 2.21, to calculate values at a peak in the curve.
The quality of the curve fit is important to the accuracy of the value at the peak so
could be seen as significant to the accuracy of the results here. However, given the
idealisations used in these simulations, the uncertainty in each fitted curve is expected
to be less than the uncertainty inherent in the modelling assumptions.
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Figure 2.21: Tuning curves to find the tuned turbine drag coeﬃcient
for maximum power, Cttuned , for single uniform rows of turbines in the
small channel.
The tuning curves are all fitted with 5th order polynomials, while the synthesis
curves are fitted with polynomials or spline interpolants. The choice of curve fitting
method in each case was made by qualitative visual comparison with the trends in the
data that the curve is intended to highlight. As in most cases the curves are intended
more to highlight trends than to describe a quantitative relationship, the order of the
polynomial is not as important as the trend it shows, so the fitting method is only
described where it is relevant to a physical process.
Each fitted curve helps highlight the trends in the data and visually gives a good
fit to the points, except in a few cases which are discussed individually for each curve.
No indication of goodness of fit or equations are given for the majority of fitted curves
as they are only intended to be used as visual guides to highlight trends rather than
to provide analytical models.

2.9

Colour blind colour schemes

As a colour blind scientist it is sometimes diﬃcult to understand or communicate
colours used in figures. Colour maps used in representing fields in numerical models
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Figure 2.22: The colour palette used for plots in this thesis with representations in three colour spaces. All eight colours are identifiable
by people with all three types of colour blindness. The colours under
simulation show how a person with the three types of colour blindness
see the original colour. Protanopia (red-green colour blindness) is the
most common and is the type that the author has. From Okabe and
Ito (2002).
and multiple lines on graphs such as Figure 2.21 are particularly diﬃcult. Often,
scientific graphs have dark red and black or blue and pink lines because these are
starkly diﬀerent to people without colour blindness or because they are the default
colours in plotting software like MATLAB. They are almost impossible to diﬀerentiate
for a red-green colour blind person and make communication between colour blind and
normal colour vision people diﬃcult.
Finding a palette of unique colours that is easily identifiable by a red-green colour
blind scientist and a scientist with normal colour vision is not simple. The palette
used in the plots in this thesis was used as it provides a set of eight colours that are
identifiable by people with the three diﬀerent types of colour blindness, Figure 2.22.
This palette has been discussed by Wong (2011) with further discussion by Okabe and
Ito (2002). Yellow was not used in this thesis as it is hard to see on a white background.
Using thicker than normal lines and larger data points also helps make the colours more
clearly distinguishable.
The problem of the jet colour scheme has been discussed in the data visualisation
field by Moreland (2009) and Light and Bartlein (2004). The jet colour scale is particularly diﬃcult to identify diﬀerences around the centre range as green, yellow and
orange all look the same a red-green colour blind person. Two tone diverging colour
palettes have been suggested as a more appropriate alternative by Moreland (2009).
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The cool-warm or blue-red diverging colour scheme, developed by Moreland (2009)
and available online at has been used in this thesis to plot velocity and pressure fields
such as in Figure 2.17. Some normal colour vision people have commented that the
central range is washed out or white and devoid of diﬀerentiation. It would be good
to improve contrast in this region, but for a red-green colour blind scientist, there is
more diﬀerentiation in the mid range of the cool-warm colour map than in the jet
colour map that is commonly used. An implementation of the cool-warm colour map
was developed for the Gerris Flow Viewer software as part of this thesis and is used in
figures displaying velocity and pressure fields.
Use of these colour maps and palette has enabled better identification of flow features by the colour blind author and better communication of colours between the
author and normal colour vision supervisors. These colour maps should be used by
other scientists to make visualisation and communication easier among scientists that
are colour blind. To that end, a MATLAB routine that can be easily used to toggle
plots between these colour blind friendly colours and the default colours is included in
Appendix E.

2.10

Computational eﬀort

Each simulation, represented by a single dot in Figure 2.21, took an average of 42
CPU hours to complete. Hence, the full set of tuning curves for a single row in the
small channel, shown in Figure 2.21 took 6800 CPU hours of simulation time. On eight
nodes of a modelling cluster, each node comprised of two quad-core Intel Xeon 2.53 GHz
CPUs with 32 GB of RAM, this took 4.4 days to complete the tuning curves for a single
uniform row in the small channel. Furthermore, each simulation in the large channel
took approximately 14× the simulation time of a comparable simulation in the small
channel.
The computational cost for each set of simulations in this thesis is shown in Table
2.6. Approximately another 2000 simulations with similar computational eﬀort per
simulation, were run in development that haven’t been used in the final version for the
reasons discussed earlier in this chapter. The number of simulations for each subsection
is the number of points on each tuning curve times the number of global blockages or
packing densities simulated for each number of rows. In total, neglecting development
runs and sensitivity analysis in the discussion, 1 208 simulations were run for this thesis,
taking 3 months of computer time. Therefore, even with all of the idealisations and
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Table 2.6: The number of simulations to run the simulations in each
section of this thesis and the time taken to run those simulations.
Number of simulations Simulation time Real time
CPU hours
Days
Small uniform, 1 to 7 rows
426
27 296
17.8
Large uniform, 1 to 3 rows
60
37 944
24.7
Small packed, ϵ = 0.32
360
17 232
11.2
Large packed, ϵ = 0.32
90
53 904
35.1
Small packed, ϵ = 0.48
175
11 568
7.5
Small packed, staggered
97
4 800
3.1
Total
1 208
152 744
99.4
numerical techniques employed to save computational eﬀort, the technique of finding
Cttuned for maximum power capture within the scope of a larger optimisation search
necessitates a significant computational eﬀort. It is for this reason that all of the
techniques described in this chapter have been developed for this thesis.
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Chapter 3
Arrays of Uniform Rows of
Turbines
This chapter explores the optimum layout of an array of turbines under the constraint
that turbines are arranged in rows that are uniformly spread across the width of the
channel. The interaction between the water in the channel and turbines arranged in
uniform rows is examined for tuned turbines in a range of layouts. This examination
is performed at the channel scale where the balance between tidally varying pressure
and frictional losses largely determine the power captured by the array.
In particular this chapter answers the following questions about the tuned power
capture and optimum layout of uniform rows of turbines:
• What is the optimal global blockage that maximises power per turbine and how
does this change with the number of rows in the array?
• What is the total power captured by the whole array at this optimal global
blockage for maximum power per turbine?
• How does the array aﬀect the natural tidal velocity at optimal and sub-optimal
global blockage?
• What is the sensitivity of total power and power per turbine to layout away from
the global maximum?
• What interaction of velocity, pressure and Ct determines the peak global blockage
and how do they vary at sub-optimal global blockage?
• Are these answers dependent on the size of the channel that the array is in?
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Array layout is optimised to find the maximum power using two diﬀerent measures
averaged over a tidal cycle.
tuned
1. The total power, Ptotal
.
tuned
2. The mean power per turbine, Pper
turb .

The total power describes the power that is available to be converted to electricity by
the whole array. It is not the total power that the array removes from the flow, as
that also involves mixing losses that are not described by this measure. It is closer to
the hydrodynamic power captured from the flow by the turbines that is available to be
converted to electricity. It will be described subsequently as the total power captured
by the array but it must be clear that this is not electrical power because the conversion
involves losses and non-linear responses that are ignored in this thesis.
The mean power per turbine is the total power divided by the number of turbines
in the array so it describes the marginal power increase by adding turbines. This is
also a measure of the economic eﬃciency of each turbine when placed within a given
array layout. For tidal energy development, the variable cost associated with purchasing, commissioning and running each extra turbine in an array must be oﬀset by the
marginal increase in revenue earned on the sale of power as the number of turbines
increases. This marginal revenue comes from each turbine’s potential to capture power
from the flow, in an hydrodynamic sense. In other words, while the total power captured by the array will be of interest, the power that each turbine can potentially
capture from the flow is perhaps a more critical measure for economical optimisation
of array layout.
Individual turbine tuning and micro-siting within an array is important for maximising power per turbine. However, perhaps a more significant gain in power per turbine
will come from understanding the potential of each turbine to capture power from the
channel’s flow within a large array, at the channel scale. At this scale, the tuning of
turbines within the array and the layout of the array change the power captured by the
array. This section shows the significance of this tuning and multi-level optimisation
for the potential power that each turbine can capture from the flow.
The method of arranging turbines into diﬀerent uniform row layouts is described in
Section 2.3.1. The first of three steps in exploring the optimum layout for maximum
power capture is finding the turbine tuning for maximum power capture by turbines in
each array layout. The next steps involve exploring combinations of global blockage for
a fixed number of rows of turbines and varying the number of rows from one to seven.
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The global blockage is increased by adding turbines to each row and adjusting the
spacing between turbines so that they are uniformly spread across the channel width.
The three parameters that are varied to explore power capture are
1. Array tuning, or turbine drag coeﬃcient, Ct for maximum power capture for a
given layout.
2. Global blockage, ϵ, for a tuned array with a fixed number of rows.
3. The number of rows in the tuned array, n.
The turbine tuning for each layout is found first by simulating the same layout with
a range of Ct to get tuning curves in Section 3.1. Subsequent analysis of array layout
optimisation uses only the values from simulations at or near this turbine tuning.
Some example layouts that show a range of diﬀerent global blockages for 1 to 7 rows
are shown in Figure 3.1. These instantaneous snapshots show the vorticity field and
array layout for arrays of tuned turbines optimised for maximum power per turbine
with 1 to 7 uniform rows. Both Ct and ϵ are tuned for maximum power capture for
Panels a) 1 row to d) 7 rows of turbines.
Figure 3.1 shows the optimum global blockage for arrays of 1-7 rows where the small
black rectangles show the location of the extra drag that represents each turbine. The
colour shows the vorticity at peak tidal flow, flowing towards the right. Animations
showing the full time varying behaviour of pressure, vorticity and velocity for these
simulations are in Appendix B .
In Figure 3.1a the optimal global blockage for a single row of turbines is shown to be
an almost completely blocked channel. The turbines are so close together that there are
only single cells between turbines. Some turbines don’t have any gaps between them.
This is a numerical artefact of the cell and turbine size and so it is the highest, or
possibly slightly higher than the highest, global blockage in which individual turbines
are modelled with these size cells and turbines. There is no vorticity in the wake of
turbines that don’t have cells between them due to no shear when there is no bypassing
flow. This is a limitation of the model, based on the minimum cell size chosen (1 m). It
should not significantly aﬀect the calculated power capture, as there is still a reduced
velocity downstream of each turbine, but is worth noting in context of these vorticity
fields.
The tuning curves are shown first in Section 3.1 then the tuned power or tuned
power per turbine from the peak of each tuning curve are used for further exploration.
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Figure 3.1: The turbine location and vorticity at peak flow to the
right showing ϵopt = 0.96, 0.8, 0.56 and 0.40 for a fixed number of
rows where there are 12, 10, 7 and 5 turbines per row in a) to d),
respectively. Turbine location is shown by small rectangles. Colour
shows vorticity where red is counter-clockwise and blue is clockwise.
Movies showing the vorticity over the duration of a tidal cycle are in
Appendix B. Note: in a) the 12 turbines are so close together that
there are no cells between some turbines, making it look like there
are fewer, larger turbines.
The eﬀect of layout on this tuned power per turbine is explored in Section 3.2 where
an optimum global blockage for maximum power per turbine is identified for a fixed
number of rows. The tuned total power captured by the array at this optimum global
blockage and for all layouts is then explored in Section 3.3. The total power capture
by very small and very large arrays provides hints that there is a change in driving
dynamics as the size of the array increases. Variations in tuning, velocity field and
pressure field around diﬀerent arrays are used to explore the behaviour of the fluid
dynamics in the channel at the tuned turbine drag coeﬃcient and optimum layout for
maximum power per turbine further in Chapter 4.
The variation in power capture with changing array layout are compared with those
predicted by the analytical model that was developed by Vennell (2010) in Section 3.6.
Power capture with changing layout shows remarkably close agreement between the
two models, with some minor diﬀerences due to diﬀerent approaches.
Finally, these results for arrays in a small channel are compared to a few test cases in
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a large strait to evaluate the importance of channel size in the fluid-structure interaction
at the channel scale in Section 3.7. This large strait has a higher λ0 meaning that inertia
dominates friction in this channel, as described in Section 2.5. These test cases show
the changes to optimum layout and power capture that is caused by operating in a
channel with a diﬀerent balance of background bottom friction and inertia.

3.1

Tuning for each array layout

The turbine tuning for maximum power capture that is specific to each layout is investigated here before the tuned total power and tuned power per turbine are compared
across diﬀerent layouts. Tuning for either total power or power per turbine gives the
same value for Ct as the power capture at each point on the tuning curve is simply
scaled by N to get total power from power per turbine. The tuning must be performed
for each layout individually as the tuned turbine drag coeﬃcient changes by up to a
factor of 7 between diﬀerent layouts.

3.1.1

Tuning a single uniform row

The tuning curves for the power that each turbine captures over a tidal cycle by a
single row with global blockages from 0.08 up to 0.96 are shown in Figure 3.2. These
global blockages are achieved by simulating 1 to 12 evenly spaced turbines with the
same diameter in a single row in the small channel. For example, the ϵ = 0.8 case
is achieved with 10 turbines of 20 m diameter in 250 m wide channel. The power per
turbine is normalised by dividing by the peak in the tuning curve of a single turbine,
the tuned power and tuning of which are highlighted with dotted lines. In this way
1 tuned turbine captures 1 unit of power and more turbines in a single row capture
increasingly more power per turbine as the global blockage increases.
The series of points making up each curve in Figure 3.2 are consistent and don’t
have erratic variations as Ct changes. This increases confidence that the averaged
power per turbine is not dominated by turbulence in the simulations even though the
averaging is over a relatively short time. Each tuning curve has a peak which represents
the turbine tuning for maximum power per turbine and the tuned power per turbine.
Adding more tuned turbines to a single row increases the power per turbine but
also increases the power per turbine at any constant drag coeﬃcient. This is shown
by the series of near parallel curves, that don’t cross each other, in Figure 3.2. As
global blockage increases from 0.08 for the bottom curve in Figure 3.2, to 0.96 for the
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Figure 3.2: Tuning curves for the power per turbine as a function of
turbine drag coeﬃcient, Ct , and for single rows of turbines in a small
channel with a range of global blockage, ϵ, achieved by simulating
1-12 turbines uniformly distributed across the channel. Fitted curves
are 5th order polynomials. The nominal error or “tuning” bars indicate
tuned
the range of Ct that gives a fitted Pper turb within 0.5% of Pper
turb . The
dotted lines highlight tuning Ct and tuned power for a single turbine,
single
Ctsingle and Pper
turb respectively.
top curve, the power captured increases across the whole range of Ct . Hence, adding
turbines with any constant Ct to a row will increase the power per turbine. However,
the most power per turbine will be captured by turbines that are tuned specifically
for that global blockage. This tuning for a given layout is diﬀerent for each array
layout compared. To accurately assess the maximum power captured by diﬀerent
array layouts, the correct tuning of drag coeﬃcient must be found for each specific
array layout. The diﬀerence in the tuned value of Ct for each layout are discussed in
Section 4.1. This is not a diﬃcult concept, but is a crucial diﬀerence between this
study and most previous studies that have used tuning for a single turbine and applied
it to each array layout.
The tuning curves in Figure 3.2 show how important it is to tune a turbine within
an array for the given global layout of that array. An alternative approach to tuning for
the given layout would be to tune turbines in a large array to the tuning for a single
turbine, Ctsingle = 0.23, highlighted by the vertical dotted line in Figure 3.2. When
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turbines tuned to Ctsingle are deployed in a larger array with a higher global blockage,
each turbine will capture less than tuned power for that blockage. For instance, a row
of turbines tuned to Ctsingle with ϵ = 0.88 capture only 77% of the power per turbine
that the same row would capture using turbines that are tuned for that high global
blockage. This performance diﬀerence between turbines tuned for isolation and turbines
tuned for the blockage they are deployed in, is wider for higher global blockage. This
poorer performance with increased global blockage - of a turbine designed for stand
alone operation - shows that for a single row of turbines, a turbine designed to operate
in isolation, will perform significantly below optimum in a row with more than a few
turbines.
The tuning range, indicated by error bars at the peak of each curve in Figure 3.2
represent a range of Ct that will give within 99.5% of the tuned power per turbine,
giving an indication of the sensitivity of power to changes in Ct . Highly blocked rows
are less sensitive to turbine tuning than rows with lower blockage, as seen by the
steeper tuning curves, and shorter tuning range, for low global blockage in Figure
3.2. This change in sensitivity is beneficial for device developers, as it means that as
turbine deployments grow from single turbine deployments that are currently being
tested to more turbines per row there is more flexibility in designing turbines for nearoptimal tuning. These nominal tuning bars overlap for similar global blockages but
not for disparate blockages, further highlighting the importance of tuning turbines for
a specific array layout.

3.1.2

Tuning multiple uniform rows

The section expands the tuning curves for a single row by looking at tuning curves for
arrays with up to 7 rows of turbines with global blockage ranging from 0.08 to 0.96.
Selected global blockages from Figure 3.2 are repeated in Figure 3.3b for comparison
with arrays with 3 to 7 rows (panels d, f and h) and for comparison with the total power
in panels a, c, e and f. Tuning curves for some global blockages and for 2 rows, tuned
values for which are both shown later, have been omitted for clarity. These omitted
tuning curves show similar trends to those presented. Again, power per turbine is
averaged over a tidal cycle and normalised by the power that a single tuned turbine
captures in this channel. The tuning and power for that single, tuned turbine are
highlighted by dotted lines in all panels in Figure 3.2.
In the same way as for a single row, the tuning curve for each array layout exhibits a
maximum power per turbine at a tuned turbine drag coeﬃcient for each layout. At that
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Figure 3.3: Tuning curves for the power per turbine for uniform rows
with blockage ratio from 0.08 to 0.96. Power is normalised by the
power that a single tuned turbine in isolation captures, 1 row, N = 1
in a) and highlighted by the horizontal dotted line when in range. For
clarity, only selected tuning curves are shown. The dotted lines highsingle
light Ctsingle = 0.23 and Pper
turb = 1, when in range. Note diﬀerent
vertical axis for panels b, d, f and h.
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maximum, the tuned power per turbine is captured by turbines tuned specifically for
tuned
tuned
that layout and changing Ct decreases power capture by that array. Ptotal
, Pper
turb and

Cttuned change as either the number of rows increases or the global blockage increases.
Values of the power, tuning and hydrodynamic variables presented in most of this thesis
are all for arrays tuned for maximum power capture by that specific layout.
Where in a single row the tuned power per turbine increases continuously as global
blockage increases, for multiple rows this tuned power per turbine increases up to an
optimal global blockage, ϵopt , before decreasing as turbines are added beyond ϵopt . The
change in tuned power per turbine as layout changes is discussed further in Section
3.2.
The tuning curves for total power are shown in the left column of Figure 3.3 (panels
a, c, e and g) for comparison with tuning against power per turbine. Changing the
vertical axis to total power, instead of power per turbine, highlights diﬀerent trends
in the shape of the tuning curves. The main diﬀerence is that while the tuned power
per turbine exhibits a maximum at an optimal global blockage, the total power increases continuously with increasing global blockage for a given number of rows. For a
given number of rows, the total power curves increase steadily as the global blockage
increases. This is quite diﬀerent to the initial increase then decrease, beyond ϵopt , in
power per turbine for multiple rows. The behaviour of tuned total power with changing
array layout is discussed further in Section 3.3.
The tuned turbine drag for a given array layout, Cttuned , is the same for the tuning
curves for total power as it is for power per turbine, Figure 3.3. This should not be
surprising, as the power per turbine, in the right hand column, comes from the same
simulations as the total power in the left hand column: the power per turbine is the
total power divided by N turbines in each array.
For multiple rows the change in Cttuned as global blockage increases is clearer in the
total power tuning curves in Figure 3.3 than in the power per turbine tuning curves.
Where for a single row Cttuned increases up to 0.72 with increasing ϵ, in an array with
7 rows this tuned drag decreases down to 0.12 as ϵ increases. For 3 or 5 rows, this
tuned drag increases for low global blockage, up to ϵ = 0.32 and decreases with further
increase in global blockage. In this way, arrays with 3 or 5 rows behave like single rows
at low global blockage but behave like 7 row arrays at higher global blockage. This
change in tuned drag with array layout is explored further in Section 4.1. The diﬀerence
in Cttuned of a factor of 6 between diﬀerent array layouts reiterates the importance of
tuning turbines for operation in a given layout for maximum power capture in that
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layout rather than a generic turbine design for all layouts.
Similarly to power capture in a single row the tuning curves for multiple rows in
Figure 3.3 show that in most layouts, turbines tuned to capture maximum power as
single turbines will capture less than the maximum tuned power for that specific layout.
While turbines tuned for operation in 3 rows with high global blockage or 7 rows with
mid global blockage do actually capture maximum power at the same tuning as a single
turbine, this is not the case in most layouts.
3.1.2.1

Tuning curves for larger arrays

The tuning curves for larger arrays, that have either more rows or higher global blockage, are steeper than tuning curves for smaller arrays (Figure 3.3). The steeper slope
of the tuning curves is clearer in the tuning curves for power per turbine, Panels b, d, f
and h than the total power tuning curves in Panels a, c, e and f. This change in gradient
relates to how wide the range of Ct can be whilst still achieving near maximum power
capture and in some cases relates to diﬀerences in wake structure (described in Section
3.1.2). This steeper gradient for high ϵ indicates that larger arrays are more sensitive
to tuning than smaller arrays. It is possible that this is representative of a change in
the dynamics of channel scale flow for the largest arrays simulated, with more rows
and high blockage. Given that the curves for ϵ > 0.64 get progressively steeper as the
number of rows increases, this is the first sign that there is a change in the channel
scale dynamics for these large arrays consisting of many highly blocked rows.
Interestingly, while the increasing gradient in tuning curves for arrays with more
rows shows that there is a narrower range of Ct that gives near maximum power for
a given layout with more rows, at the same time the range in the value of Cttuned for
diﬀerent layouts reduces. For 7 rows this range is 0.12 < Cttuned < 0.28, Figure 3.3g,
compared to the larger range for 1 row: 0.23 < Cttuned < 0.72. This reduction in
the range of Cttuned for arrays with more rows shows that the importance of tuning
Ct for peak power for a specific global blockage decreases as rows are added to the
array. While for 1 row Cttuned increases from 0.24 to 0.7 as ϵ increases from 0.08 to 0.8,
the corresponding range in Cttuned for 7 rows is only from 0.17 to 0.26. This is further
evidence that the dynamics of power capture change for larger arrays: where the power
capture is spread over more turbines, Cttuned changes less as turbines are added to each
row as well as having a lower absolute value.
The other change to the tuning curves as more rows are added is the distribution
of Cttuned . For 1 row of turbines, Cttuned increases as the number of turbines per row
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increases, while for 7 rows Cttuned decreases as the number of turbines increases. As
turbines are added to 1 row, turbines need to be tuned to higher Ct , to each impose
more force on the flow at a given flow rate. This contrasts to the case for arrays with
more rows of turbines. In these multiple row arrays the tuned turbines each impose
less force on the flow as more turbines are added to each row. This variation will be
explored further in Section 4.1.
3.1.2.2

Operating away from optimum tuning by design or for maintenance

In the previous illustration of operating at sub-optimal tuning for 1 row the row with
ϵ = 0.88 - tuned to Ctsingle - the power per turbine is only 77% of Pper turb tuned for
ϵ = 0.88. Extending this to 7 rows shows that multiple rows are less sensitive to
tuning but it is still significant. For 7 rows this diﬀerence between power capture when
turbines are tuned for that layout, compared to an isolated turbine, is 7%. That is not
to say that tuning is irrelevant for arrays with more rows, as a 7% gain in power simply
by tuning turbines for maximum power capture in that layout is still a significant gain
for little or no extra cost.
Even if an array is constructed at optimum global blockage, there will be times
when individual turbines are not operational due to failure or maintenance. At these
times, the temporary operational global blockage changes and the array’s performance
will degrade. By applying these tuning curves, it is possible to estimate the turbine
tuning at the temporary global blockage. If the turbine’s are designed with a capability
to vary blade pitch or some other aspect that varies the tuning while operational, the
turbine tuning can be changed in this temporary situation to operate at the tuning
for the temporary global blockage. This will also allow a more accurate, and possibly
higher, prediction of the power that would be available to an array that has turbines
that are undergoing extended maintenance.

3.2

Tuned power per turbine

This section investigates the power per turbine that can be captured from the flow
at a given tuning, in an array of 1 to 7 rows of varying global blockage. The tuned
power per turbine is used to explore the change in power per turbine with changes in
global blockage for 1 to 7 rows of turbines. From this exploration an optimal global
blockage for maximum tuned power per turbine is found. The power per turbine at this
optimum global blockage is presented as a function of the number of rows in the array.
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Figure 3.4: Power per turbine at Cttuned as a function of global blockage, ϵ, for 1-7 uniform rows of turbines in the small channel. Power is
normalised by the tuned power for a single isolated turbine in a single
row in the same channel. Fitted curves highlight the trend for each
curve. Open black circles highlight the optimum global blockage for
maximum tuned power per turbine for an array with a given number
of rows.

This shows a monotonically decreasing trend in the power per turbine as the number of
rows in an array increases. Finally, the optimum global blockage for maximum tuned
power per turbine is presented as a function of the number of rows in the array. This
shows that the optimum global blockage decreases linearly as the number of rows in an
array increases although this trend cannot be extrapolated beyond the 7 rows tested
as this would eventually lead to a non-physical zero-crossing.
The power per turbine tuned to Cttuned at a range of global blockages for arrays
consisting of 1-7 rows is shown in Figure 3.4. Each point is a maximum from a tuning
curve in Figure 3.3. The curves are fitted using a 4th order polynomial fit to highlight
the trend in power per turbine for a given number of rows in the array. The open black
circles highlight the optimum global blockage for maximum power per turbine for each
98

3.2. Tuned power per turbine
fitted curve, showing ϵopt for an array containing n rows. The dashed vertical lines
indicate global blockages that have been plotted later in Figure 3.9.
The most striking feature of Figure 3.4 is how much more power each turbine
captures in 1 row compared to multiple rows. For any given global blockage, each
turbine in a single row captures significantly more power than each turbine in an array
with multiple rows. The power per turbine continues to decline as the number or rows
in the array increases. Hence adding more rows to an array significantly reduces the
power that each turbine captures.
Also, for large arrays with more rows of turbines the extent to which the power
changes over the range of global blockages gets less, the more rows an array is made
of. This means that for larger arrays where the power per turbine is already markedly
reduced from arrays with less rows, it is less crucial to pick an optimum global blockage
to get near the maximum power per turbine. However, it could also be argued that
this becomes more important as at such reduced eﬃciencies, any small gain in power
is more significant.
3.2.0.3

Power per turbine diminishes beyond an optimum global blockage

There is an optimum global blockage where the most power per turbine is captured
from the flow for arrays made of more than 1 row shown as a peak in each curve in
Figure 3.4. This optimum global blockage decreases as the number of rows increases.
The decrease in the optimal global blockage for maximum power is from ϵopt = 0.97
for 1 row to ϵopt = 0.4 for 7 rows. The corresponding drop in power per turbine by
1 optimally blocked row to 7 optimally blocked rows is from 2.5 to 0.66 turbines of
power. The lower optimum global blockage for 7 rows contains more total turbines
than the higher optimum global blockage for 1, 2 or 3 rows. Those extra turbines slow
the flow to the point where each turbine captures less power than at the optimum
global blockage for less rows. However, the optimum global blockage for 5 or 7 rows of
turbines both involve arrays of 35 turbines. Thus, there is clearly some optimal total
drag imposed on the flow by turbines that provides maximum power capture by the
array that is independent of the number of rows. This optimal total drag is not quite
as simple as a fixed number of turbines in any layout, but may be converging toward
a fixed number for arrays with more than 5 or 7 rows. This will be discussed further
in Section 3.5 and Chapter 4.
This optimal total drag is arrived at through a complex interaction between the
added drag of each turbine, losses from turbulent mixing in the wakes and interaction
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between wakes causing even higher turbulence. This turbulent mixing is diﬀerent in
diﬀerent array layouts as seen in the size of the eddy structures in Figure 3.1 d) where
the larger gap between turbines with lower global blockage results in larger eddies in
the wake. Despite these complexities, it is clear that the peak is grossly due to the
balance between getting more power by adding more turbines and the power lost when
the flow is slowed by adding too many turbines.
Unfortunately, the numerical scheme, size of the channel and row spacing chosen
for this study restricts the number of rows that can be placed in this channel to a
maximum of 7 rows before extra rows would overlap with the straw region. However,
the peak global blockage for more than 7 rows will be explored in Section 3.6 using the
analytical model from Vennell (2010).
3.2.0.4

Power per turbine at optimal global blockage decreases as rows are
added

As the number of rows in an array increases, and the optimal global blockage for
maximum power per turbine decreases, the maximum power that each turbine captures
also decreases. This can be seen in the open circles in Figure 3.4. This trend is
isolated in Figure 3.5a where the tuned power per turbine at optimal global blockage
tuned
for maximum power per turbine for that number of rows, Pper
turb

ϵopt

, is plotted for

arrays consisting of 1-7 rows. The curve in Figure 3.5a represents a synthesis of the
two levels of optimisation: tuning and optimising global blockage, of more than 400
simulations of array layouts and tunings.
This decrease in power per turbine as the number of rows in the array increases from
1 row up to 7 rows is shown in Figure 3.5a. The extent of this decrease is highlighted
by the diﬀerence between the power captured by 1 and 7 optimally blocked rows. An
array of 1 row captures 360% more power per turbine, at optimal global blockage and
tuning than an array of 7 rows.
Given that this is the maximum power that it is possible to capture from the flow
by arrays optimised for global blockage and turbine tuning, it is fairly clear that this
represents a strong limitation on the eﬃciency of each turbine within an array. There
might be some small percentage gains that could be made by micro-siting the turbines
within each row or tuning each turbine specifically for its location in the array as
done by Vennell (2011b). However, at the channel scale, it is vastly more eﬃcient to
completely block a single row than to spread turbines evenly across more rows.
Further, it appears that the optimal global blockage is converging towards a limit
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Figure 3.5: a) The optimum global blockage that gives the maximum
power per turbine for n rows, ϵopt , and the linear fit to ϵopt as n
increases. b) The tuned power per turbine at this optimum global
blockage for each number of rows.

slightly below 0.6 turbines of power for an array with more than 7 rows. Although
turbines in an array with 7 optimally blocked rows each capture 0.6 turbines of power,
the highest power per turbine that an array in this channel will capture for large number
of rows will probably be slightly less than 0.6 as indicated by the flattening curve in
Figure 3.5a. Again, the model of this channel cannot be used to simulate more than
7 rows to explore this convergence. If more than 7 rows at the same row spacing were
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placed in the channel they would need to be inside regions at the ends of the channel
that damp boundary eﬀects at reversing flow.
3.2.0.5

The optimum global blockage for maximum power per turbine decreases as rows are added to the array

While the power per turbine decreases markedly for larger arrays with more rows,
Figure 3.4 also shows that the optimal global blockage decreases for these larger arrays.
This decreasing trend in optimal global blockage is highlighted in Figure 3.5b which
shows a linear relationship between the optimal global blockage and the number of
rows, over the range of 1-7 rows. While it is perhaps obvious that this trend should be
decreasing, it is not obvious that the optimal global blockage should decrease linearly
with the number of rows. If this linear trend were to increase without limit, there
would be a size of array that should have zero or less turbines, which is nonsensical.
The linear trend within the region 1 to 7 rows suggests that, at least within this
range,
ϵopt = −0.10n + 1.06, n ≤ 7.

(3.1)

Despite the power per turbine at optimal global blockage and the tuned turbine drag
dropping non-linearly with number of rows, the optimal global blockage to achieve
this maximum power per turbine decreases linearly with the number of rows in the
array. This should provide site developers a rule of thumb to work on to calculate the
optimum global blockage for a given number of rows. Care should be taken that this
equation is not necessarily the same for any channel, merely representative of the type
of trend that could be expected for a specific, real channel.
It might be tempting to assume that Equation 3.1 implies the optimum number of
turbines for any array of 1-7 rows. This is not the case. The number of turbines is
linked to global blockage by Equation 2.11 so the optimum number of turbines in each
of n rows is given by
N opt = (−0.10n + 1.06)

W
, n ≤ 7.
D

(3.2)

This linear relationship probably doesn’t continue for arrays with many more rows as
that would suggest that turbines would produce zero or even negative power at more
than 10 rows. However, as mentioned earlier, the number of rows that can be simulated
in this model are physically constrained by the length of the channel. Equation 3.2
is valid up to the number of rows that almost fill the channel length, when rows are
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spaced 10 diameters apart.

Tuned total power in uniform rows

3.3

In the previous section the optimisation of array layout was explored with reference to
the power that each turbine can capture from the flow. Now, the total power captured
by the diﬀerent array layouts is explored for the same variations in array layout.

The trends in the tuned total power captured by arrays containing 1 to 7 rows of
turbines with changing global blockage are shown in Figure 3.6. Each data point in
Figure 3.6 shows the tuned total power from a single tuning curve in Figure 3.3. The
data comes from the same simulations as the previous power per turbine data in Figure
3.4 but shows quite diﬀerent trends. As in this previous figure, the power is normalised
by the power for a single tuned turbine in this channel.
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Figure 3.6: Maximum total power at Cttuned for each array arrangement versus global blockage for 1-7 uniform rows of turbines in the
small channel. Total power is normalised by the tuned power for a
single turbine in the same channel. Fitted curves highlight the trend
for each curve.
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The total power captured by an array continues to increase as either more turbines
are added to each row or as more rows are added to the array. So to capture more
power from the flow, turbines can be added in up to 7 fully blocked rows. This is in
contrast to the trends seen previously for the power per turbine. The power that each
turbine captures reduces beyond an optimum global blockage that decreases as rows
are added to the farm. At global blockages higher than the optimal global blockage
there is a diminishing return in power per turbine for adding extra turbines. This does
not decrease the total power captured by the array it just decreases the eﬃciency of
each turbine. Further, turbines in a single row each capture significantly more power
than turbines in multiple rows, and this eﬃciency decreases as rows are added to an
array.
The black crosses in Figure 3.6 indicate the optimal global blockage for the maximum power per turbine from Figure 3.4. These crosses also indicate the points of
inflection in the total power curves (Figure 3.6). This is because the power per turbine
is essentially the slope of each curve in the total power figure. The power per turbine is
not quite a direct relationship to the slope of the presented total power curve. This is
because the horizontal axis in both curves is global blockage rather than the number of
turbines per row. However, global blockage is linearly related to the number of turbines
through equation 2.11 so it is expected that the inflection point in total power should
be the same as the maximum of the power per turbine curves.
3.3.0.6

Optimum layout is a balance between total power captured and
power per turbine

Where there was an optimum global blockage for the maximum power per turbine,
there is no maximum in the total power for arrays with up to 7 rows. The total power
captured by the array continues to increase as turbines are added to each row. It
is noteworthy that the total power continues to increase for higher global blockages,
beyond the optimum global blockage for maximum power per turbine for an array with
a given number of rows. This indicates that a tidal energy site developer must assess
the balance of each turbine operating less eﬃciently in order to get more power from
the flow by placing more turbines into a given site.
3.3.0.7

Power capture by small arrays

For a given number of rows, the increase in total power captured is fairly linear with
increasing global blockage, except for the smallest and largest arrays. However, it is far
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Figure 3.7: Vorticity around low global blockage array of a) 1 row of
3 turbines, b) 2 rows of 3 turbines and c) 3 rows of 6 turbines. The
black rectangles show where the turbines are located and the colour
shows vorticity.
from a one to one relationship. A single row of 0.96 global blockage captures 30 times
the power of a single turbine even though this only needs 12 times as many turbines.
The roughly linear curves in Figure 3.6 for 1 to 7 rows generally have similar
gradient. This means that increasing the global blockage in a 2 row array increases the
total power captured in the same proportion as the same increase in global blockage
for a 5 row array. The only two exceptions to this are at low global blockage for 1 or
2 rows and at high global blockage for more than 2 rows.
At low global blockage for 1 or 2 rows, the gradient is lower than the same global
blockage for more rows. This is unique to the case where the array consists of 1 or 2
rows of only 1 to 3 turbines. In this case, adding a fourth turbine does not increase the
power as much as adding a fourth turbine to an array with more rows of 3 turbines each.
This is due to the low overall global blockage in the case of low numbers of turbines. In
which case, the turbines act more or less in isolation and small diﬀerences in interacting
wake dynamics are probably more important than the channel scale global blockage
eﬀects.
Figure 3.7 a) and b) show the vorticity fields around the central region of a few
cases of these low global blockage arrays and c) shows a larger array for comparison.
The larger array shown is still well below the optimal global blockage for maximum
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power per turbine. The vorticity is useful in that as a measure of the curvature of the
flow it highlights the extent and nature of the wake structure. In these vorticity fields
it is clear that the low global blockage cases behave quite diﬀerently to a larger array.

3.3.0.8

Power capture by very large arrays

tuned
/dϵ for arrays with more than 2 rows starts to decrease for high
The gradient dPtotal

global blockages. This is another way of expressing the converging trend for these
larger arrays seen in the power per turbine in Figure 3.5. That trend was a converging
optimum tuned power per turbine as the number of rows in an array increases rather
than this trend which is for the tuned optimum total power per turbine increasing for 3,
5 and 7 rows individually. These changes in gradient show that there is comparatively
less power captured by these really large arrays with multiple rows that are nearly
completely blocked. These arrays are blocking the flow so much that flow in the
channel is slowed significantly, as shown later in Section 4. Further, at the high global
blockages for arrays of multiple rows, the tuned drag coeﬃcient has to be low to allow
any flow through the turbines and hence allow any power to be captured by the array,
as shown later in Section 4.
In the larger array in Figure 3.7 c) the vorticity flow structure shows, from left to
right, straight lines of uniform vorticity in a shear region directly downstream of the
first row. This sheared region of the wake breaks down into separated flow just before
the 2nd row. Beyond the second row, the shear region is much shorter than behind the
first and almost non-existent for the 3rd row. The flow field in these highly turbulent
regions downstream of row 2 are more or less homogeneous, with less indication of
shear regions that clearly define a turbine’s individual wake. In contrast wakes in the
very small arrays in a) and b) are more dominated by long shear regions downstream
of each turbine. This long shear region is a feature of a 2 dimensional idealisation
where turbines are represented by boxes of increased drag. In reality, there would be a
finer level of detail in these wakes with spiralling tip vortices such as those seen in the
modelled wakes in Churchfield et al. (2013). The focus of this thesis is on the eﬀect of
larger array tuning at the channel scale rather than at this small scale and these small
scale wake eﬀects are a smaller scale than the focus of this thesis. However, the changes
in wake structure behind each subsequent row of the array is an interesting feature of
these large arrays that may aﬀect power capture in a way that is not captured by
simulations that do not model the channel scale.
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Figure 3.8: The tuned total power captured by arrays containing 17 fully blocked rows, representing the optimum global blockage for
maximum total power. Power is normalised by the tuned power captured by a single turbine in this channel. The tuning is specific to
each array. The trend is highlighted with a shape preserving spline
interpolant.

3.3.0.9

Total power captured increases as uniform rows are added to the
array

The trend of increasing total power with number of rows by showing the total power
captured by an array of 1 to 7 rows is highlighted in Figure 3.8, where each row has the
maximum global blockage, ϵ = 0.97. There is a clear increase in total power captured
by the array as the number of rows increases at this high global blockage, although
the gradient decreases as the number of rows increases. This reduction in gradient
indicates that continuing to add further rows adds less total power as the number of
rows increases. So again, the benefit of adding a row to an array diminishes as rows
are added, and this trend starts from the second row added.
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Figure 3.9: Tuned normalised a) total power and b) power per turbine
as a function of the number of uniform rows in arrays of turbines for
the four global blockages that are indicated by dotted vertical lines
in Figures 3.6 and 3.4. Power is normalised by the tuned power for
a single tuned turbine in the same channel. Note: the horizontal
axis is integer number of rows so only values at whole integers have
a physical meaning, lines between points simply highlight the trend.

3.4

Comparing total power and power per turbine
for multiple uniform rows

There is an increase in tuned total power as the number of rows increases. At the same
time there is a decrease in power per turbine for the same arrays. This increases in
total power and attendant decrease in power per turbine with increasing n are shown
in Figure 3.9a and b respectively for four diﬀerent global blockages. Again, both total
power and power per turbine are normalised by the power captured by a single, tuned
turbine in this channel so units are in turbines of power. These figures show the same
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data that was plotted in the dotted vertical lines in Figures 3.4 and 3.6 but in a diﬀerent
way to highlight the diminishing returns in power per turbine for the same increase in
the number of rows, that also shows increasing total power. The lines indicating trends
are piecewise linear fits.
Other than the obvious increase in total power as global blockage increases from
0.08 to 0.96, Figure 3.9a shows that the trend for a low global blockage is more or less
linear as rows are added to a farm for arrays with multiple rows but not for 1 or 2 rows.
There is a bigger power increase by adding a row to an array of only a few rows than
by adding a row to an array that already has 3 or more rows. This is more marked at
higher global blockages and is not merely a percentage change due to the larger farm
already capturing more power, it is an absolute change in the power gained by adding
more turbines.
Figure 3.9 b) shows the same change in curvature for rows of only a few turbines,
but the curvature is inverted by dividing the total power by the number of turbines in
the array to give the power per turbine. The benefit of adding more rows to an array
decreases for larger arrays with more rows in them. This diminishing return is clearer
for power per turbine than for total power.
The scale of the power axis in Figure 3.9b illustrates that this decrease in the power
gained by constructing arrays with more rows occurs for rows with low global blockage
as well as high global blockage although the absolute diﬀerence in power per turbine
is not as large as for more highly blocked rows. Further, it shows that the power per
turbine converges towards a limit of around 0.5 turbines of power for all four global
blockages. This, not surprisingly, re-iterates the trend previously shown in Section 3.4.
There it was shown that the change in the power per turbine as global blockage changes
is much smaller for an array of 7 rows than for an array with fewer rows.

3.5

Optimising arrays by total array size

Previously, the optimum layout of arrays of tuned turbines has been explored by varying
two parameters, the number of rows in the array and the global blockage of each row.
Since the global blockage is essentially the number of turbines in each row, these two
parameters can be combined to give a total number of turbines in the array. This is a
direct marker of the total array size. By plotting the two measures of power against
this array size for arrays of diﬀerent numbers of rows, it is possible to easily compare
the power capture from diﬀerent layouts of the same number of turbines. While the
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Figure 3.10: The total power captured by an array of tuned turbines
as a function of the total number of turbines in the array, grouped for
arrays of 1 to 7 rows. The power is normalised by the tuned power
for a single turbine.

previous sections are more easily generalisable to a channel of any width, these results
are specific to a channel that is 12.5 turbine diameters wide.
Figure 3.10 shows the total power captured by each array layout plotted against
the total number of turbines in the array for the same range of array configurations as
in the previous section. The total power is normalised by the power that a single tuned
turbine can capture in isolation so the units of the vertical axis are, again, multiples
of the power a tuned turbine can capture in this channel.
This plot clearly shows that for a given number of turbines, far more power is
captured by putting those turbines into a smaller number of rows rather than spreading
those turbines across more rows. For instance 12 turbines in a single row capture twice
as much power as 2 rows of 6 turbines and more than three times the power captured
by arranging those 12 turbines in 3 or more rows. If those turbines are spread over
more rows this eﬀect is even more marked. One row containing 7 turbines captures 13
turbines of power, where those 7 turbines arranged over 7 rows captures only 4 turbines
of power.
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Figure 3.11: Tuned power per turbine as a function of the total number of turbines in the array.

Figure 3.10 also shows that by adding more rows of turbines the total power captured by the array increases beyond the maximum that a single row can capture. So
although it becomes less eﬃcient, a site developer might choose to build an array with
more than one row to get more total power. However, the drawbacks of this need to
be highlighted and Figure 3.10 makes it clear that to exceed the power that a single
row of 12 turbines could capture needs as many as 20, 24, 40 or even 49 turbines if the
array contains 2, 3, 5 or 7 rows respectively as highlighted in table 3.1. The cost of
building 49 turbines is presumably considerably higher than building 12 turbines and
the extra power capture is minimal.
This decreasing return on each extra row of turbines is shown further in Figure 3.11
where the power per turbine is plotted against the number of turbines in the array for

Table 3.1: The number of turbines in an array of n rows needed to
exceed the 30 turbines of power captured by a totally blocked row of
12 turbines.
Rows in the array
1
2
3
5
7
Turbines required to exceed 30 turbines of power 12 20 24 40 49
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the same array configurations. Again, the normalisation by power for a single tuned
turbine puts the units of power to turbines of power. The most striking feature is, as
discussed previously, the diﬀerence in the power that each turbine captures for a single
row compared to multiple rows. Turbines arranged in a single row each capture so
much more power than the same number of turbines in multiple rows that by the time
12 turbines are arranged in 3 rows, each turbine is capturing less than one third of the
power that the same turbines capture when arranged in a single row. Further, for 5
rows, this drop is to less than one sixth!
While the power per turbine for a single row increases linearly right up to the
point where the row is completely blocked by turbines, multiple rows do not exhibit
this trend. For arrays built with more than 1 row, the optimum global blockage for
maximum power per turbine that was highlighted in Figure 3.4 is now shown as an
optimum number of turbines for maximum power per turbine for an array consisting of
a given number of rows in Figure 3.11. Adding turbines beyond that optimum number
decreases the power that each turbine captures. It does not, however, decrease the
total power captured, as shown previously in Figure 3.10.
Figure 3.11 shows just how much less power each turbine captures as more rows
are added to an array. This trend continues beyond the single row, with each row
added getting significantly less power from the flow for the same number of turbines.
A site developer might decide that the total power captured is more important to the
economics of operation, but they need to be aware that adding more turbines in more
rows comes at such a significant cost to the eﬃciency of each turbine.

3.6

Comparison with Analytical Model

A 1-D analytical model was applied by Vennell (2010, 2011a, 2012a) to explore the
optimum array layout for arrays of uniform rows with a surface elevation driving the
flow through the channel and a combined bottom friction slowing the flow. Here, this
1-D analytical model has been applied to the small channel with the same rescaling
that was used in this thesis to compare optimum layout and power capture from the
analytical model with those from the 2-D numerical simulations used in this thesis.

3.6.1

Comparison of power capture by the analytical models

Figure 3.12 shows the power per turbine for a range of global blockages (1-12 turbines
per row) for arrays consisting of 1-7 uniform rows of turbines tuned for that layout.
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Figure 3.12: The tuned power per turbine in the small channel for 1
to 7 uniform rows of turbines. The power is normalised by the power
for a single tuned turbine in this channel. The solid lines are curves
fitted to the points for numerical simulations. The dashed lines are for
solutions to the analytical model from Vennell (2010). The horizontal
dotted black line highlights the power that a single, tuned turbine in
isolation captures.

Solid lines highlight trends in the data for the numerical simulations. Dashed lines
show the predictions from Vennell’s (2010) analytical model for these arrays.
Now comparing the dashed lines in Figure 3.12 to the solid lines of the same colour
to compare the two modelling approaches. It is clear that the main predicted trends
with increasing global blockage and number of rows are the same between the two
approaches despite some diﬀerences. As in the numerical model, each turbine in a
single row captures more power from the flow than in multiple rows at each global
blockage ratio. Further, like for the numerical simulations there is an optimal global
blockage at which each turbine captures the most power from the flow, for an array of
a given number of rows. This optimal global blockage ratio decreases as the number
of rows increases, for both models.
There are three diﬀerences between results of the two models, highlighted by the
fractional diﬀerence in power per turbine calculated using the two models in Figure 3.13.
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Figure 3.13: The relative diﬀerence in tuned power per turbine
between the 2-D numerical model and the 1-D analytical model as
a fraction of numerical model’s Pper turb in the small channel.
The power capture predicted by the analytical model for arrays of more than one row
with low global blockage is 30% to 50% less than the power capture calculated by the
numerical model as shown in Figure 3.13. This reduced power capture in the numerical
models is likely due to the wake interaction which is captured by the numerical model
but not by the analytical model. The reduced flow in turbine wakes particularly aﬀects
arrays with low global blockage where wake shadows have a significant impact on power
capture by downstream turbines. As an example of this wake shadow eﬀect, the second
and 6th turbines in 7 rows of 1 turbine per row capture only 60% of the power that
the two end turbines capture, shown in Table 3.2 for 7 rows of one turbine. In the
numerical model, the power captured by the flow by two or more rows of a single turbine
(ϵ = 0.08) decreases steadily as rows are added. In the analytical model, where there

Table 3.2: Power captured by each turbine in 7 rows of 1 turbine.
Power is normalised by the power captured by a single turbine.
Row
1
2
3
4
5
6
7
Power 0.77 0.47 0.54 0.61 0.54 0.46 0.73
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is no mechanism to describe this wake interaction, this eﬀect is not represented. As a
result, the reduction in power due to wake interaction is not represented for low global
blockage in the analytical model. This interaction may dominate the power potential
of arrays with only 1 to 3 turbines per row uniformly spread in multiple rows.
Secondly, each optimum global blockage predicted by the analytical model is slightly
lower than that predicted by the numerical model, shown in Figure 3.12. This is
possibly due to the diﬀerence in power captured at low global blockages for more than
1 row. It is also possibly impacted by a change in dynamic as global blockage increases.
The wake’s eddy structure changes above ϵ = 0.5 in the numerical simulations as the
gap between turbines becomes the shortest length scale. This reduction in the diameter
of eddies to the smallest length scale in the simulation is particularly noticeable in the
movies of vorticity in Appendix B but also in Figure 3.1. If the power for these arrays
of multiple rows of low global blockage for the analytical model was reduced to the
level of the numerical model by capturing this mechanism, the curves may peak closer
to the same optimum global blockage for each number of rows.
The numerical model predicts 35% more power capture than the analytical model
for a single row at high global blockage (Figure 3.13). One possible explanation for
this diﬀerence is that the numerical model has increased dissipation by natural bottom
friction between turbines due to the increased flow in these gaps between turbines.
This increased dissipation would lead to a higher ’eﬀective λ0 ’ and a change in the
channel scale dynamics that drive power capture relative to the analytical model that
does not model this eﬀect. This eﬀect is not seen for high blockages. This is shown by
the comparison of the power dissipated by natural bottom friction due to local eﬀects
with the power dissipated by natural bottom friction in a spatially homogeneous flow
at Uf ree , in Figure 3.14.
It is only for mid blockages that the higher flow in gaps between turbines results
in up to 1.3× higher dissipation than would be expected from the bulk flow rate,
Figure 3.14. For high blockage the higher dissipation (relative to bulk flow dissipation)
in the gaps between turbines is almost completely balanced by lower dissipation in
wakes, shown by the ratio of dissipation in the flow being almost exactly equal to the
dissipation in homogeneous flow. At high blockages the gap between turbines is small
relative to turbine width so the area of high flow rate is small relative to the area
of wake dissipation and the increased dissipation in the bypass region is balanced by
decreased dissipation in the wake.
It is still unclear exactly what eﬀect is responsible for the 1-D model predicting
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Figure 3.14: The power dissipated by natural bottom friction in the
whole channel divided by the power that would be dissipated by natural bottom friction in a constant velocity flow at |Uf ree |.

more power capture by a single highly blocked row than the 2-D model. One further
diﬀerence between the two models is that the analytical model assumes that complete
mixing takes place within the length of the channel. It is diﬃcult to tell exactly whether
complete mixing occurs in the numerical channel due to the flow straightening applied
near the boundary which was described in Section 2.2.6. However, it appears that
complete mixing does not occur within the length of the channel before the region of
straightening for more than 1 row, as shown in Figures 3.1b to d.
Neither of these models is a perfect representation of reality. Until large arrays of
turbines have been built, there is no direct way to assess how accurate these predictions
are. The 2-D numerical model captures more of the interacting flow reduction and wake
dynamics than the 1-D analytical model but does not capture the 3-D wake structure
of individual turbines. A more complete numerical model, that more fully captures
helical wake structure of individual turbine wakes to smaller scale, would give a more
accurate picture of the wake dynamics. However it is possible that at the channel
scale, the wake dynamics are only the dominant eﬀect for small arrays of only a few
turbines per row. For larger arrays where each row of turbines blocks the channel
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enough to develop a step-like pressure head loss such as that seen in Figure 4.5b and
4.4b, the head loss and overall channel flow reduction may be more significant than
wake interaction.
Given the idealisations and simplifications involved in both the 2-D numerical and
1-D analytical models it is remarkable that they show such similarities as they do.
This gives confidence that both models are capturing similar channel scale dynamics of
power capture by large arrays of turbines with varying array layout. The consistency
in the trends for the numerical model gives further encouragement that the model is
consistent for diﬀerent array layouts.

3.7

Comparison with a large strait

Vennell (2010) showed that small tidal channels which are dominated by bottom friction
behave quite diﬀerently to large tidal straits that are dominated by inertia. Arrays in
the larger strait, described in Section 2.5, have been simulated to compare whether
there is a significant diﬀerence in the optimum layout in these two diﬀerent channels
in the numerical simulations. This larger channel has a much larger spatial domain: it
is deeper, longer and wider than the small channel with a larger pressure head driving
the same velocity through both channels. Because of the larger size with the same
bottom friction, inertia dominates the dynamical balance in this large strait, compared
to the small channel where friction dominates. Fifty turbines fit across the width.
Simulations of a limited subset of array layouts were run due to computational
cost of simulations in the large strait. The smallest grid cells resolved were the same
as for the small channel (1 m) so there are possibly up to 16× the number of cells.
Hence simulations for the large strait took significantly longer to run than comparable
simulations in the small channel: typically 400 to 1280 CPU hours per large strait
simulation compared to 80 to 150 CPU hours in the small channel. For this reason
only arrays for 1 and 3 rows and fewer global blockages were simulated in this channel.

3.7.1

Total power captured by arrays in a large strait

The tuned total power captured by arrays of diﬀerent layouts was found by simulating
each array layout at a range of turbine drag coeﬃcient in the same way as tuning arrays
in the small channel. The tuning curves for this large strait are in Appendix A.1. The
tuned total power captured by arrays in the large channel is shown in Figure 3.15a for
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Figure 3.15: The total power captured by a) the large strait by arrays
of 1 or 3 rows of turbines and b) the small strait by 1 to 7 rows for
comparison. Dashed lines in a) show the total power captured by
the array calculated using the analytical model from Vennell (2010).
Solid lines and dots in a) and b) show the numerical model’s results.
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1 to 3 rows of turbines of diﬀerent global blockages. The power per turbine captured
by arrays in the small channel is reproduced in Figure 3.15b for comparison.
The total power capture calculated using the analytical model from Vennell (2010)
for arrays with 1 and 3 rows in the large strait is shown by the dashed lines in Figure
3.16a for comparison with the power calculated using the numerical simulation. The
trends in power capture as ϵ or n increase are similar between the numerical and
analytical models. The only substantial diﬀerence is that for a highly blocked single
row the analytical model predicts that each turbine will capture almost twice as much
power as the numerical model predicts. Apart from that, the total power and gradient
of total power with increasing ϵ are similar. This extra check gives confidence that
the numerical model and the analytical model are capturing similar dynamics of the
channel scale power capture by large arrays of turbines in a large strait as well as a
small channel.
The trends in the total power captured are highlighted by 3rd order polynomial fits
in 3.15a. These curves show that the total power capture by arrays of 1 to 3 rows in
the large strait behaves similarly to arrays of the same global blockage in the small
channel. The power increases roughly linearly with deviations from this near-linearity
at low and high global blockage, just as in the small channel. For 1 row the gradient
in total power as global blockage increases is lower for global blockages below about
0.3. This is seen in both analytical and numerical simulations in the large channel and
in the small channel, suggesting that the previously discussed change in dynamic that
causes small arrays to capture power diﬀerently to larger arrays occurs in the large
channel as well as the small channel.
The analytical model predicts total power capture of about 30% higher than the
numerical model for high global blockages for arrays with 1 and 3 rows. At lower global
blockages, the analytical model and numerical model predict a similar power capture
from these arrays in a large strait.

3.7.2

Power per turbine in the large strait

The tuned power per turbine captured by each turbine in an array in a large strait is
shown in Figure 3.16 with the power per turbine in the small channel for comparison.
The trends in power per turbine as global blockage increases for 1 to 3 rows of turbines
behave similarly in the two channels. The maximum power per turbine is captured by
a single row of turbines by completely blocking the channel with turbines in both the
large and small channels. If an array with more rows is required, to capture more total
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Figure 3.16: The total power captured by the large strait by arrays of
1 or 3 rows of turbines and the small strait for comparison. The optimum global blockage for maximum power per turbine is highlighted
by open black circles.
power, the optimum global blockage for maximum power per turbine is around 0.8 as
in the small channel.
The power that each turbine captures at around the optimum global blockage for
maximum power per turbine (highlighted by open black circle in Figure 3.16) is roughly
1.5 times higher in the large strait compared to the small channel. This is probably
due to the increased depth from 18.4 m for the small channel to 86 m in the large strait
as the turbines are assumed to fill the whole water column from the sea surface to the
sea floor.
Power capture by arrays in the two channels appear to behave similarly as the global
blockage increases in 1 or 3 rows of turbines. There is a similar shape to the power
curves for 1 and 3 rows in both channels, with a similar optimum global blockage for
maximum power. ϵopt is similar in the two channels, shown by the open circles in Figure
3.16. For 1 row, the optimum global blockage is at the highest blockage simulated while
for 3 rows it is at ϵ = 0.77 for both the small and large channels. While the power
captured by each turbine in the large strait at this blockage is higher than in the small
channel, this global blockage still represents the optimum layout for maximum power
per turbine in both channels.
Overall, the change in power per turbine as global blockage and the number of
rows changes shows similarities in the two channels. Generally, the power capture per
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turbine is higher in the large strait even when normalised by power capture by a single
tuned turbine in that strait but relative power capture as global blockage increases
follows similar trends.
With more computing resource it would be interesting to see whether these trends
continue for arrays with more rows in the large strait. It would be particularly interesting to see if there is a number of rows beyond which the optimum global blockage
for maximum power doesn’t decrease. This might be possible in this large strait where
many more rows of turbines could be placed within the channel compared to the smaller
channel. However, as noted previously, these simulations are extremely computationally expensive limiting the number of simulations currently possible in this channel.

3.8

Conclusions about optimum layout of uniform
rows

There are five main points about the optimum layout of arrays of uniform rows of
turbines in a small channel:
1. The optimum layout so that each turbine captures maximum power is a single,
nearly totally blocked row.
2. Adding more rows to an array increases the total power captured simply by
increasing the number of turbines.
3. Each extra row added significantly decreases the power that each turbine captures
leading to significantly diminishing returns as rows are added to an array to
attempt to capture more power.
4. For a given number of rows there is an optimum global blockage for maximum
power per turbine that decreases from 1 for 1 row, to 0.4 for 7 rows.
5. Adding more turbines, beyond the optimum global blockage, increases the total
power captured by the array, but decreases the power that each turbine captures.
These points also seem to hold for arrays of 1 to 3 rows in a larger strait where
inertia dominates friction. Comparisons with the 1-D analytical model show reasonable
agreement. This suggests that the 1-D analytical model can be used to give a good first
estimate of the power capture and optimum layout for device developers. However, the
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diﬀerences between the 1-D and 2-D models suggest that 2-D or 3-D models are needed
for a more accurate prediction of power capture or optimum layout.
These five points clearly summarise the optimum layout of an array for maximum
power per turbine with no explanation of the fluid dynamics that drive these trends.
The following section explores the fluid dynamics in the simulations of these arrays
to explore this behaviour again using only the simulations tuned for maximum power
capture.
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uniform rows
There are three inter-related components to the fluid dynamics that drive the optimum
array layout for maximum power capture, where turbines in each layout have been
tuned for maximum power capture:
• the velocity flowing through the turbine,
• the pressure drop across each turbine or row of turbines and
• the turbine drag coeﬃcient.
While the dynamical behaviour may vary between channels depending on their dynamical balance of friction and inertia, the fluid dynamics of a given channel can be
explored with these three components. The change in the free-stream velocity with
changing array layout provides a further insight to the behaviour of arrays.
At the optimum global blockage for a given number of rows, the value for each of
the variables becomes the value for tuned turbines at optimum global blockage. The
values at this optimum blockage with turbines tuned to Cttuned
r̄1tuned ϵopt ,

R̄ftuned
ree ϵopt

tuned

and ∆p

ϵopt

ϵopt

tuned
are PperT
urb

ϵopt

,

. These are compared for each number of rows to

demonstrate the dynamical behaviour of the fluid-structure interaction at the channel
scale. Behaviour of this interaction away from peak, but still tuned is also discussed.
The natural flow in the channel is disrupted by building a tidal energy array and
one of the goals of array modelling is to describe this change, and hopefully minimise
it. The disruption of the natural flow, in the absence of turbines, is analysed by
comparing the reduction in the free-stream velocity to a proportion of the velocity
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in the natural channel with no turbines, R̄f ree . This disruption to natural flow is
compared at optimum global blockage for a given number of rows and at sub-optimal
global blockages to show the eﬀect that each array layout of uniform rows would have
on the natural tidal velocity in a channel.
The ratios and quantities used in these chapter are represented by the following
list of symbols. All values explored are the value for optimally tuned turbines in each
specific layout.
• Ct - turbine drag coeﬃcient relating the drag force of the turbines to U |U |.
• r1 - the local velocity reduction inside turbines relative to free-stream velocity in
the channel with that array.
• Rf ree = Uf ree /U0 - the free-stream velocity reduction due to the array as a fraction
of free-stream velocity in a channel with no turbines.
• ∆pchannel - the driving pressure head loss along the length of the channel.
• ∆parray - the pressure head loss across the array as a fraction of ∆pchannel .
• ∆prow = ∆parray /n - the pressure head loss across each row as a fraction of
∆pchannel .
• ∆p1 - the pressure head loss across the first row, including plocal as a fraction of
∆pchannel .
• plocal - the local increase in pressure upstream and decrease downstream of a
turbine.
The velocity ratios are described in further detail in Section 2.6 while the head loss
ratios are described in further detail in Section 4.3.

4.1

Cttuned up to 6× diﬀerent in diﬀerent layouts

The first step in this multi-parameter optimisation, is to find the tuned turbine drag
coeﬃcient for maximum power capture for each layout, Cttuned . Once this turbine
tuning has been found, subsequent analysis of array layout optimisation uses only the
values from simulations with this tuned drag. It is crucial to perform this first step
of tuning turbines within an array layout for maximum power capture by that specific
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Figure 4.1: The tuned turbine drag coeﬃcient, Cttuned , for a range of
global blockages, ϵ, and diﬀerent number of rows. Each solid point
shows the tuned turbine drag coeﬃcient from one of the tuning curves
in Figure 3.3. The tuning bars show the range of drag coeﬃcient that
would give power to within 99.5% of the maximum, see Figure 3.3.
Polynomial fits highlight the trends. The black crosses indicate the
optimal global blockage for maximum power per turbine for an array
of a given number of rows.
layout. This is because the turbine drag tuning varies by a factor of up to 6 amongst
arrays of diﬀerent layouts (Figure 4.1).
This variation in Cttuned is hugely significant as it describes a large variation in
the design specification for turbines built for use in diﬀerent arrays. This means that
turbines that are tuned for use in isolated test cases will be far from tuned for use in
large array deployments. This section explores the changes in Cttuned for diﬀerent array
layouts.
The fitted curves are polynomial fits to highlight the trend for each curve. The
tuning bars indicate the range of turbine drag coeﬃcients that give power to within
99.5% of the maximum, the same as the range shown in the tuning curves in Figure
3.3. The tuning range is quite high, in some cases almost covering up to half the extent
of the curve. While there is considerable variation of drag coeﬃcient within the range
of these tuning bars, the fitted curves still highlight trends in the expected turbine
125

Chapter 4. Fluid dynamics in optimally tuned uniform rows

tuning that do lie outside the tuning range.

4.1.1

Cttuned is lower for arrays with more rows

Generally, in arrays with more rows the individual turbines need to be tuned to a lower
Ct to get the most power out of the array (Figure 4.1). Apart from very small arrays
of 1 or 2 rows with global blockage less than 0.5, the tuned drag coeﬃcient decreases
as the number of rows in the array increases, for all global blockages.
For an array with a given number of rows there is a maximum value of the tuned
drag coeﬃcient at a specific global blockage. This maximum tuned drag is highest for
arrays constructed of 1 row of turbines and decreases down to a lower drag coeﬃcient
for 7 rows. This relates to each turbine in a larger array being detuned to capture less
power so that the overall array captures the most power. By tuning Ct to give more
power, the extra power comes from either higher Ct directly or from higher Uf ree as
Ct reduces. At high global blockages, beyond the blockage for maximum Cttuned , Uf ree
is slowed so much by turbines with high Ct that more power is generated by turbines
with lower Ct which allow a faster flow in the channel. This trend is consistent across
arrays with 1 to 7 rows.
For large arrays Cttuned can be as low as one sixth of Cttuned for a single highly
blocked row. A factor of six is a very large diﬀerence in such a fundamental design
specification and shows just how significant the tuning of turbines within each layout
is to the power capture.
The global blockage at which this maximum tuned drag coeﬃcient occurs decreases
as rows are added to the array. For instance for 1 row the highest value of Cttuned = 0.73
occurs when the row is 80% blocked. On the other hand, for an array with 7 rows
this highest tuned drag coeﬃcient is 0.3 for rows that are only 25% blocked. The
lowest tuned drag coeﬃcient is for the largest arrays, of 7 highly blocked rows, where
Cttuned = 0.12. This compares to the tuned drag of Cttuned = 0.23 for a single turbine
in isolation.

4.1.2

Cttuned is highest at a global blockage below ϵopt

The black crosses in Figure 4.1 highlight the global blockage that gives the maximum
power per turbine. Interestingly, this global blockage is consistently higher than the
global blockage at the highest value of turbine drag coeﬃcient for an array constructed
of 1 to 7 rows. For instance, in 5 rows the optimal global blockage for maximum power
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per turbine is 0.56 while the highest tuned drag coeﬃcient is needed by arrays with a
global blockage of 0.3. The diﬀerence in tuning between 1 row and 7 rows is not as
large for optimally blocked rows as for the full range of array layouts. Cttuned varies
by a factor of 2.2 from 0.62 for a single optimally blocked row to 0.28 for 7 optimally
blocked rows. While this is not as large as the factor of 6 between the highest and
lowest tuning for all layouts, doubling this design specification for turbines in diﬀerent
layouts is still a significant change in turbine design.
The tuned turbine drag coeﬃcient in Figure 4.1 represents how much force each
turbine exerts on the flow for a given velocity, at maximum power capture for that
array layout. This means that an array with ϵ < ϵopt captures the most power when
turbines are tuned to individually impose more force on the flow than at optimum
global blockage for maximum power. Hence, at Cttuned and ϵopt , the turbines are each
imposing more force on the flow, than at a slightly lower global blockage where this
peak in Cttuned occurs.

4.2

Local velocity reduction

When tidal turbines are placed in a channel they impose a force on the flow at a given
velocity that scales with the turbine drag coeﬃcient. The flow responds to this force
by slowing down in the immediate vicinity of the turbine. This local velocity reduction
occurs via an expanding streamtube around the turbine and an associated change in
pressure described by actuator disk theory (Section 1.3.3.1). The significant eﬀect
explored here is that the flow in the immediate vicinity of the turbine slows. Of course,
the overall channel flow slows as well, but the local velocity is generally slowed more
than the free-stream velocity and highlights trends in the channel scale dynamics with
changing layout.
In real turbines, the idea of inside the turbines is somewhat artificial because there
is no fluid within the blade, only in the swept area of the blade. In the idealised turbines
used here, this local turbine area is simply the box of cells that contain increased drag
for each turbine. The velocity inside this box is spatially averaged, normalised by
the free-stream velocity then averaged over a tidal cycle to give r̄1 . In this study r̄1 is
calculated from the numerical results as opposed to Ct which is specified directly in
the parameter file for each simulation, as discussed in Section 2.6.
The instantaneous free-stream velocity varies at the tidal frequency in a similar
way to Ut (t) so this normalisation removes the tidal component of the signal, shown in
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Figure 4.2: The three time varying velocities (empty channel, freestream and inside the turbine) and the time varying ratios used to
calculate the time averaged ratios r̄1 and R̄f ree in 1 row of 5 tuned
turbines, as an example.
Figure 4.2 for an example layout of 1 row of 5 tuned turbines. However, this normalisation to a relative velocity introduces a complication to the interpretation of r̄1 because
both Uf ree (t) and Ut (t) change markedly with all tuning and array layout parameters.
This is a reasonable compromise because of the obvious benefit of having a single value
that describes the average velocity inside the region of high drag that represents the
turbines. However, care needs to be taken to consider that r̄1 is a combination of two
velocities which both change with all of the array tuning and layout parameters. Variations in free-stream velocity are discussed later in this chapter, in Section 4.4.1 but
they will be referred to earlier, as they aﬀect the interpretation of r̄1 .
While this relative velocity inside the turbines is related to the drag coeﬃcient,
the relationship is complex and poorly understood. Ct and r̄1 are related by the
standard calculation of F = Ct r̄1 |r̄1 |Uf2ree but this is a diﬃcult equation to analyse
directly because of the dependence on velocity inside the turbine (r̄1 ) and in the freestream (Uf ree ). Both of these velocities are aﬀected by all three of the array tuning
and layout parameters. The relative velocity inside the turbines is the ratio of these
two velocities, meaning that any variation in the turbine drag coeﬃcient aﬀects r̄1 in
128

4.2. Local velocity reduction

0.9

r tuned
1

1

Tuned relative local velocity, rtuned

1

0.8

1 row
2 rows
3 rows
5 rows
7 rows

0.7
0.6
0.5
0.4
0

0.2

0.4
0.6
Global blockage, ε

0.8

1

Figure 4.3: Tuned velocity reduction inside the turbine, r̄1 , versus
global blockage for multiple uniform rows in the small channel. Trends
for each number of rows are highlighted with fitted polynomials. Error
bars represent the tuning range, over which an array will capture
99.5% of the maximum power, see Figure 3.3 . Note: vertical scale
does not go to zero, for increased clarity. Higher relative velocity
means a higher velocity inside the turbines, but only relative to freestream flow in that array. The dotted line indicates the Betz limit.
two ways, which is the cause of the diﬃculty in understanding the link.
The tuned relative local velocity inside the turbines, r̄1tuned , is shown in Figure 4.3.
This is the fractional flow reduction when turbines are tuned to Cttuned specifically for
each of the layouts simulated. The tuning bars show the range of r̄1 that occur in
arrays that are tuned to give within 99.5% of the maximum power fitted to the tuning
curves in Figure 3.3. The black crosses show the optimal global blockage and tuned
r̄1tuned for the maximum power per turbine.
The tuning bars in r̄1 are much smaller than the corresponding tuning bars in
turbine drag coeﬃcient in Figure 4.1. This is simply a result of the cubic relationship
between P/Ct and Ut , and consequently r̄1 . Although there is the added complexity
of the change in the free-stream velocity, these changes are small for just a change in
drag coeﬃcient. The fitted curves pass through all of the error bars suggesting that
they are reasonable fits.
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The relative velocity can be compared to the Betz limit where r̄1 = 0.66 for a
single turbine in isolation, indicated by the horizontal line at r̄1 = 0.66 in Figure 4.3.
Comparing the tuned velocity, r̄1tuned , for each tuning curve to the Betz limit shows
that tuned turbines in larger arrays exceed the Betz limit, as expected. Also, the
global blockage required to exceed the Betz limit decreases as the number of rows in an
array increases. For a single turbine (n = 1, ϵ = 0.08) r̄1tuned is slightly lower than the
Betz limit, although r̄1tuned in Figure 4.3 includes eﬀects of background bottom friction
and wake dynamics that the Betz limit does not include, which may account for the
diﬀerence. As more turbines are added to the single row, r̄1tuned initially decreases then
increases to exceed the Betz limit as the global blockage exceeds 0.8. For multiple rows,
r̄1tuned increases as global blockage increases, and the point at which the Betz limit is
exceeded occurs at lower global blockages as rows are added to an array (Figure 4.3).
The Betz limit is exceeded for global blockages as low as ϵ = 0.56 for 7 rows.
Comparing r̄1tuned to the Betz limit for arrays of multiple turbines demonstrates how
large an array needs to be before the dynamics of the channel change from operating
like turbines in isolation, where the Betz limit is applicable, to the point where arrays
are large and turbines start working together to block the flow. For large arrays, the
energy starts to come more from the potential energy in the head loss than from the
kinetic energy in the velocity.
However, there is another change in local velocity that occurs with increasing array
size. For 3 to 7 rows there is a near-linear relationship between the tuned relative
velocity and the global blockage for an array with a given number of rows at mid
blockages. The gradient of 0.65 ± 0.03 is close to the same for each of these fitted
curves. This trend extends to arrays with 1 or 2 rows with high global blockage. The
exception to these near-linear curves is for 1 or 2 rows at global blockage below 0.6.
These smaller arrays allow faster flow inside the turbines relative to the free-stream
flow than the linear trend would predict. This trend to faster flow than the near-linear
trend is also evident in 3 or more rows at much lower global blockage than for 1 or 2
rows.
Table 4.1 shows the number of rows, the global blockage and corresponding total
number of turbines below which the array could be considered small, in relation to the
change in slope of the local relative velocity. While the global blockage below which the
curvature changes decreases as the array is made of more rows, the actual number of
turbines appears to be almost constant, given the uncertainty in the value. So Figure
4.3 shows that below a total number of ≈ 12±2 turbines, the velocity inside the turbine
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Table 4.1: The global blockage and total number of turbines below
which an array is small, according to the upward curvature in the
curve for r̄1 as a function of global blockage. Values are approximate
as they refer to a subtle change in curvature and have simply been
read oﬀ the graph.
Number of rows
1
2
3
5
7
Global blockage below which arrays are small 0.7 0.6 0.3 0.2 0.2
Number of turbines at this global blockage
9
14 12 10 14
is higher than the linear trend for larger turbines. This implies that this is a limit to
the size of arrays that can be considered small, i.e.: they capture energy directly from
the kinetic energy rather than the potential energy.
A similar change in the gradient of the total power captured as global blockage
increases was noted previously for 1 and 2 rows in Figure 3.6. However, in the total
power curves, this occurred at lower global blockage: below 0.3. This trend in the local
relative velocity reduction shows that these small arrays are allowing more flow through
the turbines than the trend for larger arrays would predict. This further supports the
claim that these small arrays are capturing energy from the kinetic energy where larger
arrays capture energy more from the potential energy than the kinetic energy.
This near-linear increase in the local velocity could form a useful design rule for
the design of turbines as array size is scaled up. If a tidal array is developed in a
staged approach, with a few turbines initially deployed and more added later, r̄tuned
of
1
turbines for the full sized array could be inferred from the tuning found for the early
turbines. This design rule would follow the form of
∆r̄1tuned = 0.65∆ϵ + k,

(4.1)

where k increases with the number of rows in the array. The exact slope and constant
may vary depending on channel size but could possibly follow this form.

4.3

Impacts on tidal head loss

At high global blockages, the turbines work together to capture more power by building
up a large pressure drop, or head loss, across the row of turbines. In this study where
flow is driven by a pressure head loss, changes in the pressure along the channel can
be compared across diﬀerent array layouts for the first time.
This head loss increases over the tidal cycle as the tidal elevation upstream and
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Figure 4.4: The instantaneous pressure head (top, vertical scale and
colour indicate normalised pressure) and along-stream velocity (bottom, direction and magnitude indicated by colour and arrows, turbine
location indicated by rectangles) around a single row of tuned turbines
of a) 3 and b) 12 turbines at maximum rightward flow. Movies for
these simulations are in Appendix B.
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inertia in the flow pushes more and more water against the row of turbines. This is
shown in Figure 4.4b) which shows the pressure and along-stream velocity fields around
a single highly blocked row. In contrast, Figure 4.4a) shows the pressure and along
stream velocity fields around a single row with low global blockage. It is clear that
the head loss across the highly blocked row is higher than that across the low global
blockage row. This increased head loss drives water through the turbines even at the
high drag coeﬃcient that gives the maximum tuned power for the highly blocked row.
Movies showing the full tidally varying head loss, velocity and vorticity around these
arrays are in Appendix B.
There are four eﬀects in the pressure field in a channel around these arrays of turbines that help to understand the operation of arrays with turbines tuned for maximum
power.
1. The driving pressure head along the length of the channel, ∆pchannel .
2. The total pressure head loss across the array, ∆parray .
3. The average pressure head loss across each row, ∆prow .
4. The local pressure eﬀects associated with an expanding streamtube, ∆plocal .
These four eﬀects are all apparent in Figures 4.4 and 4.5 and are further explored
through three diﬀerent measures of the head loss for the whole range of arrays of
uniform rows in this section. Each of the three array level head losses are shown in
Figure 4.6b) and all head losses are expressed as a fraction of the driving pressure head
along the length of the channel, ∆p/∆pchannel .
Highly blocked rows of turbines exhibit two features in the pressure fields that that
diﬀer from that when rows have lower global blockage (Figure 4.4 and 4.5). First, there
is a more pronounced, stepwise drop in the pressure across each highly blocked row
(Figure 4.4b and 4.5b ). This is in contrast to the pressure change around rows with
low global blockage, where the pressure drop is more local in nature, not spreading to
occupy the whole channel and not as pronounced (Figure 4.4a and 4.5a). So the pressure field around rows with only a few turbines is quite distinct, with each individual
turbine having an aﬀect of the flow.
Further, in rows with low global blockage, the local pressure increases upstream and
decreases downstream. These deviations from the stepwise drops seen in the highly
blocked rows are the eﬀect on the pressure field of an expanding stream tube in the
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Figure 4.5: The instantaneous pressure head and along-stream velocity as in Figure 4.4 except now with 5 rows of a) 1 and b) 10 turbines.
Maximum rightward flow.
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wake behind turbines. They are familiar from actuator disk theory (Section 1.3.3.1),
so it is reassuring to see them in these 2 dimensional representations of actuator disks.
In contrast to the pressure field for a single turbine, at high global blockages these
local pressure eﬀects are not seen. The pressure drops in a stepwise manner instead as
seen in Figures 4.4b and4.5b. This is simply because in a highly blocked row there is
little or no room for the streamtube to expand laterally in the wakes, before they hit
an expanding streamtube from an adjacent turbine. Without space for the streamtube
to expand into, the pressure fields decrease in the stepwise manner seen and there is
no increase in pressure upstream or decrease downstream that would be expected for
a single turbine in isolation. The expanding stream tube can be seen in the increasing
width of the low velocity zone downstream of turbines in the low global blockage rows.
In an array with only a single row of 3 turbines, this increase in pressure upstream and
decrease downstream is clear (Figure 4.4a).
In an array with more rows, the turbulence from upstream rows masks the local
pressure eﬀects. At the instant that the snapshot in Figure 4.5a was taken, the pressure
increase upstream was stronger for the 4th turbine downstream at this instant, but
almost non-existent for the 2nd turbine downstream .
These two eﬀects on the pressure along the channel are particularly pronounced
in the pressure changes along a line through a central turbine (the solid black lines
in Figures 4.4 and 4.5). The pressure along these lines for tuned, optimally blocked
arrays of 1 to 7 rows of turbines are shown in Figure 4.6.
It is clear that the gradient of pressure far upstream and downstream of the array
only changes slightly for tuned arrays at the optimal global blockage for a given number
of rows. However, the pressure drop or head loss that occurs across a single row is
almost as large as the combined head loss across 2 rows at the optimal global blockage
for those 2 rows. The head loss across the whole optimally blocked array increases
as the array gets more rows, simply because more rows occupy a larger proportion of
the channel’s length. However, there is also some change in the total pressure drop
across the array that is due to a change in the pressure gradient outside the array.
These eﬀects are explored further by calculating the three aspects of the pressure field
as a head loss calculated in three diﬀerent ways. The total head loss across the array
(∆parray ), the head loss across each row (∆parray /n) and the head loss including the
local increase and decrease around the leading row of turbines (∆p1 ).
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Figure 4.6: a) The instantaneous pressure at points on an alongstream line (black line in Figure 4.4 and 4.5) at the centre of the
central turbines in optimally blocked arrays of turbines tuned for maximum power per turbine. b) Sketch indicating the pressure head loss
across diﬀerent parts of the pressure fields. Flow is to the right.
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Figure 4.7: The instantaneous head drop across the whole, tuned,
array of 1 to 7 rows at the highest driving head diﬀerence, t = T .
The head drop across each row is found by dividing the total head
drop across the array by the number of rows. This is normalised by
the driving head diﬀerence at that point in time so the head loss is a
fraction of the total channel head loss.

4.3.1

Total head loss across the array

To explore the eﬀect of the whole array on the pressure field, the total pressure drop
across the array is plotted for all the arrays simulated in Figure 4.7. The total pressure
drop is the diﬀerence in pressure between a single point upstream of the local pressure
increase just upstream of the first turbine and the spatial mean in a region 60 m long
downstream of the most downstream turbine in the array. The spatial mean is taken
to reduce the impact of wake turbulence on this instantaneous pressure drop. The
local pressure increase and decrease around each row of turbines is removed in this
figure. The total head loss increases as the array gets larger, either through higher
global blockage or more rows, up to 0.85 of the driving head loss for the largest arrays
simulated. Couch and Bryden (2006) predicted that a large array, capturing a significant fraction of a channel’s potential, will cause nearly all of the channel’s head loss
to occur across the array. This is comparable with the increasing proportion of the
channel’s head lost across the array shown in Figure 4.7. There is no reason to expect
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that the head lost would not continue to increase towards 1 for even larger arrays than
those simulated here.
The optimum global blockage for maximum power per turbine for each number
of rows is shown with a black cross in Figure 4.7. The optimum global blockage for
maximum power per turbine is very close to the global blockage that gives the highest
head loss for arrays with 2 or 3 rows. For large arrays with 5 or 7 rows there is no
maximum in the total head loss across the array in Figure 4.7 where the head loss keeps
increasing as more turbines are added to each row. This continuous increase in the
head loss as more tuned turbines are added to a large array of many rows shows that
adding turbines to each row lowers the pressure gradient in the region of the channel
outside the array. This occurs as more and more of the driving pressure gradient is
used to force flow through the turbines.

4.3.2

Head loss across each row

The head loss across each row separates out the eﬀect of the whole array and explores
the driving pressure on each row of turbines in an array. This head loss does not
include the local eﬀects up and downstream of individual rows. The average head loss
across each tuned row of turbines as global blockage changes in rows of 1 to 7 turbines
is shown in Figure 4.8. The trends for each number of rows is highlighted by 5th order
polynomials. The black crosses indicate the optimum global blockage that gives the
maximum power per turbine.
The shape of the curves for the average fractional head loss across each turbine row
(Figure 4.8) is remarkably similar to the shape of each curve for power per turbine
shown previously in Figure 3.4. This suggests that this pressure head loss across each
row of tuned turbines is fundamentally the driving dynamic that determines the power
that the array captures from the flow. The only deviation from the similarity between
the head loss per row and the power per turbine is for 5 or more highly blocked rows.
For these large arrays, the head loss does not decrease, where the power per turbine
does decrease, at higher global blockage than the optimal global blockage for maximum
power per turbine. Other than that, there is strong similarity between the head loss per
tuned row and the power per turbine in tuned arrays. The optimum global blockage for
maximum power per turbine is close to, but slightly higher than, the global blockage
that results in the highest head loss across each row of turbines, for 1 to 3 rows.
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Figure 4.8: The instantaneous average head drop across each row
of turbines in an array of 1 to 7 rows at the highest driving head
diﬀerence, t = T . The head drop across each row is found by dividing
the total head drop across the array by the number of rows. This
average head loss doesn’t include the local pressure eﬀect for each
row.

4.3.3

Local pressure eﬀects around a single row

The local increase in pressure upstream of a turbine and related drop downstream
has been removed from the analysis in Figure 4.8. The head loss including the local
pressure eﬀects across only the most upstream row is shown, for arrays of 1 to 7 rows
of tuned turbines with diﬀerent global blockages in Figure 4.9. Again, the fitted lines
highlight trends and crosses show the global blockages for maximum power per turbine.
The diﬀerences between the pressure shown in Figures 4.8 and 4.9 are mostly in
the head loss across rows with low global blockage. This means that it is only for low
global blockages, where there is room for streamtube expansion in the wake, that the
local pressure increase upstream and subsequent loss downstream occurs. This does,
however, result in a slight change to the global blockages where the maximum head
loss occurs. While the maximum average head loss without the local pressure increase
and decrease occurs at the optimal global blockage for maximum power per turbine,
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Figure 4.9: The instantaneous average head drop across the first row
of turbines in an array of 1 to 7 rows at the highest driving head
diﬀerence, t = T . The head drop across the first row includes the
pressure increase upstream and decrease downstream of the row, so
captures the diﬀerence between rows that exhibit the pressure changes
associated with an expanding streamtube.
the maximum in the fractional head loss that includes this local pressure eﬀect, occurs
at a lower global blockage.
This global blockage at which the highest local pressure drop occurs is comparable
to the global blockage at which the highest turbine drag coeﬃcient occurs. This makes
sense as the higher pressure drop at this global blockage allows the turbines to be
tuned to higher Ct , to capture the most power from the channel’s flow. It still doesn’t
account for why this maximum in the local pressure field, and the maximum in tuned
turbine drag coeﬃcient occur at a slightly lower global blockage than the optimum
global blockage for maximum power per turbine.

4.4

Impacts on natural velocity

As additional turbines are added to an array, whether it is by adding rows or by
increasing the global blockage of each row, the free-stream velocity will be aﬀected.
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Numerical simulations are useful for assessing this reduction. However, in a model, the
impact of this can only be assessed when the flow through the channel is driven by the
tidally varying elevation or, in 2 dimensions, pressure variation. It is this key diﬀerence
to previous numerical studies that allows the present study to compare these impacts
on the free-stream velocity due to changing array size for the first time.
With a model of the flow in a channel that is driven by this pressure variation, questions can be answered about the impact of the array on the large scale hydrodynamics
of the channel. This section focuses on answering the following questions:
• How much is the free-stream flow aﬀected by arrays of diﬀerent layouts?
• How many turbines are needed before a significant change in free-stream velocity
is noticed?
• Is the impact more dependent on total number of turbines in an array than on
the layout?
• How does the impact on free-stream velocity compare against the power that an
optimally tuned array captures?

4.4.1

Reduction in free-stream velocity with increasing blockage

Figure 4.10 shows the free-stream velocity reduction, R̄ftuned
ree plotted against global
blockage for arrays of 1 to 7 rows of tuned turbines. The free-stream velocity is normalised by the free-stream velocity in the same small channel in the absence of turbines
and averaged over a tidal cycle to give R̄f ree . This largely removes the eﬀect of tidal
frequency, although there is still some variation in frequency due to a phase shift as
turbines are added so the normalisation is not perfect. The free-stream velocity is
spatially averaged over a large cross-section of the channel near one end, to remove
variations at the turbulent length scales. Further, the end that is used for this average
swaps as the tide reverses so the free-stream region is always upstream of the array.
This minimises the impact of the turbulent wake on this calculation. The trend with
increasing global blockage for each of 1 to 7 rows is indicated by the fitted curves.
Arrays with more rows slow the flow more than fewer rows and the velocity is slowed
increasingly as the global blockage of each row increases, Figure 4.10. Apart from low
global blockages, below 0.4, for 1 or 2 rows and global blockage above 0.5 for 2 or more
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Figure 4.10: Free-stream velocity reduction versus global blockage for
arrays of 1 to 7 rows of tuned turbines. The free-stream velocity is
normalised by the free-stream velocity in the same small channel to
remove the tidal frequency and spatially averaged to remove turbulent
variation. The global blockage is changed by altering the number
of uniformly spread turbines in each row. The trend for each of 1
to 7 rows is indicated by fitted curves. The dashed line shows the
theoretical limit of Q = 0.58 from Garrett and Cummins (2005). The
vertical dotted lines indicate global blockages that are plotted later
in Figure 4.11.
rows, there is a near-linear decrease in R̄ftuned
ree as the global blockage increases for an
array with a given number of rows.
This near-linear regime for mid-sized arrays was seen in Figure 3.6 and Figure 4.3.
In this near-linear regime, R̄ftuned
ree decreases as the global blockage increases. Whereas,
the linear trend for total power captured by the array and for the velocity reduction
inside the turbines increases as global blockage increases. This is not surprising, as the
extra turbines at higher global blockages impose more force on the flow, slowing the
flow more than arrays with fewer turbines in each row and those extra turbines capture
more total power. The deviation from the near-linear regime for large arrays suggests
that R̄ftuned
ree tends towards the theoretical limit of 0.58 found for volume flow rate in
Garrett and Cummins (2005) although the largest array simulated in the present, more
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Figure 4.11: Free-stream velocity reduction as a function of the number of uniform rows of tuned turbines for a few sample global blockages. Trends for each global blockage as the number of rows increases
are highlighted by polynomial fits.
realistic model slows the flow to R̄ftuned
ree = 0.61.
The same sort of near-linear reduction in R̄ftuned
ree with increased global blockage
occurs for arrays of any given number of rows. The only exceptions to this occur for
very large and small arrays as seen by the decrease and increase in gradient, dR̄ftuned
ree /dϵ
for many and few rows, respectively in Figure 4.10. These changes in gradient are the
same that were seen in Figures 3.6 and 4.3 for total power and r̄1tuned . The changes in
gradient for free-stream and local velocity and for total power suggest a change in the
channel scale dynamics between small arrays, medium arrays in the near-linear regime
and large arrays beyond this regime.

4.4.2

Decrease in free-stream velocity reduction with more
rows

The same free-stream velocity reduction, around arrays of tuned turbines, for a subset
of the previous simulations indicated by the dotted vertical lines in Figure 4.10 is shown
in Figure 4.11. Here, the free-stream velocity reduction is plotted for arrays of the same
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global blockage.
For highly blocked rows the trends in the curves in Figure 4.11 are decreasingly
linear, highlighted by 2nd order polynomials. At ϵ <0.24, R̄ftuned
ree decreases by approximately the same amount for each added row of turbines.
For ϵ > 0.24, R̄ftuned
ree shows this same trend, but only up to 3 rows of turbines. For
more than 3 rows of turbines, the extra rows added to the array do not slow the flow
through tuned turbines by as much, per extra row, as is the case for less rows of tuned
turbines. By the time an array of tuned turbines has 5 rows with mid to high global
blockage, the flow is slowed so much that adding more turbines, tuned for the new
blockage, does not reduce the flow significantly more.
4.4.2.1

Example: increasing global blockage in an array with 5 rows

The interaction of the increasing trend in the velocity inside turbines compared to
free-stream velocity is complex. This complexity is due to the impact of normalising
the velocity inside the turbines by this free-stream velocity. The increase in velocity
inside the turbines with respect to free-stream velocity with increasing global blockage is
described in Section 4.2. As the free-stream velocity also reduces with increasing global
blockage (Figure 4.10) the combination of these two changes is best illustrated with
an example. The velocity fields in Figures 4.12a to e and the centre line pressure head
loss in Figure 4.13 demonstrate the change in dynamics as global blockage increases
in 5 rows. These figures of the along-stream velocity and pressure are instantaneous
snapshots in the Gerris simulations of tuned turbines at full flow to the right, t = T .
As turbines are added to 5 rows of 1 turbine per row, the global blockage increases
from 0.08 to 0.96 (Figures 4.12 a) to e)). These global blockages are key to understanding the example given for arrays of 5 rows of turbines. The largest scale eﬀect
of increasing the global blockage for arrays with a fixed number of rows, and perhaps
the most obvious, is that the free-stream velocity decreases significantly as the global
blockage increases. The extra turbines, each with similar tuned drag, impose more force
on the fluid. This is mostly just because there are more turbines. The extra losses
imposed by more turbines as global blockage increases from 0.08 to 0.96 contribute to
the decrease in R̄f ree from 0.96 to 0.62.
Further, the velocity inside the turbines tends towards the free-stream velocity as
global blockage increases. By the time the turbines are blocking 80% of the flow, the
velocity inside the turbines is more or less the same as that in the free-stream. Moving
from a) to e) in Figure 4.12, the absolute velocity inside the turbines barely changes,
144

4.4. Impacts on natural velocity

Figure 4.12: The along-stream velocity field around 5 rows at increasing global blockages that are key to understanding the peaks and
variations in combinations of R̄f ree , r̄1tuned , Cttuned and the optimum
global blockage for maximum power per turbine. Global blockages are
a) ϵtuned = 0.08 the lowest global blockage simulated, b) ϵtuned = 0.32
the global blockage that needs the highest tuned turbine drag coefficient to achieve the maximum power for that global blockage, c)
ϵtuned = 0.56 the optimum global blockage for maximum power per
turbine, d) ϵtuned = 0.8 the global blockage that is just higher than
the inflection point that infers a transition to large arrays and e)
ϵtuned = 0.96 the highest global blockage simulated. Each simulation is a snapshot in time with turbines tuned for maximum power
capture.

145

Chapter 4. Fluid dynamics in optimally tuned uniform rows

8

ε = 0.08
ε = 0.32
ε = 0.56
ε = 0.8
ε = 0.96

4

2

Pressure/density, m s

−2

6

2
0
−2
−4
−6
−8
−1000

−500

0
500
Along−stream distance, m

1000

Figure 4.13: The instantaneous pressure along a line through the
middle of the central turbines in arrays consisting of 5 rows of tuned
turbines with global blockage from 0.08 to 0.96.

from 0.5U0 to 0.56U0 . The increase in global blockage also causes the tuned velocity
inside the turbines to increase from 0.47 to 0.92 of the free-stream flow (Figure 4.3) as
the free-stream flow reduces. This is only partly due to the change in the tuned drag
coeﬃcient for maximum power, which has a peak of Cttuned = 0.39 at ϵopt = 0.3, but is
only slightly lower Cttuned = 0.18 at ϵ = 1 than Cttuned = 0.31 at ϵ = 0.08.
These extra turbines, with similar drag, impose more force on the flow and result in
a higher fraction of the channel’s driving pressure gradient being lost across the rows
of turbines, rather than in the region of the channel outside the array, shown in Figure
4.13. It is clear that for low global blockage (ϵ = 0.08) a smaller fraction of the driving
gradient is lost across each row of turbines, compared to at high global blockage of
ϵ = 0.96. This causes a lesser gradient in the flow upstream and downstream of the
array, as the same overall driving pressure gradient is forcing the flow through more
turbines. However, the rows with low global blockage also generate a local increase in
pressure upstream of the row and decrease in pressure downstream of the row, resulting
in a similar or larger pressure drop across each turbine once this local pressure eﬀect
is taken into account.
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Figure 4.14: The power per turbine as a function of the free-stream
velocity arranged by the number of rows in the array.

4.4.3

Impact of power capture on the channel’s natural flow
rate

The power per turbine, at the tuned drag coeﬃcient, as a function of the reduction
in free-stream velocity for diﬀerent array layouts is shown in Figure 4.14. This is an
indication of the compromise between the power that each turbine captures and the
impact on the natural environment. The free-stream velocity is normalised against the
natural velocity in an empty channel to remove the tidal frequency. Again, both the
power and the free-stream velocity are for turbines tuned for maximum power capture
for each array.
The trend for a given number of rows is highlighted in Figure 4.14 by polynomial
fits. Higher global blockages are upward and leftward, towards higher power and lower
free-stream velocity. This is to be expected because, as tuned turbines are added to the
array, the free-stream velocity is slowed more by the added force from more turbines.
Further the power per turbine peaks at a global blockage that is specific to the number
of rows in the array. Hence, the highly blocked arrays are at higher power and lower
free-stream velocity.
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There is no maximum in the power per turbine for a single row because, even at
the highest global blockage, 12 turbines tuned for maximum power do not slow the
flow enough to find a maximum in the power per turbine. For 2 or 3 rows of turbines,
the maximum power per turbine occurs near the free-stream velocity that corresponds
to nearly the highest global blockage. For arrays with more rows this maximum power
per turbine occurs at decreasing global blockages. This same trend was discussed in
Figure 3.4 but is worth repeating in this context. This is because it is important that
a maximum occurs at a given optimum global blockage and that the maximum relates
to a given free-stream velocity for turbines that are tuned for power at the array scale.
Arrays with 5 or 7 highly blocked rows capture more total power than other arrays
(Section 3.3). However, individual turbines in these arrays each capture less power
than 5 or 7 rows with lower blockage and also further decrease the free-stream velocity
as shown in Figure 4.14. The balance of extra total power from large arrays must
be assessed against this dual consequence of reduced power per turbine and higher
environmental impact for a given site.
4.4.3.1

Total power capture increases linearly as free-stream velocity decreases

The balance between the global environmental benefit of generating power by tidal
energy instead of fossil fuels and the local environmental cost of velocity reduction is
best analysed by comparing the total power capture with the normalised free-stream
velocity. The total power that any uniform array will capture is proportional to the
reduction in normalised free-stream velocity, Figure 4.15. This is rule holds for any of
the simulated arrays of 1 to 7 rows of 1 to 12 turbines. This linear relationship is a
very important result and will be used to compare the power capture at a given flow
reduction for packed rows in Chapter 5. The drag coeﬃcient of each turbine within the
array must be optimally tuned for that layout to obtain the linear relationship between
free-stream velocity reduction and total power capture. This linearity is independent
of global blockage, reduced local velocity, and most importantly, independent of the
layout of the array. The turbines can be arranged in any of the configurations shown
and they will not produce more total power for a given reduction in the free-stream
velocity. This demonstrates that the total drag on the channel is a simple product of
the total number of turbines in the array, but is independent on the way in which they
are arranged. This lends evidence to the idea that small scale wake dynamics are less
important than the large scale energy balance.
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Figure 4.15: The total power captured by the flow by a given array
of 1 to 7 rows of 1 to 12 turbines per row versus the reduction in
free-stream velocity. Labels for larger and smaller arrays indicate
which direction these are in not a strict cut oﬀ for array size. The
free-stream velocity is normalised by the instantaneous velocity in
an empty channel to remove the tidal frequency, spatially averaged
across an area of the channel and time averaged to remove turbulent
scales to give this single value for a tidally varying reduction in the
free-stream velocity.

This figure shows how, at the channel scale, all arrays of turbines that are tuned
for maximum power for that layout will reduce the natural flow by an amount that is
proportional to the total power captured by that array. The tuned total power capture
is related to free-stream velocity reduction by
tuned
Ptotal
= −101R̄f ree + 101.

(4.2)

This linearity is so close to 1 : −1 that the percentage reduction in free-stream velocity
is the same as the total power captured expressed as turbines of power. For instance, an
array that reduces the velocity by 10% will capture 10 turbines of power and likewise a
40% reduction captures 40 turbines of power. This is a simple rule that may be useful
in describing the relation between impact on velocity and power capture by an array
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but may only apply in small channels.
In Figure 4.15 the larger arrays are indicated by points towards the top left. These
larger arrays capture the highest total power and force the furthest deviation from
natural free-stream velocity, compared to medium arrays which are in the middle of
the curve. At the other end of the curve, the smallest arrays are indicated by points
towards the bottom right. These smaller arrays capture less power and reduce the freestream velocity by a smaller amount. This is the same trend seen in previous figures,
but is worth repeating in context of the changes in gradient of this curve with diﬀerent
array size.
The small deviation from the linear fit in Figure 4.15 may be outside the bounds
of uncertainty in this modelling. Scatter away from the linear trend is probably due
to uncertainty in the power and velocity calculation due to turbulence modelled in the
turbine wakes. The linear fit is a reasonable estimate given all the idealisations and
assumptions in this modelling approach and may be a useful design guide for arrays.
Bryden et al. (2007) used a 1D channel flow model to estimate that capturing 25%
of a channel’s potential would reduce the flow by less than 7% of the channel’s natural
flow. Figure 4.15 shows that a flow reduction of 7% (R̄f ree = 0.93) would occur when
7 turbines of power are captured . While this result is not framed with reference to a
channel’s potential, the largest arrays simulated capture up to 45 turbines of power.
Using this as a lower bound on the channel’s potential means that the array that
reduces the flow by 7% is capturing at most 15% of the channel’s potential. This
is clearly less power than Bryden et al.’s (2007) figure of 25% which was based on a
cruder 1D model so the present study predicts a larger flow reduction for a given power
capture.
4.4.3.2

More impact on free-stream velocity by the same turbines in fewer
rows

The reduction in free-stream velocity as the size of the array increases depends on the
number of rows in the array. This eﬀect is apparent by comparing normalised freestream velocity to the total number of turbines in the array in Figure 4.16. Here, it
is shown that for an array with a given number of turbines the free-stream velocity
is reduced more by arrays with fewer rows. For example, an array with 20 turbines
could be made of 2 rows of 10 or 5 rows of 4 turbines and the normalised free-stream
velocity in those arrays would be 0.68 or 0.83 respectively. This matches the higher
power capture by the same number of turbines in fewer rows seen in Figure 3.10.
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Figure 4.16: The free-stream velocity versus total number of turbines
in the array arranged by the number of rows in the array. The dashed
line shows the theoretical limit of R̄f ree = 0.58 from Garrett and
Cummins (2005).

The free-stream velocity is slowed significantly more by larger arrays than by smaller
arrays, up to a 40% reduction by 7 highly blocked rows of turbines. In fact there is
a linear relationship between the total power captured by the flow by an array of
turbines and the fraction that the channel’s natural flow rate is slowed to by building a
given array in the channel. This reduction in the channel’s bulk flow rate is extremely
important to predicting the optimum behaviour of large arrays of turbines. Even small
arrays with only a handful of turbines can slow the flow by 5% or 10%. Models that
attempt to predict a channel’s potential or optimise array layout by assuming the flow
in the channel is constant will model the channel scale dynamics incorrectly due to
this.
This result is based on the two dimensional model that assumes the turbines occupy
all of the channel’s depth. It would be interesting to model a few layouts in 3 dimensions
to explore the impact of vertical blockage on this result.
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Figure 4.17: Along-stream velocity snapshots at maximum rightward
flow for arrays of optimal global blockage in 1 to 7 uniform rows of
tuned turbines in a) to e), respectively. Colour scale is the same as
that in Figure 4.12 which showed a range of global blockages for 5
rows where this figure shows the optimal global blockage for each
number of rows.

4.5

Velocity and pressure fields in optimised layouts

The behaviour of optimally blocked rows of tuned turbines is best illustrated by snapshots of instantaneous along-stream velocity at the optimum global blockage for 1 to 7
rows in Figure 4.17 and pressure in Figure 4.18 . This figure shows the velocity through
and around each array at the optimum global blockage of tuned turbines for maximum
power capture by arrays with of 1 to 7 rows.
As the number of rows in the array increases from 1 to 7 rows in Figure 4.17a to
e, the optimum global blockage for that number of rows decreases. At the same time
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Figure 4.18: Snapshots of the pressure head loss at maximum rightward flow for arrays of optimal global blockage in a) 1 to e) 7 uniform
rows of tuned turbines. The black rectangles represent locations of
turbines. Small scale pressure variations are associated with turbulence in the wakes.
the free-stream velocity only increases slightly, converging towards 80% of the empty
channel velocity. Also the absolute velocity inside the turbines stays relatively constant
at around 55% of the empty channel velocity.
This relatively constant local velocity with converging free-stream velocity shows
the eﬀect of designing arrays for both tuned turbine drag coeﬃcient and optimal global
blockage for a given number of rows. This constant local velocity despite varying freestream velocity is possible because of the stepwise change in the pressure head across
each row of turbines as seen in Figure 4.18.
The pressure fields for the tuned turbines at the optimal global blockage for 1 to
7 rows are shown in Figure 4.18. These pressure fields are at the same instant in
time as the the velocity snapshots in Figure 4.17 at peak flow to the right. The step
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drop in pressure in these optimised arrays is evenly distributed across the number of
rows, allowing the tuned turbines to capture maximum power at similar local velocity
although the overall channel’s flow is changed.
In the larger array with 7 rows, the tuned turbine drag coeﬃcient for maximum
power is close to half the tuned drag for the smaller array with a single row. The larger
pressure head loss across the more highly blocked single row allows the local velocity
to be similar through turbines in the single row as through turbines in the larger array.
Turbines in a larger array can’t be tuned to have such high Ct as they don’t have
the same pressure head loss driving the flow through each row of turbines. It is this
combination of head loss and tuned velocity reduction that determines the optimum
global blockage for an array with a given number of rows.
In larger arrays the optimal tuning of the turbines is lower as each row has a smaller
pressure head loss across the row to drive the turbines. The local velocity inside the
turbines in these larger arrays is fairly similar to that in smaller arrays but the freestream velocity reduces as the number of optimally blocked rows increases. So it is the
pressure head loss across each row of turbines that determines the power capture by
turbines tuned for maximum power. This pressure head loss peaks at a slightly lower
global blockage than the optimal global blockage for maximum power per turbine. It
is not clear why this is lower but it matches a similar peak in tuned turbine drag. This
head loss determining the optimum layout further supports the idea that the wake
structure is less important to determining power capture at the channel scale than for
deployments of only a few turbines.

4.6
4.6.1

Comparison with the analytical model
Optimum tuning in the analytical model

The one dimensional analytical model developed by Vennell (2010) uses the local velocity reduction inside the turbines, r̄1 , as the tuning parameter, rather than the turbine
drag coeﬃcient that was used in the numerical simulations. Therefore to compare the
turbine tuning for each layout between the two models, r̄1tuned is used instead of Cttuned .
The local velocity reduction inside turbines that are tuned for maximum power
capture, r̄1tuned , also broadly shows good agreement between the numerical and analytical models as shown in Figure 4.19. The dots and solid lines show the data from
the numerical simulations plotted previously and the dashed lines show the compar154
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Figure 4.19: Comparison of the local tuned velocity reduction in turbines within arrays simulated with the numerical (solid lines and dots)
and analytical (dashed lines) models.

able simulations using the analytical model from Vennell (2010). The colour is the
same between lines for the same number of rows. While the values aren’t exactly the
same between the two models, the trends in r̄1tuned show remarkable similarity. Both
sets of curves follow roughly linearly increasing r̄1tuned as global blockage increases with
deviations from this for small arrays. Both sets of curves show the same decrease in
gradient at low global blockages, especially for 1 and 2 rows.
The only significant diﬀerence between the two sets of curves in Figure 4.19 is that
the analytical model predicts 10 to 20% higher velocities inside the turbine compared to
the numerical model’s predictions. This diﬀerence is greater for a single highly blocked
row and for 3 or more rows with low global blockage. This means that turbines in the
analytical model are tuned for maximum power capture when they allow more flow
through the turbines, imposing less force on the fluid.
These layouts where the tuning is higher in the analytical model than in the numerical model are the same as the layouts where there is higher power capture predicted
by the analytical model, as described in Section 3.6. It is likely that the same underlying dynamic of the diﬀerence in wake dynamics explains the diﬀerence in both r1tuned
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Figure 4.20: Comparison of the linear relationship between total
power captured and free-stream velocity with the analytical and numerical models. The solid line shows the linear line for numerical
simulations, Equation 4.2.
tuned
and Pper
turb at low blockages for multiple rows. Where there is no description of wake

interaction or local velocity reduction in the 1-D model, r1tuned is higher for these low
blockages in multiple rows. In the numerical model the downstream turbines are in a
locally slower flow due to local wake eﬀects leading to a higher value of optimal tuning.
The optimum tuning for 1 highly blocked row is also higher in the 1-D analytical
model than the 2-D numerical model, at the same blockages as the maximum diﬀerence
in power per turbine. The 1-D model’s lower Ct leads to a higher maximum power
capture than the 2-D model in these arrays but it is not clear why.

4.6.2

Free-stream velocity and total power capture in the analytical model

The linear relationship between the total power captured and the free-stream velocity
noted previously for the numerical simulations is also apparent in the analytical simulations as shown in Figure 4.20. The analytical model shows that for up to 50 rows of
turbines the linear relationship between total power captured and free-stream velocity
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holds and that the slope is near identical. It also shows that the power increase and
free-stream velocity decrease is not much greater for these arrays with significantly
more rows. The correspondence between the more realistic two dimensional numerical
model and the much simpler one dimensional analytical model is surprisingly good.

4.7

Comparison with a larger strait

The larger strait that is more dominated by inertia than friction, λ0 = 0.5, is longer,
wider and deeper than the smaller channel where λ = 5. The power capture per turbine
was shown to be higher in the large strait than the small channel, while changes in
power with a similar ϵopt in diﬀerent channels are comparable for maximum Pper turb
(Section 3.7). Here, the tuning of turbine drag for maximum power capture by each
array in the large strait is compared to the small channel. Further, the important
linear relationship between total power captured and free-stream velocity is explored
in the large strait.

4.7.1

Optimum tuning in the large strait

Tuning of both Ct and r̄1 for maximum power capture from a given layout follows
similar patterns, with varying global blockage, in the large strait compared to the
small channel, Figure 4.21. Cttuned is up to 1.7× higher in the large strait than in the
small channel for all arrays except a single turbine. This diﬀerence is larger for arrays
with higher global blockage than low global blockage.
Correspondingly, r̄1tuned is up to 10% lower in the large strait compared to the small
channel. The higher inertia in the large strait allows a higher Ct at a given global
blockage relative to a small, friction dominated channel. This higher Ct results in
maximum power from turbines that are tuned with a lower local velocity compared to
arrays of tuned turbines in the small strait.
Peaks in both tuning parameters occur at similar global blockage for arrays in both
channels, although the limited number of simulations in the large strait make these
peaks less accurate than in the small channel. These peaks in tuning, again, occur
at lower global blockage than the optimum blockage for maximum power per turbine,
indicated by black crosses in Figure 4.21.
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Figure 4.21: Comparison of the tuned value of a) Cttuned and b) rtuned
for maximum power capture in the large strait and small channel for
comparison. Crosses show optimum blockage for maximum power per
turbine.
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Figure 4.22: Comparison of the linear relationship between total
power captured and the change in free-stream velocity in the two
channels.

4.7.2

Free-stream velocity and total power capture in the large
strait

There is a near-linear trend in the total power captured by the array and reduction in
the free-stream velocity that results from that power capture, shown in Figure 4.22.
The linear trend that relates the total power capture to the free-stream velocity in the
large strait is given by
tuned
Ptotal
= −810R̄f ree + 810.

(4.3)

compared to Equation 4.2 for the small channel. The linear trend for this relationship
in a small channel in that was identified in Section 4.4.3 is shown as a dash-dot line
in Figure 4.22 for comparison. While the slope of the trend for the large strait is
steeper than that in the small channel, due to a higher potential in the large strait, it
is interesting to see that the near-linearity is not a feature of the channel but is possibly
a general rule that could be applied to any channel.
This means that the general relationship between the total power captured and the
normalised free-stream velocity in any given channel could be assessed with a single
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simulation. Only the power capture and velocity reduction by a large array and the
known point of no power capture and no velocity reduction in an empty channel are
needed to find the linear relationship for a given channel.

4.8

Kinetic and potential energy sources

To get the most power, turbines in medium sized arrays, near the peak of the Cttuned
curves in Figure 4.1 can individually exert more force on the fluid than larger arrays
do. Once the array gets large this changes and each turbine needs to impose less force
on the flow, allowing more flow through each turbine. The exception to this rule is
extremely small arrays, for 1 or 2 rows of low global blockage, where channel scale
global blockage is probably not the most important dynamic. For these extremely
small arrays it is more important to keep the free-stream velocity high to capture the
most power as seen in Figure 4.10. This is the eﬀect on the channel scale flow of
maintaining a lower Ct by these small arrays. Other than these small arrays, this rule
of turbines in medium arrays needing higher Cttuned is true for arrays with either a low
global blockage or only a few rows at higher global blockage. While this rule is not
surprising, the consequences of it are important.
The extremely small arrays operate optimally with a low turbine drag coeﬃcient,
indicating that they are capturing power from the kinetic energy rather than the potential energy because these arrays capture the most power when channel flow is kept
higher. This diﬀerence between the power coming from kinetic energy versus potential
energy is crucial to the channel scale dynamics of power capture. It is one of the reasons
that the simulations in this thesis have been run with pressure driving the flow rather
than a constant velocity. The kinetic energy is related to the velocity in the channel,
where the potential energy comes from the tidally varying elevation gradient along
the channel, along the array and over individual rows of turbines. Once an array is
large enough to reduce the overall velocity, to a significant fraction of natural velocity,
the potential energy from head loss becomes crucial to layout optimisation for tuned
power capture. For these medium and larger arrays the total head loss across the array
follows similar patterns to the power per turbine with varying array layout, Figure 4.7.
This indicates that the potential energy in this head loss is the driving dynamic that
governs power capture in larger arrays.
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4.9

Conclusions for fluid dynamics in uniform rows

The optimum array layout for maximum power capture has been explored with respect
to both the total power captured by each array and the power that each turbine in the
array captures. Arrays have been constrained to rows that are uniformly spread across
the whole width of the channel. The number of rows and the number of turbines in
each row have been varied to compare power capture and fluid mechanics at diﬀerent
layouts and tunings. Turbines have been tuned to give maximum power capture by
each array layout in each channel.
• Trends in optimum tuning and velocity reduction with increasing blockage and
number or rows agree reasonably well with Vennell’s (2010) 1-D analytical model
results.
• Optimum drag coeﬃcient for maximum power capture, Cttuned , for a single highly
blocked row is 3 times that for a single turbine in isolation, Ctsingle .
• Cttuned increases up to a global blockage a little lower than ϵopt for maximum
power capture and decreases beyond that.
• At ϵopt for a given number of rows the Cttuned is higher than Ctsingle but decreases
towards Ctsingle as the number of rows increases.
• Local velocity reduction, r̄1tuned , mirrors the trends in Cttuned but also shows a
change in dynamics for small and very large arrays.
Once the tuning is found for each layout, the eﬀect of that tuning and layout on the
overall velocity and pressure in the channel have been explored. The following four
points summarise these eﬀects on the channel scale dynamics
• The pressure field in the channel changes in response to array layout and optimal tuning with local eﬀects for small arrays and larger, channel scale eﬀects
dominating for larger arrays.
• The change in the average head loss across each row closely matches similar
changes in the power per turbine as the layout changes. This suggests that this
head loss across each row is a driving factor in determining optimum array layout.
• The free-stream velocity decreases linearly as the total power captured by the
array increases, towards the theoretical result of 0.58. This linear trend is also
seen in Vennell’s (2010) 1-D analytical predictions.
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• The optimum global blockage for an array with a given number of rows is determined by a balance of head loss across each row and the optimum tuning of friction
for that specific layout. The reduced free-stream velocity is a consequence of the
balance of these 2 forces and tends towards a lower limit of roughly 60% of the
natural free-stream velocity.
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Chapter 5
Packing turbines into one side of
the channel
In the previous chapters it was shown that the optimum layout of uniform rows to
get the most power per turbine is to fully block the channel’s width with a single
row of turbines. This may not ever be practical due to competing demand for access
to the water space in a tidal channel. Even arranging multiple rows of turbines to
their optimum global blockage may not be practical due to local conflicting uses of the
waterway.
In this chapter optimum array layout for maximum power capture is explored under
an alternative constraint that leaves one side of the channel open for other users of the
waterway. The optimum layout of these packed rows is explored here by increasing
the packing density while keeping the number of turbines in each row constant. The
packing density, ϵL is defined in Section 2.3.2. This contrasts to increasing the global
blockage, ϵ, by adding more turbines to each row.As in the previous chapters, the total
power and power per turbine are used to compare arrays with diﬀerent layouts.
In this chapter there are three inter-dependent parameters that are varied to explore
the optimum layout of tuned packed rows.
• The tuning of the turbine drag coeﬃcient specific to each layout, Cttuned .
• The packing density, ϵL .
• The number of rows, n.
As in the previous chapter, the turbines for each array layout are first tuned by running
simulations of each array layout with a range of turbine drag coeﬃcients to get Cttuned
163

Chapter 5. Packing turbines into one side of the channel

for each array layout. This tuned turbine drag coeﬃcient for each layout is used to
compare the maximum power capture by each array layout. Both total power and
power per turbine are compared across a range of packing density for arrays with 1
to 7 rows of turbines to find an optimum local blockage for maximum power capture
for an array with a given number of rows. The tuned simulations for each layout are
further used to compare hydrodynamics of tuned arrays of packed rows of turbines in
the same way as for uniform rows.
This analysis is performed initially on an array with 4 turbines in each row where
ϵ = 0.32. A second set of arrays with 6 turbines per row is simulated to compare
the optimum array layouts at a higher global blockage. Next, arrays with staggered
rows are simulated to compare the consequences of placing each turbine directly in
the wake of the upstream row. In these staggered rows each alternate row is oﬀset
by S/2 so that downstream turbines are in the gap between turbines in the upstream
row. Finally, arrays of packed rows are simulated in a large strait that is dominated
by inertia rather than friction to compare the eﬀect of the change in this dynamical
balance on the optimum layout of arrays of packed rows of turbines.
While the optimised layout of a single packed row has been explored analytically by
Nishino and Willden (2012), the present study is the first to explore this in a numerical
model. Further, the present study is the first to explore layout in a channel where the
flow is driven by a tidal head rather than a constant velocity. Thus, this chapter is
the first exploration of packed rows where the flow in the channel is slowed by adding
turbines.

5.1

Optimising packed rows for maximum power

tuned
The tuned power per turbine, Pper
turb , for a range of array layouts with 1 to 7 rows of

4 turbines each is shown in Figure 5.1. The lowest local blockage is ϵL = 0.32 which
represents turbines spread evenly across the row. At this limit the array is the same as
a uniform array with global blockage ϵ = 0.32. The packing density in these simulations
increases up to 1.0 where the same number of turbines are packed tightly together in
one side of the channel such that turbines are right next to one another.
The power that each turbine captures generally decreases as more rows are added
to the array. Hence, turbines in these packed rows are generally more eﬃcient when
arranged in arrays with fewer rows. This decreasing trend in the power that each
turbine captures as rows are added to an array, is similar to the trend seen for uniform
164

Tuned power per turbine

5.1. Optimising packed rows for maximum power

1.5
tuned
1.4 a) Pper turb
1.3
1.2
1.1
1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
Uniformly
0.1
spread
0
0.3
0.4
0.5
0.6
0.7
0.8
Packing density, ε

Number of
packed rows
1 row
2 rows
3 rows
5 rows
7 rows

Densely
packed
0.9

L

20

b) Ptuned
total

Number of
packed rows

Tuned total power

15

1 row
2 rows
3 rows
5 rows
7 rows

10

5
Uniformly
spread

0
0.3

0.4

Densely
packed
0.5
0.6
0.7
0.8
Packing density, ε

0.9

L

Figure 5.1: a) Power per turbine and b) Total power as a function
of packing density for rows of 4 turbines. Black circles indicate the
maximum tuned power at optimal packing density in each curve.
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rows. However, with packed rows the packing density describes how close together a
fixed number of turbines are packed. In contrast, in the previous chapters the global
blockage described how many turbines are in each row of turbines that were evenly
spread across the whole width of the channel.
In contrast to the power per turbine which decreases as rows are added to an array,
the total power captured increases as rows are added to an array, Figure 5.1b. This is
due to extra power capture by adding more turbines as the number of rows increases.
As in the case of uniform rows, using more turbines in more rows to capture more
total power comes at the cost of the power that each turbine captures. Changing the
packing density does not aﬀect this balance.
The trend for a given number of packed rows shows that there is a peak in both
power per turbine and total power, at an optimal packing density, much like there was
an optimal global blockage for maximum power per turbine in uniform rows, Figures
5.1a and b. For arrays with a given number of rows, both power measures initially
increase as turbines are packed tighter together on one side of the channel up to ϵopt
L
(Figure 5.1). At higher packing densities, beyond ϵopt
L , both of the measures of power
reduce. This optimum packing density, for an array with a given number of rows, is
indicated with an open black circle in Figures 5.1a and b. The peak indicates ϵopt
L
opt
opt
that captures the most power, Ptotal
and Pper
turb at that optimal packing density. The

optimal packing density is the same for both power per turbine and total power, as
the gradients dP tuned /dϵL are the same for both measures of power capture due to a
constant number of turbines in each row.
The optimal packing density for maximum tuned power is high for a single row,
ϵopt
L

= 0.8. Further, the tuned power captured by a single packed row does not change

substantially for high packing densities in the range 0.8 < ϵL < 1.0. Hence, to get the
most power from 4 turbines in one row they should be packed as tightly as possible
into one side of the channel, or spread out, up to a packing density of 0.8. In this small
channel this packing density equates to turbines spaced 1.25 diameters (25 m) apart.
This optimal packing density, ϵopt
L , decreases for arrays that have more rows. This
means that as rows are added to an array the turbines need to be spread out further
across the channel to get the most power from each turbine. The array still captures
more power by packing the turbines into one side of the channel, just not as tightly
packed as for a single row, decreasing down to a packing density closer to 0.45 for 7
packed rows. This decreasing ϵopt
L is shown for arrays of 1 to 7 rows in Figure 5.3a.
The larger arrays with 5 or 7 rows start to occupy a significant fraction of the
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channel. Given that the aim of building an array with packed rows is to allow other
users access to the water, there may be a limit to the fraction of the channel’s width the
array will be permitted to occupy. The power that an array at a sub-optimal packing
density can capture can also be assessed from Figure 5.1.
Moving to sub-optimal ϵL in arrays with more packed rows results in a greater
decrease in the total power, compared to a smaller decrease for fewer rows with suboptimal ϵL . This is illustrated by looking at the diﬀerence in total power captured by
optimally packed rows compared to either uniformly spread or densely packed rows in
Figure 5.1b. For 1 packed row there is a 13% decrease in total power capture as ϵL
decreases from ϵopt
L to ϵ = 0.32 (uniformly spread). In contrast, for 7 packed rows, this
diﬀerence is only a 3% decrease. Thus, the benefit of packing turbines tightly into one
side of the channel decreases as more rows are added to the array. On the other hand,
comparing the total power capture by 7 packed rows with optimal packing density to
total power capture by 7 densely packed rows shows that there is a 22% decrease in
power capture as the turbines are packed closer together from ϵL = 0.44 to ϵL = 1.
This 22% decrease at sub-optimal blockage is larger than the 13% decrease for 1 row
at the worst sub-optimal tuning. Hence, as more packed rows are added to an array, it
becomes more important to choose an optimal packing density to get the most power
out of the channel.
As another consideration, due to operational constraints imposed by other users of
the waterway it may be desirable to build an array at sub-optimal packing densities.
Especially for large arrays with multiple rows of turbines, as the optimal packing density
for maximum power for these arrays takes up a significant fraction of the channel’s
width. The tuned total power capture at sub-optimal packing densities can be assessed
for a given packing density that is imposed by local environmental restrictions from
Figure 5.1.
The total power and power per turbine captured by arrays of tuned turbines at
a range of diﬀerent packing densities are shown in Figure 3.9a and b. The dominant
shape in Figure 5.2a is the upward trend in total power captured as the array consists
of more rows. Conversely, the power per turbine reduces as more packed rows are
added to the array.
The total power can be increased by 13% to 22% by changing the packing density
for a given number of rows. However, the dominant change in power capture, either
total or per turbine, for packed rows is dictated by the number or rows rather than
the packing density. In Figure 3.9 this is shown in the relatively small diﬀerence in
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Figure 5.2: a) Total power and b) power per turbine as a function of
the number of packed rows of tuned turbines with a range of packing
densities from ϵL = ϵ (uniformly spread) to ϵL = 1 (densely packed) .
power between curves with distinct packing density compared to the large increase in
power along each curve as the number of rows increases. In other words, there is more
change to the power captured by the turbines as the number of packed rows increases
than as the packing density changes (Figure 5.2). Hence, the packing density is a
secondary consideration beyond global blockage or the number of rows, when choosing
array layout for maximum power capture.
This secondary eﬀect is still of value, as it allows a packed row of turbines to
capture more power with the same number of turbines and similar cost to build the
array. Uniform rows can only do this by blocking a significant fraction of the channel’s
width with a small number of rows (Section 3.5). So packed rows of arrays are an
option that allow a 13% to 22% gain in total power capture while still leaving empty
space in the channel for other users of the waterway.
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5.1.1

Power capture at ϵopt
L

The optimum packing density to maximise either measure of power capture by 1 to
7 packed rows is plotted in Figure 5.3a. The decreasing trend in the change in the
optimal packing density as rows are added to the array converges towards a lower
optimal packing density for arrays that have more rows. This trend depends on all
turbines in the array being tuned for maximum power in that array as well as each row
having ϵopt
L .
opt
opt
The change in Pper
turb at ϵL as the number of rows in the array increases from 1

to 7 is shown in Figure 5.3b. This figure shows that each turbine captures less power
as packed rows are added to an array of turbines, even once those packed rows are
arranged at optimal packing density. The most power that a single packed row of 4
turbines can capture in this channel is 1.44× the power captured by an isolated turbine.
This drops below 1 turbine of power once the array has 3 rows of tuned turbines. In
this way, for 3 or more packed rows of turbines the power that each turbine, tuned to
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that layout, can capture is less than a single turbine in isolation, even when packed
into the optimal packing density. This is partly due to the water in the channel as a
whole being slowed by the added rows of turbines and partly due to the unloading of
each turbine that is required to achieve maximum tuned power capture with 3 or more
rows.
For an even larger array of 7 rows of 4 turbines, each turbine can only capture 0.67×
the power of an isolated turbine, even at ϵopt
L , Figure 5.3b. This is less than half the
power that each turbine would capture if the array only consisted of 1 row of turbines.
opt
Further, the gradient, dPper
turb /dn, is less steep for arrays with more rows, suggesting

that the power per turbine is converging towards a limit around 0.6× the power of an
isolated turbine in array with a large number of rows of 4 tuned turbines at ϵopt
L . This
convergence for more rows could be further explored in a model of a longer channel.
From the decreasing trend in the optimum packing density with more rows, it
appears that larger arrays with more than 7 rows would have an even lower optimum
packing density, Figure 5.3a. These larger arrays are likely to be far less eﬃcient at
capturing power per turbine than arrays with fewer packed rows (from Figure 5.3b).
However, it is dangerous to extrapolate too far beyond the range of the arrays simulated
and there is an obvious spatial constraint of ϵL = ϵ that limits how much further a
fixed number of turbines can be spread out in a channel.
In contrast, the total power captured by packed rows at optimum packing density
increases as the number of packed rows increases, Figure 5.4, highlighted by a solid
linear line fitted to the five points for ϵopt
L with tuned turbines. There is some deviation
from linearity that decreases the total power capture by optimally blocked rows for
arrays with a large number of rows (indicated by a dashed line in Figure 5.4). This
deviation from linearity means that as a tuned row at optimal packing density is added
to an array with 5 rows, there is a slightly smaller increase in the total power gained by
opt
adding that extra row. This trend of decreasing dPtotal
/dn with increasing n is likely

to continue as rows are added and the total power capture tends towards Garret and
Cummin’s (2005) theoretical limit of power capture for this channel (205× the power
captured by the first turbine in isolation). This is compared to a relatively larger gain
in total power by adding an extra optimally packed row of tuned turbines to an array
with less than 5 rows. Hence there is a nearly equal gain in the total power captured
by the array by adding another optimally packed row that only slightly diminishes as
the number of rows increases. It is important to note that this is due to the optimal
packing density and tuning specific to that layout. This increase in total power does
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Figure 5.4: The total power at optimal packing density for maximum
power for 1 to 7 packed rows with ϵ = 0.32. The increasing trend is
highlighted by linear (solid line) and quadratic (dashed line) fits to
the points.
not occur linearly as rows with the same packing density are added to the array as
shown in Figure 3.9.

5.1.2

Layout of optimally packed rows

An array of 7 packed rows of 4 turbines is optimised for maximum power at a packing
density of 0.45, shown in Figure 5.5e. At this packing density the turbines spread out
to almost completely fill the channel width, allowing only a small gap on one side for
other users of the channel. The decrease in the optimal packing density for maximum
power is evident in Figure 5.5 moving from 1 to 7 rows in Panel a to e respectively.
These figures illustrate the change in layout at the optimum packing density identified
in Figure 5.1a and b.
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Figure 5.5: The layout at optimum packing density and the vorticity
field at peak flow for a) 1 to e) 7 packed rows of tuned turbines. ϵL =
0.8, 0.65, 0.55, 0.45 and 0.45 and the bypass region at the top is 0.60,
0.51, 0.42, 0.29 and 0.29 of the channel width in a) to e) respectively.
The location of turbines for these layouts are shown by the black
rectangles and colour shows vorticity. Colour scale ranges from strong
anti-clockwise (blue) through no rotation (green) to strong clockwise
rotation (dark red).

5.2

Fluid dynamics for packed rows

As turbines are packed into a smaller area on one side of the channel, the tuned turbine
drag coeﬃcient for maximum power changes in response to changes in array layout.
This is influenced by a change to the overall channel dynamics of the free-stream
velocity and pressure head loss with diﬀerent layouts of packed rows. This section
explores the change in turbine tuning needed for tuned power capture in arrays with
diﬀerent layouts.
The diﬀerences in tuning relate to a change in turbine design for maximum power
capture in a given array layout. Hence, this section is of relevance to turbine manufacturers and array developers looking to design turbines for operation in large arrays of
packed rows. As the first study to explore packed rows of tuned turbines in a channel
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Figure 5.6: The tuned turbine drag coeﬃcient for maximum power
capture for diﬀerent layouts of packed rows with ϵ = 0.32. The trend
for each number of rows is highlighted by a fitted curve. The “nominal
tuning” bars show the range of turbine drag coeﬃcient tuning that
would give 99.5% to 100% of the maximum power. Increasing or
decreasing Ct from the maximum will decrease power capture so the
highest power capture is at the centre of the error bars. The black
crosses indicate the optimal packing density that gives the maximum
power and the tuned turbine drag coeﬃcient at that optimal packing
density.
driven by a tidal head, this analysis explores the optimum tuning of turbines in packed
rows where the free-stream flow is slowed in response to adding or tuning the turbines.

5.2.1

Tuned turbine drag coeﬃcient

The change in Cttuned with diﬀerent layout of packed rows of turbines is shown in
Figure 5.6. The “tuning range” or nominal error bars show the range of turbine drag
coeﬃcient that would give 99.5% to 100% of the maximum power for that layout so
reflect a design tolerance. Increasing or decreasing Ct from the maximum will decrease
power capture so the highest power capture is at the centre of the error bars. The
magnitude of these tuning ranges are a significant fraction of the overall change in the
tuned turbine drag coeﬃcient. This indicates that the changes in tuned turbine drag
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coeﬃcient for most packed rows are only a small diﬀerence between similar layouts.
However, the diﬀerences between low and high global blockage for more than 2 rows
are outside of the tuning range for a given global blockage. Further, although there is a
large range in the tuning bars, there are still trends in tuned drag coeﬃcient within the
nominal tuning range that are worth exploring. Designing a turbine to Cttuned , at the
centre of the tuning range for a given array layout will give fractional gains in power.
This can potentially be achieved with only a small change to the design of each turbine
so it is worth designing towards the centre of each tuning range.
This decreasing trend in Cttuned as ϵL increases is evident for 2 to 7 packed rows of
turbines for all packing densities. This downward trend in the Cttuned with more rows,
at the optimal packing density, is also evident of a larger trend in Figure 5.6. That
is, for any packing density Cttuned is lower for arrays of more turbines. So again, when
packed rows are added to the array to get more total power, this is at the expense
of less power per turbine. At the same time the tuned flow conditions for maximum
power capture are achieved when each individual turbine is unloaded. These unloaded
turbines have a lower so they impose less force on flow of a given velocity.
The only deviation from this decreasing trend is for small arrays of 1 packed row or
2 packed rows with low packing density. For 1 packed row the trend with increasing ϵL
is quite flat with a slightly lower drag coeﬃcient for low packing density, well within
the tuning bars in Figure 5.6. For 2 rows with ϵL < 0.5 the same decrease in Cttuned
that was noted for a single row is present. At these low packing densities the 4 turbines
are spread evenly across the row. When turbines are spread apart like this there is
less interaction between wakes, particularly for only 1 or 2 rows where the meandering
wake is not deflected away from downstream turbines as much as it is for more rows.
These deviations from the trends suggest a combination of packing density and number
of rows that define an array density above which the wake interaction is no longer the
dominant eﬀect on turbine tuning. In which case this would be greater than ϵL = 0.5
to 0.6 for 2 or 1 packed rows respectively.
The ϵopt
L that gives the maximum power for an array with a given number of packed
rows is indicated by the black crosses in Figure 5.6, also indicating Cttuned at that
optimal packing density. Cttuned at ϵopt
L decreases as the number of packed rows in an
array increases. In other words, as the number of packed rows in an array increases,
turbines in the optimum layout spread out into the channel to occupy more of the
water space. At the same time, individual turbines within the array are unloaded, as
each turbine needs to apply less force on the flow to tune the channel dynamics for
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maximum power capture in that new optimum layout.

5.3

Impacts of packed rows on the free-stream flow

By packing turbines into one side of the channel, a section at the other side of the
channel allows the water to bypass the array, resulting in the higher velocity bypass
region seen in the turbine layout in Figure 5.7d and e. Movies showing the full tidally
varying head loss, velocity and vorticity around these arrays with optimal packing

Figure 5.7: Instantaneous snapshots of the velocity field relative to
the maximum free-stream velocity with no turbines, U0 , in the whole
channel. a) to e) show 1 to 7 packed rows of tuned turbines with ϵopt
L
for each number of rows. Taken at maximum flow to the right, t = T .
Turbine locations are shown by black rectangles. ϵopt
L decreases as the
number of rows increase and the turbines are less densely packed into
the side of the channel. Movies showing the full tidally varying head
loss, velocity and vorticity around these arrays are in Appendix B.
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Figure 5.8: The impact on free-stream velocity by layouts of 1 to 7
packed rows of tuned turbines with ϵ = 0.32. Free-stream velocity
is 1.0 in a channel with no turbines and reduced to a fraction of
this by adding turbines. Black crosses indicate the optimum packing
density for maximum power for n packed rows. Horizontal dotted
lines indicate Uf ree = 85%, 90% and 95% of empty channel velocity.

density are in Appendix B. The instantaneous velocity reduction around arrays with
tuned
ϵopt
for 1 to 7 rows is shown in Figure 5.7a to e, respectively.
L and turbines tuned to Ct

This shows how the velocity in the channel changes in response to changes with the
optimal packing density and tuning for arrays with increasing number of rows. This
was discussed previously for uniform rows in Section 4.4 but there are some significant
diﬀerences for packed rows due to the bypass region at the side of the channel with no
turbines, in Figure 5.7.
The impact of varying packed array layout and the number of rows on the freestream flow is shown in Figure 5.8. The free-stream velocity in the channel is influenced
more by increasing the number of rows in the array than by changing the packing
density. The largest array slows the flow the most when uniformly spread across the
channel (down to 80% of natural flow). Even a single row of 4 turbines slows the
free-stream velocity by 4% to 5% of the natural flow with no turbines in the channel.
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This seems reasonable given that the total number of turbines in the array increases
as the number of rows increases.
The trend in R̄f ree as the turbines in each row are more densely packed into one
side of the channel is highlighted by fitted curves in Figure 5.8. As multiple packed
rows of turbines are packed more densely into one side of the channel, R̄f ree increases
and the total power captured reduces. This is because there is an increasingly large
bypass region as the turbines are packed into one side for optimal packing density. The
relative increase in the velocity in the bypass region can be seen in Figure 5.7a to e.
The velocity in the bypass region is faster than in the empty channel, Rf ree > 1, while
the free-stream velocity (to the left of the array) is decreased further below the velocity
in an empty channel as the number of rows increases.
This trend does not hold for 1 or 2 rows of turbines where there is only 1% change
in the free-stream velocity as turbines are packed more densely into one side of the
channel, Figure 5.8. For an array with 2 rows there is a 2% further reduction in the
free-stream velocity when ϵL = 0.5 compared to uniformly spread or densely packed
rows. This compares to a 6% or 7% smaller flow reduction by 5 or 7 densely packed
rows compared to the same number of rows uniformly spread across the channel.
The optimum packing density for maximum power capture and the free-stream
velocity reduction at that blockage for arrays of 1 to 7 rows is indicated by black
crosses in Figure 5.8. The free-stream velocity at each of these crosses decreases as the
number of rows increases and the total power capture increases. This indicates that
the maximum power will be captured by a packed array with increasing impact on the
free-stream velocity as rows are added to the array. This increase occurs particularly
sharply for more than 5 rows suggesting that as an array gets large is has an increasingly
large impact on the natural flow.
Interestingly, each black cross on a curve in Figure 5.8 occurs at nearly, but not
quite, the highest reduction to free-stream velocity for an array with a given number of
rows. In other words in an array with ϵopt
L the free-stream velocity is reduced to nearly
the largest reduction that an array with that many packed rows of 4 turbines could
cause. Spreading the turbines in each row out slightly more than ϵopt
L would slow the
flow slightly more, but only about 1% more than at optimal packing density. This 1%
diﬀerence between the highest possible velocity reduction by N turbines in n rows and
the reduction by those turbines at ϵopt
L for the same n rows is consistent for 1 to 7 rows.
As ϵL increases so does the bypass region on the side of the channel that is empty
of turbines. This is clearly responsible for allowing the free-stream velocity to travel
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at closer to the empty channel velocity. At higher ϵL individual turbines tuned to
that layout, are also unloaded for tuned power capture (lower Ct in Figure 5.6). This
unloading further contributes to the reduced impact on the free-stream velocity by
increasingly densely packed rows. The power capture by these densely packed rows
depends on the number of rows in the array: for 1 row there is a small gain in power at
high ϵL while for 3 to 7 rows less power is captured by the most densely packed rows.
Even at packing densities very near ϵopt
L the natural flow is reduced by roughly the
most that a given number of packed rows of turbines can reduce the flow by. So at first
appearance packing turbines to optimum packing density doesn’t give much advantage
in reducing the impact on natural flow.

5.3.1

Packed rows increase power capture at a given flow reduction

The free-stream velocity is not independent of power capture, rather as an array layout
changes to capture more power from the flow, this layout further slows the free-stream
velocity. The balance between the benefit of capturing more total power for electricity
from the channel and the local environmental impact of reducing the natural flow rate
for the channel is shown, for arrays of packed rows, in Figure 5.9. This figure is hugely
significant as it clearly shows the advantages and compromises in power capture and
environmental impact of diﬀerent layouts of arrays with packed rows. Packed rows
remove power more eﬃciently in that they remove more power for a given reduction in
free-stream velocity.
Figure 5.9 shows the total power captured by the array plotted against R̄f ree , down
from the empty channel velocity of 1.0, as more packed rows are added to the channel
to capture more power. The multiple points for arrays with a given number of rows,
are at the diﬀerent packing densities simulated. These points are separated, based
on the number of rows, in a way that didn’t occur for uniform rows, because each
row class for packed rows contains the same number of turbines and hence shows a
perturbation from the trend for uniform rows. The power and free-stream velocity for
arrays with uniformly spread packed rows (ϵL = 0.32) are indicated by crosses on top
of the point. As a layout gets further from these crosses, the packing density increases
up to 1.0. Points further to the top and right of this figure indicate a better balance
of high power capture with low reduction to the channel’s natural flow. Conversely,
points to the bottom and left show a higher impact on the natural flow with less power
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Figure 5.9: The total power that an array of packed rows of 1 to 7 rows
of 4 turbines can capture is roughly proportional to the free-stream
velocity as a fraction of the velocity in an empty channel. The natural flow in this channel without any turbines is 1.0. Adding packed
rows decreases the flow to a proportion of this. The pluses indicate
uniformly spread rows with arrows showing deviation to maximum
power and an ideal balance of power and free-stream velocity. Higher
packing densities for a given number of rows move towards higher
free-stream velocity, except 1 or 2 rows. The solid line is a linear fit
to all points plotted in this figure. The dashed line is the linear fit
for uniform rows from Figure 4.15.

production.
There is a roughly linear relationship between the total power capture and the
reduction in the channel’s free-stream velocity that results from that power capture,
shown by a solid line in Figure 5.9. This near-linearity is dependent on tuning turbines
in each array for that layout. This linear fit is similar to the linear fit for uniform
rows shown previously in Figure 4.15 (dashed line in Figure 5.9). This linearity shows
that to capture a certain amount of power, the overall channel velocity will be slowed
to roughly the same fraction of the empty channel velocity. Irrespective of how the
turbines are arranged within a channel, or how many turbines are in the channel, the
power production is roughly proportional to flow reduction.
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Interestingly, within each row class the linearity breaks down. There is a 5% to 10%
deviation from the linear trend as a consequence of packing turbines more densely into
one side of the channel. The deviations follow a consistent trend for arrays with 3 or
more rows and describe extra power capture for smaller impact by some layouts. The
trend for a given number of rows starts with the uniformly spread rows, indicated by
black crosses in Figure 5.9. These uniform cases for 3 or more rows are furthest below
and to the left of the trend line for a given number of rows. This means they capture
less total power for a given velocity reduction compared to slightly higher ϵL . Uniform
rows also force a higher reduction in free-stream velocity than any other packed row
layout with the same number of turbines.
Moving to slightly higher ϵL than uniform, the points lie slightly further towards
the “ideal” top and right of Figure 5.9. Although no arrays actually lie within the top
right quadrant where more power is captured with less change in velocity, arrays with
slightly higher ϵL move towards this “ideal” region, indicated by the shorter arrow in
Figure 5.9. This change with increasing ϵL indicates that as the total power increases,
up to ϵopt
L , there is also a small increase in the free-stream velocity towards the natural
flow rate (R̄f ree = 1). Up to this optimum packing density there is an increase in total
power capture with an associated small decrease in the impact on natural flow. At
packing densities higher than ϵopt
L the total power captured by the array reduces with
an accompanying smaller reduction to the free-stream velocity than the linear trend
indicates. This is shown by these points for higher ϵL lying above and to the right of
the linear trend line in Figure 5.9. As turbines are packed more densely from uniform
to the ideal balance of power capture and flow reduction, indicated by the longer arrow
in Figure 5.9, the power capture stays the same but the impact on the free-stream
velocity decreases.
In this way packing turbines onto one side of the channel, that is a higher packing
density, reduces the impact on the free-stream velocity. However, this reduced impact
comes with an attendant reduction in the total power that can be captured by the
array. These more densely packed arrays still broadly follow the same linear trend
for the power that can be captured by the array for a given reduction in free-stream
velocity, with some deviation as ϵL changes. The gradient of this reduction in impact
on the free-stream velocity, with changing total power capture, is close to the gradient
that is seen when extra power is captured from the flow by adding more turbines to
each uniform row. This line for uniform rows was shown previously in Figure 4.15 and
is highlighted in Figure 5.9 by the dashed line.
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This reduced impact on the flow with no decrease in the power capture by packed
rows comes from two eﬀects. The bypass region on the open side of the channel allows
water to flow unimpeded. The water flows faster around the edge of the packed rows,
with highest velocity near the open edge of each row, as seen in Figure 5.7. This
contributes to the reduction in impact on the free-stream velocity. Secondly, the wake
is less mixed within the extent of the channel for more densely packed rows, shown in
the vorticity snapshots in Figure 5.5. The high vorticity on the array side of the channel
compared to the bypass side of the channel shows that the array’s wake has not mixed
into the bypass flow. This eﬀect is stronger for more densely packed rows. This reduced
mixing comes with a reduction in power lost in the mixing process (Vennell, 2012a)
and hence there is more power available in the channel that the array can capture.
It would be tempting to design large arrays to take advantage of this reduced impact
on the natural flow by packing turbines closer together on one side of the channel. This
allows more space on the other side of the channel for other users of the waterway at
the same time as a reduced impact on the natural flow rate. However, this must be
weighed in balance by the reduced power capture by packing large arrays into one side
at higher packing density than ϵopt
L .
There is an advantage to a site developer to choosing a specific packing density for
an optimal balance of flow reduction and power capture. The balance of power captured
to impact on free-stream velocity does deviate from the linear trend as turbines are
densely packed. By designing an array to the optimum packing density for maximum
power or slightly higher packing density, this balance can be tailored to meet the
local environmental concerns and power capture that govern a given tidal development
project.

5.4

Variation in power capture within an array

When turbines are packed densely into one side of the channel it might be expected
that turbines near the wall might produce less power than the turbines furthest from
the wall. The high speed flow that deviates around the array and through the gap
results in stronger flows near this edge so perhaps those turbines would be expected to
capture more power. To test this hypothesis, the power captured by individual turbines
at diﬀerent locations in some of the large arrays simulated are compared here.
The power capture by the 28 turbines in the optimally packed array of 7 rows of 4
turbines is shown in Table 5.1. The power capture is over a tidal cycle. The power is
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Table 5.1: The power captured by each individual turbine over a
tidal cycle in an array of 7 rows of 4 turbines normalised by the
power captured by a single turbine in isolation in this channel. The
array has optimum packing density with tuned turbines for maximum
power capture (n = 7, ϵopt
L =0.45).
Row:
1
2
3
4
5
6
7
Turbine 1, Closest to bypass 0.80 0.67 0.63 0.68 0.62 0.64 0.80
Turbine 2
0.76 0.60 0.61 0.68 0.63 0.60 0.78
Turbine 3
0.83 0.61 0.64 0.71 0.62 0.62 0.79
Turbine 4, Closest to wall
0.73 0.53 0.57 0.62 0.56 0.53 0.75
Table 5.2: The power captured by each individual turbine over a tidal
cycle by a 1 row of 4 turbines normalised by the power captured by
a single turbine in isolation in this channel. The array has optimum
packing density of tuned turbines for maximum power capture (n =
1, ϵopt
L = 0.8).
Row 1
Turbine 1, Closest to bypass
1.37
Turbine 2
1.43
Turbine 3
1.54
Turbine 4, Closest to wall
1.47
normalised by the tuned power produced by a single turbine in isolation over this tidal
cycle in the same small channel, such that a single turbine in isolation in this channel
captures 1 unit of power in this scale. Each column of the table corresponds to a row
of the array. The velocity around this array, at peak flow, is shown in Figure 5.7e.
The turbine closest to the wall captures slightly less power than the other turbines
in each row. The diﬀerence is only about 7% but is consistent across rows 2 to 6. This
higher power capture by turbines near the bypass region is due to the higher velocity in
the bypass region which impacts the velocity in the nearest row of turbines. The power
captured by the leading row in each direction (rows 1 and 7) is 15% more than each
other row and the diﬀerence in power capture by turbines within the leading rows is
only 5%. This makes sense since the leading row gets undisturbed flow for a portion of
each tidal cycle, once the reversing wake has passed through the leading row, resulting
in these turbines capturing more power than middle turbines. Each other row is sitting
in the wake of upstream rows for the entire tidal cycle so is capturing less power. The
power capture is reasonably symmetric around the central row of the array (4) with
small diﬀerences due to the turbulent nature of the wakes.
For comparison with this large array, the power capture by individual turbines in
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1 row is shown in table 5.2. This array layout and the velocity around this array, at
peak flow, is shown in Figure 5.7a. In this single row, the turbines closest to the wall
capture slightly more power than the turbine furthest from the wall (turbine 1). This
is the opposite trend to that seen in power distribution across the larger array but
the diﬀerences are both small, around 15%. This diﬀerence suggests that there is a
change in the dynamics that determine power capture between a small packed row and
7 packed rows. This change could required diﬀerent tuning of turbines close and far
from the wall between the two array sizes, to truly maximise power capture for each
array.
In a given layout all of the turbines are assumed to have the same tuning, they
have been tuned for maximum power capture by the whole array over a tidal cycle. No
attempt has been made to tune each turbine individually and it would be interesting
to look at the change in the distribution in power capture across a given array if all
turbines were tuned individually. This would be an interesting extension, following
the tuning in-concert used by Vennell (2011b). Vennell (2011b) found that there was
some advantage to tuning each turbine individually for maximum power capture by
the whole array. It was also shown that in channels with high λ0 such as this small
channel, the in-concert tuning for individual turbines was similar for all turbines in the
array. Tuning each turbine individually expands the exploration space by a factor of
N × n which is computationally too expensive in this thesis.

5.5

Eﬀect of higher global blockage

This section looks at the change to array optimisation when the array consists of packed
rows with a higher global blockage: ϵ = 0.48. This compares to the arrays of packed
rows where the global blockage was ϵ = 0.32, with less turbines per row in Sections
5.1 to 5.3. In the small channel example here that mean 6 turbines per row, packed
into a successively smaller fraction of the channel’s width to achieve a range of packing
densities from uniform to densely packed with no space between blade tips. This covers
the range ϵL = 0.48 to 1.0.
Again, arrays of 1 to 7 rows have been simulated and the tuning curves for these
simulations are in Appendix A. The tuning curves for each of these blockages identifies
the maximum tuned power and the combination of tuning that leads to the channel
dynamics that yield maximum power for a given array layout. The features of the
tuning curves are similar to previous tuning curves discussed in Section 3.1. The total
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Figure 5.10: Total power for 1 to 7 packed rows with two global blockages. Fitted curves are shown for ϵ = 0.32, without data points, for
clarity. Total power is normalised by the power captured by an isolated single turbine in this channel. The arrays are uniformly spread
at low packing density, where ϵL = ϵ and densely packed into one side
at ϵL = 1. Packing densities below 0.48 for rows with global blockage
of 0.48 would be non-physical.

power captured by the array by each layout, with turbines tuned for that layout, is
shown in Figure 5.10.
The overall shape of the trend curves in Figure 5.10 is similar to the trends for
lower global blockage. For a single row the power capture is mostly independent of
packing density, with a slightly higher power capture by packing the turbines densely
into one side of the channel. For an array with 2 or 3 rows, ϵopt
L is between the global
blockage and 1.0.
However, for more than 3 rows of higher global blockage, power capture is maximised
by uniformly spreading the turbines in each row across the channel. This is in contrast
to the arrays with lower global blockage where there was some advantage to packing
these large arrays to an optimal packing density on one side of the channel. Arrays
with higher global blockage (solid lines Figure 5.10) only exhibit a similar maximum
for arrays of 2 or 3 rows.
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Table 5.3: The diﬀerence in power per turbine between spreading
turbines uniformly and packing them optimally at ϵopt
L . Both cases
compare rows of tuned turbines, but have 4 or 6 turbines per row
(ϵ = 0.32 and 0.48, respectively). # Power doesn’t change significantly
∗
so there is no ϵopt
Power is maximised by uniformly
L for this case.
spreading 5 or 7 packed rows of ϵ = 0.48 across the channel so there
is no diﬀerence.
Fractional power
Global
Number of rows
diﬀerence
blockage, ϵ
1
2
3
5
7
opt
0.32
0.13
0.19
0.13
0.06
0.03
P (ϵL =ϵL )−P (ϵL =ϵ)
P (ϵL =ϵopt
0.48
0# 0. 07 0.03 0∗
0∗
L )

The shape of the curves in Figure 5.10 suggests that the optimum packing density
for maximum power might be less than the global blockage, ϵL < ϵ. This packing
density is non-physical so it isn’t shown. The optimum global blockage for uniform
arrays of 5 and 7 rows is ϵopt = 0.58 and 0.4 respectively (Figure 3.4) . These global
blockages are higher or nearly as high as the ϵ = 0.48 that was used for these arrays
of packed rows with higher global blockage. This suggests that when ϵ > ϵopt , there is
no way to arrange packed rows of turbines to get more power from the flow than by
spreading them uniformly across the channel. In other words, when deciding how to
arrange an array of turbines to get the most power out of a channel, the most important
consideration is the global blockage.
The trend lines for an array with higher global blockage show that there is only a
small variation in total power capture by packing turbines more densely than uniform.
This is especially true for a single row (Figure 5.10). This means that increasing the
packing density from uniformly spread (ϵL = ϵ) to the optimum for maximum power
capture (ϵL = ϵopt
L ) has a relatively minor eﬀect on the power per turbine at this global
blockage of 0.48. This variation in power capture between optimum and sub-optimum
packing density is smaller than the variation that was seen for a lower global blockage,
ϵ = 0.32 in Section 5.1. This diﬀerence in the benefit of packing the turbines in each
row to ϵopt
L between two diﬀerent global blockages is summarised in table 5.3. This
table shows the diﬀerence in power capture between rows that are packed optimally
for maximum power capture (ϵL = ϵopt
L ) and uniformly spread rows (ϵL = ϵ) for the
two global blockages in this table, ϵ = 0.32 and 0.48, representing 4 and 6 turbines per
packed row, respectively.
It is clear from table 5.3 that the array with lower global blockage gets a larger
benefit from packing at optimum packing density than the array with higher global
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blockage. This is mostly because uniformly spreading turbines is the optimal layout of
packed rows of more than 3 turbines. The largest benefit from packing turbines to ϵopt
L
is 19% for 2 rows with ϵ = 0.32. This compared to a maximum diﬀerence of 7% for 2
rows with ϵ = 0.48.
There are small adjustments to array layout that can give up to a 19% increase
in power by packing turbines into one side of the channel. However, if the array is
to contain more turbines per row than will exceed the optimum global blockage, ϵopt ,
then there is no benefit to packing those turbines into one side of the channel. Once
the array exceeds the optimum global blockage for uniform rows, changing the packing
density does not yield any more power, in fact it reduces the power capture.

5.5.1

Power capture at optimum packing density with higher
global blockage

The total power and power per turbine captured by the tuned arrays at the optimal
packing density for maximum power capture is shown in Figure 5.11a and b, respectively. As the number of rows increases, both the tuning and the packing density change,
both to give the tuned conditions for power capture. Figure 5.11a shows that the total
power captured by the array increases monotonically as the number of rows of tuned
turbines at ϵopt
L increases from 1 to 7. This trend parallels the trend for lower global
blockage shown previously in Figure 5.4 and reproduced in Figure 5.11a with a dashdot line. While the total power increases as these optimally packed arrays have more
packed rows, the power that each turbine captures decreases (Figure 5.11b).
The arrays of tuned turbines with higher global blockage capture more total power
than those with lower global blockage largely because there are more turbines in the
array. However, there is also some extra power captured by each turbine in the array
due to the higher global blockage. The higher global blockage is closer to ϵopt
L for 1 to
7 rows so the power per turbine is also higher for these packed rows with higher global
blockage and optimal packing density (Figure 5.11). So as the number of packed rows
tuned
increases the power capture follows similar trends for both global
with ϵopt
L and Ct

blockages. This is despite the eﬀect where the higher global blockage rows are above
ϵopt . These trends are the same for both total power and power per turbine.
186

5.5. Eﬀect of higher global blockage

Total power at optimum packing density

30
25
20
15
10
5
0
1
Power per turbine at optimum packing density

opt

a) Ptotal

2

ε = 0.48
ε = 0.32
2

3
4
5
Number of rows

6

7

opt

b) Pper turb
1.5

1

0.5
ε = 0.48
ε = 0.32
0
1

2

3
4
5
Number of rows

6

7

Figure 5.11: The a) total power and b) power per turbine captured
by the array of tuned packed rows at ϵopt
L for ϵ = 0.48 (6 turbines
per row) and ϵ = 0.32 (4 turbines per row). The tuning and packing
density are optimised for maximum power for that specific ϵ and ϵopt
L
for n rows in each case.

5.5.2

Turbine tuning for packed rows with higher ϵ

The diﬀerence between the two tuning parameters, r̄1tuned and Cttuned , for maximum
power as the layout of packed rows changes for arrays with diﬀerent global blockages
are shown in Figure 5.12a and b respectively. The range of variation in the tuning
parameter is slightly higher for rows with the higher packing density than with lower
packing density. However, the overall trends with increasing ϵL and n for smaller
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Figure 5.12: Tuned values of a) r̄1 and b) Ct for turbines in arrays of
1 to 7 packed rows with two global blockages, only fitted curves are
shown for the ϵ = 0.32 for clarity. The lowest packing density that
each fitted trend extends to is the global blockage for that layout,
representing the uniformly spread limit of these rows. Conversely
ϵL = 1 is the limit where turbines are densely packed and there is no
space between turbines.
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packed rows (ϵ = 0.32) and larger packed rows (ϵ = 0.48) are similar. While the
absolute values of these turbine design parameters are not always the same, the change
in gradients are similar as packing density increases or the number of rows in the array
increase.
For a single row r̄1tuned and Cttuned are fairly constant as packing density increases.
The variation in Ct suggested by the fitted curve in Figure 5.12 is not necessarily
supported by the small variation in only 4 points. A constant value for Ct at all ϵL is
probably more appropriate for a single row with ϵ = 0.48. The 3rd order polynomial fit
to the four points for a single row was used only for consistency with the other curves
for more rows and the curve for a single row at lower global blockage. Hence, for a
single row turbines can be designed to the same drag coeﬃcient irrespective of packing
density. However, at higher global blockage the turbines need to be tuned to a higher
Cttuned . Strangely, this increase in Cttuned for higher global blockage is not reflected
in r̄1tuned . This local velocity reduction is only slightly higher for the single row with
higher global blockage.
For multiple rows, the same changes in gradient of tuning parameters with increasing ϵL that were discussed for the lower global blockage case in Section 5.2 are evident
for the higher global blockage case. There is a maximum tuned local velocity reduction
that occurs at a packing density that is well above ϵopt
L . In contrast to a single row, for
more rows there is only a small diﬀerence in Cttuned between arrays with the two global
blockages. Also in contrast to a single row, this small diﬀerence is magnified into a
larger change in r̄1tuned for packed rows with higher global blockage. This higher r̄1tuned
means that the local velocity inside the turbines is closer to the free-stream velocity for
an array with higher global blockage. This is probably due more to a bigger decrease
in free-stream velocity than an increase in local velocity inside the turbines.
The gradients of the two sets of curves for these two global blockages in Figure 5.12
show remarkable similarity despite diﬀerences in the absolute tuning parameter. There
is little diﬀerence in the relative changes in the gradients, dCttuned /dϵL or dr1tuned /dϵL ,
for arrays with the two diﬀerent global blockages in Figure 5.12. In other words, for
an array with a given number of packed rows, the packing density of each row aﬀects
r̄1tuned and Cttuned for maximum power capture in a similar way, irrespective of the global
blockage. It is only the magnitude of these turbine design parameters that changes with
the global blockage of each row. The magnitude is determined by the global blockage
that was observed for uniform rows in Section 4.
These tuning parameters are essentially design specifications for turbines operating
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Figure 5.13: Free-stream velocity for packed rows of tuned turbines
with two global blockages, only fitted curves are shown for the lower
ϵ = 0.32 for comparison. Free-stream velocity is a fraction of the
natural velocity in the channel with no turbines so an array with no
turbines has free-stream velocity of 1.0.
in a given array layout. This section has shown that tuning turbines to capture the
most power from the flow depends on three parameters of array design. The global
blockage, the packing density and the number of rows in an array all aﬀect the tuned
turbine design in a predictable manner. While all three factors contribute to the overall
channel dynamics to define the tuned drag coeﬃcient for maximum power capture, none
of these impacts are directly proportional. All three layout parameters have a similar
sized eﬀect on the tuned turbine drag and local velocity reduction.

5.5.3

Free-stream velocity reduction for packed rows with higher
global blockage

The variation in free-stream velocity for packed rows with higher global blockage shows
similar trends to the free-stream velocity in channels with arrays with lower global
blockage, Figure 5.13. The free-stream velocity is slowed more by the arrays of packed
rows with higher global blockage than by the smaller packed rows with lower global
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blockage, as might be expected.
More interestingly, packed rows of tuned turbines aﬀect the free-stream velocity in
such a way that the global blockage only aﬀects the magnitude of the impact. Adding
more turbines to each row does not change the response to the free-stream velocity as a
fixed number of turbines are packed closer into the side of a channel. Particularly, the
change in free-stream velocity as layout of a given number of rows or a given packing
density changes is consistent between these two global blockages.
The reduction in impact as ϵL increases is more marked for packed arrays with
higher ϵ than for the arrays with lower ϵ. For 7 rows with ϵ = 0.48 the uniformly spread
rows slow the velocity to 0.71 of natural flow while densely packed rows only slow the
flow to 0.8 of natural flow. In arrays with a lower global blockage these reductions
are 0.81 and 0.87, respectively. Thus, the benefit of smaller impact on natural flow
due to densely packing over uniform rows is larger (0.09) for arrays with the higher
global blockage than the impact reduction of 0.06 for densely packed rows with the
lower global blockage. This is probably a matter of more turbines impacting the flow
more and hence there is more room for a reduced impact by making a change in layout.
As shown previously, arrays with multiple rows reduced the impact on natural flow by
increasing the packing density at the expense of less power capture. This compromise
does not change with higher global blockage and is explored further in Figure 5.14.
The same deviations from a near-linear relationship between free-stream velocity
reduction and the total power captured by the array are apparent in these simulations
with a higher global blockage as shown in Figure 5.14. This figure is the same as Figure
5.9 except at a higher global blockage. The dashed line again shows the linear fit for
uniform rows and the solid line shows that the average trend is similar for these packed
rows. As for the lower global blockage, the deviations from linearity follow a trend for
each row class. For instance, the short arrow shows the power and free-stream velocity
increase by packing 3 rows to the optimal packing density for maximum power. This is
a 3% decrease in impact with a small gain in power capture. The longer arrow shows
the deviation from uniform rows to an optimum balance between total power capture
and impact on the free-stream velocity at higher packing density. This is 6% decrease
in the impact on free-stream velocity for only a 3% decrease in power.
Seeing this same trend in rows with higher global blockage supports the idea that
there are deviations from near-linearity for this balance, seen for lower global blockage.
This gives tidal energy site developers a useful tool for minimising local impacts while
potentially gaining more power from the array. The balance of impact on the free191
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Figure 5.14: The total power that an array of packed rows of 1 to 7
rows of 6 turbines can capture from the flow as a function of the freestream velocity. The solid line shows the linear trend while the dashed
line shows the linear trend found for global blockage from Figure 4.15.
Pluses indicate uniformly spread rows with arrows showing deviation
to maximum power and a more ideal balance of power and free-stream
velocity.
stream velocity and total power captured would need to be assessed individually for a
specific location based on local concerns but this trend should inform that decision.

5.6

Power capture by packed rows in a large strait

Packed rows with diﬀerent packing densities have been simulated in a larger strait for
comparison with layout optimisation in the small channel. These simulations are to
compare the eﬀect of a diﬀerent dynamical balance between friction and inertia on
the optimal layout of arrays of packed rows. Inertia is a more dominant eﬀect in this
larger, deeper strait. In contrast, natural bottom friction is more dominant in the
smaller, shallower strait. These simulations in the larger strait take approximately 10
times more computational eﬀort than the simulations in the smaller channel. For this
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Figure 5.15: The power captured by each turbine in packed rows of
turbines in a large strait and small channel for comparison. The open
black circle highlights the maximum tuned power and optimal packing
density for maximum power, ϵopt
L .
reason, only a small number of array layouts have been simulated in the large strait.
Tuning curves for 1 and 3 rows of turbines with global blockage of 0.3 (N = 15)
are shown in Appendix A. The power captured by turbines tuned for maximum power
capture in the specific layout is calculated from these tuning curves. This tuned total
power and power per turbine is shown in Figure 5.15 and 5.16 respectively.
Each dot in Figure 5.15 shows the total power captured over a simulated tidal cycle
by an array with 1 or 3 rows of a given packing density. When the packing density is
0.32 the turbines are uniformly spread across the channel as in the case of 4 turbines per
row in the small channel. This figure is comparable to Figure 5.1 for the small channel
and results for 1 to 3 rows in the small channel are reproduced here for comparison.
Arrays in the large channel show similar trends to the small channel in power capture
as packing density changes for 1 to 3 rows but ϵopt
L is lower in the large strait.
For single rows in both the large and small channels ϵopt
L is high, above 0.8, shown
by open circles in Figure 5.15. For 3 rows there is also an optimum packing density,
ϵopt
L = 0.4 in the large channel. This optimal packing density is lower than in the
tuned
small channel where ϵopt
= 0.55. However, the value of dPper
turb /dϵL is low near
L
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the optimal packing density so there is considerable uncertainty in the exact value
at which the optimal packing density occurs. So while Figure 5.15 suggests that ϵopt
L
occurs at a lower packing density in a larger channel the diﬀerence in this optimum
blockage is perhaps not significant for a single row. For 3 rows this diﬀerence looks
more significant, suggesting that the extra power to be gained by packing turbines to
an optimum packing density is less significant in larger arrays in a large strait than
in a small channel. This is possibly due to the extra across stream space available
for flow diversion in the large strait. With extra space available for flow to divert
around densely packed rows in the large strait, the power at high packing density is
comparatively lower than in the small channel, resulting in a lower optimum packing
density in the large strait.
Turbines in the large channel each capture considerably more power than those in
the small channel (Figure 5.15). At optimal packing density, turbines in an optimally
packed single row capture 1.45 turbines of power. In the large channel this is 2.3
turbines of power. For 3 rows they capture 0.95 and 1.6 turbines of power in the
small and large channels respectively. For arrays with 1 and 3 rows, this is 1.5 and 1.7
times more power captured by each turbine in the large channel compared to the small
channel.
The total power captured by arrays of 1 and 3 packed rows shows the same trends
as Figure 5.15 for the power per turbine. The total power does increase by adding 2
rows and this is at the expense of each turbine’s eﬃciency. This is the same situation
as for arrays in the small channel, reproduced here for comparison. Again, the total
power captured by an array in the large strait is significantly higher than in the small
channel due to the extra width allowing more turbines and the extra inertia in the flow
in the large strait.

194

5.7. Conclusions for packed rows

80

tuned

Ptotal

70

Total power

60
50
40
30

1 row large
1 row small
3 rows large
3 rows small

20
10
0
0

0.2

0.4
0.6
Packing density, ε

0.8

1

L

Figure 5.16: The total power captured by an array of packed rows of
turbines in a large strait.

5.7

Conclusions for packed rows

Arrays with packed rows of turbines have been simulated to explore the optimum
array layout under this constraint. This is potentially the only way that tidal arrays
will be permitted to be built due to constraints by other users of the water space.
While a previous analytical study has explored the power capture by a single packed
row (Nishino and Willden (2012)) the present study is the first to do this numerically
and with flow driven by a tidal head compared to a constant velocity. This allows
the velocity in the channel to adjust to the specific layout and tuning in a way that a
constant velocity does not. Other studies that have explored array layout with periodic
boundary conditions at the channel’s sides (e.g.: Batten and Bahaj, 2006; Batten et al.,
2006; Harrison et al., 2010) are unable to explore packed rows as they assume that the
array extends infinitely across the repeating channel section.
Nishino and Willden’s (2012) 1-D model calculated the power capture by a single
packed row with global blockages of ϵ = 0.5 and ϵ = 0.2 which are indirectly comparable
to the ϵ = 0.32 used in the present study. The gain in power by packing a single row
into the optimum packing density compared to uniformly spreading them is 13%. This
compares well with the 11% to 22% gain predicted by Nishino and Willden’s (2012)
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Table 5.4: Comparison of optimal packing density and relative power
capture by Nishino and Willden’s (2012) 1-D analytical model and
the present 2-D numerical model.
opt
Ptotal
(ϵopt
L )
Global Blockage
ϵopt
L
Ptotal (unif orm)
0.5 (Nishino and Willden, 2012)
0.32 (present study)
0.2 (Nishino and Willden, 2012)

0.67
0.82
0.83

1.13
1.11
1.22

1-D analytical model for ϵ = 0.5 and ϵ = 0.2 respectively, shown in Table 5.4. The
present study shows that the maximum power is extracted at ϵL = 0.82 for one row
which compares well to Nishino and Willden’s (2012) ϵL = 0.67 to 0.83 for ϵ = 0.5 to
0.2 respectively.
However, Nishino and Willden’s (2012) should not be directly applied to arrays
that are large enough to slow the natural flow in the channel because they implicitly
assume that free-stream velocity is not impacted by the array. In the present study
a single uniform row of ϵ = 0.5 reduces the free-stream velocity to 90% of that in a
channel with no turbines (Figure 4.10). The present study also shows that changing the
packing density of a single row does not significantly change the free-stream velocity
(Figures 5.8 and 5.13). Thus, Nishino and Willden’s (2012) assumption of no impact
on velocity is not quite valid for a uniform or packed row with a global blockage of
ϵ = 0.5 which slows the natural velocity by 10%. In contrast, a single uniform row
with ϵ = 0.2 only reduces the free-stream velocity by 2% of the natural velocity so this
assumption is reasonable for this lower global blockage.
Diﬀerent layouts of arrays made of packed rows with varying packing densities have
been simulated. Two global blockages have been used. The packing density has been
varied from uniformly spread to packing the same number of turbines densely into one
side of the channel. As such, it represents a small perturbation from the uniform row
layout explored previously, to explore the increase in power that is possible as a section
of the channel’s width is left free of turbines for other users of the water space.
Turbines in each array layout have been tuned for that layout by varying the turbine
drag coeﬃcient. The tuned value for this drag coeﬃcient decreases from 0.55 for a single
row to as low as 0.15 for 7 densely packed rows. The tuned drag decreases as rows are
more densely packed and as rows are added to the array. The local velocity through
the turbines increases as the tuned drag decreases. Thus, it is clearly necessary to tune
turbines to the specific packing density and the number of rows in the array. It is,
again, the first study to explore optimum tuning of turbines in a wide range of array
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layouts using numerical simulations, specifically LES with adaptive mesh.
Packing turbines into one side of the channel gives some advantage to the power
capture compared to spreading them uniformly across the channel.
• Up to 10% more power can be captured by packing turbines to an optimal local
blockage.
• The optimal local blockage for maximum power capture decreases as more rows
are added to the array.
• For a single row of 4 turbines, this optimal local blockage is high so the turbines
should be packed close together into one side of the channel to capture the most
power from the channel.
• As the number of rows in the array increases, each row needs to be spread out a
little further into the channel as the optimal local blockage decreases.
• At the optimal local blockage, a single row still captures significantly more power
per turbine than multiple rows.
• At the optimal local blockage adding rows increases the total power captured by
the array.
• Packing large arrays into the side of the channel to allow other space for other
users of the water space, beyond the optimum local blockage, could yield up
to 25% less total power capture than the optimum local blockage for the same
number of rows.
As in the case for uniform rows of turbines, there is a compromise as to whether the
extra power that the array captures is worth the cost of extra turbines. As extra rows
of tuned turbines are added to an array of optimally packed rows, the power that
each turbine in the array can capture decreases. In trying to optimise array layout
for maximum power capture, a compromise must be made between the total power
captured by the array and the marginal gain in power achieved by adding extra rows
to the array.
One of the goals of optimising array layout is to get more power with less environmental impact. These simulations show that there is only minor scope to achieve
this goal. There is still a near-linear relationship between the total power that can
be captured by an array of packed rows and the impact on free-stream velocity that
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will result from building that array. The promises of maximising power output while
minimising environmental impact are limited to operating within the following small
deviations from this linear relationship.
• The free-stream velocity increases a little, towards the natural flow rate, as rows
are packed more densely into the side of the channel.
• At the optimum local blockage for a given number of rows, the free-stream velocity
is not slowed quite as much as it is by uniformly spread rows with the same global
blockage, but there is slightly more total power and power per turbine captured
by the array.
• Beyond this optimum local blockage, the lower impact on free-stream flow comes
at the expense of less power captured by the array.
It should be noted that packing the turbines into one side of the channel has the added
advantage of freeing a section of the channel for other users of the waterway as well as
decreasing the natural flow reduction and, for ϵL up to ϵopt
L , increasing power capture.
Due to this externality a site developer may choose to build an array with a sub-optimal
packing density to achieve environmental planning permission.
Exploring the change in packing density at a higher global blockage identified two
more key points.
• The advantage of finding an optimum local blockage for maximum power is limited to arrays with global blockage less than the optimum global blockage that
was identified in Chapter 3.
• Once the array exceeds the optimum global blockage for uniform rows, changing
the local blockage does not yield any more power capture, but yields less power.
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Chapter 6
Staggering alternate packed rows
In Chapters 3 to 5 all of the array layouts compared have been arranged in regular
grid-like arrangements where turbines in each row are directly along-stream from each
other. Staggering alternate rows so that the wake of upstream turbines flows into the
gap between downstream turbines is an obvious way of micro-siting turbines in an
attempt to fractionally increase the power capture from a tidal array by avoiding the
highest velocity deficit in the wake of upstream turbines (Figure 6.1). By choosing to
locate turbines in the alternate rows halfway between the turbines in the upstream row
it is expected that each turbine will be in higher speed flow and hence capture more
power from the flow.
Arrays with 3 to 7 packed rows of staggered turbines have been simulated to compare the power capture between staggered rows and the regularly arranged rows simulated previously. Again, tuning curves have been used to find the turbine tuning
specific for each staggered layout and only the tuned values are shown here. The
staggered arrays are arranged so that the centre line of each turbine in alternate rows
is geometrically centred between upstream turbines.
As a first attempt to look at the channel scale eﬀect of staggered rows this is a crude
but not unreasonable attempt to find the optimum placement of turbines between the
velocity deficit due to upstream wakes. Finding the optimum staggered location of
each turbine within these wake deficits could introduce two more parameters to the
optimisation, row spacing and across-stream location of each turbine in alternate rows
which is beyond the scope of this thesis. Malki et al. (2011b) explored the down-stream
spacing of a third turbine and found that it depended on the across-stream gap between
two upstream turbines. This would be equivalent to the row spacing changing as the
packing density changes in the description used in this thesis. However, Malki et al.
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Figure 6.1: Layout and velocity around staggered rows with ϵL = a)
0.4, b) 0.8 and c) 0.9 compared to regularly packed rows with the
same ϵL , in d) to f), respectively. Turbine layout is shown shown by
black rectangles. The velocity snapshot is at maximum speed to the
right.
(2011b) drove the flow through the turbines at a constant velocity, so the present study
explores the eﬀect of staggering relative to uniform arrangement in a flow driven by
a tidal head for the first time. The present study also explores the eﬀect of tuning
turbines for specific array layout in staggered arrays for the first time.
The diﬀerence in power captured between staggered rows and regularly arranged
rows of diﬀerent layouts of tuned turbines is shown in Figure 6.2. The trends as array
layout is varied are the same for both power per turbine and total power. There is
a significant increase in the power capture for staggered rows compared to regularly
arranged arrays at low packing density as seen in Figure 6.2a and b. At low packing
density an array of staggered rows captures up to 30% more power than regularly
arranged rows at the same packing density. This is clearly due to the turbine’s location
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same number of regularly arranged rows are overlaid (dash-dot lines)
for comparison. Turbines in each array are tuned for maximum power
capture in that layout.
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in the low velocity deficit region as seen in the second row of regularly arranged turbines
from the left in Figure 6.1a. This is in contrast to the turbines in the region of greatest
wake deficit in Figure 6.1d.
When the turbines are densely packed into the side of the channel the gap between
turbine wakes is not large enough to significantly change the power capture. Densely
packed rows do not benefit nearly as much from this staggering eﬀect, also shown in
Figure 6.2. Once the packing density is increased beyond about 0.7 the staggered rows
do not capture significantly more power from the flow than the regularly arranged rows.
This is not surprising, as the gap between turbines is smaller for these highly packed
rows. As a consequence, the staggered turbines are not sitting in a region of undisturbed
flow in arrays with these higher packing densities. These densely packed staggered
rows are shown with the instantaneous velocity in Figure 6.1b and c. compared to the
regularly arranged arrays with the same packing density in 6.1e and f.
The increasing power captured by staggering alternate rows - at low packing density
- also means that the optimum packing density for staggered rows is as low as possible
(ϵopt
L = ϵ). This is true at least for arrays made of 3 to 7 rows and probably holds true
for more rows. Even at ϵopt
L for regular rows power capture by staggered rows is still
5% or 10% more than by regular rows.
The overall optimum layout for maximum power capture is staggered rows that are
as close to uniformly spread across the channel as is physically possible. This gives
more power capture than any combination of packing density in staggered or uniform
layout. Figure 6.2 further shows that a tidal array cannot get the advantage of both
optimally packing turbines into one side and staggering alternate rows. Uniformly
spread staggered rows capture roughly 25% more power than regular rows at their
optimum packing density. Even at the optimum packing density for maximum power
from regularly arranged rows, the power capture is 5% or 10% more when alternate
rows are staggered than when arranged regularly.
A site developer would probably choose to stagger alternate rows and uniformly
spread the turbines in each row across the array unless there were other constraints
at the site. Even if the array is constrained to occupy a fraction of the channel by
other water users, staggering alternate rows gives more power from the same number
of turbines. Hence staggered rows would probably be favoured in all multi-row developments. However, it is worth noting that the the extra power capture per turbine by
staggered rows is 30% at best compared to the 250% extra power captured by a single
highly blocked row in Section 3.2. Optimally siting individual turbines within the
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Figure 6.3: The total power that an array of 1 to 7 staggered packed
rows of 4 turbines can capture from the flow as a function of the
free-stream velocity. Same as Figure 5.9 but with staggered rows.
Pluses indicate uniformly spread rows. Dashed line is the linear fit to
uniform rows.
highest bypass region for these staggered rows is an interesting exercise but is beyond
the scope of the channel scale optimisation of this thesis.

6.0.1

Impact of staggered rows on free-stream velocity

Staggering alternate rows also reduces the impact of the array on the free-stream
velocity in the channel for a given power capture, Figure 6.3. All staggered array layouts
capture more power for a given free-stream velocity reduction than the equivalent
regular uniform arrays, indicated by a dashed line. In contrast to the regular packed
rows, there is still a reduced impact on free-stream velocity by building the array at
a higher packing density, away from the plus, for a given number of rows. However,
for these staggered rows, this comes with an attendant reduction in the total power
captured that is close to the solid linear line fitted to these points. If anything, a higher
packing density pushes the balance of free-stream velocity and total power capture
below this line which is the furthest from the ideal balance of high power and high
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free-stream velocity.

6.1

Conclusions for staggered rows

It was expected that for large arrays, channel scale dynamics would dominate the
smaller scale wake eﬀects. However, staggering alternate rows increases the power
capture by up to 30% for uniformly spread rows. This power increase due to spacing
turbines between upstream wakes suggests that the wake scale eﬀects still have a strong
eﬀect on large arrays with low packing densities. Thus, there is an eﬀect from wake
deficits on the power capture even in fairly large arrays of 7 rows of 4 uniformly spread
turbines per row that dominates optimum array design for maximum power capture.
Staggering alternate rows with global blockage ϵ = 0.32 removes the benefit of an
optimal packing density, ϵopt
L , that was seen for regularly arranged rows. For these
staggered rows there is no power increase comparable to that seen for regularly arranged rows, by packing turbines into the side of the channel. Thus, at ϵ ⪅ 0.4 and
ϵL ⪅ 0.6, staggering uniformly spread rows is clearly the optimum arrangement for
maximum total power capture or maximum power per turbine. However, at higher
packing densities, where the gap between wakes from upstream turbines is smaller
than in lower packing densities, staggered arrays capture roughly the same power as
regularly arranged rows of turbines.
In arrays with higher packing densities, ϵL ⪆ 0.6, staggering alternate rows has
a smaller impact on the power capture than optimising the large scale array design
for maximum power capture. This applies to both power per turbine and total power
capture. At these high packing densities, varying the packing density or number of rows
increases either measure of power capture by more than can be achieved by staggering
alternate rows without also optimising ϵL or n. This suggests that in larger arrays,
with high packing densities and possibly in uniform rows with ϵ significantly greater
than 0.4, the large scale array layout presented in Chapters 3 to 5 is more significant
to optimum array layout for maximum power capture than the secondary eﬀect of
staggering alternate rows of turbines.

204

Chapter 7
Discussion
7.1

Overall layout optimisation

Two broad constraints have been used in this thesis to explore optimum array layout for
maximum power. Uniform rows and packed rows, with packed rows further explored
using two global blockages and a staggered layout. An idealised, rescaled model of
tidal energy arrays has been developed to explore optimum layout of arrays of tuned
turbines for maximum power capture. The hydrodynamics around tuned turbines are
explored and for the first time in a 2-D hydrodynamical model, the impact on the freestream velocity by varying array layouts has been compared. This was only possible
because flow through the idealised channel was driven by a pressure diﬀerence across
the ends of the channel.

7.1.1

Uniform rows

Under the uniform rows constraint the total power captured by an array continues to
increase as either more turbines are added to each row or more rows are added to the
array. So turbines can be added in at least 7 rows, with any global blockage, without
limiting the total power captured by the array. However, the power per turbine reduces
beyond an optimum global blockage that decreases as rows are added to the farm in
Figure 7.1, reproduced from Figure 3.12 for clarity.
At blockages higher than the optimal global blockage there is a diminishing return
in power per turbine for adding extra turbines. This does not decrease the total power
captured by the array it just decreases the eﬃciency of each turbine. Turbines in a
single row each capture significantly more power than turbines in multiple rows, and
this eﬃciency decreases as rows are added to an array.
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Figure 7.1: The tuned power per turbine in the small channel for 1
to 7 uniform rows of turbines. The power is normalised by the power
for a single tuned turbine in this channel. Solid lines are curves fitted
to the solid points. The dashed lines show solutions the analytical
model in Vennell (2010) where the colour is the same between 2-D
numerical and 1-D analytical simulations with the same number of
rows. The dotted black line highlights the power that a single, tuned
turbine in isolation captures. Reproduced from Figure 3.12.
These predictions align well with the results of the analytical model in Vennell
(2010) applied to the same channel and array layouts. The comparison is of power per
turbine for these two models is shown in Figure 7.1. The variation in power capture by
diﬀerent layouts of uniform rows in these 2-D numerical simulations is similar to the 1D analytical model in Vennell (2010). Both models predict the most power per turbine
from a single row and less power per turbine from additional rows. However, the power
capture from diﬀerent layouts predicted by the present 2-D numerical simulations diﬀer
from Vennell’s (2010) analytical model in three ways. The 2-D numerical simulations
predict a lower overall power capture, especially for a single row, than predicted by
the simpler analytical model. Secondly, the 2-D numerical simulations predict a higher
optimum global blockage for a given number of rows than the analytical model. Finally,
the 2-D numerical simulations predict a decrease in power at low global blockage for
more than 1 row, that is larger for an increased number of rows, that the analytical
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model does not see.
The 2-D numerical simulations add an idealised wake and a further dimension beyond the 1 dimensional analytical model. In this way the 2-D numerical simulations capture an element of interaction between wakes and downstream turbines, and between
individual wakes that is not captured in the analytical model. This may account for
the diﬀerence in power capture at low global blockage and the diﬀerence in optimum
global blockage. The eddy structure in the wakes in the 2-D numerical simulations
changes above ϵ = 0.5 as the gap between turbines becomes the smallest length scale.
The reduction in eddy diameter that accompanies this is particularly noticeable in the
movies of vorticity in Appendix B but also in Figure 3.1.
Both approaches agree on the balance between capturing more total power at the
expense of less power per turbine. This is a balance that each site developer will
need to evaluate in conjunction with economic data for their development. At a given
site a minimum total power may be needed to meet the fixed costs of the project. If
this required power is more than can be captured by a single highly blocked row then
the site developer may choose to build more rows of turbines at the expense of their
eﬃciency. A site developer for a specific site would have to evaluate the economic
benefit of the increased total costs of adding more packed rows of turbines, with an
associated decrease in marginal revenue that results from the decrease in power per
turbine from more packed rows. This would have to be weighed against the increased
total revenue from selling more total power from an array with more packed rows, when
evaluating the size of a tidal farm that is to be built.

7.1.2

Packed rows

While a single densely packed row of turbines may be the optimum global arrangement
for the maximum power per turbine, a tidal fence such as this is unlikely to ever be
built. It is conceptually similar to the tidal barrage concept that was proposed for the
Severn Estuary but met with opposition over local environmental concerns. Concerns
over siltation, habitat disturbance and water level changes impacting port activity
were discussed in the House of Commons’s rejection of Hafren Energy’s Severn barrage
proposal (Yeo et al., 2013).
Arrays with packed rows have been simulated here as a method of constraining the
tidal array to a given number of turbines and reducing the extent of the array to one
side of the channel. This configuration will allow other users of the channel a space
on one side of the channel that is free of turbines. Fishermen, recreational users and
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Figure 7.2: Tuned total power captured by an array of 1 to 7 packed
rows of 4 turbines for diﬀerent packing densities. Trends in total
power for each number of rows are highlighted with 4th order polynomial curves. Open black circles indicate the optimum packing density
for maximum total power capture for a given number of rows. The
power is normalised by the power for a single tuned turbine. Power
is expressed in terms of turbines of power. Reproduced from Figure
5.1.
ferry operators might benefit from this approach. Fortunately, this presents a win-win
situation for the tidal energy array developer because more power can be captured by
packing the same number of turbines into one side of the channel, up to a maximum
packing density, Figure 7.2.
The gain in power by packing a single row into the optimum packing density compared to uniformly spreading them across the row is 13%. This compares well with the
11% to 22% gain predicted by Nishino and Willden (2012) using an analytical model
for ϵ = 0.5 to 0.2, respectively. The 2-D numerical model in this thesis shows that
the maximum power capture by packed rows is by an array with ϵopt
L = 0.82 for one
row. This compares to 0.67 or 0.83 at Nishino and Willden’s (2012) ϵopt
L = 0.67 to
0.83 for ϵ = 0.5 to 0.2 respectively. Both of these figures compare well, giving more
confidence that both of these models are capturing some of the channel scale dynamics.
However, Nishino and Willden’s (2012) model has only been applied to a single packed
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row and cannot be applied to arrays that are large enough to slow the natural flow
in the channel because it drives the flow with a constant velocity that does not vary
with array layout. Their model represents the turbine and array scales as well as can
be expected in a 1-D model. However, the channel scale flow representation limits the
relevance to small arrays because they don’t apply a Constant Amplitude Head Loss
(CAHL) and as a result don’t capture flow reduction.

7.1.3

Power benefit of packed rows over uniform rows

The tuned power per turbine at optimal packing density for a given number of rows
is shown for four diﬀerent constraints in Figure 7.3a. The power diﬀerence in each
constrained layout demonstrates the benefit of choosing the optimal packing density
for a given global blockage. The tuned power per turbine is shown for optimally packed
uniform rows and for three sets of packed rows, all with ϵ = 0.32, 4 turbines per row.
The optimal global blockage for optimally blocked uniform rows and the optimum
packing density for packed rows is shown in Figure 7.3b. The base case of uniformly
spread turbines captures the least power per turbine for a given number of rows of
any of these four cases (solid black line). All other array layouts in Figure 7.3a can be
compared to this base case.
Increasing the packing density, ϵL , from 0.32 to ϵopt increases the power capture by
up to 15% for 1 packed row with this global blockage. This is shown in the diﬀerence
between uniform rows with ϵ = ϵL = 0.32 and packed rows with ϵL = ϵopt
L in Figure
7.3a. This power increase is achieved simply by packing the same number of turbines
into a smaller fraction of the channel’s width to give the ϵopt
L . The power gain by
increasing packing density to the optimum, is larger for arrays with fewer rows and
decreases to a negligible 3% diﬀerence for 7 rows. This decrease in the power advantage
of arrays with optimum packing density, as n increases is because the optimum global
blockage for maximum power per turbine decreases as rows are added. This optimum
global blockage decreases from near 1.0 for 1 row down to ϵopt = 0.4 for 7 uniform rows.
Hence, as n increases and ϵ → ϵopt there is less power to be gained by increasing ϵL .
The tuned power captured by staggered uniform arrays with the same global blockage as the two previous cases (ϵ = 0.32) is also shown in Figure 7.3a. These staggered
rows are nearly uniformly spread across the channel but also represent the optimum
packing density because ϵL = ϵopt
L = 0.32. Staggered rows capture 28% to 29% more
power than a regular packed row with optimal packing density. Adding the 3% to 15%
gained by packing the arrays of regular packed rows to the optimum packing density,
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Figure 7.3: a) The tuned power per turbine for arrays under four
diﬀerent layouts. The two uniform constraints are for ϵ = 0.32 and
the optimal global blockage for n rows, ϵ = ϵopt . The regular packed
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L for n rows,
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ϵL = ϵL . b) ϵ for uniform rows and ϵL for packed rows.

the power capture by staggered rows is 32% to 44% higher than a regular uniform row
with the same global blockage.
The dashed line in Figure 7.3a shows the power captured by arrays at optimal global
blockage (ϵ = ϵopt ) for comparison of the diﬀerence in the size of the power per turbine
gained between the two approaches. While manipulating position of a fixed number of
turbines with a fixed global blockage can give a 44% increase, a much larger (100%)
increase in the power that each turbine captures can be achieved by a single highly
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blocked row. Each uniform row with ϵ = ϵopt has more turbines per row than any of
the other cases because these rows have enough turbines so that the global blockage
is optimum. However, by comparing power per turbine rather than total power it is
clear that this 100% increase is far larger than the power gain that can be achieved by
staggering or optimum packing density. For a single row this is 12 compared to the
4 turbines in each of the packed rows. This 100% increase in power capture at ϵopt
decreases as the number of rows in the array increases to the point where 3 or more
staggered rows capture more power per turbine than an array with the same number
of optimally blocked uniform rows. The optimally blocked uniform rows still capture
more power per turbine than packed rows with optimal packing density up to 7 rows
where all three regular layout options capture a similar amount of power, within 3%.
The decrease in power per turbine as the number of rows increases further highlights
that the number of rows in the array is at least as significant to power capture as the
choice of layout within those rows. The diﬀerence in power per turbine between 1 and 7
rows is at least 50%, and up to 78% for uniform rows with optimum global blockage. In
contrast the greatest gain by staggering a fixed number of turbines with a fixed number
of rows is 44%. Hence, the largest gains in power per turbine are from choosing the
global blockage and the number of rows. Manipulation of packing density or staggering
alternate rows provide a further, smaller increase in power per turbine.
To summarise, packed rows of 4 turbines per row cannot exceed the power captured
by optimally blocked uniform rows of less than 3 rows of tuned turbines in this channel.
A single highly blocked row captures twice as much power per turbine as a single row
with ϵ = 0.32. However of the three constraints to arrays in which rows have ϵ = 0.32
staggered uniform rows capture the most power per turbine (44% more than uniform)
while regular packed rows capture up to 15% more than uniform rows by packing more
densely to ϵopt
L . In larger arrays with more than 3 rows, staggering alternate rows
will capture more power per turbine than uniform rows but the power per turbine is
significantly reduced for all layouts by adding extra rows.

7.2

When does an array become large?

This thesis is about exploring the optimal layout of large arrays for maximum power.
It is only when arrays become large that economically significant power production is
possible. A large array is one in which the free-stream flow is slowed to a significant
fraction of the natural flow in the channel. That is, a significant change to the flow in
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the channel before the turbine array is built. There are also some hints in the change
in power capture, tuning and hydrodynamics with changing array size, which suggest
diﬀerences between small, medium and large arrays.
The direct impact on the free-stream velocity by arrays with uniform rows was
shown in Figure 4.10. Here a small array could be defined as an array that slows the
flow by less than 5% of the natural flow. This would mean any array of a single turbine
per row and single rows with ϵ < 0.4 or 2 rows with ϵ < 0.2 is small. Large arrays
could be defined as arrays that slow the flow by at least 35% of the natural flow. This
would mean that arrays of 7 rows with ϵ > 0.6 or 5 rows with ϵ > 0.7 are considered
large. All the other arrays simulated would be considered medium sized under this
definition. There are further indications in the variation of power capture and tuning
parameters that support these ranges.
There are some indicators in the way that the power capture and fluid dynamics
behave around uniform rows that there is a change in power capture and tuning between
small arrays, medium arrays and large arrays. The first indicator is in the gradient
of the power or power per turbine as global blockage increases. There is a near-linear
slope for the majority of the curve for power as global blockage increases in Figure 3.6.
Arrays with only 1 or 2 rows at global blockage below 0.5 or 0.3, respectively, have
a shallower slope. This indicates that there is less increase in the power capture as
a turbine is added to these small arrays. For the majority of these curves there is a
similar gradient, ∂P/∂ϵ, which is steeper than for small arrays. A similar reduction in
the gradient is noted for highly blocked (ϵ > 0.9) arrays of 5 or 7 rows. This suggests
that there is some transitional size, beyond which, there is again less power gained by
adding a turbine to each row.
There is a similar change in the gradient of the two tuning parameters, dCttuned /dϵ
and dr̄1tuned /dϵ, and the free-stream velocity, dUftuned
ree /dϵ, that occurs for small arrays.
For small arrays below the limit indicated by Table 4.1 the local velocity is higher than
the otherwise near-linear trend would suggest. In this way turbines in small arrays are
tuned for optimum power capture by that layout when the local velocity is closer to
free-stream velocity than the gradient would otherwise predict. This is due to a lower
Cttuned for these small arrays relative to mid size ones. The gradient in free-stream
velocity is also lower than the otherwise linear trend would suggest.
For large arrays with 5 or 7 highly blocked rows there is a similar change in the
gradient of these three quantities that is indicative of a change in the governing hydrodynamical behaviour for these large arrays. These large arrays have lower r̄1tuned , due
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to higher Cttuned and an overall higher R̄ftuned
ree than the otherwise near-linear gradients
with changing global blockage would suggest.

These changes in hydrodynamics with array size reflect diﬀerences in relative gradients, not absolute quantities so they are quite subtle. The absolute quantities change
as well, but it is the change in gradient that suggests the diﬀerence in the governing
hydrodynamics. Hence for small arrays, the turbines can be tuned to lower Ct and turbines in large arrays need to be tuned to higher Ct relative to an otherwise near-linear
gradient in these tuning parameters as global blockage changes. This does not mean
to say that Cttuned should be higher for really large arrays, with associated low r̄1tuned
than for a smaller array as the opposite is actually true. Merely that Cttuned should be
higher than the trend would suggest if it continued linearly to higher global blockage.
These changes reflect transitions where the pressure head loss across the array becomes
a more dominant force than the impact of wakes on velocity at each turbine, as shown
in Section 4.3. An increasingly large fraction of the channel’s head is lost across the
array, as array size increases which allows tuned power to be captured from turbines
that are tuned to higher Ct than the otherwise near-linear slopes would predict.
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Figure 7.4: The compromise between total power capture by the array
and power per turbine for arrays with uniform rows.
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7.3

Optimal design space for uniform arrays

tuned
tuned
There is a compromise between Pper
turb and Ptotal as the number of rows and ϵ increase.

The preferred area for ideal operation would be the upper right of Figure 7.4. However,
large arrays that capture more total power are forced into the lower section of this figure
where power per turbine is lower.
tuned
tuned
as the number of rows
The change in the balance between Pper
turb and Ptotal

and ϵ increase is shown in Figure 7.4. This response of this balance to a change
in ϵ is markedly diﬀerent as n increases from 1 to 7 rows shown by the changing
tuned
tuned
gradient for each curve, dPper
turb /dPtotal , for n rows in Figure 7.4. The gradient for

a single row is positive for any ϵ although the slope decreases with increasing ϵ. For
tuned
tuned
n ≥ 2, the gradient, dPper
turb /dPtotal is initially positive as ϵ increases. The curves
tuned
opt
tuned
each reach a maximum Pper
turb (at ϵ , by definition) where Ptotal = 25 to 35 times

the power captured by an isolated turbine. At higher global blockage still, the total
power continues to increase as the power per turbine decreases, indicated by a negative
gradient in Figure 7.4.
The balance between total power and power per turbine for a given layout, shown
in Figure 7.4, captures part of the compromise that is inherent in large array design.
The impact on natural flow discussed in Chapters 4 to 6 shows the other part of the
compromise and will be discussed further in this section with reference to a novel,
optimal design space for tidal turbine arrays. The impact on the channel scale fluid
dynamics around arrays of turbines changes considerably between small arrays with
only a few turbines operating in Betz-like isolation to large arrays where the turbines
work together to build a pressure head.
At the same time, Cttuned can vary by up to a factor of 4 between a tuned single
turbine in isolation and a tuned turbine in a large array. Turbine manufacturers need
to be aware of this diﬀerence in order to design turbines correctly for large arrays.
This consideration is especially important as full scale array deployments increase in
size from single test turbines to larger arrays of multiple turbines.
The optimal design space presented here provides a possible framework for further
studies that look at more detailed turbine design optimisation within the context of
a given array layout. The specification of a simple 2D turbine drag coeﬃcient by no
means captures the complexity of attempting to tune the multiple parameters of blade
shape, pitch, generator design and response to flow that are required to optimise an
operational tidal turbine. However, the advantage of a single specification for turbine
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Figure 7.5: Optimal design space for tuning turbines in an array of
a given number of uniform rows and global blockage for maximum
power. Global blockage is linearly related to total power so for each
n rows, the global blockage can be inferred from the total power. In
other words, higher power implies higher global blockage (Figure 4.3).
The peak power is from turbines with tuned drag coeﬃcient and is
normalised against the tuned power for a single turbine in this small
channel.
tuning is that a simple design space appears when tuning parameters are plotted against
the power captured in the array layouts simulated.
The optimum arrangement of turbines relies on the turbines in the array being
designed to the tuned drag coeﬃcient, or 2-D thrust coeﬃcient, for that specific array
layout. This coeﬃcient varies by up to a factor of 4 from the tuned coeﬃcient for a
single turbine in isolation. There are two design spaces that are useful for exploring
the optimal design for turbines that are designed to operate in these optimum layouts.

Figure 7.5 shows the tuned total power per turbine plotted against the drag coeﬃcient required to achieve that power. Points are plotted for arrays consisting of 1 to 7
rows of global blockage from 0.08 to 1. This represents a design space for the optimal
design consideration for a turbine that is constructed for an array of a given number of
rows and global blockage. As such, a space such as this, for a given channel, should be
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Table 7.1: Equations and RMS errors for the curves that bound the
optimal array design space for this small channel, in Figure 7.5.
Curve
Equation for fit
RMS Error
tuned
tuned opt 2
tuned opt
A
P
= 26(Ct
|ϵ ) + −47Ct
|ϵ + 49
0.19
tuned opt
tuned 2
tuned
B
Ct
|ϵ = −0.0012(P
) + 0.053P
+ 0.14
0.07
C
Cttuned |ϵopt = −0.00024(P tuned )2 + 0.0081P tuned + 0.23
0.02
a useful tool to aid in the design specifications of tidal turbines that are to be deployed
within a large array.
The most obvious feature is that all of the points are constrained within a right
facing, curvy ended arrow envelope as indicated. This envelope is bounded by three
curves.
A) a descending linear line along the top right that consists of the highest global
blockage for arrays of 1 to 7 rows.
B) a concave leftward (toward low drag curve) parabolic curve on the lower right
consisting of all global blockage ratios for single rows of turbines and the lowest
global blockage ratios of other number of rows. This joins the first curve at high
global blockage for a single row.
C) a concave leftward (toward low drag coeﬃcient) parabolic curve on the left, for
arrays of 7 rows. This joins curves 1 and 2 at its upper and lower limits respectively.
The equations and root mean square error for these curves are shown in table 7.1.
Points for a given number of rows (grouped by colour) group into curves that are
roughly parabolic. These parabolas flatten and move towards lower drag coeﬃcients
for 7 rows of turbines. This trend indicates that there may be a limit of a straight line
that these curves are converging towards for arrays with more than 7 rows. While 7
rows is the highest number of rows that can fit in this channel, at 10 diameter spacing,
this design space is explored further with solutions from Vennell’s (2010) 1-D channel
model in Section 3.6.
This envelope in design space also implies a converging upper limit on power production at a maximum value of P ≈ 45 and Cttuned ≈ 0.1 for arrays of multiple, highly
blocked rows. The spacing between points for the highest global blockage decreases as
the number of rows in the array increases along boundary A, from 1 (black) to 7 (dark
blue) which backs up this convergence.
216

7.3. Optimal design space for uniform arrays

Furthermore, this envelope provides a possible bound on the tuning of turbines in
large arrays with many rows. There is a drag coeﬃcient between 0.15 and 0.2 that
the design space appears to be converging towards a near vertical line connecting the
intersections of lines B and C with the intersection of A and C. This line represents
a hypothetical large array with more than 7 rows in which the total power increases
with increasing global blockage with nearly constant Ct in the range of 0.15 to 0.2.
So in a quick summary there are three converging trends in Figure 7.5.
1. parabola indicating converging towards a straight line of roughly the same Cttuned
for arrays of more than 7 rows at any global blockage.
2. convergence towards an optimal, tuned, drag coeﬃcient of 0.15 − 0.2 for arrays
with 7 or more rows.
3. convergence towards a maximum total power capture by a large array.
All of the values that these converging trends head towards are not necessarily applicable beyond this small channel, but may be indicative of a design space that exists for
any given channel.
Most importantly, this envelope provides an optimum tuning design space for turbine designers to design to when designing a turbine for use in an array of any given
size. While these designers may not traditionally design for a drag coeﬃcient, this
parameter is representative of a thrust coeﬃcient, averaged across the full range of
tidal velocities experienced in a tidal cycle in this small channel. There is scope to use
blade angle, blade or generator design to achieve these average drag coeﬃcients.

The 2 dimensional turbine drag coeﬃcient is altered by rescaling (Section 2.5.1)
and turbine idealisation (Section 2.7.4) and is not straight forward to extend to 3
dimensions. The relative velocity inside the turbines however, is more robust to these
assumptions as was shown in those two sections. For this reason, the design space
has been further explored with reference to the relative velocity inside the turbine,
r̄1 , in Figure 7.6. The power here is now the power per turbine to highlight that the
design space also applies to the power that each turbine captures. Again, the power
per turbine can also be thought of as the economic eﬃciency of commissioning each
turbine within a given array.
In this design space, with the tuned power per turbine plotted against the relative
velocity inside the turbine, the envelope is still apparent but is rotated so that it now
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Figure 7.6: Power per turbine versus the local velocity, r̄1tuned , relative
to free-stream velocity in uniform rows. High r̄1tuned corresponds to
high ϵ and low r̄1tuned to low ϵ as seen in Figure 4.3. Higher relative
velocity means a higher velocity inside the turbines, but only relative
to free-stream flow in that array.
forms an upward pointing arrow. The sides of this arrow are now curved, perhaps
because the power per turbine brings the scale of power to a smaller range. However,
r̄1 also introduces a complex interaction of the free-stream velocity and and velocity
inside the turbine that may also contribute to this curvature.
The envelope that bounds the design space is still roughly bounded by three curves
that correspond almost exactly to the bounding curves in Figure 7.5.
A) straight line that follows the highest global blockage for each number of rows on
the right.
B) curve that follows all but the highest blockages for a single row and extends to the
lowest global blockage for multiple rows on the top left.
C) parabolic curve for arrays of 7 rows on the lower edge.
The equations and RMS error for these bounding curves are shown in Table 7.2
Again, within this envelope the curves for a given number of rows follow roughly
parabolic curves that flatten and rotate as the number of rows in the array increases
from 1 to 7. The parabolas rotate from concave towards high r̄1 for 1 row to concave
towards low power for 7 rows. This rotation and flattening also follows the same
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Table 7.2: Equations and RMS errors for the curves that bound the
optimal array design space for this small channel, in Figure 7.6.
Curve No.
Equation for fit
RMS Error
tuned
tuned opt
A
P
= −15r̄1
|ϵ + 14
0.07
tuned opt
tuned
tuned
B solid
r̄1
|ϵ = 0.22(P
) + −0.66P
+1
0.03
B dashed r̄1tuned |ϵopt = 0.11(P tuned )2 + −0.17P tuned + 0.53
0.04
tuned
tuned opt 2
tuned opt
C
P
− 2.0(r̄1
|ϵ ) + 2.7r̄1
|ϵ − 0.21
0.02
pattern seen in Figure 7.5. The flattening reflects the lower range in power per turbine
for arrays with more rows and with an associated increase in the range of tuned local
velocity reduction.
However, in this design space these trends highlight three new converging trends.
1. The convergence towards the maximum power per turbine for a single row at 2.5
turbines of power.
2. The convergence towards a straight line of the same power per turbine for arrays
of 7 or more rows.
3. The convergence towards low relative velocity and low power per turbine for low
global blockage.
Comparing these three convergences between the two design space representations highlights interesting points. The first convergence in each case is towards a maximum
power, but it is a diﬀerent power and a diﬀerent array that captures it. In the first
design space, the maximum total power converges towards large, highly blocked arrays.
Whereas in the second design space, the convergence is towards a peak maximum power
per turbine for a single, highly blocked row.
The second convergence in each case corresponds towards the same flattening trend
for 7 rows. However, whereas the first trend is towards a tuned drag coeﬃcient, the
second is towards a low power per turbine both for arrays of more than 7 rows. This
highlights the increased importance of building turbines to a specific tuning when they
are in arrays of many rows because they are each going to capture so much less power.
This points towards the array being so highly blocked for 7 rows that the free-stream
flow is so far reduced that imposing more force on the flow in the channel has to be
done at the correct tuning to capture any more power. This extra force has to be
imposed by tuning the turbines, because adding more turbines per row doesn’t make
a significant diﬀerence to the power that each turbine captures.
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Figure 7.7: The total power captured by the array of uniform rows
as a function of R̄ftuned
ree . The free-stream velocity is normalised by the
instantaneous velocity in an empty channel to remove the eﬀect of
tidal frequency. Reproduced from Figure 4.15. Labels for larger and
smaller arrays indicate which direction these are in not a strict cut
oﬀ for array size.
Again, the values that these converging trends tend towards are not necessarily
applicable beyond this small channel, but may be indicative of a design space that
exists for any given channel. This optimal design envelope could perhaps be produced
for a given channel by simulating only selected points at the edges of this design space
and fitting parabola’s within this design space, based on this small channel case. It
would take more work to confirm this rule’s general applicability, but it could become
an extremely eﬀective part of the engineering toolbox for designing arrays of tidal
turbines.

7.3.1

Example: applying the design space to uniform rows

The power of this optimal design space is in the ability for a site developer to find an
optimal design that fits multiple design criteria. For instance, a site developer may
only be able to obtain regulatory approval to build a tidal array in a small channel
like this one if they agree to limit their disturbance of the natural flow to a maximum
percentage of the natural flow.
The expected regulatory approval might include a consent to reduce the flow to
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Figure 7.8: The power per turbine as a function of the free-stream
velocity arranged by the number of uniform rows in the array. Reproduced from Figure 4.14.

no slower than 80% of the natural flow rate. Using Figure 7.7 the developer can see
that they will be limited to capturing at maximum 17× the power captured by a single
turbine. In this figure, there are arrays that have any number of rows that would reduce
the power to around this 80% of the natural flow rate, but none that capture more than
17 turbines of power from the flow. This could determine the success or failure of the
project, as 17 turbines of power may or may not be enough to cover the fixed costs of
installing transmission lines, transformers, hiring installation vessels and paying legal
costs. If 17 turbines of power is enough to justify the project development then they
may continue with the project scoping by looking at individual turbine eﬃciencies that
would allow the variable costs of the project to be covered.
If that same developer chooses to use turbines that are only economical if they each
capture more than a single turbine would in isolation, then only arrays of 1 or 2 rows
with low blockages will satisfy the combined criteria of 80% or less flow reduction and 1
or more turbine of power per turbine (top right quadrant in Figure 7.8). Finally, Figure
7.5 can be used, to look for a turbine drag coeﬃcient for arrays of 1 or 2 rows, that will
capture 17 or less turbines of power. To get the most total power from the array, these
turbines should be designed to have drag coeﬃcient (similar to a 2 dimensional thrust
coeﬃcient) of 0.7 or 0.45 if they are to be arranged in 1 row of 9 turbines or 2 rows of 6
turbines respectively (Figure 7.5 for 1 or 2 rows, closest to 17 turbines of total power).
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Figure 7.9: Design space for the tuned power per turbine relative to
the tuned local velocity reduction for arrays of uniform rows, showing results from both the analytical model and 2-D numerical model.
Dots are calculated from the 2-D numerical simulations, dashed lines
are for the analytical solution. The dotted lines represent the bounding curves to the design space shown in Figure 7.9. High blockages
correspond to high r̄1 , or lower Ct of individual turbines.
Although it is clear that the array of 1 row would require less turbines to produce the
same power, it is not clear that turbines of a given drag coeﬃcient can be built for a
reasonable cost. So a site developer may choose to use 2 rows of 6 turbines instead of
1 row of 9 turbines, if turbines of a lower drag coeﬃcient are cheaper to build.

7.3.2

Extension to larger arrays with the analytical model

The analytical model also shows fairly good agreement with the optimal array design
space that has been identified by analysing the results from the 2-D numerical model,
shown in Figure 7.9. Here, the dots show the data from the 2-D numerical simulations
plotted in Figure 7.6. The dotted lines show the envelope that encloses this design
space. The dashed lines of the same colour show the analytical model’s representation
of the design space.
Highly blocked arrays are generally to the right of the design space in Figure 7.9
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with less velocity reduction (higher r̄1tuned ) while arrays with low global blockage are
to the left with lower r̄1tuned . The two models show good agreement for all but the
lowest blockages. For most blockages both models have similar shaped curves in this
design space with an maximum power per turbine predicted for all but the largest
arrays modelled analytically, which roughly matches the maximum power per turbine
that the 2-D numerical model predicts.
The power is higher for a single row with a matching lower velocity reduction
than the 2-D numerical results. However, for a single row with lower blockages that
capture less power the design curves are in better agreement, showing the same roughly
parabolic shape as the 2-D numerical model in Figure 7.9.
For 2 to 7 rows with low global blockage the analytical model predicts lower values
for r̄1tuned , closer to free-stream velocity that fall outside the boundary to this design
space predicted by the 2-D numerical model. The lower r̄1tuned predicted by the analytical model comes with a slight increase in the power expected to be captured by
the array. As noted previously, these diﬀerences are probably due to the lack of 2
dimensional wake structure in the analytical model, as the wake is represented purely
by a velocity reduction. In the 2-D numerical simulations of arrays with several lowly
blocked rows the velocity reduction probably dominates the pressure head loss in describing the channel scale capture of power by the array. It would be interesting to
explore this design space using a 3 dimensional numerical model to see how much more
a 3 dimensional wake structure aﬀects this balance between wake loss and the step-wise
pressure reduction described in Section 4.3.
There are two extra sets of arrays simulated using the analytical model to show the
trend in design space as the array gets really big, with 20 or 50 rows. These show that
the converging limit may not be quite towards a constant total power for all blockages
in really large arrays. However, the converging trend in flatter total power seems to
reverse for arrays of 20 or more rows, which will get less total power from large arrays
with 20 or more highly blocked rows.
Other than these diﬀerences, both models predict a more or less parabolic design
curve in this design space shown in Figure 7.9 that is bounded by fairly similar boundaries for all but the lowest blockages suggesting relatively good agreement between the
two models.
223

Chapter 7. Discussion
a) Global blockage = 0.32, Cttuned

b) Global blockage = 0.32, r̄1tuned

30
1.6
Tuned power per turbine

Tuned total power

25
20
15
10
5

1.4
1.2
1
0.8
0.6

0
0.1

0.2
0.3
0.4
0.5
Tuned turbine drag ceofficient, Ctuned

0.4
0.45

0.6

t

0.5
0.55
0.6
0.65
Tuned relative local velocity, rtuned

0.7

1
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Figure 7.10: a) and c) Tuned total power as a function of turbine
drag coeﬃcient. b) and d) Power per turbine as a function of local
velocity reduction for arrays of packed rows with a) and b) ϵ = 0.32
and c) and d) ϵ = 0.48.

7.3.3

Optimal design space for arrays with packed rows

Two diﬀerent optimal design spaces for the two sets of packed rows with diﬀerent global
blockages simulated are shown in Figure 7.10. Each point represents the tuned turbine
design for operation in a specific array layout. Each point shows the power capture
and tuning needed for that power capture by an array with a specific packing density
and a specific number of rows. The lowest tuned drag coeﬃcient corresponds to the
highest packing density for 3 to 7 rows. A low drag coeﬃcient implies a high r̄1 . For
2 rows this is roughly true but for 1 row this isn’t as clear.
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These figures could be used by a turbine manufacturer or site developer to choose
the correct turbine tuning for a given array layout. This tuning is necessary to get
the maximum total power or power per turbine out of a given layout. This layout and
tuning will be chosen in the context of the economic and environmental constraints of
the larger scope of a specific project.
These design spaces are probably site dependent and will vary based on channel
size, 3D flow above and below the turbine and local bathymetry, among other factors.
However, the array layout may be dominated by the 1-D balance of friction and inertia
described by Vennell (2010, 2011b,a, 2012a,b). This study provides further evidence
that the fundamental relationships governing array-scale layout optimisation may be
dominated by bottom friction, added friction of turbines and inertia. If this is in fact
the dominant relationship at the array-scale, then the optimal design spaces in Figure
7.10 will provide a useful envelope for assessing the validity of a given turbine design
for use in a given array in a specific channel. As such, they are an important and useful
tool that need only tens of thousands of CPU hours of simulation time to produce, for
a given channel. It may well be worth this small investment early in a site scoping
project, to avoid committing to a turbine design that cannot easily be built in an
optimal way for the large array that is being considered. A device that is tuned for a
small array will not be the device that is tuned for a large array or even a small array
in a diﬀerent layout.
The design space’s response to change in layout varies in several ways.
1. The number of packed rows increases the total power capture but decreases the
marginal power capture per turbine.
2. The optimum Cttuned reduces as the number of packed rows increases
3. The local velocity reduction for optimal tuned power, r̄1tuned , tends towards freestream velocity as the number of packed rows increases.
4. Varying the packing density by packing a fixed number of turbines into the side
of the channel gives a smaller, but still significant, change in the total power or
power per turbine for a given global blockage and a fixed number of packed rows.
5. Varying the packing density has a larger eﬀect on the turbine design parameters
(Cttuned and r̄1tuned ) than the number of rows.
6. Densely packed rows need turbines designed specifically for those layouts. Turbines designed for densely packed rows need a lower Cttuned than turbines in
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uniformly spread rows.
The eﬀect of packing turbines into one side of the channel is to push the turbine
drag coeﬃcient lower. Initially, this also increases the power that can be captured by
the array, as the layout approaches the optimal packing density for maximum power
capture. Past this optimum, the drag coeﬃcient for maximum tuned power continues to
reduce as ϵL increases. However, at these higher packing densities, the power captured
is lower due to the channel scale eﬀects on the balance between free-stream velocity
and head loss in the channel.

7.3.4

Example: using the optimal design space to develop an
optimal array of packed rows in a small channel

An example is presented here to make the application of this design space to array
design clearer. A site developer might decide that device A, with a mean turbine drag
coeﬃcient over the tidal cycle of Ct = 0.4, is tuned for capturing power from a single
row of 4 turbines. This may well suit the developers channel, and indeed does suit this
small channel that has been simulated as an example in Figure 7.10a.
The developer probably wants more than 4 turbines in the farm in order to cover
fixed costs associated with the project such as transmission cables, legal fees, compliance costs, etc. So now we assume that the developer needs at least 25 turbines of
power to cover these fixed costs. The only way to get this power from this channel,
with packed rows of 4 or 6 turbines per row, is by using 7 packed rows of 6 turbines at
near optimal packing density (Figures 7.10a and c). If there are no other constraints
on the array’s development (like constraints on free-stream flow reduction) then the
developer will want to choose turbines that have a mean drag coeﬃcient over the tidal
cycle of Cttuned = 0.17 to 0.26. However, the most total power capture will be possible
with turbines at the upper end of that range.
Assuming that it is possible to buy turbines with drag coeﬃcient in this range, then
the developer has a final decision to make. This decision is financially driven: what is
the cost of buying turbines that have drag coeﬃcients in the range of 0.17 to 0.26? If
there is no unit cost diﬀerence between these turbines, then the decision is simple. The
channel and array-scale hydrodynamics determine the engineering specification of the
turbine design. However, if it is cheaper to buy turbines that have Ct = 0.17 than 0.26
then this becomes a financial optimisation rather than an oceanographic or engineering
one. This optimisation would be outside the scope of this project, but is a key piece
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of knowledge that will determine the viability of this developer’s project.
The final economic decision faced by this developer would be whether the marginal
revenue per turbine would justify the marginal cost of each turbine and associated
variable costs of transformers, power take-oﬀ, etc. It may be more economically viable
to buy fewer turbines to get more power out of each turbine and accept the compromise
of capturing less total power from the whole array. Figures 7.10b and d should assist
in this decision as they show the marginal power capture that is theoretically possible
in this channel, given the constraints of packed row layout and tuned turbine design
for that layout/channel combination.

7.4

Relevance of 2D in 3D world

This work has used many idealisations and assumptions in order to explore a large
parameter space with reasonable computational eﬀort. If these simulations were done
in 3-D so that the turbines only block a fraction of the channel’s depth, the dissipative mixing of the vertically bypassing flow with the wake would increase, probably
shortening the wakes. The flow that vertically bypasses the turbines may reduce the
importance of horizontal blockage. Simulating the flow past rows of turbines in 3-D
requires a much greater computational eﬀort than was available for this thesis. To
explore even the same tuning, number of rows and blockage space that was explored
in this thesis would require at least two orders of magnitude greater computational effort, estimated from the adaptive mesh LES simulations of a single turbine in periodic
boundaries by Rickard (2012).
Three dimensional modelling would also introduce a vertical blockage, or the fraction of the vertical cross section that is swept by the turbine blade. The vertical
blockage probably aﬀects the turbine tuning, power capture and free-stream velocity
in similar ways to the horizontal blockages explored in this thesis. It is also possible
that the vertical blockage aﬀects the optimum horizontal blockage or removes this eﬀect
all together. The eﬀect of vertical blockage has been explored analytically for a small
packed row by Nishino and Willden (2012). They found that optimal packing density
of a single row increases as the vertical blockage decreases. At low global blockage, the
total power captured at optimal packing density is shown to be constant, irrespective
of vertical blockage. However, Nishino and Willden’s (2012) conclusions are limited to
flow in which the free-stream velocity is not reduced by the array because they assume
that the free-stream velocity is constant. This thesis shows that the free-stream ve227
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locity is clearly impacted by the array. In fact the impact on the velocity is linearly
related to the total power captured by the array.
Including upstream, ambient turbulence from varying bathymetry and flow that
captures variations in turbulent micro-structure at micrometer level (Stevens et al.,
2012) would also probably shorten the length of the velocity reduction in the wake
due to further increased dissipative mixing (Harrison et al., 2010). However, these
eﬀects are small scale perturbations on top of the larger, channel scale eﬀects that this
study captures. These eﬀects may result in a few percentage diﬀerences in optimal
blockages, power or impact on the free-stream flow, while this study has explored the
larger, channel scale eﬀects of optimising array layout. Determining which of these two
eﬀects dominates the power capture at a given array size would be another interesting
area for further research.
Representing the turbines more realistically so that the turbine wakes include subdiameter scale vortices shed by rotating blades, the wake mixing would be potentially be
diﬀerent and would possibly alter this thesis’s key results of power capture at optimum
global blockage and packing density by a few percent. Modelling a few test cases
of even an idealised disk of increased drag in 3 dimensions would be an interesting
extension of this work. This could be used to investigate whether there is still an
optimal global blockage or packing density for maximum power when the flow is allowed
to vertically bypass the turbine. While it is likely that there would still be an optimum
global blockage or packing density, it may be at a higher global blockage than the 2
dimensional study found if only a fraction of the vertical water column is blocked. The
eﬀect on the free-stream velocity would also be interesting. It is likely that the freestream velocity would increase, as the vertical blockage decreases. This would impact
on the range of validity of models that have assumed that the free-stream velocity is
not slowed significantly.

7.5

Other geometries that could be explored with
this model

While this study has explored array optimisation under two sets of constraints, there
are many other possible ways to build arrays. It would be interesting to explore some
of those with this model. One obvious extension to packed rows would be to limit
the array to occupying a fraction of the width of the channel and vary the number of
turbines per row within this fraction. This would result in a diﬀerent global blockage
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Figure 7.11: Two alternative array layouts that could be explored.

and a diﬀerent packing density for each number of turbines. This would be diﬀerent
to the packed row configuration studied here as the number of turbines per row would
vary instead of the packing density of a fixed number of turbines.
Some interesting arrangements that could be explored are the lozenge layout or
bowtie layout, shown in Figure 7.11a and b, respectively. In both of these configurations
the array could be arranged in rows where the number of turbines in each row is diﬀerent
to allow wakes more space to mix while also capturing the pressure head loss eﬀects
that govern power capture by large arrays. There may be some power advantage in
either of these layouts due to the wake recovery, particularly the bowtie layout.
This study mostly compared layouts of uniformly arranged turbines where turbines
have the same across stream location in each row. The eﬀect of staggering each row
to be in out of the wake of each upstream row was briefly explored for packed rows in
Section 6. Staggering alternate rows gives an advantage in power capture that should
be explored further for uniform rows. Of course, the eﬀect of staggering opens up more
optimisation spaces that could be explored. The location of turbines in downstream
rows can be optimised in both the across stream and along stream direction. This
is described as micro-siting of turbines within a larger array layout by Vennell et al.
(2014). Malki et al. (2011b) studied the micro-siting of 3 turbines in 2 rows where
the upstream row has 2 turbines. Malki et al. (2011b) found an optimum downstream
spacing of the third turbine that depends on the across stream spacing of the two
upstream turbines. It would be interesting to explore this relationship within the
context of a larger array. It is not immediately obvious whether the channel scale
eﬀects of global blockage and decreasing power per turbine with more rows would
dominate the micro-siting eﬀects found by Malki et al. (2011b). However, the present
study’s comparison of staggered and regular arrays at high packing density suggest
that micro-siting would be a smaller influence on large array design than density of
turbines or the number of rows, in arrays with high packing density or high global
blockage.
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a)

b)

Figure 7.12: The optimum layouts of turbines found by Funke et al.
(2013) using an adjoint method. In a) the flow is constant to the
right. In b) the flow varies sinusoidally over a tidal cycle and turbines
are not allowed to be closer than 30 m apart. Reproduced from Figure
5 and 6 of Funke et al. (2013).

One approach that bypasses all of the layout choices completely is the adjoint
methods used by Funke et al. (2013). In this method the location of the turbines
changes at each iterative step in the adjoint process. Tuning was kept constant for
some of the array layouts and allowed to vary for others. Further, the flow was driven
by a constant or sinusoidally varying velocity which restricts the validity to small
arrays which don’t slow the free-stream velocity. However, this method holds enormous
promise for array layout optimisation as it reduces the computational cost of simulating
multiple layouts.
In Funke et al.’s (2013) study an initial uniform grid of 8 rows of 4 turbines evolved
into a sideways U shape with constant inflow when (Figure 7.12a). Turbines were
constrained to fit within a box in the centre of the channel roughly matching the side
walls of the U. This sideways U resulted in a 75% increase in power without tuning
each array layout, compared to the initial grid. It is unclear whether tuning would
increase or decrease this diﬀerence. This U shape and the line downstream of it could
be seen as 2 rows across stream rows with the turbines in the side wall of the U trying
to get out of the way of the first row.
Further, with sinusoidally varying input and a constraint on how close turbines can
be located, the initial grid evolved into the shape in Figure 7.12b where the turbines
are clearly staggered, but arranged in two distinct structures. Given that turbines in
this second layout are restricted to being a minimum distance from each other, this
shape could also be interpreted as an organic attempt to arrange into 2 loose rows. It
is interesting that while the upstream grouping is mostly staggered, the downstream
grouping are aligned directly downstream of each other. By trying to fit to a small
number of rows, it could be interpreted that these shapes have found a local maximum
that is close to the small number of densely packed rows that this thesis presents as
the optimum layout for maximum power capture. The staggered upstream and regular
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downstream groups would match the idea that after 2 or 3 rows of turbines the wake
is mixed much more quickly so that the wake shadow is a less significant eﬀect beyond
the 2nd row.

7.5.1

Sensitivity to along stream spacing for 3 rows

All of the simulations in this study have involved rows separated by 10 diameters
(200 m). An obvious question remains: how does the power capture or the optimum
layout of turbines change with diﬀerent spacing between the rows of turbines?
Two sets of simulations have been run to explore the sensitivity to this row spacing.
A subset of uniform rows with a range of global blockages has been simulated for 3
rows that are spaced 5, 15 and 25 turbine diameters apart. Secondly, another set of
simulations has been run with 5 uniform rows at 15 diameter spacing.
The variation in power captured by arrays of 3 rows spaced 5, 10, 15 and 25 turbine
diameters apart are shown in Figure 7.13. The total power captured by the array is
shown in Figure 7.13a. The power that each turbine captures is shown Figure in Figure
7.13b. Overall the power capture only changes significantly for closely spaced rows at
low global blockage (ϵ < 0.4). These figures show the power captured by tuned turbines
for each layout. The tuning is not necessarily the same for each layout.
The total power capture in Figure 7.13a is similar irrespective of row spacing. The
exception to this is closely spaced rows (5D) which capture up to 40% less power than
arrays with the highest spacing. This diﬀerence is largest for small arrays of 1 turbine
per row. For larger arrays with global blockage higher than 0.7, there is negligible
diﬀerence in the power captured by rows with diﬀerent spacing, probably within the
margin of error for these simulations. Even when only 5D apart, these larger arrays
capture similar power. This suggests that row spacing is important for small arrays of
only a few turbines per row.
In these small arrays wake deficits and interaction are more significant than the
channel scale pressure head loss across each row. In arrays with 3 rows of low global
blockage that are only 5 diameters apart, the downstream turbines are sitting in a
stronger velocity deficit relative to downstream rows in an array that has rows spaced
further apart. This is seen in Figure 7.14 which shows the instantaneous velocity field
around arrays of a) 5D spacing and c) 10 row spacing at low global blockage (ϵ = 0.3).
When each row is more highly blocked the row spacing is not as important. This
is due to the channel scale pressure head loss and free-stream velocity reduction which
become more significant than local velocity deficit in larger arrays with higher global
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Figure 7.13: Sensitivity of power capture and array layout to along
stream spacing in uniform rows. a) The total power and b) the power
per turbine as a function of the global blockage for a range of interrow spacings for 3 rows of turbines in the small channel. Each dot
represents the power captured by an array tuned for that layout.
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Figure 7.14: The instantaneous velocity field around arrays of a) 5D
spacing and c) 10D spacing at low global blockage (ϵ = 0.3) and
pressure field for b) 5D spacing and d) 10D spacing. Instantaneous
velocity is normalised relative to the velocity in a channel with no
turbines.

Figure 7.15: The instantaneous velocity field around arrays of a) 5D
spacing and c) 10D row spacing at high global blockage (0.8). Instantaneous velocity is normalised relative to the velocity in a channel
with no turbines. The pressure field, normalised by driving pressure
gradient, is shown in b) and d).
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Figure 7.16: Tuned relative local velocity reduction inside turbines as
a fraction of free-stream velocity for arrays with 3 uniform rows at
diﬀerent row spacing.

blockage. This is shown the velocity profile and pressure fields around the higher
blocked rows with two row spacings in Figure 7.15
The optimum global blockage for the maximum power per turbine is also close to
the same for diﬀerent row spacing. This is shown by the open black circles in Figure
opt
opt
7.13b that are close together. Both Pper
are close for rows spaced 10, 15 or
tur and ϵ

25 diameters apart. These diﬀerences are well within the realms of the uncertainty in
these simulations and curve fits. Even the rows spaced 5 diameters apart capture the
opt
opt
same Pper
is also similar to all the other spacings.
turb . The ϵ

Although there is some variation in the power captured by arrays that have low
global blockage, the optimum layout for these arrays does not change considerably as
row spacing changes. The global blockage has a larger eﬀect on the power captured
by an array than the row spacing. Further, the power capture at optimum layout also
doesn’t change with row spacing.
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7.5.1.1

Change in tuning with row spacing

The lack of variation in the power capture by arrays with diﬀerent row spacing is
dependent on tuning turbines in each layout for maximum power capture by turbines
in that layout. The variation in the tuning parameter, r̄1tuned , used to provide that
turbine tuning for each layout is shown in Figure 7.16. There is up to a 30% variation
in the flow through the turbines relative to free-stream flow to give the maximum power
capture by diﬀerent layouts. The tuning is lowest for rows that are close together where
individual turbines need to be unloaded to give maximum power capture. The tuned
value of r̄1 increases as the spacing between rows increases. This means that rows
spaced further apart need to be tuned to higher Ct to capture maximum power. The
only exception to this is the lowest global blockage where rows with a single turbine
need to be tuned to higher Ct when they are spaced 5D apart.
The diﬀerence in tuning is most marked for arrays with low global blockage. At
global blockage near optimum (ϵ ≈ 0.75) or higher the tuning parameter for maximum
power capture is similar. This is a further indication that at near optimum global
blockage, the row spacing is less significant than the global blockage to determining
the dynamical power capture of large arrays in a channel.

7.5.2

Sensitivity to row spacing with more than 3 rows

The variation of power capture and array layout at two row spacings for larger arrays
of 5 rows are compared to these spacings in arrays of 3 rows in Figure 7.17. The total
power captured by the array is shown in Figure 7.17a. The power that each turbine
captures is shown in Figure 7.17b. Both figures show that the number of rows in an
array and the global blockage of each row is more significant to the power capture than
row spacing. Increasing spacing from 10D to 15D has at most a 10% increase in the
power that each turbine captures. This increase occurs at the lowest global blockage
where the array layout is most sensitive to wake deficit eﬀects.
The ϵopt is roughly the same for both row spacings for arrays with either number
of rows. The optimal global blockage is a fraction higher for the 10D spacing in each
case but this diﬀerence is well within the expected uncertainty of the curve fitting.
Simulations at diﬀerent global blockages near the optimum give a similar power yield
so these small diﬀerences should be neglected. Further, at near optimal global blockage
or higher, the power captured by either 3 or 5 rows is not significantly diﬀerent for the
two row spacings. There is a far greater diﬀerence between power captured by arrays
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Figure 7.17: Sensitivity to a) the total power and b) the power per
turbine as a function of the global blockage to along-stream spacing
for arrays with 3 and 5 uniform rows at two spacings. Rows are spaced
at the reference spacing of 10 diameters and a larger row spacing of
15 diameters in the small channel. Each dot represents the power
captured by an array tuned for that layout.
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Figure 7.18: The variation in a) local velocity reduction and b) turbine
drag coeﬃcient for 3 and 5 uniform rows at the reference spacing of
10 diameters and a larger inter-row spacing of 15 diameters.

with more rows than with more spacing between rows. This reinforces the concept that
optimal layout at the channel scale is less sensitive to row spacing than to the number
of rows or the global blockage of each row.
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7.5.2.1

Change in optimal tuning with increased row spacing with more
rows

Again, the small change in power captured by arrays with diﬀerent row spacing is
dependent on tuning turbines for maximum power capture in that layout. Variation
in the tuning parameter, r̄1tuned , for these diﬀerent layouts is shown in Figure 7.18a.
Turbines in rows spaced further apart must be tuned to lower Ct , or individually
unloaded, to capture maximum power in those layouts. This is the case for arrays with
both 3 and 5 rows at blockages below 60% or 80% for 3 or 5 rows, respectively.
At higher global blockage the tuning is similar for the two spacings (Figure 7.18a).
At these higher blockages the power capture is the same for an array with the same
number of rows spaced further apart, as shown previously in Figure 7.17. So at lower
global blockage there is some diﬀerence in tuning needed to get the maximum power
for that layout. However, at high global blockage similarly tuned turbines can be used
irrespective of the spacing between rows.
In the simulations used in this thesis, the local velocity changes in response to the
other tuning parameter, Cttuned . The change in Cttuned for 3 and 5 rows at two diﬀerent
row spacings is shown in Figure 7.18b. These trends in Cttuned reflect the trends in
r̄1tuned for higher row spacing. Again, turbines must be less aggressively tuned (lower
Cttuned ) when rows are spaced further apart.
There is considerably more variation in Cttuned as global blockage changes, relative
to the trend curve than in r̄1tuned . This is due to higher uncertainty in the value of
Cttuned than r̄1tuned which is evident in the flatter tuning curves near Cttuned . These
tuning curves are shown in Appendix A. This means that near Cttuned , there is a large
range of Ct that gives a similar power capture. At the same time a small change in Ct
results in a larger change in local velocity, giving less uncertainty in r̄1tuned than Cttuned .
The highlighted trends in Figure 7.18b show that there is a peak in each curve for
a given number of rows and row spacing. This peak shows the maximum Cttuned for
that number of rows and row spacing and the global blockage at which the maximum
occurs. There is considerable uncertainty in the exact values at these peaks due to
poor goodness of fit near these points. However, the important feature is that the
peaks appear at a similar global blockage irrespective of the spacing between rows. For
3 rows this global blockage is roughly 0.45 while for 5 rows this is roughly 0.35. This
further reinforces the concept that there is more change in channel scale hydrodynamics
and array-scale power capture with global blockage or number of rows than with row
spacing.
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7.6

Sensitivity to bottom friction

The channel scale balance between friction and inertia is key to determining the dynamical response of a highly blocked array of turbines to a change in array design,
(Vennell, 2010). Parameterising friction with the ocean floor for any model is fraught
with diﬃculty. This is partly because of the wide range of possible channel bed sediments and partly because it is diﬃcult to measure, so estimates vary widely even for
a given site (e.g.: Kagan, 1971; Heathershaw, 1976; Moon and Tang, 1987; Kagan and
Romanenkov, 2006). Bottom friction is also a bulk parameter, used for modelling, that
is attempting to capture the complex variation in a turbulent boundary layer due to
interaction between the ocean and the complex bathymetry of the sea bed. As the
friction is key to understanding the array-scale dynamical response of a change in array design for a given channel, the sensitivity of the present model’s predictions to a
change in bottom friction has been tested here.
Bottom friction has been rescaled by the scaling described in Section 2.5. This
rescaling was used to reduce simulation times while maintaining dynamical similarity
of the balance between friction and inertia in the simulated channel. In this section
the bottom friction is presented as the unscaled friction for simpler comparison with
the real world. The value of friction applied in the models is ten times the unscaled
value presented in this section.

7.6.1

tuned
opt
Pper
increases with higher bottom
turb decreases and ϵ

friction
Simulations for 3 uniform rows of turbines in the small channel have been run for a
range of bottom friction from 5 × 10−4 to 5 × 10−3 . Allowing for the rescaling described
in Section 2.5 this was achieved using a bottom friction of 5 × 10−3 to 5 × 10−2 . Figure
7.19 shows the tuned power per turbine at a range of global blockages for the four
diﬀerent bottom friction values tested within this range. Each array layout has been
tuned for maximum power capture in that layout with that value of bottom friction.
The reference bottom friction that has been used in all other work in this thesis is
5 × 10−3 as described in Section 2.5. Simulations at low global blockage were not
run for any friction other than this base case for speed. The diﬀerence in optimum
global blockage and power at that global blockage is more interesting than at low global
blockage.
Channels with higher bottom friction have less power available to be captured by
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Figure 7.19: Sensitivity of the peak global blockage for turbine efficiency to bottom friction using 3 uniform rows of turbines in the
small channel. Power per turbine is at the peak in the drag curve for
each global blockage. Open black circles highlight the peak power for
each global blockage.
the turbines compared to channels with lower bottom friction. This is purely because
the extra friction further slows the flow. This is shown in Figure 7.19 where bottom
friction has more impact on the tuned power per turbine than global blockage. Any
array layout in a channel with low bottom friction (Cd = 0.001 or 0.0005) will capture
more power per turbine than any array in the in the channel with Cd = 0.0025.
The optimum global blockage for maximum power capture also changes in channels
with diﬀerent bottom friction. The ϵopt increases as bottom friction increases. Also,
opt
the power capture at that optimum global blockage, Pper
turb , decreases as bottom

friction increases. This simply reflects the trend that there is less power available to
opt
be captured in channels with higher bottom friction. These trends in ϵopt and Pper
turb

are highlighted by the peaks in Figure 7.19 and plotted directly in Figure 7.20. This
figure shows that an array in a channel with lower bottom friction will capture more
power even at optimal global blockage in each channel.
While this was intended as a sensitivity test, Figure 7.20 highlights some interesting
dependence of array layout on the natural characteristics of the channel. Arrays built
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Figure 7.20: Power per turbine at optimum global blockage and turbine tuning for channels with four diﬀerent bottom frictions for 3
uniform rows of turbines. These channels are the same as the small
channel in all ways except the bottom friction. The Cd = 0.005 used
in all other simulations is highlighted by a dotted line.
in channels with a rougher bottom (higher Cd ) benefit more from higher blockages.
This is shown by the increase in optimal global blockage as bottom friction is increased
in Figure 7.19. This is not to say that higher bottom friction is necessarily desirable for
tidal power capture, as a rougher bottom also reduces the power that can be captured
by an array, Figure 7.19. While a site developer can’t control the bottom friction at a
site it is clearly important to know this as accurately as possible. Using an incorrect
parameter for bottom friction at a given site would lead to incorrect layout design and
incorrect expectations of the power capture by the array.

7.6.2

Tuning turbines for arrays in channels with higher bottom friction

The predictions of power per turbine and optimal global blockage in Figure 7.19 and
7.20 are dependent on tuning turbines in each layout for each bottom friction. The
variation in tuning for maximum power capture by each case is shown for the two
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Figure 7.21: Sensitivity of the tuning parameters to bottom friction
using 3 uniform rows of turbines in the small channel. The tuning
parameters are a) tuned local velocity reduction in the turbine relative
to free-stream velocity and b) tuned turbine drag coeﬃcient. Both
parameters are for turbines tuned for maximum power per turbine for
each global blockage and bottom friction.
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tuning parameters in Figure 7.21. Figure 7.21a shows that r̄1tuned increases towards the
free-stream flow as the bottom friction increases. At the same time Cttuned decreases
in channels with higher bottom friction. The only exception to this is for the highest
bottom friction tested (Cd = 0.005) at the lowest global blockage (ϵ = 0.32). This is
possibly an error resulting from the large uncertainty in Cttuned due to a shallow tuning
curve near peak and shouldn’t detract from the overall trends.
Overall, turbines designed for maximum power capture in channels with lower bottom friction need to be tuned to lower Ct . This lower tuning allows more flow through
each turbine because it imposes less force on the flow at a given velocity. Conversely,
turbines need to be tuned to higher Ct for maximum power capture in channels with
higher bottom friction. In designing turbines for a given layout in a given channel it
is important to identify the correct parameter for bottom friction at the channel they
will be deployed in. The is crucial to optimising array layout as bottom friction adjusts
the dynamical balance of the channel towards friction and away from inertia. This in
turn changes the tuned turbine design parameters as well as the optimum layout and
power capture of arrays in this channel.

7.6.3

Impact on natural flow is similar in channels with different bottom friction

This decrease in tuning for lower bottom friction is possibly because the free-stream
velocity is significantly higher in the channel simulated with lower bottom friction. The
free-stream velocity for each of these simulations is shown in Figure 7.22. The velocity
here is normalised by the velocity in the empty channel with base friction (Cd =
0.0025). The free-stream velocity is faster in channels with Cd < 0.0025 even though
the array slows the flow because the natural velocity in those channels is higher. The
natural velocity is higher simply because the same driving pressure gradient pushing
flow through a channel with lower bottom friction results in a higher natural velocity.
Despite this overall increase in velocity with lower friction, the change in natural
flow due to array layout varies in a similar way, irrespective of bottom friction, shown in
Figure 7.22 where each curve has a similar gradient, dR̄f ree /dϵ. This means that adding
turbines to each row in an array decreases the flow by a similar amount independent
on the bottom friction in that channel. The gradient is perhaps a little shallower for
the highest bottom friction (Cd = 0.005) than the lower bottom frictions (down to
Cd = 0.0005). This is not a huge diﬀerence though and a factor of 10 is a large change
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Figure 7.22: Sensitivity of the free-stream velocity, Rf¯ree , to bottom
friction using 3 uniform rows of turbines in the small channel with
four diﬀerent bottom frictions. The free-stream velocity is around an
array of turbines tuned for maximum power for each global blockage.
The velocity here is normalised by the velocity in the empty channel
with base friction (Cd = 0.0025).
in bottom friction.
A linear relationship between the total power captured by an array and the reduction in free-stream velocity was found in Section 4.4.3.1. This linear relationship is
not changed significantly by a change in the channel’s bottom friction. This is shown
in Figure 7.23 where power is plotted against free-stream velocity for channels with
four diﬀerent bottom frictions. Water flows faster in the channels with lower bottom
friction. However, there is a corresponding increase in the total power that can be
captured in these channels with lower bottom friction. Thus, the gradient of the linear
relationship between total power and free-stream velocity remains the same.
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Figure 7.23: Sensitivity of the dependence of total power captured by
the array to the impact on the free-stream velocity by tuned turbines
for each global blockage in uniform rows. Free-stream velocity is
normalised by the velocity in the empty channel with Cd = 0.0025.

7.7

Flow in a real channel

An idealised model of an array in a channel has been developed and used in this thesis
to explore the optimum layout of arrays at the channel scale. To save computational
eﬀort and to separate channel scale wake eﬀects from local bathymetry eﬀects this
idealisation has intentionally ignored many aspects of tidal flow in a real channel.
Here, those aspects are described with some description of how they might aﬀect the
results of the optimisation in this study.
The overall goal of modelling arrays of turbines is to predict the optimum layout of
an array in a real channel. This study must be used to inform 3 dimensional models
that contain real bathymetry. The results of this study should help to reduce the
search space needed to optimise the layout of arrays at a given site. However, the local
velocity fluctuations due to varying bathymetry in a real channel may dominate the
eﬀects found in this study. Further research at a given site is needed to ascertain which
eﬀect is dominant at a given site.
245

Chapter 7. Discussion

7.7.1

Real bathymetry

Real bathymetry at a given site aﬀects the flow in many ways. The velocity will change
considerably across a large strait based on larger scale ocean flow interacting with local
features. For instance the velocity in the Karori Rip region in Cook Strait is up to
3.2 m s−1 when the average velocity is closer to 1.9 m s−1 (Stevens et al., 2012). Myers
and Bahaj (2005) identified hot spots in the flow in Alderney Race where the local flow
is considerably faster than the surrounding flow that they utilised in optimising array
layout. It makes sense to position a turbine in this type of localised flow increase when
attempting to get the most power from the channel.
A model of an array located within a larger scale oceanographic model is needed to
assess the potential of a given site. The optimum layout of an array will vary depending
on the individual site. Plew and Stevens (2013); Karsten et al. (2013); Myers and Bahaj
(2005); Sutherland et al. (2007); Polagye et al. (2009) have developed models of tidal
arrays at specific sites in Tory Channel, New Zealand; Minas Passage, Nova Scotia,
Canada; Alderney Race, English Channel; Johnstone Strait, Canada and Puget Sound,
USA, respectively. Because of the complexity of modelling the flow at a real location
the range of layouts tested by these studies is limited. There are naturally occurring
fast and slow regions within a channel due to local bathymetry. It is obviously better
to locate turbines to take advantage of these local variations in velocity. However, it is
still unclear whether these local scale eﬀects would dominate the channel scale array
eﬀects that this thesis has explored. It would be interesting to test a subset of the
models developed in this thesis at a real site to explore which eﬀects dominate for a
combination of local bathymetry and blockages.
Even just applying a lateral bathymetric profile to the channel may change the
optimum layout. If the channel was shallower at the sides of the channel, then the
advantage of packing turbines into one side of the channel may be less. Introducing a
headland part way along the channel similar to that explored analytically for a single
row by Draper et al. (2013) would also be an interesting extension of this numerical
work.

7.7.2

Ambient turbulence and dissipation

In this idealised model ambient turbulence has intentionally been ignored. In a real
tidal channel turbulence occurs due to flow over complex bathymetry as well as the high
Reynolds numbers of the channel. Harrison et al. (2010) observed that this naturally
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Figure 7.24: The velocity around an array of 7 rows of 5 tuned turbines. Flow is towards the right. The velocity deficit in the wake
is less coherent for downstream turbines as the turbulence from upstream turbines causes the wake to separate earlier.

occurring turbulence shortens the wake length of a turbine. This is due to an increased
mixing of the bypassing flow with the flow in the reduced section of the wake with
higher upstream turbulence. This eﬀect is noticeable in a much reduced wake length
in each successive row of turbines in all the simulations of multiple rows conducted
in this study (for example Figure 7.24). In the present study the turbulent wake also
passes back through the array each time the tide reverses. This causes a short period
where even the upstream rows are experiencing a turbulent flow and show a reduced
wake length. If ambient turbulence was included all turbines would show a decreased
wake length at all stages of the tide. This may be of a diﬀerent length or magnitude as
ambient turbulence is not likely to be the same length or time-scales as wake turbulence.
By ignoring ambient turbulence this study has focused on the optimised layout
due to channel scale interactions. It would be an interesting extension to this work
to introduce some flow variation upstream of the array. This could potentially be
achieved by adding a grid of increased drag “blocks” upstream of the array. This
would be similar to the grid of physical blocks that are used to generate a boundary
layer in a wind tunnel (for example Jamieson et al., 1992). It may be diﬃcult to
get the scale of turbulent flow close to representing realistic ambient turbulence, but
this would allow comparison of channel scale optimisation of array layout with and
without ambient turbulence. Adding ambient turbulence would potentially decrease
the dissipation distance of the velocity deficit in the wake. It would also be an increase
in the energy dissipated in the channel due to the extra drag and care would need to
be taken to avoid adding so much drag that the dynamical balance changes away from
inertia. However, it is unlikely to be large enough to change the channel scale balance
of pressure head loss that was shown to be crucial to the optimum array layout in
Section 4.3.
It would also be very interesting to explore diﬀerent representations of dissipation
of horizontal momentum to the MILES approach used in this thesis and their impact
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on the results. For instance, a Smagorinsky or spectral model may reduce the length
of wakes due to a increased dissipation in the turbulent wake behind turbines. This
could potentially have an impact on the relative importance of staggering and other
micro-siting compared to the larger array eﬀects of global blockage, number of rows
and packing density.

7.7.3

Non-bidirectional flow

This thesis has concentrated on finding the optimum layout of arrays under various
constraints. In this optimisation the current has been assumed to be bi-directional.
That is, M2 only with eccentricity ε = 1.0. Under this assumption, the wake from each
turbine spreads out directly downstream of each turbine. This wake is closely aligned
with the axis of the channel. However, when time-varying oﬀ axis current flows through
these arrays the wake shadow will rotate from side to side as the current comes from
diﬀerent direction at diﬀerent stages of the elliptical tidal cycle. Thus, rotating tidal
flow has the potential to change the optimum layout of arrays. A simple analytical
model that explores the eﬀect of an elliptically rotating current on the power captured
by fixed axis turbines is included in Appendix D.
Simply driving the flow with an elliptical M2 tide with or without a mean oﬀset
would be an interesting variation. It would not be possible to use the same boundary
conditions that were used in this study to create this elliptical flow. In this study the
flow was driven by an oscillating pressure gradient that cannot easily produce oﬀ-axis
flow. One possible method to maintain a flow driven by a proxy for surface elevation
and capture the oﬀ-axis components would be to drive the flow with an extra source
term in the Navier-Stokes equations (Figure 7.25). This source term, an acceleration, is
numerically identical to a pressure gradient if it is purely along the channel. However,
an acceleration source term could be varied in direction and magnitude to describe
elliptically rotating flow composed of as many tidal harmonics as is necessary.
Exploring the eﬀect of an elliptically varying current on optimum array layout
would make an interesting extension to this study. It is likely to impact especially on
the optimum layout of arrays with staggered rows. Attempting to position alternating
rows of turbines in the gap between upstream turbines is reaonable when the flow is
bi-directional. If the wake from upstream turbines was rotating due to elliptical flow
variation, the downstream row may be directly in the wake of the upstream turbines
when flow is coming from a few degrees oﬀ axis. This can be seen in the snapshot of
vorticity field around a single turbine at hub height in the plan section of Rickard’s
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Figure 7.25: A plan section snapshot of vorticity at hub height of
flow around a single turbine (at centre of image) in oﬀ-axis flow. The
boundaries are periodic in both along and across stream directions
so the wake from turbine edges re-enters the domain from acrossstream and from upstream. Flow is toward the right and bottom.
Reproduced from Rickard (2012).
(2011) 3 dimensional model in Figure 7.25.

7.7.4

Alternative method for driving flow

In this thesis the feedback on the free-stream flow by the turbines imposed force on the
flow is captured by driving the flow through the channel with a tidal head loss balanced
by bottom friction. This method directly captures the feedback on the flow but does
require running all of the simulations in the specific channel that has the same balance
of inertia and friction (λ0 ) and the same ratio of tidal excursion to channel length
(α). Diﬀerent channels have diﬀerent optimal global blockage and turbine tuning for
maximum power capture, as show in Sections 3.7 and 5.6.
An alternative approach to exploring layout optimisation may potentially be possible using a rescaling of velocity due to imposed force of the farm, calculated from
Garrett and Cummins (2005) model of a turbine in a channel. This would be similar to
the approach used be Vennell’s (2010) analytical approach. In this alternative approach
all channel dynamics (combinations of λ0 and α) could be explored analytically using
the power capture and basin eﬃciency calculated from a single set of numerical results
for each layout and tuning. Because the flow through turbines would only need to be
calculated once and then rescaled for a given channel this alternative approach would
require less simulations to understand the optimum layout for any given channel.
A rescaled approach may have the advantage that it requires less simulations but
this alternative approach is a workaround to solving the real problem of optimised
layout under conditions that capture the feedback on free-stream velocity. In this
thesis the full problem has been solved rather than the workaround as it fully captures
the eﬀect of feedback on the flow rate. Further, the approach in this thesis does not
rely on the assumption that mixing of the wake is fully contained within the channel.
This assumption was shown to be incorrect for the layouts modelled in Section 3.6.
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The modelling with flow driven by an imposed velocity in Appendix F suggests that
this technique would give a diﬀerent optimum global blockage to the models driven
by head loss in Chapter 3. It is not clear whether correcting the imposed velocity
models for adjusted flow rate would account for the diﬀerences but this would make an
interesting area for further study. The data set in Appendix F would be particularly
useful for testing the validity of this alternative approach.

7.8

Realistic tuning of turbines

The first step in the multi-parameter optimisations in this study was to find the turbine
tuning for each array layout. This search assumes that it is possible to build a turbine
with any turbine drag coeﬃcient in the range 0 < Ct < 1. The tuning may be achieved
by design of the turbine’s blade shape, angle of feathering or generator design.
While the approach to designing a turbine with a given drag is outside the scope of
this thesis, the drag presented here should be a useful guide for designing turbines for
operation in a large array. There is also no consideration given to the cost of building a
turbine to have a diﬀerent drag. Turbines which impose more force on the flow may be
more expensive to build, in which case an economic optimisation becomes important.
If turbines that achieve lower drag coeﬃcients are cheaper to build than turbines tuned
for stand alone operation, then the economic trade-oﬀ would work out better in large
arrays. The lower tuning that gives maximum power capture in larger arrays would be
cheaper to build so this optimisation would be simpler.
If turbines with lower drag are more expensive to build then the economic optimisation becomes more complicated. This economic optimisation could use the results
of this thesis with extra information about the revenue from power capture and the
cost of turbines built to diﬀerent tuning specifications. The tuned turbine would then
be tuned for maximum income rather than maximum power capture. Power capture
would be just a part of the income calculation.

7.8.1

Tuning in-concert

Tuning each tidal turbine within an array to a drag that is specific to that location in
the array was called tuning in-concert by Vennell (2011b). Vennell (2011b) found that
tuning rows of turbines in-concert yielded slightly more power than turbines that are
tuned to the same value in the whole array. It was also shown that the tuning each row
was similar for highly blocked rows and exactly the same for all rows with the same
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global blockage, even in a constricted channel. In some cases using the same turbine
drag coeﬃcient for all turbines is a reasonable first step towards optimising large array
design for maximum power capture.
It would be an interesting extension of this work to look at tuning the drag coefficient for each turbine in an array individually. In this optimisation there would be
a separate drag coeﬃcient for each turbine in the array, up to 84 parameters. Using
a brute force approach, like the one employed in this thesis, would be ineﬃcient for
an optimisation in such a large parameter space. A mathematical optimisation search
such as an adjoint method would make more sense for this problem. Funke et al.
(2013) applied an adjoint method to the optimisation of layout of turbines. A similar
approach could be used for tuning individual turbines within an array.

7.8.2

Time varying tuning

In reality, the tuning of a turbine is so critical to the power capture that the tuning
will vary in response to the instantaneous velocity. The instantaneous velocity changes
with tide and as turbulence changes the local velocity. In this study the turbine drag
coeﬃcient is kept constant over the duration of a simulation. This tuning probably
represents tuned design for the fastest velocities within the tidal cycle as the time
near peak flow dominates the power capture over a tidal cycle. This design represents
a simple turbine that may be more robust but does not necessarily reflect the best
design in the long run.
In commercial applications the turbine tuning is likely to adjust automatically to
the tuning for the instantaneous velocity much like a modern wind turbine changes
blade pitch Muljadi and Butterfield (2001). There are several possible extensions to
this study to look at the eﬀect of time varying tuning on the optimum layout of arrays.
One possible approach would be to use maximum power point tracking (MPPT),
a type of optimal control (Munteanu, 2008). In MPPT the turbine drag coeﬃcient is
varied by a small amount on a time-scale shorter than the rate of flow variation. The
response of the power capture to this tuning variation is measured to calculate a new
tuned drag coeﬃcient. Depending on whether increasing the drag increases or decreases
the power captured, the drag is increased or decreased until there is no observed change
in power. At this point, the turbine is considered tuned for that instant. The drag is
constantly varied by a small amount to test whether there is a shift in the turbine drag
tuning for maximum instantaneous power due to a change in water speed. In this way
the drag is maintained near optimum instantaneous tuning over a varying wind speed.
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If a MPPT approach had been used in this study it is likely that all arrays would
have captured more power. It is diﬃcult to assess whether this would change the
optimum layout under each set of constraints predicted by this study. Each turbine’s
drag could be changed at each instant to respond to the flow at that point in the array,
by a small optimal control loop within the Gerris parameter script. However, there
is a limitation to this approach for tidal energy, due to the tidally reversing nature
of the water. Tuning each turbine for maximum instantaneous power capture is not
necessarily the same as tuning each turbine for maximum power over a tidal cycle. It
would be interesting to look at how much these two tunings vary using an idealised
model such as this.
Plew and Stevens (2013) found that cut in speeds and design speed limits below
and above which the turbines produce no power are relevant to array design. It would
be interesting to test how these operational constraints aﬀect array layout in the type
of idealised domain used in this thesis. It is likely that if the design speed limit was
lower than the maximum current seen in this channel, then this would only have an
eﬀect on optimum layout once severe deflection around the turbines was accelerating
local flow conditions well away from natural velocities. It is also possible that once
the turbines are tuned for maximum power capture in a given layout that the turbine
design speeds may not be exceeded as often as if a generic tuning was used.

7.8.3

Realistic turbine response

The process of converting hydrodynamic power into electrical power has been ignored
in this thesis. This introduces further complexities into the turbine response. Most
turbines will have cut in and cut out speeds, below and above which the turbines do not
generate electricity. It would be a simple extension of this work to add a cut in and cut
out speed to the power capture algorithm although the eﬀect on the flow of a turbine
that stops rotating may be more complex to describe. Diﬀerent turbine designs will
have diﬀerent cut in and cut out speeds and these may eventually diﬀer significantly
for turbines that are designed for arrays rather than the single deployments that are
currently being tested.

7.9

Achieving high blockages

This thesis shows that the optimum layout for the most power per turbine is a single
highly blocked row. Under the constraint that the number of turbines in each row is
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limited, these turbines should be packed tightly together to get the most power from
each turbine. These optimums are dependent on the turbine filling the vertical depth
of the channel, due to the 2 dimensional modelling approach used.
Both of these optimal layouts rely on it being possible to pack turbines tightly
together so that they can block a significant fraction of the channel’s vertical crosssection. The existing turbines such as OpenHydro or MCT are unlikely to be able to
achieve these high blockages. This is due to their circular nature, ducting and support
structure design. At most, a circular, horizontal axis turbine such as these can achieve
a blockage of π/4 ≃ 0.79. MCT plan a new support structure which would allow their
turbines to be packed closer together, as close as 1 m between blade tips, Figure 2.11.
While this would help achieve higher blockages, they are still limited by the circular
vertical profile that they present to the water.
The Transverse Horizontal Axis Water Turbine (THAWT, McAdam et al., 2010)
presents a rectangular profile to the flow meaning that it could theoretically achieve
horizontal blockages right up to 1.0. This could make the THAWT device better
suited to operation in large arrays than a conventional horizontal axis turbine. An
artists impression of the THAWT is shown in Figure 2.11.
It is also worth noting that this study has ignored the eﬀect of support structures.
At the channel scale this may appear to be a small diﬀerence but support structure
drag may be a significant part of a turbine’s overall eﬀect on the flow. Vennell (2012a)
explored the eﬀect of support structure on the energetics of tidal arrays using an
analytical model. Plew and Stevens (2013) point out that even if the support structure
is initially a smooth cylinder it is likely to attract bio-fouling, increasing the drag from
the support structure and that at velocity faster than the design speed, structural drag
force continues to increase while turbine force reduces. Belloni and Willden (2011)
explored the eﬀect of ducting and support structure on a ducted turbine in a highly
blocked row using a 3D RANS simulation of a single turbine in a box with periodic
boundaries. Belloni and Willden’s (2011) study cannot be applied to large arrays
because a constant free-stream velocity was assumed. The results are applicable to
analysing the power capture by small arrays and show the power capture is limited by
adding a duct, or any other type of support structure.
This added blockage reduces the available energy that can be captured by the
turbines in a similar way to that found by Vennell (2012a). Hence, the role of support
structure drag is clearly an important aspect that has been intentionally ignored in this
study for simplicity. It would be interesting to add a fixed support structure component
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to the turbine drag coeﬃcient in the model developed in this thesis and explore the
eﬀect of this on the power captured by diﬀerent layouts.
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Chapter 8
Conclusion
In this thesis an idealised array-scale model of flow around arrays of tidal turbines
in channels has been developed and applied to explore fundamental aspects of array
layout relevant to designing large tidal arrays for maximum power capture. This study
combines the novelty of tuning turbines for each array layout with a array-scale, 2D hydrodynamical model where the channel-scale flow is represented by a head loss
balanced by friction. As such, this is the first exploration of the fundamental relationships governing power capture by large arrays to represent the wakes from individual
turbines at this scale in a 2-D hydrodynamical model.
The exploration of the large multi-parameter optimisation space that this thesis
has explored has been made possible by eﬃciencies and idealisations in the numerical
scheme. Idealised model components have been developed in a rescaled domain and an
eﬃcient, adaptive mesh modelling approach has been adapted to capture the wide range
of scales that are significant to the array scale flow. These techniques have reduced
computational cost to the point where a fundamental exploration of the dynamics of
power capture and flow reduction around thousands of diﬀerent array layouts in tidally
reversing flow driven by a tidal head has been possible for the first time.
While previous array layout optimisation studies have focussed on a smaller scale
more detailed model of the turbine or on a larger scale coastal hydrodynamic model,
this is the first study to bridge the two scales using 2-D hydrodynamical simulations.
Channel scale array layout has previously only been explored with analytical models
that have been restricted to either uniform rows (Vennell, 2010, 2011b, 2012a, 2013)
or small arrays (Garrett and Cummins, 2005; Nishino and Willden, 2012). LES has
been used here for the first time in a channel scale tidal array model to capture temporal and spatial variation in flow structure on a scale that is relevant to array layout
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optimisation.
By driving the flow with a pressure head across the channel rather than a fixed
velocity, the model in this thesis has been able to explore the power capture and
velocity reduction by large arrays that reduce the natural free-stream velocity by a
significant fraction of its natural value. Further, the LES simulations have enabled
an exploration of the fundamental channel scale hydrodynamics that determine power
capture by large arrays of turbines tuned for that layout beyond what is possible with
analytical models.
As the first study that combines these aspects some key features of array layout
optimisation have been identified, initially under the constraint that turbines are arranged in uniform rows where the number of turbines in each row is changed to achieve
diﬀerent global blockages. The tuning, global blockage and number of uniform rows
was varied to explore the optimum layout for maximum power capture. Further, two
deviations from uniform rows have been explored by varying the packing density with
a fixed number of turbines in each row: packed rows and staggered packed rows.
Uniform rows
Optimum layout of uniform rows presents a compromise between the total power captured by the array and the power that each turbine captures.
• The optimum layout where each turbine captures maximum power is a single,
nearly totally blocked row.
• For a given number of rows there is an optimum global blockage, ϵopt , for maximum power per turbine that decreases from 1.0 for 1 row, to 0.4 for 7 rows in
the channels simulated.
• Adding more rows to an array increases the total power captured but decreases
the power that each turbine captures.
• Adding more turbines beyond the optimum global blockage also increases the
total power captured by the array, but again decreases the power that each turbine
captures.
The power captured in any given layout is determined by the balance of head-loss across
each row and the tuning of turbine friction for that specific layout. The reduced freestream velocity is a consequence of the balance of these two forces and tends towards
a lower limit of 60% of the natural free-stream velocity.
256

Tuning turbines for maximum power capture in a specific array layout is crucial
to comparing the power captured by diﬀerent layouts. Turbines need to be designed
for operation in the specific array and channel that they will be deployed in as the
tuned turbine drag coeﬃcient for maximum power capture, Cttuned , is quite diﬀerent
for diﬀerent array layouts:
• For a single highly blocked row Cttuned is three times that for a single turbine in
isolation, Ctsingle
• For large arrays Cttuned can be as low as half that for a single turbine, where each
turbine is detuned to capture less power so that the overall array captures the
most power.
By tuning individual turbines for maximum power per turbine over a tidal cycle, the
dynamics of power capture swing from kinetic energy and wake deficit dominated
eﬀects for small arrays, to potential energy in the head lost across the array and rows
of turbines for large arrays.
Packed rows
Packing turbines into one side of the channel can increase the power capture compared
to spreading them uniformly across the channel. However there is still a compromise as
to whether the extra power that the array captures is worth the cost of extra turbines,
as in the case for uniform rows of turbines. The power that each turbine in the array
can capture decreases as extra rows of tuned turbines are added to an optimally packed
array of packed rows. In trying to optimise array layout for maximum power capture,
a compromise must be made between the total power captured by the array and the
marginal gain in power achieved by adding extra rows to the array.
• Up to 10% more total power can be captured by an array with a given number
of turbines by packing turbines to an optimal local blockage for maximum total
power capture, ϵopt
L in the channels simulated.
• ϵopt
L decreases as rows are added to the array, from highly packed for a single row
to more spread out for multiple rows.
• At the optimal packing density, a single row still captures significantly more
power per turbine than multiple rows, but adding rows still increases the total
power captured by the array.
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• Packing turbines into the side of the channel increases the power capture for
arrays with ϵ < ϵopt . If more turbines are added to each row so that ϵ > ϵopt , then
increasing the packing density does not increase the power capture any further.
Choosing a fixed global blockage by fixing the number of turbines per row may be
necessary for planning permission, but it will be at the expense of the total power
captured by an array in a given channel. This is because a larger number of turbines
per row would give more total power and almost definitely give more power per turbine,
up to the limits of the optimum global blockage. If there is any fractional gain to be
made within the fixed global blockage constraint imposed by planning permission, it
should be utilised by site developers as they design the array for their site. So while
the total power gains to be made from changing packing density may be secondary to
the total power gains to be made by changing other array layout parameters, it may
become one of the most significant factors in a tidal energy site’s economic success due
to the constraints imposed by local environmental planning agencies.
Staggering alternate rows
It was expected that channel scale dynamics would dominate the smaller scale wake
eﬀects relevant to optimum design of large arrays. Staggering alternate rows to avoid
the velocity deficit in the wake of upstream turbines has been used to explore these
drivers of array layout for packed and uniform rows in a small channel, both with
ϵ = 0.32. Staggering alternate rows has diﬀerent eﬀects on the power capture at
diﬀerent packing densities.
• At lower packing density, ϵL ⪅ 0.6, staggering alternate rows increases the power
capture by up to 30%.
• At higher packing densities, ϵL ⪆ 0.6, staggered arrays capture roughly the same
power as regularly arranged rows of turbines.
These conclusion apply to both power per turbine and total power capture in the small
channel simulated. At higher packing densities the gap between wakes from upstream
turbines is smaller than in lower packing densities. In these highly packed rows with
tuned
tuned
relatively small gaps between turbines, changing ϵL or n increases Pper
turb and Ptotal

by more than can be achieved by staggering alternate rows without also optimising ϵL
or n.
The result for higher ϵL suggests that in arrays with high packing densities the
parameters governing large scale array layout of uniform and packed rows is more
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significant to optimising design to maximise power capture than the secondary eﬀect
of staggering alternate rows of turbines. It is possible that these eﬀects extend to
uniform rows with ϵ > 0.32, due to the smaller gap between turbine in these layouts.
However, further simulations would be required to confirm this result.

Local environmental impact versus global environmental benefit
One of the goals of optimising array layout is to maximise power extraction within
environmental impact criteria. This thesis shows that there is only minor scope to
achieve this goal, by identifying a linear relationship between total power capture and
free-stream velocity reduction for any array layout with uniformly spread rows. This
linear relationship is very similar for an array of packed rows. However for a given number of rows, increasing the packing density results in small deviations from the linear
trend that can give a 5% to 10% improvement on the otherwise linear relationship.
• The free-stream velocity increases a little, towards the natural velocity, as rows
are packed more densely into the side of the channel.
• At the optimum local blockage for a given number of rows, the free-stream velocity
is not slowed quite as much as it is by uniformly spread rows with the same global
blockage, but there is slightly more power captured by the array.
• At a slightly higher packing density than ϵopt
L the array captures only a little
less total power, but the impact on the free-stream velocity is 10% less in the
small channel simulated. This represents the best possible compromise between
maximising total power capture and minimising local environmental impact.
This linear relationship means that there is a linear balance between the global environmental benefit of capturing more power from a renewable resource and the local
environmental impact on the ecosystem of disturbing the natural flow. This balance
cannot easily be determined at a global scale for each tidal array development, but
it is important to note that this balance exists and it this study suggests that it is
only possible to achieve the global benefit with a significant local impact. It would be
extremely interesting to explore the significance of the 2-D modelling approach used
in this thesis to this linear balance and the deviations from linearity found for packed
rows.
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8.1

Directions for further study

There is scope to conduct further analysis of the model results generated by this study.
It would be interesting to look at the variation in the length of individual turbine’s wake
as blockage increases. The mixing at the shear layer between wake and free-stream
flows even in these idealised wakes changes as turbines are packed closer together.
This wake length could be compared to the diminishing returns per turbine as rows
are added. This would require a strict definition of wake length, perhaps the distance
down-stream of the turbine, for the time-averaged velocity to recover to 60% or 80%
of free-stream velocity. The comparison of this wake length to the head loss across
individual rows would also be interesting, potentially pointing further towards a point
where arrays start to capture power more from potential energy than from kinetic
energy. While turbulent wake recovery is inherently a 3-D process, the results from the
2-D simulations used in the present study may usefully guide a 3-D study of changes
in wake length with array layout.
This study has focused on optimising layout for maximum power capture. An alternative metric would be the force on turbines. The force on each turbine represents
the cost of building each turbine, assuming that the cost of a turbine is related to
the strength of component parts. The instantaneous loading on turbines due to the
flow would change with layout (Vennell et al., 2014) and the present study, which incorporates time-varying velocity in the Large Eddy Simulations would give a better
indication of instantaneous loading on each turbine than (Vennell et al., 2014)’s analytical model. The economic eﬃciency,

Pper turb
,
F orce per turbine

introduced by (Vennell et al.,

2014) would be another useful metric of an array’s economic operation but presents
another optimisation problem that wasn’t considered for this thesis. In hindsight, it
may have been a better choice than power per turbine and this optimisation would
make a good extension of this thesis.
Further analysis could also focus on the phase diﬀerence between the driving pressure gradient and the velocity in the channel. This phase diﬀerence is due to a combination of the natural bottom friction and the extra friction imposed by turbines. It
would be interesting to analyse the change in this relative phase as layout changes.
Analysis of this phase change could be explored using the impedance model of tidal arrays suggested by Salter and Taylor (2007).An obvious extension to any 2-D modelling
study is to extend the model to 3-D. This is a good idea in this case but only a subset
of tunings and layouts should be attempted in 3-D. The parameter space explored in
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this study is so large that exploring the full space in 3-D would be prohibitively computationally expensive. The results of this 2-D study should be used to narrow the
search space in any 3-D study that explores array layout optimisation. Three dimensions may significantly change the results of the linear relationship between total power
and velocity reduction but the major findings of this thesis will probably be consistent
with 3-D simulations if the turbines are assumed to fill the water column and the flow
is assumed to be depth invariant.
Recently, a new version of Gerris that solves the Shallow Water Equations with
a non-linear free surface has been applied to modelling Tsunamis, (Popinet, 2012),
including situations containing bathymetric features that are shorter than the water
depth. This solver was not available at the time that this thesis was started but it would
be interesting to run simulations with the array layouts used in this thesis using this
new solver. This could be used to demonstrate whether the free surface is significant
to the power capture and optimum layout of arrays for power capture at the channel
scale. As such this would make a very interesting extension to this thesis.
The eﬀects of micro-citing arrays even in an idealised channel model show promise,
potentially increasing the power by up to 30% in packed rows with global blockage
of 0.32. This is a low global blockage compared to the optimum global blockages
predicted for uniform rows. It would be interesting to see how staggering uniform rows
with higher global blockage, near the optimum, aﬀects the power capture. There is also
significant scope to apply the technique developed in this model to study further microciting by varying the location of alternate rows of turbines to take advantage of regions
of accelerated flow between upstream turbines. Pairs of rows could be modelled in such
a study, within a larger array with several pairs of rows with the same micro-citing
applied to each pair.
There is significant scope to use mathematical optimisation techniques to minimise
the number of simulations needed to find turbine tunings for a given layout and optimal
blockages, in any extension of this work. While in this thesis the shape of tuning curves
were unknown for each layout, now that they are identified as being quite similar
for diﬀerent layouts this knowledge could be used to guide a local minima finding
algorithm. This algorithm could be applied to layout as well as tuning. The adjoint
method of Funke et al. (2013) applied within the Gerris model developed here would
be ideal for this type of approach although even a simpler mathematical minimisation
should work as there appears to be only one global minimum for each tuning curve.
While the present study has explored two sets of constraints to channel scale array
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optimisation there are many more sets of constraints that could be explored. Limiting
the fraction of the width that is occupied by the array and varying packing densities
by adding turbines to each row within this fraction is one approach that has not been
explored in this model. This approach would be representative of the options provided
to developers in the Pentland Firth as shown in Figure 1.4.
The models in this thesis suggest that the power per turbine at optimum global
blockage is converging towards a limit of about 0.5 or 0.6 turbines of power for large
arrays and that the optimum global blockage decreases linearly as the number of rows
increases. In this channel, the number of rows of 10 diameter spacing is physically
limited by the length of the channel and the size of the sponge and straw layers that
are needed to dampen boundary eﬀects. It would be interesting to use a longer channel
or smaller row spacing to see how far these trends extend beyond those modelled in
this study.
It would also be interesting to explore the role of bottom friction and natural phase
diﬀerences on the optimum array layout. It is likely that the balance of bottom friction
and inertia described by λ0 , would be the dominant driver of natural impedance and
that the added impedance that the array imposes would scale in a similar fashion to
Vennell’s (2010) λF . The eﬀect of this farm friction on channel scale layout in the
context of a changing natural impedance or phase change would be an interesting area
for further study. This could help explore the eﬀect of the diﬀerence between driving
flow through the channel by a constant velocity used in several previous studies and
the method used in Vennell (2010) and the present study, where flow is driven by
a pressure head across the channel. It could also help fill in gaps between the two
approaches that may describe the diﬀerences between small arrays and large arrays as
well as small channels and large channels. This may lead to a scaling law for the power
capture by arrays of turbines that accounts for and incorporates both array size and
natural channel dynamics. Again, while interaction of the flow with the ocean floor is
is inherently a 3-D process, the results from the 2-D simulations used in the present
study may usefully guide a 3-D study of changes to the relative phase of the natural
flow due to added turbines.
The eﬀect of a full elliptical description of tidal flow on the optimum layout and
power capture would be another interesting extension to this work. Models of arrays
at specific locations (e.g. Plew and Stevens, 2013; Adcock et al., 2013) have explored
the variation of power over a spring-neap cycle and models of individual turbines (e.g.
Rickard, 2012) have explored the eﬀect of elliptically varying flow. The channel scale
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model developed in this thesis would be ideal to combine these scales and explore the
eﬀect of these complications to idealised flow on optimum array layout.
With modification for a channel’s λ0 , the results of this study should be applicable
to an array in any channel. Local bathymetry may dictate local hotspots that are ideal
for individual turbines at a given site. However, the constraints imposed on channel
flow due to side walls and the free-surface may dominate local eﬀects at the channel
scale. A tidal energy development project at a given location will probably develop
a coastal hydrodynamical model of the site with grid cells smaller than a turbine, in
order to assess optimum array layout at that given site. The results of this study should
inform developers of those models, reducing the search space required to find turbine
tuning and optimal layout for a an array development project in a specific channel.
The optimal array design that maximises total power capture and power per turbine, to satisfy the economic requirements of a specific array development, while also
minimising local environmental impact requirements, that are likely to be imposed
by local environmental authorities, will possibly be unique to each tidal energy development project. These conflicting goals can be analysed within the framework and
constraints explored in this thesis. It would be interesting to apply this framework and
the conclusions from this thesis in future studies that explore the optimal power capture due to the combined eﬀects of local bathymetry variation and large array layout.
The combined results should help developers find an optimum combination of the local
environmental impact; power per turbine and total power capture that balance the
tidal energy industry’s objectives of maximising power capture from this sustainable
resource.
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Appendix A
Tuning curves
A.1

Tuning curves for uniform rows in the larger
strait

The tuning curves for uniform rows in the large strait are shown in Figure A.1. Away
from the tuned peak some of the tuning curves don’t match the simulated points very
accurately, but near the tuned peaks the curve fitting is more accurate. As the values
carried forward to further analysis are only from the optimal tuning, the poor fit far
from optimal tuning is a reasonable compromise.

277

Chapter A. Tuning curves

1 row
b)

a)
3

0.02
0.30
0.60
0.80
0.90

Power Per Turbine

2
1
0

3 rows
c)

d)

3

0.02
0.40
0.60
0.80
0.94

2
1
0
0

0.5
1
1.5
Turbine drag
coefficient, Ct

0.4 0.6 0.8
1
Reduced velocity
inside turbine, r1

Figure A.1: Tuning curves for power per turbine in 1 and 3 uniform
rows of turbines of a range of blockage ratios.
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A.2. Tuning curve for arrays of packed rows

A.2

Tuning curve for arrays of packed rows

The tuning curves for total power captured by packed rows with lower packing density,
ϵL = 0.32, as a function of both Ct and r1 are shown in Figure A.2.
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Figure A.2: Total power tuning curves for packed rows of 4 turbines
per row, global blockage ϵ = 0.32, in the small channel. Total power
is normalised by the power for a single turbine in this channel. Note:
diﬀerent vertical scale for each row of plots to highlight the shape of
each tuning curve.
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A.2.1

Tuning curve for packed rows with higher global blockage

The tuning curves for total power captured by packed rows with higher packing density,
ϵL = 0.48, as a function of both Ct and r1 are shown in Figure A.3.
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Figure A.3: Total power curves for packed rows of 6 turbines in the
small channel. Total power is normalised by the power for a single
turbine in this channel. Note: diﬀerent scale for each row of plots.
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A.2.2

Tuning curve for rows with wider spacing

The tuning curves for total power captured by uniform rows with diﬀerent row spacing
as a function of both Ct and r1 are shown in Figure A.5.
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Figure A.4: Total power tuning curves for diﬀerent row spacings.
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A.3

Tuning curve for packed rows in a large strait

The tuning curves for total power captured by packed rows in a large strait as a function
of both Ct and r1 are shown in Figure A.5.
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Figure A.5: Total power tuning curves for the large strait.
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Appendix B
Movies of simulations
This appendix is a digital copy of movies of simulations. The files are contained in the
CD that is included with the printed copy of this thesis or in the folder “AppendixB”
supplied with the digital copy of this thesis. File names follow the structure partnrows.mpg
and uniformnrows.mpg for n optimally packed or optimally blocked rows for maximum
power per turbine. The movies show tidally reversing head loss, velocity and vorticity
(top to bottom) around each array.
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Appendix C
Gerris parameter file
An example Gerris parameter file, used to simulate an array layout with a specific
turbine drag coeﬃcient in this thesis is shown here
# #########################################################
#
# Gerris simulation file for 3 uniform rows of 4 turbines
# Command gerris2D -m small3rows04 . gfs
#
# #########################################################
# Upstream tidal pressure at boundaries
Define Pbound 14.54/2.
# M2 tidal frequency . The period is 1.225 hr (4470 seconds ).
Define M2T 4470.
Define M2F (2.* M_PI / M2T )
Define Cd 0.025
Define H 18.39
# These
Define
Define
Define
Define
Define

parameters define length of the channel
BoxLength 250.
NumBoxes 8
NumEdges 7
ChanLength BoxLength * NumBoxes
TX -875

# levels used in adaptive refinement
Define MINLEVEL 1.
Define MAXLEVEL 8.
Define SPONGELEVEL 2.
Define Cs 20.
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# Turbine parameters , diameter is in y direction ,
# width in x direction ,
Define DIAMETER 20.
Define WIDTH 6.
Define Ct 0.3
# Number of turbines , rows and spacing distance between
turbines
Define N 4.
Define R 3.
Define YSPACING BoxLength / N
Define XSPACING 200.
NumBoxes NumEdges GfsSimulation GfsBox GfsGEdge {} {
# Set the max timestep to something small compared to the
tidal period , only used initially then refined
Time { dtmax = 10 end = 6705 }
# We want more accuracy in the projection than the default
1e -3
ApproxProjectionParams { tolerance = 1e -5 nitermax = 10 }
GfsProjectionParams
{ tolerance = 1e -5 }
# Set the box size
PhysicalParams { L = BoxLength g = 9.81 }
# Use an initial refinement of level 8 near the turbine ,
level 4 a little further away and level 1 elsewhere
Refine { if (( fabs ( x ) < (( R +1) /2.) * XSPACING ) || ( fabs ( x )
< (( R +1) /2.) * XSPACING ) )
return MAXLEVEL ;
else if ( fabs ( x ) < 100. )
return 4;
else return MINLEVEL ; }
# Middle box at x = 0 so translate
GfsMapTransform { tx = TX ty = 0 tz = 0 }
# Initialise the variable T to 1 inside turbines 0 outside
GfsVariable T
GfsInit {} {
T = {
int i =0;
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int
int
int
for
{

n =0;
k =0;
r =0;
( r =1; r <( R +1) ; r ++)
k = r -( R +1.) /2.;
for ( n =1; n <( N +1) ; n ++)
{
i = i + ( fabs ( x + k * XSPACING ) < WIDTH / 2.
&& fabs ( y - (n -( N +1.) /2.) * YSPACING ) <
DIAMETER /2. ) ;
}

}
return i ;
}
UpStream
= ( fabs ( x + ( ChanLength /2. -3* BoxLength /4.) ) <
BoxLength /4.)
DownStream = ( fabs ( x - ( ChanLength /2. -3* BoxLength /4.) ) <
BoxLength /4.)
Sponge
= ( fabs ( x ) >875)
}
# Quadratic bottom friction plus turbine drag applied
# explicity . The turbine drag is applied anywhere
# T = 1, bottom friction applied everywhere
Init { istep = 1 } {
U = U /(1. + dt * Velocity *( Cd / H + T * Ct ) )
V = V /(1. + dt * Velocity *( Cd / H + T * Ct ) + dt * fabs ( V ) * Cs *
Sponge )
# Calculate power in a few different ways
MyPower = T * Ct * Velocity * Velocity * Velocity
PowerX = T * Ct * U * U * U
PowerY = T * Ct * V * V * V
PowerNatural = ( Cd / H ) * Velocity * Velocity * Velocity
PowerTotal
= ( Cd / H + T * Ct ) * Velocity * Velocity * Velocity
PowerSponge = Cs * Sponge * V * V * V
}
# Adapt the mesh using the vorticity criterion at
# every timestep down to a maximum level of 10 and
# with a maximum tolerance of 1e -2
AdaptVorticity { istart = 1 istep = 1 } {
minlevel = T ? MAXLEVEL : MINLEVEL
maxlevel = ( fabs ( x ) < ( ChanLength /2. - BoxLength /2.) ) ?
MAXLEVEL : SPONGELEVEL
cmax = 1e -2
}
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# dynamically balance the load over the processors every
few time steps
EventBalance { istep = 10 } 0.1
# Write the time and timestep every 10 timesteps on
standard error
OutputTime { istep = 10 } stderr
OutputBalance { istep = 10 } stderr
OutputProjectionStats { istep = 10 } stderr
OutputTiming { start = end } stderr
# Output simulation file
OutputSimulation { start = 0 step = 5 end = 10 }
ressimulation %05.0 f . gfs
OutputSimulation { start = 1117.5 step = 1117.5 }
ressimulation %05.0 f . gfs

OutputScalarSum
OutputScalarSum
OutputScalarSum
OutputScalarSum
PowerTotal }

{
{
{
{

istep
istep
istep
istep

=
=
=
=

1
1
1
1

}
}
}
}

mypowerT . txt {
powerX . txt { v
powerY . txt { v
powerTotal . txt

v
=
=
{

= MyPower }
PowerX }
PowerY }
v =

OutputScalarSum
U }
OutputScalarSum
UpStream * U
OutputScalarSum
DownStream *

{ step = 10 } velInTurbines . txt { v =

T *

{ step = 10 } velUpstream . txt { v =
}
{ step = 10 } velDownstream . txt { v =
U }

OutputScalarSum { step = 10 } areaInTurbines . txt { v =
OutputScalarSum { step = 10 } areaUpstream . txt { v =
UpStream }
OutputScalarSum { step = 10 } areaDownstream . txt { v =
DownStream }

T }

# Movies , need the correct . gfv files in ./ gfv / folder
# GModule gfsview
# OutputView { step = 10 } { ppm2mpeg -s 2000 x250 > Vort0 .4.
mpg } {
# format = PPM width = 2000 height = 250
#} ./ gfv / smallVort0 .4. gfv
# EventScript { start = end } { gzip -f -q ressimulation *.
gfs }
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}
# end of parameter block
GfsBox {
left = Boundary {
BcDirichlet P ( Pbound * cos ( M2F * t ) )
BcNeumann U 0
}
top = Boundary
bottom = Boundary
}
GfsBox
GfsBox
GfsBox
GfsBox
GfsBox
GfsBox
GfsBox

{
{
{
{
{
{
{

top
top
top
top
top
top

=
=
=
=
=
=

Boundary
Boundary
Boundary
Boundary
Boundary
Boundary

bottom
bottom
bottom
bottom
bottom
bottom

=
=
=
=
=
=

Boundary
Boundary
Boundary
Boundary
Boundary
Boundary

right = Boundary {
BcDirichlet P ( - Pbound * cos ( M2F * t ) )
BcNeumann U 0
}
top = Boundary
bottom = Boundary
}
1
2
3
4
5
6
7

2
3
4
5
6
7
8

right
right
right
right
right
right
right
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}
}
}
}
}
}
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Appendix D
Non-bidirectional Flow
This section presents a modified version of a paper written by Divett et al. (2009)
during the course of this thesis.
In a real ocean channel the flow is not necessarily bidirectional and is unlikely to
be driven by the single frequency represented in this study. Rather, the flow varies
elliptically in time, with oﬀ axis flow almost as strong as flow in the major axis in some
places. In this thesis the driving tidal force is assumed to be completely described by
a bidirectional M2 tide. If this assumption was relaxed and a more full description of
the tidal forcing was used, optimum array layout may change.
To demonstrate the eﬀect of adding further constituents to the tidal forcing a simple
analytical model was developed to analyse the optimum angle that turbines should be
positioned at. This optimum angle is dependent on the combination of tidal forcing
at a given site and highlights interesting non-linearities in the potential power capture
depending on the specific tidal forcing at a given location.
Tidal flow in large tidal straits, where large energy resources are focused, is usually
a complex mix of a mean component and several tidal ellipse components. At a given
site local bathymetry can alter this mix further. For example eddies formed behind
headlands on each tidal cycle can result in higher harmonic tidal constituents around
a headland in a tidal strait. The analytical model presented here investigates the
potential of fixed orientation turbines to capture the energy from flows that deviate
from strictly bi-directional flow. This is done by calculating the maximum energy that
can be captured by a fixed orientation turbine from synthetic flows composed of a
mean component and tidal ellipse components. This energy is compared for currents
made with a combination of a mean flow and various tidal ellipses. Fixed orientation
tidal stream turbines miss out on capturing a significant proportion of the total energy
291

Chapter D. Non-bidirectional Flow

Figure D.1: A schematic diagram showing an oﬀ axis current flowing
past a fixed axis tidal turbine. The angle ϕ is the angle between the
instantaneous current and the axis of the turbine.
that is available to turbines that are free to rotate into the instantaneous maximum
current and the angle of orientation into the flow is significant. At a given tidal site,
the optimum orientation of fixed axis turbines may vary through the array as local
eddies and the array itself add harmonics to the flow.
Passive yaw tidal turbines are designed to allow self orientation to the current by
dynamically moving the turbine into the optimum direction for energy capture, much
like a weather vane.
Fixed axis turbines, such as the OpenHydro or Voith Hydro design, are even simpler
and potentially more reliable than passive yaw designs. They are anchored to the sea
floor in one direction which is chosen at the time of installation. These devices rely on
the dominance of bi-directional flow in tidal channels as they only capture flow that is
directly parallel to the turbine axis. Flow that is not directly aligned with the turbine
axis will have a component that is in the direction of the turbine axis, as shown in
Figure D.1.
Fixed axis turbines will work well in tidal channels that have strongly bi-directional
flow. However, in large tidal straits such as Cook Strait or Hudson Strait, the current
is a complex mixture of mean flow forced by larger scale ocean flow and tidal ellipses
forced by the celestial bodies (Stanton et al. (2001)).

D.0.1

Tidal Analysis

In standard tidal analysis a modelled current, U(t) can be built up from equation
D.0.1 using the known frequencies, σvk , of the celestial bodies as driving forces. The
parameters ak and a−k are the complex magnitudes of the k th component following
Godin (1972).
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U(t) = a0 (t) +

K
∑

(a−k e−2πiσk t + a−k e−2πiσ−k t )

(D.1)

k=1

Where K is the total number of celestial components used to describe the tidal current
and a0 is the mean component of the flow.
In Cook Strait the largest tidal ellipse is the M2 lunar semi-diurnal tide. Heath
(1986) found evidence of a combined M2 and M4 tide in Cook Strait. Stanton et al.
(2001) found that the very strong (˜250 cm s-1) tidal currents in Cook Strait can be
modelled by a combination of M2, M4, S2, K1 and O1 tidal ellipses giving an agreement
with observed and modelled ellipse parameters within 10%.
Vennell (1994) represented currents from 18 hours of shipboard measurements
across the narrowest section of Cook Strait as the sum of a mean component and
the M2 tidal ellipse component. Vennell inferred from Heath that at the time of these
measurements N2 was almost in phase with M2, contributing 19% to the semi-diurnal
tide and S2 was beyond quadrature with M2, contributing -12% to the semi-diurnal
cycle.
Higher harmonic components are common behind headlands (Geyer and Signell
(1990)). For example in a tidal strait dominated by M2 there may be a stronger M4
component behind a headland, where currents from an eddy dominate the tidal current
for half the total tidal period.

D.0.2

Usable energy from a current

The total energy available to be converted into electricity by a tidal-stream turbine is
proportional to the cube of the magnitude of the velocity parallel to the turbine axis.
This is expressed by
E ∝ |uparallel (t)|3
In this section the following questions regarding this power capture by fixed axis
turbines are explored.
• What is the average energy available to a turbine oriented at a given angle to the
main tidal ellipse?
• What is the optimum angle to position a fixed axis turbine in a complex tidal
flow that is made of several tidal ellipses plus a mean component?
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Figure D.2: The current composed of a mean component and two
tidal ellipses showing the mean component and current from two tidal
ellipses separately. The coordinate system is chosen such that the
semi-major axis of M2, the dominant constituent ellipse, is oriented
along the x-axis.
• What proportion of the total energy in the flow is available to fixed axis turbine
at the optimum angle?

D.0.3

Generation of synthetic current

A synthetic current was calculated using a static mean component with magnitude |a0 |
and direction α0 , and a number of tidal ellipses as shown in Figure D.2. An alternative
constituent ellipse notation was used to describe the current as a series of tidal ellipses
where the k and –k components describe K ellipses traced in the x, y plane over some
time interval. In this notation the complex magnitudes from equation D.0.1 can be
rewritten as shown in equations D.2 and D.3.
1
ak = Mk (1 +
2
a−k

√
1 − ε2k ei(θk −λk )

(D.2)

√
1 − ε2k ei(θk +λk )

(D.3)

1
= Mk (1 +
2
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Where Mk is the length of the semi-major axis of the k th ellipse, εk is the eccentricity
of the k th ellipse, θk is the orientation of the k th ellipse and λk = 2πσk t0k is the phase
of the k th ellipse. Hence the current is now described by the static mean or residual
component, a0 , and a series of tidal ellipses with the four parameters Mk , εk , θk and
λk .
The parameters are non-dimensionalised by dividing by the respective value in the
first tidal ellipse constituent, M2 , assumed to be dominant. For instance a0 and M2 are
fractions of the semi-major axis of the M2 ellipse and σ2 is a fraction of the frequency
of the M2 ellipse, σ2 . Likewise phases are relative to the phase of M2 . Using this
non-dimensionalised system means that the length of the semi-major axis of the M2
tidal ellipse is 1 and the frequency of the first tidal ellipse is 1.
Figure D.2 shows graphically the mean current and current from the ellipses for the
cases where the current consists of two tidal ellipses.

D.0.4

Calculating the available energy

The energy in the direction of a turbine axis that is positioned at angle ϕ to the semimajor axis of the1st tidal ellipse was calculated from the current, u(t), using equation
D.4. Equation D.4 represents a summation over time of the component of the energy in
the current in the direction ϕ. Note the convention of choosing the coordinate system
such that the x axis is parallel to the semi-major axis of the 1st tidal ellipse guarantees
the simple form of equation D.4.
1
E(ϕ) ∝
T

ˆ

T

|Re(e−ϕi u(t))|3 dt

(D.4)

0

Where T is the period of the integration, i.e. the period over which the average
energy output is assessed. The most convenient value for the period is the product of
the period of each individual tidal constituent. This guarantees that a whole number
of tidal cycles of each constituent is captured in the average energy calculation.
Equation 4 describes a rotation of the current by ϕ degrees, changing the reference
frame to that in which the turbine axis is oriented in the x-direction. Taking the real
component of this rotated current gives the current parallel to the turbine axis.
The proportion of energy in the flow that is available to be captured by a fixed axis
turbine relative to the total energy in the flow was calculated using equation D.5. This
represents the fraction of the energy that could be captured by a fixed axis turbine
relative to an ideal turbine that instantaneously rotates into the current.
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Figure D.3: The relative energy available to a turbine at a given orientation to the semi-major axis of the M2 tidal ellipse of eccentricity
ε = 0.8. The mean flow is of magnitude 1, oriented at 90 deg to the
M2 major-axis in this simple case.

Eavailable =

D.0.5

E(ϕ)
Etotal

(D.5)

Energy at optimum orientation

Equation D.4 was used to calculate the relative energy available for a range of turbine
orientation angles as shown in Figure D.3. Figure D.3 shows the case where a mean
current of magnitude 1, oriented at 90deg to the semi-major axis of M2 is combined
with an M2 tidal ellipse which has eccentricity 0.8. The relative energy is the energy
available at a given turbine orientation, ϕ, relative to the energy at the optimum turbine
orientation angle. Figure D.3 shows that the maximum energy is available if the turbine
is oriented at 90 deg to the flow in this current. The energy curve is symmetrical about
0 deg so a similar peak is located at -90 deg.
The optimum orientation to align a turbine in a given current flow to get the most
energy capture was calculated for a range of mean current components by maximising
equation D.4 using an unconstrained non-linear optimisation. The optimum orientation was calculated for a range of synthetic currents with mean component magnitude
varying from 0 to 2 and mean component angle varying from 0 to 90 degrees. In this
case the current consisted of the mean plus one constituent tidal ellipse. The eccentricity of this ellipse is 0.8. The result is the angle for maximum energy capture, ϕmax
for a range of mean component currents as shown in Figure D.4.
Figure D.4 shows that for high mean components the optimum orientation of a tur296

Figure D.4: The optimum orientation of a fixed axis turbine relative
to the semi-major axis of the first tidal ellipse having eccentricity, ε
= 0.8. The flow at this angle has more energy than the flow at any
other angle.
bine is, not surprisingly, at the angle of the mean component. Also not surprisingly, if
the angle of mean component is 0 degrees then the turbine should be oriented into the
semi-major axis of the first tidal ellipse. However, if the mean component is perpendicular to the semi-major axis of the first tidal ellipse then the optimum orientation
depends on how strong the mean component is. Up to a limit the optimum angle
changes quickly as the magnitude of the mean component of current changes. After
this limit, the mean component dominates the flow and the optimum orientation is 90
degrees or directly into the mean flow. In the intermediate region, the curved sections
of the lines in Figure D.3 represent a balance between the first tidal ellipse and the
mean component dominating the energy in the current.
This angle, ϕmax , for maximum energy capture was fed into equation D.4 to give a
representation of the energy available to a turbine oriented at ϕmax to the semi-major
axis of the M2 tidal ellipse. This energy was normalised by dividing by the total energy
in the only the M2 ellipse with no mean component. The resultant energy is shown as
a contour plot for a range of mean components in Figure . The eccentricity of the first
tidal ellipse is 0.8 in Figure D.5.
Figure D.5 shows that the energy available to a turbine oriented at the optimum
angle increases as the magnitude of the mean component increases but also decreases
as the angle of the mean component deviates away from the semi-major axis of the
first tidal ellipse.
297

Chapter D. Non-bidirectional Flow

Figure D.5: The energy available to a turbine oriented at ϕmax to
the semi-major axis of the first tidal ellipse. The energy is normalised by dividing by the energy in the M2 tidal ellipse with no mean
component. The M2 tidal ellipse used to simulate this current has
eccentricity ε = 0.8.
Finally, the percentage of the total energy in the current that is available to a turbine
oriented at ϕmax was calculated using equation D.5. This percentage of available energy
represents the fraction of the energy that a fixed axis turbine at the optimum angle
can capture compared to a turbine that is free to rotate to the instantaneous optimum
orientation. This energy percentage is shown as a contour plot in Figure D.6.
Figure D.6 shows that there is a similar pattern in the percentage of the total energy
captured to the normalised energy shown in Figure D.5. However there is also a local
hole where a particularly low amount of energy is captured. This occurs when the
mean current is at 90 deg to the M2 major-axis and the mean current is half the size
of the M2 major-axis.
This analysis is limited to slowly varying two dimensional currents. Any component
of the current in the vertical axis has been ignored in this treatment and fast variability
has also been ignored.
Some ducted turbines may be designed to optimally generate energy from oﬀ axis
flows. The power curve for angle of flow relative to electricity generated could be
combined with the results in this paper to show the optimum orientation for this type
of device in a time-varying tidal flow composed of a mean component and tidal ellipses.
This analysis shows that the higher harmonic tidal ellipses in eddy currents behind
headlands and the non-bi-directionality in flow through tidal straits can be significant
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Figure D.6: The percentage of the total energy in the flow that is
available to a turbine oriented at the optimum angle, ϕmax , to the
semi-major axis of M2 for a range of mean flows. This percentage of
energy represents the energy available to a fixed orientation turbine
at the optimum orientation relative to a turbine that freely rotates
into the instantaneous maximum current. The M2 tidal current has
eccentricity ε = 0.8.
to the total energy available to a tidal turbine.
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Appendix E
Colour blind MATLAB
implementation
A MATLAB implementation of the colour schemes suitable for colour blind scientists,
that was described in Section 2.9.
function retval = setColourBlind ( toggle )
% turns on the color blind pallete from
%
http :// jfly . iam .u - tokyo . ac . jp / color /
% needs ’ hold all ’ instead of ’ hold on ’ to be called
% before multiple plot calls .
% needs lbmap .m in the matlab path
% http :// www . mathworks . com / matlabcentral / fileexchange /..
% ..17555 - light - bartlein - color - maps / content / lbmap .m
% to turn color blind pallete on call
%
%
setColourBlind (’on ’)
%
plot (....)
%
hold all
%
plot (...)
% to go back to default matlab colors call
%
%
setColourBlind (’ off ’)
%
% Once it ’s set , just call a few plot commands to get lines
or crosses with colourblind palette
% i.e .:
%
close all
%
clear
%
setColourBlind (’on ’)
%
for n = 1:7
%
plot (1:10 , n *[1:10] , ’+ ’)
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%
%
end
%
for n =
%
%
%
end
% Tim Divett , April 2012

hold all
1:7
plot (1:10 , n *[1:10])
hold all

colourBlindPalette = [0 ,
230 ,
86 ,
0,
0,
213 ,
204 ,
% 240 ,
]/255;
defaultPalette =[ 0
0
0.5000
1.0000
0
0
0.7500
0.7500
0
0.7500
0.7500
0.2500
0.2500

0,
159 ,
180 ,
158 ,
114 ,
94 ,
121 ,
228 ,

0

0;
0;
233;
115;
178;
0;
167;
66;

% Black
% Orange
% SkyBlue
% Bluish Green
% Blue
% Vermillion
% Reddish Purple
% Yellow

1.0000;

0;
0;
0.7500;
0.7500;
0;
0.2500];

switch toggle
case ’ on ’
set (0 , ’ DefaultAxesColorOrder ’ , colourBlindPalette )
retval = 1;
doit = colormap ( lbmap (11 , ’ BrownBlue ’) ) ;
case ’ off ’
set (0 , ’ DefaultAxesColorOrder ’ , defaultPalette )
retval = 0;
doit = colormap ( lbmap (11 , ’ default ’) ) ;
otherwise % default to turning color blind pallete on
set (0 , ’ DefaultAxesColorOrder ’ , colourBlindPalette )
retval = 1;
end
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Appendix F
Driving flow with velocity
In this thesis the flow through the channel has been driven by an imposed tidal head
loss balanced by bottom friction. This allows for feedback on the velocity so that
as larger arrays are placed in the channel the extra friction slows the flow more. It
has been stated in several places in this thesis that previous experiments which have
(often implicitly) assumed that the velocity is not impacted by adding turbines will
miscalculate the power.
Here, some results of numerical models run between the submission and oral exam
of this thesis are presented which demonstrate the diﬀerence in the power capture and
tuning between the two driving techniques.
The power captured by arrays in a channel where the velocity feedback is not
captured is shown compared to the power capture by head loss driven flow in Figure
F.1. If velocity is assumed to be unaﬀected by the turbines then the power that can
be captured by an array continues to increase, without limit as array size increases.
Eventually, Garrett and Cummins (2005) theoretical limit is exceeded, as shown by
the dotted line in Figure F.1. For low global blockages, up to ϵ = 0.3 in this channel,
the power capture under the two assumptions is roughly the same. However for high
blockages the imposed velocity over predicts power capture by up to 40× (7 rows,
ϵ = 1).
The extra power comes from an increasing tidal head loss across the channel that
develops in order to drive the constant velocity regardless of the added friction in
the channel. This extra head loss would relate to an increased surface elevation in
the large oceanic bodies at either end of the channel. This extra elevation is not
possible and represents the reason why the flow must be driven by head loss balanced
by friction. This artificial increase in head loss drives flow through more aggressively
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Figure F.1: Total power available to be converted to electrical power
by the turbines in tuned uniform rows by two diﬀerent flow driving
methods: a directly imposed velocity that does not slow in response to
the array (const U ) and the velocity that results from a tidal head loss
balanced by friction (tidal P ). Power is normalised by the channel’s
theoretical limit. Velocity driven flows incorrectly exceed the channel’s theoretical limit, given by Garrett and Cummins (2005) (dotted
line).
tuned turbines than is possible in a channel which accounts for the feedback on the
free-stream velocity. Turbine drag coeﬃcients of up to 4× higher and r1tuned as much as
50% lower are predicted by the model with flow driven by imposed velocity compared
to the head loss driven model, Figure F.2. Again, the diﬀerences are highest for larger
arrays although blockages as low as 0.3 show a 10% higher Cttuned in the imposed
velocity model.
These diﬀerences in the power capture and the optimal tuning clearly show that it
is important to model the flow driven through the array by a head loss balanced by
bottom friction rather than an imposed velocity. While at low global blockages there
is only a small diﬀerence in predicted power and tuning, the diﬀerence in large arrays
is clearly significant.
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Figure F.2: Tuned a) turbine drag coeﬃcient and b) local velocity
reduction to capture maximum power in channels where the flow is
driven by an imposed velocity (const U ) and by a tidal head loss
balanced by bottom friction (tidal P ).
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