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ABSTRACT ll 

ABSTRACT 

Interfacial convection due to the Rayleigh effect and the Marangoni effect can 

enhance mass transfer rates between fluids and is of importance to industrial 

engineering applications such as gas-liquid absorption and desorption. 

Many linear analyses of the Rayleigh effect and the Marangoni effect can be found in 

scientific literature. However, most linear analyses have been based on the 

assumption that the liquid phase is stagnant. In the present thesis, the effect of 

Rayleigh and Marangoni instabilities on solute transfer between a gas phase and a 

liquid phase which are in parallel, cocurrent, laminar, stratified flow between two 

rigid horizontal plates has been investigated theoretically and experimentally. Model 

equations that describe the critical parameters for the onset of cellular convection 

have been derived, which take into account the effect of surface convection, surface 

diffusion and surface viscosity in the Gibbs adsorption layer. A piece-wise linear 

approximation to the penetration theory concentration profile and the non-linear 

velocity profile of Byers and King (1967) have been used in the model. The classical 

assumption of a frozen concentration profile has not been made. However, the 

simplifying assumption of a non-deformable interface has been made. An eigenvalue 

problem has been formulated for the linearised system. The critical parameters (the 

eigenvalues) have been numerically computed using a variational principle and the 

Rayleigh-Ritz method, for a variety of operating conditions. 

The critical Rayleigh, Maranogoni and wave numbers are found to be functions of the 

ratio of gas velocity to liquid velocity; the ratio of gas diffusivity to liquid diffusivity; 

the ratio of gas layer thickness to liquid layer thickness; the ratio of liquid viscosity 

to gas viscosity; the ratio of mean gas velocity to mean liquid velocity; the gas-liquid 

equilibrium Henry constant and the dimensionless downstream location. The effects 

of these ratios on the critical parameters have been investigated numerically for the 

Benard-Marangoni problem and Rayleigh-Benard-Marangoni problem, and compared 

to the linear analysis of Sun and Fahmy (2006) which used the more general non

linear penetration theory concentration profile. It was found that the piece-wise linear 

approximation was a useful approximation, predicting the same trends for critical 
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parameters as predicted by the non-linear concentration profile. In particular the 

linear analysis predicts that the system stability can be either enhanced or suppressed 

by increasing the surface convection number and the surface viscosity number, 

depending on where the operation line is on the Ra-Nia plane. The linear stability 

analysis also showed that the system would first become unstable at the exit end of 

the gas-liquid contactor. 

An experimental setup, which makes some improvements on the system used by Sun 

et al. (2002), was used to validate some of the predictions of the theoretical analysis. 

The experimental setup and methods are described in detail. Experimental results for 

four sets of experiments involving C02 absorption into or desorption out of methanol 

or toluene films, including schlieren images and video are presented. These results 

confirm the theoretical prediction that instability would start at the exit end of the 

gas-liquid contactor and travel upstream as the driving concentration difference is 

increased. Furthermore, the theoretical prediction that an increase in the ratio of the 

gas velocity to the liquid velocity would increase the stability of the system, has been 

confirmed experimentally. 

By fitting mass transfer enhancement factor versus driving concentration difference 

data to a correlation of the form proposed by Sun (2006a), a critical concentration 

difference has been calculated for each set of experiments. It is found that the 

theoretically predicted critical parameters can be made close to experimentally 

measured parameters by a suitable estimate of the viscosity number Vi. For tests 

involving desorption of C02 from methanol, the choice of Vi = 0.43 gave a relative 

error between experiment and linear theory of less than 20%. It was found that a 

much larger viscosity number would be required to account for the discrepancy 

between the theory and experiment in the experiment involving absorption of C02 

into a toluene film. 
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(mol s-1 m-2 Pa-1
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Over all mass transfer coefficient in liquid phase units (m s-1
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Non-dimensionalised Henry constant 
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Refractive index 

Pressure (Pa) 

Peclet number based on mean liquid velocity 

Interface Peclet number 

Ratio of Ma to Ra (r = (_?.5__)-1-) 
DC gaph2 

Ideal gas law constant (8.3145 N m mol-1 K-1
) 

Rayleigh number (Ra = _ga~gh
3

J 

Surface diffusion number in Gibbs adsorption layer (s = oD8
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hD 

Schmidt number 

S!j Stress tensor, with i, j = 1, 2, 3. (Pa) 

t Time (s) 

te Exposure (contact) time (s) 

T Temperature (K) 

u Unperturbed velocity in the x-direction (m s-1
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u Velocity vector (m s-1
), u = [ u1, u2 , u3 f = [ u, v, w f 

v Unperturbed velocity in the y-direction (m s-1
) 

w Unperturbed velocity in the z-direction (m s-1
) 

ui Unperturbed velocity in the I direction (m s-1
) 

V Volume flow rate (m3 s-1
) 

Vi 

X 

y 

Surface viscosity number in Gibbs adsorption layer (Vi 
x-coordinate (m) 

y-coordinate ( m) 

Yco
2 

Mole fraction of carbon dioxide 

YN
2 

Mole fraction of nitrogen 

Yco
2 

Mole percent of carbon dioxide 

l';v
2 

Mole percent of nitrogen 

z z-coordinate ( m) 

Vl 
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Greek Symbols 

(3 

<I> 

r 
TJ 

A.· 1. 
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Solutal expansion coefficient of liquid phase (a= _ _!_ dp) (m:3 mol-1
) 

Pt dC 

Reverse concentration gradient in the z direction (mol m-4
) 

Mass transfer enhancement factor 

Surface access of solute in the Gibbs adsorption layer (mol m-2
) 

Reverse concentration gradient in the x direction (mol m-4
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Fluid bulk viscosity (N m-1 s) 

Bulk viscosity in Gibbs adsorption layer (N m-1 s) 
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Fluid dynamic viscosity (N m-1 s) 

Viscosity in Gibbs adsorption layer (N m-1 s) 

Fluid kinematic viscosity (m-2 s-1
) 

Density (kg m-:3) 

Vll 

a0 Negative of slope of the curve of surface tension versus solute concentration 

((}o=-:b) (Nm2 mol-1
) 

~ Surface tension (N m-1
) 

1/J Electric potential (Nm) 

Subscripts 

c Critical value 

'ln inlet of the gas-liquid contactor 

out outlet of the gas-liquid contactor 

0 bulk phase 

g Gas phase 

l Liquid phase 

'l Gas-liquid interface or index 1, 2, 3 

J index 1, 2, 3 

s surface 

a index 1, 2 

(3 index 1, 2 

Superscripts 

0 parameter in the absence of interfacial convection 
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( s) surface 

* non-dimensionalised quantity 

Prefixes 

8 An infinitesimal perturbation 

Operators 

D 
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lXJ 
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or 
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a a a 
= +--+-- or axax ayay azaz 

0 0 0 
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= \72\72 
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-ex+ -e,l or ox · oy · 

- _!!_e + _!!_e when operated on an asterisked variable - ox* ·" oy* u 

0 0 =--+-- or 
oxox oyoy 

0 0 
= ox*ox* + oy*oy* when operated on an asterisked variable 

Dot product 

Cross product 

= greatest integer less than or equal to x 

Abbreviations 

BM BEmard-Marangoni 

GC Gas Chromatograph 

LHI Laser Holographic Imaging 

PID Proportional Integral Controllers 

RBM Rayleigh-Benard-Marangoni 

RB Rayleigh-Benard 

Vlll 
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1 INTRODUCTION 

1.1 Motivation and Aims of Thesis 

Interfacial phenomena have become important in such wide ranging areas as space 

science (Molenkamp 1998), semiconductor (Zikanov, Boos et al. 2001.) and 

nanotechnology (Singh, Grimes et al. 2002), food technology (Legros, Kabov et al. 

1999) and solar thermal energy storage (Prisniakov and Gabrinets 1995). Thus, a 

better understanding of interfacial phenomena has become increasingly important. In 

particular, a fundamental problem in chemical engineering and material sciences is 

that of heat and mass transfer between fluids (Mills 2002). 

Heat and mass transfer rates between two fluids can be strongly influenced by 

interfacial convection (Brian, Vivian et al. 1971; Burger, Blair et al. 1974; Hozawa, 

Shoji et al. 1976; Pantaloni, Bailleux et al. 1979; Imaishi, Suzuki et al. 1982; 

Morrison, Philpott et al. 1998; Sun, Yu et al. 2002). The present study is an element 

of a more comprehensive set of research activities at the University of Otago by Zhifa 

Sun and others, which looks at the influence of interfacial convection on mass transfer 

rates between a gas phase and a liquid phase which are in parallel, laminar, stratified 

flow between horizontal plates. The research effort recognises the fundamental 

significance of interfacial convection in contact processes such as in medical treatment 

(Sharma and Ruckenstein 1986), crystal growth (Maillard, Motte et al. 2000), oil 

recovery (Layford, Pratt et al. 1998), gas-liquid absorption and desorption, liquid

liquid extraction, distillation (Proctor, Biddulph et al. 1998), boiling (Abe, Oka et al. 

1994), condensation (Morrison, Philpott et al. 1998), and gas-liquid heat transfer 

(Pantaloni, Bailleux et al. 1979; Cerisier, Jamond et al. 1987). The aims of these 

broader research activities include the development of theoretical models to describe 

flow patterns, critical points, order parameters and mass transfer rates enhanced by 

interfacial convection, and the experimental validation of such models. 

It is hoped that the present study will contribute to this wider research objective of 

resolving some outstanding theoretical and experimental questions surrounding such 

phenomena. We explore the influence of interfacial convection due to the Rayleigh 

effect (a convective intability arising due to a feedback coupling resting on buoyancy) 
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and the Marangoni effect (a convective instability arising due to a feedback coupling 

resting on surface tension gradients) on the mass transfer coefficient of absorption 

and desorption of C02 gas into and out of non-aqueous organic solvents. 

The specific aims of this thesis are as follows: 

1. To develop and bring into working order an experimental setup for 

investigating the interfacial convection and their effect on mass transfer 

between a liquid and a gas phase based on the setup of Sun et al. (2002). 

2. Observing flow patterns of interfacial convection under different controlled 

operating conditions using schlieren techniques. 

3. Derive the general non-linear hydrodynamic model for the case of mass 

transfer between a gas phase and a liquid phase in stratified, parallel and 

laminar flow. 

4. Perform a linear stability analysis to investigate the effects of 

(a) Gas and liquid flow rates 

(b) Depth of liquid layers and solute penetration depth 

(c) Gibb 's adsorption layer 

(d) Concentrations of the gas and liquid phase 

5. Predict the critical points, their locations and to compare with experiment. 

6. Experimental determination of mass transfer rates of C02 absorption into 

and desorption out of organic solvents across a gas-liquid interface under 

different controlled operating conditions 

7. Correlate mass transfer rates characterised by the Marangoni number and 

the Rayleigh number. 

While the Rayleigh-Bernard-Marangoni (RBM) problem is found to be of significance 

in a variety of applications, and even though the specifics of the present study focuses 

on mass transfer, we seek to deliver a somewhat broader theoretical and experimental 

study that would lend the results to be of relevance to the increasing number of 

modern applications, such as that of crystal growth in the development of 

nanotechnology, where the RBM problem plays an important role. Zeytounian (2002) 

stresses a present need for the study of the Marangoni convection: 
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" ... as a pragmatic form of a spontaneous self-organising system, the doctrine about 

the Benard problem has not reached the degree sophistication, in theory and 

experimentation, attained in buoyancy-driven (R-B) convection. There are still 

challenging problems like relative stability of patterns (hexagons, rolls, squares, and 

labyrinthine conventional flows!), higher transitions and interfacial turbulence (at low 

Marangoni number?), a case of space-time chaos with high dissipation. It should be 

pointed out, also, that the ever increasing number of industrial applications of thin 

film flow and the richness of the behaviour of governing equations make this area a 

particularly rewarding one for mathematicians, engineers, and industrialists alike." 

(Zeytounian, 2002. pp179) 

1.2 Overview 

3 

We consider a horizontal layer of liquid and a horizontal layer of gas in cocurrent 

flow with a plane interface between the gas and liquid phases as shown schematically 

in Figure 1-1. The two phases are confined within a solid rectangular container. The 

gas is a mixture of C02 and N2 whereby the concentration of C02 in the gas can be 

varied from 0% to 100%. The liquid is either methanol or toluene which can be made 

to have a non-zero concentration of C02 by bubbling C02 gas through the liquid, 

prior to entry into the container. When there is a difference in C02 concentration in 

the bulk liquid phase and the bulk gas phase, C02 is either absorbed into or desorbed 

out of the liquid phase, depending on the direction of the concentration difference 

between the two bulk phases. 

Gas --7-
In 

Liquid --7-
In 

Gas 

desorption absorbtion 

CO, t or J CO., 
----------:- T----------- r---- _._------

Liquid 

--7- Gas 
Out 

--7- Liquid 
Out 

Figure 1-1: Schematic of system under investigation 
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The two phases will then become stratified under steady state conditions. The mass 

transfer rate across the interface can be predicted by using diffusion (penetration) 

theory. The vertical concentration gradient in the liquid phase can give rise to 

convective instability in the liquid phase near the interface in two ways: (1) The 

concentration gradient causes a liquid density gradient such that the liquid near the 

surface is heavier than at the bottom (Rayleigh instability). (2) Variations in the 

concentration gradient results in a surface tension gradient which causes flow near 

the surface. The gases and liquids that have been chosen for this investigation 

(methanol and toluene) are known to show Rayleigh and Marangoni instability under 

conditions easily achieved in a laboratory. The interfacial convection can be observed 

using a schlieren optical system. A schlieren photograph of a typical turbulence 

pattern on a stagnant interface is shown in Figure 1-2. 

In the presence of interfacial convection, the mass transfer rate of C02 across the 

interface will be enhanced as illustrated in Figure 1-3 for the case of absorption of 

C02 into liquid. 

Figure 1-2 : Typical interfacial turbulence pattern for absorption of C02 into stagnant isobutanol 
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Liquid-+ 
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-+Gas 
Out 

Gas-+ 
In 

-+Liquid Liquid-+ 
Out In 

Gas 

·o·o·o!-o·o·cy 
Interfacial Convection 

Liquid 

Figure 1-3 : Interfacial convection enhances mass transfer across interface 
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In Figure 1-3, N° is the mass flux predicted by penetration theory, which is found to 

be in good agreement with experimental measurements in the absence of convection 

(Byers and King 1967). N is the mass flux measured in the presence of interfacial 

turbulence. 

We extend the work of previous researchers by studying the mass transfer 

enhancement over that predicted by penetration theory under stratified and laminar 

flow regimes using a piece-wise linear concentration profile, a non-linear velocity 

profile and taking into account the downstream variation of the concentration profile. 

We also develop hydrodynamic model equations for the liquid phase, taking into 

account the effects of surface adsorption, surface convection and surface viscosity of 

the liquid as boundary conditions for the system of governing equations. We proceed 

to derive perturbation equations for the system and describe how the associated 

eigenvalue problem for the linearised system equations can be solved to determine the 

critical parameters that define the onset of interfacial convection. 

1.3 Chapter Summary 

In Chapter 2: Background and Literat'ure Review, the theoretical and experimental 

premise of the present study is introduced. Historical developments are summarised 

and the basic ideas of interfacial convection and mass transfer concepts used 

throughout the thesis are introduced, including elements of the physical model and 

theoretical basis for subsequent analysis. Existing literature is reviewed and some of 

the experimental and theoretical work that has already been done is discussed, 

summarising a sketch of the current state of knowledge in this area. The chapter 

concludes with a discussion of flow visualisation techniques to observe the otherwise 

transparent convection patterns, describing the working principles of the schlieren 

technique, which has been used to capture images and videos of interfacial turbulence 

in this study. 

In Chapter 3: Physical Model and General Hydrodynamic Equations, the physical 

model that corresponds to the situation in the experimental study of the Rayleigh

Benard-Marangoni problem driven by a concentration difference between a layer of 

horizontally flowing gas and a layer of horizontally flowing liquid in a rectangular 



CHAPTER 1: INTRODUCTION 6 

cell, is established. The general non-linear model equations are derived using 

fundamental hydrodynamic equations, taking into account the effects of surface 

convection, surface viscosity and surface diffusion in the Gibbs adsorption layer as 

four dimensionless numbers. A two-piece linear approximation to the non-linear 

penetration theory concentration profile and the non-linear velocity profile of Byers 

and King (1967) are assumed. Perturbation equations are then derived for the non

linear system, which is then linearised. Finally, the perturbation equations are 

simplified for the case of large Schmidt numbers. The large Schmidt number 

approximation is however not made in the stability analysis presented in chapter 4. 

In Chapter 4: Linear Stabil'ity Analysis, a stability analysis is performed on the 

linearised perturbation equations using normal modes and the principle of exchange 

of stabilities. We go on to show how curves of neutral stability may be computed 

using the Rayleigh-Ritz method. It is shown that these curves are functions of the 

mass transfer Biot number, among other parameters. Finally, we establish 

relationships of the mass transfer Biot number for various flow regimes from the 

correlations of Byers and King (1967) and Beek and Bakker (1961) in terms of the 

physical parameters and operating conditions of the experimental system under 

investigation. 

In Chapter 5: Simulation Results, simulation results, theoretically investigating the 

effect of downstream position; the ratio of the diffusivity of solute in the gas phase to 

that in the liquid phase; the ratio of the gas layer thickness to the liquid layer 

thickness; the ratio of the liquid viscosity to gas viscosity and the Henry equilibrium 

constant on critical parameters of the BEmard-Marangoni problem are presented. 

Simulation results investigating the effects of surface convection and surface viscosity 

on the critical parameters of the general Rayleigh-Benard-Marangoni- problem are 

also presented. These simulation results obtained using a piece-wise linear 

approximation to the non-linear concentration profile is compared with the 

corresponding simulation results obtained by Sun and Fahmy (2006) using the non

linear penetration theory concentration profile. 

In Chapter 6: Experiment Design and Methods, the design of the experimental setup 

used to investigate the effects of different controlled operating conditions on mass 
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transfer enhancement and critical parameters are described. In addition to describing 

the construction and function of the main components of the apparatus, the 

associated calibration procedures for fluid flow and concentration measurements are 

described and the resulting calibration curves used in the experiments are presented. 

The various measures taken to ensure reliability of the data from the experiments are 

also highlighted. 

In Chapter 7: Experimental Results, calculation methods for mass transfer 

enhancement factor and other associated parameters, from experimental raw data, 

are described. The results from experiments involving solute absorption into, or 

desorption out of, organic liquids (methanol or toluene) under different operating 

conditions are presented and analysed. With each set of experiments, images of 

schlieren visualised flow patterns are also presented. 

In Chapter 8: Discussions and Conclusions, the results of the experiments discussed, 

comparing the theoretical prediction of the linear analysis with experimental results. 

The effect of using a piece-wise linear approximation to the non-linear concentration 

profile in theoretical evaluation of critical parameters is also discussed. The chapter 

concludes with comments on possible improvements to the experimental setup and 

future work. 
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2 BACKGROUND AND LITERATURE REVIEW 

2.1 The Rayleigh-Blmard Problem 

Large scale convection has been a long known phenomenon. For instance, large scale 

convection in the Earth's lower atmosphere was discovered by the English 

Meteorologist George Hadley in 1735, with the convective cells now bearing his name: 

Hadley Cells (Normand, Pomeau et al. 1977). Subsequently, thermal convection has 

been identified in many physical situations by many others, including Count Rumford 

in 1797 (Chandrasekhar 1961; Normand, Pomeau et al. 1977). The term convection 

(derived from the Latin word "convectio" meaning "a carrying or converging") was 

coined by W. Prout later in 1834 (Normand, Pomeau et al. 1977). 

The phenomenon, whereby a horizontal layer of liquid in a container when heated 

from below abruptly turns unstable and gives rise to convective flow patterns, was 

first experimentally studied quantitatively by Henry Benard in 1900 (Maneville 

2001). Qualitative observation of what might have been this phenomenon was made 

as early as 1686 by Hyde, among others (Molenkamp 1998). The accurate 

measurements of spatial periodicity of the observed polygonal patterns, interface 

profiles and other observations were put into a sound theoretical framework by Lord 

Rayleigh in 1916 (Chandrasekhar 1961; Maneville 2001). Rayleigh proposed that the 

instability was due to a feedback coupling resting on buoyancy, whereby a sufficiently 

high temperature gradient across the fluid layer results in fluid at the bottom being 

lighter than fluid at the top, thereby clestabilising the fluid. Convective motion starts 

when this destabilisation is strong enough to overcome resistance to fluid flow clue to 

viscosity and thermal diffusivity of the fluid which opposes convective motion. 

Rayleigh showed that the critical point, at which convective motion starts, was when 

the temperature gradient {3 = I dT / dz I across the fluid was large enough to make a 

dimensionless parameter Ra = gka{3 h4 , called the Rayleigh number, exceed a certain 
"V 

critical value. Here g is the acceleration due to gravity, h is the depth of the liquid 

layer along the z direction. a is the coefficient of volume expansion, k is the 

thermal conductivity and v is the kinematic viscosity of the fluid. The critical value 

of Ra is known as the critical Rayleigh number and is commonly denoted by Rae 
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( Chandrasekhar 1961). R a , as defined above, represents the ratio of destabilizing 

buoyancy force to the stabilizing viscous force. The Rayleigh-Benard problem 

comprises the determination of Rc , the scale and geometry of flow patterns. 

~~ ............................ ~ 

h 
68<0 
6p>O 

')J2 ~ h 

68>0 
6p<O 

88 = BP - Bs ; 8p = Pp - Ps 

Here the subscripts p and s 

represents the properties of the 

fluid packet , and its immediate 

surroundings 

and {) are 

respectively. 

density 

temperature respectively 

p 

and 

Figure 2-1: Illustration of Rayleigh-Bimard Convection (Maneville 2001) 

Figure 2-1 illustrates Rayleigh-Benard convection (Maneville 2001). In the figure, a 

liquid is confined between two parallel plates. The top plate temperature 1t and the 

bottom plate temperature 1b, are maintained such that 1b > 1t. The blue and white 

ovals denote fluid packets , be is the temperature difference of the fluid packet from 

the average temperature of its immediate surrounding, and 8p is the density 

difference from the average density of the fluid in the immediate neighbourhood of 

the fluid packet . The fluid packet shown on the right hand side of the figure has been 

heated from below and pushed up from the bottom plate region by random thermal 

fluctuations, causing a reduction in density relative to its surroundings. This causes 

positive buoyancy lifting the packet upwards. As the packet moves up the fluid 

without having sufficient time for significant heat transfer into the fluid packet, the 

temperature of its immediate surroundings decreases. This results in greater and 

greater density difference between the fluid packet and the surrounding fluid, thereby 

further accelerating the fluid packet upwards . 
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Consider the fluid packet shown on the left hand side of Figure 2-1 (the blue oval), to 

have originated1 from thermal fluctuations in the top region of the fluid. Here, the 

density of the surrounding decreases, causing negative buoyancy and accelerating the 

packet downwards. Thus, from the continuity of the fluid, it can be seen that a 

circulation of fluid can result, with fluctuation from the bottom and from the top 

being amplified by the adverse ( destabilising) temperature gradient in the fluid bulk 

(Chandrasekhar 1961). Even if an adverse temperature gradient exists, infinitesimal 

fluid packets that make up the bulk fluid can remain without transitioning into 

convective flow. Some random fluctuations are necessary for transition to dynamic 

flow. Thereafter, the system is essentially a heat engine with heat supplied from the 

bottom source and discharged at the upper sink, work being done against gravity and 

resistive forces as the fluid packet rises up. The gravitational energy released on the 

downward trip maintains the cycle (Narasimhan 2001). 

2.2 The Marangoni Effect 

Rayleigh's theory was accepted as the mechanism behind flows observed and 

measured by Benard, despite there sometimes being orders of magnitude differences 

between critical thermal gradients calculated using Rayleigh's theory and experiment. 

The influence of an altogether different mechanism, known as the Marangoni effect, 

was suggested by Pearson (1958). The phenomenon is named after the Italian 

physicist Carlo Giuseppe Maetteo Marangoni (1840-1925) who discovered that fluid 

transits from regions of lower surface tension to those of higher surface tension 

(Molenkamp 1998). vVhat is commonly known as i\!Iarangoni 'instability today, 

involves aspects other than the absolute values of surface tension. It is the 

phenomenon whereby interfacial hydrodynamic instability arises due to fluctuations 

in surface tension, as may arise due to fluctuations in fluid temperature. Unlike the 

Rayleigh effect, the Marangoni effect is observed even under zero gravity conditions. 

"Surface tension gradients acts like shear stresses applied by the interface in the 

adjoining bulk phases, and thereby can generate flow" (Pantaloni, Bailleux et al. 

1 The fluid packet could equally well have been driven by flow initiated by fluctuations elsewhere. In 

this discussion we assume the packet starts from the top surface to emphasise that fluctuation 

anywhere, and not just near the bottom surface, can initiate convection. 



CHAPTER 2: BACKGROUND AND LITERATURE REVIEW 11 

1979). The shear stress that drives Marangoni flow in an arbitrary direction x, can be 

written mathematically as: 

(2.1) 

where ~ is surface tension, T is temperature, C is the concentration of surface 

active agents in the liquid and 'ljJ is the electric potential at the interface between the 

two fluids. The surface tension gradients participating in the above dynamics is called 

Marangoni effect, and the ensuing fluid flow is referred to as Marangoni flow or 

Marangoni convection (Mukai 1992). Pearson showed that the surface tension 

mechanism dominated over the Rayleigh effect for liquid layer depths of about 1 mm 

or less (Pearson 1958). Since James Thomson had qualitatively described this effect, 

it is also sometimes referred to as the Thomson effect (Molenkamp 1998). However 

following common usage in literature, this phenomenon will be referred to as the 

Marangoni effect, in the present thesis. 

In a manner analogous to achieving criticality by balancing stabilizing forces and 

destabilising forces in RB flow, Pearson, using a linear analysis, showed that a non

dimensional parameter Ma, the Marangoni number, must exceed a certain critical 

value Mac before instability occurs. The Marangoni number, for heat transfer 

induced instability of a liquid layer heated from below2 is given by 

Ma = -(dU dT) (~- 'rt )h. Where !!:i is the rate of change of surface tension with 
pkl/ dT 

temperature, 1b is the temperature at the bottom surface of the liquid, 1t is the 

temperature at the top surface of the liquid, h is the liquid depth, p is the density of 

the liquid, k is the thermal diffusivity of the liquid and v is the kinematic viscosity 

of the liquid. 

The presence of the surface tension effect suggested by Pearson has been confirmed 

by Nield and is also confirmed by experiments decribed by Block (1956) (Nield 1964). 

Figure 2-2 illustrates Benard Marangoni convection (Maneville 2001). 

2 See Figure 2-2 
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~------------------------IJ2 ~ h 

8e = ep - es ; 8~ = ~p - ~s 

Here the subscripts p and s represents 

the properties of a fluid packet on the 

surface, and its immediate 

surroundings respectively. ~ and rJ 

are interfacial tensions and 

temperature respectively 

Figure 2-2 Figure Illustrating Bimard-Marangoni Flow (Maneville 2001) 

12 

The figure shows a fluid on a horizontal plate at temperature Tb and having a free 

top surface at a temperature 1t , with 1b > 1t . A tangential stress balance on a static 

fluid interface demands the condition \7~ = 0 at the free surface implying, what has 

already been mentioned, that there cannot be a static fluid interface in the presence 

of interfacial surface tension gradients (Papageorgui 2002). Suppose that there exists 

some random fluctuation of temperature at the interface, as can be expected of any 

real fluid surface, and also suppose this happens such that the top right part of the 

fluid interface in the figure has a higher temperature than the average temperature 

just beneath the surface of that region and for the left hand surface there is a dip in 

the temperature below the nominal temperature just beneath that region. The 

resulting surface tension gradient, cf. equation (2.1), would then point toward the 

left, causing fluid flow from right to left. Mass balance then requires that fluid be 

pulled up from below, as shown on the right hand side of Figure 2-2:'. This, however , 

brings in even warmer fluid to the top on the right hand side, amplifying the effect. 

Similarly, on the left hand side the fluid is pushed into the bulk, thus causing closed 

convection cycles. 

In a manner analogous to temperature difference driven convection, Rayleigh and 

Marangoni convection can also be driven by a concentration difference. Heat transfer 

is replaced by mass transfer from one fluid to another. The bottom hot plate 

temperature is replaced by the bulk concentration C0 of the fluid. Brian (1971) 

3 The arrows show fluid flow 
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suggests the visualisation of this boundary as "a semi-permeable membrane through 

which solute diffuses from an intensely stirred solution beneath the membrane", so 

that the concentration just above the membrane is kept constant despite the mass 

transfer (Brian 1971). In the case of gas-liquid mass transfer, the top plate 

temperature corresponds to the equilibrium concentration Ci at the gas-liquid 

interface. The Rayleigh number is then defined by: 

Ra = ga ( C0 - Ci) h
3 

vzDz 

and the Marangoni number is defined by: 

(2.2) 

(2.3) 

where ~ is the interfacial tension, g is the gravitational acceleration, v1 is the 

kinematic viscosity of the liquid, h is the liquid depth, a is the coefficient of solutal 

expansion and D1 is the diffusivity of the solute in the liquid. 

2.3 The General Rayleigh-B€mard-Marangoni Problem 

Prior to Pearson's analysis (1958), Jefferys (1926, 1928), Low (1929), and Pellew and 

Southwell (1940) among others, had refined Rayleigh's theory. In all of these 

refinements, the destabilisation was taken as being due to buoyancy (Nield 1964). 

Pearson's analysis neglected buoyancy altogether. Pearson introduced the new surface 

tension effect, presenting it as a rival theory, arguing that many of the phenomena 

observed in Benard's experiment were in all likelihoods due to surface tension effects 

(Nield 1964). 

In practice it is normal that both the buoyancy and surface tension effects are in 

play. Nield (1964) combined the two theories in what is now commonly referred to as 

the Rayleigh-Benard-Marangoni (RBM) problem, to determine how the two effects 

are coupled. Using linear perturbation techniques, Nield derived a sixth-order 

differential equation subject to six boundary conditions from which eigenvalue 
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equations were obtained using Fourier series methods. Nield's analysis which included 

both the Rayleigh and Marangoni numbers showed that the buoyancy effect and the 

surface tension effect reinforced each other in destabilising the fluid near the 

interface. He also showed that a small change in either the Rayleigh number or the 

Marangoni number resulted in a change of similar order on the other, indicating a 

tight coupling between the two effects (Nield 1964). Nield's linear theory has been 

confirmed by measurements of heat transfer across layers of silicone oil (Palmer and 

Berg 1973; Pantaloni, Bailleux et al. 1979). This coupling has been further 

investigated by Pantaloni et al. in a more general non-linear analysis and has been 

shown to be given by the following relation (Pantaloni, Bailleux et al. 1979; Cerisier, 

Jamond et al. 1987): 

Ra- Rae 
Ra 

Ma- Mac 
!via 

(2.4) 

Equation (2.4) indicates that the critical values of Ma and Ra lie on a straight line 

(the operating line) passing through the origin of the Ma-Ra axes, given by: 

Ma = rRa (2.5) 

For the case of gas-liquid mass transfer, the slope of this straight line is given by ( cf. 

equations (2.2) and (2.3)): 

( 
8~ ) 1 

r = - 8C gap
1
h2 (2.6) 

If the operating line lies on the first quadrant of the Ra- Ma plane, since both Rae 

and Mac are positive, the Rayleigh effect and Marangoni effect enhances each other 

with both effects pushing stability limit in the same direction. This region 

corresponds to the experiments by Pantaloni et al. with silicone oil heated from below 

(Pantaloni, Bailleux et al. 1979) and the experiments by Sun et al. involving the 

desorption of C02 from chlorobenzene (Sun, Yu et al. 2002). If the operating line is in 

the second quadrant, Mac is positive and Rae is negative. Thus, the Marangoni 

effect is inhibited by the Rayleigh effect. This region corresponds to the experiments 
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involving the desorption of C02 from methanol, toluene and isobutanol (Sun, Yu et 

al. 2002). For an operation line in the fourth quadrant, Mac is negative and Rae is 

positive. In this region the Rayleigh effect is inhibited by the Marangoni effect. This 

region corresponds to the experiments involving absorption of C02 into methanol, 

toluene and isobutanol (Sun, Yu et al. 2002). 

Discrepancies between experimental results and the theoretical predictions in the case 

of the BM problem with mass transfer were successfully reduced by Brian and Ross 

by including in their analysis, a mass balance of solute in the Gibbs layer4 (Brian 

1971; Brian, Vivian et al. 1971; Brian and Ross 1972; Brian and Smith 1972; Bahloul, 

Delahaye et al. 2003). In an alternative approach, Scriven and Sternling incorporated 

the effect of surface viscosity by including a momentum balance for the ·fluid surface 

(Scriven 1960; Scriven and Sternling 1962). The surface viscosity was shown to have 

an inhibiting effect on BM convection bringing theoretical predictions closer to that 

of experimental observation. The agreement between theory and experiment was 

further improved by Sun (1988) by incorporating both a mass balance and a 

momentum balance in the general RBM problem (Sun 1988). This latter approach is 

followed present study, albeit, for a different physical model and operating conditions. 

While RBM analysis of Nield was linear, the non-linear analysis needed to gam 

information on flow patterns (Sun and Carey 2004) has since been performed for the 

RB problem by Schluter and other authors (Shultzer, Lortz et al. 1965; Newell 1969). 

Schluter's work was followed by Lebon and Cloot in performing a similar non-linear 

analysis for the BM problem, ignoring surface viscosity and surface accumulation 

effects (Lebon and Cloot 1982). It is important to consider the coupling between Ra 

and Main the BM analysis to account for the effect of gravity. The analysis of Lebon 

and Cloot, however, used a perturbation parameter using only the Marangoni number 

thereby ignoring the effect of gravity and consequently works in a restricted part of 

the Ma-Ra plane (Sun and Yu 2006). The work of Lebon and Cloot was extended to 

a non-linear analysis including the effects of gravity, surface viscosity and surface 

adsorption by Sun (1988) giving good agreement with experiment (Sun and Yu 2006). 

4 The effect of the Gibbs layers will be further elaborated in section 2.10 
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2.4 Interfacial Mass Transfer with Stationary Interface 

One of the principal aims of the present study, motivated by many potential 

applications such as mass and heat transfer enhancement (Sun, Yu et al. 2002) or 

ultra clean drying of semiconductor wafers in the semiconductor industry (Zikanov, 

Boos et al. 2001.), is to study the influence of RBM convection on interfacial mass 

transfer. Hence, a brief review of relevant mass transfer concepts will now be 

presented5
. 

2.4.1 Mass Transfer Coefficients 

Two fluid elements, having different concentrations of a molecular species, when 

brought into contact, results in diffusion of the species from the region of higher 

chemical potential to that of lower chemical potential. The driving force is the 

concentration difference and diffusion continues until the concentration of the species 

is the same throughout the fluid in each phase, there being only minute random 

fluctuations of local concentrations. Mass diffusivity or mutual diffusivity in a binary 

system consisting of two molecular components A and B is defined by Fick's first law 

of diffusion, written in coordinate independent form as follows: 

(2.7) 

Another important diffusion relationship is Fick's second law, or the diffusion 

equation given by: 

(2.8) 

The Mass transfer coefficient, denoted by k, 1s defined as the ratio of flux to a 

concentration difference that drives the flow. It is common to use mass transfer 

5 Details may be found in 

Knudsen, J. D., Hottel, H. C., Sarofim, A. F., Wankat, P. C. and Knaebel, K. S. (1997). Heat and 

Mass Transfer. Perrv's Chemical Engineer's Handbook (7th Edition). R. H. Perry and D. \V. Green, 

McGraw-Hill: 5-42- 5-79. and 

Bird, R. B., Stewart, W. E. and Lightfoot, E. N. (1960). Transport Phenomena, John Wiley & Sons, 

Inc. 
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coefficients to represent rates of transfer that differ significantly from those predicted 

by diffusion alone, as a result of convection at the interface across which mass 

transfer occurs. Mass transfer coefficients can however be related to diffusion 

coefficients and other fluid properties. Three idealised theories that provide such 

relations are: (a) film theory, (b) surface renewal theory and (c) penetration theory 

(Treybal 1980). In practice the idealisations used in these theories may be 

inadequate to describe certain physical situations. Many empirical correlations giving 

mass transfer coefficients have been developed for such cases. Even though the film, 

surface renewal and penetration theories are often not accurate, they can provide 

insight into how the mass transfer coefficient varies (Knudsen, Hottel et al. 1997). 

2.5 Liquid-Gas Interface Mass Transfer Dilute Systems 

Consider a gas-liquid interface as depicted in Figure 2-3 below. The concentration of 

the species that diffuses across the interface is not equal on the two sides of the 

interface, and this acts as a driving force enabling mass transfer across the interface. 

z 

C,(x.z) 

Solute 
Diffusion 

··············!············· .. ·: .. 

C,(."(,Z) 

. . . . . . 
:. : ... 
:. : 

Solid Wall 

PJx,z) 

b --I~~Gns 

. Interface 

······;······················;;,;························/ 

h --!~~Liquid 

0 ~---------c~c~~c~·~p--~P~------~----~----. ~P. c 
iU '•q •II' , " c,,, Solid \Vall 

Figure 2-3: Gas-Liquid interface 

In each phase there exists a resistance to mass transfer. Thus in each phase there 

exists a concentration gradient. While this mass transfer process is clearly a non

equilibrium process, we may assume that in any infinitesimal element at the 
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interface, a local equilibrium condition existsG and an equilibrium relation can be used 

for any given point on the interface to relate concentration of solute in the liquid 

immediately below the interface to its partial pressure immediately above the 

interface in the gas side. For dilute solutions the saturation concentration and the 

partial pressure of the gas are related by the equilibrium relation (Henry's Law): 

R =C· 1H ~ ~. (2.9) 

where the constant of proportionality His the Henry's law coefficient for the solute

solvent equilibrium system, which is determined experimentally. It is often convenient 

to use the non-dimensionalised Henry's law coefficient given by: 

H 
m_--

RT 
(2.10) 

where R is the molar gas constant. The interfacial mass transfer rate is proportional 

to the difference between the bulk concentration and the concentration at the 

interface (Knudsen, Hottel et al. 1997) given by, for the gas phase: 

NAg = kpg (Po - ~ ) = keg ( Cq,O - ci,g ) (2.11) 

and for the liquid phase: 

(2.12) 

where NAg is the mass transfer rate per unit area in [mol/m2.s], kpg is the gas phase 

mass transfer coefficient defined in terms of partial pressure in units [moljs.m2.Pa], 

keg is the gas phase mass transfer coefficient defined in terms of concentration in 

units [m/s], kc1 is the liquid phase mass transfer coefficient defined in terms of 

concentration in units [m/s], P0 is the solute partial pressure in the bulk gas in units 

[pa], ~ is the solute partial pressure at the interface in units [pa], C1,0 is the solute 

r; "The hypothesis of "local" equilibrium can, from a macroscopic point of view, only be justified by 

virtue of the validity of conclusions derived from it" -

de-Groot, S. R. and Mazur, P. (1963). Non-Equilibrium Thermodynamics. Amsterdam, North-Holland 

Publishing Company. 



CHAPTER 2: BACKGROUND AND LITERATURE REVIEW 19 

concentration in bulk liquid in [mols/m~l] and Ci.l is the solute concentration at the 

liquid interface in [mols/mT 

As bulk concentrations can be readily measured but interfacial concentrations cannot, 

it is useful to define an overall mass transfer coefficient for each phase in terms of the 

bulk concentrations. The overall mass transfer coefficient in equivalent gas-phase 

units in the gas side may be defined by: 

N A = Keg ( Cg,O - c; ) (2.13) 

Where C~ = R~ C1.0 is the value of Cg in equilibrium with bulk liquid, and the term 

c g - c; is the overall driving force in equivalent gas-phase units. N A = NAg = N Al 

is the molar solute transfer per area. Similarly the overall mass transfer coefficient in 

equivalent liquid phase units can be defined by: 

(2.14) 

where cr = ~ is the value of C1 in equilibrium with the bulk gas phase and the term 

( Cf - C1,0 ) is the overall driving force in equivalent liquid phase units. Now, from the 

ideal gas law we have: 

F(J 
Cg,o = RT (2.15) 

Substituting (2.15) into the gas phase equation (2.11), dividing throughout by Hand 

rearranging we get: 

P0 _I{ RTNAg 
H H k H cg 

(2.16) 

Substituting equation (2.9) into the liquid phase equation (2.12) and rearranging 

gives7
: 

Here we have usedNAg = NAz NA 
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~ C _ NA 
-- 10--
H ' kc1 

Adding (2.17) to (2.16) and rearranging gives: 

Using ( 2.14) this becomes: 

1 (P0 ) 1 RT - --Cz.o =-+--
NA H · kc1 Hkcg 

1 1 RT 
-=-+-
Kcl kc1 Hkcg 

From the ideal gas law we also have: 

c ~ 
i,g = RT 

Using (2.20) in the liquid phase equation (2.12) we get: 

Combining (2.21) and (2.11), and noting that NAg = N 111 = NA we get: 

1 ( H ) 1 H 
N Cq,o- RTCz,o = k + RTk 

A cy cl 

Using (2.13) this becomes: 

1 H +--
keg RTkcz 

20 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

In terms of the dimensionless Henry constant equations (2.19) and (2.23) becomes: 

(2.24) 
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and 

(2.25) 

It can be seen that the two overall mass transfer coefficients are related by: 

(2.26) 

If m = Kc1 » 1 , the mass transfer is mainly resisted by the gas phase and there is 
Key 

negligible influence of the liquid phase on mass transfer and the process is referred to 

as gas phase controlled mass transfer. Conversely if m = ~cl « 1 the mass transfer 
C[J 

process is manly resisted by the liquid phase, and referred to as liquid phase 

controlled mass transfer. Where m = ~:~~ :::::; 1, mass transfer control is distributed 

between the gas and liquid phases, and is referred to as interphase mass transfer 

(Byers and King 1967). 

2.6 Penetration theory 

Penetration theory, proposed by Higbie in 1935, assumes a non-steady film which at 

the instant when the liquid and gas are brought into contact, contains bulk 

concentrations of both liquid and gas (Treybal 1980). Immediately after contact, the 

gas penetrates the interface and the concentration gradient decreases with time 

thereafter. Mass transfer is highest when the contact period, t, is short compared to 

the penetration period. The concentration profile for the one dimensional case under 

penetration theory for diffusion of solute from a stagnant gas phase into a stagnant 

liquid phase is given by: 
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(2.27) 

Where h is the thickness of the liquid layer measured along the z-direction and D1 is 

the diffusivity of solute in the liquid. The local instantaneous mass transfer coefficient 

is given by: 

k - Wz 
cl- ~--;;:i 

The average mass transfer coefficient in the liquid side is thus given by: 

k - 2~ D, cLavg - 7f te 

(2.28) 

(2.29) 

In applying the penetration model for mass transfer with flow, determining exposure 

time interval te requires an estimation of the interface velocity. It is common to 

assume that the free surface velocity is ~ the bulk velocity (Byers and King 1967). 

From the concentration profile of equation (2.27) we find that the slope of the 

concentration profile ~; first decreases slowly as we traverse from the interface at 

z = h towards the bottom at z = 0 (i.e. in the -z direction). When we have 

traversed a certain depth DP the slope then rapidly goes to zero and the 

concentration is approximately the bulk concentration C0 . The depth DP is referred 

to as the penetration depth and is a measure of how deep the solute penetrates8 (in 

the case of absorption of solute into the liquid) into the liquid within the contact 

time te. There are some differences among authors in how DP is defined. For the 

case of a stagnant liquid, Brian and Ross (1971) defined the penetration depth 

leading to DP 4~ D~tc , while Clark and King (1973) defined the penetration depth 

for the same system to be DP = -J 1r Dzte . The definition of the penetration depth will 

be discussed in more detail in section 2.8.2. 

8 Concentration boundary layer thickness 



CHAPTER 2: BACKGROUND AND LITERATURE REVIEW 23 

2. 7 Other Mass Transfer Theories 

2. 7.1 Film Theory 

The film theory sometimes known as the two-film theory assumes the existence of a 

stagnant thin film of gas on the gas side of the interface and a stagnant thin liquid 

film on the liquid side of the interface. Gas dissolves in the liquid by passing through 

these two films via molecular diffusion. The basic assumptions that underlie this 

theory are: (1) there is a linear concentration profile through the stagnant films and 

the entire concentration difference is attributed diffusion though this film; (2) Steady 

state conditions exists within the films so that the resistance to transfer of solutes at 

the interface can be regarded as being in series allowing the use of the addition 

principle9
; (3) there is instantaneous equilibrium at the interface; ( 4) mass transport 

by bulk diffusion is not limiting, the concentrations in the bulk liquid being 

maintained by turbulent mixing in the bulk liquid, and (5) the solution is dilute and 

thus Henris law is applicable. 

In the case of slightly soluble gas in liquid, the transfer rate is controlled by 

resistance in the liquid film. Theory predicts that the over all liquid phase mass 

transfer coefficient is related to the liquid molecular diffusivity D1 and film thickness 

h by: 

Kl =Dl 
h 

(2.30) 

The principal limitation of this theory is the steady state assumption at the interface, 

which is clearly not going to be valid under RBM interfacial convection conditions. 

2.7.2 Surface Renewal Theory 

Dankwertz in 1951 questioned the notion of exposure times as used in the penetration 

theory and proposed the surface renewal theory as an alternative (Knudsen, Hottel et 

al. 1997). The assumption in this theory is that fluid turbulence permeates all the 

9 equations (2.24) and (2.25) 
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way to the interface taking fresh liquid from the bulk and replacing surface fluid 

which had been exposed for a finite period of time. For the mass transfer coefficient 

Dankwertz derived: 

(2.31) 

Where T is the average rate at which any given vertical fluid element is mixed. 

2.8 Mass transfer with a moving interface 

2.8.1 Velocity Profiles and Mass Transfer Coefficients 

The mass transfer coefficients presented thus far does not take into consideration the 

effects of fluid dynamics and does not include the effects of velocity gradients near 

the interface. The present study explores the mass transfer between parallel co

current flows of a gas and a liquid and as such warrants the consideration of possible 

effects of a moving interface on mass transfer. Beek and Bakker (1961) theoretically 

studied mass transfer into a semi-infinite Couette flow adjacent to a solid wall (Beek 

and Bakker 1961). See Figure 2-4 illustrating the linear velocity profile of Beek and 

Bakker. 

z 
1t11 >0 
a >0 

Figure 2-4: Steady velocity distribution of a Couette flow in the neighbourhood of a moving surface 

(Beek and Bakker 1961) 

Neglecting the diffusion in the direction of convective transport, Beek and Bakker 

showed that for short exposure and positive slope of vertical velocity profile at the 
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interface, an asymptotic solution for the average mass transfer coefficient for gas 

phase controlled mass transfer was given by: 

1 1 

( 
u0x~" )2 _1_ + ~ ( a

2 
D9 x )3 

.J7f 4 uil 
· a2D c [I 

10f -.l- < < 1, a > 0 
UiJ 

(2.32) 

and for long exposure and positive slope: 

1 ! 1 " = (u0 D9 }2 . [a 2

D9 )6 kcq 0.538 'l 
. X UiJ 1 + 0.375(-$-){ l 

a D9x 

a2D, 
for -

3
-J > > 1, a > 0 

UiJ 
(2.33) 

Here u0 is the interface velocity, Dq is the diffusivity of solute in the gas phase, x is 

the distance along the direction of the flow and a is the velocity gradient at the 

interface along the z-direction. It can be seen that equation (2.32) for short exposure, 

reduces to the penetration model prediction when a= 0. 

Further investigations of the effect of interface movement, as would be the case when 

there is a relatively high gas flow rate near the interface, have been made by Byers 

and King (1967). They showed that the interface movement could have significant 

effects on mass transfer across the interface. Instead of assuming a linear velocity 

profile, Byers and King (1967) derived velocity profiles for both the liquid phase and 

the gas phase flows confined between horizontal flat plates. The velocity profiles 

derived by Byers and King (1967), transformed to the coordinate system of Figure 

2-5 are given below in equations (2.34) and (2.35). 
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z 
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For the gas side: 

For the liquid side: 

gas flow 
moving interface 
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liquid flow 

0 velocity 'lL 

or position X 

Figure 2-5: Coordinate system for velocity profiles 

3 (z-h) 
Ug CZ) = 2UgmFq -b-

In equations (2.34) and (2.35), 

and 
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(2.34) 

(2.35) 

(2.36) 

(2.37) 

In these equations, fL denotes fluid viscosity. The subscripts land g denote liquid and 

gas phases respectively. The subscript m denotes mean value in the bulk phase. The 

interface velocity u 0 is related to the bulk liquid velocity Uzm by: 
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_ 3 [ b f-Lz Ugm l / [ b f-Lz l Uo -2Uzm -,;:-+- -,;:-+1 
/-Lg Uzm /-Lg 

(2.38) 

which clearly shows the limitation of using the 3/2 bulk velocity for interface velocity 

in the penetration model (Byers and King 1967). The velocity profile is graphed in 

Figure 2-6. 

0.9-
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0.1- ul (z) 

0- --~ 
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Figure 2-6: Velocity profiles with b I h = 5 , fLr I IL_q = 50 , Ugm = 2 and 11·tm = 1 

Byers and King (1967) further goes on to theoretically investigate the mass transfer 

constants of Beek and Bakker (1961) which assumed the linear velocity profile, 

extending the theory to cover the case where the slope a = ~~ lz=h of the velocity 

profile at the interface is negative. The following expressions were derived for the case 

of gas phase controlled mass transfer: 

and 

1 

k = ( u0Dq )2 
cg X 

(2.39) 
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a2D x 
for 

3
g « 1, a > 0 

uo 
(2.40) 

The slope of the gas phase velocity profile at the interface is given by: 

a= (dug) = _ 6u0 [ Uzm _ 1];(hf-Lg + 1) 
dz z=h b Ugm bJ-Lz 

(2.41) 

Equation (2.40) is the same as the result of Beek and Bakker (1961). By comparing 

the exact solution with penetration theory, Byers and King (1967) concludes that for 
zD 

a !fz -'l h 07 A -- < 10 · , penetration theory is obeyed to wit in 2;o. ccording to Byers and 
'Ug 

King (1967), the mass transfer coefficient for the case of liquid phase controlled mass 

transfer, is given by: 

(2.42) 

Two further conclusions of Byers and King (1967) that will be found useful m 

interpreting experiments detailed in this thesis are: 

1. The effects of confining walls on cocurrent laminar gas-liquid mass transfer 

results in underestimating of mass transfer coefficients calculated using Byers and 

King's (1967) theory or the penetration theory. 

2. The principle of addition of mass transfer resistances (reciprocal of mass 

transfer coefficients) allows the computation of overall mass transfer coefficient across 

the interface. In the presence of confined flow, the addition principle is that given by 

equations (2.24) and (2.25) (Byers and King 1967). 

The theoretical predictions of Byers and King was found to be in good agreement 

with experiment, also conducted by Byers and King (Byers and King 1967). 
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2.8.2 Concentration Profile with Moving Interface 

It has been shown by Byers and King (1967) that for liquid phase controlled mass 

transfer, because the drag of the gas on the liquid is small and because the liquid 

diffusivity is low, the concentration profile asymptotically approaches a penetration 

type concentration profile (Byers and King 1967). Work of Brian et al. has shown 

that the effect of RBM convection on the gas phase mass transfer coefficient is 

negligible over that of the liquid phase mass transfer coefficient (Brian and Smith 

1972). The absorption and desorption of C02 gas into and out of organic liquids 

(methanol, toluene chlorobenzene and isobutanol) has been investigated 

experimentally by Sun et al., and it was found that the mass transfer rates were 

controlled by the liquid phase (Sun, Yu et al. 2002). 

The work of Byers and King (1967) also concluded that "no feature of the liquid 

velocity profile need be considered for mass transfer processes aside from the velocity 

at the interface itself' (Byers and King 1967). We therefore use in our analysis of the 

gas-liquid contactor dynamics, as an approximation, the diffusion transport equation 

for a liquid moving with constant velocity, taking the velocity to be the interface 

velocity. The appropriate diffusion equation is given by (Byers and King 1967): 

(2.43) 

where u0 is once again the interface velocity. Solving equation (2.43) under the 

boundary conditions: 

Initial: 

Boundary: 

C = C0 

C=Ci 

for z ;:::: 0 and t = 0 

for z = h and t > 0 

where Ci is the value of C in equilibrium with the gas at the interface, and C = C0 

for 10 z -+ -oo and t > 0 , gives the concentration profile: 

10 For the purpose evaluating the indefinite integral that arises in this problem we treat 

C(z = 0) = C(z-+ -oo) 
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[ 
h- z l c = ci + (Co - Cd . erf -J I 

2 D1x u0 

(2.44) 11 

where 

(2.45) 

The local mass transfer rate for this diffusion regime is given by: 

1 

kcl = _l _0 
[
Du ]2 
1fX 

(2.46) 

The average mass transfer coefficient is given by: 

k cl,avg (2.47) 

where L is the contact length. The interface velocity u0 may be calculated by means 

of equation (2.38). 

A piece-wise linear approximation to the concentration profile of equation (2.44) can 

be obtained by noting that the slope ~~ of actual concentration profile rapidly falls 

off to zero below a certain "penetration depth". Thus a two-piece linear 

approximation may be used. See Figure 2-7 (page 31). In establishing the penetration 

depth, we follow Brian and Ross's definition of the penetration depth (Brian and 

Ross 1972). 

11 It can be noted that Equation (2.44) for mass transfer across a moving interface is very similar to 

equation (2.27) for mass transfer across stagnant interface, in that contact time t in equation (2.27) for 

a given position x, is entirely determined by the interface velocity via equation (2.45). 
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Figure 2-7 : Piece-wise linear approximation penetration concentration profile 

31 

Brian and Ross defined the penetration depth DP such that the area bounded 

between the concentration curve and the line z = h in the interval C = C0 and 

c = ci is equal to the area between the top straight line piece and the line z = h m 

the interval C = C0 and C = C;. Following Brian and Ross we therefore have: 

1 
-(Ci- C0 )Dp 
2 

z=h 

J (h- z) · dC (2.48) 

Here we have assumed that h is sufficiently large so that DP < h . From the 

concentration profile of equation (2.44) we have: 

[ ]

2 
dC 2 1 h- z 
-- -· (C:- C0 )exp-
dz - ..Jif 2-J DLx I u0 

1 2-J D1x I u0 

(2.49) 

Using equation (2.49) we may write equation (2.48) as: 

.!.(C; -Co)Dp = 2(Ci -Co) zJ' h-z exp[-( h-z }2]dz 
2 ..f7F z->-x 2.J Dz.T I u0 2.J Dt.T I uo 

(2.50) 

Let 
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h-z 
a = ---;==:==:== 

2..}Dzx I uo 
(2.51) 

do: 1 then - = - , using which equation (2.50) may be written as: 
dz 2.J D1x / u0 

z=h 

DP - - ~ · 2.Jr-D-1x-l.,-u-0 J a exp [ -a2 ]· da (2.52) 
z--->-oo 

From equation (2.51) we see that as z approaches-oo, a approaches +oo , and 

when z = h, a = 0. Thus equation (2.52) becomes: 

r=---:-- et=O 

D - - s.J Dzx I Uo J a exp [ -a2]· da 
p- ..J7f (2.53) 

et--->00 

The improper integral is well known and evaluates to 1 
2 , giving the penetration 

depth to be: 

D ~ 4~D,x 
P 1fUo 

(2.54) 

Having established the penetration depth, we may write the two piece linear 

approximation to the concentration profile as: 

1 
Co 

C (x,z) = z- h 
Ci + (Ci- Co)[ -:o;-] 

for 0 < z < h - D P 

for h - D P < z < h 
(2.55) 

That is, 

(2.56) 

where 
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{3(x,z) -~~=\co~ C, 
DP 

for 0 < z < h - D P 

for h- DP < z < h 
(2.57) 

is the concentration gradient along the +z direction. The slope of the concentration 

profile along the x direction can be approximated by 

for 0 < z < h - D P 

for h - D P < z < h 
(2.58) 

2.9 RBM Problem and Mass Transfer 

In section 2.3 we introduced the REM problem m terms of convections driven by 

temperature differences alone. As indicated earlier, REM destabilisations can also be 

caused by concentration variations across the liquid layer. In general, surface tension 

is a function of both temperature and concentration, among others, as indicated by 

equation (2.1). Furthermore, since fluid elements with differing solute concentration 

will experience different net buoyancy forces, there exists the possibility of RB, BM 

or REM instability in the processes of mass transfer between two fluids. Indeed there 

are many accounts12 of interfacial turbulence reported to accompany mass transfer 

operations between fluids. 

In fluid-fluid mass transfer operations, the onset of interfacial turbulence has been 

found to strongly influence mass transfer rates. Berger et al in 1974 and Hozawa et al 

in 1976 reported experiments where RB convection induced mass transfer rate 

12 A number of such accounts have been cited in: 

Orell, A. and Westwater, .J. W. (1962). "Spontaneous Interfacial Cellular Convection Accompanying 

Mass Transfer: Ethylene Glycol-Acetic Acid-Ethyl Acetate." American Institute of Chemical Engineers 

.Journal 8(3): 350-356. 
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enhancements over that predicted by penetration diffusion theory (Burger, Blair et 

al. 1974; Hozawa, Komatsu et al. 1984). Brian et al. in 1971 reported experimental 

results in which BM convection enhanced mass transfer rates, correlating a mass 

transfer enhancement factor <P to the Marangoni number by a relation of the form: 

( 
M )n 

<P = M ~ for Jill a > Jill ac (2.59) 

where Ma and Mac are the Marangoni number1a and critical Marangoni number 

respectively. n is an empirical parameter. For Ma < Mac <P = 1 (Molenkamp 1998). 

Brian et al. measured n = 0.25, 0.5 and 1.3 for the desorption of acetone, diethyl 

ether and triethyleamine into nitrogen gas in wetted wall columns (Brian, Vivian et 

al. 1971). Brian et al. defined the mass transfer enhancement factor <P , as the ratio 

of the mass transfer coefficient with interfacial convection to that predicted by 

penetration theory. Thus: 

(2.60) 

where kexp, is the experimentally measured mass transfer coefficient, and kP is the 

theoretical value of the mass transfer coefficient as predicted by penetration theory. 

Using the same definition for mass transfer enhancement factor given in equation 

(2.60), Sun (2006a), provides the alternative correlation: 

<P = Kln(;~) + 1 (2.61) 

or: 

<P = Kln(:~) + 1 (2.62) 

u In studying interfacial convection associated with fluid-fluid mass transfer three different definitions 

have been used for the Marangoni number by various authors (Molenkamp 1998). 
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Equations (2.61) and (2.62) have been shown to be better correlations than equation 

(2.60) (Sun 2006a). 

As mentioned earlier, Nield's linear theory predicts that the Rayleigh effect and the 

Marangoni effect acting together can either enhance or inhibit mass transfer (Nield 

1964). This prediction was later confirmed in heat transfer experiments by Pantaloni 

and co-workers (Pantaloni, Bailleux et al. 1979). A common feature in mass transfer 

enhancement measurements prior to the work of Pantaloni et al. was the suppression 

of either the I\iiarangoni effect or the Rayleigh effect. Following the work of Pantaloni 

et al., Sun et al. has extended the mass transfer studies of Hozawa et al. to include 

the effects of both the Rayleigh and Marangoni effects simultaneously in mass 

transfer experiments (Sun, Yu et al. 2002). 

2.10 Effect of Gibbs Adsorption 

Prior to Brian (1971), it was observed that experimental measurement of critical 

values of the Marangoni number, when performed usmg surface tension altering 

solutes gave results that were orders of magnitude different to that predicted by 

theory. It was suggested by Brian (1971) that this discrepancy could be accounted for 

by including the effects of Gibbs Adsorption at the interface, and was first 

theoretically treated by Brian et al. (Brian 1971; Brian and Ross 1972; Brian and 

Smith 1972). The approach taken by Brian et al. was to include the effects of Gibbs 

adsorption in the boundary condition of the interface which was to be satisfied by the 

dynamical equations governing the fluid motion. We shall treat Gibbs effect in the 

same manner as Brian et al. 

In the gas-liquid contactor, solute molecules self assemble into a narrow layer at the 

gas-liquid interface, called the Gibbs layer14
• Typically the energy gained by a 

surfactant molecule when it migrates to the surface from the bulk is much bigger 

than the thermal energy kBT (Diamant and Adelman 2003); where kB is the 

Boltzmann constant and T is the absolute temperature. Consequently the 

concentration profile drops off to its bulk value within a molecular distance from the 

14 Distinct from Langmuir (mono) layers formed by insol?tble surfactants. 
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surface1
'
5 (Diamant and Adelman 2003). The molecular size of the thickness of the 

interface allows us to view the interface as a two-dimensional surface from the view 

point of macroscopic theories (Nepomnyashchy, Velarde et al. 2001). 

The number of molecules per unit area in the Gibbs layer is called the surface excess16 

r (Diamant and Adelman 2003). That is: 

N r=--A (2.63) 

It is possible to express the Gibbs surface excess in terms of the bulk fluid parameters 

as follows (Adamson 1990): 

(2.64) 

where C, is the solute concentration immediately beneath the Gibbs layer. The 

relation (2.64), called the Gibbs Adsorption Equation, allows us to model the effect of 

Gibbs layer on the onset of RBM instability. The Gibbs adsorption equation have 

been amply tested against experiment by McBain (1932) and others, and has been 

found to be in good agreement for dilute solutions (Adam 1968). From the Gibbs 

adsorption equation we also see that if %~ < 0 , then r is positive and there is a 

surface excess of solute. On the other hand when :~ > 0, then r is positive and 

there is a surface deficiency of solute (Adamson 1990). It will also be found 

convenient to define a Gibbs depth da as follows (Adamson 1990). 

v; Hence the term monolayer 

Hi In defining the surface excess per unit area Gibbs in his original treatment made use of a 

hypothetical mathematical plane (of zero mathematical thickness) which was supposed to separate one 

homogenous phase from the other. The numerical value of f depends on the location of this plane. 

Guggenheim and Adam (1932) showed that in the case of monolayers the Gibbs mathematical f:lurface 

separated the homogenous liquid from the surface layer, and the surface excess was the actual surface 

concentration per unit area. 

Brown, R. C. (1940). Surface Tension, University College, London. 



CHAPTER 2: BACKGROUND AND LITERATURE REVIEW 37 

(2.65) 

2.11 Visualising Flow Patterns 

2.11.1 Flow visualisation methods 

Methods that have been successfully used to visualise interfacial convection include: 

(a) Fine particle suspensiOn (Blandford and Thorne 2004). In this method fine 

particles such as powdered graphite or aluminium are added to the liquid 

phase. Flow visualisation is achieved, for instance, in the case of polygonal 

patterns, when the fine powder rises at the centre of the polygons and falls 

around the edges. It is known that surface active agents in the liquid can alter 

the surface tension and hence affect the stability of the gas-liquid interface 

(Berg and Acrivos 1965). Particulate matter on the surface can significantly 

alter the interface boundary conditions of the system as well as bulk properties 

of the liquid, in a manner that is difficult to predict, and result in altered 

critical Rayleigh numbers. Such particles could also significantly alter fluid 

flow dynamics and hence the assumed flow profiles of Byers and King (1967). 

This method therefore is inappropriate for our experiments. 

(b) Photo bleaching (Tourneau, Wolf et al. 2004). In this method a very dilute 

solution of a suitable flourophore 17 dye is added to the liquid. The method 

relies on the phenomenon whereby a properly chosen dye loses its ability 

flouress when subject to a high intensity (laser) light of a properly chosen 

wavelength. A short exposure to intense light reduces the concentration of the 

photoluminant dye in the liquid thereby revealing flow distribution as 

intensity variation, which can be recorded by conventional means (Mosier, 

Molho et al. 2002). This method is also invasive to the system and therefore 

unsuitable. 

17 Molecules that are intensely fluorescent when exposed to (dim) light of an appropriate wavelength. 
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(c) Laser holographic interferometry (LHI) (Tourneau, Wolf et al. 2004). This 

method relies on the dependency of the refractive index of the liquid on 

concentration of solute in the liquid. In this method, a coherent laser source is 

split into two beams. One beam is expanded, collimated and made to pass 

normally through the liquid, and allowed to interfere with the other reference 

beam on a holographic plate (Tourneau, Wolf et al. 2004). The resulting 

interference pattern is then photographed or captured by video. 

(d) Schlieren photography (Tanda 1999). This method, similar to LHI, is also a 

phase visualisation method that relies on the phase changes introduced by 

density variations in test liquid placed in the path of collimated coherent light. 

The method relies on special arrangement of optics that blocks the negative 

spectral orders of light thereby converting phase variations into intensity 

variations (Potter 1992). 

While schlieren and LHI are both non-invasive, schlieren photography is better suited 

for qualitative visualisation (Settles, Hackett et al. 1995) as the intensity pattern 

corresponds more directly to spatial fluid flow patterns. The interference fringe 

separation in LHI contains information, being proportional to concentration gradients 

for instance (Tourneau, vVolf et al. 2004), and is more suited for certain quantitative 

investigations. Flow visualisation in the present thesis is for the purpose of observing 

the pattern geometry and location for which schlieren photography will be used. The 

schlieren method will therefore be discussed in more detail the following section. 

2.11.2 Schlieren Optical Flow Visualisation 

A schematic of the optical arrangement used m the current research is shown in 

Figure 2-8 (page 40). The x-y plane is the horizontal and the z direction is the 

vertical. The test section is the space occupied by the gas-liquid contactor cell which 

has optically flat 18 glass plates on the top and bottom of the cell. 

lH Light travelling through the glass under goes the same phase change for every point on the glass 

surface. That is to say that no noticeable phase perturbations would be introduced. 
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Since the light source is approximately a point source at the adjusted rectangular slit, 

and assuming the lenses and mirrors are ideal, the horizontal plane A, shown in 

Figure 2-8 would be a constant phase front, assuming that the refractive index of the 

ambient air is constant. Within the test region, however, the refractive index will not 

be a constant. The refractive index n, of the gas and liquid, is a function of density, 

which can be approximated by the first two terms of a Taylor series, and is known as 

the Gladstone-Dale equation (Holder and North 1963): 

(2.66) 

The constant Kd is called the Gladstone-Dale coefficient (Settles 2001) and 

p = p ( x, y, z) is the density of fluid within the test section. 

We therefore have the concentration dependency of the refractive index in the gas 

phase as: 

(2.67) 

where Cq = Cq ( x, y, z) is molar concentration and Nf is molar mass. For the liquid 

phase we have19
: 

n = 1 + Kdpz ( 1 + a ( Cz - Co)) (2.68) 

where pz is the density of the fluid at solute concentration C0 , a is the coefficient of 

solutal expansion and C0 is the concentration in the liquid bulk phase. The essential 

point to note is that the refractive index within the test section is a function of 

composition: 

n(x,y,z) = n ( C (x,y,z)) (2.69) 

1 ~ Here we have used the density state equation p pz ( 1 + a ( C1 - C0 )) 
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Figure 2-8: Schematic of Schlieren optical system 
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I 

How the optical arrangement converts perturbations in the refractive index into 

intensity variation can be seen geometrically. The ray R1 shown in Figure 2-8 

represents light path in the absence of any refractive index (concentration) 

fluctuations within the cell. In the presence of concentration fluctuations, the rays 

bend according to Fermat's principle of least time20 (Feynman, Leighton et al. 1965) 

8 J n ( x, y, z) ds = 0 . It can be shown that angular deflection Ex and E11 , measured in 

20 ds = -J dx2 + dy2 + dz2 is an arc element along the ray path 
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radians, towards the positive x and y directions respectively, are given by (Holder 

and North 1963): 

and 

L an 
Ex=--
. no ax 

L an 
n0 ay 

(2.70) 

(2.71) 

Rays R 1 and R 3 in Figure 2-8 represents two deviating rays due to perturbations in 

refractive index (concentration). In the absence of the knife edge, both rays miss the 

focus of the mirror M 2 and are focussed onto the image plane by the lens L3 . When 

the knife edge K is introduced, only R 1 reaches the image plane while the other ray 

is blocked by the knife edge. R;, therefore gives rise to relative intensification of light 

where it meets the image plane (Settles 2001). Perturbations of concentration are 

hence converted into perturbation of light intensity at the image. 

In practice the light source is not a point source, but an extended source, resulting in 

an ill defined focal point for the mirror M 2 . Good sensitivity can however be 

achieved by careful adjustment of the position of the knife edge within the focus zone 

of M2 . 
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3 PHYSICAL 

EQUATIONS 

3.1 Physical Model 

MODEL AND HYDRODYNAMIC 

We first establish a coordinate system as shown in Figure 3-1. 

Figure 3-1: Coordinate System 

Consider a liquid in which the density is considered ·a function of position x j , 

( j = 1, 2, 3) , and the velocity components of a liquid element being denoted by uj , 

(j = 1, 2, 3). In relation to the coordinate system of Figure 3-1 we have 

x1 = x , x2 = y, x3 = z and u1 = u, ~ = v, u3 = w. The dynamics of a liquid element 

in such a liquid is completely described by the simultaneous considerat ion of a mass 

balance equation, a momentum balance equation , an energy balance equation and 

appropriate constitutive relations (Landau and Lifshitz 1959; Aris 1962). These 

equations when taken together with appropriate initial and boundary conditions 

completely describes the dynamic behaviour in the liquid part of the real physical 

system. We proceed with our analysis of the RBM problem by taking these basic 

hydrodynamic equations as our starting point and then deriving the boundary 

conditions that have to be satisfied under steady state for our rectangular gas-liquid 

contactor. In this process we shall make various simplifying assumptions and provide 

justifications for those assumptions. 



CHAPTER 3: PHYSICAL MODEL AND HYDRODYNAMIC EQUATIONS 43 

3.2 Governing Equations 

3.2.1 Continuity equation 

Assuming the summation convention (Kay 1988) we can write the equation of 

continuity as: 

(3.1) 

where p is fluid density and tis time. 

3.2.2 Momentum Balance Equation 

The momentum balance for a fluid element can be written as: 

(3.2) 

where Xi is the ith component of any resultant external (bulk) forces which act on 

the fluid. Sij is the streSS tensor giving the streSS in the direction Xj per unit area 

on an element of surface normal to xi. 

3.2.3 The Stress Tensor 

The most general stress tensor is given by (Slattery 1972): 

(3.3) 

where f-Lz > 0 is the shear (or dynamic) viscosity and K,z > 0 is the bulk viscosity of 

the fluid and are both functions of pressure and temperature. P is the mean fluid 

pressure. 6ij is the Kronecker delta defined by (Aris 1962): 

!1 for i = j 
6

i.i = 0 for i 7: j (3.4) 
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3.2.4 Mass Balance Equation 

The mass balance equation is given by: 

&C & &N.i 
-+-(Cuj) = --
&t &xj &x.i 

(3.5) 

where C is the concentration, u_j is the fluid velocity in the j direction and Nj is the 

average mass flux in the j direction. 

3.3 Constitutive Equations 

3.3.1 Mass Flux 

The average mass flux is given by the Fick's first law (equation (2.7)) and can be 

written as: 

&C 
N- =-D-

J &x 
.7 

Combining equations (3.5) and (3.6) we get: 

3.3.2 Density Equation of State 

(3.6) 

(3.7) 

The hydrodynamic equations (3.1), (3.2), (3.3), (3.5) and (3.6) can be supplemented 

by the state equation: 

p = pz[ 1- a ( C -Co)] (3.8) 

where pz is the density of the liquid at concentration C0 , a is the coefficient of 

solutal expansion of the liquid and C0 is the concentration in the liquid bulk phase. 
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3.4 The Boussinesq Approximation 

In the present study, we wish to observe and analyse both the Rayleigh and 

Marangoni effects simultaneously. Such an analysis cannot neglect the variation of 

density in the bulk force term pXi, in the momentum balance equation (3.2). An 

adequate approximation which is applicable for small fractional density changes (i.e. 

I ~pI < < pz ) is the Boussinesq approximation whereby we keep the variation of 

density in the pXi term and regard it as constant ( p ~ pz) in all other terms 

(Chandrasekhar 1961). Thus the momentum balance equation of (3.2) becomes: 

aui aui a~j 
pz-+ pzuJ- = pz[1- a(C- Co)]Xi + -· 

at axj axJ 
(3.9) 

where we have substituted equation (3.8) for the density variation. The Boussinesq 

approximation can considerably simplify the basic hydrodynamic equations, and relies 

on the fact that for most substances, the coefficient of solutal expansion (a) is 

numerically very small. Since the density changes in a liquid element is small such 

that C::: :::::o 0, this implies that the continuity equation (3.1) reduces to: 

(3.10) 

which is seen to be exactly the same as the incompressibility relation 'V•u = 0 for 

liquids. However this does not mean that liquid density is assumed constant 

everywhere under the Boussinesq approximation. Instead what this means is that the 

only role of density is solutal expansion. 

The momentum balance equation simplifies under the Boussinesq approximation to 

(details are given in Appendix A1): 

aui aui [ bp]x a
2
ui 1 aP (. 

~ + Uj ~ = 1 + - i + Vz a a - -. ~, Z = 1, 2, 3) 
ut uxj pz Xj xJ pz uxi 

(3.11) 

and equation (3.7) simplifies to: 
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Equations (3.10), (3.11) and (3.12) are the hydrodynamic equations under the 

Boussinesq approximation. 

3.5 Pressure Distribution 

Since in the unperturbed system, the velocity components v = w = 0 , we can write 

the general unperturbed velocity vector as ( cf. equations (2.35) and (2.36)): 

where 

_ I, [ 1 ( z _ h )
2 l [ ( z _ h )

2 
( z _ h ) ll 

ui - uo - h2 + q h2 + h /i 

1 

I= 0 

0 

(3.13) 

(3.14) 

is a unit vector in the positive x direction, u0 is the interface velocity and the 

constant parameter q is given by: 

(3.15) 

By substituting the velocity distribution of equation (3.13) into the momentum 

balance equation (3.11) and solving for P, it can be shown that the pressure 

distribution accompanying this velocity distribution is given by (Details are given in 

appendix A2): 

vzpz ( 1 2) P(x,z) = h2 (2q-u0 )x-gp0 z-a{3(h-d)z+ 2a{3z +Po (3.16) 

where 
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P0 = P(x = O,z = 0) (3.17) 

Equations (2.56), (3.8), (3.14) and (3.16) are the unperturbed variables for 

concentration, liquid density, liquid velocity and pressure in the liquid respectively. 

3.6 The Perturbation Equations 

3.6.1 Non-Linear Perturbation of the First Order 

Let 8u1 , 8u2 and 8ua be a small perturbation in the velocity components in x, y and 

z directions respectively. Also let 8C, and 8P be small perturbations in 

concentration, and pressure respectively. vVe define the perturbed variable as the sum 

of the perturbation and the unperturbed variable. Hence we have the following 

perturbed variables for velocity, concentration and pressure respectively: 

u[ = ui + 8ui ( i = 1, 2, 3) (3.18) 

C' = C + 8C (3.19) 

P' = P + 8P (3.20) 

Substituting (3.19) in (3.8) give the density perturbation variable: 

p' = pz[ 1 + a ( C0 - C')] (3.21) 

Using these perturbation variables m equation (3.11) and subtracting from the 

unperturbed equation, it can be shown that the general non-linear velocity 

perturbation equations are given by (Details are given in Appendix A3): 
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and 

gt \72 (8w) +Vi [8u•\7(8w) + u•\7(8w) + 8u•\7w] 

a2 
- axaz [8u•\7(8u) + u•\7(8u) + 8u•\7u] 

a2 --a a [8u•\7(8v) + u•\7(8v) + 8u•\7v] = ga\712 (8C) + Vz\74 (8w) 
y z 

(3.22) 

(3.23) 

(3.24) 

The perturbation equation for concentration may be derived from the mass balance 

equation (3.12) and the concentration profile of equation (2.56), and is given by 

(details are given in Appendix A4): 

a a 
at (8C) + u ax (8C) + 8u•\7(8C) = 77(x,z)8u + {3(x,z)8w + D1\7

2 (8C) (3.25) 

3. 7 The Boundary Conditions 

3.7.1 The Bottom Boundary 

Assuming that the penetration depth is less than the thickness of the fluid layer, the 

bottom surface has a constant concentration C0 and thus we have the concentration 

boundary condition for the unperturbed variable: 

C(z = 0) =Co (3.26) 
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and for the perturbation in C, have: 

bC (z = 0) = 0 (3.27) 

For the velocity, we assume that there is no slip at the bottom interface, so that we 

have for the unperturbed variables: 

u(z = 0) = 0 (3.28) 

and 

v(z=0)=0 (3.29) 

For the perturbation in the velocities we get: 

bu(z = 0) = 0 (3.30) 

and 

bv(z = 0) = 0 (3.31) 

The rigidity of the bottom surface also means that the normal velocity component is 

zero at this surface. Thus: 

w(z=0)=0 (3.32) 

and 

bw(z = 0) = 0 (3.33) 

a a 
Since from equation (3.30) and (3.31) """i1(8u) = """i1(8v) = 0 at z = 0, the continuity 

ux uy 

equation then gives us, at z = 0 : 

8 oz (bw) = 0 (3.34) 
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3. 7.2 Boundary Condition at the Interface 

Prior to Sun (1988) , authors either considered a mass balance or a momentum 

balance to arrive at the interface boundary conditions. Sun (1988) combined both 

momentum and mass balances to arrive at the boundary condition for the free 

interface, which gave an improved match between experiment and theory (Scriven 

and Sternling 1962; Brian 1971; Sun 1988). This study closely follows the approach of 

Sun (1988). 

a) Non-deformable Interface 

We assume that the gas-liquid interface is non-deformable. Therefore we have: 

8w( z =h) = 0 (3 .35) 

b) Mass Balance 

We first consider a mass balance at t he fluid interface. Consider a small 2-

dimensional element of the Gibbs layer. See Figure 3-2 . 

gas in 

liquid in 

gibbs layer with solute 
concentration 

z . 111 

diffusion mass transfer 
from gibbs layer 
into as hase 

~...:::::.-----------------'-"=--~ x . ·u 
diffusion mass transfer 
from liquid phase 
into gibbs layer 

Figure 3-2: Mass balance in the Gibbs layer 

The diffusion mass transfer from the Gibbs layer into the gas m the positive z 

direction is (cf. equations (2.8) and (2.9)) given by21
: 

N A c = kpg ( ·!{ - P0 ) = kpg ( H C - P0 ) (3.36) 

21 Note that for z > h , C becomes the solute concentration on the gas side of the contactor 
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Similarly the diffusion mass transfer from the bulk liquid into the Gibbs layer is given 

by: 

ac 
-Dzaz (3.37) 

The net convection out of solute out of the Gibbs layer element ( cf. equation (2.8)) is 

given by: 

(3.38) 

The net convection mass transfer out of the Gibbs layer element in the y direction is 

given by: 

(3.39) 

The net convection mass transfer out of the Gibbs layer element in the x direction is 

given by: 

(3.40) 

The overall mass balance for the Gibbs layer element is therefore given by22
: 

ar a a ') ac 
a 

+-a (uf)+-a (vf) = DsVrf-D1-a -kpg(HC-Fh) 
t X y Z · 

(3.41) 

fJC It is noted that the concentration gradient term, - az = f3, m equation (3.41) is 

different from that in Sun and Fahmy (2006) 23
, in which the general penetration 

theory non-linear concentration profile of equation (2.44) was used. In the present 

study, (3 is derived from a piece-wise linear approximation to the penetration theory 

concentration profile, and is as defined in equation (2.57). 

We define the perturbation variable for the surface excess to be: 

22 ? {)2 {)2 
Vi=-.,+-? 

{)x- {)y-

2:1 See Appendix Cl. 
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r' = r +Dr (3.42) 

Following Brian's assumption of a linear variation of surface tension with 

concentration near the Gibbs layer (Brian 1971), and using the Gibbs equation (2.65) 

together with the Boussinesq continuity equation (3.10), it can be shown that the 

perturbation equation arising from a mass balance in the Gibbs layer is given by 

(details are given in Appendix A5): 

de [ :t ( 8C) - 7] ( x, z) 8u - ( C + 8C) :z ( 8w ) + ( u + 8u) :x ( 8C) 

a ] ') a +8v ay (8C) = daD.,\lt (8C)- D1 az (8C)- kpgH8C 

(3.43) 

77 ( x, z) here is derived from the piece-wise linear approximation to the non-linear 

concentration profile, and is different from the corresponding x-variation of the 

concentration profile in Sun and Fahmy (2006). 7](x,z) is given by equation (2.58). 

c) Momentum Balance 

The momentum balance at the interface gives a further boundary condition for the 

interface. It can be shown that the requirement of momentum balance at the 

interface gives rise to the (unperturbed) boundary condition: 

(a = 1,2) (3.44) 

where K,8 is the dilational viscosity and fts is the dynamic viscosity in the Gibbs 

adsorption layer. The corresponding perturbation equation is given by: 

(3.45) 

The details of the derivation are given in Appendix A6. 
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3.8 Non-Dimensionalised Equations 

In order to non-dimensionalise the perturbation equations and the boundary 

condition equations, we define the following units: 

1. h is a unit of length 

2. 
h2 

is a unit of time -
Dz 

3. Dz is a unit of velocity 
h 

4. 6.C Co- Ci is a unit of concentration 

5. pzvzDz is unit of pressure in the fluid bulk24 

h2 

6. 
Dz (Co- Ci) 

is unit of mass flux in the fluid bulk 
h 

7. pzvzDz is a unit of pressure in the Gibbs layer2
" 

h 

8. Dz(Co- Ci) is a unit of mass flux in the Gibbs layer 

Using these units together with the following dimensionless parameters (Brian 1971; 

Sun 1988; Sun and Fahmy 2006), 

Rayleigh Number: 

Schmidt number: 

Peclet number: 

Sc _ !:i 
Dz 

24 Unit of components of 3-dimensional stress tensor in the fluid bulk 
2

" Unit of components of 2-dimentional stress tensor in the Gibbs layer, which is considered 2-

dimensional 

(3.46) 

(3.47) 

(3.48) 
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Mass transfer Biot number 

Gibbs surface solute accumulation number: 

Gibbs surface convection number: 

Gibbs surface diffusion number: 

Gibbs viscosity number: 

G =de 
- h 

The dimensionless negative concentration gradiene6
: 

t 
0 for 

(3* ( x*, z* ) = 1 . 
D* for 

p 

0 < z* < 1- D* p 

1- D* < z* < 1 p 

2
G cf. equations (2.56), (2.57) and (2.54) and where, the esterisked quantities represent the non

dimentionalised variable corresponding to the symbol 

(3.49) 

(3.50) 

(3.51) 

(3.52) 

(3.53) 

(3.54) 
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the non-dimensionalised perturbation equations can be written as follows (details are 

given in Appendix A 7). Equation (3.22) becomes2
i (Sun and Fahmy 2006): 

Equation (3.22) becomes: 

J:_~ \72 ( bw*) + J:_ \7t [ bu*•\7 ( bw*) + u*•\7 ( bw*) + bu*•\lw*] 
Sc 8C Sc 

- ;c 8x~~z* [ bu*•\7 ( bu*) + u*•\7 ( bu*) + bu*•\lu*] 

- J:_ 
82 

* [ bu * • \7 ( bv* ) + u * • \7 ( bv* ) + bu * • \7 v* ] 
Sc 8y*8z 

= Ra \71
2 ( bC*) + \74 

( bw*) 

Equation (3.23) becomes: 

1 8 I \72 ( b * ) 82 ( b * ) l 
Sc 8t* 1 u + 8x*8z* w 

1 82 

+-
8 
--2 [bu*•'V(bu*) + u*•\l(bu*) + bu*•\lu* 

c 8y* 

1 82 

--
8 8 

*
8 

* [ bu*•\7 ( bv*) + u*•\7 ( bv*) + bu*•\lv*] 
C X y· 

= \72 [\72 (bu*) + 
82 

. (bw* )] 1 8x*8z' 

Equation (3.24) becomes: 

27 

f) f) f) 
11* = [tt*,v*,"LJ* ]T, n- e + e + e ' v - -;:;--;;;- ;); -;:;--;;;- ,, "' * z ) ux uy " ux 

f) f) 82 82 
\7 + \72 =-+-

1 = ax* e:l: ay* ey' 1 8x*2 8y*2 

(3.55) 

(3.56) 

(3.57) 
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and equation (3.43) becomes (details are given in Appendix AS): 

f)~* ( 8C*) + u* f)~* ( 8C*) + 8u* • V ( 8C*) = V2 
( 8C*) + TJ*8u + {3*8w* (3.58) 

Looking at the bottom ( z* = 0 ) boundary conditions, since the RHS of equations 

(3.27), (3.30), (3.31) and (3.34) are all zero, these boundary conditions remain valid 

irrespective of the multiplicative non-dimensionalising constants. Thus we have the 

non-dimensionalised boundary conditions at z* = 0 : 

8C* = 0 (3.59) 

8u* = 8v* = 8w* = 0 (3.60) 

~(8w*) = 0 
oz* 

(3.61) 

The non-dimensionalised mass balance boundary conditions at the interface z* = 1 

becomes (details are given in Appendix A9): 

c[~(8C*)-r~*8u* +8C*~(8w* )+(u* +8u*)~(8C*) 
0t* 'I 0z* OX* 

+ 8v* ~ ( 8C* ) ] - A~ ( 8w* ) = SV2 
( 8C* ) - ~ ( 8C* ) - Bi8C* 

oy* oz* 1 f)z* 

(3.62) 

and the momentum balance boundary condition of equation (3.45) becomes (details 

are given in Appendix A10): 

0~:2 ( 8w* ) - M a Vi ( 8C* ) - Vi Vi ( o~* ( 8w* ) ) = 0 (3.63) 

3.9 Linearised Perturbation Equations 

We now proceed to linearise the four perturbation equations for the one-dimensional 

velocity profile of equation(2.34). This is done by dropping products of perturbations 
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as being an order of magnitude smaller than each perturbation variable, and 

setting v* _ w* _ 0. Thus equation (3.55) becomes: 

fc fJ~* \72 
( 15w*) + fc Vi [ Pe Fl fJ~* ( 15w*)] 

1 8
2 

[ P R a ( 15 * ) P 15 * a FZJ 
- Sc fJx*fJz* e 1 ox* u + e w oz* (3.64) 

- fc fJy~~z* [ PeFz fJ~* ( 15v*)] = Ra \71
2 

( 15C*) + \74 
( 15w*) 

where we have introduced the Peclet number via equation (3.48). Similarly, equation 

(3.56) becomes: 

fc 8~* I Vr ( 15u*) + fJx~~z* ( 15w*) I 
1 8

2 
[ P 1,1 a ( >: * ) P >: * a Fz ] +S --2 erz~ uu + euw ~ 

c fJy* ux uz· 

1 a
2 

[ a ] 
- Sc 8x*8y* PeFz ox* ( l5v*) 

(3.65) 

I 32 I = \7
2 Vr ( 15u*) + ox*oz* ( 15w*) 

and equation (3.57) becomes: 

1 a I n2 ( 15 * ) 82 ( 15 * ) I 
Sc 8t* v 1 v + 8y*8z* w 

(3.66) 

The concentration perturbation equation (3.58) becomes: 
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The momentum balance boundary condition of equation (3.63), becomes: 

At the bottom boundary ( z* = 0): 

At the interface ( z* = 1): 

8u* = 8v* = 8w* = __!!___( 8w*) = 0 
8z* 

8w = 0 

The Gibbs layer mass balance equation (3.62) becomes: 

c[ 8~* ( 8C*) -77*8u* + PeFz 8~* ( 8C*) ]-A 8~* ( 8w* ) 

= S'Vi ( 8C* ) -
8 

( 8C* ) - Bi8C* 
8z* 

The Gibbs layer momentum balance equation (3.63) remains unchanged: 

3.10 Large Schmidt Number Approximation 

(3.68) 

(3.69) 

(3.70) 

(3.71) 

For large Schmidt numbers we can neglect the terms containing ;c (Rush and 

Nadim 1998). The perturbation equations (3.64), (3.65) and (3.66) for large Schmidt 

numbers thus reduces respectively to the following: 

(3.72) 
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V2 [Vi ( 8u*) + 8x~~z* ( 8w*)] = 0 (3.73) 

The remaining equations for the system do not change. Namely: 

8~* ( 8C*) + Pe F'z 8~* ( 8C*)- (3*8w* = V 2 
( 8C*) 

At the lower boundary z* = 0: 

8u* = 8v* = 8w* = 8C* = _!!_(8w*) = 0 
8z* 

and at the interface z* = 1 : 

and 

8w* = 0 

G [ 8~* ( 8C*)- 77*8u* + PeF'z 8~* ( 8C*) ]-A 8~* ( 8w* ) 

= SVi ( 8C*) - 8~* ( 8C* ) - Bi8C* 

8~:2 ( 8w*) - MaVi ( 8C*) -Vi Vi ( 8~* ( 8w*)) = 0 

(3.75) 

(3.76) 

(3.77) 

(3.78) 

(3.79) 
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4 LINEAR STABILITY ANALYSIS 

Although a linear stability analysis for stratified, co-current, parallel, stratified and 

laminar flow has been carried out by Sun and Fahmy (2006), in which the solute 

concentration was determined by equation (2.44), here we investigate the assumption 

of the two-piece concentration profile and its effects on the calculated critical 

parameters. The critical parameters calculated from the following linear analysis will 

be compared to the results of Sun and Fahmy (2006). Since the two-piece 

concentration profile makes the computation of critical parameters easier, the two

piece profile is still used by some authors (Sun 2006b). For instance, Sun and Yu 

(2006) and Sun (2006b) used the two-piece profile for their non-linear analysis of the 

RBM problem. 

In the following linear analysis, it is assumed that the onset of Rayleigh and 

Marangoni convection is controlled by the local velocity and concentration 

disturbances just upstream of the onset. The validity of this assumption has been 

established by Davis and Choi (1977). The variation of the velocity and 

concentration perturbation with downstream location is neglected. 

4.1 Normal Mode Analysis 

It has been observed by Davis and Choi (1977) and Sun et al. (2002), that in parallel, 

laminar stratified two-phase flow, only roll convection aligned with the flow direction 

occur. For roll convection aligned with the x-direction, we have: 

15u* = 0 (4.1) 

We follow the classical approach to linear stability analysis by separating the 

variables and removing the time dependence. This is done by assuming that an 

arbitrary perturbation may be represented by perturbations of the following forms 

(Chandrasekhar 1961; Davis and Choi 1977): 

( 4.2) 
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(4.3) 

( 4.4) 

where k = k
11
* is the wave number of the disturbances. s is a constant stability 

parameter which may be complex, and i = ~ is the unit imaginary number 

(Lebon and Cloot 1982). 

For functions of the form of equations ( 4.2) through ( 4.4) we have the following 

operators identities (Chandrasekhar 1961): 

and 

Defining the operator: 

a 
-=s 
at* 

a 
-_Q 
ax* 

d 
D=- dz* 

(4.5) 

( 4.6) 

(4.7) 

(4.8) 

(4.9) 

equation (3.64) evaluates (cf. relations (4.3), (4.4), (4.6), (4.7), (4.8) and (4.9)) to: 

( 4.10) 

Equation (3.65) is identically zero, and equation (3.66) becomes: 
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The mass balance perturbation equation (3.67) becomes: 

p*W ( z* ) + ( D2 
- k2 

- s ) 6 ( z* ) = 0 ( 4.12) 

The boundary condition for z* = 0, equations (3.68) becomes: 

W ( z* ) = D W ( z* ) = D 6 ( z* ) = 0 (4.13) 

The boundary conditions for z* = 1, equations (3.69), (3.70) and (3.71) respectively 

becomes: 

W(z*) = 0 (4.14) 

-ADW(z*) + ( sG + D + Bi + k2S)6(z*) = 0 ( 4.15) 

and 

(4.16) 

4.2 Principle of Exchange of Stabilities 

It has been shown by Chandrasekhar (1969) that for the case of pure RB convection 

and Vi = A = S = 0 , s is real and equal to zero for marginally stable states 

(Chandrasekhar 1961; Sun 1988). This is referred to as the principle of exchange of 

stabilities (Chandrasekhar 1961). It has been shown by Vidal and Acrivos (1966) that 

the principle of exchange of stability is valid for the case of pure BM convection 

(Vidal and Acrivos 1966). That the principle of exchange of stability is valid for 

RBM convection with Vi= A= S = 0 has been demonstrated (Takashima 1970). 

Sun (1988) and others have used the assumption of principle of exchange of stabilities 

in the case of Vi, A, S :;z:: 0 to determine critical points for the onset of RBM 

convection for a stagnant liquid, with results being in good agreement with 
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experiment. We proceed by assuming that the principle of exchange of stabilities 

holds valid for the case of Vi,A,S += 0. With this assumption, equation (4.11) 

becomes: 

(4.17) 

equation ( 4.12) becomes: 

( 4.18) 

and equation (4.15) becomes: 

(4.19) 

Equations (4.10), (4.13), (4.14) and (4.16) remains unchanged. 

4.3 The Eigenvalue Problem 

Following the analysis of Sun (1988), we write the system of perturbation equations 

(4.10) and (4.18) together with the boundary conditions (4.13), (4.14), (4.15) and 

( 4.19) by the linear equation28
: 

Leu)= 0 ( 4.20) 

where L is the linear operator: 

{3* ( D2 - k2 )2 -{3* Ra k2 0 

L = -Ra k2{3* -Ra k2 ( D2 - k2) 0 (4.21) 

l ( D2 + k2 ViD )lz=l 0 Mak2 

zs In setting up the differential equation (4.20) we have multiplied equation (4.18) throughout by 

Ra · k2 and equation (4.10) by (3 in order to introduce symmetry required for formulating a 

(restricted) variation principle for the eigenvalue problem that characterises the stability of the 

system. 
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and u is a vector: 

W(O S z* < 1) 

u = 6 ( 0 s z* < 1) 

C (z* = 1) 
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( 4.22) 

This characteristic value problem is identical to that obtained by Sun and Yu (2006) 

for a stagnant liquid. 

4.4 Variational Principle 

The following restricted variational principle is proposed for the eigenvalue problem 

of equation ( 4.20) (Sun and Fahmy 2006). 

DI(w,6) = o ( 4.23) 

The functional I ( W, 6) being defined by: 

l 

r(w,6) = J R:k2 {(D2W-k2wt +Rak2 [(n6t +k2 (6t 
0 

-2/3' W C- 2W6 )dz + (Bi +k2S)( C)'- 2ACDW + ;: ( DW)' ( 4.24) 

+
2!"[6DwJL 

where the naught ( o) on the variables indicate the restriction that the variables are 

considered a constant when differentiating or integrating. This variational principle, 

which allows for the effects of non-linear concentration profiles, non-linear velocity 

profiles, mass accumulation, surface viscosity due to Gibbs adsorption, is a 
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generalisation of the restricted variational principle of Lebon and Cloot (Lebon and 

Cloot 1982; Sun and Yu 2006) 29
. 

4.5 Solution Method for Eigenvalues 

The standard Rayleigh-Ritz technique is used to estimate the eigenvalues (Zwillinger 

1989). Following Lebon and Cloot, the functional I(vfr,6) is approximated by a 

linear combination of shifted Chebyshev polynomials of the first kind as follows 

(Lebon and Cloot 1982): 

N 

W;v = ~addz*) ( 4.25) 
i=l 

N 

CN = ~bi9i (z*) ( 4.26) 
i=l 

where 

( 4.27) 

( *) *(1 1 *)fTT ( *) 9i z = z - 2 z l.i-1 z ( 4.28) 

The Chebyshev polynomials 1j may be defined by the sum: 

. l ~I 1 )T [ i - T l 
1j (z*) = !_ ~ C:- (2z* )i-2r 

2 r=O Z- T T 
( 4.29) 

The requirement that ( 4.27) and ( 4.28) satisfy the essential boundary conditions is 

known to be satisfied (Lebon and Cloot 1982). Furthermore, with Chebyshev 

polynomials, the expansion ( 4.25) and ( 4.26) are known to converge with only the 

first few terms (Cloot and Lebon 1984). Using the trial functions (4.25), (4.28) and 

zD That a classical variational problem does not exist for the system (4.20), and that (4.24) is indeed a 

restricted variational principle for (4.20) has been verified by the present author, but is not included in 

this thesis. 
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the variational principle ( 4.24), the coefficients and are chosen by 

simultaneously solving the system of polynomial equations: 

fori== 1,···,1V ( 4.30) 

and 

for i == 1, · · ·, lV (4.31) 

The neutrally stable states will be located on a hypersurface 

'ljJ(Ra,Ma,Bi,k,Vi,S,A) == 0 (Lebon and Cloot 1982). The relationship between any 

two parameters may be obtained by keeping the rest of the parameters constant. 

Critical Rayleigh and Marangoni numbers can be obtained by minimizing Ra or Ma 

with respect to the wave number k (Lebon and Cloot 1982; Sun 1988). The value of 

k which minimises Ra or Ma , called the critical wave number, defines the mode 

which first becomes unstable (Lebon and Cloot 1982). A FORTRAN program has 

been compiled to solve the variational principles as described above, and will be used 

to validate the theoretical model developed in chapter 3 with experimental results. 

The source code and executable file for this program can be found in the DVD 

accompanying this thesis. 

As explained in section 4.5, the critical parameters kc, Rae and Nfac are functions of 

Bi, A, Vi and S. The surface diffusion number S = Ruo hDs and the surface solute 
T D1 

accumulation number:>o A = ;~ ( C; C; Co) can be easily determined using fluid 

property values from literature and measurements of h and C0 . Here u0 = :~ and 

D8 rv D1 (Brian 1971). The relevant fluid parameters to be used in the present 

investigation are tabulated in Table 4-1 and Table 4-2. 

ao Also called the Gibbs adsorption number. 
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Table 4-1: Physical Properties of solvents at 25° C (Hozawa, Komatsu et al. 1984) 

Solvent p X 10-:3 cs X lQ-1 :ll p,z x lOg D1 x lOg a2 u0 x 106 
0: X 106 

(kg/mol) ( mol/m:J) (Pas) ( m2 /s) (N m2/mol) ( m:l /mol) 

Methanol 0.7835 15.7 0.553 3.75 0.955 -11.34 

Toluene 0.8620 9.43 0.552 4.62 2.121 -6.15 

Table 4-2: Physical Properties of Gaseous C02 and N2 at 25°C and 1 atm. 

f-lco
2 

x 105 (Pa.s) f--LN
2 

X 105 (Pa.s) D x 105 (m2s-1) g 

1.4897 1.7796 1.69 

We can introduce other operating conditions into our simulation of the model via the 

mass transfer Biot number. We therefore proceed to express Bi in terms of the 

relevant operating condition parameters. 

For the case of short exposure and a positive or negative slope of interface velocity, 

we get cf. equations (3.49) and (2.40): 

. _ mh ( u0Dg )2 1 1 [ a2 
Dqx ]2 1 1 J 

Ht-- -- --+- ·3 D1 x -Jif 4 u0 
( 4.32) 

and for the case of short exposure and a negative slope of the interface velocity, we 

get cf. equations (3.49) and (2.39): 

1 

Bi = mh ( u0Dq )2 
D1 x 

By defining a Peclet number based on the interface velocity as: 

:n Here cs is the fmturated solubility of C02 . 

a2 Diffusion coefficient of C02 . 

( 4.33) 

(4.34) 
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equations (4.32) and (4.34) can be combined (cf. equations (2.38) and (2.41)) to give 

the mass transfer Biot number for the case of short exposure and both positive and 

negative slopes of the interface velocity as: 

Bi = !!!..._( Dg )~ ( P~o )~ - m ( Dg) Q for 
..Jif D1 x D1 

( 4.35) 

where x* =:!:.. is the dimensionless x coordinate. The dimensionless parameter Q is 
h 

defined as: 

= [ Uzm. _ 1] / [ I-Lg + ( !!_) [ Uzm ]] 
Ugm fLz h Ugm 

( 4.36) 

We note that for a > 0 we have Q < 0, and for a < 0 we have Q > 0, consequently 

[ 
16Q

2 
D x* l the expression for Bi for the case of short exposure FenDt « 1 and negative slope 

is identical to ( 4.35). Equation ( 4.35) is therefore valid for both a > 0 and a < 0 . 

(
16Q

2
D x* l . For the case of long exposure P !I » 1 we get, cf. equatwns (3.49) and (2.33): 

eoDt 

1 ( p 2. ( D J~ 1 ( · )_2. ( D )_2. 
Bi = 0.538rn [ ( 4Q i ]6 x~o y D; 3 

1 + 0.375 [ ( 4Q )2 r3 ;~0 :l D; :l ( 4.37) 

which is only valid for a > 0 . 

Furthermore, the non-dimensionalised penetration depth and hence the non

dimensionalised reverse concentration gradients ( cf. equations (3.54) and (2.58)) can 

be expressed in terms of Pe0 as follows: 

1 

n; = 4 ( 7f ~*eo y (4.38) 
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for 0 < z* < 1 - D* p 

for 1 - D* < z* < 1 p 

ry' ( x'' z') = I_!: ( 1 - z' 

0

) ( nPe0 )~ l4 2x* x* 

for 0 < z* < 1 - D* p 

for 1 - D* < z* < 1 p 
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(4.39) 

( 4.40) 

It is emphasised that equations ( 4.39) and ( 4.40) are different from the corresponding 

relationship of Sun and Fahmy (2006). Here, the effect of penetration depth is 

considered. Equations ( 4.35), ( 4.37), ( 4.38) and ( 4.39) indicates that the critical 

Rayleigh and Marangoni numbers depend on the dimensionless Henry constant m, 

the ratio of the viscosity of gas to the viscosity of liquid flg , the ratio of gas 
Mz 

diffusivity to liquid diffusivity ~; , the ratio of gas average velocity to liquid average 

velocity ugrn , the ratio of the thickness of the gas layer to that of the liquid layer !!.. , 
~ h 

the downstream location x* and also the penetration depth n; . These relationships 
Pe0 

will be explored in the next chapter using computer simulations of the theoretical 

model developed in this chapter. The MATLAB® scripts used to generate the input 

parameters for the FORTRAN critical parameters program is given in Appendix Bl. 
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5 SIMULATION RESULTS 

In this chapter we give simulation results for a variety of operating conditions in the 

solute-solvent mass transfer process between parallel, stratified, laminar flows of the 

individual phases. In particular, we investigate for the Benard-Marangoni problem, 

(1) the effect of downstream location on the critical Marangoni number Mac and the 

critical wave number kc, (2) the effect of diffusivity ratio on Mac and kc, (3) effect 

of the non-dimensional Henry constant m on Mac and kc, ( 4) effect of the velocity 

ratio Ugm I Uzm on Mac and kc, (5) effect of the thickness ratio b I h Mac and kc. 

Similar curves may be obtained for the variation of the critical Rayleigh number and 

the corresponding critical wave number for the Rayleigh-Benard problem. Results for 

the RB problem from simulations that does not assume the piece-wise concentration 

profile has been published by Sun and the present author and is provided in 

Appendix C1 (Sun and Fahmy 2006). 

For the general Rayleigh-Benard-Marangoni problem, we g1ve simulation results 

showing (1) the variation of Mac, Rae and kc with downstream position, (2) the 

effect of surface convection number on !viae, Rae and kc, and (3) the effect of surface 

viscosity number on Mac, Rae and kc. These results will be compared to those 

obtained by Sun and Fahmy (2006) for the case of the non-linear penetration theory 

concentration profile. 

5.1 Variation of Critical Parameters with Downstream Position 

Figure 5-1 shows a plot of the variation of the critical Marangoni number and the 

critical wave number with downstream position for the BM problem. For many gas

liquid mass transfer systems, the viscosity ratio .f!i_ is in the range 10 to 100, the 
{lg 

diffusivity ratio i is in the range 10:) to 104
, m is in the range 10-3 and 10, and 

the relative thickness * is in the range 0.2 to 5. To reflect this, the operating 

condition for the simulation has been chosen as .f!i_ =50, Dn" = 5000, m = 0.5 and 
fly I 

* = 1. In these simulation the surface parameters have been set as A = S = Vi = 0, 

the surface solute accumulation number, G , being irrelevant to the linear analysis. 
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Figure 5-1: Variation of critical Marangoni and wave number for the Bimard-Marangoni problem 
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The penetration model of equation (2.44) that has been adopted, only holds if the 

argument of the error function is below unity at z* = 1. If the marginal point 

between a perfectly diffusing wall and a perfectly insulating wall is defined by the 

condition that the argument of the error function is 0.9999 , then under the operating 

conditions .!!!_ = 1, 'Ugm = 1 and !!.. = 1, this marginal point corresponds to ~ ~ 0.03. 
~ ~ h ~ 

x * 
The curve of Figure 5-1 is therefore only valid for positions upstream of -- ~ 0.03. 

P e 

Figure 5-1 shows that the critical Marangoni number decreases with downstream 

position. That is , the critical Marangoni number , and hence the critical concentration 

difference required to drive the system to instability, is lower at the exit end of the 

contactor than at distances upstream. Therefore, it is expected that interfacial 

convection would start at the exit of the gas-liquid contactor and travel upstream as 

the driving concentration difference 6. C = C0 - Ci is increased. 

The wave number represents the characteristic dimension (axis separation) y* = ~" of 
c 

the turbulence (roll) patterns (Davis and Choi 1977). Figure 5-1 therefore indicates 

that roll axis separation would decrease as we go upstream starting from the exit of 
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the contactor. These conclusions are identical to that predicted by Sun and Fahmy 

(2006) using the non-linear concentration profile. 

5.2 Effect of Diffusivity Ratio on Critical Parameters 

Figure 5-2 shows the simulation results for the variation of critical parameters with 

diffusivity ratio for the BM problem (simulation data is shown in Appendix D Table 

8-6). The other operating conditions are _hb = 1, .!!i_ = 50, m = 0.5, with the surface 
/-ig 

parameters set as A = S = Vi = 0 . 

105 .-------~------------~~----------~--------~~~--~. 14 

ugm/ulm = 1 

m=0.5 

~tli ~19 =50 

A= S =Vi= 0 

Ma with D /0
1 
= 1000 

c 9 
k with D /0

1 
= 1 000 

_ Ma wit~D /0
1 
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c 9 
k with D /0

1 
= 5000 

_ Ma wit~ D /0
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= 1 0000 
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9
/0

1 
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102 L_------~------~----~~--~------~------~~--~--~ ? 
10-3 10-2 10':'( 

x·/Pe 

Figure 5-2: Effect of the ratio D9 j D1 on the critical parameters of the Bimard-Marangoni 

The simulation shows that the critical Marangoni number increases with the 

diffusivity ratio ~; , with Mac increasing approximately three times over the range 

103 < Dq / D1 < 104 
. Increasing the diffusivity ratio therefore has a destabilising 

effect on the system. However it is seen that the critical wave number does not 

change very much with variations in the diffusivity ratio . This means that the axis 

separation for roll convection do not change significantly with variations in the 
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diffusivity ratio. These conclusions are identical to that obtained by using the non

linear concentration profile. 

5.3 Effect of Henry Coefficient on Critical Parameters 

Figure 5-3 shows the simulation results for the variation Mac with the non

dimensionalised Henry coefficient for the BM problem (Simulation data is shown in 

Appendix D Table 8-7). 

The operating conditions are ugm = 1 , Dg = 5000 , _hb = 1 and A = S = Vi = 0 . 
Utm Dt 

fl/flg =50 b/h=1 

Ma with m = 0.001 
c 

k with m = 0.001 
Ma with m = O.Q1 

c 
, A= S =Vi= 0 k with m = 0.01 
::,...._' -------- Mac with m = 10 

10
5

- " ------- k with m = 10 

t -------

--:: 15 

" " --------~ 10 

-
r-- - -

10
2

~--------- l 
-- -------~- ~-- ~-~=<--~~~ 0 

1 o·2 

Figure 5-3: Effect of Henry coefficient on the critical parameters of the Bt'mard-Marangoni problem 

Figure 5-3 shows that, with the Henry constant in the range 0.001 ::; m ::; 10, the 

critical Marangoni number increases with increasing values of Henry constant. 

Increasing the Henry constant therefore tends to stabilise the system. For any given 

value of the Henry constant in the simulation range , it is seen that Mac approaches a 

minimum value downstream as x * approaches the limit of applicability of 
Fe 
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penetration theory. It is also seen that upstream, near the entry point of the 

contactor, roll axis separation decreases with decreasing Henry coefficient , but this 

effect become very small at locations downstream toward the exit of the contactor. 

These conclusions are once again in agreement with the predictions from the non

linear concentration profile. 

5.4 Effect of Velocity Ratio on Critical Parameters 

Figure 5-4 shows the effect of velocity ratio ugrn , on the critical Marangoni number of 
Utrn 

the BM problem (simulation data is shown in Appendix D Table 8-8). The operating 

d ·t· b Dg 11.1 0 5 d A S v· 0 con 1 Ion are h = 5 , Dt = 5000 , :
9 

= 50 , m = . an = = z = . 
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Figure 5-4: Effect of velocity ratio on critical parameters of the BM problem 

The plots in Figure 5-4 has been terminated at the marginal point between short and 

long exposure since under the given operating condition, no correlation is available to 

predict gas phase mass transfer downstream of these points. 
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From Figure 5-4, it can be seen that the system becomes more stable as the velocity 

ratio ugm increases from counter-current flow to cocurrent flow. The roll axis 
Utrn 

separation is however relatively unaffected by changes in the velocity ratio. These 

predictions are identical to that obtained from the non-linear concentration profile. 

5.5 Effect of Thickness Ratio on Critical Parameters 

b Figure 5-5 shows simulation results for the effect of the thickness ratio h on the 

critical Marangoni number for the BM problem (simulation data is shown in 

Appendix D Table 8-9). The operating conditions are ugm = 1.5, Du = 5000 1!!__ =50, 
Utm Dl ' /-tg 

m = 0.5 and A = S = Vi = 0. 
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D/D
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c 

k for b/h = 0.2 
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c 
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Figure 5-5: Effect of thickness ratio on critical parameters of the BM problem with 

The discontinuity in the curve of Mac at the circled points where 
x* 
Pe >::;j 0.00127 IS 

due to the transition between · long exposure and short exposure mass transfer 

regimes. The long exposure correlation of equation ( 4.37) is applicable for 
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x* 
Pe > 0.00127 and the short exposure correlation of equation ( 4.35) 1s applicable for 

x* 
- < 0.00127. 
Pe 

Figure 5-5, shows that when the slope of the velocity profile is positive at the gas

liquid interface (a > 0), and the system is in the long exposure regime, then the 

critical Marangoni number decrease with increasing thickness ratio *. That is, the 

system becomes less stable. The roll axis separation increases only slightly with 

increasing with increasing thickness ratio. 

The effect of thickness ratio on the critical parameters of the BM problem predicted 

by the piece-wise linear concentration profile is seen to be the same as that obtained 

from the non-linear concentration profile. 

5.6 Effect of Downstream Position on the Critical Parameters for the 

RBM Problem 

b 
Figure 5-6 shows the simulation results for the effect of the thickness ratio h on the 

critical Marangoni number for the BM problem (Simulation data is shown in 

) 
Ugm D ' 'l Appendix D Table 8-10 . The operating conditions are - = 1, __fJ_ = 5000 , .!::.._ = 50, 
Utm Dl /-Lg 

m = 0.5 and A = S = Vi = 0. 

Figure 5-6 (page 77) shows that for any given solute-solvent system and for a given 

liquid layer thickness , the absolute value of the critical Rayleigh and Marangoni 

number decreases with increasing downstream position. This means that , as in the 

case of the BM problem, it is expected that the exit positions become more unstable 

for the general RBM problem. We therefore once again conclude that the turbulence 

should start at the exit end and travel upstream. 
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Figure 5-6: Variation of critical Rayleigh and Marangoni number for the RBM problem with 

downstream position 
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Figure 5-7: Variation of critical wave number for the RBM problem with downstream position 
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Figure 5-7 (page 77) shows the variation of the critical wave numbers corresponding 

to Figure 5-6. Figure 5-7 shows that for most parts of the Ra-Ma plane , the critical 

wave number decreases with increasing the downstream position. That is, roll axis 

separation mcreases with increasing downstream position. However, when 

Rae > 2800 and Mac < 0 (see Figure 5-6) , the critical wave number first decreases 

with increasing downstream location and then increases. The roll axis separation 

therefore does not show a general increasing or decreasing trend with downstream 

position. 

The general trends of the effect of downstream position on the critical Rayleigh and 

Marangoni numbers obtained using the piece-wise linear concentration profile is seen 

to be the same as that predicted by the non-linear profile. However, it is observed 

that for any given downstream location, for large values of Rae, the corresponding 

Mac from the piece-wise linear theory was slightly larger than that calculated from 

the non-linear concentration profile. The curve for the variation of the critical wave 

number computed from the piece-wise linear approximation is essentially the same as 

that obtained from the non-linear concentration profile 

5.7 Effect of Surface Convection Number on the Critical Parameters 

The effects of Gibbs adsorption layer has been studied theoretically for the general 

RBM problem for the case (5 =- :~ > 0 (surface tension lowering solutes). The effects 

of Gibbs adsorption layer are characterised by the dimensionless numbers G, A, S , 

and Vi in the boundary conditions to the governing equations. The surface solute 

accumulation number S does not have a significant effect on the critical parameters 

of the system and the surface solute accumulation number G is irrelevant to the 

linear analysis (Sun and Fahmy 2006). Therefore, only the effects of the surface 

convection number and the surface viscosity number are investigated in this study. 

The effect of the surface convection number A on the critical Rayleigh and 

Marangoni numbers are shown in Figure 5-8 (page 79). The effect of the surface 

convection number on the critical wave number (corresponding to Figure 5-8) is 

shown in Figure 5-9 (page 80). The operating conditions for the simulations are 
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;: = 0.01, :;: = 1, ~ = 5000, m = 0.5 and S = Vi = 0. The simulation data is 

given in Appendix D Table 8-1 1. 

Figure 5-8 shows the effects of the absolute value of the surface convection number A 

and the surface viscosity number Vi, at the downstream position ..::.:_ = 0.01. It is seen 
Pe 

that for operation lines r = Ma located on the first and second quadrant of the Mac-
Ra 

Rae coordinates, the system stability increases with increasing A. For an operation 

line m the fourth quadrant it IS seen that below a certain point 

P(Rac ~ 7200,Mac ~ - 8500), increasing values of IAI decreases the stability 

threshold, and for an operating line above P and with 2300 < Rae < 8500 in this 

quadrant , increasing values of I AI very slightly increases the system stability. For the 

RB problem ( Ma = 0) the surface convection number does not have any effect on 

the system stability. 

The trends predicted by the piece-wise linear concentration for the effect of surface 

convection number is the same as that predicted by the non-linear concentration 

profile. However, the values of Mac for a given Rae is not exactly equal. The point 

corresponding to P in the simulations of Sun and Fahmy (2006) is Rae ~ 6100 and 

Mac ~ - 8400. 
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Figure 5-8: Effect of surface convection number A on Rae and Mac of the RBM problem 
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Figure 5-9 shows that , when Rae is less than approximately 3500, the roll axis 

separation decreases with increasing I AI , and for Rae greater than approximately 

3500, roll axis separation decreases with increasing I A I· 

The variation of the critical wave number calculated from the piece-wise 

concentration profile follows the same trends as that calculated by Sun and Fahmy 

(2006) using the non-linear profile. 

5.8 Effect of Surface Viscosity Number on Critical Parameters 

Figure 5-10 shows the effect of surface viscosity in the Gibb's adsorption layer on 

Rae and Mac of the RBM problem. Figure 5-11 shows the effect of surface viscosity 
* on kc . The operating conditions for these simulations are _::__ = 0.01 , 

Pe 
D 
___!!_ = 5000, m = 0.5 and A = S = 0. 
Dt 

Ugm - 1 
- ' 

Utm 
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Figure 5-10 shows that for operation lines above a point 

P (Rae ~ 6500, Mae ~ -7000) , the system stability is increased by increasing values 

of Vi, and below this point, the system stability decreases with increasing Vi. It is 

also seen that for the RB problem system stability increases with increasing Vi. 

When Vi increases to sufficiently large values we find that the stability limit 

asymptotically approaches Rae ~ 6500 , as the surface becomes more rigid. 

Figure 5-11 (page 82) shows the variation of the critical wave number ke with 

viscosity number. It is seen that for Rae < 3500 roll axis separation decreases with 

increasing viscosity number and that for Rae > 3500, roll axis separation increases 

with increasing viscosity number. 

It is observed that the effect of viscosity number predicted by piece-wise linear 

concentration profile follows the same trends as that predicted by the non-linear 



CHAPTER 5: SIMULATION RESULTS 82 

concentration profile. For the point P on Figure 5-10 , the non-linear theory predicts 

values Mac = -7500 and Rae = 5800 (Sun and Fahmy 2006) 
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Figure 5-11: Effect of surface viscosity number Vi on the wave number kc for the RBM problem 



CHAPTER 6: EXPERIMENT DESIGN AND METHODS 83 

6 EXPERIMENT DESIGN AND METHODS 

6.1 Schematic of Experimental Setup 

Figure 6-1 (page 84) shows the overall schematic of the experimental setup. This 

setup is a modification of the setup of Sun et al. (2002), which includes features from 

the experimental setup of Byers and King, Imaishi and Fujinawa and Hozawa et al. 

(Byers and King 1967; Hozawa, Shoji et al. 1976; Imaishi, Suzuki et al. 1982; 

Hozawa, Komatsu et al. 1984). The structure and function of the various parts m 

this schematic is described below. 

The items labelled 1 and 2 are N2 and C02 cylinders:33 respectively. Gas purity 

specifications are given in Appendix D Table 8-14. The thick solid line represents 6 

mm piping which is made of either nylon or silicone where they carry gases and 

Teflon where they carry organic liquid. The resistance valve V1 allows N2 to be 

slowly bubbled into overhead Pyrex glass liquid container labelled 3. The C02 and N2 

are heated using the two heaters labelled 5 and 6. The construction of the heaters is 

shown in Figure 6-2 on page 86. 

The heaters are controlled by two PIDa4 controllersa0 labelled 4 and 7, tightly 

controlling the gas temperature within 25 ± 0.5°C. The heated C02 and N2 then 

enter the two-tube rotameter:36
• The pressure of the C02 and N2 entering the 

rotameters can be measured by the two mercury manometers labelled 9 and 10 by 

momentarily opening the valves V3 and V 4. The ambient pressure is available via the 

Energy Management weather station installed on the roof of the Science III building, 

University of Otago. 

3
:; The instrument grade gas supplied by BOC gases New Zealand Limited 

:l
4 Proportinal Integral Derivative 

ao OMEGA® model CSISDH 

:w OMEGA® model FL-2GP-03ST-03ST 
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The volume flow rates of C02 and N2 can be controlled via the two needle valves V5 

and V6 build into the rotameters. The two gases get mixed after emerging from the 

valves V5 and V6. The mixed gas is then bubbled through a small amount of test 

liquid contained in the flask labelled 12 (the saturator) thereby saturating the mixed 

gas with the liquid vapour. This is done so that there will not be any appreciable 

mass transfer of liquid molecules across the liquid-gas interface when the mixed gas is 

brought into contact with the liquid layer surface in the contactor labelled 20. 

The liquid37 in the overhead reservoir labelled 3 flows under gravity through the 

heater labelled 13, and its temperature is controlled within 25 ± 0.5°C by the PID 

controller labelled 14. The heater and the controller are identical to that used to heat 

and control the gas temperatures. The overhead reservoir has a large diameter so 

that the liquid level in the reservoir does not fall appreciably over the time scales 

used to conduct a single mass transfer experiment and under the intended liquid flow 

rates. The liquid is then passed through the rotameter:Js labelled 17 and enters the 

liquid gas contactor labelled 20. The valve V7 allows a sample of the liquid to be 

taken for gas chromatograph ( GC) analysis. The dotted lines represent 2 mm nylon 

tubes taking gas samples to the GC for analysis. 

:n Analytical reagents methanol or toluene supplied by Bio Lab New Zealand Ltd. 

as OMEGA® model FL-3105SA 
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(a) (b) 

(c) (d) 

(e) (D 

(h) (i) 

Figure 6-2: Construction of the gas and liquid heaters 
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The most important component of the setup is the gas-liquid contactor labelled 20. 

Figure 6-3 shows a vertical section of the contactor along the direction of flow, and 

Figure 6-4 shows a vertical section of the contactor transverse to the flow direction. 

Figure 6-5 shows and image of the contactor. 

A 

lOmm 

:lOnun 

lOmm 

f<--------------t----->! ·lOmm ,mmm 
200rnm 

A 

Figure 6-3: Lengthwise vertical section of the gas-liquid contactor 

I lOOmm J 
7mm~l<---------------~1 

.r-1 3 

I 33rnm 

·:;:::::::::;;:::::: 

32mm llOnun 32mm 

Figure 6-4: widthwise vertical section of the gas-liquid contactor 
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Figure 6-5: Image of the gas the gas-liquid contactor 

The metallic body of the cell shown in Figure 6-5 is made out of aluminium. Gas 

entering the cell splits into three separate tubes, one of which is shown in Figure 6-3 

labelled 1. Similarly, liquid entering the cell splits into three separate tubes, one of 

which is shown in Figure 5..:3 labelled 2. The part labelled 5 and 6 are two height 

adjustable horizontal guides that helps control the liquid leverm. These guides can 

also be replaced to allow for changes in the aspect ratio of the contact gas-liquid 

contact area. The top of the guide is streamlined to minimize vortices and also acts 

as a barrier to reduce the likelihood of liquid accidentally entering the gas side of the 

contactor during setup and operation of the contactor. Parts 3 and 4 are BK7 glass40 

windows optically flat to better than quarter of a wavelength. 

Referring to Figure 6-1, the part labelled 22, is a vertically adjustable liquid level 

controller. Liquid depth in the contactor is adjusted by balancing the liquid and gas 

:w Several modifications were made to this guide during the course of the experiments. The guide 

shown on Figure 6-3 is the final version of the guide design. This design change is of importance to the 

interpretation of experimental results and will be discussed in more detail in section 7.2. 
40 Borosilicate crown glass 
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pressure within the cell against the head pressure of liquid inside 22. Valve V8 allows 

liquid at the exit of the contactor to be sampled. Part 23 is a water manometer 

connected to the exit gas pipe to measure the total pressure inside the gas-liquid 

contactor. The resistance valve V9 can be adjusted to allow sufficient pressure within 

the cell to drive gas samples through the GC for analysis. The entire gas-liquid 

contractor is placed on a platform that can be precisely levelled via three 

independently adjustable micrometer screws. It is the horizontal exposure that allows 

us to investigate the Rayleigh effect and the Marangoni effect simultaneously. 

Since we seek to study the effect of RBM convection driven by concentration gradient 

and not that driven by thermal gradients, it is essential that the temperature within 

the cell be relatively constant at about 25 °C, at which temperature the fluid's 

physical properties are readily available from literature. In order to verify that the 

temperature distribution within the cell conforms to this requirement, an IRYSIS® 

1000 range hand held thermal imager was used. Figure 6-6 shows an image of the cell 

under working conditions with a mixture of C02 and N2 in the gas-side of the 

contactor and distilled water in the liquid side of the contactor, all independently 

heated to 25°C using the heaters indicated in Figure 6-1. The image indicates the 

spatial variation of temperature T of the top glass window is approximately within 

the range 24.5°C::; T::; 25.4°C with an average temperature of 24.9°C. Since the 

image was taken after allowing sufficient time for the system to come to a steady 

state (0.5 hours) we expect that the three dimensional spatial variation of 

temperature within the cell will also conform approximately to this temperature 

range. 

Parts labelled 11, 12, M1, M2, M3, K, and 24 in Figure 6-1 constitutes the schlieren 

optical system for phase change visualisation, as has been explained in section 2.11. 

The physical arrangement of the system is shown in Figure 6-7. Images formed on the 

screen labelled 24 are captured by the high definition video camera41 labelled 25 and 

is monitored using the television labelled 29 and recorded on DVD using the DVD 

recorder42 labelled 28. Part 19 is an electrical heater used to maintain the room 

41 SONY® model HDR-HClE 
42 SONY® model RDR-GX210 
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temperature at 25 ± 1 °C using a PID controller43
. Part 26 is the gas chromatograph 

and part 27 is a PC running the GC analysis software Cerity®. 

Range • 24 to 26 
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Figure 6-6: Temperature variation within gas-liquid contactor 

The coloured circles next to the temperature scale in Figure 6-6 correspond to the 

selected areas (squares with coloured edges) in the middle of area of the thermal 

image. The calibration for this image should only be taken as valid for the middle 

area of the image (the top glass window of the contactor). The emissivity settings for 

polished glass in this analysis may not be appropriate for the shiny aluminium surface 

around the glass. 

4
;1 W at low® 93 series 
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6.2 Flow Calibrations 

6.2.1 Gas Flow Rotameter Calibration 

The gas rotameters were calibrated against a bubble flow meter. The gases were 

heated to a temperature of 25 ± 0.5 °C and maintained at a pressure of 30 ± 1 mm 

of mercury above the ambient pressure using the regulators mounted on the gas 

cylinders. The gases were then discharged through a bubble flowmeter calibrated at 1 

V2 - VJ. mL intervals. The flow rate was calculated as: Q = l:!.t , where Vi and V2 are the 

initial and final volumes indicated on the bubble flow meter and i:lt is the time 

interval between the two readings measured using a digital stopwatch. For each 

rotameter scale division of a multiple of ten (i.e. 10, 20, ... , 150), a set of 5 separate 

bubble flow meter measurements were made and averaged to obtain the calibrated 

flow rate. The calibration data together with estimates of the maximum percent error 

is given in Appendix E Table 8-15 and plotted in Figure 6-8 and Figure 6-9 for C02 

and N2 respectively. 

Within the scale range 10 :::; s :::; 150, the calibration curves of Figure 6-8 and Figure 

6-9 is given by the correlations 

Vco
2 

= -0.0192s2 + 13.461s + 164.51 (6.1) 

and 

VN
2 

= -0.022s2 + 16.158s + 136.8 (6.2) 

with correlation coefficients of R2 = 0.9991 and R2 = 0.9997 respectively. The 

volume flow rates Vco
2 

and VN
2 

are in mL/min. Equations (6.1) and (6.2) have been 

used to estimate gas flow rates in the experiments that follow. 
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Figure 6-8: Rotameter calibration for carbon dioxide flow at 25°C and P 0 + 30 mm Hg Pressure 
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6.2.2 Liquid Flow Measurements 

Manufacturer supplied calibration data for the OMEGA® FL-3105SA rotameter for 

water flow is plotted in Figure 6-10. 

Within the scale range10 ::; s ::; 150 , the flow rate m mL/min is g1ven by the 

correlation 

Vw = - 0.9006s- 6.1259 (6.3) 

with correlation coefficientR2 = 0.9991. 
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Figure 6-10: Rotameter calibration curve for water 
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Flow rates for the organic liquids used in the experiments that follow, is derived from 

equation (6.3) using the relation44 

Vw = VL [ P.t - Pw x !.!.!:._] 
P.t- Pz Pw 

(6.4) 

Where V1 is volume flow rate of the new liquid, P.r = 3.98 g/mL is the density of the 

rotameter float material (sapphire), Pw is the density of water and pz is the density 

of the liquid measured. Using the densities given in Table 4-1 we have the following 

calibrated correlations for volume flow rates of methanol, toluene and isobutanol 

respectively, at 25°C and 1 atm. 

v;n = 347.45s2 + 93.233s (6.5) 

lit = 271.61s2 + 77.182s (6.6) 

v; = 300.94s2 + 173. 71s (6.7) 

6.3 Gas Chromatograph calibration 

In order to translate the percent area values of chemical components separated in the 

Gas Chromatograph (GC), it is essential that the GC be calibrated against samples 

of known concentrations of the test species. C02 and N2 separation was achieved 

using an Agilent 19095P-Q4 Plot Q column, using a methorf5 developed by Juliet 

Gao and Qin Sun. 

6.3.1 GC Calibration for Carbon Dioxide and Nitrogen 

Figure 6-11 (page 97) shows the schematic of the apparatus used to calibrate the GC 

for C02 and N2 mole fraction measurement in the gas mixture. C02 and N2 were first 

heated to 25 ± 0.5 °C using the electrical heaters. Temperature was maintained at a 

stable value via the temperature controller. The pressure of the C02 and N2 were 

44 Flowmeter manufacturer (OMEGA) supplied correction formula 
45 A set of parameters and sequences (such as temperature ramp) enetered into the GC software. 
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measured using the mercury manometers by momentarily opening the valves V2 and 

V5 respectively and noting down the pressure above the ambient. The ambient 

pressure was then immediately taken using the energy management weather station 

pressure gauge on the roof of the University of Otago, Science III building. The 

calibrated rotameters were used to measure the C02 and N2 volume flow rates Vco
2 

and VN
2 

respectively. Temperature and pressure correction were applied to the flow 

measurements using the relation46
: 

Vact = 1/;;al 
Peal Tact ----
Pact Teal 

(6.8) 

Where Vact is the corrected volume flow rate, Veal is the volume flow rate indicated 

using the flowmeter calibration conditions, Peal is the pressure at which the flow 

meter was calibrated, I'cal is the absolute temperature at which the flow meter was 

calibrated, Pact is the current measurement pressure and 'Frrct is the current 

measurement temperature in Kelvin. The flow rates were also independently verified 

using a bubble flow meter. 

The total volume flow rate of mixed gas is given by Vr = Vco
2 
+ VN

2
• The mole 

fraction of C02 , Yco
2 

in the mixed gas was then calculated from: 

(6.9) 

and the mole fraction of N 2 in the mixture was calculated as: 

(6.10) 

The resistance valve V7 was adjusted so that the water manometer reads 

approximately 4 em of water pressure above the ambient. This provides sufficient 

4n Adapted from manufacturer (OMEGA) supplied correction formula 
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pressure to drive the gas mixture through the online GC. Calibration data thus 

obtained is given in Appendix E Table 8-16 and is plotted in Figure 6-12. 
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Figure 6-11: Schematic of the set up used to calibrate the GC for C02 and N2 mole fraction 

measurements 
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Figure 6-12: Calibration curve for C02 measurement using GC 
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This calibration curve may be expressed as the following correlation: 

Yco-
2 

= 0.0023A2 + 0. 775A (6.11) 

with a correlation coefficient R2 = 0.9995. Here Yco
2 

= 100y0 02 is the mole percent 

and A is the percent area for C02 as indicated by the Agilent GC analysis program 

Cerity®. The C02 peaks can easily be identified via the relative retention times. 

6.3.2 GC Calibration for Dissolved Carbon Dioxide Measurement 

Figure 6-13 shows a schematic of the apparatus used to calibrate GC measurement of 

dissolved C02 in the organic liquids to be used in the mass transfer experiments. The 

entire apparatus was maintained at 25 ± 0.5°C. The two-tube rotameter allows 

mixed C02 and N2 , anywhere between 0% C02 to 100% C02 to be introduced into 

the flask via valve Vl. 

CO, 

N, 

Vl 

liquid reservoir 
in burette 

film 
flowmeter to GC 

V4 

V6 

approx. 
4mm H,O 

manometer 

Figure 6-13: Schematic of the apparatus used to calibrate the GC for dissolved C02 measurement 

The burette contains the organic liquid (methanol, toluene or isobutanol) saturated 

with N2• Initially V4 and V7 are closed, and the resistance valve V6 adjusted so that 
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the water manometer reads approximate h = 4mm of water pressure. The 

manometer pressure was recorded together with the ambient pressure P0 as reported 

by the Energy Management Weather Station47
• A succession of GC measurement of 

the gas emerging from valve V5 was then measured until it was observed that the 

concentration of C02 in the gas was constant. When this was achieved, V4 was 

slightly opened and a bubble introduced into the film flow meter and V 4 closed 

again. The initial volume reading ~ql indicated by the film flow meter and the initial 

volume reading indicated Vz1 indicated by the burette was then noted. Following this, 

V3 and V5 were closed, and V4 and V7 opened simultaneously. The magnetic stirrer 

inside the flask was also activated at the same time. When a small amount of liquid 

has been introduced into the flask (approximately 5 mL), V5 was closed and the final 

burette volume reading Vi2 recorded. The soap film of the film flow meter was then 

observed to fall and stabilise. When the film had stabilised, V 4 was closed, the final 

volume reading ~q2 on the film meter noted and the magnetic stirrer switched off to 

limit heating due to the stirring. A sample from the flask was then quickly 

transferred into a 2mL glass vial, taking care not to introduce any air bubbles into 

the vial, capped and promptly analysed using the GC. An Agilent® 19091N-213 30m 

x 0.32mm x 0.5 t-t m Innowax column with methods developed by Juliet Gao and Qin 

Sun, was used to separate the C02 from the liquid. 

In order to calculate the C02 concentration in the liquid, the volume of the liquid 

introduced into the flask was first determined as: 

(6.12) 

Since the liquid was already saturated by N2 , the volume of C02 absorbed by the 

liquid is given by 

(6.13) 

The number of moles of C02 dissolved in the liquid is given by 

.n Installed on the roof of the Science III Building, University of Otago. 
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P0Vq 
RT 

100 

(6.14) 

where R = 8.3145 N m mol-1 K-1 
, is the molar gas constant and T is the absolute 

temperature of the system. The concentration of C02 in the liquid is then given by 

C _ nco2 
z- Vi (6.15) 

Calibration data thus obtained are given in Appendix E Table 8-17 and plotted in 

Figure 6-14, Figure 6-15, and Figure 6-16 for methanol, toluene and isobutanol48 

respectively. The calibration curves can be expressed by the correlations 

Cmeth = 347.45A2 + 93.233A (6.16) 

Ctaz = 271.61A2 + 77.182A (6.17) 

Ciso = 300.94A2 + 173.71A (6.18) 

with correlation coefficients R2 = 0.9908, R2 = 0.9671 and R2 = 0.9927 

respectively. Cmeth, Ctat and Cisa are the concentrations of C02 in mol m-3 
, 

dissolved in methanol, toluene and isobutanol respectively. A is the percent area as 

indicated by the GC using the appropriate method. 

48 Experiments using isobutanol were not conducted in this study due to time limitations. 
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Figure 6-14: Calibration curve for GC measurement of C02 dissolved in methanol 
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Figure 6-15: Calibration curve for GC measurement of C02 dissolved in toluene 
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Figure 6-16: Calibration curve for GC measurement of C02 dissolved in isobutanol 

6.4 Experimental Procedure 

The following description of experimental procedure refers to Figure 6-1 (page 84). 

The procedure is identical for all liquids. 

6.4.1 Steady Absorption of Carbon Dioxide into Solvent 

The absorption experiments were conducted in the following manner. 

1. The liquid side of the apparatus was first flushed with large amounts of 

distilled water49 and followed by a small amount of solvent. The system 

was then dried using compressed air. 

2. The overhead reservoir was filled with pure solvent and N2 bubbled 

through the solvent for several hours 5°. 

3. The GC was turned on , the gas measurement method loaded and allowed 

to stabilise for about two hours. 

49 Approximately 20 litres 

"
0 This was usually done by allowing the N2 to bubble through the solvent overnight. 



CHAPTER 6: EXPERIMENT DESIGN AND METHODS 103 

4. The room heater was turned on and the room temperature brought to 

25 ± 1 oc 0 

5. The required total gas flow rates, mole fraction of C02 and N2 were set 

using V5 and V6. The gas heaters were turned on and the gas temperatures 

brought to 25 ± 0.5 °C. The regulators on the gas cylinders were adjusted 

so that the mercury manometers read 30 ± 1 mm above the ambient, and 

the ambient pressure P0 recorded. The flow rates were readjusted to 

compensate for the increased temperature. When the gas flow rates were 

stable, the scale reading of the C02 flow meter sco
2 

and the scale reading 

of the N2 flow meter SJV2 were recorded. 

6. A sequence of gas samples were taken from outlet of the cell until the C02 

at the outlet was seen to be stable. This ensured that the air in the cell has 

been replaced by the required gas mixture. 

7. A gas sample from the inlet was analysed using the GC and the percent 

area of C02 in the sample Ag,C0
2
,in recorded. 

8. The liquid flow was turned on and adjusted to the desired·51 flow rate using 

the liquid flow meter and its scale reading s1 recorded. The liquid heater 

was then turned on. 

9. Valve V9 was adjusted so that there was just sufficient pressure within the 

cell to drive gas samples through the GC column. This was approximately 

3 to 4mm of water pressure above the ambient. The small pressure 

increment prevented gas bubbles from entering the outlet liquid pipe. The 

water manometer reading hw was also recorded. 

10. The liquid level controller was adjusted by trial and error until the 

required liquid depth h was achieved and seen to remain stable for several 

minutes. 

11. The schlieren system and the image recording were turned on. 

12. The gas temperatures Tco
2

, TN
2 

and the liquid temperature Tt were 

recorded. 

51 Gas and liquid flow rates are adjusted so that the slope of the gas velocity profile at the gas-liquid 

interface is together with the contact regimes (short or long exposure) are such that an empirical 

correlation is available to theoretically determine a gas phase mass transfer coefficient using equations 

(2.39), (2.40) or (2.33). It was also verified that the theoretical dimensionless penetration depth at the 

outlet is well below unity, as required by the assumed theoretical premise. 
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13. A gas sample from the outlet was analysed using the GC and the percent 

area of C02 in the sample Ag,co
2
,aut recorded. Immediately after the gas 

sample was fed into the GC for analysis, a liquid sample was taken from 

the outlet and closed in a glass sample vial taking care not to introduce 

any air bubble into the vial. This was followed by taking a liquid sample of 

the inlet. 

14. The liquid measurement method was loaded into the GC and the percent 

area of C02 in the outlet and inlet sampled ~,co2,aut and ~,co2,in recorded. 

Each run of the above procedure could be used to determine a value for mass 

transfer enhancement for a given driving force ~ C = C0 - Ci. The experiments 

were repeated after adjusting the driving force by changing the mole fraction of 

C02 in the gas mixture. 

6.4.2 Steady State Desorption of Carbon Dioxide out of Solvent 

The solute desorption experiments were conducted in the following manner. 

1. The liquid side of the apparatus was first flushed with large amounts of 

distilled water and followed by a small amount solvent. The system was 

then dried using compressed air. 

2. The overhead liquid reservoir was filled with approximately 5 litres of 

solvent and C02 bubbled through the solvent. 

3. The GC was turned on, the gas measurement method loaded into the GC 

and allowed to stabilise for about two hours. 

4. The room heater was turned on and the room temperature brought to 

25 ± 1°C. 

5. Pure N2 gas was passed through the contactor making up the required total 

gas flow rate by adjusting V5. The C02 flow rate was set to zero by 

completely closing valve V6. The N2 gas heater was turned on and the gas 

temperatures brought to 25 ± 0.5°C. The regulator on the N2 cylinder was 

adjusted so that the mercury manometers read 30 ± 1 mm above the 

ambient, and the ambient pressure P0 recorded. The flow rate was 
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readjusted to compensate for the increased temperature. When the gas flow 

rates were stable, the scale reading of the N2 flow meter sN
2 

was recorded. 

6. A sequence of gas samples were taken from outlet of the cell until the N2 

percent area, as indicated by the GC was stable. This ensured that the air 

in the cell has been replaced by pure N 2 • 

7. The liquid measurement method was loaded into the GC and allowed to 

stabilise for approximately half an hour. 

8. A sequence of liquid samples were analysed from the solvent reservoir until 

the required52 concentration of C02 is achieved in the solvent. The C02 

bubbling was then stopped. 

9. The gas measurement method was loaded into the GC and allowed to 

stabilise for about half an hour. 

10. The liquid flow was turned on and adjusted to the desired5
:
3 flow rate using 

the liquid flow meter and its scale reading s1 recorded. The liquid heater 

was then turned on. 

11. Valve V9 was adjusted so that there was just enough pressure within the 

cell to drive gas samples into the GC. This was approximately 3 to 4mm of 

water pressure above the ambient. The small pressure rise in the cell 

prevented gas bubbles from entering the outlet liquid pipe. The water 

manometer reading hw was then recorded. 

12. The liquid level controller was adjusted by trial and error until the 

required liquid depth h was achieved and seen to remain stable for several 

minutes. 

13. The schlieren system and the image recording were turned on. 

14. The gas temperatures Tco
2

, TN
2 

and the liquid temperature Tz were 

recorded. 

52 The C02 concentration in the liquid reservoir is taken as an estimate of the driving force 

D..C = C; C0 since the gas side consists of pure nitrogen . 

. s:! Gas and liquid flow rates are adjusted so that the slope of the gas velocity profile at the gas-liquid 

interface is together with the contact regimes (short or long exposure) are such that an empirical 

correlation is available to theoretically determine a gas phase mass transfer coefficient using equations 

(2.39), (2.40) or (2.33). It is also verified that that theoretical dimensionless penetration depth at the 

outlet is well below unity, as required by the assumed theoretical premise. 
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15. A gas sample from the outlet was analysed using the GC and the percent 

area of C02 in the sample Ag,co
2

,01tt recorded. Immediately after sending 

the outlet gas sample into the GC, a liquid sample was taken from the 

outlet and closed in a glass sample vial taking care not to introduce any air 

bubbles into the vial. This was immediately followed by taking a liquid 

sample from the inlet. 

16. The liquid measurement method was loaded into the GC and the percent 

area of C02 in the outlet and inlet sampled ~,co2.out and ~,C02,in recorded. 

Each run of the above procedure could be used to determine a value for mass transfer 

enhancement for a given driving force .6. C = C0 - Ci. The experiments were repeated 

after adjusting driving force by changing the mole fraction of C02 dissolved in the 

solvent. 
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7 EXPERIMENTAL RESULTS 

In this chapter we present the experimental results for various operating conditions of 

mass transfer between the gaseous and liquid phase and describe the method by 

which mass transfer and critical parameters are inferred from experimental raw data. 

The results presented in this chapter will be discussed in more detail in chapter 8. 

7.1 Calculating Mass Transfer Enhancement and Critical Parameters 

from Raw Data 

The scale readings of the C02 flowmeter and N2 flow meter sco
2 
and SN

2 
respectively, 

were converted to volume flow rates Vco
2 

and VN
2 

using the correlations given by 

equations (6.1) and (6.2). The total volume flow rate of the mixed gas is then given 

by ~q = Vco
2 
+ VN

2
• The mean gas velocity Ugrn was then calculated using 

- ~q 
Ugrn- bW (7.1) 

where 

b=d-h (7.2) 

is the height of the gas layer, d = 0.030 m is total depth of the contactor, h is the 

depth of liquid within the contactor and W = 0.10m is the width of the gas layer. 

The liquid flowmeter scale reading s1 was converted to the liquid volume flow rate Vz 
using one of the correlations given by equations (6.5) or (6.6) depending on which 

liquid (methanol or toluene) was being used as the solvent. The mean liquid velocity 

Uzrn was then calculated as: 

Vz 
Uzm = hW (7.3) 

The area percent values Aq,co
2

,in and Ag,co
2
,mtt was converted into mole percents 

Yco
2

,in and Yco
2

,aut of C02 in the mixed gas using the correlations given by equation 
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(6.11). The average mole fraction of C02 in the gas within the contactor was then 

calculated as: 

(7.4) 

The average mole fraction of N2 within the contactor was calculated as 

(7.5) 

Wilke's method (Reid, Prausnitz et al. 1987) was used to estimate the viscosity of the 

mixture of C02 and N2 as follows: 

11 
= YcoJtco2 + YN2f1N2 

g Yeo, + YNocPl2 YN2 + Yco2cP21 
(7.6) 

Where J1co
2 

and J1N
2 

are the viscosity of pure C02 at N 2 respectively at 25 ° C , and 

(7.7) 

and 

~ _ f1N, Mea, ~ 
'~-'21 - M 'l-'12 

f1co, N, 
(7.8) 

Here Mco
2 

and MN
2 

are the molar masses of C02 and N2 respectively. Having 

calculated b , Ugm , Uzm and /1g , the interface velocity u 0 was calculated from equation 

(2.38) using the physical properties given in Table 4-2. Furthermore using the value 

of fJ,z from Table 4-1, the slope of the velocity profile in the gas phase a, was 

calculated using equation (2.41). The boundary point x0 between the short and long 

exposure was then calculated from: 
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u8 
Xo = -2-

a D9 

109 

(7.9) 

Having established the boundary point and determined the sign of the slope of gas 

velocity at the interface, the applicable correlation for the local gas phase mass 

transfer coefficients was identified. This local mass transfer coefficient was then 

integrated over the contact length L giving the average value for the gas phase mass 

transfer coefficient. This was done as follows. 

If x0 2:: L and a < 0 , then the local gas phase mass transfer rate is given by 

equation (2.39). If x0 2:: L and a > 0, the local gas phase mass transfer coefficient is 

given by equation (2.40). For both these cases the average value of the gas phase 

mass transfer coefficient is then given by 

(7.10) 

If x0 ::; L and a > 0 , then in the region 0 ::; x ::; x0 , the local gas phase mass 

transfer coefficient kcg,l will be given by (2.40), and in the region x0 ::; x ::; L, the 

local gas phase mass transfer coefficient kcg,2 will be given by (2.33). The average gas 

phase mass transfer coefficient is then given by 

[ 

x
0 

L l 
kcg,avg = ~ J kcg,l dx + J kcg,2dx 

0 xo 

(7.11) 

This evaluates to 

. _ ~r . ( M aDg) ~( ~ kcg,avg - L 2xo ~ ~ + 4 'Uo + 2 J.j X~)] (7.12) 

where 

(7.13) 
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The case x0 :::::; L and a < 0 was avoided in the experiments since an appropriate 

correlation for mass transfer coefficient was not available for this case. 

The GC results Aco2 ,in and ~,co2 ,aut were converted to molar concentration Cz,in 

and Cz,out respectively, using one of the relations given by equations (6.16) or (6.17) 

depending on the solvent being used. From this, the molar mass flux through the 

interface was calculated as: 

N = Vi ( Cz,out - Cz,in) 
WL 

(7.14) 

N will be positive for solute absorption experiments and negative for solute 

desorption experiments. 

From Table 4-1 we find the Henry constant H relating the concentration of C02 in 

equilibrium with the bulk gas phase, ce, to the partial pressure of C02 to be H = ~s • 

The total pressure within the contactor was calculated as the water manometer 

pressure above the ambient pressure as follows: 

(7.15) 

The partial pressure of C02 in the contactor was calculated as: 

(7.16) 

ce was then calculated as: 

(7.17) 

Since the dimensionless penetration depth at the exit of the contactor was maintained 

well below unity, we can regard the concentration of solute in the bulk liquid C1,0 to 
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be equal to Cl,in . The overall mass transfer coefficient in liquid phase units can 

therefore be calculated as: 

N 
Kcl,avg = ce _ C . 

l,zn 

for the case of solute absorption, and using: 

K cl,avg 
-N 

ce- cl,in 

for the case of solute desorption. 

(7.18) 

(7.19) 

The average gas side mass transfer coefficient kcg,avg was then obtained via equations 

(7.10) or (7.12), together with the addition principle of equation (2.24). This gives 

the average liquid side mass transfer coefficient kcl,acg to be: 

(7.20) 

Kcl,avg Hkcg,avg 

The penetration theory value for liquid side mass transfer coefficient is given by 

equation (2.29). The contact time in equation (2.29) is given by tc = L / u0 so that 

the penetration theory mass transfer coefficient was calculated as: 

k = 2~uoDl 
pen 1rL (7.21) 

The mass transfer enhancement factor was calculated using the definition of equation 

(2.60), in which, for the experimental value of liquid side mass transfer coefficient, 

the value of kcl,avg calculated from equation (7.10) and (7.13) was used. 

Since the bulk liquid concentration C0 = Cl,in, the interface concentration Ci for the 

case of absorption experiments was calculated using: 
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N = kcz,avg ( Ci - Cz, in ) (7.22) 

and for the case of desorption experiments, by: 

N = kcl,avg ( Cz,in - Ci ) (7.23) 

The MATLAB® scripts used to calculate above parameters for the case of methanol 

absorption and desorption is given in Appendix B2 and B3 respectively. Except for 

the physical property values the scripts are identical for other liquids. 

The critical Rayleigh and Marangoni numbers were calculated by first identifying the 

critical value of concentration difference 6. C = C0 - Ci on a plot of mass transfer 

enhancement factor 1> against 6. C . The critical point would be the point where the 

mass transfer enhancement factor branches off from unity to values greater than 1 as 

6. C is gradually increased. More details of how the critical parameters were worked 

out are given in the following sections of this chapter. 

7.2 Absorption of Carbon Dioxide into Methanol 

7.2.1 Absorption of C02 into a 3mm Methanol Film with Vt = 45.0 mL/min 

and Vg = 1000 mL/min 

In the first set of experiments C02 was absorbed into pure methanol flowing at an 

average volume flow rate Vi = 45.0mL/min ( Uzrn = 2.5 mm/s ). The total gas volume 

flow rate was fixed at approximately Vq = 1000mL/min ( Ugrn = 6.2 mm/s) and the 

liquid thickness was h = 3.0 mm. These experiments (experiments 1 through 8) were 

carried out with the second of three designs of guides, marked 5 and 6 on Figure 6-3, 

in which the aspect ratio ..!:_ was 2
1.

2 
em = 2.12. The three designs of the fluid guides 

W 10.0 em 

are shown in Figure 7-1. The purposes of the guides are to separate the gas and liquid 

phase and to guide the liquid flow. The first design, that of Figure 7-1 (a), was 

changed to that of (b), to reduce the likelihood of liquid getting into the liquid side 

before the correct liquid thickness level control was achieved. 
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The results from this set of experiments are tabulated in Appendix E Table 8-18. 

Experiments54 9* and 10* were conducted after modifying the guides to that of 

Figure 7-1 (c) with a lower aspect ratio55 of ~ = 0.915 and different gas flow rates. 

The purpose of these two experiments was to determine changes in the observed flow 

patterns after the guide modification. 

(a) 
I adjustable 
~guide 

adjustable 

(b) 17' :-~{4.7mm 

adjustable 

(c) 
/

guidej<E 45n!!!L__1 

I :;;;'l~4.5mm 

adjustable 1 
guide~__2____] 

adjustable 
guide\ 

4 

adjustable 

6 
guide\ 

dZ/227?, 

Figure 7-1: Modification to fluid guides during the course of the experiments. 

Schlieren images of flow patterns for experiment 1 through 8 are given in Figure 7-3. 

It was found that with the guide design of Figure 7-1 (b), there always existed very 

short wavelength turbulence even at very low values of I ,6, C I· It was also observed 

that the mass transfer enhancement over penetration theory remained close to unity 

and increased only slightly when the driving force ,6, C approached the maximum 

value with Yco
2
,in = 100%. Furthermore it was observed that the short wavelength 

disturbances on the liquid surface were coupled to the gas flow rate, suggesting that 

54 The exterisked numbers refer to experiments conducted under different operating conditions. 
5

" Aspect ratio can be changed by changing the pair of guides to ones with different length, but of the 

same design as that of Figure 7-1 (c). 
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the design of the guides were introducing turbulence in the gas flow. The guides were 

therefore modified to that of Figure 7-1 (c) and further flow visualisation experiments 

to verify the effectiveness of the new guides were carried out. The resulting images 

are given in Figure 7-4. In these experiments h = 3mm, L = 9.15 em, v; = 87.5 

mL/ min ( Uzm = 4.9 mm/s) and vg = 1300 mL/ min ( Ugm = 8.0 mm/s ). 

Mass transfer enhancement for experiments 1 through 8 is plotted m Figure 7-2 

below. 
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Figure 7-2: Enhancement factor for the absorption of C02 into methanol films. P = 1 atm., 

T = 25°C, V!l = 1000 mL/min, VI = 45.0 mL/min and h = 3 mm. 

Following Sun (2006a) , the data plotted in Figure 7-2 has been fitted to a curve of 

the form given in equation (2.61) and (2.62) as follows: 

(7.24) 

in which .6. Cc is the critical concentration difference between the bulk liquid and the 

interface corresponding to the onset of RBM convection. The critical concentration 
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difference 1::1 Cc can be determined from Figure 7-2 as the value of 1::1 C for which the 

mass transfer enhancement factor <P approaches unity as 1::1 C is reduced. The fitted 

parameters values for this set of experiments are K 1.500 

andi:J..Cc = -94.32 mol m-3
. 

The operation line Ma = r Ra, for the set of experiments 1 through 8 are all the 

same, since the solute-solvent system is the same and the liquid thickness has been 

kept at a constant value. The slope of the operating line, r, may be determined using 

equation (2.6) and physical parameter values from Table 4-1. The slope is found 

to be r = -1.21. The complete set of operating conditions for experiments 1 through 

8 is given in Table 7-1. 

Table 7-1: Operating conditions for experiments 1 through 8 

h (mm) Bi A X 107 Pe 
Ugm b ILl 

D" - m '(' 
Uzrn h fLg Dz 

3.0 -1.21 194.6 -1.37 3000 2.46 9.00 31.3 4477 0.26 

The critical Rayleigh number is calculated from the critical concentration and the 
'l 

operating conditions using the defining equation (2.2) as Rae = gnh· D..Cc = 111308. 
u1D1 

Similarly, using equation (2.3) the critical Marangoni is Mac = uoD..Cch = -130308. 
MIDI 

Since the flow patterns suggests that the model assumption of laminar flow was not 

met in these experiments, no attempt will be made to compute a theoretical value for 

the critical Rayleigh and Marangoni numbers for comparison. 

Figure 7-4 (page 118) shows the schlieren images for increasing values of input gas 

C02 mole percent using the flow guides of Figure 7-1 (c). In this figure the fluid inlets 

are on the left hand side of the images. 
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Exp 1: 6.C = - 41.82 <I>= 1.05 Exp 2: 6.C = -73.40 <I>= 1.04 

Exp 3: 6.C = - 73.63 <I>= 0.972 Exp 4: 6.C = -95.92 <I> = 0.803 

Exp 5: 6.C = - 108.5 <I>= 1.21 Exp 7: 6.C = -139.0 <I>= 1.59 

Figure 7-3: Flow visualisation for absorption of C02 into methanol film (h = 3mm, L = 20.2 em, V1 

= 45.0 mL/min and V 9 = 1000 mL/min in experiments 1 to 8. In experiments 9 and 10 V 9 = 880.7 

mL and L = 9.15 em. The fluid inlets are on the left hand side of each image.) 
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Figure 7-3 (continued from previous page) 

Exp 8: D.C = - 139.6 <I> = 1.58 Exp 9: D.C = -141.8 <I>= 1.63 

Exp 10: D.C = - 142.20 <I>= 1.92 
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(a) Yco,,in = 0% 6-x = 0 

(c) Yco,,in =29.1% 6-x=O (d) Yco,.in = 35.2% 6-x = 0 

(e) Yco, ,in = 43.3% 6-x ~ 35 mm (f) Yco, ,in = 49.6% 6-x ~ 60 mm 

Figure 7-4: Flow visualisation for absorption of C02 into methanol film with modified flow guide (c) : 

h = 3mm, L = 9.15 em, V 1 = 45.0 mL/min and V
9 
= 1000 mL/min. (Here 6-x is an estimate of the 

upstream travel distance of convection measured from exit) 
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F igure 7.4 (continued from previous page) 

(g) Yco, ,in = 56.7% 6.x ;:::, 75 mm (h) Yco,,in = 63.6% 6.x ;:::, 80 mm 

(i) Yco, ,in = 68.9% 6.x ;:::, 80 mm (j) Yco,,in = 87.4% 6.x ;:::, 90 mm 

(k) Yco,,in = 93.6% 6.x;:::, 90 mm (l) Yco,,in = 100% 6.x ;:::, 90 mm 
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It was observed (Figure 7-4) that as the inlet C02 mole fraction was increased, lightly 

visible roll patterns first appeared from the exit end of the gas-liquid contactor. The 

roll axis separation was estimated (using the scales seen in the images of Figure 7-4) 

to be approximately 3mm. As the inlet mole fraction was further increased, the roll 

patterns moved up stream. Increasing the inlet gas mole fraction still further, gave 

rise to less regular patters that merged the original roll patterns in the y direction"G. 

The general trend that the convection region moved upstream nevertheless continued 

until the entire interface was filled with strong convection. Beyond this point it was 

observed that further increase of the driving force resulted in a decrease in the 

characteristic size of the turbulence. Furthermore the patterns continued to become 

more disordered. 
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Figure 7-5: Upstream movement of flow patterns with inlet gas C02 concentration for pure methanol 

solvent 

Figure 7-5 summarises the upstream movement of turbulence region as the inlet 

driving force is increased. This is consistent with the theoretical prediction of the 

linear analysis presented in Chapter 5 and also in Sun and Fahmy (2006). 

GG Refer to Figure 3-1 for coordinate system. 
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7.3 Desorption of C02 out of Methanol 

7.3.1 Desorption of C02 out of a 3mm Methanol Film with V 1 = 45.0 mL/min 

and V 9 = 1000 mL/min. 

In this second set of experiments C02 desorbed out of methanol flowing at an average 

volume flow rate Vi = 45.0mL/min ( u1m = 2.5 mm/s ). The total gas flow rate was 

fixed at approximately Vq = 1000 mL/min ( Ugm = 6.2 mm/s) and the liquid 

thickness was h = 3.0 mm. These experiments were carried out using the flow guides 

of Figure 7-1 (c). The aspect ratio WL was 9
·
15 ern= 0.915. The operating conditions 

10.0 ern 
for experiments 11 through 18 are summarised in Table 7-2. The results from this set 

of experiments are tabulated in Appendix E Table 8-19. Flow pattern images for 

experiment 11 through 18 are given in Figure 7-7. 

Table 7-2: Operating conditions for experiments 11 through 18 

h (mm) Bi A X 108 Ugm b flt Dg 
r Pe 

Ufm h {Lg Dl 
m 

3.0 -1.21 259.3 2.27 3000 2.46 9.00 31.3 4477 0.26 

Figure 7-6 (page 122) shows the variation of measured mass transfer enhancement 

factor with the driving force ,0,. C . 

As explained in section 7.2.1, the fitted line has form of equation (7.24) with fitted 

parameters being K = 2.598 and ,0,.Cc = 10.45 mol/m3
. The critical Rayleigh and 

Marangoni numbers are Rae = gah
3

6.Cc = -11886 and Mac = O'ol:.CJt = 14437. 
~~ . ~~ 

The schlieren images (Figure 7-7 page 122) once again show the general trend that 

convection starts from the outlet and travel upstream towards the inlet. It was 

observed that at the initial formation stages of rolls, the roll axis separation were 

consistent with the theoretical prediction of approximately 3mm. 

It was also observed that the experimental setup was very sensitive to vibrations. 

Even the slightest vibrations tend to form links between the roll patterns, forming a 

cross hatched pattern. Many of these experiments were therefore carried out late at 

night when the environment was generally quieter. Despite this precaution it was 
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noted that the movement of heavy vehicles on the adjacent street affected the 

turbulence patterns significantly. 
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Figure 7-6: Enhancement factor for the desorption of C02 out of methanol films. P = 1 atm., 

T = 25°C, V9 = 1000 mL/ min, Vi = 45.0 mL/ min, h = 3 mm and L = 9.15 em . 

Exp 11: 6.C = 11 .22 <P = 1.40 Exp 12: 6.C = 19.49 <P = 3.02 

Figure 7-7: pattern visualisation for experiments 11 through 18 
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Figure 7-7 (continued from previous page) 

Exp 13: ~c = 30.12 <I>= 3.20 Exp 14: ~c = 33.22 <I>= 3.73 

Exp 15: ~c = 34.32 <I> = 3.73 Exp 16: ~c = 49.07 <I>= 5.31 

Exp 17: ~c = 51.80 <I> = 5.52 Exp 18: ~c = 63.92 <I> = 5.92 
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7.3.2 Desorption of C02 into a 3mm Methanol Film with V 1 = 45.0 mL/min 

and V9 = 500 mL/min 

In experiments 19 through 29 we investigate the desorption of C02 from methanol 

with a lower gas flow rate than in experiments 1 to 18. In experiments 19 to 29 the 

average liquid volume flow rate VI = 45.0 mL/ min ( u1m = 2.5 mm/ s ). The total gas 

flow rate was fixed at approximately ~q = 500 mL/ min ( u9m = 3.1 mm/ s) and the 

liquid thickness was h = 3.0 mm. These experiments were carried out using the flow 

guides of Figure 6-3 (c). The aspect ratio ~ = 0.925 . The operating conditions for 

experiments 19 through 29 are summarised in Table 7-3. The results from this set of 

experiments are tabulated in Appendix E Table 8-20. Schlieren images of flow 

patterns for experiment 19 through 29 are given in Figure 7-8 

Table 7-3: Operating conditions for experiments 19 through 29 

h (mm) Bi A X 108 Pe 
Uryrn b Jli D g - - m r 
Utrn h Jlg D t 

3.0 -1.21 122.3 4.96 3000 1.25 9.00 31.3 4477 0.26 

Exp 19: !:::,C = 7.379 <I>= 1.52 Exp 20: /:::,C = 13.23 <I> = 3.95 

Figure 7-8: Flow pattern visualisation for experiments 19 through 29 



CHAPTER 7: EXPERIMENTAL RESULTS 125 

Figure 7-8 (continued from previous page) 

Exp 21: 6.C = 17.59 <P = 4.03 Exp 22: 6.C = 17.89 <I>= 3.14 

Exp 23: 6.C = 20.19 <I>= 4.30 Exp 24: 6.C = 20.19 <1? = 4.30 

Exp 25: 6.C = 23.52 <1? = 3.53 Exp 26: 6.C = 29.52 <1? = 4.41 
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Figure 7-8 (continued from previous page) 

Exp 27: 6.C = 34.33 <I> = 4.99 Exp 28: 6. C = 58.35 <I> = 6.44 

Exp 29: 6.C = 60.58 <I> = 5.79 

Figure 7-9 (page 127) below shows the variation of measured mass transfer 

enhancement factor with the driving force 6 C. 

The fitted parameters for this curve are: K = 1.963 and 6 Cc = 4.507 mol/ m3
. The 

critical Rayleigh and Marangoni numbers are 

(Jot:,. C h andMa = c = 6227 respectively. 
c fLtD t 
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Figure 7-9: Enhancement factor for the desorption of C02 out of methanol films. P = 1 atm. , 

T = 25°C, V9 = 500 mL/min, V{ = 45.0 mL/min, h = 3 mm, and L = 9.15 em 

7.4 Absorption of Carbon Dioxide into Toluene 

7.4.1 Absorption of C02 into a 5mm Toluene Film with V1 

and V9 = 1300 mL/min 

82.6 mL/min 

In experiments 30 through 35, the solvent was changed to pure toluene. The toluene 

volume flow rate was Vz = 82.6mL/min ( U zm = 2.8 mm/s) and the total gas flow 

rate was fixed at approximately Vq = 1300mL/ min ( Ugm = 8.8 mm/ s ). The liquid 

thickness was h = 5.0 mm with an aspect ratio of 0.915. The flow guide used was 

that of Figure 7-1 (b). The complete operating conditions for this set of experiments 

are given in Table 7-4. Schlieren images for this set of experiments is given in Figure 

7-11 . 

Table 7-4: Operating conditions for experiments 30 through 35 

h (mm) Bi A X 107 Pe 
Ugm b J--ll Dg 

r - m 
Ufm h /--lg D, 

5.0 -1.63 700.6 -1.83 4470 3.19 5.00 31.0 3634 0.43 
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The curve of mass transfer enhancement factor versus the driving concentration 

difference -6.C is plotted in Figure 7-10 . As before, the fitted curve has the form 

<I>= Kln(~~) + 1, with the fitted parameters being K 0.7272 and 

6.Cc = -23.8528. From this the critical Rayleigh and Marangoni numbers are 

Rae = ga.h
3
6.0c = 60800 and Mac = ua6.0ch = -99190 . 

~~ ~~ 
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Figure 7-10: Enhancement factor for the absorption of C02 into toluene films. P = 1 atm. , 

T = 25 °C, V9 = 1300 mL/ min, Vi = 82.6 mL/ min, h = 5.0 mm, and L = 9.15 em 

Exp 30: 6.0 = -19.17 <I>= 0.912 Exp 31: 6.0 = -23.57 <I>= 0.795 

Figure 7-11: Flow pattern visualisation for experiments 30 through 35 
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Figure 7-11 (continued from previous page) 

Exp 32: 6.C = -23.58 <I>= 0.785 Exp 33: 6.C = - 24.86 <I> = 1.38 

Exp 34: 6.C = -54.19 <I> = 1.47 Exp 35: 6.C = -59.95 <I>= 1.78 

In the experiments involving the absorption of the C02 into a toluene film , schlieren 

images (Figure 7-11) did not show the gradual upstream traversal of roll patters 

which was observed with the desorption experiments using methanol as the solvent. 

Certain surface streaks that seem unrelated to the driving force were however 

observed. The reasons for these are not clear. It may be that the surface viscosity of 

toluene is very much higher than that for methanol and may have been caused by 

imperfection at the sharp edge of the exit flow guide. With 100% C02 gas passed 

through the inlet, the flow pattern was however similar to the case of absorption into 

methanol, the turbulence being of very small scale and chaotic. 
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8 DISCUSSION AND CONCLUSIONS 

8.1 Comparison of Theory: Effect of Piecewise Linear Approximation 

to Penetration Theory Concentration Profile 

The theoretical linear analysis presented in this thesis used a piece-wise linear 

approximation to the penetration theory concentration profile. We wish to compare 

the effects of this approximation on theoretical predictions based on the penetration 

theory concentration profile of equation (2.44) (Sun and Fahmy 2006) 57
• 

A companson of the results show that there is no significant difference in the 

predicted values of critical Marangoni number for the BM problem for various 

downstream positions in the range 10-a :::; ;: :::; 0.03 . The prediction with regard to the 

effect of diffusivity ratio, Henry constant, velocity ratio, viscosity ratio and the 

thickness ratio are essentially identical for the BM problem. 

For the RBM problem, the general trends and predictions of the effect of the surface 

convection number, the viscosity number and downstream position are essentially the 

same as the predictions of the non-linear penetration theory concentration profile. 

However, it was observed that for large values of Rae, the predicted Mac was 

slightly overestimated by the piecewise linear concentration profile compared to the 

prediction from the non-linear concentration profile. The magnitude of the relative 

difference may be gauged by comparing the point P (Rae ::::::: 7200, Mac ::::::: -8500) on 

Figure 5-8 showing the effect of surface convection number on the critical parameters 

of RBM problem, with the corresponding point P (Rae ::::::: 6100, Mac ::::::: -8400) as 

predicted by the more general model (Sun and Fahmy 2006). The relative error in 

Rae is 18% and the relative error in Mac is 1%. Similarly, a comparison of point P 

on Figure 5-10 shows a relative error in Rae of 12% and 7% for Mac. 

57 This paper can be found in Appendix C 
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8.2 Comparison between Theory and Experiment 

Since flow condition within the gas-liquid contactor for experiments 1 through 8 are 

believed to be non-laminar as explained in section 7.2, no attempt has been made to 

compare the experimental value of ~ Cc calculated from these experiments with 

theoretical values. The critical parameters for experiments 11 through 35, calculated 

from measured data, are summarised in Table 8-1. In order to compare these critical 

parameters with the theoretical model, it is first required to determine the Biot 

number to which these parameters correspond, which may be different from the 

average mass transfer Biot numbers given in Table 7-1, Table 7-2 and Table 7-3. As 

explained in section 4.5, the critical parameters lie on curves on a hypersurface 

'ljJ(Ra,Ma,Bi,k, Vi,S,A) . The critical thresholds are the minimum points on the 

curves Ra-k or Ma-k with all other parameters kept constant. It 1s possible to 

calculate a different critical threshold for every different value of Biot number Bi 

(keeping Vi, S, and A constant). Since B'i is a function of the downstream position x, 

the critical parameters would be different for different values of x. The correct 

theoretical critical parameter, ~Cc, to be compared with experiment would be the 

minimum of all possible critical points corresponding to different downstream 

locations. It is therefore necessary to first determine the downstream position for 

which the critical parameter ~ Cc is a minimum. Table 8-2 show simulation results 

for variation of critical parameters with downstream position. 

Table 8-1: Summary of measured critical data 
58T est 1 : Exp 11 to 18 Test 2: Exp 19 to 29 Test 3: Exp 30 to 35 

6.Cc 
Mac Rae 

6..Cc 
Mac Rae 

6..Cc 
Mac Rae 

mol.m-3 mol.m-3 mol.m-3 

10.45 14437 -11886 4.51 6227 -5126 -23.95 -60800 99190 

Table 8-2: Variation of theoretical 6.Cc with position for experiments 11 through 35 

X 
Test 1 : Exp 11 to 18 Test 2: Exp 19 to 29 Test 3: Exp 30 to 35 

(mm) Mac Rae 
6.Cc 

Mac Rae 
6..Cc 

Mac Rae 
mol.m-3 mol.m-3 

10 6537.10 -5440.07 4.76 5328 -4433.48 3.88 -1280911 781043 
30 4712.00 -3925.50 3.43 3283.85 -2736.09 2.39 -231385 142773 
60 4212.81 -3506.30 3.07 2834.59 -2360.08 2.06 -70103.3 42763.8 

91.5 4105.28 -3416.89 2.99 2721.9 -2267.17 1.98 -35227.7 21482.3 

"
8 Experiments 11 to 18, 19 to 29, and 30 to 35 have been labelled as test 1, test 2 and test 3 

respectively, for ease of reference. 

6.Cc 

mol.m-3 

-502.5 
-55.83 
-16.82 
-8.45 
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In these simulations, S = Vi = 0. The surface convection number A, and other operating 

conditions used in the simulation were those existing in the respective experiments. It can be seen 

that the magnitude of the critical concentration difference decreases with downstream position for all 

three tests. The variation of f:. Cc with downstream distance in test 2 and test 3 are plotted in 

Figure 8-1. We therefore see that that I f:. C c I is a minimum at the exit location X = 91.5 mm . It 

follows that the theoretical critical parameters to be compared with measurement are the critical 

parameters at the exit point of the contactor. These are summarised in 

Table 8-3. 
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Figure 8-1: Variation of theoretical !:::. Cc with downstream position for methanol-C02 system 

Table 8-3: Summary of theoretical critical data for the experimental conditions (S= Vi=O) 

Test 1 : Exp 11 to 18 Test 2: Exp 19 to 29 Test 3: Exp 30 to 35 

f:::.Cc 
Mac Rae 

f:::.Cc 
Mac Rae 

f:::.Cc 
Mac Rae 

mol.m-3 mol.m-3 mol.m-3 

10.45 4105.28 -3416.89 4.51 6227 -5126 -8.45 -35227.7 21482.3 

A comparison of Table 8-1 and 

Table 8-3 shows that, when the effect of surface viscosity is ignored, the model 

predicts critical parameters that are significantly different from that measured by 

experiment . However, it can be seen from the simulation results of section 5.8, that 
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the surface viscosity has a significant effect on the critical parameters. Figure 8-2 

shows the variation of 6Cc with viscosity number for the methanol-C02 system 

under the operating conditions of test 1. 

35r-----------------------------------------------------· 

ll.O. = 10.46 moJ!m1 

0~.--------------~-----r----------r---~--------------~ 
0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 1.8 2 

Viscosity Number 

Figure 8-2: Variation of theoretical 6Cc with Vi for operating conditions of test 1 

Figure 8-2 shows that taking the surface viscosity into account has the potential to 

significantly reduce the discrepancy between the theoretical and the measured critical 

parameters. Point of minimum relative error is marked P on Figure 8-2, which 

corresponds to Vi ~ 0.52. A similar curve for tests 2 shows that the relative error is 

minimised for Vi ~ 0.34. The quantity f-ls + "'s in the definition of the viscosity 
f-11 

number has been estimated for the methanol-C02 and the toluene-C02 system by Sun 

(2006a) to be between 10-4 and 10-2 m (Sun 2006a). Under the operating conditions 

of tests 1 and 2, this corresponds to viscosity numbers in the range 0.03 ::; Vi ::; 3.3. 

For test 3, the viscosity number is in the range 0.02 ::; Vi ::; 2. By taking Vi = 0.43 

for tests 1 and 2 using the methanol-C02 system, and Vi = 2 for test 3 using the 

toluene-C02 system, the critical parameters have been recalculated and are compared 

with experimental results in Table 8-4. 
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Table 8-4: Comparison of measured and theoretical critical concentration difference 

Measured Theoretical 

Test 
K 

~Ce k Mac Rae ~Cc %Error 

mol.m-3 
c 

mol.m-3 
Vi 

1 2.598 10.45 5.8093 12330.76 -10271.4 8.98 0.43 14 
2 1.963 4.51 5.1263 7357.863 -6129.57 5.36 0.43 -19 
3 0.7272 -23.86 2.7183 -37163.8 22910.3 -8.96 2.0 138 

The schlieren images of Figure 7-4, Figure 7-7, and Figure 7-8 are seen to be 

consistent with the theoretical prediction that, as the driving force ~C is increased, 

interfacial turbulence would start at the exit and travel upstream. 

Since the normal modes in the stability analysis only have the y component of the 

wave vector, ky , the predicted critical points are for rolls aligned with the x -

direction. The axis separation can be determined from the plane wave number 

as y = 2:h. Using the values of kc in Table 8-4, we find that the axis separations are 
c 

predicted to be y1 = 3.2 mm, y2 = 3.7 mm and y3 = 11.6 mm. The observed roll 

axis separations for tests 2 and 3 are consistent with the theoretical prediction. Since 

we do not have flow images confirming roll patterns for test 3, it is not possible to 

compare y3 with experiment. However it can be noted that predicted roll ax1s 

separation is more than twice the liquid layer thickness, suggesting that the 

experimental conditions (more specifically the viscosity number) chosen for this 

simulation is incorrect. Furthermore it is noted that relative error between 

experimental and theoretical critical concentration difference for the chosen value of 

Vi = 2, is 138%. This discrepancy may be due to an underestimation of Vi. It is 

known that the surface dilational viscosity r;,8 is often numerically larger than the 

surface viscosity f-Ls (Sun 2006a), so that the actual viscosity number might in fact be 

larger than 2 for the toluene-C02 system. 

Comparing tests 1 and 2 (which are both desorption experiments for the same 

methanol-C02 system), the only different operating condition is the velocity ratio 

ugm • It is seen that for test 1 with Ugm = 2.46 the critical Rayleigh and Marangoni 
U[m Utrn 

numbers were lvfac = 12231 and Rae = -10271 respectively. These numbers are 

larger than the corresponding number for test 2, for which Mac = 7358, 

Rae = -6130 and Ugrn = 1.25. This observation is consistent with the theoretical 
Utm 
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prediction that the system would become more stable as the velocity ratio 

increases. 

8.3 Conclusions 

In the present study we have developed the governing equations that describe the 

critical parameters for the onset of Rayleigh and Marangoni instability associated 

with solute transfer between a gas phase and a liquid phase which are in parallel, 

stratified and laminar flow confined between two horizontal rigid plates. The effect of 

surface convection, surface diffusion and surface viscosity in Gibbs adsorption layer 

has been taken into account in the model. The interface was assumed to be non

deformable. The assumed concentration profile was a piece-wise linear approximation 

to the penetration theory concentration profile without the restriction of a frozen 

profile, and the assumed velocity profile was the non-linear velocity profile of Byers 

and King (1967). An eigenvalue problem has been formulated for the linearised 

system which characterise the point of instability for the system, and critical 

parameters numerically computed using the Rayleigh-Ritz method. 

The critical Rayleigh, Maranogoni and wave numbers has been found to be functions 

of the ratio of gas velocity to liquid velocity; the ratio of gas diffusivity to liquid 

diffusivity, the ratio of gas layer thickness to liquid layer thickness; the ratio of liquid 

viscosity to gas viscosity; the ratio of mean gas velocity to mean liquid velocity; the 

gas-liquid equilibrium Henry constant; and the dimensionless downstream location. 

The effect of these ratios on the critical parameter has been investigated numerically 

for the BM problem and RBM problem and compared to a linear analysis using the 

more general penetration theory concentration profile. It was found that the piece

wise linear approximation was a useful approximation predicting the same trends for 

critical parameters as predicted by the more general non-linear concentration profile 

(Sun and Fahmy 2006). It can be noted that the calculations using the piece-wise 

concentration profile is simpler, and would be helpful in simplifying the more 

computationally involved non-linear RBM problem, needed to gain insight into the 

structure of the convection patterns. 
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In particular the linear analysis using the piecewise linear concentration profile 

predicts, that the system stability is enhanced by increasing surface convection 

number and the surface viscosity number, when the operating conditions are such 

that the operating line is in the first and second quadrants of the Ra-Ma plane. It 

was also found that in a restricted region of the fourth quadrant, the system became 

more unstable with increasing surface convection and viscosity numbers. 

The linear stability analysis also showed that the system would first become unstable 

at the exit end of the gas-liquid contactor and would travel upstream as the driving 

concentration difference is increased. This has been confirmed experimentally using 

schlieren imaging59
• Furthermore, the theoretical prediction that an increase in the 

ratio of the gas velocity to liquid velocity increases the stability of the system has 

been confirmed experimentally. 

An experimental setup, which improves on the system used by Sun et al. (2002), and 

which may be used to validate the predictions of the theoretical analysis has been 

described in detail. The improvement to the experimental design include on-line gas 

chromatograph measurements of C02 at the inlet and the outlet of the contactor, an 

option to record videos of schlieren images in addition to the still images and PID 

controllers for temperature control. A further difference includes the use of a larger 

gas-liquid contactor. The gas and liquid guides has also been modified during the 

course of the experiments. A weakness in the experimental measurements is that the 

gas chromatograph was not calibrated using professionally manufactured standards 

due to cost implications. The methods used to calibrate the GC have been explained 

in detail. 

Three sets of experiments were conducted: one involving the absorption of carbon 

dioxide into a methanol film, two involving desorption of C02 from methanol films, 

and one involving the absorption of C02 into a toluene film. Schlieren images and 

video were taken for these experiments and can be found in the accompanying DVD. 

G!l A conference paper by Zhifa Sun and the present author- "Location of Onset of Rayleigh-Bt'mard

Marangoni Convection in Gas-Liquid Mass Transfer with Two-Phase Flow" submitted to Chemica2006 

Auckland, elaborating on this finding is provided in Appendix C2. 
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Mass transfer enhancement factors that have been measured for each experiment. By 

fitting mass transfer enhancement factor versus driving concentration data to a 

correlation of the form proposed by Sun (2006a), a critical concentration difference 

has been calculated for each set of experiments. The critical Rayleigh and Marangoni 

numbers have been calculated using these critical concentration differences. It was 

found that the theoretically predicted critical parameters can be made close to 

experimentally measured parameters by a suitable estimate of the viscosity number. 

For tests involving desorption of C02 from methanol, the choice of Vi = 0.43 gave a 

relative error between experiment and linear theory of less than 20%. It was found 

that a much larger viscosity number would be required to account for the discrepancy 

between the theory and experiment in the experiment involving absorption of C02 

into a toluene film. Since the dataset for this latter set of experiments is small and 

the correlation weak, and since we only have a single dataset for the C02-toluene 

system, a search for a suitable viscosity number has not been attempted. 

8.4 Further Work 

An experimental setup suitable to study various aspects of the RBM problem with 

mass transfer is currently available and has been tested. However, based on 

experience with the current setup, modifications to the experimental setup to address 

the following issues are recommended: 

1. sensitivity to ground vibration and vibrations carried to the gas-liquid 

contactor via rigid pipes 

2. resolution of the small differences between inlet and outlet gas carbon dioxide 

mole fraction in absorption experiments 

3. difficulties with liquid level control 

An immediate follow up to the present study could be to obtain more datasets, 

including more solute-solvent systems so as to study the RBM problem for different 

operation lines. In particular, it is recommended that mass transfer enhancement and 

critical concentrations be measured to validate the predicted effects of the diffusivity 

ratio, thickness ratio, viscosity ratio and the Henry constant. On the theoretical 

front, the present study should be extended to include non-Boussinesq and non-linear 

effects such as the spatial structure of flow patterns. 
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APPENDIX A: DERIVATIONS 

Appendix Al: Simplification of the Momentum Balance Equation under 

the Boussinesq Approximation 

Under the assumption of equation (3.10), the term auk in the stress tensor is zero. 
axk 

Thus equation (3.3) reduces to: 

(
au; au.i) S; =I-Ll-+- -P/5; 

.I ax ax ] 
J l 

(A.1) 

Substituting the stress tensor of equation (A.1) in equation (3.9) and dividing 

throughout by pz , we get the momentum balance equation as: 

(A.2) 

Since ,02 ~.i = ,
8 

( ~ui ) = 0 under the Boussinesq approximation as seen in equation 
UXjuX; uX; UXj 

(3.10), and using the property 8~ (P15u) = ;: of the Kronecker delta, equation (A.2) 
.l l 

simplifies to: 

Noting from equation (3.8) that the fractional change in density is: 

15p _ p- Pi 
- = -- = -a ( C - C0 ) 

Pt Pl 

and using the kinematic viscosity: 

we get from equation (A.3): 

_ ILl 
Vt =

Pl 

au; au; [ 15p]x 82u; 1 8P . -;:;-+u.i--;:;-= 1+- ;+v10 8 
--~, (z=1,2,3) 

ut uxi pz xi x.i Po uX; 

(A.3) 

(A.4) 

(A.5) 

(A.6) 
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which is equation (3.11). 

Appendix A2: Derivation of Pressure Distribution 

The only bulk force acting on our system is gravity acting vertically downward in the 

-z direction. Thus: 

x, =-g).., 

Where g is the acceleration of gravity (force per unit mass) and 

0 

).. = 0 

1 

(A.7) 

(A.8) 

is a unit vector in the positive z direction. We now solve the momentum balance 

equation (3.11) for _2_ ~P . . First transposing the momentum balance equation and 
Po ux; 

noting that in the unperturbed state ~~; = 0 we get: 

( i = 1,2,3) 

We now evaluate terms on the right hand side of equation (A.9). 

Let 
8u 

A - 1 

i = u:J 8x· 
J 

( i = 1,2, 3) 

Using the summation convention 

EJu 8u 8u 
A= u1-' +10-' +u.3-' 

l [)~ -[)~ '[)~ 

The components of A are: 

(A.9) 

(A.lO) 

(A.ll) 
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(A.12) 

From the form of the steady state velocity vector given in equation (3.13) we see that 
au 

~ = u3 = ~ = 0. It follows that~ 0 ( i = 1,2,3). Thus: 
ux1 

au '-o Uj--;;;--- = 
uX· .7 

Furthermore we have (cf. equations (A.4) and (2.56)): 

Now let 

[1 + 8P]c -g\) = -g(l- a.f3(h- d)- a.f3z)A; (i = 1,2,3) 
Po 

>:l2 
B· = 7/ -:-u-----'u,._ 

I axjaXj 

Using the summation convention we have: 

Since u2 u3 - 0 we immediately see that: 

Since u = u ( x3 ) is a function of x3 only, we have: 

(A.13) 

(A.14) 

(A.15) 

(A.16) 

(A.17) 

(A.18) 
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Evaluating the second derivative of u1 ( cf. equation(3.13)), substituting in equation 

(A.18) and multiplying by v1, we get: 

Hence, equation (A.9) gives the pressure gradient to be: 

oF ( 2p 2q) -. = lltPt --+- I - 9Pt (1- o:(J(h- d)+ o:(Jz)>. 
OX; h2 h2 / l 

(A.19) 

( i = 1,2, 3) (A.20) 

oF Integrating the total differential dP = -dx; we get the pressure distribution as 
OX; 

X Z 

P(x,z) = J lltPt (-
2
; + 2; )dx- J 9Pt (1- o:(J(h- d)+ o:(Jz)dz + P0 

{) h h {) 
(A.21) 

where 

PcJ = p (X = 0, Z = 0) (A.22) 

giving 

( 
2p 2q) ( 1 2) P(x,z) = 1/tPt -~ + ~ x- 9Pt z- o:(J(h- d)z + -o:(Jz +PrJ 
h- h- 2 

(A.23) 

Appendix A3: Derivation of Velocity Perturbation Equations 

Substituting the perturbed variables (3.18), (3.20) and (3.21) into the momentum 

balance equation ( 3.11) we get ( cf. equation (A. 7)), after some rearrangement: 

ou; o [ 1 oP ou; o
2
u; l o o - + -(D'U;) + -- + Uj-- v1 + Duj -(D'U;) + Uj -(Du;) 

ot ot p1 ox; oxj oxioxj oxi oxi 

OU; [ p' - Pt l ( ) o2 
1 o +8ui- = 1 + -- -g>.i + I/t (D'U;)- --(8P) 

OXj Pt OXjOXj Pt OX; 

(A.24) 

Go Where we have put X1 = x and Xa = z 
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Substituting the unperturbed momentum balance equation (3.11) into equation 

(A.24) gives: 

8u a a a au 
~ + -;:) ( 8u; ) + 8uj -;:;--- ( 8u; ) + uj -;:;--- ( 8u; ) + 8ui ~ 
ut ut UXj UXj UXj 

From equation (3.21) and (3.19) we have: 

I p - p 
--=-a8C 

Pt 

Substituting (A.26) into (A.25) gives: 

a a a au; 
- ( 8u; ) + 8u - ( 8u; ) + 1t - ( 8u; ) + 8u -8t J ox . J OX J ox. 

] J ] 

a2 1 a 
= ga\8C + Vt a a (8u;)- -7:)(8P) 

Xj xi pz ux; 

(A.25) 

(A.26) 

(A.27) 

To eliminate 6P from equation (A.27) we follow the methods of Chandrasekhar 

(1961). Applying the curl operator c:uk 8~ to the k component of equation (A.27) 
J 

and denoting the ith component of the vorticities as: 

where 

if ijk is an even permutaion of 1,2,3 

if ijk is an odd permutaion of 1,2,3 

if any two of i, j, k are the same 

is the Levi-Civita alternating tensor (Aris 1962), we get: 

(A.28) 

(A.29) 

(A.30) 
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. a2 
( 15P) where we have used the relation c:;.ik a a - = 0. Once agam taking the curl of 

Xj Xk Pt 

equation (A.30) gives: 

By definition (A.28) we have: 

and using the identity 

equation (A.32) becomes 

aw£ 
c:ijk-a . X· 

.7 

Using the property t5~7aj _ ai of the Kronecker delta 

Using the continuity equation (3.10) 

We also have 

(A.31) 

(A.32) 

(A.33) 

(A.34) 

(A.35) 

(A.36) 

(A.37) 

(A.38) 
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Substituting equations (A.36) and (A.38) ( cf. equation(A.37)) into equation (A.35) 

gives 

ow£ 82 

S;jk -
8 

= -
0 

. 
8 

( 8u; ) 
X· X· X J J .l 

(A.39) 

Now if we consider the term: 

(A.40) 

Using the identity (A.33) equation (A.40) becomes 

(A.41) 

(A.42) 

Using the property t5~7a7 ai of the Kronecker delta 

(A.43) 

and 

(A.44) 

Substituting equations (A.43) and (A.44) into equation (A.42) we get 

(A.45) 

Now consider the term 

(A.46) 

where ak represents the kth component of arbitrary vector a. Using the identity 

(A.33) equation (A.46) becomes 
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(A.47) 

Using the property Didai ai of the Kronecker delta 

(A.48) 

Similarly 

(A.49) 

Substituting equations (A.48) and (A.49) into equation (A.47) gives 

(A.50) 

Since n is a dummy index, we have 

(A.51) 

and 

(A. 52) 

and 

a2 
[ au ] a2 

[ au ·j a2 
[ au·] 

C·zjkCklm a .a Dun a m = a .a . Dun -a .7 - a .a , Dun -a z 
X.J Xz Xn X.7 Xz Xn X.J X.J Xn 

(A.53) 

Substituting equations (A.39), (A.45), (A.51), (A.52) and (A.53) into equation (A.31) 

we get: 
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(A.54) 

Multiplying equation (A.54) by \ and noting that \Dui = 8u3 , the vertical 

component of the perturbations in velocity, we get 

8 [ 8
2 l at 8x.8x. ( ou3 ) 

J .7 

(A.55) 

To obtain equations for the horizontal components of the perturbations in the 

velocity, we closely follow Sun (1988). Putting i = 1 in equation (A.27) we get 

(A.56) 

Putting i = 2 in equation (A.27) we get 

(A.57) 

Applying the operator to equation (A.56), a method which Sun (1988) 

attributes to Palm (1960), we get 
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Similarly applying the operator 
8 

8
8

2 

to equation (A.57) we get 
xl x2 

Subtracting equation (A.59) from equation (A.58) we get 

147 

(A.58) 

(A.59) 

(A.60) 

By using the continuity equation, we can express the D'llr], in the first and last terms 

of equation (A.60) in terms of 6u1 and 6u3 . Applying the operator 
8
8 to the 
.7:1 

continuity equation (3.10) (using the perturbations in the velocities) we have 

(A.61) 

or 

(A.62) 

Similarly applying the operator 8~2 on the continuity equation gives 
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(A.63) 

Substituting equation (A.62) in (A.60) gives: 

(A.64) 

Similarly, applying the operator "' 8: to equation (A.57) we get 
ux1ux1 

(A.65) 

82 
Applying the operator to equation (A.56) we get 

8x18x2 

(A.66) 

Subtracting equation (A.66) from equation (A.65) we get 

(A.67) 
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As before, using the continuity equation, we can express the bu1 in the first and last 

terms of equation (A.67) in terms of bu2 and bu3 , giving 

(A.68) 

Equations (A.55), (A.64) and (A.68) are the first non-linear perturbation equations of 

the first order. It may be noted that in deriving this equation nothing has been 

assumed about the velocity profile, which remains arbitrary up this point, and is 

applicable to piece-wise linear concentration profiles with only z dependence. Using 

the operators 

and 

n 8. 8. f)k 
v = -1+-J+-

Bx 8y 8z 

the non-linear velocity perturbation equation (A.55) becomes 

f) 
f)t \72 (8u:3) + 'Vy [6u•\7(6u3) + u•\7(8u:~) + 6u•'Vu3] 

82 
- f) f) [ 6u• \7 ( 8u1 ) + U• \7 ( 8u1 ) + Ou• \7 u1 ] 

XJ X;J 

82 
-f) f) [8u•\7(8u2 ) + u•\7(6~) + 8u·\7~] 

x2 x:3 

= ga\71
2 (8C) + Vt\7'1 (8u3) 

which is equation (3.22). Similarly Equation (A.64) becomes 

(A.69) 

(A.70) 

(A.71) 

(A.72) 

(A.73) 
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(A.74) 

·which is equation (3.23), and equation (A.68) becomes 

(A.75) 

Which is equation (3.24). 

Appendix A4: Derivation of Concentration Perturbation Equation 

To obtain the perturbation equation for concentration, we write the mass balance 

equation (3.12) in terms of the perturbation variable u.i and C' 

8C 8 8C 8 8C 8 - + - ( 8C) + u - + u - ( 8C) + 8u - + 8u · -( 8C) 
8t 8t 7 8xi 1 8xi 7 8x.i 7 8xi 

82C 82 

= Dt 8x.i8x.i + Dt 8x.i8x.i (DC) 

(A.76) 

Subtracting equation (3.12) from (A.76) we get 

8 8 8C 8 82 

-;:;--- ( 8C) + u.i -;::;- ( 8C) + 8ui -;::;- + 8u.i -;::;- ( 8C) = Dt 
8 8 

( 8C) 
ut UXj UXj UXj Xj Xj 

(A.77) 
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Since, 
0 0 0 0 0 

u r;::;- ( 8C) = u--::\ ( 8C) + v--::\ ( 8C ) + w--::\ ( 8C ) = u--::\ ( 8C) 
ux.i ux uy uz ux 

(A.78) 

and 

oC oC oC oC oC oC 
8u- = 8u-+8v-+ 8w- = 8u-+8w-

.J OXj ox oy oz OX oz 
(A.79) 

Equation (A.77) becomes 

o o oC oC o o2 

--;:;--( 8C) + u--::l( 8C) + 8u-;::J + 8w--;::} + 8u.i --;:;----( 8C) = Dt 
0 0 

( 8C) 
ut uX uX uz uX· X· X· .} .} J 

(A.SO) 

substituting the concentration profile of equation (2.57) and (2.58) into equation 

(A.SO) gives 

~ (8C) + u ~ (8C) 7](x,z)8u- f3(x,z)8w + 8u•\7(8C) = D1\7
2 (8C) 

ut ux 
(A.81) 

which is equation (3.25). 

Appendix A5: Derivation of Gibbs layer Perturbation Mass Balance 

In terms of the perturbation variables, the Gibbs layer mass balance becomes 

%t(f+8f)+ :x[(u+8u)(f+8r)]+ :Y[(v+8v)(f+8r)] 

0 
Dt

0
z(C+8C)-kpg(HC+H8C P0 ) 

(A.82) 

Subtracting equation (3.41) from equation (A.82) gives the perturbation equation: 

(A.83) 

which using the continuity equation (3.10) simplifies to 
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(A.84) 

We now follow Brian's assumption of a linear variation of surface tension with 

concentration near the Gibbs layer (Brian 1971). Under this assumption, Gibbs depth 

defined in equation (2.65) can be treated as a constant. Then we may express 

equation (A.84) in terms of the Gibbs depth as: 

aw f) } ') f) 
-8C ~ + ( v + 8v)l'l( 8C) = daDs Vr ( 8C)- D1 -;:;-( 8C) 

uz uy uz 

(A.85) 

Since in the present case the unperturbed velocity v - w _ 0 . Furthermore we 

assume that the interface is not accelerating in z directions, i.e.~: = 0; and for the 

assumed concentration profile ~~ = 0. Thus the interface boundary equation (A.85) 

further reduces to 

(A.86) 

which is (3.43). 

Appendix A6: Derivation of Momentum Balance in the Gibbs Layer 

Boundary Condition 

We start with the general momentum balance equation (3.2), in which we shall use 

the Boussinesq-Scriven interfacial stress tensor (Scriven 1960; Rush and Nadim 1998) 

given below: 
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p,<.S> = [t + (n, +II. )V'w • V("l]J'"' + 2u'"'D'"' 1] <, 8 r-"S 1] !-" 1} (A.87) 

Where ~ is the interfacial tension, flo<sl is the surface bulk viscosity, p,w 1s the 

surface shear viscosity, and 

J<Sl = {j .. - \._\ 
1:] 1(} /'i J 

n(s) = J<S>. n 
v - ZJ v 

V (Sl = J(S)U. 
- (J .7 

is a local projection tensor onto the interface 

is the tangential gradient operator 

is the tangential fluid velocity vector 

D~T = v<sy(S) - ( v<slv(S)? is the surface rate deformation tensor 

For the interface, which is assumed to have no acceleration in the z direction, this 

Boussinesq-Scriven constitutive relation can be written in terms of two coordinate 

indices as follows: 

(A.88) 

with the index range a, j3 = 1, 2 . Putting this stress tensor in the momentum balance 

equation (3.2), we get for an infinitesimally thin horizontal surface layer of surface 

density p<s): 

(A.89) 

vVe evaluate 

(A.90) 

Substituting equation (A.90) in (A.89)(3.120) gives 

(A.91) 

Which when operated by 
8

8 g1ves 
Xn 
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(A.92) 

Each of the terms in the brackets of the last term of the above equation goes to zero 

under the Boussinesq approximation, so that we get 

(A.93) 

The resultant external force acting on the interface are a vector combination of the 

gravity force61
, the friction forces on the gas side above the interface and the friction 

force from the liquid beneath the interface. Following Sun (1988), we neglect both the 

gravity force62 and the friction force from the gas side, so that external force is given 

from the stress tensor of equation ( A.1) as follows 

(A.94) 

Substituting equation (A.94) into equation (A.93) we get 

(A.95) 

We further simplify the first term on the right hand side of equation (A.95)using the 

continuity equation by writing ~un = ~ur, = - ~u3 • Then equation (A.95) becomes 
uXn uX:; uX3 

Gl Consistent with the assumption of zero vertical acceleration of the fluid interface 

G
2 Since Ps is very small 
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Since the vertical velocity component is assumed to be zero at the interface, the 

derivative of the vertical velocity component with respect to the horizontal 

coordinates must be zero. Thus we get 

(A.96) 

This is our required momentum balance boundary condition at the interface. To 

obtain the perturbation boundary condition we note that :~ has been assumed 

constant, and use the chain rule to write: 

(A.97) 

Putting equation (A.97) into (A.96) gives 

(A.98) 

We further simplify this equation by noting thatp8 << 1, (Scriven 1960) so that we 

may drop the left hand side of equation (A.98) to get 

(A.99) 

We now substitute the perturbation variables u~ = u3 + ou3 and C' = C + oC into 

equation (A.99) to get6
:
1 

(A.100) 

Equation (A.lOO) is the perturbation boundary condition ansmg from momentum 

balance at the interface. Written in conventional Cartesian coordinates this becomes 

63 Where we have noted that 8C' ~ 8C. Also note that u3 = 0 
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8
2 8~ ( 8 ) f-ttf}z2 (6w)+ fJC\1y(6C)-("'s +J-ts)\ly f}z(6w) =0 (A.lOl) 

Appendix A 7: Non-Dimensionalising the Velocity Perturbation 

Equations 

By normalising the physical variable in the perturbation equation (3.22) using the 

units defined in section 3.8 we get the non-dimensionalised equation: 

D2 8 D 2 

---i--;:;--;;- '92 
( 6w* ) + - 5

1 \ly [ 6u * • '9 ( 6w* ) + u * • '9 ( 6w* ) + 6u * • '9 w* ] 
h" ut h 

D2 82 
~ [6u*•'9(6u*)+u*•'9(6u*)+6u*•'9u*] 

h'J 8x*8x* 1 3 
2 ') 

_D~ 
8 

~~ ,[6u*•'9(6v*)+u*•'9(6v*)+6u*•'9v*] 
h·' x2 X;i 

=Co- C; ga\1 2 (6C*) + D! v \1,~ (6w*) 
h2 1 hQ l 

h5 
Multiplying throughout by -D we get 

zl/ 

Dz Jl..v2 (6w*) + Dz \ly [6u*•'9(6w*) + u*•\1(6w*) + 6u*•\1w*] 
Vt fJt Vz 

Dz ~
2 

.[6u*•'9(6u*)+u*•'9(6u*)+6u*•'97t*] 
vz 8x18x3 

D 82 
1 * *[6u*•'9(6v*)+u*•'9(6v*)+6u*•'9v*] 

v1 8x2 8.r3 

ah3 (C C) 
g o - i '912 ( 6C* ) + '94 ( 6w* ) 

VzDz 

(A.102) 

(A.103) 

Using the dimensionless groups defined m section 3.8, equation (A.l03) may be 

written as 

;c 8~* '92 ( 6w*) + ;c vr [ 6u*. '9 ( 6tu* ) + u*. '9 ( 6w* ) + 6u*. '9 w* l 

1 82 

Scax*az* [6u*•'9(6u') + u*•\1(6u*) + 6u*•'97t'] 

1 82 

Sc ay*az* [6u'•'9(6v*) + u'•\1(6v') + 6u*•\1v*] 

= Ra '91
2 

( 6C* ) + \14 
( 6w* ) 

(A.104) 
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vVhich is equation (3.55). The same procedure applied to (3.23) and (3.24) yields 

equations (3.56) and (3.57), respectively 

Appendix A8: Non-dimensionalising the Concentration Perturbation 

Equation 

Setting v = w = 0 m equation (3.25), the non-dimensionalised concentration 

perturbation equation becomes 

or simply 

(A.105) 

i_(8C*) + u*•\7(8C*) r7* (x*,z* )8·u*- (3*8w* + 8u*•\7(8C*) = D1\7
2 (8C*) (A.106) at 

Since u will be a varied parameter, we may express equation (A.106) in terms of the 

dimensionless Peclet number Pe = ~·ulmh. Since, cf. equation (2.35), 
2 D1 

u* = ~~ ~Uzm.F/ ( ~), we have u* = Pe.F[ ( z*). Thus: 

o~* (8C*) + PeF[ (z*) o~* (8C*)- r7*8u*- (3*8w* + 8u*•\7(8C*) = \72 (8C*) (A.107) 

since v* = w* = 0 . 

Appendix A9: Non-dimensionalising the Gibbs layer Mass Balance 

Boundary Condition 

The non-dimensionalised mass-balance boundary condition (equation (3.43)) at the 

surface, which corresponds to z* = 1, in the non-dimensional coordinates, is 
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or 

daDd~~ -Cd{ 8~.(8C*) TJ*(x*,z*)8u* (C* +8C*) 0~.(8w*) 
+ ('u* + 8u*) >:Ia * ( 80*) + 8v* ,

8 
* ( 80* )} 

uX uy 

= (C - C ){daDs \72 (80*)- D1 _!!_(80*)- k H8C*} 
o z h2 1 h oz* Pfl 

da {_!!_(80*) r7*8u* + 80* _!!_(ow* ) + (u* + 8u* )_!!_(80* )+8v* _!!_(80* )} 
h 8t* oz' ox* oy* 

158 

(A. lOS) 

(A.l09) 

Recognising the dimensionless groups (3.49) through (3.52) in equation (A.109) and 

rearranging, we get 

G { (}~* ( 80* ) - TJ* 8u* + 80* ()~* ( 8w* ) + ( 1/ + 8u* ) (}~* ( 80* ) +8v* (}~* ( 80* ) } 

-A_!!_ ( 8w* ) = S\ly ( 80* ) - _!!_ ( 80* ) - Bi8C* 
a~ a~ 

(A.llO) 

Appendix AlO: Non-dimensionalising the Gibbs layer Momentum 

Balance Boundary Condition 

Non-dimensionalising equation (3.45) using the chosen units gives: 

D1 8
2 

( , * ) ( 0 0 Ci ) 8~ n 2 ( 'C* ) Dt ( ) n2 ( 8 ( , * ) ) - 3 flt -.? uW + ? !:! C v 1 U - - 4 K,8 + fl8 v 1 !:! * uW = 0 
h' 8z'- h- u h uz 

3 
Multiplying equation (A.lll) by _h_ we get 

Dtllt 

8
2 

('"v*)+(C0 Cdh 8~ n 2 ('C*) 1 ( )n2 ( 8 ('*)I 
8z*2 Uc fll (}Q v 1 U - h{Lt K,s + fls V 1 (}z* uW . ) = 0 

(A.lll) 

(A.112) 

Recognising the dimensionless groups Gibbs viscosity Vi and Main equation (A.l12) 

becomes: 

8~:2 ( 8w* ) - Ma\lr ( 80* ) Vi \ly ( 8~. ( 8w* ) ) = o (A.113) 
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APPENDIX B: MATLAB CODE 

Appendix Bl: MATLAB Script to Generate Input Parameters for 

Eigenvalue Program provided in accopanying DVD 

function [Bi,SQRTDTOH,XO] = Biot(P) 

% This is the function m-file biot.m 
% Bi = Biot(P) 
% P = [DGL,BGL,MULG,UGL,x star on Pe,m] 
% DGL = DG/DL 
% BGL = b/h 
% MULG = MUL/MUG 
% UGL = UGM/ULM 
% x star Pe = x*/Pe 
% m H/RT 

DGL P(1); 
BGL P (2); 
MULG = P(3); 
UGL = P ( 4); 
x star on Pe 
m=P(6); 

ULG = 1/UGL; 
MUGL=1/MULG; 
DLG = 1/DGL; 

p (5); 

Q = (ULG- 1)/(MUGL + BGL*ULG); 
AA = (BGL*MULG + UGL)/(BGL*MULG + 1); 
X = x star on Pe/AA; % X = x*/Pe 0 

- - -
SQRTDTOH = sqrt(X); % SQRTDTOH = sqrt(x*/Pe 0) 
XO = DLG/16/(QA2); 
slope sign= (1- ULG); 

if 16*(QA2)*DGL*X < 1 
Bi = (m/sqrt(pi)) * sqrt(DGL) * (1/sqrt(X)) - (m * DGL * Q); 

elseif 16*(QA2)*DGL*X > 1 

end 

A= 0.538*m*(16*(QA2))A(1/6) * XA(-1/3) * DGLA(2/3); 
B = 1 + (0.375 * (16 * (QA2))A(-2/3) * XA(-1/3) * DGLA(-1/3)); 
Bi = A * B; 

if slope_sign < 0 
Bi = 0; 

end 

% This is the script m-file biotvector.m 
% [Bi,SQRTDTOH] = Biot(A) 
%A= [DGL,BGL,MULG,UGL,x*/Pe,m] 

X logspace(-4,-1,20); %Range of dimensionless downstream position 

for i = 1:length(X) 
A= [5000,5,50,-0.5,X(i),0.5]; %operating conditions 
[Bi(i),SQRTDTOH(i),XO] = Biot(A); 
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end 

Dp_star (4/sqrt(pi))*SQRTDTOH; 

Appendix B2: Matlab Script to Calculate Mass Transfer Parameters 

From Absorption Experiments 

function P flow_methanol(A) 

%A flow_water(A) 

% A vector 

[VC02,VL,VN2,YC02,h,X,PH20,CL_in,CL_out,T_C02,T_N2,T liquid,PO,YC020UT)] 

% VC02 = gas volume flow rate in mL/min 

% VL = liquid volume flow rate in mL/min 

% VN2 = Nitrogen volume flow rate in mL/min 

% YC02 = inlet C02 mole percentage 

% h liquid height in mm 

% X horizontal coordinate (em) 

% keg 

% kcl 

local gas-phase mass transfer coefficient 

local liquid phase mass transfer coefficient 

% PH20 = pressure of cell above ambient in em H20 

% Inlet liquid C02 concentration 

% CL in inlet liquid C02 concentration 

% CL out Outlet liquid C02 concentration 

% T C02 = Carbon dioxide temperature 

% T_N2 = Nitirgen temperature (K) 

% T_liquid = Liquid temperature (K) 

% T = average cell temperature (K) 

% PO = Atmospheric pressure (Pa) 

VC02 = A (1); % Volume 

VL = A (2); % Volume 

VN2 = A (3); % Volume 

flow 

flow 

flow 

rate of 

rate of 

rate of 

C02 

C02 

N2 

(mL/min) 

(mL/min) 

(mL/min) 

YC02 = A (4); % Inlet mole percent of C02 

h A (5); % Liquid thickness (mm) 

X A ( 6); % Position 

PH20 = A(7); % Pressure of cell above ambient (mm H20) 

CL in = A (8); % Inlet liquid C02 concentration -
CL out = A(9); % Outlet liquid C02 concentration 
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T_C02 = A(10) + 273.15; 

T_N2 = A(11) + 273.15; 

% Carbon dioxide temperature 

T liquid = A(12) + 273.15; 

T = (T_C02 + T N2 + T_liquid)/3; 

PO = A(13); 

% 

% 

% 

% 

Nitirgen temperature (K) 

Liquid temperature (K) 

average cell temperature (K) 

Atmospheric pressure (Pa) 

YC020UT 

YC02AVE 

A (14); 

0.5*(YC02+YC020UT)/100; 

% Outlet gas C02 mole percent 

% Average C02 mole fraction 

9,-
0 CONSTANTS 

g = 9. 81; % gravitational acceleration (m"2/s) 

RHOW = 997.0; % density of water at 25C (kg/m3) 

R 8.314; % molar gas constant 

H 645.38; % Henry constant (Pa. m3/mol) 

% CARBON DIOXIDE PROPERTIES 

MC02 = 44.01; 

DGC02 

MUC02 

0.163E-4; 

14.897E-6; 

% NITROGEN PROPERTIES 

MN2 = 28.013; 

DGN2 

MUN2 

O.l64E-4; 

17. 796E-6; 

% Molar Mass (g/mol) 

% Diffusivity in C02-N2 system (m"2/s) 

% viscosity (Pa.s) 

% Molar mass (g/mol) 

% Diffusivity (m"2/s) 

% viscosity (Pa.s) 

% LIQUID PROPERTIES (METHANOL) 

DL = 3.75E-09; % diffusivity in (m"2/s) 

RHOL 786.3; % density in (kg/m"3 

MWL 32.042; % Molar mass (g/mol) 

MUL 0.553E-03; % viscosity in (Pa. s) 

% UNIT CONVERSION 

VL = VL * (1E-6) /60; % Liquid volume flow rate in m"3/s 

VC02 = VC02 * (1E-6) /60; % Gas volume flow rate in m"3/s 

VN2 = VN2 * (1E-6) /60; % Nitrogen flow rate in m"3/s 

h = h/1000; % liquid height in m 

YC02 = YC02/100; % inlet gas mole fraction 

X = X/100; % distance from inlet (m) 

% GEOMETRY 

cell width 0.10; % width (m) 
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Length= 0.212; 

Depth= 0.030; 

% Length (m) 

% depth (m) 

cell area Length*cell width; % cell area (m2) 

% MEAN VELOCITIES 

VG = VC02 + VN2; % gas volume flow rate (m"3ls) 

b = Depth - h; % Gas layer height (m) 

ULM VLicell widthlh; % Mean liquid velocity (mls) -
UGM VGicell widthlb; % mean gas velocity (mls) -

MUG viscosity(YC02); % viscosity of mixture 

% diffusivity of gas at 25 degrees C 

DG = DGC02 * ((273.15 + 25.0) I (273.15 + 20.0))"(1.75); 

% slope of gas velocity 

a= -6 * UGM * ((ULMIUGM) - 1)l(b*( (h*MUG)I(b*MUL) + 1)); 

% interface velocity 

UO 1.5 * ULM * (b*MULI(h*MUG) + UGMIULM) I (b*MULI(h*MUG) + 1); 

HH (a"2 * DG) I ( (UO) "3); 

xo 1IHH; % Boundary point between short and long exposure 

% Exposure type and mass transfer coefficients 

ExpT = 0; 

if (XO >= X) & (a < 0) 

ExpT = 1; % negative slope, short exposure 

keg= sqrt((UO * DG)IX) * ((11(sqrt(pi))- (0.25 * (HH * X)"2))); 

elseif (XO < X) & (a < 0) 

ExpT = 2; 

keg = 9999999999; % negative slope, long exposure 

warning('negative slope, long exposure. Expression for mass transfer 

coefficient not available. Program paused'); 

pause; 

elseif (XO >= X) & (a > 0) 

ExpT = 3; % Positive slope, short exposure 

keg= sqrt((UO * DG)IX) * ((11(sqrt(pi)) + (0.25 * (HH * X)"2))); 

elseif (XO < X) & (a > 0) 

ExpT = 4; % Positive slope, long exposure 
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keg= sqrt((UO * DG)IX) * (0.538 * ((a"2 * DG* X)I(U0"3))"(116) * (1 + 

0.375 * (U0"3I(a"2 * DG * X))"(113))); 

end 

% local liquid phase mass transfer coefficient (mls) 

kcl = sqrt ( (UO * DL) I (pi * X)); 

% theoretal average gas phase mass transfer coefficient (mls) 

kcl avg_pen = 2 * sqrt((UO * DL)I(pi*Length)); 

Dp 4 * sqrt((DL *X I (pi* UO))); % Penetration depth (m) 

if Dp >= h 

Too_deep 1; 

else 

Too_deep 0; 

end 

Dp = Dplh; 

Pe =(312)* ULM*hiDL; 

% dimensionless penetration depth 

% Peclet number 

% density ofr gas mixture (kglm) 

RHOG=(MC02*YC02+MN2*(1.0-YC02))*1.01325E5*1E-31(298.15*8.314472); REG 

UGM*Length*RHOGIMUG; 

REL = ULM*Length*RHOLIMUL; 

PCELL = RHOW*g*PH20I100 + PO; 

PC02 = YC02AVE * PCELL; 

C star = PC02IH; 

YN2 1 - YC02; 

% Reynolds number for gas 

% Reynolds number for liquid 

% total pressure in cell (Pa) 

% partial pressure of C02 cell (Pa) 

% concentration of C02 in 

%inequilibrium with bulk gas 

% mole fraction of N2 in gas 

% AVERAGE MASS TRANSFER COEFFICIENT ON THE GAS SIDE 

if (XO >= Length) & (a < 0) 

Integral 1 2 *Length* (sqrt(UO*DGipi) + 0.25*(DG*aiUO)); 

Integral 2 0; 

elseif (XO < Length) & (a < 0) 

warning('negative slope, long exposure. Expression for mass transfer 

coefficient not available. Program paused'); 

pause; 
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elseif (XO >= Length) & (a > 0) 

Integral 1 2 *Length* (sqrt(UO*DG/pi) + 0.25*(DG*a/U0)); 

Integral 2 0; 

elseif (XO < Length) & (a > 0) 

Integral 1 = 2 * XO * (sqrt(UO*DG/pi) + 0.25*(DG*a/U0)); 

constantl 0.538*sqrt(U0*DG)*(aA2*DG/U0A3)A(l/6); 

constant2 0.375*(UOA3/aA2/DG)A(l/3); 

Integral 2 = 1.5*constantl*(LengthA(2/3) - XOA(2/3)) + 

3*constantl*constant2*(LengthA(l/3) - XOA(l/3)); 

end 

kcg_avg integrated (Integral 1 +Integral 2)/Length; 

N (CL_out- CL_in)*VL/cell area; 

if N > 0 

fprintf('\n'); 

% Interface mole flux (mol/s/m2) 

disp('This is an absorption experiment') 

(I \n I); 

elseif N < 0 

fprintf ( '\n'); 

disp('This is a desorption experiment') 

fprintf('\n'); 

end 

Kcl avg N/(C_star- CL_in); % average liquid side mass 

%transfer coefficient 

% experimental average liquid phase mass transfer coefficient 

kcl avg_exp 1/((1/Kcl avg)-(R*T/H/kcg_avg_integrated)); 

PHI kcl avg_exp/kcl avg_pen; 

delta_C = -N/kcl avg_exp; 

C i CL in - delta C; 

Bi H*kcg_avg_integrated*h/R/T/DL; 

% output vector 

% mass transfer enhancement 

% delta C = C 0 - C i 

% interface concentration 

% Biot number 
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p = 

[X,kcg,kcl,kcl_avg_pen,Dp,a,ExpT,XO,Too deep,UGM,ULM,UO,Pe,REG,REL,PC02,YCO 

2,YN2,C star,kcg_avg_integrated]; 

% PARAMETER DISPLAY 

fprintf( 1 X (m) = %e \n 1
, X); 

fprintf( 1 Boundary point between short and long exposure (m) 

fprintf( 1 Dp at postion X (m/m) = %e \n 1
, P(S)); 

fprintf( 1 ULM (m/s) 

fprintf( 1 UGL (m/s) 

%e \n 1 
, P ( 11) ) ; 

%e \n 1
, P(10)); 

fprintf( 1 Ui (m/s) = %e \n 1
, P(12)); 

fprintf( 1 a (m/s) = %e \n 1
, P(6)); 

if ExpT == 1 

%e \n 1
, XO); 

fprintf( 1 Negative slope, short exposure at position x %e \n 1
); 

elseif ExpT == 2 

fprintf( 1 Negative slope, long exposure. No correlations available %e 

\n I); 

elseif ExpT == 3 

fprintf( 1 Positive slope, short exposure %e \n 1
); 

elseif ExpT == 4 

fprintf( 1 Positive slope, long exposure %e \n 1
); 

else 

fprintf( 1 Something terribly wrong! %e \n 1
); 

end 

fprintf( 1 \n 1
); 

fprintf ( 1 Pe = %e \n I' p (13)); 

fprintf ( 1 Re_g %e \n I' p (14)); 

fprintf ( 1 Re 1 %e \n I' p ( 15)); 

fprintf ( 1 PC02 (Pa) = %e \n I' p ( 16)); 

fprintf( 1 YC02 = %e \n 1
, P(17)); 

fprintf( 1 CL_in (mol/m3) = %e \n 1
, CL_in); 

fprintf( 1 CL_out (mol/m3) = %e \n 1
, CL_out); 

fprintf( 1 h (m) = %e \n 1
, A(S)/1000); 

fprintf( 1 PO (Pa) = %e \n 1
, PO); 

fprintf( 1 C star (mol/m3) = %e \n 1
, P(19)); 

fprintf( 1 TC02 temperature (K) = %e \n 1
, T_C02); 

fprintf( 1 TN2 temperature (K) = %e \n 1
, T_N2); 

fprintf( 1 TL (K) = %e \n 1
, T liquid); 

fprintf( 1 T_ave (K) = %e \n 1
, T); 

fprintf( 1 kcg_avg (m/s) = %e \n 1
, kcg_avg_integrated); 
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fprintf('N (mollslm2) = %e \n', N); 

fprintf('Kcl avg (mls) 

fprintf('kcl avg (mls) 

fprintf('kcl_pen (mls) 

fprintf('PHI = %e \n', 

%e 

%e 

%e 

PHI); 

\n', Kcl 

\n', kcl 

\n', kcl 

avg); 

_avg_exp); 

avg_pen); 

%e \n', delta_C); fprintf('Delta_C = C 0 - C i 

fprintf('C i = %e \n', C i); 

fprintf('Mass transfer biot number Bi %e \n', Bi); 

fprintf ( '\n'); 

function V = viscosity(YC02) 

% Function to determine the viscosity of a mixture of carbon dixode and 
nitrogen at 25 degrees C using Wilkie's method 
% V = viscosity(YC02) 
% YC02 = mole fraction of pure carbon dioxide in the mixture 
% Returns vicosity of mixture in mA2Is 

MU _pure_ C02 = 14.897E-6; % Pa.s 
MU _pure_ N2 = 17.796E-6; % Pa.s 

MC02 = 44.01; % molar mass of C02 (glmol) 
MN2 28.013; % molar mass of N2 (glmol) 

YN2 1 - YC02; %mole fraction of nitrogen in mixture 

A MU_pure C021MU_pure_N2; 
B MC021MN2; 
C 1IB; 

D (1 + 
E (8 * 
PHI 12 
PHI 21 

( (AAQ.5) * (CAQ.25)) )A2; 
(1 + B))AQ.5; 
DIE; 
(11A) * B * PHI 12; 

F YC02 * MU_pure C02 I (YC02 + (YN2 * PHI_12)); 
G YN2 * MU_pure_N2 I (YN2 + (YC02 *PHI 21)); 

V F + G; 
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Appendix B3: Matlab Script to Calculate Mass Transfer Parameter from 

Desoprtion Experiments 

function P flow_methanol(A) 

%A flow_water(A) 

% A vector = 

[VC02,VL,VN2,YC02,h,X,PH20,CL_in,CL_out,T_C02,T_N2,T liquid,PO,YC020UT)] 

% VC02 = gas volume flow rate in mL/min 

% VL = liquid volume flow rate in mL/min 

% VN2 = Nitrogen volume flow rate in mL/min 

% YC02 = inlet C02 mole percentage 

% h liquid height in mm 

% X horizontal coordinate (em) 

% keg 

% kcl 

local gas-phase mass transfer coefficient 

local liquid phase mass transfer coefficient 

% PH20 = pressure of cell above ambient in em H20 

% Inlet liquid C02 concentration 

% CL in = inlet liquid C02 concentration 

% CL_out = Outlet liquid C02 concentration 

% T C02 = Carbon dioxide temperature 

% T_N2 = Nitirgen temperature (K) 

% T liquid = Liquid temperature (K) 

% T = average cell temperature (K) 

% PO = Atmospheric pressure (Pa) 

0 
'0 Volume 

% Volume 

% Volume 

flow 

flow 

flow 

rate of 

rate of 

rate of 

C02 

C02 

N2 

(mL/min) 

(mL/min) 

(mL/min) 

VC02 = A(1); 

VL = A (2); 

VN2 = A(3); 

YC02 = A ( 4); % Inlet mole percent of C02 

h A (5); % Liquid thickness (mm) 

X A (6); % Position 

PH20 = A(7); %Pressure of cell above ambient (mm H20) 

CL_in = A(S); % Inlet liquid C02 concentration 

CL_out = A(9); %Outlet liquid C02 concentration 

T_C02 = A(10) + 273.15; % Carbon dioxide temperature 

T_N2 = A(11) + 273.15; % Nitirgen temperature (K) 

T liquid= A(l2) + 273.15; % Liquid temperature (K) 
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T = (T_C02 + T N2 + T liquid)/3; 

PO = A(13); 

% average cell temperature (K) 

% Atmospheric pressure (Pa) 

YC020UT 

YC02AVE 

A ( 14); 

0.5*(YC02+YC020UT)/100; 

% Outlet gas C02 mole percent 

% Average C02 mole fraction 

% CONSTANTS 

g = 9.81; % gravitational acceleration (mA2/s) 

RHOW = 997.0; % density of water at 25C (kg/m3) 

R 8.314; % molar gas constant 

H 645.38; % Henry constant (Pa. m3/mol) 

% CARBON DIOXIDE PROPERTIES 

MC02 = 44.01; 

DGC02 

MUC02 

0.163E-4; 

14.897E-6; 

% NITROGEN PROPERTIES 

MN2 = 28.013; 

DGN2 

MUN2 

0.164E-4; 

17.796E-6; 

% Molar Mass (g/mol) 

% Diffusivity in C02-N2 system (mA2/s) 

% viscosity (Pa.s) 

% Molar mass (g/mol) 

% Diffusivity (mA2/s) 

% viscosity (Pa.s) 

% LIQUID PROPERTIES (METHANOL) 

DL = 3.75E-09; 

RHOL 786.3; 

MWL 32.042; 

MUL 0.553E-03; 

% UNIT CONVERSION 

VL = VL * (1E-6) /60; 

VC02 = VC02 * (1E-6) /60; 

VN2 = VN2 * (1E-6) /60; 

h = h/1000; 

YC02 = YC02/100; 

X = X/100; 

% GEOMETRY 

cell width = 0.10; 

Length 0.212; 

Depth= 0.030; 

% 

% 

% 

% 

diffusivity in (mA2/s) 

density in (kg/mA3 

Molar mass (g/mol) 

viscosity in (Pa.s) 

% Liquid volume flow rate in mA3/s 

% Gas volume flow rate in mA3/s 

% Nitrogen flow rate in mA3/s 

% liquid height in m 

% inlet gas mole fraction 

% distance from inlet (m) 

% width (m) 

% Length (m) 

% depth (m) 

cell area Length*cell width; % cell area (m2) 
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% MEAN VELOCITIES 

VG = VC02 + VN2; % gas volume flow rate (m"3ls) 

b = Depth - h; % Gas layer height (m) 

ULM VLicell widthlh; % Mean liquid velocity (mls) 

UGM VGicell widthlb; % mean gas velocity (mls) -

MUG viscosity(YC02); % viscosity of mixture 

% diffusivity of gas at 25 degrees C 

DG = DGC02 * ( ( 2 7 3 . 15 + 2 5 . 0) I ( 2 7 3 . 15 + 2 0 . 0) ) A ( 1. 7 5) ; 

% slope of gas velocity 

a= -6 * UGM * ((ULMIUGM) - 1)l(b*((h*MUG)I(b*MUL) + 1)); 

% interface velocity 

UO 1.5 * ULM * (b*MULI(h*MUG) + UGMIULM) I (b*MULI(h*MUG) + 1); 

HH (a"2 * DG) I ( (UO) "3); 

xo 1IHH; % Boundary point between short and long exposure 

% Exposure type and mass transfer coefficients 

ExpT = 0; 

if (XO >= X) & (a < 0) 

ExpT = 1; % negative slope, short exposure 

keg= sqrt((UO * DG)IX) * ((11(sqrt(pi)) - (0.25 * (HH * X)"2))); 

elseif (XO < X) & (a < 0) 

ExpT = 2; 

keg = 9999999999; % negative slope, long exposure 

warning('negative slope, long exposure. Expression for mass transfer 

coefficient not available. Program paused'); 

pause; 

e1seif (XO >= X) & (a > 0) 

ExpT = 3; % Positive slope, short exposure 

keg= sqrt((UO * DG)IX) * ((11(sqrt(pi)) + (0.25 * (HH * X)"2))); 

elseif (XO < X) & (a > 0) 

ExpT = 4; % Positive slope, long exposure 
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% local liquid phase mass transfer coefficient (mls) 

kcl = sqrt((UO * DL) I (pi* X)); 

% theoretal average gas phase mass transfer coefficient (mls) 

kcl_avg_pen 2 * sqrt( (UO * DL)I(pi*Length)); 

Dp 4 * sqrt((DL *X I (pi* UO))); % Penetration depth (m) 

if Dp >= h 

Too_deep 1; 

else 

Too deep 0; 

end 

Dp = Dplh; 

Pe =(312)* ULM*hiDL; 

% dimensionless penetration depth 

% Peclet number 

% density of gas mixture (kglm) 

RHOG=(MC02*YC02+MN2*(1.0-YC02))*1.01325E5*1E-31(298.15*8.314472); 

REG 

REL 

UGM*Length*RHOGIMUG; 

ULM*Length*RHOLIMUL; 

PCELL = RHOW*g*PH20il00 + PO; 

PC02 = YC02AVE * PCELL; 

C star = PC02IH; 

YN2 1 - YC02; 

% Reynolds number for gas 

% Reynolds number for liquid 

% total pressure in cell (Pa) 

% partial pressure of C02 cell (Pa) 

% concentration of C02 in 

%inequilibrium with bulk gas 

% mole fraction of N2 in gas 

% AVERAGE MASS TRANSFER COEFFICIENT ON THE GAS SIDE 

if (XO >= Length) & (a < 0) 

Integral 1 2 *Length* (sqrt(UO*DGipi) + 0.25*(DG*aiU0)); 

Integral 2 0; 

elseif (XO < Length) & (a < 0) 

warning('negative slope, long exposure. Expression for mass transfer 

coefficient not available. Program paused'); 

pause; 

elseif (XO >= Length) & (a > 0) 

Integral 1 = 2 *Length* (sqrt(UO*DGipi) + 0.25*(DG*aiU0)); 
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Integral_2 = 0; 

elseif (XO < Length) & (a > 0) 

Integral 1 = 2 * XO * (sqrt(UO*DG/pi) + 0.25*(DG*a/U0)); 

constant1 0.538*sqrt(U0*DG)*(aA2*DG/U0A3)A(1/6); 

constant2 0.375*(UOA3/aA2/DG)A(1/3); 

Integral_2 = 1.5*constant1*(LengthA(2/3) - XOA(2/3)) + 

3*constantl*constant2*(LengthA(1/3) - XOA(1/3)); 

end 

kcg_avg_integrated (Integral 1 + Integral_2)/Length; 

N (CL_out CL_in)*VL/cell area; % Interface mole flux (mol/s/m2) 

if N > 0 

fprintf ( '\n') ; 

disp('This is an absorption experiment') 

fprintf ( '\n') ; 

elseif N < 0 

fprintf('\n'); 

disp('This is a desorption experiment') 

fprintf('\n'); 

end 

Kcl avg N/(C_star- CL_in); % average liquid side mass 

%transfer coefficient 

% experimental average liquid phase mass transfer coefficient 

kcl avg_exp 1/((1/Kcl avg)-(R*T/H/kcg_avg_integrated)); 

PHI kcl avg_exp/kcl avg_pen; 

delta_C = -N/kcl avg_exp; 

C i CL in - delta C; 

Bi H*kcg_avg_integrated*h/R/T/DL; 

% output vector 

p 

% mass transfer enhancement 

% delta C = C 0 - C i 

% interface concentration 

% Biot number 
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% PARAMETER DISPLAY 

fprintf ('X (m) = %e \n', X) ; 

fprintf('Boundary point between short and long exposure (m) 

fprintf('Dp at postion X (m/m) = %e \n', P(S)); 

%e \n', XO); 

fprintf('ULM (m/s) 

fprintf ( 'UGL (m/s) 

%e \n', P(11)); 

%e \n', P(10)); 

fprintf('Ui (m/s) = %e \n', P(12)); 

fprintf('a (m/s) = %e \n', P(6)); 

if ExpT == 1 

fprintf('Negative slope, short exposure at position x %e \n'); 

elseif ExpT == 2 

fprintf('Negative slope, long exposure. No correlations available %e 

\n'); 

elseif ExpT == 3 

fprintf('Positive slope, short exposure %e \n'); 

elseif ExpT == 4 

fprintf('Positive slope, long exposure %e \n'); 

else 

fprintf('Something terribly wrong! %e \n'); 

end 

fprintf ( '\n') ; 

fprintf ( 'Pe = %e \n', p ( 13)); 

fprintf ( 'Re g %e \n', p ( 14) ) ; -
fprintf ( 'Re 1 %e \n', p ( 15)); 

-

fprintf ( 'PC02 (Pa) = %e \n', p (16)); 

fprintf('YC02 = %e \n', P(17)); 

fprintf('CL_in (mol/m3) = %e \n', CL_in); 

fprintf('CL_out (mol/m3) = %e \n', CL_out); 

fprintf('h (m) = %e \n', A(S)/1000); 

fprintf('PO (Pa) = %e \n', PO); 

fprintf('C_star (mol/m3) = %e \n', P(19)); 

fprintf('TC02 temperature (K) = %e \n', T C02); 

fprintf('TN2 temperature (K) = %e \n', T_N2); 

fprintf('TL (K) = %e \n', T liquid); 

fprintf('T_ave (K) = %e \n', T); 

fprintf('kcg_avg (m/s) = %e \n', kcg_avg_integrated); 

fprintf('N (mol/s/m2) = %e \n', N); 

fprintf('Kcl avg (m/s) 

fprintf('kcl avg (m/s) 

fprintf('kcl_pen (m/s) 

%e \n', Kcl avg); 

%e \n', kcl avg_exp); 

%e \n', kcl avg_pen); 
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fprintf('PHI = %e \n', PHI); 

%e \n', delta_C); fprintf('Delta C = C 0 - C i 

fprintf('C i = %e \n', C i); 

fprintf('Mass transfer biot number Bi %e \n' ,Bi); 

fprintf ( '\n') ; 

function V = viscosity(YC02) 

% Function to determine the viscosity of a mixture of carbon dixode and 
nitrogen at 25 degrees C using Wilkie's method 
% V = viscosity(YC02) 
% YC02 = mole fraction of pure carbon dioxide in the mixture 
% Returns vicosity of mixture in mA21s 

MU _pure_ C02 = 14.897E-6; % Pa.s 
MU _pure_ N2 = 17.796E-6; % Pa.s 

MC02 = 44.01; % molar mass of C02 (glmol) 
MN2 28.013; % molar mass of N2 (glmol) 

YN2 1 - YC02; %mole fraction of nitrogen in mixture 

A MU_pure_C02IMU_pure_N2; 
B MC021MN2; 
C 1IB; 

D (1 + 
E (8 * 
PHI 12 
PHI 21 

( (AA0.5) * (CA0.25)))A2; 
(1 + B)) A0.5; 
DIE; 
(11A) * B * PHI 12; 

F YC02 * MU_pure C02 I (YC02 + (YN2 * PHI_12)); 
G YN2 * MU_pure_N2 I (YN2 + (YC02 *PHI 21)); 

V F + G; 
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APPENDIX C: PAPERS 

Appendix Cl: Onset of Rayleigh-Benard-Marangoni Convection in Gas

Liquid Mass Transfer with Two-Phase Flow: Theory. Sun and Fahmy 

(2006) 



Ind. Eng. Chem. Res. 2006, 45, 3293-3302 3293 

Onset of Rayleigh-Benard-Marangoni Convection in Gas-Liquid Mass Transfer 
with Two-Phase Flow: Theory 

Z. F. Sun* and M. Fahmy 

Physics Department, University of Otago, P.O. Box 56, Dunedin, New Zealand 

Rayleio-h and Marano-oni instabilities in solute transfer between a gas phase and a liquid phase which are in 
parallel, laminar, stra~ified flow between two horizontal plates have been investigated theoretically. The effects 
of nonlinear velocity profiles of fluid flows and the nonlinear concentration profiles on the onset of Rayleigh
Benard-Marangoni convection in gas-liquid mass transfer of practical importance have been considered in 
the linear analysis of the general Rayleigh-Benard-Marangoni problem. In addition, the effect of surface 
convection and surface diffusion and the effect of surface viscosity of the surface active solute in the Gibbs 
adsorption layer, which were investigated separately by previous authors, have been combined together. To 
obtain the variations of the critical Rayleigh number and Marangoni number with the downstream distance 
of fluid flows, the restriction of the "frozen profile" has been released in the present study. For simplicity, the 
gas-liquid interface is assumed to be nondeformable. 

Introduction 

The phenomena of hexagonal cellular convection discovered 
by Benard in 1900 in a horizontal liquid layer in which an 
adverse temperature gradient was maintained1 have attracted 
the attention of many researchers. The theoretical foundations 
for an interpretation of the observed cellular convection were 
laid by Lord Rayleigh in 1916. 1 Rayleigh proposed that the 
instability was due to a feedback coupling resting on buoyancy. 
A sufficiently high adverse temperature gradient across the tluid 
layer results in t1uid at the bottom being lighter than t1uid at 
the top resulting in destabilization. Convective motion starts 
when this destabilization is strong enough to overcome resis
tance to tluid tlow due to viscosity of the tluid which opposes 
convective motion. Rayleigh's theory was accepted as the 
mechanism behind tlows measured by Benard despite there 
sometimes being orders of magnitude difference between critical 
temperature gradients calculated using Rayleigh's theory and 
experiments. An altogether ditlerent mechanism suggested by 
Pearson2 is known as the Marangoni effect.2- 4 Pearson showed 
that cellular convection arises due to tluctuations of surface 
tension induced by a temperature fluctuation at the surface of 
the liquid layer. Surface tension gradients act like shear stresses 
applied by the interface in the adjoining bulk phases and, 
thereby, can generate convective t1ow.2- 5 

Roll and hexagonal cellular convection have been observed 
in many gas-liquid heat and mass transfer processes.5- 10 The 
formation of cellular convection is known as the Rayleigh
Benard (RB) problem if it is caused by buoyancy, as the 
Benard-Marangoni (BM) problem if it is caused by interfacial 
tension gradients, and as the Rayleigh-Benard-Marangoni 
(RBM) problem if it is caused by the combination of both 
effects. 

Theoretical methods to predict the critical concentration or 
temperature difference for the onset of cellular convection have 
been established by previous authors for the RB problem1 and 
for the BM problem.2•11 Nield 12 generalized the analysis by 
combining the Rayleigh effect and the Marangoni effect for the 
case of a horizontal stagnant layer of a pure tluid to be heated 

*To whom all correspondence should be addressed. Tel.: 64 3 479 
7812. Fax: 64 3 479 0964. E-mail: zhifa@physics.otago.ac.nz. 

from below. As described by the linear theory of Nield, both 
the Marangoni effect and the Rayleigh effect may enhance or 
inhibit each other. The linear theory of Nield has been 
established by measurements of heat transfer across layers of 
silicone oils.5•13 Lebon and Cloot14 revisited the calculation of 
the critical Rayleigh number and Marangoni number of the RBM 
problem using variational principles. Palmer and Berg 15 further 
modified Nield's linear analysis to examine a shallow liquid 
pool consisting of a dilute nonvolatile solution of a surface active 
solute heated from below. The stabilizing effect of the Gibbs 
adsorption monolayer formed by the surface active solute has 
been investigated by Palmer and Berg. 15 

As pointed out by Gumerman and Homsy, 16•17 the above 
linear analyses of instabilities caused by the Rayleigh effect 
and the Marangoni effect have restrictions to be used to cases 
of practical importance, since these were developed for the case 
of stagnant plane tluid layers. Practically important applications 
of tluid-tluid contact processes, such as liquid-liquid extrac
tion, film evaporation and condensation, gas-liquid absorption 
and desorption, and distillation, etc., involve t1uid tlows. 
Gumerman and Homsy 16•17 extended the linear stability analysis 
of the RBM problem to a case of a thermally strati tied hmizontal 
two-phase Couette t1ow with a constant vertical temperature 
gradient. Since Gumerman and Homsy assumed both a linear 
tlow velocity profile and a linear temperature profile, the critical 
parameters obtained by them are identical to those predicted 
by the linear analysis of plane stagnant liquid layers. 16 

Davis and Choi8 conducted a theoretical and experimental 
investigation of the onset of the buoyancy driven longitudinal 
roll cells that occur in a liquid layer over a heated horizontal 
plate. Similar to the work of Gumerman and Homsy, 16•17 Davis 
and Choi approximated the liquid tlow to be a Couette tlow 
which was driven by a cocurrent gas tlow. Davis and Choi 
assumed a nonlinear temperature protile and used the Leveque 
solution and the Graetz solution for the temperature profile for 
small values and large values of the dimensionless longitudinal 
coordinate, respectively. Since Davis and Choi considered the 
variation of the nonlinear temperature profile in the liquid layer, 
their predicted values of the critical Rayleigh number are 
dependent on the downstream distance of the tluid tlows. To 
get better agreement between experimental data and theoretical 
results, a modified marginal-stability analysis was developed 

10.1 021/ie05l I 85r CCC: $33.50 © 2006 American Chemical Society 
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Figure 1. Gas-liquid mass transfer between two horizontal plates. 

by Davis and Choi by assuming that the cellular convection is 
confined to the thermal boundary layer. 

The analysis of Gumerman and Homsy 16•17 and the analysis 
of Davis and Choi8 are only for the case of a pure liquid layer 
heated from below. In addition, the linear analysis of Davis and 
Choi only considered the Rayleigh effect.8 The Gibbs adsorption 
layer in mass transfer has been ignored by Gumerman and 
Homsy and by Davis and Choi. In effect, in the case of mass 
transfer, surface accumulation, surface convection, and surface 
diffusion 18•19 and surface viscosity 15•20•21 of the surface active 
solute in the Gibbs adsorption layer can significantly increase 
the critical threshold of the BM problem. In addition, in the 
case of mass transfer between immiscible gas and liquid flows, 
both the gas phase and liquid phase have nonlinear velocity 
protiles and mass transfer is usually determined by the penetra
tion model with concentration profiles being nonlinear functions 
of both the downstream distance (or contact time) and the mass 
diffusion distance.22•23 

Nonlinear concentration or temperature profiles make the 
linear analysis of the Rayleigh instability and the Marangoni 
instability more complicated. To simplify numerical solution 
of the complicated governing equations and their boundary 
conditions, following the earlier work of the Rayleigh instability, 
Vidal and Acrivos24 used a "frozen profile" analysis of the 
Marangoni instability in which the time rate of change of the 
unperturbed temperature profile is ignored. Neglecting the rate 
of change of the preconvective concentration profile with 
downstream distance, Brian and Ross 19 also employed the frozen 
profile assumption in their analysis of the Marangoni instability 
in penetration gas-liquid mass transfer. These authors further 
simplified their linear analyses of the Marangoni instability by 
means of another standard technique in which the actual 
nonlinear temperature or concentration profile was approximated 
with two straight-line segments. 19·24 

In this paper, we modify the linear analysis of Nield 12 for 
the general Rayleigh-Benard-Marangoni problem to consider 
the case of gas-liquid mass transfer which involves gas and 
liquid flows with nonlinear velocity profiles. The effect of 
nonlinear concentration profiles is also considered. In addition, 
we combine the effect of mass transfer and the effect of 
momentum transfer of the solute in the Gibbs adsorption layer, 
which were investigated separately by previous authors. 18- 21 

To investigate the variations of the critical Rayleigh number 
and Marangoni number with the downstream distance of fluid 
flows, the restriction of the frozen profile of the solute 
concentration has been released in the present study. 

Theoretical Model 

We consider solute transfer between a gas layer and a liquid 
layer which are in parallel, laminar, stratified flow between two 
horizontal plates, as shown in Figure 1. When there are no 
convection instabilities, the velocity profile of the liquid layer 
in the x-direction can be described by23 

(I) 

where 

FI(Jz) = 

-+- 1-.::.-1 +4--l --1 +--1 ( 
b,ul ugm) [ ( 7 )2] (ugm ) [(z )2 (z )] 
~g ~m h ~m h h 

(2) 

The interface velocity can be obtained from eq 1 as 

(3) 

When the liquid average velocity is equal to the gas average 
velocity, the surface velocity tli is equal to (3/2)u1m. 

The velocity profile of the gas phase in the x-direction can 
be described by23 

(4) 

where 

(5) 

The slope of the gas-phase velocity profile at the interface is 
given by 

(6) 

Using the asymptotic solutions for gas-phase controlled mass 
transfer obtained by Beek and Bakker22 for the case of a > 0 
and by Byers and King23 for the case of a < 0, the local gas
phase mass transfer coefficients for short exposures (a2Dgxlu? 
« 1) are expressed as follows, 

(a> 0) (7) 

or 

( x ) 112 
I I (a2D,x) 11

2 

keg upg =.fir- 4 u/ , (a < 0) (8) 

For long exposures (a2Dgxlu? » 1) and for the case of a > 0, 



the solutions obtained by Beek and Bakker for gas-phase 
controlled mass transfer lead to the following expression,22 

keg -~ = 0.538 a t I + 0.375 ~ , ( )
112 ( zD )116[ ( 3 )113] 

u, g u; aD,;; 

(a> 0) (9) 

For liquid-phase controlled mass transfer, the penetration model 
has been shown to be appropriate. 23 The concentration pro tile 
of the solute in the liquid layer can be expressed as25 

erf-----[
(h - z)( u; ) 112] 

2 D1x 
( 10) 

The local liquid-phase mass transfer coefficient is given by 

_ (up1)1/2 
k--

cl :n:x 
( 11) 

The addition principle of resistances can be used to obtain 
overall mass transfer coefficients. 23 

As indicated by eq 10, the solute concentration varies along 
both the downstream x-direction and the vertical z-direction. In 
this study, the restriction of the frozen profile assumption19,24 
has been released. Therefore, the actual concentration of the 
solute in the liquid layer has been considered. However, we 
assume that critical parameters at an upstream location are not 
influenced by any downstream supercritically convective states. 
It is reasonable to make this assumption and to ignore any 
possible upstream propagation of downstream instabilities, since 
we only consider the onset of the Rayleigh instability and the 
Marangoni instability in the present paper. We also assume that 
downstream supercritically convective states are stationary and 
stable. 

The local solute concentration profile in the liquid phase and 
the partial pressure protile in the gas phase at a downstream 
location x are also shown schematically in Figure 1. At the gas
liquid interface, the solute partial pressure in the gas phase is 
P; and the solute composition in the liquid layer is C; which 
may be evaluated using Henry's law (C; = Nm). For simplicity, 
the gas-liquid interface is assumed to be nondeformable. This 
assumption is usually satisfied, except for very thin layers of 
highly viscous liquids.4 A Gibbs adsorption layer exists in the 
gas-liquid interface, when the solute lowers the surface 
tension. 18·19·26 It is assumed that there is no slip between the 
Gibbs adsorption layer and the bulk gas and liquid flows. The 
lower bounding surface of the liquid layer is assumed to be 
rigid, and the nonslip conditions hold there. Accordingly, the 
liquid velocity at the lower bounding wall surface is equal to 
zero. It is also assumed that the lower bounding surface of the 
liquid layer is a perfectly diffusing surface with a uniform 
concentration C0, which is required for the penetration theory 
to be valid. 

For the liquid layer, the equation of continuity, the Navier
Stokes equation, and the equation of continuity for the solute 
in a binary mixture can be written as25,27,28 

ap a(pv) _ . _ 
-a +-a--o (j-1,2,3) 

t X· 
.I 

( 12) 

(
avi avi) aP aa .. 

pat+ V;ax. =-ax.- gp?ci + ax/} (i,j =I, 2, 3) 
1 I 1 

( 13) 
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(14) 

In eq 13, the stress tensor aij can be written as28 

In the equations above, we have used the convention of 
summation over repeated indices. 

If the density of the liquid phase does not change significantly 
with pressure, its variation with the solute concentration can 
be expressed as 

P =Po[! - o.(C- C0)] (16) 

In the Gibbs adsorption layer, similar to the equation of 
continuity for the solute in a binary mixture, a mass balance 
for the surface excess of the solute can be expressed as18 

We assume that the conditions for the local thermodynamic 
equilibrium are satistied.29 Therefore, at the interface, the surface 
excess of the solute can be obtained using the Gibbs adsorption 
isotherm,26 

- i_(d~) -r - - Ki\ctc c; - oc; (18) 

where a is the Gibbs adsorption depth. 
A momentum balance equation can also be written for the 

Gibbs adsorption layer as30.31 

(19) 

where the surface stress tensor crij can be written as29,3l 

In the following analysis, the Boussinesq approximation1 is 
assumed to be valid, since solutal expansion coefficients of a 
liquid phase are generally very small with an order of w-s.w 

Using the methods of Chandrasekhar1 and Palm,32 ignoring 
the inertia terms in the momentum balance equations for the 
Gibbs adsorption layer31 and scaling the coordinates, time, 
velocity, and concentration using h, h2/D~o D1/h, and ~C(= Co 
- C;), respectively, the following linearized dimensionless 
equations and the boundary conditions for the normalized 
perturbation velocity v* = (u*, v*, w*) and the normalized 
perturbed concentration e have been obtained: 

Y"'w* + Ra\11
20 = Sc- 1{_l_. V2w* + PeF(z*)\1 2(aw*)-at* I I ax* 

i [ au* dFI(z*)] Pe--- F(z*)-+w*----
ax* az* I ax* dz* 

Pe _a_z -(F (z*) av*)} (21) 
ay* az* I ax* 
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(22) 

. dF1(z*)]} 
w·~-- (23) 

dz* 

\12() + (3(x*, z*)w* + Yj(x*, z*)u* = ()(). + PeF (z*) 0~ 
at~· I ox·~ 

(24) 

At the lower bounding surface of the liquid layer (z* = 0), 

ow* u* = v* = w* = () = -- = 0 
Clz* 

(25) 

At the interface of the liquid layer and the gas layer (z* = 1 ), 

w*=O (26) 

G ()() + GPeF (z*) ()() - GYJ(x* z*)u* + ~ + BiO -
ot* I OX* ' oz* 

S\1 20 - A ow* = 0 (27) 
1 Bz* 

and 

a\v* - Vi\! 2(aw*) - Ma\1 2() = 0 (28) 
oz*2 I az* I 

In the equations above, Ra is the Rayleigh number; Ma is the 
Marangoni number; Bi is the mass transfer Biot number; Sc is 
the Schmidt number; Pe is the Peclet number; G, A, and S are 
the surface solute accumulation, surface convection, and surface 
diffusion numbers 18; and Vi is the surface viscosity num
ber, 15•20•21 which are defined as follows, 

(29) 

It is noted that, in the papers of Berg and Acrivos21 and Palmer 
and Berg, 15 the surface viscosity number was defined as Vi= 
,U/fllh in which the surface dilational viscosity Ks was ignored. 
As discussed below, the surface dilationa1 viscosity Ks is more 
important, since it is often numerically larger than the surface 
viscosity, f.ls· 26 

In eqs 24 and 27, ry(x*, z*) and (3(x*, z*) are the dimensionless 
reverse concentration gradients in the x-direction and z-direction, 
which are given by 

YJ(x*, z*) (I - z*)(P~o) 
112 

ex [- (I - z*)
2

(P~.o)] 
2x* .J;i x·~ p 4 x·1• 

(30) 

and 

1 (Pe )
112 

[ (I - z*)
2
(Pe )] (3(x*, z*) =-~ exp - ~ 

I x* 4 X~ -vn 
(31) 

where Pe0 is the Peclet number, based on the interface velocity, 

(32) 

Employing eqs 30 and 31 in eqs 24 and 27, the actual profile 
and the rate of change of the unperturbed concentration with 
the downstream distance x and with the diffusion distance z 
have been considered and the restriction of the frozen profile 
assumption 19•24 has been released. 

Using eqs 3, 6, 7, and 8, the mass transfer Biot number for 
short exposures (16Q2x*Dg/ Pe0D1 « I) can be written as 

(33) 

Using eqs 3, 6, and 9, the mass transfer Biot number for long 
exposures ( 16Q2x* Dgf Pe0D1 » I) can be written as 

Bi = o.538(;;}c4Q)2] 1 '6(::,0)
1

'
3

(~~r
3 

X 

[I + 0.375[(4Q)2r 113(;:~r 113(~~r
113

J (34) 

This equation can only be used for the case of a positive gas
phase velocity slope, a > 0. In eqs 33 and 34, the parameter Q 
is expressed as follows, 

(
lllm ) --I 
uom Q= c 

[:~ + (~)( :~·:)] 
(35) 

Equations 30, 31, 33, and 34 indicate that the critical Rayleigh 
number and the critical Marangoni number are dependent on 
the gas-liquid equilibrium property, m/RT, the ratio of the gas 
viscosity to the liquid viscosity, ,Ugl,u~, the ratio of the gas 
diffusivity to the liquid diffusivity, Dg!Dh the ratio of the gas 
average velocity to the liquid average velocity, Ugmlu1m, and the 
ratio of the thickness of the gas layer to the thickness of the 
liquid layer, b/h. In addition, the critical Rayleigh number and 
the critical Marangoni number are the functions of the dimen
sionless downstream location, x*/Pe. The effects of these 
parameters on the onset of the Rayleigh instability and the 
Marangoni instability are investigated below. 

Solution of the Governing Equations 

As observed by Davis and Choi8 and Sun et al., 10 in parallel, 
laminar, stratified gas and liquid t1ows, only longitudinal roll 
convection occurs, with axes aligned in the tlow direction. Since 
we are interested in the prediction of the onset of Rayleigh 



convection and Marangoni convection, the long interfacial waves 
and short Tollmien-Schliching waves discussed by Gumerman 
and Homsyl6•17 are not considered here. In addition, it is 
assumed that the onset of Rayleigh convection and Marangoni 
convection is controlled by the local velocity disturbances and 
concentration disturbances just upstream of the onset. Accord
ingly, the variations of both the perturbed velocity, v*, and the 
perturbed concentration, (), with the downstream distance X are 
neglected. The validity of this assumption has been demonstrated 
by Davis and Choi.8 Here, we restrict our analysis to cases of 
thin liquid films of 1-5 mm thickness. We assume that the 
concentration disturbances and velocity disturbances spread from 
the gas-liquid interface to the bottom rigid surface of liquid 
layers and are controlled by the boundary conditions. This 
assumption is supported by roll convection observed in gas
liquid mass transfer. In a t1owing toluene film of 3 mm 
thickness, the distance between the roll axes was 3-5 mm. 10 

Therefore, it is reasonable to assume that at the onset of cellular 
convection the depth of roll convection has the same order as 
that of the liquid thickness. 

For roll tlows aligned with the x-direction, we have u* = 0. 
Employing the method of normal modes, 1•8•14•33•34 the solutions 
of eqs 21-28 have the following form, 

(v*, w*, 0) = [V(z*), W(z*), E>(z*)] exp(ikr*Y*) (36) 

where V(z*), W(z*), and E>(z*) are the amplitudes of the 
perturbed velocity and the perturbed concentration, respectively. 
Since the plane wave function, exp(ikv*Y*), in eq 36 is 
independent of time, the hypothesis of st<ibility exchange1 has 
been adopted implicitly. The wavenumber of the plane wave is 
given by k = ky*· 

Substituting eq 36 into eqs 21-28 and using the operator D 
= d/dz*, we obtain 

and 

At z* = 0 

At z* = I 

CD2 
- k2iWCz*) - Raeecz*) = o (37) 

(D2 
- e)E>(z*) + (3(x*, z*) W(z*) = 0 (38) 

ik,.* 
V(z*) = -·-DW(z*) e 

W(z*) = DW(z*) = E>(z*) = 0 

(39) 

(40) 

W(z*) = 0 (41) 

DE>(z*) - ADW(z*) = -(Bi + k2S)8(z*) (42) 

D2W(z*) + eviDW(z*) = -k2Ma8(z*) (43) 

We have established variational principles to solve eqs 37-42 
to obtain the critical values of Ra, Ma, and k. The details of the 
variational principles can be found in Appendix A. 

Results and Discussions 

For many gas-liquid mass transfer systems, fiti,Ug is about 
10-100, Dg!D1 is about 103-104, and m/RTis about 10-3-10. 
The effects of the transport and equilibrium properties of tluids 
in these ranges together with the relative thickness, b/h, being 
in a range of 0.2-5 on the onset of Rayleigh convection and 
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Figure 2. Variations of Rae for the Rayleigh- Benard problem and those 
of Mac for the Benard-Marangoni problem with x*/Pe: llgmllltm = l; Dgl 
Dt = 5000; m/RT = 0.5; A = S = Vi = 0. 

Marangoni convection have been investigated, and calculated 
results are presented below. 

As indicated by eq 10, the penetration model holds under 
the boundary condition that (Cz*=O- Ci)/(Co- Ci) = 1. In the 
calculations described below, a downstream location, at which 
(Cz*=O- C)/(Co- Ci) > 0.9999, is taken approximately as the 
marginal point between a perfectly diffusing (conducting) wall 
with () = 0 and an insulating wall with 8()/Bz* = 0. Under the 
operating conditions described above, this marginal point 
corresponds to a downstream location, x*/ Pe ~ 0.03. 

Under typical conditions where llgm!Uim = I, Dg!Dt = 5000, 
and m/RT = 0.5, the critical parameters of the RB problem and 
the BM problem have been calculated. Figure 2 shows the 
variations of Rae and Mac with x*/Pe up to the downstream 
location, x*/ Pe = 0.03, beyond which the penetration model 
does not hold anymore. The variations of the corresponding 
critical wavenumber, ke, which represents the size of roll 
convection (y* = 2nlkc), are also shown in Figure 2. Here, since 
a relative velocity of Ugmlu1m = I is used, the parameter Q is 
always equal to zero, as indicated by eq 35. Under this condition, 
the liquid and gas streams are in a short exposure contact and 
both the gas-phase mass transfer and the liquid-phase mass 
transfer are determined by the penetration theory.23 In addition, 
from eqs 32-34, when u1m is equal to ug111 , the relative viscosity, 
,u1lftg, and the relative thickness, b/h, have no effect on Rae, 
Mac, and kc. 

It is seen from Figure 2 that both the critical Rayleigh number 
and the critical Marangoni number decrease with the normalized 
downstream distance x*/Pe. As indicated by the curves for the 
critical Rayleigh number and the critical Marangoni number, 
the onset of cellular convection should occur at the exit region 
of the gas-liquid contactor, where the critical Rayleigh number 
and the critical Marangoni number are minimum. It is also seen 
from Figure 2 that while the critical wavenumber of Rayleigh 
convection slightly decreases from the entrance to the exit of 
the gas-liquid contactor, the critical wavenumber of Marangoni 
convection largely decreases. 

Figure 3 shows the variations of the calculated Mac and the 
corresponding ke of the BM problem with x*/ Pe at several values 
of the ratio, Dg1D1• It is seen that the ratio of D8 to D1 strongly 
int1uences Mac. With an increase in Dg!DI from 1000 to 10 000, 
Mac increases by about three times. However, as shown in 
Figure 3, the ratio of Dg to D1 has an insignificant effect on the 
size of roll convection cells. The critical wavenumber increases 
slightly with an increase in the ratio of Dg to D1• Calculated 
results, which are not presented here, indicate that the ratio of 
Dg to D1 has an insignificant effect on Rae and kc of the RB 
problem. 
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Figures 4 and 5 show, respectively, Lhe variations of the 
calculated Mac and kc of the BM problem and the calculated 
Rae and kc of the RB problem with x*!Pe at different values of 
the Henry coefficient, m/RT. It is seen from Figures 4 and 5 
that minimum values of Mac and Rae exist at x*!Pe = 0.03, 
beyond which the penetration model does not hold anymore. 
For example, when m!RT = 0.001, a minimum value, Mac= 
51.5, exists at x*/ Pe = 0.03 where the corresponding Biot 
number Bi = 0.23. This minimum value of Mac is smaller than 
the critical value, Mac = 79.6, for a stagnant liquid layer with 
a linear temperature or concentration profile at Bi = 0.2.12,14 As 
shown in Figures 4 and 5, respectively, Mac and Rae increase 
with ml RT. However, when m/ RT is larger than 0.1, the critical 
Rayleigh number of the RB problem approaches an upper limit 
at m!RT = oo. 
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Figure 6. Effect of the ratio of Ugm to Uim on the critical parameters of the 
Benard-Marangoni problem: b/h = 5;Jiif/lg =50; Dg!DI = 5000; m!RT= 
0.5; A = S = Vi = 0. 
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Figure 7. Effect of the ratio of the gas-phase thickness to the liquid-phase 
thickness on the critical parameters of the Benard-Marangoni problem: 
Ugm!Uim = 1.5; JliiJlg =50; Dg!DI = 5000: m/RT = 0.5; A = S = Vi= 0. 

Under typical conditions where blh = 5, ,u1f,ug = 50, Dg!Dt 

= 5000, and m!RT = 0.5, the effect of the ratio of the gas 
velocity to the liquid velocity on the critical parameters of the 
BM problem has been investigated and the calculated Mac and 
kc are shown in Figure 6. In this figure, the circled points 
represent the marginal points between the short gas-liquid 
exposure and the long gas-liquid exposure. When Ugm is less 
than u1m, the slope of the gas velocity profile is negative and 
there are no existing relations to predict the gas-phase mass 
transfer coefficients.23 Therefore, in the long exposure region, 
the critical Marangoni number has not been calculated. It is 
seen from Figure 6 that Mac increases with an increase in the 
ratio of llgm to Utm from a countercun·ent flow to a cocmTent 
tlow. The ratio of Ugm to Uim has an insignificant effect on kc. 
The effect of the ratio of Ugm to u1111 on the critical parameters 
of the RB problem has also been investigated. Calculated results, 
which are not presented here, show that the relative velocity of 
the gas tlow to that of the liquid tlow has an insignificant effect 
on Rae and kc. 

Figure 7 shows the variations of the calculated Mac and kc 
of the BM problem with x*/Pe at three values of the ratio of 
the thickness of the gas phase to the thickness of the liquid 
phase, b!h. In Figure 7, a relative velocity of Ugmhttm = 1.5 is 
used. Since the gas velocity is larger than the liquid velocity, 
the slope of the gas velocity at the interface is positive. When 
b!h = 0.2 and b!h = I, the mass transfer is in the regime of 
long exposures. On the curve with b/h = 5, the circled point 
represents the marginal point between the short exposure and 
the long exposure. It is seen that Mac increases with a decrease 
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in the ratio of b to h, while kc increases slightly. The ratio of b 
to h has no significant effect on Rae and kc of the RB problem. 

Since in gas-liquid heat transfer and mass transfer both the 
Marangoni effect and the Rayleigh effect enhance or inhibit 
each other,5•10 it is important to investigate the effect of the 
transport and equilibrium properties of tluids and the geometry 
of gas-liquid contactors on the critical parameters of the general 
RBM problem. For brevity, in the following, we only calculate 
critical Rayleigh and Marangoni numbers and critical wave
numbers under typical conditions: Ugm!Ulm = 1.0, Dg!D1 = 5000, 
and m!RT = 0.5. As discussed above, when llgmllllm = 1.0, tAg/ 
/AI and b!h are not relevant. 

Figure 8 shows the Mac-Rae curves at different values of 
x*/Pe. In the first quadrant of the Ra-Ma plane shown in Figure 
8, both Mac and Rae are positive. This region corresponds to 
the case of silicone oil layers heated from below5 and the 
desorption process of carbon dioxide from liquid chloroben
zene, 10 in which the Ray leigh effect and the Marangoni effect 
enhance each other. In the second quadrant of the Ra-Ma plane, 
Mac is positive and Rae is negative. This region corresponds to 
the desorption processes of carbon dioxide from organic liquids, 
methanol, toluene, and isobutanol, 10 in which the Marangoni 
effect is inhibited by the Rayleigh effect. In the fourth quadrant, 
Mac is negative and Rae is positive. This region corresponds to 
the absorption processes of carbon dioxide into liquid methanol, 
toluene, and isobutanol, 10 in which the Rayleigh effect is 
inhibited by the Marangoni effect. 

Critical values of Ma and Ra for gas-liquid mass transfer 
can be determined from the intersection of the Mac-Rae curves 
and an operation line which passes through the origin and has 
a slope given by5 

Ma (a~) I r-------
Ra ac go.pli 

(44) 

As indicated by this equation, the slope of an operation line is 
constant for a given solute-solvent system and a given liquid 
depth. It is seen from Figure 8 that, for a given operation line, 
the magnitudes of Rae and Mac decrease with the dimensionless 
downstream distance of the liquid tlow, x*/Pe. The values of 
the corresponding critical wavenumber can be found from Figure 
9. The critical wavenumber, kc, generally decreases with the 
downstream distance of the liquid tlow. However, when Rae is 
positive and bigger than 2800 and Mac is negative (Figure 8), 
kc decreases first with x*!Pe and then increases. 
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Figure 10. Effect of the surface convection number A on Rae and lvfac of 
the Rayleigh-Benard-Marangoni problem: x*/Pe = 0.01; llgn/llim = l; 
DgiDJ = 5000; m/RT = 0.5; S = Vi= 0. 

In the above calculations, the surface convection, surface 
diffusion, and surface viscosity of the solute in the Gibbs 
adsorption layer have been ignored by assuming that A = S = 
Vi = 0. The surface accumulation number G is not relevant to 
the linear analysis of the RBM problem, as indicated by eq 42. 
The effect of the Gibbs adsorption layer has been investigated 
below for the general Rayleigh-Benard-Marangoni problem. 

Here, we only consider the case in which the interfacial 
tension decreases with the solute concentration, that is, -d~/ 
dC > 0. According to the definitions described above, the 
surface convection number A can be either positive for desorp
tion processes or negative for absorption processes but the 
surface diffusion number S and the surface viscosity number 
Vi are always positive. The surface convection number A should 
have the same positive sign or negative sign as that of Ma. 

Figure I 0 shows the effect of the surface convection of the 
solute in the Gibbs adsorption layer on Rae and Mac at a fixed 
downstream distance of x*!Pe = 0.01. It is seen from Figure 
I 0 that, for an operation line located in the first and second 
quadrants of the Ra-M a plane, the system stability is reinforced 
by the surface convection number A. In the fourth quadrant, 
the Mac-Rae curves pass through a common point P, where 
Rae = 6100 and Mac = -8400, approximately. When the 
operation line is below point P, the magnitudes of Rae (> 0) 
and Mac ( < 0) decrease with an increase in the magnitude of A 
( < 0) and thus the surface convection number A decreases the 
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critical threshold of the RBM problem in this region. When the 
operation line is between the abscissa and point P, the 
magnitudes of Rae (> 0) and Mac ( < 0) increase slightly with 
an increase in the magnitude of A ( < 0). On the abscissa, Ma 
is equal to zero and hence A is equal to zero. Thus, the surface 
convection number A has no effect on the critical Rayleigh 
number of the RB problem as expected. On the ordinate where 
Ra = 0, when A increases from zero to 0.01, 0.02, 0.03, and 
0.04, the critical Ma has been increased by 1.4, 2.1, 3.5, and 
6.8 times the value of Mac at A = 0, respectively. This is 
consistent with the results obtained by Brian and Ross 19 for 
Marangoni convection. Calculated results, which are not shown 
here, indicate that the effect of the surface diffusion number S 
on the critical parameters of the RBM problem can be neglected. 

The variation of the critical wavenumber with the surface 
convection number A is shown in Figure 11. Corresponding to 
the region where Rae < 2300 or the first and second quadrants 
of the Ra-Ma plane in Figure 10, the critical wavenumber 
decreases with the magnitude of A. In the region between Rae 
= 2300 and Rae= 3470 in the Ra-Ma plane in Figure 10, the 
critical wavenumber slightly decreases with the magnitude of 
A, while corresponding to the region where Rae > 3470, the 
critical wavenumber increases with the magnitude of A. 

Figure 12 shows the variations of Mac and Rae with the 
surface viscosity number Vi, at a fixed downstream location of 
x*/Pe = 0.01 and A = S = 0. Except for a surface tension
lowering solute, the surface viscosity can also be caused by 
another surface active agent existing in the liquid phase.21 As 
shown in Figure 12, all the critical Ma-Ra curves pass through 
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Figure 13. Effect of the surface viscosity number Vi on kc of the Rayleigh
Benard-Marangoni problem: x*!Pe = 0.01; llgmlu,m = I; Dg!DI = 5000; 
m/RT = 0.5; A = S = 0. 

a common point Pin the fourth quadrant of the Ra-Ma plane. 
At point P, Rae= 5800 and Mac= -7500, approximately. The 
magnitudes of Rae and Mac increase with Vi when the operation 
line is above point P. Therefore, the system stability is reinforced 
by the surface viscosity number Vi. However, when the 
operation line is below point P, the magnitudes of Rae (> 0) 
and Mac ( < 0) decrease with an increase in Vi. Thus, the critical 
threshold of the system is decreased by the viscosity number 
Vi. On the abscissa where Ma is equal to zero, the critical 
Rayleigh number increases with an increase in Vi. When Vi is 
sufficiently large, the interface acts as a rigid boundary and Rae 
approaches an upper limit, Rae = 5760, approximately. On the 
ordinate where Ra = 0, when Vi increases from 0 to I, 10, 
100, and 1000, Mac has been increased by 2.7, 14, 113, and 
1057 times the value of Mac at Vi = 0, respectively. The 
corresponding variations of kc are shown in Figure 13. When 
the operation lines are in the region above point P in the Ra
Ma plane (Figure 12), kc decreases with the surface viscosity 
number. When the operation lines are located below point P, 
kc increases with the surface viscosity number. However, as 
shown in Figure 13, there is an upper limit for kc. 

The surface viscosity Its of the Gibbs adsorption monolayer 
is on the order of 1 o-4-1 o-z g s-1, and the surface dilational 
viscosity Ks is often numerically larger than ft5•

26 As an example, 
for a stearic acid monolayer, Ks was about 0.3 g s- 1 and the 
ratio of Ks tolls is about 300.26 Taking the viscosity of water to 
be 8.94 X 10-3 dyne Cffi-z S-l and a liquid depth to be 0.025 
cm35 and assuming Ks is 100 times fts, the viscosity number Vi 
is estimated to be 45-4500. This large surface viscosity number 
may explain the large discrepancy between the measured value 
and calculated value of the critical Marangoni number for the 
triethylamine desorption from water. 18,l9,35 

Conclusions 

Rayleigh and Marangoni instabilities in a solute transfer 
between a gas phase and a liquid phase which are in parallel, 
laminar, stratified now between two horizontal plates have been 
investigated theoretically. The effect of nonlinear velocity 
profiles of t1uid t1ows and the effect of nonlinear concentration 
profiles in gas-liquid mass transfer of practical importance have 
been taken into account in the linear analysis of the general 
Rayleigh-Benard-Marangoni problem. In addition, the effect 
of surface convection and surface diffusion and the effect of 
surface viscosity of the surface active solute in the Gibbs 
adsorption layer, which were investigated separately by previous 
authors, have been combined together. To obtain the variations 



of the critical Rayleigh number, Marangoni number, and 
wavenumber with the downstream distance of fluid flows, the 
restriction of the frozen profile has been released in the present 
study. However, we assume that the downstream supercritically 
convective states do not int1uence the critical parameters at an 
upstream location. 

The linear analysis for the Rayleigh-Benard-Marangoni 
problem in parallel, laminar, stratified gas-liquid tlows has 
demonstrated that the critical values of the Rayleigh number, 
Marangoni number, and wavenumber are dependent on the ratio 
of the gas viscosity to the liquid viscosity, flglflh the ratio of 
the gas diffusivity to the liquid diffusivity, Dg/Dh the ratio of 
the gas velocity to the liquid velocity, Ugmlu1m, the ratio of the 
thickness of the gas layer to that of the liquid layer, b!h, and 
the gas-liquid equilibrium property, m!RT. In particular, the 
critical Rayleigh number, Marangoni number, and wavenumber 
are the functions of the dimensionless downstream location, x*/ 
Pe. The effects of the transport and equilibrium properties of 
tluids together with the geometry of gas and liquid contactors 
on the onset of convective instability have been investigated 
numerically. 

The linear analysis for the general Rayleigh-Benard
Marangoni problem has also demonstrated that the system 
stability is reinforced by the surface convection number A and 
the surface viscosity number Vi when the operation line is in 
the tirst and second quadrants of the Ma-Ra plane. However, 
when the operation line is in a certain region of the fourth 
quadrant of the Ma-Ra plane, the critical threshold of the 
Rayleigh-Benard-Marangoni problem is decreased by increas
ing the magnitudes of the surface convection number A and 
the surface viscosity number Vi. 

Appendix A: Variational Principles for the Linearized 
RBM Problem 

To solve eqs 37 and 38 and their boundary conditions to 
obtain Rae, Mac, and kc, we have established the following 
restricted variational principle, 

0/(W, E>) = 0 

l(W, E>) = .fo1
-

1
-

2
{(D2W- k2W)2 + Rak2[(DE>)2 + 

Rak 

k2E>2
- 2f3~E>- 2w£]} dz* + [<Bi + k2S)E>2

-

(45) 

o v· ?M o ] 
2AE>DW + R~(DW)2 + -RaaE>DW z*=l (46) 

Equations 40 and 41 are the essential boundary conditions, and 
eqs 42 and 43 are the natural boundary conditions. Equation 
46, in which the effects of nonlinear concentration protiles, 
nonlinear velocity profiles, mass accumulation, and surface 
viscosity of the Gibbs adsorption layer have been considered, 
is a generalization of the variational principles developed by 
Lebon and Cloot.l4 

When the effect of gravity may be ignored, i.e., Ra = 0, we 
obtain the following restricted variational principle, 

l(W, E>) = 

fo' [~iD2W- k2W)2 + (DE>)2 + k2E>2 - 2f3~E>] dz* + 

[<Bi + k2
S)E>

2
- 2AE>D~ + Vi(DW)

2 + 2Ma£DwL=, 

(47) 
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with the same essential and natural boundary conditions as those 
of eq 46. 

In the variational principles represented by eqs 46 and 47, 
the upper "0" above a quantity means that the quantity must be 
fixed during the variation procedure.36 

The Rayleigh-Ritz technique is used to solve eqs 46 and 
47. The trial functions for W(z) and E>(z) are the same as those 
used by Lebon and Cloot, 14 

N 

W= L,aJi(z*) (48) 
i=l 

N 

E> = L,big/z*) (49) 
i=l 

where ai and bi are unknown parameters which will be evaluated 
using the variational principles and J;(z) and gi(Z) are given 
functions which satisfy the essential boundary conditions, 14 

(50) 

gi(z*) = z*(l - 0.5z*)T;_ 1(z*) (51) 

where T 7Cz*) are the shifted Chebyshev polynomial of the first 
kind. A computer program has been compiled to solve the 
variational principles to obtain the critical values (eigenvalues) 
of Ra and Ma. 

Note Added after ASAP Publication. In the version of this 
paper that was published on the Web 3/3112006, eq 4 7 contained 
an error in it. The corrected version was posted to the Web 
4/04/2006. 

Nomenclature 

a = slope of gas velocity at interface (s- 1) 

A = surface convection number 
b = thickness of gas layer (m) 
Bi = mass transfer Biot number 
C =unperturbed solute concentration in liquid phase (mol m-3) 

Dg = diffusivity of solute in gas-phase (m2 s-1) 

D1 = diffusivity of solute in liquid-phase (m2 s- 1) 

Ds = surface diffusivity for solute in Gibbs adsorption layer 
(ml s-1) 

g = gravity acceleration (m s-2) 

G = surface accumulation number 
h = thickness of liquid layer (m) 
k = wavenumber (m- 1) 

keg = gas-phase mass transfer coefficient (m s- 1) 

kc1 = liquid-phase mass transfer coefficient (m s-1) 

kpg = gas-phase mass transfer coefficient (mol m-2 s- 1 Pa- 1) 

m = Henry's law constant for solute (Pa m3 mol-1) 

Ma = Marangoni number 
P = pressure (Pa) 
Pe = Peclet number 
R = ideal gas law constant (N m mol- 1 K- 1) 

Ra = Rayleigh number 
S = surface diffusion number 
Sc = Schmidt number 
t =time (s) 
t* = dimensionless time 
T = temperature (K) 
u = unperturbed velocity in the x-direction (m s- 1) 

Ui = unperturbed surface velocity in the x-direction (m s- 1) 
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v = velocity vector (m s- 1), v = (v~, v2, v3) = (u, v, w) 

v* =dimensionless perturbed velocity vector, v* = (v7, v;, v~) 
= (u*, v*, w*) 

Vi = surface viscosity number 
x = x-coordinate (m) 
x* = dimensionless x-coordinate 
y = y-coordinate (m) 
y* = dimensionless y-coordinate 
z = z-coordinate (m) 
z* = dimensionless z-coordinate 

Greek Symbols 

o. = solutal expansion coefficient of liquid phase (o. = -dp/ 
dCpo) (m3 mol- 1) 

fJ = dimensionless reverse concentration gradient in the 
z-direction 

a = Gibbs adsorption depth (o = -d!;ldCRT) (m) 
r = surface excess of the solute in the Gibbs adsorption layer 

(mol m-2) 

17 = dimensionless reverse concentration gradient in x-direction 
Ks = dilational viscosity of Gibbs adsorption layer (N m- 1 s) 
Ai = unit vector, A. = (0, 0, I) 
fl = viscosity (N m-2 s) 
,us= viscosity of Gibbs adsorption layer (N m-1 s) 
v = kinematic viscosity (m2 s- 1) 

0 = dimensionless perturbed concentration 
p = density (kg m-3) 

1; = surface tension (N m- 1) 

Subscripts 

c = critical value 
g =gas phase 
i = gas-liquid interface 
I = liquid phase 
m = average value over the thickness of gas or liquid layer 
0 = bulk phase 

Operators 

V=i_l_+._l_+k_Q_ 
ax* J ay* az*' 
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Abstract 

Location of the onset of Rayleigh and Marangoni 
instabilities in solute transfer between a gas phase 
and a liquid phase which are in parallel, 
cocurrent, laminar, stratified flow between two 
horizontal plates, have been investigated 
theoretically and experimentally. Images of flow 
pattern observed using an optical schlieren system 
have confirmed the theoretical predictions that 
system would first become unstable at the exit end 
of the gas-liquid contactor, and that the interfacial 
convection would traverse upstream as the driving 
force, i.e. concentration difference, is increased. 

1. INTRODUCTION 

Interfacial cellular convection caused by Rayleigh 
effect (the Rayleigh-Benard problem) and by 
Marangoni effect (the Benard-Marangoni problem) 
occurs in gas-liquid heat- and mass-transfer, which 
greatly enhance heat- and mass-transfer rates 
(Brian et al., 1971; Burger et al., 1974; Hozawa et 
al., 1976; Pantaloni et al., 1979; Imaishi et al., 
1982; Hozawa et al. 1984; Abe et al., 1994; Lu et 
al., 1997; MmTison, et al., 1998; Fleischer and 
Goldstein, 2002; Petrovic et al., 2004; Sun et al., 
2002; Sun and Yu, 2006). 

Theoretical methods to predict the critical 
threshold for the onset of cellular convection 
occurring in stagnant gas and liquid layers have 
been established by previous authors for the 
Rayleigh-Benard (RB) problem (Chandrasekhar 
1961), for the Benard-Marangoni (BM) problem 
(Pearson 1958; Scriven and Stemling 1962) and 
for the Rayleigh-Benard-Marangoni (RBM) 
problem (Nield 1964; Palmer and Berg 1971; 
Lebon and Cloot 1982). However, these methods 
have restrictions to be used in cases of practically 

important gas-liquid flow systems. 

In a modification of the linear analyses of Nield 
(1964), Gumerman and Homsy (1974) and Davis 
and Choi (1977), Sun and Fahmy (2006) have 
developed a linear analysis of the general RBM 
problem to take account of the effect of the non
linear gas and liquid velocity profiles (Byers and 
King, 1967) and the effect of penetrating non
linear concentration profiles. The analysis of the 
Sun and Fahmy combined the effect of mass 
transfer and the effect of momentum transfer of 
solute in the Gibbs adsorption layer which were 
investigated separately by previous authors 
(Scriven and Stemling 1962; Berg and Acrivos 
1965; Brian 1971; Brian and Ross 1972). In 
particular, Sun and Fahmy (2006) have 
investigated theoretically the variation of the 
critical Rayleigh and Marangoni numbers with the 
downstream position of liquid flow. In the linear 
analysis of Sun and Fahmy, the classical 
simplifying assumption of a "frozen profile" of the 
solute concentration has been released. Thus, it is 
possible to analyse the effect of the nonlinear 
concentration profiles, which vary with the 
downstream location. 

The analysis of Sun and Fahmy showed that the 
critical Rayleigh, Marangoni and wave numbers 
depend on: the ratio of the mean gas velocity to the 
mean liquid velocity; ratio of the gas diffusivity to 
liquid diffusivity; ratio of the liquid viscosity to 
gas viscosity; ratio of the gas layer thickness to the 
liquid layer thickness; and the gas-liquid 
equilibrium propetiy, m/RT. According to the 
analysis of Sun and Fahmy, the system first 
becomes unstable from the downstream extremities 
in a gas-liquid contactor and convection would 
move upstream as the concentration difference 
driving force is increased. 
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In this paper, we present some recent experimental 
results obtained at Otago and make comparisons of 
the experimental results with the results predicted 
theoretically by Sun and Fahmy (2006). 

2. THEORETICAL MODEL 

The theoretical linear analysis for the general RBM 
problem in a gas-liquid contactor has been 
discussed in detail by Sun and Fahmy (2006). For a 
brief explanation of the problem, the physical 
model is plotted in Figure 1 which shows a solute 
transfer between a gas layer and a liquid layer 
which are in parallel, laminar, stratified flow 
between two horizontal plates. 

__...,gas 

h ·-···-····--··---·-·-···-·· 

C(x.z) __...,liquid 

0 

Figure 1: Gas-liquid mass transfer between two 
horizontal plates. 

For the case of mass transfer between immiscible 
gas flow and liquid flow shown in Figure 1, in the 
absence of convection instabilities, both the gas 
phase and the liquid phase have nonlinear velocity 
profiles and mass transfer is usually determined by 
the penetration model with concentration profiles 
being nonlinear functions of both the downstream 
distance (or contact time) and the mass diffusion 
distance (Beek and Bakker 1961; Byers and King 
1967). For the unperturbed state of the mass 
transfer process, the velocity expressions obtained 
by Byers and King ( 1967) and the expressions for 
gas-phase and liquid-phase mass transfer 
coefficients obtained by Beek and Bakker ( 1961) 
and by Byers and King (1967) have been used 
(Sun and Fahmy, 2006). 

For the perturbed state, where interfacial 
convection occurs, the following equations have 
been obtained (Sun and Fahmy, 2006), 

At z=O 

(D 2 -k2 JW(z)-Rak 2E>(z)=O 

(D 2 
- k 2 )e(z )+ f3(x, z )w (z) = 0 

W(z) = DW(z)= 8(z) = 0 

(1) 

(2) 

(3) 

At z= 1 

w(z)=O (4) 

D 8 ( z)- A D W ( z) = - (B i + k 2 S )e ( z) (5) 

In the above equations, x and z are dimensionless 
x-coordinate and z-coordinate respectively; W(z) 
and e(z) are the amplitudes of the perturbed 

velocity and the perturbed concentration 
respectively. In addition, Ra is the Rayleigh 
number; Ma is the Marangoni number; Bi is the 
mass transfer Biot number; A is the surface 
convection number; S is the surface diffusion 
number; Vi is the surface viscosity number; and 
j3 ( x, z) is the dimensionless reverse concentration 

gradient in the z-direction. These dimensionless 
parameters are defined as follows (Sun and Fahmy, 
2006): 

(7a,b,c,d,e) 

(for short exposures) (8a) 

1 2 

Bi=0.538(;T )[16Q2 J~(P;o J(~ J x 

[1+0375[16Q'Jl[~J r;, n 
(for long exposures) (8b) 

and 

fJ(x,y)=-1 l1 

Pe0 )

112 

exp[- (1-zY (Pe0 )] 
..{; X 4 X 

(9) 

In eqs (8a), (8b) and (9), 

Pe0 =Pe(bp1 /hpg+ugmlu1m)!(bp1 /hpg+1) (10) 

and 

(11) 

2 
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In eq ( 1 0), Pe is the Peclet number, defined as , 

Pe = (3 12)hu1111 I D, (12) 

The detailed derivation of eqs (1)-(6) is given in 
Reference (Sun and Fahrny, 2006). Variational 
principles have been established to solve these 
equations to obtain the critical values of the 
Rayleigh number, Marangoni number, and wave 
number (Sun and Fahrny, 2006). 

3. EXPREMENTS 

An experimental setup similar to that used by Sun 
et al. (2002) has been established to validate some 
of the theoretical predictions of the linear analysis 
presented above. The experimental setup is shown 
schematically in Figure 2 (Fahmy, 2006). 

Figure 2 Experimental setup. 

The main components of the setup are: a horizontal 
gas-liquid contactor with length 20 em, width 10 
em, depth 3 em and with precision glass plates as 
the top and bottom plates, in which mixed gaseous 
C02 and N2 passes over a film of non-aqueous 
liquid across which C02 (solute) transfer takes 
place; a gas chromatography system to determine 
the concentrations of C02 entering and exiting the 
contactor in the gas phase and in the liquid phase, a 
schlieren optical system for visualizing and 
recording images and video of interfacial flow 
patterns. With two liquid flow guides in both the 
inlet and exit of the gas-liquid contactor, the 
effective gas-liquid exposure length is 9.2 em. 

4. RESULTS AND DISCUSSIONS 

Figure 3 shows the Mac-Rae curves at several 
values of x/Pe, which represents the dimensionless 
downstream location, under conditions: Ugn,lu,m = 

1.0, DgiD1 = 5,000, and m/RT = 0.5, where the 
effect of the Gibbs adsorption layer has not be 

taken account, thus, A = S = Vi = 0. As seen from 
this figure, in the first quadrant of the Mac-Rae 
plane, since both Mac and Rae are positive, the 
Marangoni effect and the Rayleigh effect enhance 
each other. In the second quadrant of the Mac-Rae 
plane, Mac is positive and Rae is negative. Thus, 
the Marangoni effect is inhibited by the Rayleigh 
effect. In the fourth quadrant, Mac is negative and 
Rae is positive. In this region, the Rayleigh effect is 
inhibited by the Marangoni effect. 

Ma, 
8000 • r : Ma/Ra 

-·· ·· -·- - - . .•. Jql)9 .: •. _ • 

6000 • 

........ x/Pe=0.005 

--·- · x/Pe=0.01 
- x!Pe=0.03 

····· 
5000 • 
.... 

4000 :- .. 

-4000 -3000 -2000 -1000 0 
-1000 -

-2000 

' , 
.. , ·· ... 

'-,',,, ·. ·· .. 

.• :· .. ,, ---!..._ ~!~ R<~c, 

1000 2000 ',,~~, 4000 

Figure 3 Variations of Mac and Rae with 
downstream location, x!Pe. 

Values of Mac and Rae for gas-liquid mass transfer 
can be determined from the intersection of the 
Mac- Rae curves and an operation line which passes 
through the origin and has a slope given by (Sun 
and Fahmy, 2006) 

(13) 

It is seen from Figure 3 that for a given operation 
line or given operating conditions, the magnitudes 
of Mac and Rae decrease with the dimensionless 
downstream distance of the liquid flow, x/Pe. The 
values of local critical concentration difference 
D.Ce, which is the solutal concentration difference 
between the bulk liquid flow and the interface, can 
be obtained from the calculated critical values of 
the Rayleigh number and Marangoni number by 
using eqs (7a) and (7b). Since the Rayleigh number 
and Marangoni number are proportional to solutal 
concentration difference, as indicated by eqs (7a) 
and (7b ), the local critical concentration difference 
D.Cc will also decrease with the downstream 
distance of the liquid flow. In order to have cellular 
convection formed in the liquid layers, the absolute 
value of the operating concentration difference 
must be larger than the minimum value of the 
critical concentration difference at the exit region 

3 
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of the gas-liquid contactor (Sun, 2006). 

Since it is difficult to obtain experimentally the 
local critical concentration difference in the liquid 
layer in gas-liquid mass transfer, measured values 
of the critical concentration difference of the 
overall gas-liquid mass transfer processes were 
used to validate the linear theoretical analysis (Sun, 
2006) . In order to solve the difficulty that location 
of the onset of interfacial convection can not be 
obtained from overall mass transfer measurements, 
an optical schlieren system has been developed and 
used to observe the interfacial convective flow 
patterns over the whole gas-liquid exposure area. 
Observed locations of the onset of interfacial 
convection under different operating conditions are 
compared qualitatively with the calculated 
downstream distance of the onset of interfacial 
convection below. 

Figure 4 (a)- U) show a set of schlieren images for 
the case of C02 absorbed by pure methanol. The 
gas and liquid inlets are at the left hand side of 
each image and the exits are at the right hand side 
of each image. The inlet gas-phase C02 mole 
fraction is shown in the figure under each image. 
With increasing in the inlet gas C02 concentration, 
the interface concentration increases based on the 
Henry law, that is, the absolute value of 
concentration difference between the gas-liquid 
interface and the bulk liquid flow increases. As 
shown in Figure (a) and (b), when the inlet gas
phase C02 concentration is small, there are no 
convective flow patters occurring at the gas-liquid 
interface. As shown by Figure 4 (c), however, 
when the inlet gas-phase C02 mole fraction is 
about 43%, interfacial convection occurs at the exit 
region of the gas-liquid contactor. As indicated by 
Figure ( c )-U), the larger the inlet gas-phase C02 

concentration, the closer is the starting point of the 
onset of interfacial convection to the inlet of the 
gas-liquid contactor. 

(a) Yc02 = 29.1 % (b)yc02 = 35.2% 

(c) Yc02 = 43.3% (d) Yc02 = 49.6% 

(e) Yc02 = 56.7% (f) Yc02 = 63.6% 

(g) Yc02 = 68.9% (h) Yc02 = 87.4% 

(i) Yc02 = 93.6% U) Yc02 = 100% 

Figure 4 Location of onset of interfacial 
convection in the gas-liquid contactor. u9m = 8 
mm/s, u1m = 4.9 mm/s, h = 3.00 mm, b = 27 mm, 
Re9 = 89 and Re1 = 633. 

The images shown in Figure 4 (a)- (j) have 
confirmed the theoretical prediction that system 
would first become unstable at the exit end of the 
gas-liquid contactor, and that the interfacial 
convection would traverse upstream as the driving 
concentration is increased (Sun and Fahmy, 2006). 

4 
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5. CONCLUSIONS 

Location of the onset of Rayleigh and Marangoni 
instabilities in solute transfer between a gas phase 
and a liquid phase which are in parallel, cocun-ent, 
laminar, stratified flow between two horizontal 
plate, have been investigated theoretically and 
experimentally. 

Theoretical results indicate that under given 
operating conditions, the magnitudes of the critical 
Rayleigh number and the critical Marangoni 
number decrease with the downstream distance of 
the liquid flow. The values of local critical solutal 
concentration difference between the bulk liquid 
flow and the interface also decreases with the 
downstream distance. In order to have cellular 
convection formed in the liquid layer, the absolute 
value of the operating concentration difference 
must be larger than the minimum value of the 
critical concentration difference at the exit region 
of the gas-liquid contactor (Sun and Fahmy, 2006; 
Sun, 2006). 

The flow pattern images observed using an optical 
schlieren system have confirmed the theoretical 
prediction that system would first become unstable 
at the exit end of the gas-liquid contactor, and that 
the interfacial convection would traverse upstream 
as the driving force, i.e. the concentration 
difference between the bulk liquid and the 
interface, is increased. 

6. NOMENCLATURE 

A surface convection number 
b thickness of gas layer (m) 
Bi mass transfer Biot number 
C unperturbed concentration of solute in the 

liquid-phase (mol m-3
) 

L1C solutal concentration difference between 
bulk liquid flow and gas-liquid interface 
(mol m-3

) 

Dg diffusivity of solute in gas phase (m2 s-1
) 

D1 diffusivity of solute in liquid phase (m2 

s-') 
D, surface diffusivity of solute in Gibbs 

adsorption layer (m2 s-1
) 

g gravitational acceleration (m s -2
) 

h thickness of liquid layer (m) 
k wave number (m-1

) 

m Henry's law constant for solute (Pa m3 

moC1
) 

Ma Marangoni number 
P unperturbed partial pressure of solute m 

Pe 
the gas-phase (Pa) 
Peclet number 

Pe0 interface Peclet number 

R ideal gas law constant (N m mol-1 K-1
) 

Ra Rayleigh number 
S surface diffusion number 
T temperature (K) 
u unperturbed velocity (m s-1

) 

Vi surface viscosity number 
x dimensionless x-coordinate 
z dimensionless z-coordinate 

Greek symbols 

a solutal expansion coefficient of liquid 
phase (m3 mol-1

) 

j3 dimensionless reverse concentration 
gradient in the z-direction 

6 Gibbs adsorption depth 
Ks dilational viscosity of Gibbs adsorption 

layer (N m -I s) 
f1 viscosity (N m -2 s) 

fls viscosity of the Gibbs adsorption layer (N 
m-1 s) 

v kinematic viscosity (m2 s -I) 
p density (kg m -3

) 

0"0 negative of the slope of the curve of 
surface tension versus solute concentration 
(N m2 mor') 

Subscripts 

c critical value 
g gas phase 

interface 
liquid phase 

m average value over thickness of gas or 
liquid layer 

0 bulk phase 

Operator 

D 
d 
dz 
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APPENDIX D: SIMULATION RESULTS 

Table 8-5: Variation of Mac with downstream position 

x* 
Bi D* k Mac -

Pe p c 

0.001 630.78 0.0713 12.273 8621 
0.001668 488.39 0.0921 9.5058 6675 
0.002783 378.14 0.1189 7.3736 5169 
0.004642 292.69 0.1537 5.8103 4008. 
0.007743 226.69 0.1986 4.7784 3137 
0.012915 175.52 0.2564 4.1115 2503 
0.021544 135.90 0.3313 3.6508 2061 
0.035938 105.22 0.4279 3.3247 1770 
0.059948 81.469 0.5525 3.1037 1600 

0.1 63.078 0.71359 2.9809 1531 

Table 8-6: Variation of critical parameters with diffusivity ratio 

D D D 
x* _!!_ = 1000 _!!_ = 5000 _!!_ = 10 000 
- Dl Dz Dz ' 
Pe 

k Mac k Mac k Mac c c c 

0.001 11.93552 3945.412 12.27246 8621.325 12.35768 12123.99 
0.001668 9.246626 3054.771 9.505832 6675.234 9.571617 9387.24 
0.002783 7.176841 2365.611 7.37355 5169.05 7.42362 7269.054 
0.004642 5.672814 1835.737 5.810292 4008.297 5.845599 5637.918 
0.007743 4.685056 1438.207 4.778376 3136.66 4.802285 4409.018 
0.012915 4.041228 1150.782 4.111453 2502.979 4.129395 3515.956 
0.021544 3.591251 951.4775 3.650814 2061.358 3.666041 2892.791 
0.035938 3.2688 821.486 3.324669 1770.261 3.339035 2480.967 
0.059948 3.046553 747.9608 3.103732 1600.265 3.118605 2238.637 

0.1 2.917339 722.5078 2.980873 1530.679 2.997709 2135.803 

Table 8-7: Effect of Henry coefficient on critical Marangoni number 

x* m = 0.001 m = 0.1 m = 10 
-
Pe k bt"' k lvfac k Mac c c c 

0.001 4.000025 9.2342 11.30192 1850.178 12.55755 169269.2 
0.001359 3.729786 95.74984 9.67987 1587.082 10.75402 145172.1 
0.001848 3.50107 84.71034 8.308419 1361.403 9.229361 124518.6 
0.002512 3.301095 75.59784 7.147214 1167.892 7.927359 106803.6 
0.003415 3.123483 68.09311 6.181644 1002.566 6.826643 91632.33 
0.004642 2.962375 61.98615 5.417666 862.1834 5.929024 78693.9 
0.00631 2.816427 57.09403 4.828303 744.5869 5.230992 67760.21 

0.008577 2.683479 53.27446 4.372382 647.3998 4.697765 58642.4 
0.011659 2.562452 50.43606 4.012163 568.1856 4.286543 51143.9 
0.015849 2.452904 48.53346 3.720786 504.5575 3.962889 45056.62 
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Table 8-8: Effect of velocity ratio on critical Marangoni number 

x* 
Ugm = 0.01 Ugm = 0.5 Ugm = 1 Uqm 

-·-= 2 Ugm = -0.5 
- Utm Utm Utm Utm 
Pe 

k Mac k Mac k Mac k c c c c 
0.0001 38.41 20572 38.614 23890 38.78 27263 39.04 

0.000215 26.02 11900 26.256 15210 26.42 18574 26.64 
0.000464 - - 17.830 9296 18.00 12654 18.16 

0.001 - - 12.070 5267 12.26 8621 12.39 
0.002154 - - - - 8.36 5874 8.45 
0.004642 - - - - 5.81 4009 5.87 

0.01 - - - - 4.41 2793 4.45 
0.021544 - - - - 3.65 2061 3.68 
0.046416 - - - - 3.20 1672 3.23 

0.1 - - - - 2.98 1531 3.02 

Table 8-9: Effect of thickness ratio on critical parameters 

x* 
b ! = 1 h = 0.2 h -

Pe kc Mac kc 
0.0001 40.065919 49217.73 39.162855 

0.0002154 27.340505 37834.709 26.724358 
0.0004642 18.652303 29126.941 18.236472 

0.001 12.723705 22448.283 12.443982 

0.001267564 11.305986 20717.505 11.058226 

0.0021544 8.6805242 17317.995 8.4934276 
0.0046416 6.0099891 13387.662 5.8973682 

0.01 4.5231632 10534.586 4.4648613 
0.021544 3.726247 8749.1387 3.6915522 
0.046416 3.2614891 7951.5363 3.2396282 

0.1 3.0360468 8122.3914 3.0241134 

r;
4 Boundary point between short and long exposure 

Go From short exposure correlation 

GG From long exposure correlation 

Mac 

34521.839 
25707.744 
19289.019 
14562.217 

13365.699 

11050.147 
8433.8571 
6580.5516 
5442.2062 
4942.3204 
5056.4941 

Utm 

Mac k c Mac 

33967 38.13 17104 
25260 26.49 24351 
17741 18.07 17889 
12862 12.33 13270 
9433 8.42 9925 
6999 5.85 7487 
5339 4.44 5791 
4338 3.68 4761 
3886 3.23 4309 
3936 3.02 4400 

!=5 
h 

kc Mac 

38.919962 30621.356 
26.544142 21923.352 
18.108516 15998.411 
12.358274 11961.266 
11.004692 12286.06565 

10.983259 10998.21366 

8.4448766 9611.2345 
5.8638758 6833.1445 
4.4451376 5021.9565 
3.6780354 3953.5205 
3.2287505 3450.764 
3.0142026 3421.9976 
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Table 8-10: Variation of Rae and Mac for the RBM with x* / Pe 

;: = 0.001 ;: = 0.002 ;: = 0.005 
x* 

;: = 0.03 
Rae 

Pe = 0.01 

k c Mac k c Mac k c Mac k c Mac kc Mac 
6000 9.96 7872.91 3.68 3458.97 2.58 -2373.67 2.30 -6349.58 4.04 -35606.58 
5000 10.47 8017 4.09 4198.46 2.73 -1021.16 2.37 -4457.98 3.59 -15988.94 
4000 10.90 8151.11 4.80 4817.12 2.93 246.802 2.48 -2676.08 3.09 -8838.916 
3000 11.29 8277.36 6.05 5277.23 3.22 1408.22 2.65 -1018.73 2.71 -4845.716 
2000 11.64 8397.17 7.22 5605.31 3.69 2428.56 2.93 486.089 2.58 -2017.532 
1000 11.96 8511.52 8.04 5868.57 4.49 3258.5 3.44 1785.56 2.75 192.2624 
500 12.12 8566.89 8.38 5985.9 5.05 3587.03 3.86 2331.44 2.99 1099.422 
-500 12.41 8674.41 8.95 6201.27 6.15 4102.36 5.03 3171.6 4.08 2447.083 
-1000 12.54 8726.68 9.21 6300.36 6.62 4310.82 5.60 3483.37 4.76 2882.522 
-2000 12.81 8828.78 9.67 6487.21 7.38 4668.17 6.53 3975.53 5.78 3475.801 
-3000 13.06 8927.31 10.08 6660.99 8.00 4971.15 7.24 4361.44 6.45 3885.139 
-4000 13.30 9022.84 10.46 6823.51 8.52 5237.47 7.82 4682 6.95 4202.013 
-5000 13.53 9115.64 10.80 6976.98 8.98 5476.49 8.31 4958 7.35 4463.518 

Table 8-11: Variation of critical parameters with IAI for the RBM problem 

Rae 
A=O IAI = 0.01 IAI = 0.02 JAI = o.o3 IAI = 0.04 

k Mac k Mac k Mac k Mac k Mac c c c c c 

8000 2.235 -10.4E+3 2.500 -10.5E+3 2.787 -1.08E+04 3.042 -11.5E+3 3.243 -12.4E+3 
7000 2.256 -8.3E+3 2.420 -8.2E+3 2.586 -8.07E+03 2.741 -8.0E+3 2.876 -8.1 E+3 
6000 2.300 -6.3E+3 2.393 -6.1E+3 2.479 -5.82E+03 2.557 -5.6E+3 2.626 -5.4E+3 
5000 2.372 -4.5E+3 2.415 -4.2E+3 2.451 -3.92E+03 2.483 -3.7E+3 2.510 -3.5E+3 
4000 2.482 -2.7E+3 2.492 -2.5E+3 2.499 -2.26E+03 2.505 -2.1 E+3 2.509 -2.0E+3 
3000 2.654 -1.0E+3 2.646 -918.5E+O 2.640 -8.39E+02 2.635 -773.3E+O 2.630 -719.1E+O 
2000 2.934 487.0E+O 2.918 590.0E+O 2.896 7.42E+02 2.860 983.7E+O 2.803 1.4E+3 
1000 3.443 1.8E+3 3.253 2.3E+3 3.050 2.98E+03 2.821 4.2E+3 2.546 6.9E+3 
500 3.860 2.3E+3 3.445 3.1 E+3 3.085 4.19E+03 2.733 6.2E+3 2.358 10.6E+3 
-500 5.026 3.2E+3 3.826 4.6E+3 3.068 6.86E+03 2.479 11.0E+3 1.975 19.9E+3 
-1000 5.602 3.5E+3 3.991 5.3E+3 3.021 8.34E+03 2.334 13.8E+3 1.808 25.2E+3 
-2000 6.534 4.0E+3 4.244 6.8E+3 2.873 1.16E+04 2.054 19.8E+3 1.543 36.5E+3 
-3000 7.245 4.4E+3 4.405 8.3E+3 2.677 1.52E+04 1.817 26.3E+3 1.353 48.3E+3 
-4000 7.819 4.7E+3 4.498 9.9E+3 2.463 1.91 E+04 1.628 33.1 E+3 1.214 60.4E+3 
-5000 8.305 5.0E+3 4.543 11.4E+3 2.256 2.32E+04 1.480 40.1 E+3 1.t08 72.7E+3 
-6000 8.726 5.2E+3 4.553 13.1 E+3 2.069 2.75E+04 1.363 47.1E+3 1.024 85.0E+3 
-7000 9.097 5.4E+3 4.538 14.8E+3 1.909 3.18E+04 1.267 54.2E+3 0.957 97.3E+3 
-8000 9.430 5.6E+3 4.505 16.5E+3 1.774 3.63E+04 1.189 61.3E+3 0.901 109.7E+3 
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Table 8-12: Variation of critical parameters with surface Vi for the RBM Problem 

Rae 
Vi= 0 Vi= 1 Vi= 10 Vi= 100 Vi= 1000 

k Mac k Mac kc Mac k Mac k Mac c c c c 

8000 2.2347 -10438.9 2.7733 -10820.7 3.7363 -24831.2 3.8925 -178154 3.909 -1.70E+06 
7000 2.2561 -8343.77 2.6875 -8046.72 3.5392 -12203 3.6887 -63548.7 3.704 -5.57E+05 
6000 2.300 -6350 2.624 -5450 3.313 -1100 3.450 36200 3.464 4.07E+05 
5000 2.372 -4460 2.582 -3010 3.050 8590 3.163 122000 3.175 1.25E+06 
4000 2.482 -2680 2.564 -696 2.743 16900 2.801 193000 2.808 1.95E+06 
3000 2.654 -1020 2.568 1500 2.396 24000 2.310 249000 2.296 2.49E+06 
2000 2.934 486 2.597 3580 2.053 29900 1.607 285000 1.409 2.83E+06 
1000 3.443 1790 2.651 5560 1.787 34800 1.093 304000 0.638 2.92E+06 
500 3.860 2330 2.688 6510 1.687 37000 0.979 311000 0.557 2.94E+06 
-500 5.026 3170 2.786 8340 1.539 41000 0.850 321000 0.477 2.97E+06 
-1000 5.602 3480 2.847 9200 1.482 42900 0.809 326000 0.452 2.98E+06 
-2000 6.534 3980 2.993 10900 1.394 46600 0.748 334000 0.418 3.00E+06 
-3000 7.245 c~vO 3.168 12400 1.327 50000 0.705 341000 0.393 3.02E+06 
-4000 7.819 4680 3.360 13800 1.275 53200 0.672 348000 0.375 3.04E+06 
-5000 8.305 4960 3.556 15200 1.233 56300 0.646 354000 0.360 3.06E+06 
-6000 8.726 5200 3.744 16400 1.198 59400 0.624 360000 0.348 3.07E+06 

Table 8-13: Variation of theoretical 6.Cc with viscosity number for test 1 

Vi k Mac Rae 
Mac 

flCc %Error r=-c Rae 

0 7.4656 4105.28 -3416.89 -1.20 2.99 -71.4 
0.2 6.283 7701.05 -6409.27 -1.20 5.60 -46.4 
0.4 5.8576 11695.36 -9739.99 -1.20 8.51 -18.5 
0.5 5.7024 13838.3 -11522.49 -1.20 10.07 -3.6 

0.52 5.635 14276.4 -11886 -1.20 10.39 -0.6 
0.55 5.6025 14791.33 -12130.03 -1.22 10.69 2.3 
0.6 5.5353 15898.22 -13033.05 -1.22 11.48 9.9 
1 5.0702 25289.35 -20730.4 -1.22 18.27 74.8 

1.2 4.8692 30214.22 -24789.98 -1.22 21.83 108.9 
1.4 4.6831 35174.76 -28835.09 -1.22 25.41 143.1 
1.6 4.5152 40208.34 -32986.73 -1.22 29.05 178.0 
1.8 4.3612 45237.04 -37101.65 -1.22 32.68 212.7 
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APPENDIX E: DATA 

Table 8-14: Gas purity as supplied by manufacturer 

Nitrogen - Instrument Grade Carbon Dioxide - Instrument Grade 

Carbon dioxide < 1 ppm Carbon dioxide > 99.98% 

Carbon monoxide < 1 ppm Carbon monoxide <35 ppm 

Hydrocarbons (as Ethane) < 1 ppm Hydrocarbons C1 + C2 < 25 ppm 

Hydrocarbons (as Methane) < 1 ppm Hydrocarbons C3+ <25 ppm 

Moisture < 10 ppm Hydrogen Sulphide <50 ppb 

Nitrogen > 99.99% Moisture < 10 ppm 

Oxygen < 10 ppm Oxygen < 20 ppm 

Table 8-15: Flow meter calibration 

Carbon Dioxide Nitrogen 
Rotameter Flow Rate %error Rotameter Flow Rate %error scale (mllmin) scale (mllmin) 

10 302 1 10 302 2 
20 420 1 20 440 2 
30 557 3 30 606 1 
40 670 2 40 736 2 
50 785 3 50 878 2 
60 906 2 60 1039 6 
70 1001 2 70 1175 3 
80 1118 2 80 1317 6 
90 1226 3 90 1432 2 
100 1328 3 100 1493 3 
110 1422 6 110 1633 2 
120 1486 6 120 1742 7 
130 1597 2 130 1873 3 
140 1669 7 140 1966 3 
150 1964 13 150 2077 8 
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Table 8-16: GC calibration for C02 measurement in C02/N2 mixture 

Mole fraction %Area 

0.0000 0 

21.5867 26.49283 

33.2719 37.53251 

43.6227 50.09039 

62.0206 67.52598 

73.5817 77.89502 

81.5816 84.4376 

59.7411 63.6492 

99.9800 99.80895 

Table 8-17: Calibration for GC Measurement of C02 dissolved in liquid 

Methanol Toluene lsobutanol 

%Area Concentration %Area Concentration 
%Area Concentration 

(mol/m3) (mol/m3) (mol/m3) 

0 0 0 0 0 0 
7.9 0.06732 0.11333 15.7 0.06144 7.82 

21.69 0.18024 0.17678 27.99 0.11427 22.52 
46.89 0.23459 0.15862 22.5 0.16364 41.02 
95.56 0.4016 0.16406 23.45 0.2761 67.7 
99.24 0.4234 0.3326 55.13 0.28512 75.53 

0.43858 70.2 0.31555 85.07 
0.21653 30.66 
0.20376 35.8 
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Table 8-18: Absorption of C02 into methanol fihn: h = 3mm, V1 = 45.0 mL/min and V 9 = 1000 mL/min 

Exp 1 Exp 2 Exp 3 Exp 4 Exp 5 Exp 6 Exp 7 Exp 8 Exp fJ* Exp 10* 

Po Pa 1.01E+05 1.012E+05 1.012E+05 1.01E+05 l.OHiE+05 l.OHiE+05 UJ07E+05 1.007E+05 1.010E+05 1.010E+05 

Tc02 oc 25.7 25.5 24.7 24.G 25.4 25.4 25.4 25.4 25.4 25.:{ 

T,2 oc 25.5 25.4 25.(i 25.7 25.4 25.4 NA NA NA NA 

Tt oc 25.1 25.4 25.:> 25 2t1.8 24.8 24.8 24.8 25.0 25.0 

VI m"/s 45.0 45.0 45.0 45.0 45.0 45.0 45.0 45.0 tl5.0 tl5.0 

Vco2 m"/s (jfJfJ.5 4fJ1.5 4fJ1.4 (jfJfJ.5 7!JfJ.fJ 7nn.n lOOl.fJ lOOl.fJ 880.7 880.7 

v,2 m" / s 2nn.:> 4fJfJ.8 4fJfJ.8 2!JfJ.:> lfJ!J.5 19fJ.5 0 0 0 0 

1\P em H20 4 tl 4 4 4 4 4 4 3 3 

h mm 3 3 3 ;; 3 3 3 3 :; ;; 

Yco2.iu mole % (i!J.fJ079 55.'19:)2 50.1100 G!J.!J07fJ 78.7614 77.3778 100.0000 100.0000 100.0000 100.0000 

Yco2.out mole% NA NA NA G7.4812 NA 78A5fJG n2.2052 !J2.fJ037 fJ8.fJl(i7 98.35G4 

c~, iu mol/m:l fJ.402:> 2.57G8 2.5270 !JA02:{ 2.677!1 8.874:{ 3.1405 3.1531 7.5254 7.G98!J 

cl.out moljm" :>5.8274 22.44G 21.15G7 29.'1508 40.!J5G7 42.9157 GO.G!JGG 60.GfJGG 52.3708 4G.Oll 

Re1 753.(i 753.6 753.G 753.G 75:).(i 753.6 753.6 753.6 325.8 :>25.3 

Re" 134.2 118.4 118.4 1:{4.2 141.1 140.0 158.:{ 158.3 G0.02 G0.02 

Pe :;ooo ;;ooo 3000 :;ooo :;ooo :;ooo :;ooo :;ooo :;ooo :{000 

Bi 194.5 1!J:t9 1!J3.!J 1!)4.7 1!14.7 194.7 1!!5.0 HJ5.0 2t10.3 240.3 

Xo Ill Ill ,1.8:)0 4.958 4.!!58 4.8:{() 4.822 4.822 4.775 '1.775 7AfJG 7.4!J(i 

c, moljm" 51.23 73.40 76.1G 105.:{0 117.3 117.3 142.2 142.7 14:>.!1 143.!1 

1\C mol/m" -41.82 -7:>.40 -n.G:{ -fJ5.!J2 -108.5 -108.5 -13!) -1:)!J.(i -137.G -13G.:{ 

<!> 1.05 1.04 0.!!72 0.803 1.21 1.21 1.5!1 1.58 1.63 1.!12 

l(cl. aq.~ m/s !J.2800E-06 D.2122E-OG 8.G31!JE-06 7.17ME-06 1.061!JE-05 2.:>041FA5 U815E-05 U762E-05 2.1224E-0.5 2.4741E-05 

kd.a\'1!, m/s 9.6,18:1E-OG D.5762E-06 8.9507E-06 7.:{!J45E-06 1.110L1E-05 2.5t151E-05 1.4645E-05 1.4585E-05 2.2837E-05 2.6DG1E-05 

kod.av)!; m/s 9.2111E-OG 9.2115E-OG D.2115E-06 D.2111E-06 9.2108E-OG 9.2109E-OG 9.2102E-OG 9.2102E-06 1.401:1E-05 1.4(Jl:{E-05 

N moljm2s 9.:H8GE-04 7.0292E-0'1 6.5907E-(Jtl 7.092GE-04 1.2043E-03 L204:m-o:{ 2.0:>62E-03 2.m57E-m 3.14(J:{E-();) 3.6758E-03 

a s-1 0.8120 0.8015 0.8015 0.8120 0.812G 0.8126 0.816:> 0.8lfi:) 0.6507 0.6507 

ulm mm/s 2.500 2.500 2.500 2.500 2.500 2.500 2.500 2.500 2.500 2.500 

llgm uun/s 6.Hi5 G.ll!J (i.ll9 G.Hi5 G.168 6.168 6.1846 6.1846 5.4:17 5.4:>7 

U; lllllljS 3.767 3.768 :>.7G8 :3.7G7 :3.7G7 3.7G7 :3.76G 3.7GG :3.7G8 3.768 

D* p 0.8456 0.3456 o.:H5G (J.:)t15(i (Ul45G (J.:345(i 0.345G 0.:)456 0.3458 0.3458 

L Clll 21.2 21.2 21.2 21.2 21.2 21.2 21.2 21.2 9.15 9.15 
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Table 8-19: Desorption of C02 out of methanol fihn: h = 3mm, V1 = 45.0 mL/min and V
9 
= 1000 mL/min 

Exn 11 Exn 12 Exn 13 Exn 14 ExD 15 ExD 16 Exn 17 ExD 18 
Pn Pa 1.002E+05 9.930E+04 1.003E+05 1.003E+05 9.830E+04 9.830E+04 1.007E+05 1.007E+05 
T_L·n·> oc NA NA NA NA NA NA NA NA 
T,., oc 24.9 25.2 25.4 25.4 25.2 25.2 24.9 25.1 
T oc 25 25.1 25.1 25.1 25.0 25.0 25.0 25.4 
v ma/s 45.0 45.0 45.0 45.0 45.0 45.0 45.0 45.0 
Vr•n•> ma/s 0 0 0 0 0 0 0 0 
v. m:1/s 1000 1000 1000 1000 1000 1000 1000 1000 
t.P em H.,O 3 3 3 3 3 3 3 3 
h mm 3 3 3 3 3 3 3 3 
Y,.,,.,. mole% 0 0 0 0 0 0 0 0 

Ye-n·> mole% 0.0322 0.0219 0.3056 0.01394 0.0056 0.0070 0.02832 0.0086 
c. mollm:1 12.1461 22.0519 34.6269 38.5995 39.4172 60.3615 64.711L1 80.5551 
c mollma 0.2984 11.9897 18.119 17.4083 19.2678 15.7659 15.7921 15.7921 
Re 325.3 325.3 325.3 325.3 325.3 325.3 325.3 325.3 
Re. 36.43 36.43 36.43 36.43 36.43 36.43 36.43 36.43 
Pe 3000 3000 3000 3000 3000 3000 3000 3000 
Bi 259.4 259.2 259.3 259.3 259.2 259.2 259.2 259.2 
Xn mm 4.824 4.824 4.824 4.824 4.824 4.824 4.824 4.824 
c. mollm:1 0.9237 2.563 4.51 5.37 5.10 11.29 12.90 16.64 

• 

t.C mol/ma 11.22 19.49 30.12 33.22 34.32 49.07 51.80 63.92 
<D 1.40 3.02 3.20 3.73 3.43 5.31 5.52 5.92 
K. m/s 8.0119E-05 3.7430E-05 3.9454E-05 4.5274E-05 4.1905E-05 6.0563E-05 6.2478E-05 6.6103E-05 
k. m/s 1.0641E-05 4.2319E-05 4.4923E-05 5.2632E-06 4.8129E-05 7.4486E-05 7.7396E-05 8.3050E-05 
ko m/s 1.4025E-05 1A025E-05 1.4025E-05 1.4025E-05 1.4025E-05 1.4025E-05 1.4025E-05 1.4025E-05 
N mol/m2s -9.7112E-04 -8.24 77E-04 -1.3531E-05 -1. 7370E-03 -1.6516E-03 -3.6554E-03 -4.0098E-03 -5.3084E-03 
a s·l 0.8132 0.8132 0.8132 0.8132 0.8132 0.8132 0.8132 0.8132 
u mm/s 2.500 2.500 2.500 2.500 2.500 2.500 2.500 2.500 
u mm/s 6.173 6.173 6.173 6.173 6.173 6.173 6.173 6.173 
li· mm/s 3.770 3.770 3.770 3.770 3.770 3.770 3.770 3.770 
D* 0.2270 0.2270 0.2270 0.2270 0.2270 0.2270 0.2270 0.2270 
L em 9.15 9.15 -· 

9.15 9.15 9.15 9.15 9.15 9.15 
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Table 8-20: Desorption of C02 out of methanol fihn: h = 3mm, V 1 = 45.0 mL/min and V
9 
= 500 mL/min 

Exn 19 Exn 20 Exn 21 Exn 22 Exn 2:1 Exn 24 Exn 2S Exn 2fl Exn 27 EYn 28 EYn ')(j 

pll Pa 1.010E+05 9.930E+04 1.021E+05 1.021E+05 1.012E+05 1.012E+05 1.010E+05 9.830E+04 1.010E+05 1.010E+05 1.010E+05 

T'"·' 
oc NA NA NA NA NA NA NA NA NA NA NA 

T"'' 
oc 25.0 25.1 25 25.5 25.0 25 25 25.2 25.4 24.5 25.4 

T oc 25.0 25.0 24.8 25.0 25.0 24.8 24.7 25.0 25.2 24.9 25.0 

v ma/s 45.0 45.0 45.0 45.0 45.0 45.0 45.0 45.0 45.0 45.0 45.0 

v,"'' rn:1/s 0 0 0 0 0 0 0 0 0 0 0 
v,. rn:1/s 504.4 504.4 504.4 504.4 504.4 504.4 504.4 50L!.4 504.4 504.4 504.4 
~p ern H.,O 3 3 3 3 3 3 3 3 3 3 3 
h rnrn 3 3 3 3 3 3 3 3 3 3 3 

y''"' ' mole% 0 0 0 0 0 0 0 0 0 0 0 

Y,.". mole% 0.01367 0.2671 0.0492 0.01519 0.028 0.028 0.01392 NA 0.0196 0.01453 0.01453 
c. rnol/rn:s 8.4153 17.9647 24.1256 23.0402 28.1661 22.6681 31.1228 41.4369 50.0479 NA 92.7182 
c rnollrn:s 6.5017 9.1759 12.0152 13.4609 13.3402 10.1259 16.9535 19.2245 20.8006 28.5785 32.8331 

Re 325.3 325.3 325.3 325.3 325.3 325.3 325.3 325.3 325.3 325.3 325.3 
Re 18.33 18.33 18.33 18.33 18.33 18.33 18.33 18.33 18.33 18.33 18.33 
Pe 3000 3000 3000 3000 3000 3000 3000 3000 3000 3000 3000 
Bi 122.3 122.3 122.3 122.1 122.3 122.3 122.3 122.3 122.2 122.4 122.2 
Xn rnrn 17.10 17.10 17.10 17.10 17.10 17.10 17.10 17.10 17.10 17.10 17.10 

c. rnol/rn:s 1.037 4.73 6.531 5.154 7.97 7.97 7.61 11.92 15.72 34.37 32.15 

~c rnollrn:s 7.379 13.23 17.59 17.89 20.19 20.19 23.52 29.52 34.33 58.35 60.58 
cD 1.52 3.95 4.03 3.14 4.30 4.30 3.53 4.41 4.99 6.44 5.79 

K. rn/s 1.8663E-05 2.9814E-05 4.1212E-05 3.4097E-05 4.3179E-05 4.3179E-05 3.7330E-05 4.3950E-05 4.7915E-05 5.6710E-05 5.2948E-05 
k. rn/s 2.1257E-05 5.5224E-05 5.6419E-05 4.3900E-05 6.0177E-05 6.0177E-05 4.9387E-05 6.1678E-05 6.9826E-05 9.0108E-05 8.1043E-05 
ko .. rn/s 1.3995E-05 1.3995E-05 1.3995E-05 1.3995E-05 1.3995E-05 1.3995E-05 1.3995E-05 1.3995E-05 1.3995E-05 1.3995E-05 1.3995E-05 
N rnollrn2s -1.5685E-04 -7.2039E-04 -9.9266E-04 -7.8519E-04 -1.2152E-03 -1.2152E-03 -1.1614E-03 -1.8207E-03 -2.3973E-03 -5.2574E-03 -4.9086E-03 
a s·l 0.1359 0.1359 0.1359 0.1359 0.1359 0.1359 0.1359 0.1359 0.1359 0.1359 0.1359 
u rnrn/s 2.500 2.500 2.500 2.500 2.500 2.500 2.500 2.500 2.500 2.500 2.500 
u rnrn/s 3.114 3.114 3.114 3.114 3.114 3.114 3.114 3.114 3.114 3.114 3.114 
U· rnrn/s 3.753 3.753 3.753 3.753 3.753 3.753 3.753 3.753 3.753 3.753 3.753 
D* 0.2274 0.2274 0.2274 0.227Ll 0.2274 0.2274 0.2274 0.2274 0.2274 0.2274 0.2274 
L ern 9.15 9.15 9.15 9.15 9.15 9.15 9.15 9.15 9.15 9.15 9.15 
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Table 8-21: Absorption of C02 into a toluene film: h = 5.0 mm, V = 82.6 mL/min and Vg = 1300 

mL/min 

Exp 30 Exp 31 Exp 32 Exp 33 Exp 34 Exp 35 

Po Pa 1.014E+05 1.014E+05 1.014E+05 1.014E+05 1.014E+05 1.010E+05 

Tco2 oc 24.9 24.5 24.5 24.9 25.4 24.6 

T:-~2 oc 25.3 25.3 25.3 25.3 24.8 24.4 

Tt oc 25.0 24.9 24.9 25.0 25.0 25.0 

VI ma/s 82.55 82.55 82.55 82.55 82.55 82.55 

!Vco2 m:l/s 231.3 284.1 284.1 231.3 707.8 858.1 

IV :12 ma/s 1,094.1 1,027.1 1,027.1 1,094.1 601.7 451.2 

6.P em H20 4 4 4 4 4 4 

h mm 5 5 5 5 5 5 

[Y C02: in mole% 23.0000 27.2532 27.2532 35.9000 62.1996 68.2901 

[Y C02, out. mole% 22.4047 27.4965 27.4965 22.4047 61.1716 67.4338 

cl,in mol/m3 1.8929 1.8830 1.8830 1.8929 2.2306 1.6364 

CLout mol/m3 3.8901 3.9269 3.9006 5.6362 10.9099 13.2614 

Re1 311.1 311.1 311.1 311.1 311.1 311.1 

Reg 67.4 62.9 62.9 67.4 78.4 81.2 

Pe 4470.0 4470.0 4470.0 4470.0 4470.0 4470.0 

Bi 702.6 699.7 699.7 702.6 698.9 699.8 

Xo mm 2.067 2.134 2.134 2.067 2.135 2.135 

ci mol/m:3 21.06 25.46 25.46 26.75 56.42 61.58 

6.C mol/m:3 -19.17 -23.57 -23.58 -24.86 -54.19 -59.95 

<D 0.912 0.795 0.785 1.38 1.47 1.78 

Kc1. aYg m/s 1.4627E-05 1.2779E-05 1.2614E-05 2.1880E-05 2.3219E-05 2.7904E-05 

kd.avg m/s 1.9642E-05 1.3036E-05 1.2865E-05 2.2644E-05 2.4085E-05 2.9163E-05 

koci, <wg: m/s 1.6399E-05 1.6397E-05 1.6698E-05 1.6397E-05 1.6390E-05 1.6389E-05 

N mol/m2s 2.8690E-04 3.0733E-04 3.0338E-04 5.6286E-04 1.3051E-03 1.7483E-03 

a s-t 1.4513 1.4288 1.4514 1.4515 1.4266 1.4260 

ulm mm/s 2.752 2.752 2.752 2.752 2.752 2.752 

ligm mm/s 8.836 8.741 8.836 8.836 8.73 8.7284 

Ui mm/s 4.182 4.182 4.183 4.182 4.179 4.178 

D* p 0.1435 0.1435 0.1435 0.1435 0.144 0.144 

L em 9.15 9.15 9.15 9.15 9.15 9.15 
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