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Abstract

Providing a complete description of dissipative superfluid dynamics is one of the major chal-
lenges of many-body quantum field theory. In this thesis we make a fundamental step towards
this goal by implementing the stochastic projected Gross-Pitaevskii equation (SPGPE) in com-
plete form for the first time.

The SPGPE is a high-temperature theory of Bose-Einstein condensate dynamics, providing
a classical-field description of a low-energy subspace in contact with a thermal reservoir. The
reservoir interaction terms account for dissipation and noise from thermal interactions, and
arise from two distinct processes described as number-damping and energy-damping. This
work advances previous applications of the SPGPE theory, which have only included number-
damping processes, by implementing the energy-damping processes. We describe the properties
of the deterministic and noise terms corresponding to the energy-damping process, and develop
a novel algorithm to accurately and efficiently evaluate the energy-damping terms in the SPGPE.

We apply the SPGPE to a range of experimentally accessible systems, considering both non-
equilibrium and quasi-equilibrium dynamics. We model the experiment of Neely et al. [Phys.
Rev. Lett. 111, 235301 (2013)], where stirring of a toroidally trapped Bose-Einstein conden-
sate generates a disordered array of quantum vortices that decay, via thermal dissipation, to
form a macroscopic persistent current. We perform numerical simulations of the experiment
using the number-damping SPGPE and ab initio determined reservoir parameters. We quanti-
tatively reproduce both the formation time and size of the persistent current, as measured in the
experiment.

In the first application of the full SPGPE, we consider the non-equilibrium dynamics of a
condensate excited into a large-amplitude breathing mode. We find that in such non-equilibrium
regimes, the energy-damping dominates over the number-damping process, leading to qualita-
tively different system dynamics. In particular, energy damping causes the system to rapidly
reach thermal equilibrium without greatly depleting the condensate, showing that energy damp-
ing provides a highly coherent dissipation mechanism.

Finally, we apply the SPGPE to the quasi-equilibrium dynamics of single-vortex decay.
Energy-damping processes have previously been neglected for this system. SPGPE simula-
tions show that in fact energy-damping has a dominant effect on the lifetime of a single vortex,
with lifetimes less than half those predicted by the number-damping SPGPE. In contrast to the
breathing mode decay, we observe little qualitative difference between the energy-damping and
number-damping descriptions of vortex decay. Our findings show that while energy-damping
processes are important to quantitatively describe quasi-equilibrium dynamics, the system be-
havior may be described by the number-damping SPGPE with a suitably modified dissipation
rate.
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Chapter 1

Introduction

1.1 Bose-Einstein condensation

Bose-Einstein condensation was first predicted in 1925 [1, 2, 3, 4], and is a remarkable state of
matter that occurs when a macroscopic number of identical bosons occupy a single spatial mode.
The transition to a Bose-Einstein condensate is unique as condensation occurs only because of
the quantum statistical properties of bosons. This is in stark contrast to a thermodynamic phase
transition which occurs due to inter-particle interactions. The second order phase transition
to Bose-Einstein condensation occurs in the quantum degenerate regime. For an ideal gas of
bosons this occurs when the de-Broglie wavelength becomes comparable to the inter-particle
spacing.

The discovery of superfluidity in liquid 4He by Kapitza [5], and Allen and Misener [6], led
to the first experimentally realized example of Bose-Einstein condensation. In 1938, London
suggested that the superfluid properties observed in 4He at temperatures below the lambda point
(T = 2.17 K) was due to Bose-Einstein condensation [7]. Some examples of the interesting
behavior of superfluid Helium include the fountain effect [8], and the observation of quantized
vortices by Vinen in 1961 [9] and vortex arrays by Yarmchuck et al. in 1979 [10]. Predicted
by Onsager [11, 12, 13] and Feynman [14], the existence of quantized vortices in 4He is due to
the irrotational behavior of the superfluid velocity field, and is a striking illustration of quantum
behavior on a macroscopic scale due to Bose-Einstein condensation. However superfluid 4He
has strong interactions leading to large quantum depletion [15], with the condensate fraction
in the superfluid predicted to be ∼ 8% at zero temperature [16]. This leads to significant
difficulties in studying the condensate component since the normal component dominates.

1



Chapter 1. Introduction

1.2 Ultra-cold Bose gases

In 1995, driven by the advances in laser cooling during the 1980s and 1990s [17, 18, 19], Bose-
Einstein condensation was achieved in dilute alkali gases of rubidium [20], sodium [21], and
lithium [22]. The weakly interacting nature of dilute gases means that almost pure conden-
sates can be formed, in contrast to the strong condensate depletion that occurs in 4He. The
experimental observation of Bose-Einstein condensation in dilute gas created an explosion of
experimental and theoretical work, and the area is still highly active nearly 20 years later. Bose-
Einstein condensation has since been observed in many other atomic species, both alkali gases
and other gases that can be successfully laser cooled below the transition. These include 1H
[23], 85Rb [24], 4He [25, 26], 41K [27], 39K [28], 133Cs [29], 52Cr [30], 40Ca [31], 164Dy [32], a
variety of strontium species including 84Sr [33], 86Sr [34], 88Sr [35], and a number of ytterbium
isotopes including 174Yb [36], 170Yb [37], 176Yb [38], 164Yb [39].

These examples all consist of a Bose-Einstein condensate of one atomic species in a single
electronic state. Bose-Einstein condensation has also been observed in more exotic systems.
Such systems include spinor systems [40] which have been used to observe the spin Hall effect
[41], two-component systems [42], exciton-polariton condensates formed in a semiconductor
microcavity [43], photon condensation in an optical microcavity, and via magnon condensation
in magnetic insulators [44].

As well as benefitting from low condensate depletion, the ability to control modern atomic
physics experiments using lasers and magnetic fields means that dilute gas Bose-Einstein con-
densate experiments can be used to explore a wide range of quantum phenomena. Long range
quantum coherence is an essential characteristic of a Bose-Einstein condensate [16, 45], and
this property was investigated in a number of experiments following the first observations of
condensation. Such investigations included the observation of matter wave interference fringes
between two freely expanding Bose-Einstein condensates [46], coherent four-wave mixing of
matter waves [47], and phase-coherent amplification of matter waves [48]. Long-range phase
coherence was then measured in an almost pure Bose-Einstein condensate using Bragg spec-
troscopy [49] and interference [50], at finite temperatures [51], and in the phase-fluctuating
regime using a quasi-1D condensate [52].

A key feature of creating Bose-Einstein condensates with dilute gases is the use of exter-
nal trapping. Typically this confinement is provided using a magnetic and/or optical trap [53],
resulting in a harmonic-oscillator potential in three dimensions. The versatility of dilute con-
densate experiments means the effects of different external potentials and geometries can be
readily explored. Key examples include the realisation of Bose-Einstein condensation in low
dimensions [54], leading to studies of phase fluctuations [55] and density fluctuations [56] in
one dimension, and studies of the Berezinskii-Kosterlitz-Thouless transition [57, 58, 59] in two

2



1.2. Ultra-cold Bose gases

dimensions [60, 61, 62, 63]. Periodic optical lattice potentials have been used to investigate a
range of interesting phenomena [64] including the superfluid to Mott-insulator transition [65],
and matter wave collapse and revival [66]. A number of experiments have investigated toroidal
trapping potentials [67, 68, 69, 70, 71, 72]. Recently an optical box trap was used to make
a homogeneous Bose-Einstein condensate [73]. The control over geometry and trapping po-
tential means that a range of interesting quantum phenomena can be experimentally probed
[53], including the formation of macroscopic persistent currents in toroidal geometries. Such
persistent flows have been created via transfer of the orbital angular momentum of a Laguerre-
Gaussian laser beam [74] using a magnetic trapping [68], an all optical [71] trapping potential,
and through the decay of quantum turbulence [75].

Of particular relevance to this thesis is the study of superfluid dynamics, and dilute gas Bose-
Einstein condensates are an excellent setting to investigate dynamical excitations and general
condensate dynamics. Experiments have carefully studied the non-equilibrium dynamics of
condensate growth [76, 77]. Collective mode excitations have been observed, and their oscilla-
tion frequency has been calculated at zero temperature [78], and at finite temperature showing
the effect of damping [79, 80]. Further, experiments have observed the scissors mode [81, 82],
and selective excitations of surface modes including quadrupolar and hexadecapolar modes
[83].

Vortices [84] and dark solitons [85] can be observed in repulsively interacting condensates,
and are also an important area of research. Dark solitons were first created in elongated cigar
traps via phase imprinting [86, 87]. Following this a number of experiments investigated soli-
ton formation and dynamics, for example the observation of the snake instability [88], soliton
formation via flow through a penetrable barrier [89], soliton oscillations, interactions, and col-
lisions [90, 91, 92], dynamics of soliton trains [93], and dark-bright solitons in two-component
condensate [94]. Bright solitons in attractively interacting condensates [22] have also been cre-
ated [95, 96, 97]. Quantum vortices are a central theme of this work, and are discussed further
in section 1.5.

This vast range of experimental applications shows that dilute gas Bose-Einstein conden-
sates truly provide a unique environment to observe many-body quantum phenomena on a meso-
scopic scale [53]. This also means that theoretically understanding the equilibrium properties
and dynamics of Bose-Einstein condensates is an area of immense importance. The weak inter-
atomic interactions of dilute gas Bose-Einstein condensates means that microscopically derived
and tractable theories can be formulated, quantitatively describing experimental observations
[98]. This ability to quantitatively compare theory with experiment is a central advantage of
dilute gas condensates.

The conventional tool used to theoretically study pure dilute condensates is the the Gross-
Pitaevskii equation [99, 100, 101] . The Gross-Pitaevskii equation is a mean-field approach for

3
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the order parameter associated with the condensate (ψ), and takes the form of a nonlinear partial
differential equation

i~
∂ψ(r, t)

∂t
=

(
−~2∇2

2m
+ V (r) + u|ψ(r, t)|2

)
ψ(r, t), (1.1)

where m is the atomic mass, V (r) is the external trapping potential, and u = 4π~2as/m repre-
sents the effective strength of two-body interactions, where as is the s-wave scattering length.

The Gross-Pitaevskii equation provides a tractable approach to describe the coherent evo-
lution of the condensate wave function. However it is only truly valid at zero temperature,
as it is assumed that all atoms can be represented by a single condensate wave function. In
the zero-temperature regime, the Gross-Pitaevskii equation has been tremendously successful
in predicting a wide range of equilibrium and dynamical properties of trapped Bose-Einstein
condensate experiments [87, 102, 103].

1.3 The finite temperature regime

A growing number of experiments have been performed in the finite temperature regime, i.e. at
temperatures of order the critical temperature where many atoms are thermally excited out of
the condensate, but the system is still approximately Bose degenerate. This regime can be stated
in terms of the single-particle spectrum by the condition

ε� kBT, (1.2)

where ε represents the single-particle energy of the system, for example ε = ~ω for a harmonically-
trapped system with trapping frequency ω. This criterion translates to temperatures typically
ranging from 0.6Tc . T [104]. In this regime dissipation due to thermal interactions becomes
a crucial factor. Experiments utilizing the effects of dissipation include studies of collective
modes [79], vortex nucleation and decay [69, 105, 106], condensate growth [76, 77], phase
transition dynamics [69], and superfluid turbulence [75].

As highly controllable degenerate matter wave systems, dilute Bose gases offer a unique
window into the realm of finite-temperature dynamics [53]. While the Gross-Pitaevskii equa-
tion gives an excellent description of the dynamics of Bose-Einstein condensates in the zero-
temperature regime, it neglects all spontaneous and incoherent processes that are crucial to
understanding the interesting physics that occurs at finite temperature. Exact methods offer
insight for small systems [107], while positive-P [108] and Monte Carlo [109] methods have
been applied to determine equilibrium properties. However providing a quantitative description
applicable to simulating many of these experiments, where thermal fluctuations and dynamics
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are important, remains a major technical challenge [98, 104].
A promising direction of investigation for the finite temperature regime has been the gener-

alization of Gross-Pitaevskii theory to describe a low-energy region including many appreciably
occupied modes. One approach, typically referred to as the classical-field method [110, 111,
112], involves simulating the dynamics of this entire low-energy region with simply the Gross-
Pitaevskii equation. An alternative approach central to this thesis, is to extend the GPE with
noise and damping terms that represent the coupling to a thermal reservoir of high energy atoms.
Recently such stochastic GPEs have been applied to a broad range of problems, including defect
formation across phase transitions [69, 113, 114, 115, 116], the decay of vortices [117, 118, 119]
and solitons [120, 121], polariton [122] and spinor [123, 124, 125, 126, 127, 128] condensates,
and equilibrium properties in three dimensions [129]. The technique has seen quite extensive
application to low dimensional systems where thermal fluctuations can prevent a true conden-
sate from forming [120, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140].

While phenomenological arguments can be used to obtain a generic stochastic GPE, it is
possible to derive such a description from the microscopic theory of a Bose gas. Such formal
derivations have been carried out by the groups of Stoof [130, 141, 142] and Gardiner [143,
144, 145] validating this approach as an ab initio description of non-equilibrium dynamics.

1.4 The stochastic projected Gross-Pitaevskii equation

As a major part of this thesis we present the first complete numerical implementation of the
stochastic projected Gross-Pitaevskii equation, as introduced by Gardiner and Davis in 2003
[144]. The basic idea of the theory is to sub-divide the system modes into two regions: (i)
a high-energy region, referred to as the incoherent region, consisting of sparingly occupied
modes; (ii) a low-energy coherent region of appreciably occupied modes that may be treated
classically, i.e consisting not only of the condensate, but also including all other highly Bose-
degenerate modes. The use of projection operators to define these regions is a key aspect in the
derivation of the theory, and leads to an explicit projection operator in the equation of motion for
the coherent-region classical field. The effect of the incoherent region upon the coherent region
is described by two distinct processes1: (i) number-damping processes where collisions between
two incoherent region atoms leads to a change in population of the coherent region; (ii) energy-

damping processes corresponding to collision between atoms in the coherent and incoherent
regions in which energy is transferred but the populations of each region are conserved.

Since the original formulation of the SPGPE in Ref. [144], the simple-growth SPGPE which

1Number damping and energy damping have been typically called growth and scattering processes respectively
[144, 146].
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neglects energy-damping processes, has been developed into a numerically tractable method to
quantitatively describe finite-temperature dynamics. The simple-growth theory was first numer-
ically implemented by Bradley et al. [113]. The number-damping process leads to relatively
simple noise and damping terms, where the noise is additive with trivial spatial correlations,
and the damping term is proportional to the Gross-Pitaevskii evolution operator. Thus simple-
growth simulations require a simple extension to the PGPE.

The energy-damping terms have also been developed since the work of Gardiner et al. [144].
In Ref. [144], the energy-damping terms were treated within a simplified nonlocal approxi-
mation. This was then shown to be exact when treating the reservoir within a semi-classical
approximation [113, 146, 147], providing a platform for the implementation of the energy-
damping terms. Implementing the energy damping terms is more technically challenging than
the simple-growth SPGPE, as the noise is multiplicative and spatially correlated, and the asso-
ciated damping term involves an intricate calculation of current in the coherent region. Prior
to this thesis, all simulations of the stochastic projected Gross-Pitaevskii equation have only
included number damping processes2. The neglect of the energy damping process has been ar-
gued to be a reasonable approximation for systems near equilibrium, but is expected to play an
important role in non-equilibrium regimes [104]. The main aim of this thesis is to implement the
full theory including the energy damping terms, and investigate their effect on non-equilibrium
and quasi-equilibrium dynamics.

1.5 Quantum vortices

1.5.1 Overview

Vortices are a central concept in understanding a range of classical and quantum fluid systems,
and are strongly related to turbulent flow [148, 149, 150]. Quantum vortices are topological
defects observed in superfluids, where the fluid rotates about a zero-density vortex core at a
speed inversely proportional to the radial distance from the core [151, 152]. They are one of the
clearest features of superfluidity [9], emerge in superconductor [153] and neutron star systems
[154], and are used as a diagnostic tool for observing superfluidity in cold gases [155].

The quantum nature of vortices arises from the fact that a superfluid is described by a macro-
scopic wave function. To preserve the single-valuedness of this order parameter, circulation
must be quantized. Within a mean-field picture, the macroscopic wave function of a Bose-

2All stochastic GPE calculations to date have been made with equations equivalent to including number damp-
ing processes, with approaches differing in their treatment of a projector [104].
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Einstein condensate can be written in terms of an amplitude and a phase

ψ(r, t) =
√
n(r, t)eiΘ(r,t). (1.3)

By calculating the current density, we find that the superfluid velocity is given by

v(r, t) =
~
m
∇Θ(r, t), (1.4)

where m is the atomic mass. The phase acts as a velocity potential meaning that the superfluid
flow is irrotational, since ∇ × v = 0 away from singularities. We define the flow circulation
around a closed path as

Γ ≡
∮

v · dl =
~
m

∆Θ, (1.5)

where ∆Θ is the change in phase arising from completing the path, and is independent of the
path taken due to the irrotational nature of the superfluid velocity field. The macroscopic order
parameter must be a single-valued function. Thus to preserve uniqueness

ψ(r, t) = ψ(r, t)ei∆Θ, (1.6)

which restricts the change in phase to

∆Θ = 2πn, n ∈ Z, (1.7)

so that the circulation (1.5) is quantized in units of h/m

Γ = n
h

m
, n ∈ Z, (1.8)

where the quantum number n is the topological winding number of the phase around the integra-
tion path. Although the superfluid velocity is irrotational, angular momentum can be supported
through the presence of vortices. A vortex is characterized by a zero density core with a phase
circulation of 2πn about the core. The velocity field remains irrotational except at the vortex
core, where a phase singularity emerges as the density vanishes. For a vortex aligned along the
z-axis, the curl of the velocity field is

∇× v = n
h

m
δ2(xv, yv)ẑ, (1.9)

where (xv, yv) is the radial position of the vortex core. The size of the winding number at the
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phase singularity represents the charge of the vortex. Vortices in a Gross-Pitaevskii superfluid
with charge n > 1 are unstable, and rapidly decay into n vortices of charge one [151].

1.5.2 Vortices in dilute-gas condensates

Experimental studies

Since the first observations of quantized vortices in dilute gas Bose-Einstein condensates by
Matthews et al. [156], experimental studies of vortices have proliferated [157]. Vortices have
been formed in a number of distinct ways, including phase imprinting [156, 158], the forma-
tion of a vortex lattice via dynamical stirring [155, 159, 160, 161], the snake instability [162],
and coherent transfer of orbital angular momentum from Laguerre-Gaussian laser beams to the
condensate [74]. Vortices have also been generated by the Kibble-Zurek mechanism during the
transition to the condensed phase [69], vortex nucleation and decay [105, 106, 163], merging of
condensates creating a phase-difference [164], through the creation of quantum turbulence via
an external oscillatory perturbation of the trap [165, 166] or by forcing from small-scale stirring
[75].

Vortex motion is highly sensitive to thermal fluctuations and nonlinear interactions between
vortices and other excitations in the fluid [152]. The dilute gas Bose-Einstein condensate pro-
vides an environment where these effects can be readily explored experimentally. For example,
the stability of vortices has been experimentally studied, notably the excitations of tilting modes
[167] and Kelvin waves [168]. The dynamics of individual vortices can be observed, where the
precession of both a single vortex [169] and a vortex dipole [163] have been investigated [170].
Experiments have also used the presence [106] or formation [159] of a rotating thermal reser-
voir to take the superfluid from a non-rotating state to one containing vortices. This range of
experimentally observable vortex phenomena highlights the need to theoretically investigate the
effects of dynamics and thermal dissipation on vortex systems.

Relevant theoretical studies

Quantum vortices provide an observable and topologically stable probe of superfluid fluctu-
ations, and thus are an excellent test for dissipative quantum field theories. As a vortex is
thermodynamically unstable in a trapped system with no external rotation [84, 171], under-
standing the dissipative dynamics of vortices is of fundamental interest. This has motivated a
number of theoretical studies focussing on the dynamics of vortices in finite temperature Bose-
Einstein condensates. The first studies involved phenomenologically including dissipation by
adding damping to the Gross-Pitaevskii equation [172]. This damped Gross-Pitaevskii equation
was applied to vortex lattice formation [173, 174, 175], and has since helped give insights into
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quantum turbulence [75, 176, 177].
The decay of a single vortex is one of the simplest, and experimentally accessible tests of

dissipative theories. Single vortex decay in a finite temperature condensate has been studied
phenomenologically using the damped Gross-Pitaevskii equation [178]. A more sophisticated
treatment using the Zaremba-Nikuni-Griffin (ZNG) formalism [179] that includes thermal cloud
dynamics has also been used to study dissipative vortex dynamics. A study of the spiraling
decay of a single off-centered vortex in a trapped condensate was performed by Jackson et

al. [180], and then extended to consider a range of observable vortex properties by Allen et

al. [181]. Vortex reconnections have also been studied using the ZNG formalism [182].
Stochastic Gross-Pitaevskii theories have been applied to single vortex decay, allowing for

the effects of thermal fluctuations to be investigated. Duine et al. [183] found an analytical
description of vortex decay in the presence of a thermal cloud. Further analytic work was done
by Bradley et al. [184], where they considered vortex decay within a rotating thermal cloud.
A simplified form of the stochastic projected Gross-Pitaevskii equation used in this thesis has
been used to numerically study dissipative vortex dynamics. In the first numerical application
of the theory, Bradley et al. [113] used the so-called simple-growth stochastic projected Gross-
Pitaevskii equation, which includes only number-damping, to study vortex lattice formation
during a quench. We have previously applied the number-damping terms, within the simple-
growth theory, to the decay of a single vortex, finding that thermal fluctuations have a significant
effect on the qualitative and quantitative decay of the vortex over a range of temperatures [117]
and geometries [118]. The energy-damping process was assumed to be negligible as this system
is close to equilibrium, however the validity of this assumption is not known. Numerically
investigating single-vortex decay due to the energy-damping terms thus offers an excellent test
of the full stochastic projected Gross-Pitaevskii theory, as we will gain insights into the validity
of neglecting the energy-damping terms for quasi-equilibrium dynamics.

Despite the vast range of theoretical studies of dissipative vortex dynamics, there has been
little quantitative comparison between theory and experiment. The simple-growth stochastic
projected Gross-Pitaevskii equation was used to quantitatively model the spontaneous vortex
formation experiment of Weiler et al. [69]. However the rate of the number damping process
had to be fitted to the experimental data for the condensate number.

As a first step towards ab initio modelling of experiments with the stochastic projected
Gross-Pitaevskii equation, we modelled the persistent current formation experiment of Neely et

al. [75], using the simple-growth theory with no fitted parameters [185]. Initial results showed
that the final equilibrium state was consistent with experiment [185]. However there was a lack
of comparison during the important phase of stirring and dissipative vortex dynamics that led to
the end state of a persistent current.
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1.6 Thesis overview

1.6.1 Aims of this work

The main aims of this thesis are summarised below:

1. Provide the first implementation of the full stochastic projected Gross-Pitaevskii equation
for a trapped three-dimensional Bose-Einstein condensate, including both the number-
damping and energy-damping reservoir interaction terms.

2. Test the effect of the energy-damping terms in experimentally accessible systems. We will
consider both the non-equilibrium dynamics of a large-amplitude breathing mode where
energy damping should play an important role, and the quasi-equilibrium dynamics of
single vortex decay where energy-damping processes have previously been neglected.

3. To extend our previous work [185] on modeling the persistent current formation experi-
ment of Neely et al. [75], we give a full quantitative comparison between experiment and
the simple-growth SPGPE over the entire experimental sequence where vortex data was
collected.

1.6.2 Thesis outline

This thesis is organised into two parts as follows:

Part I - Foundations of the stochastic projected Gross-Pitaevskii equation

In part I, we give a full description of the theoretical details of the stochastic projected Gross-
Pitaevskii equation. The chapters are summarised as follows:

• In chapter 2 we review the range of theoretical methods used to model finite temperature
Bose-Einstein condensates, namely classical-field methods and symmetry-breaking ap-
proaches. As there are a number of different approaches, we briefly summarize the key
aspects of each to give context to the stochastic projected Gross-Pitaevskii theory used in
this thesis.

• In chapter 3 we give the theoretical details of the stochastic projected Gross-Pitaevskii
equation. By considering each reservoir interaction process, we arrive at three distinct
theories; (i) The stochastic projected Gross-Pitaevskii equation, including all processes.
(ii) The energy damping stochastic projected Gross-Pitaevskii equation, where number
damping is neglected. (iii) The familiar simple-growth theory, where the energy damping
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process is neglected. We describe the properties of each method, and describe how we
calculate the reservoir coupling rates.

• In chapter 4 we give a full description of the numerical algorithm used to evaluate the
energy damping terms. We fully characterize the convergence of our Hermite-Gauss
quadrature approach for calculating the spatial integrals required at each time step, and the
semi-implicit Euler method used to perform the stochastic integration. Physical consis-
tency of the algorithm is demonstrated by considering thermalization of initially random
states.

Part II - Applications

In part II, we apply the family of SPGPE methods to a range of applications. The chapters are
summarised as follows:

• In chapter 5 we quantitatively model the persistent current formation experiment of Neely
et al. [75] using the simple-growth theory. We extend our previous work in Ref. [185]
by calculating the vortex number dynamics, and compare our results to new experimental
data. We perform simulations testing the convergence of our results with respect to our
choice of energy cutoff that defines the thermal reservoir. Our results demonstrate that the
theory quantitatively predicts the vortex number dynamics over the entire experimental
procedure (∼ 30 seconds of real time), using no fitted parameters.

• In chapter 6 we consider the decay of a large amplitude breathing mode using the range
of stochastic methods described in chapter 3. This initial state leads to highly non-
equilibrium evolution, and we characterize the importance of each reservoir process in an
experimentally accessible regime. We demonstrate that in this regime the energy damp-
ing process plays a dominant role, leading to qualitatively different system dynamics than
predicted by the simple-growth theory.

• In chapter 7 we apply the family of stochastic methods to the decay of a single vortex,
considering temperatures ranging from 0.6 ≤ T/Tc ≤ 0.8. We show that energy damping
plays the dominant role in the quasi-equilibrium dynamics, invalidating the assumptions
of previous work that suggested energy damping is weak in near equilibrium settings.

• Finally in chapter 8, we summarize the main conclusions of this thesis, and provide some
insights into future research directions that are motivated by this work.
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Chapter 2

Theoretical models for finite temperature
Bose-Einstein condensates

2.1 Introduction

The aim of this thesis is to investigate finite temperature dynamics of Bose-Einstein condensates
using the stochastic projected Gross-Pitaevskii equation (SPGPE). In addition to the SPGPE,
there are a wide variety of different theoretical treatments that extend the Gross-Pitaevskii model
to include finite-temperature effects on Bose-Einstein dynamics (see Ref. [98] for a comprehen-
sive discussion). In the high-temperature regime, where 0.6Tc . 1.1Tc, theoretical treatments
of dynamics lie in two conceptually distinct groups: (i) Classical field theories derived from
a phase-space representation of the many-body quantum field (including the SPGPE), and (ii)
generalized mean field theories utilizing a U(1) symmetry breaking approach. An exception is
the number-conserving approach [188], which gives a generalized mean-field description that
avoids U(1) symmetry breaking. In this chapter we aim to give broad context for the SPGPE
theory by reviewing the main methods used in each approach. For each method we give a
conceptual overview of the formalism, and highlight the key applications to date.

We begin in our review in section 2.2 by describing the difficulties arising at finite tempera-
tures by considering the effective field theory for the weakly interacting Bose gas. In section 2.3
we review the range of methods that arise from the classical-field approximation. Then in sec-
tion 2.4 we discuss the alternative symmetry breaking description, focussing on the Zaremba-
Nikuni-Griffin treatment of thermal cloud interactions. We also discuss the alternative number-
conserving approach that avoids breaking the U(1) symmetry. We conclude this chapter with
a discussion of the conceptual differences between the classical-field and symmetry-breaking
approaches, and a general summary, in section 2.5.
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2.2 Effective field theory for ultra-cold bosons

2.2.1 Many-body Hamiltonian

We begin with the second-quantized Hamiltonian [189] for the Bose field operator Ψ(r), with
commutation relations

[
Ψ̂(r, t), Ψ̂(r′, t)

]
=
[
Ψ̂†(r, t), Ψ̂†(r′, t)

]
= 0;

[
Ψ̂(r, t), Ψ̂†(r′, t)

]
= δ(r− r′). (2.1)

The many-body Hamiltonian for a system of N identical particles, interacting via a binary
interaction, is given in second-quantized form by [189]

Ĥ =

∫
d3r Ψ̂†(r)HspΨ̂(r) +

1

2

∫ ∫
d3rd3r′Ψ†(r)Ψ†(r′)U(r− r′)Ψ̂(r′)Ψ̂(r), (2.2)

where U(r − r′) is the two-body interaction potential, and the single-particle Hamiltonian is
given by

Hsp =
−~2∇2

2m
+ Vext(r), (2.3)

which accounts for the kinetic energy of each particle and the effect of an external trapping
potential Vext(r).

2.2.2 Cold-Collision regime

The two-body interaction potential depends on the relative separation of atoms, with magnitude
characterized by the effective range parameter r0. In a dilute gas Bose-Einstein condensate the
length scales of interest are larger than r0, because the de Broglie wavelength becomes much
larger than the atomic size. This means only the low energy, binary atomic interactions are
important, so that the interactions can be represented by the s-wave scattering length [190, 191,
192, 193]. This regime is known as the cold collision regime, and the interaction potential is
given by the effective potential

U(r− r′) = uδ(r− r′), (2.4)

where the interaction strength is parameterized by the constant

u =
4π~2as
m

, (2.5)
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where as is the s-wave scattering length, and m is the atomic mass. The effective Hamiltonian
for the cold-collision regime is then

Ĥ =

∫
d3r Ψ̂†(r)HspΨ̂(r) +

u

2

∫
d3rΨ̂†(r)Ψ̂†(r)Ψ̂(r)Ψ̂(r). (2.6)

The dynamics of the effective field are given by the Heisenberg equation of motion

i~
∂Ψ̂(r)

∂t
=

∫
d3r′

{
HspΨ̂(r′) + uΨ̂†(r′)Ψ̂(r′)Ψ̂(r′)

}
. (2.7)

While solving Eq. (2.7) would tell us about the dynamics of any Bose condensed system in
the cold-collisional regime, its solution in this form is generally intractable. To understand the
intractable nature of the problem, we briefly comment on how we arrive at the effective field
theory. Formally this is achieved by imposing a cutoff, Emax, such that only modes within a
low-energy subspace are considered (see figure 2.1). Note that because of imposing a cutoff,
the Bose commutation relations are no longer a pure delta function and take the form

[
Ψ̂(r, t), Ψ̂†(r′, t)

]
= δ∆(r− r′), (2.8)

where ∆ represents the region with modes comprising the effective field theory. For an accurate
effective field theory, the conditions

Emax �
~2

2mr2
0

, (2.9)

and

Emax � kBT, µ, (2.10)

should be satisfied so that using the effective interaction potential (2.4) is valid [104]. The first
condition (2.9) allows for the effect of short-wavelength components of the wave function that
occur in the interaction region to be neglected. The second condition (2.9) ensures that the elim-
inated states will be unpopulated so will not be affected by thermal or interaction effects. These
conditions allow for the two-body T-matrix to describe the interactions. If these conditions are
not satisfied, a many-body T-matrix description is required [142].

The condition on Emax means that size of ∆ is too large to perform any numerical calcu-
lations. This is especially problematic when an accurate description of finite-temperature dy-
namics is important, as there will be many modes within the low-energy subspace that will have
an important contribution. Both the classical-field and symmetry-breaking approaches provide
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a means to simulate the Heisenberg equation of motion. The are based on different ways to
separate the field operator such that a tractable description of finite temperature dynamics can
be formed. We review these approaches in the next sections.

2.3 Classical field methods

In this section we review the different treatments used to describe Bose-Einstein condensates
using a classical-field approach. Classical-field methods arise from a phase-space representa-
tion of the effective field theory. We begin by giving a conceptual overview of phase-space
methods, and then motivate the classical-field approximation. We then review the broad the-
oretical background behind the classical-field methods, and outline the main methods used in
practice. This is accompanied with a review of the key applications.

2.3.1 Overview

Phase-space methods

Phase-space methods provide a tractable method for studying the dissipative dynamics of a
complete quantum field [194]. In general solving the Heisenberg operator equation of motion
for the entire many body quantum field is impossible due to the large Hilbert space. Phase-space
methods offer a powerful solution, utilizing the fact that the quantum density operator ρ̂ can be
represented with a quasi-probability function of classical phase-space variables P (r,k). This
quantum-classical relationship [195] allows for an equation of motion for the quasi-probability
distribution to be formulated. The key to phase-space methods is that in certain situations,
the equation of motion for the quasi-probability distribution takes the form of a Fokker-Planck
equation with positive-definite diffusion matrix. This means that is can be mapped to an equiv-
alent stochastic differential equation, so that the quantum field evolution is described in terms
of a classical field equation of motion.

Phase-space methods were originally developed for quantum optics research, where a num-
ber of different approaches have been used which differ in their choice of quasi-probability
function used to represent the quantum field [194]. The so-called P-, Q-, and Wigner repre-
sentations have all been utilized, differing in their choice of operator ordering [194]. Despite
the seemingly classical nature of phase-space methods, the classical equations of motion are
driven by stochastic processes that represent quantum and thermal fluctuations of the quantum
field. Operator averages are calculated by averaging over an ensemble of trajectories, so that
the ensemble statistics from the classical fields correspond to those of the quantum field.

These techniques have been more recently applied to understanding Bose-Einstein conden-
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sates in the presence of quantum and thermal fluctuations. Using the Wigner representation
leads to a range of different classical field methods, where beyond mean-field effects are, to
a good approximation, accounted for by a Gross-Pitaevskii equation with additional noise and
damping terms. An alternate description using the P-representation leads to the positive P

method (see section 2.3.7).

Motivation for the classical field approximation

Classical-field methods are a family of techniques that utilize a Wigner representation of the
quantum field to describe the dynamics of classically occupied single-particle modes of a finite
temperature Bose field. These methods are based on the separation of the Bose field operator
into two regions according to energy, using a projector operator. The regions are: (i) a low
energy region, containing single-particle modes that are significantly occupied, known as the
coherent region; (ii) a remaining high energy incoherent region, containing sparsely occupied
modes (see figure 2.1).

In the finite temperature regime the single-particle modes comprising the coherent region
have an average occupation of nk � 1, so that each mode is classically occupied. In this regime,
the coherent region can not be understood purely in terms of single-particle modes, due to strong
interactions and correlations that couple the non-interacting single-particle states. However
due to the classical occupation of the single-particle modes spanning the coherent region, their
quantum fluctuations may be neglected. In other words, the non-trivial low-energy correlations
and dynamics arise from the multimode, self-interacting nature of the classical field, rather than
from the effects of quantization of the low-energy modes. Neglecting quantum fluctuations
in this regime is known as the classical field approximation, and results in a tractable Gross-
Pitaevskii type description that describes the coherent region dynamics with a non-perturbative
treatment of interactions. There are a range of different classical field methods that vary in their
range of validity, but have the common underlying feature that the Gross-Pitaevskii equation
is applied to a restricted set of low-energy modes with high occupation. The differences stem
from the particular treatment of reservoir interactions.

2.3.2 Classical-field theory

We expand the field operator in a basis of single particle states, so that

Ψ̂(r) =
∑

n

ânYn(r), (2.11)
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Figure 2.1: Schematic showing the coherent-region, incoherent-region, and states eliminated
to give the effective field theory. The size of the total effective field (modes with energy less
than Emax) is too large for tractable computations. In the classical-field approach, the cutoff
is chosen so that all coherent-region modes have appreciable occupation, so that the dynamics
can be described by a classical-field. The incoherent-region acts as a thermal reservoir, and is
described semi-classically.

where the single-particle eigenstates Yn(r) satisfy

εnYn(r) = HspYn(r), (2.12)

the operators ân obey the Bose commutation relations, n represents all quantum numbers re-
quired to define the single-particle states, and the summation includes all single-particle states
with energy less than effective-field theory cutoff Emax. The system is formally split into co-
herent and incoherent regions using projector operators, which are defined as

Pf(r) ≡
∑

n∈C

Yn(r)

∫
dr′Y ∗n (r′)f(r′), (2.13)

Qf(r) ≡
∑

n∈I

Yn(r)

∫
dr′Y ∗n (r′)f(r′), (2.14)

where the summations are restricted to the range

C = {n : εn ≤ εcut}, (2.15)

I = {n : εcut < εn ≤ Emax}, (2.16)
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2.3. Classical field methods

where εcut is the single particle cutoff energy. The projectors are thus orthogonal, with the
properties

PQ = 0, (2.17)

PP = P , (2.18)

P +Q = 1. (2.19)

The field operator (2.11) can now be decomposed into coherent (ψ̂) and incoherent (φ̂) field
operators using the projectors, so that

Ψ̂(r) = ψ̂(r) + φ̂(r), (2.20)

where

ψ̂(r) ≡ PΨ̂(r) =
∑

n∈C

ânYn(r), (2.21)

φ̂(r) ≡ QΨ̂(r) =
∑

n∈I

ânYn(r), (2.22)

Applying the separated field operator (2.20) to the cold-collisional Hamiltonian (2.6) gives

H = H0 +HI +Hint, (2.23)

where H0 contains only coherent region operators, HI contains only incoherent region oper-
ators, and Hint describes the interactions between the two regions where the nonlinear term
contains cross terms with both coherent and incoherent region operators. For example, we have

Ĥ0 =

∫
d3rψ̂†(r)Hspψ̂(r) +

u

2

∫
d3rψ̂†(r)ψ̂†(r)ψ̂(r)ψ̂(r). (2.24)

The purpose of classical-field methods is to provide a description of the dynamics of the co-
herent region. In the next sections we will discuss the three different classical-field methods,
that differ based on the particular treatment of the interaction terms in Hint [104]. (i) The trun-
cated Wigner Gross-Pitaevskii equation described in section 2.3.3, where the coherent region is
treated in isolation, and quantum fluctuations are simulated. (ii) The projected Gross-Pitaevskii
equation described in section 2.3.4, where again the coherent region is treated in isolation and
classically occupied modes are simulated with the Gross-Pitaevskii equation. (iii) The stochas-
tic projected Gross-Pitaevskii equation described in section 2.3.5, where the interaction between
the coherent and incoherent region is accounted for via a Born-Markov master equation, result-
ing in a stochastic equation of motion for the classical-field.
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Chapter 2. Theoretical models for finite temperature Bose-Einstein condensates

2.3.3 Truncated Wigner Gross-Pitaevskii Equation

In section 2.3.1 we argued that using a classical-field description for the coherent-region modes
is justified, since at finite temperatures the cutoff can be chosen so that the single-particle modes
will have significant occupation. In this section we describe the truncated Wigner Gross-
Pitaevskii method which describes the effects of quantum fluctuations on sparsely occupied
modes, a regime with a distinct region of validity. We describe this approach first since it un-
derpins all classical-field approaches, and was historically the first successful application of a
Wigner representation to describe the quantum dynamics in Bose-Einstein condensates [196].

The truncated Wigner Gross-Pitaevskii method incorporates the effect of vacuum noise
on a cold (highly occupied) condensate, simply by evolving an ensemble of trajectories with
the Gross-Pitaevskii equation. The key to the approach lies in accurately sampling the initial
Wigner distribution of the system. In practice this typically involves seeding the single-particle
or Bogoliubov [197, 198, 199] modes with half a quantum per mode on average [104, 200], rep-
resenting irreducible quantum fluctuations. While the field evolution obeys the classical Gross-
Pitaevskii equation, beyond mean-field effects arise from these initial fluctuations of sparsely
occupied modes.

This approach is formally obtained by considering the master equation for the coherent re-
gion density operator, under the isolated action of the Hamiltonian H0 (2.24). Following the
standard phase-space procedure, by representing the density operator with the Wigner quasi-
probability distribution, an equation of motion for the Wigner function is formulated. However
the resulting equation is not a Fokker-Planck equation as it contains third order derivatives1. Ne-
glecting the third order derivatives leaves a Fokker-Planck equation, which can then be mapped
to the tractable truncated-Wigner Gross-Pitaevskii equation. This approximation is known as
the truncated-Wigner approximation, and is valid when the coherent region modes have high
occupation so that the commutator terms are small. This approximation is used with all classical
field methods utilizing a Wigner representation of the density operator.

Although the truncated-Wigner Gross-Pitaevskii equation involves modes with vacuum oc-
cupation, a plausible argument for the validity of the truncated-Wigner approximation was given
by Norrie et al. [201] in the regime where the total particle density is large compared to the den-
sity of vacuum fluctuations. The truncated-Wigner approximation has also been shown to arise
as the first quantum correction to the classical Gross-Pitaevskii equation [202]. However care
must be taken when considering long time evolution, since the virtual particles may give spuri-
ous thermalization under the Gross-Pitaevskii evolution [200].

There have been a number of studies using the truncated Wigner Gross-Pitaevskii equation
since it was first applied to a one-dimensional homogeneous condensate by Steel et al. [196].

1For full details, see section 3.4.2.
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2.3. Classical field methods

the state thus represented and a pure condensate is very
much less than the experimental uncertainty.

The pseudopotential approximation used in Eq. (1) re-
sults from the elimination of modes with momenta larger
than a certain cutoff. In the work of [4,5], this cutoff
effectively leaves two sets of modes, centered around the
mean momenta of each of the individual colliding wave
packets, and mutual scattering appears explicitly. In con-
trast, we use a single spherical momentum space cutoff,
large enough to include all relevant momenta for the
scattering process, but small enough to ensure the validity
of the pseudopotential approximation: the requirement for
the elimination of the higher modes is that they have no
occupation, while the cutoff wavelength must be larger
than the range of the interatomic potential. The field is
evolved using the GP equation within a projection formal-
ism similar to that introduced in [10].

For this problem, we write the GP equation for each
mode as

i !h
@!j
@t

!
!h2k2j
2m

!j "
4" !h2a
mV

X

rst
!#
r!s!t#jr;st; (3)

where the function #jr;st is unity for kj " kr $ ks $ kt !
0 and zero otherwise. The projection is implemented by
requiring all of jkij; jkrj; jksj; jktj be less than the cutoff
wave number.

The nonlinearity present in the GP equation gives rise to
pairwise interactions of the type j" r$ s" t, but only if
the amplitudes !r, !s, and !t are all nonzero. As noted in
[2], this mechanism can be viewed as a nondegenerate
parametric oscillator, as found in nonlinear and quantum
optics [13]. In the classical field formulation, the noise
terms $j ensure that all modes do have nonzero occupa-
tion. Vacuum modes, in which the occupation is initially
virtual, can therefore develop a macroscopic population as
a result of the interaction. Thus the scattering in our
formalism arises naturally as a result of the classical field
method.

The usual derivation of the classical field formulation
via the truncated Wigner function [11,14] requires that all
relevant occupations be large, and does not immediately
seem to be satisfied here since we are considering modes
whose only occupation is the virtual population. However,
where the most significant contributions come from terms
in which two of the !j amplitudes in Eq. (3) are macro-
scopically occupied, it is still possible to prove the negli-
gibility of all terms with third-order derivatives in the
Fokker-Planck equation which represents the exact equa-
tion of motion in the Wigner representation, and this is the
condition for the validity of the classical field method. This
result will be published elsewhere.

We consider collisions between two equally populated
wave packets derived from a single trapped condensate
using a Bragg grating of very short duration compared to
the overlap time of the packets [15]. Thus an appropriate

initial state,  %x&, of the real particles is the sum of two
distinct momentum wave packets with the same spatial
envelope:  %x& !  0%x&'eik"(x " eik$(x)=

!!!

2
p

, where
 0%x& is the stationary solution of the GP equation for
the N0 atom condensate in a trap and k* !
%*mvc= !h; 0; 0& are the wave packets’ normalized ampli-
tudes and wave vectors. For this Letter we choose the case
of a 23Na condensate in an axially symmetric trap with
!r ! 2"+ 80 Hz and !z ! 2"+ 20 Hz, as used in [2],
but with a maximum of 6+ 106 atoms, compared to the
maximum number of 3+ 107 used in the experiment.
Immediately following the application of the Bragg pulses
(t ! 0) the confining potential is removed, so that the
evolution takes place in free space.

The velocity space population distribution for the colli-
sion of packets from an initial condensate of 6+ 106 atoms
with vc ! 10 mm=s is shown in Fig. 1(a)–1(f) for a se-
quence of times. This figure shows: (i) the original wave
packets broadening and changing shape from circular in
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FIG. 1 (color online). (a)–(f) Velocity mode populations on
the planes vz ! 0 (left) and vx ! 0 (right) for the condensate
collision described in the text at t ! 0 (top), t ! 0:5 ms
(middle), and t ! 2:0 ms (bottom). The spherical momentum
cutoff is clearly visible in the upper plots due to the presence of
quantum fluctuations. (g)–(h) Mode populations at t ! 2:0 ms
for an identical collision excluding vacuum noise.
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Figure 2.2: (a) - (f) Velocity mode populations on the planes vz = 0 (left) and vx = 0 (right)
for the condensate collision described in the text at t = 0 (top), t = 0.5 ms (middle), and
t = 2.0 ms (bottom). The spherical momentum cutoff is clearly visible in the upper plots due to
the presence of quantum fluctuations. (g)-(h) Mode populations at t = 2.0 ms for an identical
collision excluding vacuum noise. Figure reproduced from [203].

One of the most significant applications was performed by Norrie et al., where the truncated-
Wigner method was used to simulate the collisions of Bose-Einstein condensates in free space
[201, 203]. During the collision of two condensates, pairs of atoms are scattered onto a spherical
shell in momentum space creating an S-wave halo where energy and momentum are conserved.
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Chapter 2. Theoretical models for finite temperature Bose-Einstein condensates

This system provided an excellent demonstration of the significance of the truncated Wigner
approach, since the S-wave halo is due to incoherent and spontaneous scattering and is thus
missing in a mean-field description. Figure 2.2 reproduces the result of Norrie et al. [203],
where the truncated-Wigner simulations clearly reproduce the experimentally observable S-
wave halo.

Other applications include studies of three body recombination [204], condensate reflection
[205], quantum de Laval nozzle [206] and supersonic condensate transport [207], atom chip
interferometry [208], collapsing condensates [209], vortex lattice formation [210, 211], and
dark solitons [212, 213]. Bright solitons have been studied using distinct approaches to sample
the initial Wigner function, including assuming a coherent initial state [214], and sampling
the Bogoliubov modes [215]. Recently the effect of quantum fluctuations on bright solitons
has been investigated by sampling initial fluctuations in the soliton center of mass distribution
[187, 216].

2.3.4 Projected Gross-Pitaevskii equation

By ignoring the incoherent region and its interaction with the coherent region, the classical
evolution of the coherent region modes is given by the projected Gross-Pitaevskii equation
as developed by Davis and co-workers [110, 217, 218, 219]. The essence of the approach is
that the Gross-Pitaevskii equation is applied to the coherent region in isolation, and is valid
in the classical regime where all coherent region single-particle modes are macroscopically
occupied. This idea of describing finite-temperature condensate dynamics using a simple GPE
description was first proposed by Svistunov in 1991 [220], leading to a number of theoretical
papers [221, 222, 223], and numerical studies of condensate growth [224] and thermalization
[217].

The projected Gross-Pitaevskii equation is most simply obtained by formally replacing the
coherent region field operator (2.21) with a classical field, i.e.

ψ̂(r)→ ψ(r) =
∑

n∈C

cnYn(r), (2.25)

which amounts to replacing the operators {ân} with the set of complex numbers {cn}. Substi-
tuting the classical field into H0 (2.24) gives a classical-field energy functional. The dynamics
of the classical-field described by this energy functional are given by the differential equation

i~
∂ψ(r)

∂t
= P

{(
Hsp + u|ψ(r)|2

)
ψ(r)

}
, (2.26)

which is the projected Gross-Pitaevskii equation.
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The projected Gross-Pitaevskii equation can be also formulated from the Wigner represen-
tation of the coherent region. In the classical limit where NC → ∞, u → 0, uNC = constant,
where NC is the coherent region normalization, all third-order terms in the equation of motion
for the Wigner distribution vanish. In this limit quantum commutation relations can be ne-
glected, the truncated Wigner approximation is clearly valid, and the resulting truncated-Wigner
Gross-Pitaevskii equation is given by Eq. (2.26).

The projected Gross-Pitaevskii equation gives a microcanonical description of the coherent
region dynamics, where the classical-field evolution is formally Hamiltonian and conserves any
first integrals of the system including normalization, energy, and momentum [110, 218, 219].
The power of the approach is that the multimode nonlinear interactions generate ergodic dy-
namics, enabling the projected Gross-Pitaevskii equation to describe the complex interactions
of the fluctuating coherent region atoms non-perturbatively [104]. Thus the projected Gross-
Pitaevskii equation provides a quantitatively accurate description of finite temperature systems
in (or near) equilibrium, provided the reservoir interaction can be neglected. This was shown
by Davis and Blakie who used the projected Gross-Pitaevskii equation to quantify the shift in
critical temperature of a harmonically trapped Bose gas [225]. Their key result is reproduced in
figure 2.3, where numerical results from the projected Gross-Pitaevskii equation compare well
with experimental data reported by Gerbier et al. [226]. They also compare with a number of
other theories [as listed in figure 2.3]: A1 and A2 are analytic estimates of the shift in critical
temperature, as calculated by Giorgini et al. [227] and Arnold et al. [228] respectively. MF-
GPE corresponds to the numerical solution to the Gross-Pitaevskii equation with a variational
ansatz. MF-HFBP is the perturbative Hartree-Fock-Bogoliubov-Popov approach. The differ-
ences between the projected Gross-Pitaevskii equation and these other approaches shows the
effect of including beyond mean-field effects non-perturbatively.

The projected Gross-Pitaevskii equation has been used to study a wide range of systems.
Initial studies considered the thermalization and equilibrium properties of a homogeneous Bose
gas [110, 219, 229]. The method was then extended to the trapped system [230, 231], where the
two-point correlations [232], critical properties [233], and temporal coherence [234] of a three
dimensional Bose gas were considered. More general correlations, including the anomalous
correlations, have been calculated showing the nonlinear classical-field dynamics incorporate
a full account of many-body processes within the classical-field approximation [235]. Numer-
ical studies of the quasi-two-dimensional Bose gas were performed in Refs. [236, 237, 238].
Because the projected Gross-Pitaevskii equation gives a non-perturbative account of the co-
herent region dynamics, these studies can probe the interesting superfluid phases that occur in
two-dimensions while accounting for the presence of large fluctuations. The finite tempera-
ture dynamics of a single vortex were also studied in the quasi-two-dimensional regime [239].
Dynamical studies have considered collective mode oscillations [240], vortex nucleation [211],
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Chapter 2. Theoretical models for finite temperature Bose-Einstein condensates

fluctuations, is measurably different. Arguably it is in best
agreement with the experimental data. However, both the
PGPE and MF-HFBP calculations lie within the error bars,
suggesting that experimental precision must improve by an
order of magnitude to distinguish these predictions.

The inset of Fig. 3 shows the PGPE shift as a function of
a=!0 and in comparison with the results of Eq. (2) and the
experimental data. The second-order term is almost con-
stant over the experimental range of a=!0 and so we cannot
distinguish the presence or otherwise of any logarithmic
term. We note that the finite-size shift is subtracted from
the PGPE and experimental data for this comparison.

We have also translated data for parameters as in Fig. 1
but with Cnl ! 5000 to realistic experimental values, and
found that for 107 atoms of 87Rb in a TOP trap with a 40 Hz
radial frequency, that the difference between the MF-
HFBP and PGPE results is of order 3%. Thus we suggest
that for currently accessible experimental conditions it will
be necessary to either make use of Feshbach resonances to
probe more strongly interacting regimes, or to move to
traps flatter than harmonic to be able to distinguish these
theories in the lab.

In conclusion, we have performed a careful theoretical
analysis of the experiment on the shift in critical tempera-
ture of a trapped Bose gas reported in Gerbier et al. [18].
We have determined that earlier calculations based on
mean-field theory and the local-density approximation
are inappropriate for this experiment, and make predica-
tions for Tc outside the experimental error bars at larger
atom numbers. We have applied nonperturbative classical
field theory to this problem, and described how to incor-

porate the physics of the above-cutoff atoms in equilib-
rium. The results include the effect of critical fluctuations,
and give the best agreement with experimental observa-
tions. Our results indicate the precision requirements for
experiments to investigate beyond mean-field effects on
the critical temperature.
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FIG. 3 (color online). Comparison of theoretical calculations
with experiment. The main figure plots Tc vs Nc, whereas the
inset plots the shift of Tc against the relevant small parameter
a=!0. Experimental results: data (open circles), one " fit (gray
area). Theoretical results for Tc: ideal gas (dot-dashed line),
A1 (dotted line), A2 (dashed line), MF-GPE (crosses), MF-
HFBP (dots), PGPE (pluses). Solid lines through the data points
are polynomial fits. A1 is not shown in the main figure for clarity.
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Figure 2.3: Comparison of theoretical calculations with experiment. The main figure plots
Tc vs Nc , whereas the inset plots the shift of Tc against the relevant small parameter a/λ0.
Experimental results: data (open circles), one σ fit (gray area). Theoretical results for Tc : ideal
gas (dot-dashed line), A1 (dotted line), A2 (dashed line), MF-GPE (crosses), MF-HFBP (dots),
PGPE (pluses). Solid lines through the data points are polynomial fits. Figure reproduced from
[225].

and the non-equilibrium dynamics of the transition from a rotating condensate to a non-rotating
equilibrium state [241].

An important aspect of the projected Gross-Pitaevskii equation, as used in the above appli-
cations, is the formal and numerical implementation of the projection operator defined in terms
of the single-particle modes [see Eq. (2.13)]. There have been other implementations of the
Hamiltonian classical-field method using unprojected grid methods [242]. This approach has
been used to study quadrupole oscillations in three dimensions [243] and spontaneous soliton
formation in the quasi-1D gas [244]. We comment on the importance of the projector in section
2.3.6.
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2.3. Classical field methods

2.3.5 Stochastic Gross-Pitaevskii theory

Accounting for the interaction between a thermal reservoir and classically occupied modes leads
to a stochastic generalization of the GPE. There are two distinct methods that have used such an
approach to describe the stochastic dynamics of Bose-Einstein condensates; (i) The stochastic
projected Gross-Pitaevskii equation formulated by Gardiner and co-workers [143, 144, 145,
147] utilizing phase-space methods, and (ii) the stochastic Gross-Pitaevskii equation formulated
by Stoof et al. [142] within the Keldysh path-integral formalism.

Gardiner et al. approach: The stochastic projected Gross-Pitaevskii equation

In this thesis we use the stochastic projected Gross-Pitaevskii equation (SPGPE). In chapter 3
we present the full technical details of the formalism. For the purposes of this review chapter,
here we give a conceptual overview of the theory.

The SPGPE is a truncated Wigner theory of finite temperature Bose gases, extending the
projected Gross-Pitaevskii treatment to describe the interaction between the coherent region
and incoherent region [see figure 2.4]. The SPGPE is a grand-canonical theory, and is based on
treating the reservoir interactions using standard methods of open quantum systems [194, 245].
The reservoir consists of the high-energy incoherent region modes, and is usually assumed to
be in local equilibrium with temperature T and chemical potential µ. The reservoir interactions
are then treated microscopically by tracing out the reservoir degrees of freedom, and phase-
space methods are used to find a stochastic equation of motion for the classical field within the
truncated Wigner approximation.

This approach has strong links to the original work of Gardiner et al. on the quantum
kinetic theory of Bose-Einstein condensation [246, 247, 248, 249, 250, 251, 252], which was
applied to condensate formation giving a good account of experimental observations [77, 253,
254]. Despite the early success of quantum kinetic theory, its formulation relied on using a
random phase approximation, which amounts to neglecting coherences between different low
energy (coherent) modes. This approximation led to a quantitatively different prediction of
condensate growth in the experiment of Köhl et al. in the regime of strong cooling where
quasi-condensation may be important [77].

The SPGPE derived by Gardiner et al. [143, 144, 145, 147] is based on a different ap-
proximation, namely the truncated Wigner approximation. Thus SPGPE is a high-temperature
theory, valid in the regime ε � kBT where ε is the single-particle energy, so that the trun-
cated Wigner approximation is valid. This leads to a theory that unifies the reservoir interaction
treatment from quantum kinetic theory with the PGPE approach of the previous section. The
SPGPE takes the form of the PGPE, with additional noise and damping terms corresponding to
the reservoir interactions. Thus it extends the PGPE to a regime where non-equilibrium dynam-
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Figure 2.4: The different interparticle scattering processes arising from each term of the SPGPE
(3.108), where εcut specifies the boundary between C and I. The I-region is static, parameterized
by the temperature (T ) and chemical potential µ. (a) Non-linear mixing interaction between
modes in the C-region. (b) Number-damping process in which both energy and number are
transferred between C and I. The time reversed process also occurs, leading to particle loss in
the C-region.(c) Energy-damping process in which energy is transferred between C and I.

ics can be quantitatively studied. In particular, treating the incoherent region semi-classically
allows for the damping rates for each reservoir interaction process to be analytically determined.
Thus the SPGPE can provide an ab initio description of non-equilibrium dissipative dynamics.
As the system temperature and chemical potential are control parameters of the theory, equilib-
rium states can be more easily produced in comparison with the PGPE [117]. Thus the SPGPE
also offers a useful method for studying the equilibrium properties of the coherent region.

The noise and damping terms in the SPGPE arise from two distinct processes, shown
schematically in figure 2.4. These are:

(i) number-damping (growth) processes involving Bose-enhanced collisions between coher-
ent and incoherent-region atoms, leading to both energy and number transfer.

(ii) energy-damping (scattering) processes, whereby energy is transferred between the coher-
ent and incoherent regions, without particle transfer.

The parenthesized growth and scattering refers to the standard terminology used in the litera-
ture to name the reservoir processes [144, 146]. However as both processes are fundamentally
scattering processes involving coherent and incoherent region atoms, we will refer to the inter-
actions as number and energy damping processes respectively to avoid misleading terminology.

Prior to the work presented in this thesis, all simulations of the SPGPE included the number-
damping process only. Upon neglecting the energy-damping terms, the SPGPE is reduced to an
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equation of motion known as the simple-growth SPGPE, and is closely connected to Ginzburg-
Landau φ4 theory [255, 256]. The simple-growth SPGPE has been justified as a good approxi-
mation to the full SPGPE dynamics for a range of reasons:

(i) The number-damping is a grand-canonical reservoir interaction, and hence equilibrium
states of the simple-growth theory sample the same grand-canonical ensemble as the full
SPGPE. In contrast energy damping is a canonical reservoir interaction, and does not alter
the coherent region population or grand-canonical equilibrium of the full SPGPE.

(ii) The damping term from the energy-damping process is proportional to the divergence
of the coherent-region current. This term is expected to be weak for near equilibrium
systems.

(iii) Even in non-equilibrium, the energy-damping process may not show qualitatively dif-
ferent physics to the simple-growth SPGPE. Within quantum kinetic theory, a similar
energy-damping reservoir interaction was shown to have an important quantitative effect
on condensate growth dynamics [251]. However the process was shown to essentially
renormalize the effective rate of damping due to number-damping processes, rather than
generate new qualitative physics [251, 257].

(iv) The energy-damping terms in the SPGPE pose a significant technical challenge, due to the
non-locality of the deterministic term associated with dissipation, and the multiplicative
noise. The number-damping terms in contrast are a simple extension to the PGPE, where
the damping term is proportional to the Gross-Pitaevskii evolution operator and the noise
is additive. The relative ease of numerically solving the simple-growth SPGPE has been a
primary reason for its use.

The simple-growth SPGPE was first numerically implemented by Bradley et al. [113] while
studying vortex lattice formation following condensation formation from a rotating thermal
cloud. The theory has since been used to study the dissipative dynamics of a range of different
systems.

A particularly significant application was the use of the simple-growth SPGPE to quantita-
tively model the spontaneous vortex formation experiment of Weiler et al. [69]. In this applica-
tion, vortices were spontaneously created during the formation of a condensate via the Kibble-
Zurek mechanism during evaporative cooling. The cooling was modelled by instantaneously
changing the reservoir temperature and chemical potential from parameters corresponding to
an initial equilibrium state above the transition, to those corresponding to the experiment after
condensate growth. In this application, the number damping rate was fitted to experimental data
for condensate population, giving excellent agreement for spontaneous vortex formation. A typ-
ical simple-growth simulation of the post quench dynamics is shown in figure 2.5, showing the
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majority of vortices are aligned with the z axis of the trap. The vortex
observation probabilities obtained from ,300 simulation runs for
each quench are plotted against time in Fig. 2b, with comparison to
the experimental statistics.

According to our simulations, the number of vortices decreases
with time, consistent with our model of a thermal bath that is inde-
pendent of time and has no angularmomentum; the thermodynamic
final state should therefore be a condensate without vortices. In this
respect the simulations diverge from our experimental observations,
where there is no significant variation of vortex observation pro-
babilities over a timescale of a few seconds. This low damping rate
is consistent with the comparatively small thermal component
observed, indicating that a kinetic theory of thermal cloud dynamics
may be needed to account fully for the long-time behaviour of the
experiment. We therefore compare our simulation results at t5 3.5 s
for quench A, and t5 1.5 s for quench B, based on experimental
observations of negligible vortex damping once the BEC is nearly
fully formed.

By focusing a blue-detuned laser beampropagating along the z axis
into the centre of the trap (see Methods), we experimentally studied
BEC growth in a toroidal potential in which a BEC may display both
persistent superfluid current28 about the central barrier as well as free
vortices circulating around the barrier. The pinning of superfluid
flow may influence both vortex dynamics during BEC growth and
observations of vortices after the BEC is formed: a vortex pinned to
the barrier reduces the likelihood of complete self-annihilation
between pairs of spontaneously formed vortices of opposite charge,
thereby increasing the probability of finding a vortex in a BEC. We
apply a 6-s final evaporative cooling ramp identical to quench A, and
identify this data set as quench C. An in situ image of a BEC in the
toroidal trap is given in the leftmost image of Fig. 3d. Note that the
dark region in the BEC centre indicates atoms displaced by the laser
beam; vortices are not visible in this image. After creating each BEC,
we ramp down the laser power over 100ms and immediately there-
after allow the BEC to expand from the trapping potential. For these
conditions, we find that 56–62% of 52 images contained at least one
visible core; examples are shown in Fig. 3d.

Condensate formation rates were not experimentally measured for
quench C; for the simulations we use the parameters of quench A but
with an additional repulsive Gaussian barrier. Simulated condensate
growth versus time resulted in smaller condensates than for quench A
(also observed experimentally) as shown by the green dot-dashed
curve in Fig. 2a. Examples of numerically obtained column density
and phase are shown in Fig. 3e, f. Vortex observation statistics for 300
runs are plotted as a green dot-dashed line in Fig. 2b; we find that the
vortex observation probability is about twice that of the harmonic
trap of quench A, as is also the case with the experimental data, but is
somewhat lower in overall magnitude than the experimental obser-
vations. In contrast to the harmonic case, the curve does not show
decay below 40%, which corresponds to the fraction of runs with
vortices pinned by the Gaussian potential. This potential provides a
sufficient energy barrier to prevent the condensate from reaching its
thermodynamic ground state with zero angular momentum despite
the presence of dissipation. Moreover, it is likely that vortex pinning
by the Gaussian barrier is the physical mechanism responsible for the
overall increase in the probability of observing vortices in the toroidal
case as compared with the harmonic case. Additional toroidal trap
statistics are provided in the Supplementary Information.

In the Supplementary Information, we provide movies of simu-
lated condensate formation for quenches A and C. Here we describe
one run in which a single vortex persists to the end of a quench A
simulation in the harmonic trap. After the system temperature is
initially lowered, the atomic density fluctuates temporally and spa-
tially, as illustrated in Fig. 4a. A bulk BEC then begins to grow, and a
tangle of vortices is trapped within the BEC as shown in Fig. 4b, in
qualitative agreement with the models of superfluid turbulence9,18–22

and the Kibble–Zurek mechanism1–3,8. The condensate now forms
rapidly, but with clear vortex cores as shown in Fig. 4c. This state
eventually damps to a single core as seen in Fig. 4d.

In examining the relationship between the BEC transition and the
Kibble–Zurek mechanism, one would ideally study vortex formation
with widely varying BEC growth rates in order to test the predictions
of the scaling of the vortex density1–3. However, in our harmonic
traps, we have only succeeded in increasing BEC growth rates by a
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Figure 4 | BEC growth dynamics. a–d, Four snapshots during the simulated
growth of a BEC showing isodensity surfaces (in light red) in a three-
dimensional rendering. Vortex cores of opposite charges about the z axis are
indicated as magenta and cyan lines. The corresponding times are 0.13 s (a),

0.45 s (b), 0.67 s (c), 1.57 s (d), where t5 0 s is the time when the quench is
initiated in the simulation. The full movie from which these images were
taken is provided as Supplementary Video 3.
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Figure 2.5: BEC growth dynamics. (a) - (d) Four snapshots during the simulated growth of a
BEC showing isodensity surfaces (in light red) in a three-dimensional rendering. Vortex cores
of opposite charges about the z-axis are indicated as magenta and cyan lines. The corresponding
times are: (a) 0.13 s; (b) 0.45 s; (c) 0.67 s; (d) 1.57 s, where t = 0 s is the time when the quench
is initiated in the simulation. Figure reproduced from [69].

emergence of a single vortex as the condensate forms. Figure 2.5 shows that each individual
trajectory of the SPGPE can be interpreted as a single experimental run. Each simple-growth
simulation lead to a different number of vortices formed, with the probability of observing a
single vortex agreeing well with experimental observations [69]. This application demonstrated
that the simple-growth SPGPE could be used to quantitatively model non-equilibrium dynam-
ics of finite temperature Bose gases. The simple-growth SPGPE has also been applied to single
vortex decay [117, 118], the study of equilibrium properties in one [138] and three dimensions
[129], and recently to dipolar systems [258].

Similar stochastic Gross-Pitaevskii equations based on the number-damping process have
been implemented, but differ from the simple-growth SPGPE in their implementation of the
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projector. These applications have mainly focussed on the formation of topological defects dur-
ing condensate formation following a quench of the reservoir parameters. The formation of
solitons [114, 115], and Josephson vortices in a two-component condensate [116], have been
studied with stochastic Gross-Pitaevskii equations without the use of a formal projector oper-
ator. Skyrmion formation in spin-orbit-coupled Bose-Einstein condensates has been studied
using a spinor stochastic projected Gross-Pitaevskii equation [125, 126, 127], and dark solitons
in immiscible binary condensates were investigated with a two-component stochastic projected
Gross-Pitaevskii equation [259]. In these applications a projector was formally included, but
was not implemented in the single-particle basis of the trapped system. While the qualitative
results from these applications is unlikely to be affected by their implementation, or lack of, the
projector, the quantitative results are not clearly related to experiment [see section 2.3.6].

The wide range of applications using variants of the simple-growth SPGPE have all relied
on the validity of neglecting the energy-damping process. While it is clear that the final equi-
librium state that a system will evolve to is unaffected by the energy-damping process, it is
not clear what effect this process will have on dissipative dynamics. As the deterministic term
arising from energy damping is proportional to the divergence of the current, it is reasonable to
expect energy damping will be important in non-equilibrium systems. As previously mentioned,
quantum kinetic theory has shown that an analogous energy-damping reservoir interaction has
a large effect on condensation dynamics [251, 254]. Although the simple-growth method was
justified because quantum kinetic theory showed that the energy-damping process did not show
any new qualitative behavior, it is unclear what effect coherences that are included within the
SPGPE will have on this conclusion. Additionally, the energy-damping process has been shown
to lead to phase diffusion [260] and superfluid counterflow [261]. Given the significant body of
work that has utilized the simple-growth SPGPE, and its relevance as a prototypical field the-
ory of phase transition dynamics, understanding the energy-damping terms is of fundamental
importance.

Stoof et al. approach:

An alternative approach to describing the stochastic interaction between a thermal reservoir and
condensate is the stochastic Gross-Pitaevskii equation formulated by Stoof et al. [142]. The
Stoof formulation is based on deriving a Fokker-Planck equation for the probability distribution
of the condensate order parameter within a Keldysh path-integral framework. It was first used
to simulate the reversible formation of a Bose-Einstein condensate in one-dimension [130]. The
method has since seen numerous applications to quasi-one-dimensional systems, with applica-
tions including the calculation of collective-mode damping rates [131] and spatial correlations
[133], the interplay of density and phase fluctuations [132], and quasicondensate growth on an
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atom chip [134]. Equilibrium properties from the Stoof SGPE have been compared with ex-
perimental measurements [137] and with the number-conserving Bogoliubov approach [136],
and the temperature dependence of the phase coherence length has been investigated [139].
Recently the implementation of the Stoof theory has been extended to two-dimensions [140],
where the equilibrium properties were compared to the experiment of Hung et al. [262]. Dy-
namical studies have focused on the decay of dark solitons [120, 121] and quantum vortices
[183, 263]

The Stoof formalism is closely related to the SPGPE, in the sense that a stochastic differ-
ential equation is derived for the condensate with a reservoir interaction that drives condensate
growth. The approach technically differs from the Wigner phase-space representation used to
derive the SPGPE, but this is not a physically significant difference. However there are some
important conceptual differences:

(i) The choice of how to separate the reservoir is different. In the Stoof approach, the reser-
voir contains all modes with energy larger than the chemical potential. This leads to
two significant consequences. Firstly, the contact interaction approximation in the cold-
collisional regime is replaced with the full many-body T-matrix, which is used to calculate
self-energy functions arising in the Fokker-Planck equation. Secondly, this means that the
classical-field describes modes with energy less than the chemical potential. Calculations
with the projected Gross-Pitaevskii equation have shown that there are typically 103−104

single-particle modes that should be treated classically [231], which translates to a cutoff
of approximately 3µ [104]. Thus the classical-field within the Stoof theory will contain
the condensate and only a few low-energy excitations.

(ii) By not imposing a high-energy cutoff, the Stoof theory can not consistently include the
energy-damping process. Thus the Stoof theory only includes the number-damping pro-
cess.

While these differences are conceptually important, it is unclear how crucial they will be in
practical calculations. There is some evidence that both the SPGPE and Stoof SGPE will show
reasonably close agreement in equilibrium [264]. Both theories have been used to study the
equilibrium properties of a trapped one-dimensional Bose gas, comparing numerical results
with experimental measurements of van Amerongen et al. [265]. Cockburn et al. [140] cal-
culated the position-space densities with the Stoof SGPE, while Davis et al. [138] used the
SPGPE to calculate the momentum distribution. Both studies found excellent agreement with
the equilibrium measurements of the experiment, showing further evidence that the equilibrium
properties of the SPGPE and SGPE show little difference in one-dimension. This is may be ex-
pected as it has been shown that the SPGPE and Stoof SGPE are functionally equivalent when
both the projector and energy-damping reservoir process are neglected [98].
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However, it seems clear that the conceptual differences will become important when con-
sidering dynamical systems, or systems of higher dimensions. The projector plays a key role
in consistently treating the UV divergence beyond one spatial dimension [144], so it is nec-
essary for tractable calculations in three-dimensions. Furthermore, the energy-damping terms
may prove to play an important role in finite temperature dynamics. Understanding the role of
these terms, as we aim to in this thesis, will help to provide some insight into the quantitative
differences between the SPGPE and Stoof SGPE.

Damped Gross-Pitaevskii equation

The deterministic term that arises from the number-damping reservoir process has had a sig-
nificant history in describing finite temperature dynamics of Bose-Einstein condensates. Ne-
glecting the noise term from the number-damping SGPE leads to a purely dissipative Gross-
Pitaevskii equation. Both the simple-growth SPGPE and Stoof SGPE reduce to the same
damped Gross-Pitaevskii equation (dGPE) in the limit of vanishing noise. This equation was
first proposed in 1998 by Choi et al. [172] based on phenomenological arguments, and was
used to describe vortex lattice formation in a rotating system [173, 174, 175]. The dGPE has
also played an important role in understanding the formation of two-dimensional quantum tur-
bulence [75, 176, 177], and has been used to study vortex chain formation in a rotating spin-1
condensate [266].

An advantage of the damped GPE is that it can provide analytical insights, which would
otherwise be unavailable with the inclusion of noise. Further, By using the stochastic Gross-
Pitaevskii equation to arrive at the dGPE, a physically consistent damping rate can be used so
that the model will give a realistic description of dissipative dynamics in the limit of negligible
noise. The dissipative dynamics of dark solitons [120] and a single vortex [267] were calculated
analytically, utilizing physically realistic damping rates. The dark soliton application also com-
pared SGPE (Stoof) simulations with their dGPE results, showing that the mean stochastic soli-
ton trajectories agreed well with the dGPE analytic result. However the regime was one of low
temperature where the noise becomes negligible, far below the critical point. Three-dimensional
SPGPE simulations of single-vortex decay have shown that the noise introduces both qualita-
tive and quantitative differences in a temperature regime where the high-temperature stochastic
theory is valid [117].

2.3.6 Role of the projector

Throughout this section, we have alluded to the importance of using a projector defined in terms
of the single-particle states [see Eq. (2.13)]. Using a projector to carefully separate the system
into coherent and incoherent regions is crucial to give quantitatively meaningful results from
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classical-field simulations. Here we detail the important conceptual and numerical reasons that
justify the careful use of the projector:

(i) Validity of the classical field approximation: The classical-field methods rely on one basic
assumption: that the single-particle modes in the coherent region are appreciably occupied
so that the truncated Wigner approximation is valid. From a conceptual and technical point
of view, it is clear that limiting the coherent region region with a projector is essential for
the validity of the approach.

(ii) Consistent single-particle energy cutoff: It is important to implement the projector using
a cutoff specified in the single-particle basis of the system. In trapped systems if the
cutoff is only imposed in momentum space, then the wavelength for the cutoff is spatially
dependent, where in a semiclassical picture the local wave number cutoff is k2

cut(r)~2 =

2m[εcut−V (r)]. For example using a plane-wave basis leads to a momentum cutoff which
depends on the grid spacing, and is inappropriate for representing a trapped system. By
using a consistent energy cutoff in the single-particle basis, a well defined separation of
the coherent and incoherent regions can be made.

It is also important to ensure the choice of cutoff is physically appropriate. If the cutoff is
set too high, then sparsely occupied modes will appear in the coherent region. If the cutoff
is too low, then strongly fluctuating modes that should be described classically will appear
in the incoherent region. In practice, typical εcut ≈ 3µ allows for the coherent region to
contain all highly fluctuating and classically occupied modes.

By carefully choosing the cutoff, the single-particle basis will approximately diagonalize
the many-body Hamiltonian at the cutoff energy. This has important quantitative conse-
quences, since in this case the incoherent region can be described semi-classically [113],
and the projector becomes an energy cutoff. Assuming a reservoir in near-equilibrium,
the thermodynamics of the reservoir can be readily calculated allowing for a quantitative
account of the full system. In contrast, it would be not tractable to give a quantitative
account of the reservoir if the plane-wave basis was used for a trapped system, so it is
not clear how to quantitatively connect classical-field simulations with experiments in this
case.

(iii) Energy-damping process: The projector allows for the tractable inclusion of the terms
associated with the number-conserving energy-damping process. This process is likely to
lead to important effects in non-equilibrium systems [104], and is formally absent from
the Stoof SGPE.

(iv) Numerical importance: Since all single-particle modes described by the classical-field
are highly occupied, it is crucial to provide a careful numerical implementation so that all
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modes are evolved accurately. Any spurious dynamics will lead to an incorrect description
of the dynamics and equilibrium properties of the system.

For zero-temperature GPE simulations, grid methods will accurately describe the dynam-
ics in a trapped system, since the high energy modes will have negligible population and
thus have an insignificant effect on dynamics. However in classical-field simulations, the
non-linearity in the projected Gross-Pitaevskii equation can generate momentum compo-
nents up to three times larger than those in the classical-field [268], which can lead to
aliasing if not treated carefully. The projected Gross-Pitaevskii equation provides a fully
dealiased spectral method for propagating the GPE. In the basis of plane waves (i.e. the
Fourier spectral method), the PGPE eliminates all spurious aliasing generated by four-
wave interactions. In practice this is achieved by evaluating the interaction term for a
wave function of n points per spatial dimension (n momentum modes) on a grid with 2n

points in each dimension (extending out to twice the momentum cutoff of the wave fuc-
tion) [219]. This same procedure is easily generalized to other bases [113, 230]. For a
harmonically trapped system a basis of harmonic-oscillator states should be used [230],
and a Hermite-Gauss quadrature method can be used to evaluate the non-linear terms
[269]. The order of the grid is again twice that of the mode space to ensure numerically
exact projective evolution.

Careful implementation of the projector is clearly important in order to quantitatively model
dissipative dynamics in Bose-Einstein condensates.

2.3.7 Positive P method

Classical-field methods based on the Wigner phase-space representation of the density operator
have been very successful in describing condensate dynamics at finite temperatures. However
the approach relies on the truncated Wigner approximation. Here we describe a method using
the Glauber-Sudarshan P-representation, that is based on normally ordered operator averages
[270, 271]. This eliminates the need for any approximation since a Fokker-Planck equation is
immediately found. However the Glauber-Sudarshan P-representation leads to a distribution
that can have both negative values and delta-function singularities, meaning that the Fokker-
Planck equation has a non-positive-definite diffusion matrix.

This problem was overcome by Drummond and Gardiner, who considered a range of gen-
eralized P-representations [272]. Of particular use in cold-atoms research is the positive P-

representation, which considers a phase-space with twice the dimension of the classical-phase
space [272, 273, 274]. In this case the Fokker-Planck diffusion coefficient becomes strictly
positive-semidefinite, so that a stochastic differential equation for the classical phase-space
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grains expand significantly in the radial direction (relative
to COM) (Figs. 2(a) and 3(b)). This onset of growth
coincides with the beginning of Bose stimulated scattering
(see below and Fig. 4(a), circles).

Atoms with velocities ~v and ! ~v on opposite sides of the
spherical shell are not coherent (jg"1#j $ 0) but are corre-
lated in number (Fig. 2(a)). Initially, correlations are ex-
treme: g"2#"k;!k# % 2. This is analogous to a two-mode
mixed state pj1; 1ih1; 1j& "1! p#j0; 0ih0; 0j with a small
probability p of single atoms in both modes and otherwise
vacuum. There, g"2# ' 1=p. At longer times, g"2# is seen to
decay in Fig. 3(a), although it is still much greater than the
thermal value of two for t * 200 !s when the phase grain
contains several atoms. To measure short time velocity
correlations, one might try to preserve them by suddenly
switching off the atomic interactions using a Feshbach
resonance during the collision. After expansion, they
would develop into position correlations [18].

Some previous correlation estimates are in qualitative
agreement: For longer times, g"2#" ~v; ~v# ' 2, as well as
g"2#" ~v;! ~v# $ 2 and g"1#" ~v;! ~v# $ 0 were predicted [3].
Truncated Wigner calculations [5] saw the presence of
phase grains, but their orientation or dynamics were not
studied. High initial correlations may have not been seen
due to the known poor signal-to-noise ratio in that method.

The scattering rate (Fig. 4(a), circles) goes through two
distinct phases: The spontaneous regime of constant scat-
tering into almost empty modes is seen for 30 !s & t &
200 !s, followed by the stimulated (Bose-enhanced) re-
gime for times t * 200 !s, where there is a decided in-
crease in scattering rate despite a lessening overlap
between the colliding wave packets. We interpret this
transition as the onset of Bose enhancement of scattering
into the spherical shell around j ~vj $ vs ' 9:37 mm=s. As
a rough check, it should begin when the number of parti-
cles in a locally coherent region (‘‘phase grain’’) ap-
proaches one. Using the widths of g"1# from Fig. 3(b),
and the calculated density at j ~vj ' vs, one finds $0:9
atoms per phase grain at 200 !s.

A comparison to approximate methods used previously
is instructive. Figure 4 shows our total predicted scattering
rate and the distribution of axial (x) velocities, compared to
the approximate truncated Wigner method. The accuracy
of that method is very poor with our parameters, even
surprisingly so. It adds a halo of false particles (detail in
Fig. 4(b)) out to about (2vQ, while at higher velocities
unphysical negative densities are obtained. Since it is a
hidden-variable theory, it must introduce half a virtual
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FIG. 1 (color online). Evolution of velocity distribution. The
distribution $"vx; vy# has been integrated over one transverse
dimension z. Shading indicates differing density (its range varies
between panels). S ' 2048 trajectories.
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Figure 2.6: Evolution of velocity distribution according to the positive-P method. The distribu-
tion ρ(vx, vy) has been integrated over one transverse dimension z. Shading indicates differing
density (its range varies between panels). Average over 2048 trajectories. Figure reproduced
from [275].

variables can be found which exactly represents the quantum dynamics. As well as provid-
ing an exact treatment of quantum dynamics, the positive P-representation allows for the study
of strongly correlated regimes that are outside the validity of the truncated Wigner treatment.

Deuar et al. [275] used the positive P method to study the quantum dynamics of colliding
Bose-Einstein condensates in three dimensions. Figure 2.6 shows the formation of the scattered
atom shell following the condensate collision [compare with figure 2.2 which shows truncated
Wigner simulations]. The positive P simulations showed a range of new phenomena including
strong correlations between scattered atom pairs that are not visible within a truncated-Wigner
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approach.
While the positive P approach allows for an exact description of quantum dynamics, it is

technically challenging to implement. By doubling the dimensionality of phase-space the sta-
bility of the positive P method becomes much more sensitive to sampling errors. Positive-P
simulations are well defined for short times, after which convergence is difficult to achieve as
the sampling error grows exponentially [274].

The short times at which the positive P-representation can be used means that in comparison
to the SPGPE, it is of limited value for describing dissipative dynamics in Bose-Einstein con-
densates. However an increasing number of applications have successfully used the positive P-
representation to simulate quantum dynamics of cold atom systems. Such studies have included
simulating the dynamics of condensate formation [276], spin squeezing in a two-component
Bose-Einstein condensate [277], the quantum dynamics of Avogadro’s number of interacting
atoms [278], correlation dynamics in a uniform system [279], and the dynamics and correla-
tions of the dissociation of a molecular Bose-Einstein condensate [280, 281, 282, 283]. All of
these applications rely on both weak and short-time interactions.

2.4 Symmetry breaking methods

In this section we review an alternative method to describe finite temperature Bose-Einstein
condensates based on the Beliaev broken symmetry approach. The conceptual idea behind
this approach is that the field operator is separated into a contribution from the condensate
mode, and a remaining non-condensate part. This is distinct from the projected classical-field
approach, where the coherent region contains the condensate and all low-energy excitations.
The symmetry-breaking approach follows a theoretical framework that is traditionally used in
condensed matter physics, and leads to a number of theories that have proven to accurately
describe beyond Gross-Pitaevskii physics [98]. Of most relevance is the approach of Zaremba,
Nikuni, and Griffin (ZNG), who use a kinetic description of the thermal cloud coupled to a
dissipative Gross-Pitaevskii equation to describe finite temperature dynamics. In this section we
review the symmetry-breaking approach in section 2.4.1, describe the ZNG approach in section
2.4.2, and finish by briefly reviewing the number-conserving approach that avoids symmetry-
breaking in section 2.4.3.
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Chapter 2. Theoretical models for finite temperature Bose-Einstein condensates

2.4.1 Theoretical overview

System separation

In the symmetry breaking approach, the quantum field operator for the effective field theory,
Ψ̂(r), is decomposed in terms of its own expectation value and an operator-valued fluctuation
term

Ψ̂(r) = 〈Ψ̂(r)〉+ δ̂(r), (2.27)

where δ̂(r) = Ψ̂(r) − 〈Ψ̂(r)〉 is the fluctuation operator with 〈δ̂(r)〉 = 0. This approach is
related to ultra cold Bose gases by identifying 〈Ψ̂(r)〉 as the condensate mode contribution, i.e.
the macroscopic occupation of a single-particle state, where it is assumed that 〈Ψ̂(r)〉 6= 0. The
fluctuation operator then represents non-condensed atoms, which can correspond to quantum
fluctuations, thermally excited atoms, or excited atoms due to interaction effects. In terms of
the condensate mode φ̂(r), Eq. (2.27) becomes

Ψ̂(r) = φ̂(r) + δ̂(r), (2.28)

= âcφc(r) +
∑

n6=c

ânφn(r), (2.29)

where as usual the â operators obey the Bose commutation relations, and φm(r) are a complete
orthonormal set of single-particle eigenstates. In practice, the φm(r) are found from diagonal-
izing the one-body density matrix as introduced by Penrose and Onsager [16]

ρ(r, r′) = 〈Ψ̂†(r′)Ψ̂(r)〉. (2.30)

The condensate mode φc(x) is identified as the eigenstate of the one-body density matrix with
largest occupation, with corresponding eigenvalue Nc representing the condensate normaliza-
tion. If a well defined condensate exists, the condensate operator âc can be replaced with the
complex number

√
Nce

iΘ, where Θ is the phase. Writing the condensate operator [φ̂(r)] as the
complex number φ(r) =

√
Nce

iΘφc(r), the field operator becomes

Ψ̂(r) = φ(r) + δ̂(r), (2.31)

where only δ̂(r) has operator dependence. The replacement φ̂(r) → φ(r) is the basis of the
symmetry breaking approach, since choosing a specific value of the condensate wave function
sets the phase, which breaks the U(1) gauge symmetry of the cold-collision Hamiltonian (2.6).
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Hamiltonian and equations of motion

Substituting the separated field operator (2.31) into the cold-collision Hamiltonian (2.6), leads
to the expanded Hamiltonian

Ĥ = H0 + Ĥ1 + Ĥ2 + Ĥ3 + Ĥ4, (2.32)

where the subscripts denotes the order of fluctuation operators in each term, thus H0 has no hat
as it contains only products of the condensate wave function. The terms in (2.32) with higher
order of fluctuation operators become more important when non-condensate effects become
significant. Similarly to the projected classical-field approach, the goal here is to arrive at a
tractable description of condensate dynamics by appropriately treating each term in the Hamil-
tonian Ĥ . Averaging the Heisenberg equation of motion for the field operator Ψ̂(r) leads to the
equation of motion for the condensate

i~
∂φ(r)

∂t
= Hspφ+ u〈Ψ̂†(r)Ψ̂(r)Ψ̂(r)〉. (2.33)

Utilizing the symmetry breaking decomposition [Eq. (2.31)], the final term can be written as

〈Ψ̂†(r)Ψ̂(r)Ψ̂(r)〉 = ncφ(r) + m̄φ∗(r) + 2n̄φ(r) + 〈δ̂†(r)δ̂(r)δ̂(r)〉, (2.34)

where the mean-field averages correspond to the condensate density nc(r) = |φ(r)|2, non-
condensate density n̄(r) = 〈δ̂†(r)δ̂(r)〉, and anomalous average m̄(r) = 〈δ̂(r)δ̂(r)〉. The triplet
of fluctuation operators plays the role of a source term within a quantum kinetic description.

The condensate equation of motion then becomes the generalized Gross-Pitaevskii equation
[284]

i~
∂φ(r)

∂t
= (Hsp + u(nc + 2n̄))φ(r) + um̄φ∗(r, t) + u〈δ̂†(r, t)δ̂(r, t)δ̂(r, t)〉, (2.35)

This equation of motion describe the full dynamics of the condensate within the symmetry
breaking picture. However the solution is generally intractable without some truncation or
approximation. We will now describe some standard mean-field descriptions that arise from
Eqs. (2.35) in different levels of approximation.

Gross-Pitaevskii equation

At zero temperature, the non-condensate contribution can be neglected, so that δ̂ = δ̂† = 0.
In this regime, all non-condensate operator terms vanish, and Eq. (2.35) reduces to the Gross-
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Chapter 2. Theoretical models for finite temperature Bose-Einstein condensates

Pitaevskii equation (1.1).

Hartree-Fock-Bogoliubov approximation

Neglecting the triplet correlation function in (2.35) is known as the Hartree-Fock-Bogoliubov
(HFB) approximation [285], where the condensate evolution is dynamically coupled to the non-
condensate via the mean-field normal and anomalous averages. The fluctuations in nc, n̄, and m̄
must be calculated self-consistently, and account for both collisions between condensate atoms
and collisions between one condensate and one non-condensate atom that conserve population.
The HFB approximately includes all quadratic fluctuation operators, and so the Hamiltonian is
quadratic and may be diagonalized by the Bogoliubov transformation [197, 198, 199]. However
the HFB approach suffers from an unphysical gap in the quasiparticle energy spectrum in the
homogeneous limit. Technically this arises from the violation of Hugenholtz-Pines theorem
that requires the energy of an elementary excitation to become zero relative to the condensate as
k → 0, and is because of the inconsistent treatment of condensate and non-condensate particles
due to neglecting the triplet term [199, 285]. To provide a physically consistent description
of condensate dynamics, the HFB description has been modified in various ways. The most
relevant modifications for our purposes are2:

(i) Popov approximation: The Popov approximation refers to neglecting the anomalous av-
erage (m̄ = 0) within HFB [285], leaving a tractable description of condensate and non-
condensate interactions. The Popov approximation has been used in a static form, where
fluctuations in the thermal cloud are ignored so n̄(r, t) = n̄(r, 0). Physically, this de-
scribes condensate atoms moving in a static Hartree-Fock field due to non-condensate
atoms. This method has been used to quantitatively calculate damping of collective mode
excitations at finite temperature [286, 287]. Dynamics of the non-condensate density have
been included by Minguzzi et al. [288].

(ii) Perturbative description of higher order terms: A more consistent treatment of interac-
tions can be found by including the triplet correlation of fluctuation operators in (2.35).
Including the triplet term allows for the description of particle transfer between the con-
densate and non-condensate, as well as collisions between two non-condensate atoms.
Including such collisional processes can be achieved by using a kinetic theory treatment
of the scattering dynamics [289, 290]. Contributions from the triplet term have been self-
consistently combined with the HFB formalism by perturbatively including the difference
between the full Hamiltonian (2.32), and the HFB Hamiltonian that includes all fluctuation
operator terms up to second order [291, 292, 293].

2For a complete review see Ref. [98].
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condensate and the thermal cloud (cf equation (122))

R(r, t) = !ig
"!̂†!̂!̂#(r, t)

"(r, t)

= 2#g2
!

dp2

(2#h̄)3

!
dp3

(2#h̄)3

!
dp4

(2#h̄)3

$ (2#h̄)3!(mvc + p2 ! p3 ! p4)!($c + $̃2 ! $̃3 ! $̃4)

$ [f2(f3 + 1)(f4 + 1) ! (f2 + 1)f3f4]. (153)

The term iR can be interpreted as follows: out of equilibrium
this term leads to the transfer of atoms between the two
subsystems; once local equilibrium is (re-)established between
the condensed and thermal components, iR = 0 identically,
and the condensate is described by the simpler Hartree–Fock
expression of equation (96).

Having identified the ‘growth’ term in the condensate
evolution equation, we must also derive the corresponding
evolution of the thermal cloud in order to obtain a closed
system of equations. Following the usual formulation of the
kinetic theory of gases [104–107], the evolution of f (p, r, t)
in the presence of a slowly varying external field U(r, t) (for
which we can make a gradient expansion) takes the form

df

dt
= %f

%t
+ v · %rf ! (%rU) · (%pf ), (154)

where %r and %p denote gradients in position and momentum
variables, respectively. Although in the absence of collisions f

would obey Liouville’s equation df/dt = 0, in the presence of
collisions, the value of f changes at a rate C[f ], which is called
the collision integral. Thus, the problem of transport in a gas
reduces to the identification and calculation of the appropriate
collision integrals. The effect of collisions between the atoms
is included into the evolution of the distribution function via
the contribution

df

dt
= 1

ih̄
Tr &̃(t, t0)[f̂ (p, r, t0), Ĥ &&&(t)]. (155)

This yields the following expression for the evolution of the
distribution function:

%f

%t
+ v · %rf ! (%rU) · (%pf ) = C12[f ] + C22[f ]. (156)

Note that due to the presence of the mean fields of condensed
and thermal atoms, all atoms experience the generalized
potential U(r, t) defined by equation (141). Equation (156),
first derived in slightly modified form in this context by
Kirkpatrick and Dorfman [105], is known as the ‘quantum
Boltzmann equation’ (see, e.g. [119–121]); this equation
reduces to the classical ‘Uehling–Uhlenbeck’ equation [125]
when C12[f ] = 0, i.e. above the transition temperature
when there is no condensate present. To strengthen the
link to our introductory discussion (section 4.4.1), we note
that the collisional integrals C12[f ] and C22[f ] appearing in
equation (156) are the direct analogues of equations (123) and
(124) (and their more general expressions given in [110, 109]
in terms of single-particle variables), now expressed explicitly
in terms of f . They describe the following processes:

CONDENSATE

NON
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22C
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&
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t
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Dissipative Gross-Pitaevskii Quantum Boltzmann

Figure 5. Schematic of characteristic collisions included in the
self-consistent Gross–Pitaevskii–Boltzmann formalism of equations
(152)–(156), often referred to as the ‘ZNG’ formalism.

• A collision involving the transfer of an atom from the
thermal cloud into the condensate and its inverse process
(cf equation (123))

C12[f ] = 4#

h̄
g2|"|2

!
dp2

(2#h̄)3

!
dp3

(2#h̄)3

!
dp4

(2#h̄)3

$ (2#h̄)3!(mvc + p2 ! p3 ! p4)

$ !($c + $̃2 ! $̃3 ! $̃4)

$ (2#h̄)3[!(p ! p2) ! !(p ! p3) ! !(p ! p4)]

$ [(f2 + 1)f3f4 ! f2(f3 + 1)(f4 + 1)]. (157)

Clearly this term must be related to the condensate source
term (cf equation (122)), and indeed one finds

R(r, t) = h̄

|"(r, t)|2

!
dp

(2#h̄)3
C12[f (p, r, t)]. (158)

As a result, the final theory does actually preserve the total
number of atoms in the system.

• A collision between two thermal atoms (cf equation (124))
is given by

C22[f ] = 4#

h̄
g2

!
dp2

(2#h̄)3

!
dp3

(2#h̄)3

!
dp4

(2#h̄)3

$ (2#h̄)3!(p + p2 ! p3 ! p4)!($̃ + $̃2 ! $̃3 ! $̃4)

$ [(f + 1)(f2 + 1)f3f4 ! ff2(f3 + 1)(f4 + 1)].

(159)

We have thus arrived at a self-consistent second-order
description of a partially Bose-condensed gas in terms of a
dissipative Gross–Pitaevskii equation (152) for the condensate
mode, coupled to a dynamical reservoir of thermal atoms
obeying a ‘quantum Boltzmann equation’ (equation (156)),
as depicted diagrammatically in figure 5. These equations
should be solved simultaneously with equations (145), (141),
(153), (157) and (159) with the energies of the condensate
and its excitations determined self-consistently from equations
(149) and (148). An important advantage of this theory
is that it incorporates thermal cloud dynamics in a self-
consistent manner. In the context of generalized mean fields

28

Figure 2.7: Schematic of characteristic collisions included in the self-consistent Gross-
Pitaevskii-Boltzmann formalism, also referred to as the ZNG formalism. Figure reproduced
from figure 5 of Ref. [98].

While calculations within the Popov approximation have shown good quantitative agreement
with experiment, the neglect of high order fluctuation operators means its regime of validity
is limited to low temperatures. Including higher order terms with a kinetic description allows
for a description of high-temperature dynamics, however including such terms consistently to
the HFB formalism is a technical challenge. An effective solution that enables a quantitative
description of finite-temperature dynamics was formulated by Zaremba, Nikuni, and Griffin
[179].

2.4.2 Zaremba-Nikuni-Griffin approach

Theoretical approach

The Zaremba-Nikuni-Griffen (ZNG) approach provides a method for describing condensate
dynamics coupled to a dynamical thermal cloud [179, 284]. The ZNG approach uses a Popov
approach, in combination with a perturbative description of beyond HFB terms that allow for a
full description of thermal collisions. The equation of motion for the condensate is given by

i~
∂φ(r)

∂t
=

[
Hsp + u(nc + 2n̄)− iR(r, t)

]
φ(r, t), (2.36)

which looks much like the Popov GPE [Eq. 2.35 with m̄ = 0], with an additional contribution
from the triplet term (iR). This extra term describes a growth process, and is a non-Hermitian
source term that describes the exchange of particles between the condensate and thermal cloud.

The key to the ZNG approach is that the thermal cloud is described with a Wigner distri-
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Chapter 2. Theoretical models for finite temperature Bose-Einstein condensates

bution function within a local semi-classical approximation, f(p, r, t). By using phase-space
distribution functions, the kinetic equations obtained from the perturbative treatment of fluc-
tuation operators becomes numerically tractable, in contrast with the perturbative treatment of
Refs. [291, 292, 293] in the previous section. The equation of motion for the Wigner function
of the thermal cloud takes the form of a quantum Boltzmann equation, given by

∂f

∂t
+

p

m
· ∇rf − (∇rUHF) · (∇pf) = C12(f, φ) + C22(f), (2.37)

where the generalized mean-field potential is given by

UHF = Vext(r) + 2u
[
|φ(r)|2 + n̄(r)

]
. (2.38)

The terms on the right hand side of (2.37) are the collisional integrals, where C12 represents a
collision between a condensate and non-condensate atom leading to population transfer, andC22

represents a collision involving the redistribution of two thermal atoms. The different physical
processes described by the ZNG method are shown schematically in figure 2.7.

The ZNG theory gives a self-consistent approach to treating thermal cloud dynamics via the
Boltzmann equation (2.37), which is coupled to the condensate dynamics via (2.36) byC12, C22,
and R. Providing a quantitative description of thermal cloud dynamics is the major strength of
the ZNG approach, which has been shown by quantitatively accurate simulations of collective
mode oscillations at finite temperatures [294, 295, 296, 297]. Figure 2.8 shows the frequency
and damping rate of the scissors mode, comparing ZNG simulations with the experiment of
Maragò et al. [82]. The scissors mode is created by a counter-rotational oscillation of the
Bose gas relative to a static trapping potential, which leads to two oscillation frequencies of
the thermal cloud and one for the irrotational superfluid. The ZNG simulations showed good
agreement with experimental data for the frequency and damping rate of the scissors mode
for T < 0.8T 0

c , showing strong evidence of its ability to describe coupled thermal cloud and
condensate dynamics. ZNG has also been applied to studies of the hydrodynamic regime [298,
299], damping of surface modes in a rotating thermal cloud [300], dark soliton decay [301, 302],
and vortex decay [180, 181].

2.4.3 Beyond symmetry-breaking: The number-conserving approach

The symmetry breaking approach described in the previous sections leads to a lack of both ex-
plicit particle number conservation, and orthogonality between the condensate and symmetry-
broken non-condensate operator. This leads to ambiguities in determining the condensate and
non-condensate, which is a problem when the coupled condensate and non-condensate dynam-
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FIG. 1. Frequency (a) and damping rate (b) of the condensate
scissors mode as a function of temperature for N ! 5 3 104

total particles. The temperature is normalized by the transition
temperature of the ideal gas, T 0

c . Each plot shows results ob-
tained by solving Eq. (2): (i) excluding collisions, C12 ! C22 !
0, (!); (ii) with C12 ! 0 but C22 fi 0 (!); and (iii) with all col-
lisional processes included (±).

function of temperature, for a fixed total number of atoms,
N ! 5 3 104. To separate the effects of each term in the
Boltzmann equation (2) on the dynamics, simulations are
performed with no collisions, with only C22 collisions, and
with both C12 and C22. At low temperatures (T , 0.6T0

c )
we see that the damping is predominately due to colli-
sionless Landau damping, where mean field interactions
between the condensate and thermal atoms transfer
energy from the collective mode to single particle excita-
tions. When C22 collisions are included, an increase in
damping is observed. These collisions can only affect the
condensate indirectly through their equilibrating effect on
the nonequilibrium distribution of thermal atoms. The
C12 term leads to additional damping at low T by further
promoting the equilibration of the condensate and thermal
cloud. This source of damping is comparable in magni-
tude to that of the C22 collisions but is small compared
to Landau damping, in agreement with a previous study
of collective modes under the assumption of a static
thermal cloud [18]. The effect of C12 collisions is also
evident as a decrease in the condensate number with time,
which occurs since the gas equilibrates to a higher final
temperature due to the excess energy stored in the initial
nonequilibrium state.

At higher temperatures (T . 0.6T0
c ), collisional effects

increase in importance, but the situation becomes more
complicated as T 0

c is approached. The more massive ther-
mal cloud begins to drive the condensate at its own scissors
mode frequencies, and as a result, a single damped sinu-

soid is a poor fit to the theoretical data in this regime.
Effectively, the condensate oscillations are sustained over
longer times and the damping appears to saturate.

There are also observable effects on the condensate
mode frequency. In the collisionless limit, we see from
Fig. 1(a) that the frequency at first increases with increas-
ing temperature as a result of the decreasing number of
condensate atoms (i.e., the frequency shifts away from the
TF limit). This trend is reversed by collisions, as well as at
higher temperatures where the thermal cloud becomes sig-
nificant. Since the condensate tends to drag part of the ther-
mal cloud along with it, its effective inertia is increased.
One would therefore expect a lowering of its normal mode
frequency, as observed.

Use of evaporative cooling in the actual experiments [3]
meant that the total number of atoms varied with tempera-
ture from N ! 2 3 104 at low T to N ! 105 close to T 0

c .
Since a small but significant dependence on the number is
found in our full simulations, we have taken this variation
into account in our comparison with experiment. Our re-
sults in Fig. 2 are in very good agreement with experiment
for T , 0.8T0

c but deviate from experiment in both fre-
quency and damping at the three highest temperatures.
However the experimental error bars are particularly large
for these points, which may reflect difficulties in extracting
values of the damping rate and frequency from fits to the
data over a limited time scale. We note that three damped
sinusoids are needed to fit the theoretical data in this re-
gime, as the condensate is strongly coupled to the thermal

FIG. 2. Frequency (a) and damping rate (b) of the scissors
modes for a variable total number of atoms, intended to simu-
late experiment [3]. The condensate mode is indicated by open
(theory) and solid (experiment) circles. The open squares in (b)
show the calculated average damping rate of the two thermal
cloud modes, while the solid squares are the corresponding ex-
perimental values.

100404-3 100404-3

Figure 2.8: Frequency (a) and damping rate (b) of the scissors modes for a variable total number
of atoms, intended to simulate the experiment of Ref. [82]. The temperature is normalized by
the transition temperature of the ideal gas, T 0

c . The condensate mode is indicated by open
(theory) and solid(experiment) circles. The open squares in (b) show the calculated average
damping rate of the two thermal cloud modes, while the solid squares are the corresponding
experimental values.

ics are important [188]. Such coupled dynamics is important for non-equilibrium systems, at
relatively cold temperatures where the dynamics involve a strong contribution from a large con-
densate. Furthermore, the validity of the HFB-Popov and ZNG approaches lies outside the
non-equilibrium low-temperature regime, since here a consistent treatment of the anomalous
average is important.

The number-conserving approach provides a method that avoids breaking the global U(1)

symmetry of the many-body Hamiltonian [197, 198, 199, 303]. The method follows a simi-
lar approach to the generalized mean-field theories of section 2.4.1, where the condensate is
identified by the Penrose-Onsager condition. However in the number-conserving approach, the
condensate has operator form and the fluctuation operator is defined to commute with the total
particle number operator. The number-conserving approach leads to a significant increase in

43



Chapter 2. Theoretical models for finite temperature Bose-Einstein condensates

complexity over mean-field theories arising from symmetry breaking, and the time-dependent
formalism for finite temperatures has only recently been developed [303, 304].

Morgan et al. [305] applied a linear response treatment to the second-order number conserv-
ing equation to quantitatively calculate condensate excitations. Billam et al. have performed
the only fully dynamical numerical implementation of the number conserving method to date
[188, 306]. They applied the number-conserving method to the non-equilibrium dynamics of the
δ-kicked-rotor Bose-Einstein condensate at finite temperature, predicting a quantitative shift in
resonance frequencies at finite temperatures [188]. While a self-consistent number-conserving
treatment is important to describe non-equilibrium dynamics, its validity lies outside the high-
temperature regime that is the focus of this thesis.

2.5 Discussion

2.5.1 Conceptual differences between the SPGPE and ZNG methods

In this thesis we are interested in studying the dynamics of Bose-Einstein condensates in the
high-temperature regime. In this regime, the classical-field and symmetry-breaking approaches
both provide theoretical insights via the SPGPE and ZNG method. While there have been
no quantitative comparisons between these approaches, there has recently been some argu-
ment over the conceptual validity of both the symmetry breaking and classical-field methods
[307, 308]. As we use the SPGPE in this thesis, at this point it is useful to discuss the concep-
tual differences between the ZNG and SPGPE approach. These differences are summarized as
follows:

(i) Thermal cloud dynamics: The primary advantage of the ZNG approach is that it provides
a dynamical description of the entire thermal cloud. In contrast, a dynamical description
of the reservoir in the SPGPE theory has yet to be achieved3. Some thermal dynamics
are included within the coherent region, but the lack of dynamics over the entire thermal
cloud is the key limitation of the SPGPE. The importance of including full thermal cloud
dynamics was shown in the ZNG study of collective modes [see figure 2.8]. However
understanding the importance of including the full thermal cloud dynamics in general
non-equilibrium systems is an active area of current research.

(ii) Conceptual issues with the symmetry breaking approach: The symmetry-breaking ap-
proach relies on identifying a macroscopically occupied single-particle state correspond-
ing to the condensate, and insisting upon a mean-field. This has the intuitive advantage

3Although this is not a fundamental limitation of the SPGPE theory [104].
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that the condensate order parameter is immediately accessible, giving a direct link to the
superfluid properties of the system. However the symmetry-breaking approach assumes
the condensate is a single-mode classical field, that does not have any fluctuations or non-
trivial correlations with thermal atoms. In the high-temperature regime the condensate
population has been shown to exhibit large fluctuations [233, 235], near the transition the
condensate will be small if identifiable, and in low-dimensional systems increased fluc-
tuations lead to a significant difference between the condensate and superfluid density
[59]. Each of these experimentally relevant regimes are outside the validity of the ZNG
approach.

(iii) Conceptual issues with the classical field approach: The classical-field approach con-
ceptually differs from ZNG, as the entire low-energy multimode coherent region is rep-
resented by a classical-field. The separation of the system into coherent and incoherent
regions leads to a less intuitive picture of the role of the condensate, and has been called
somewhat ad hoc [308]. In fact the system separation for the classical-field approach is
based on choosing a physically-consistent cutoff, ensuring that all low-energy modes are
classically occupied. While the cutoff can be chosen arbitrarily within this regime of va-
lidity, any results should be independent of the precise cutoff providing it is chosen consis-
tently [see section 2.3.6]. The main benefit of this approach is that there is no requirement
for a system to contain a well-defined condensate, and that the classical-field contains all
interactions non-perturbatively. This means that the SPGPE can be used consistently in
highly fluctuating and non-equilibrium regimes.

While the SPGPE and ZNG methods can both be used to describe finite-temperature dynamics,
it is conceptually clear that the SPGPE can describe regimes that are outside the validity of
ZNG (and vice-versa). In this sense they should be seen as complementary approaches, with
the ZNG method being appropriate when the thermal cloud dynamics are important for a highly
condensed system, while the SPGPE being appropriate when the system temperature is high so
that the reservoir is significantly populated and rapidly thermalizes.

2.5.2 Summary

In this chapter we have described the wide range of theories used to describe the dynamics
of Bose-Einstein condensates at finite temperature, to provide a conceptual background to the
validity and limitations of the various methods.

We have discussed at length the range of classical-field methods, highlighting the impor-
tance of using a consistent projector and including reservoir interactions to describe finite-
temperature dynamics. We followed this with a review of generalized mean-field theories,
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discussing the ZNG approach that utilizes the concept of spontaneous symmetry-breaking, and
the number-conserving approach that avoids it. The SPGPE and ZNG approaches both pro-
vide a means to describe finite-temperature dynamics. We have commented on the conceptual
differences between these methods, highlighting that they are complementary methods.

While the approaches to describe finite-temperature dynamics have been implemented to
study a wide variety of systems, there are no rigorous experimental tests of the energy-damping
terms within the SPGPE. As the energy-damping terms may play an important role in finite
temperature dynamics, understanding the importance of these terms is of fundamental interest,
and provides strong motivation for the work in this thesis.
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Chapter 3

The stochastic projected Gross-Pitaevskii
equation

3.1 Introduction

In this thesis, we use the stochastic projected Gross-Pitaevskii equation (SPGPE) to describe
finite temperature Bose-Einstein condensate dynamics. The SPGPE is a microscopically de-
rived treatment of reservoir interactions, providing a first-principles description of dissipative
superfluid dynamics. We demonstrate this here, where we outline the derivation of the SPGPE
and describe how it can be used to perform ab-inito simulations of finite-temperature dynamics.

This chapter is organized as follows. In section 3.2 we begin by reviewing the Hamilto-
nian terms that arise from carrying out the projection of the quantum field, including reservoir
interaction terms. In sections 3.3 and 3.4 we outline the theoretical treatment of the reservoir
interaction terms, and arrive at a Fokker-Planck equation for the underlying Wigner representa-
tion of the quantum field. In section 3.5 we formulate the final SPGPE that we use in this thesis,
before considering different sub-theories that arise from neglecting different reservoir processes
in section 3.6. Finally in section 3.7 we outline how SPGPE parameters can be determined, and
compare the magnitude of each reservoir process.

3.2 System separation and Hamiltonian

We begin with the second-quantized cold-collision Hamiltonian as introduced in section 2.2.2,
given by

Ĥ =

∫
d3r Ψ̂†(r)HspΨ̂(r) +

u

2

∫
d3rΨ̂†(r)Ψ̂†(r)Ψ̂(r)Ψ̂(r), (3.1)
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where u = 4π~2as/m, as is the s-wave scattering length, and the single-particle Hamiltonian is

Hsp =
−~2∇2

2m
+ Vext(r). (3.2)

For the work in this thesis, we consider three-dimensional harmonically-trapped systems, where

Vext(r) =
m

2

[
ω2
xx

2 + ω2
yy

2 + ω2
zz

2
]
. (3.3)

The states of the system are separated into the low-energy coherent region, and remaining high-
energy incoherent region, as in section 2.3.2. Formally, the field operator is separated as

Ψ̂(r) = ψ̂(r) + φ̂(r), (3.4)

where

ψ̂(r) ≡ PΨ̂(r), (3.5)

φ̂(r) ≡ QΨ̂(r), (3.6)

are the field operators for the coherent-region and incoherent-region respectively, defined by
orthogonal projectors with the properties

PQ = 0, (3.7)

PP = P , (3.8)

P +Q = 1. (3.9)

The cold-collision Hamiltonian is expanded using Eq. (3.4) as

Ĥ = Ĥ0 + ĤI + Ĥint, (3.10)

where the Hamiltonian for the coherent region in isolation is

Ĥ0 =

∫
d3rψ̂†(r)Hspψ̂(r) +

u

2

∫
d3rψ̂†(r)ψ̂†(r)ψ̂(r)ψ̂(r), (3.11)

the Hamiltonian for the incoherent region in isolation is

ĤI =

∫
d3rφ̂†(r)Hspφ̂(r) +

u

2

∫
d3rφ̂†(r)φ̂†(r)φ̂(r)φ̂(r), (3.12)
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and the Hamiltonian accounting for reservoir interactions resulting in energy and/or particle
transfer is Ĥint = Ĥ

(1)
int + Ĥ

(2)
int + Ĥ

(3)
int , where the superscript number indicates how many

coherent-region field operators are in each term. The contributions to the reservoir interaction
Hamiltonian are

Ĥ
(1)
int = u

∫
d3r
[
ψ̂†(r)φ̂†(r)φ̂(r)φ̂(r) + φ̂†(r)φ̂†(r)φ̂(r)ψ̂(r)

]
, (3.13)

Ĥ
(2)
int =

u

2

∫
d3r
[
ψ̂†(r)ψ̂†(r)φ̂(r)φ̂(r) + ψ̂(r)ψ̂(r)φ̂†(r)φ̂†(r)

+ 2φ̂†(r)ψ̂†(r)ψ̂(r)φ̂(r) + 2φ̂†(r)ψ̂†(r)φ̂(r)ψ̂(r)
]
, (3.14)

Ĥ
(3)
int = u

∫
d3r
[
φ̂†(r)ψ̂†(r)ψ̂(r)ψ̂(r) + ψ̂†(r)ψ̂†(r)ψ̂(r)φ̂(r)

]
. (3.15)

3.3 Microscopic treatment of reservoir interactions

In this section we describe how we microscopically account for the reservoir interactions be-
tween the incoherent and coherent regions. We follow Refs. [143, 144, 145, 147], and derive
an equation of motion for the coherent region density operator using standard master equation
techniques [194, 195, 245].

3.3.1 The master equation

The total system (coherent and incoherent regions) evolves according to the von Neumann equa-
tion of motion for the density operator

ρ̇ = − i
~

[Ĥ0 + ĤI + Ĥint, ρ], (3.16)

= (L0 + LI + Lint) ρ, (3.17)

where the L terms are Louivillian superoperators [195]. We follow the standard procedure for
treating the thermal reservoir by tracing out the the incoherent region degrees of freedom to
arrive at an equation of motion for the coherent region density operator [194]. The coherent
region density operator is defined by

ρC = TrI(ρ). (3.18)

We define the projectors in terms of the density operators, such that

v(t) = PSρ = ρI ⊗ trI(ρ) = ρI ⊗ ρC , (3.19)
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w(t) = PBρ = (1− PS)ρ, (3.20)

and

v̇(t) = PS [(L0 + LI + Lint)(v(t) + w(t))] , (3.21)

ẇ(t) = PB [(L0 + LI + Lint)(v(t) + w(t))] . (3.22)

Note that the projectors PS and PB separate the total density operator into the part where the
system and bath are uncorrelated, and the part where they are correlated, and are distinct from
the projectors used to split the classical-field in Eq. (3.4).

Equations (3.21) and (3.22) are most easily understood using Laplace transform techniques.
Defining the Laplace transform as

f̃(s) =

∫ ∞

0

e−stf(t)dt, (3.23)

the Laplace transform of Eqs. (3.21) and (3.22) is given by

sṽ(s)− v(0) = PS [(L0 + LI + Lint)(ṽ(s) + w̃(s))] , (3.24)

sw̃(s) = PB [(L0 + LI + Lint)(ṽ(s) + w̃(s))] , (3.25)

where we have assumed the coherent and incoherent regions are initially uncorrelated sow(0) =

0. We now introduce the new superoperators

LC ≡ L0 + PSLintPS, (3.26)

LIC ≡ Lint − PSLintPS, (3.27)

so that LIC + LC = L0 + Lint. This means that LC contains the mean-field contribution from
scattering from the incoherent region, known as forward scattering [see section 3.3.2]. This
allows LC to account for all terms contributing to Hamiltonian evolution of the coherent region.
The evolution equations then become

sṽ(s)− ṽ(0) = LC ṽ(s) + PSLICw̃(s), (3.28)

sw̃(s) = (LC + LI + PBLIC)w̃(s) + PBLIC ṽ(s), (3.29)

where we have used

PSLICPS = 0, (3.30)

P2
S = PS, (3.31)
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PSLI = LIPS = 0. (3.32)

Eliminating w̃(s) from Eq. (3.28), using Eq. (3.29), gives

sṽ(s)− ṽ(0) = LC ṽ(s) + PSLIC(s− LC − LI − PBLIC)−1PBLIC ṽ(s). (3.33)

We now make two physically reasonable approximations. Firstly, we assume thatLC andLR are
dominant, and that LIC acts as a weak coupling. This means we can neglect the interaction term
in the ()−1 part of Eq. (3.33). Making this approximation, and inverting using the convolution
theorem gives

v̇(t) = LCv(t) +

{
PSLIC

∫ 0

−t
dτe−(LC+LI)τPBLIC

}
v(t− τ). (3.34)

Secondly, we use the Markov approximation [194], which is to say that we assume the cor-
relation times of the reservoir are short compared to that of the coherent-region. This is jus-
tified since the energy cutoff is chosen quite high [see section 2.3.6]. In this case we set
v(t− τ)→ v(t), and the integration limit can be set as −∞, so that

v̇(t) = LCv(t) +

{
PSLIC

∫ 0

−∞
dτ exp{−(LC + LI)}PBLIC

}
v(t). (3.35)

3.3.2 Hamiltonian terms

The first term of equation (3.35) corresponds to purely Hamiltonian evolution. The Hamiltonian
terms are

ρ̇C |HC
= LCρC ≡ −

i

~
[HC , ρC ], (3.36)

where

ĤC ≡ Ĥ0 + ĤF , (3.37)

where the forward-scattering Hamiltonian is defined by

HF ≡ 2u

∫
d3rnI(r)ψ̂

†(r)ψ̂(r), (3.38)

where the incoherent region density is

nI(r) ≡ trI{ρI φ̂†(r)φ̂(r)} = 〈φ̂†(r)φ̂(r)〉. (3.39)
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The forward-scattering term accounts for the effect of the average incoherent region density,
taking the form of a Hartree-Fock term.

3.3.3 Reservoir interaction terms

The second part of the master equation (3.35) accounts for the interaction between the coherent
and incoherent regions. Here we expand LIC via

LIC ≡ L(1)
IC + L(2)

IC + L(3)
IC . (3.40)

Expanding the second term in equation (3.35) gives

ρ̇C |IC = ρ̇C |(1) + ρ̇C |(2) + ρ̇C |(3) , (3.41)

where

ρ̇C |(1) ≡ trI

[{
PSL(1)

IC

∫ 0

−∞
dτe−(LC+LI)τPBL(1)

IC

}
ρC(t)⊗ ρI

]
, (3.42)

ρ̇C |(2) ≡ trI

[{
PSL(2)

IC

∫ 0

−∞
dτe−(LC+LI)τPBL(2)

IC

}
ρC(t)⊗ ρI

]
, (3.43)

ρ̇C |(3) ≡ trI

[{
PSL(3)

IC

∫ 0

−∞
dτe−(LC+LI)τPBL(3)

IC

}
ρC(t)⊗ ρI

]
. (3.44)

Terms from Eq. (3.44) involving L(3)
IC are neglected, since they do not lead to processes that

conserve energy and momentum [144]. This can be seen by following the procedure used for
the one and two-field terms in section 3.3.5. For the case of L(3)

IC , the resulting Wigner function
phase space integral [compare with Eq. (3.66)] is formally zero, otherwise the delta-function
term would violate energy conservation.

There are also no terms like Eq. (3.42) that involve cross-terms between the interaction
terms, for example L(1)

IC and L(2)
IC . This is because no non-zero contributions remain after

Hartree-Fock factorization of the reservoir correlation functions stemming from these cross-
terms for a thermalised incoherent region.

Before addressing the remaining non-zero terms, we require the following definitions and
notation. For a general function g, we have

e−(LC+LI)τg = eiHCτ/~eiHIτ/~g e−iHCτ/~e−iHIτ/~. (3.45)
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To simplify our formalism we will use the interaction picture operators, defined as

ψ̂(r, t) = eiHCt/~ψ̂(r)e−iHCt/~, (3.46)

φ̂(r, t) = eiHCt/~φ̂(r)e−iHCt/~. (3.47)

Also, since PSLICPS = 0,

PBLICv(t) ≡ (1− PS)LICPSρ(t) = LICv(t). (3.48)

One-field terms: Number damping process

The one-field terms correspond to the reservoir interaction terms in (3.35) that have one coherent-
region field operator. The physical process that this interaction corresponds to is the number-

damping process, where two reservoir atoms scatter resulting in energy exchange and one atom
moving to the coherent region [see figure 2.4 (b)]. Evaluating ρ̇C |(1) [Eq. (3.42)], using (3.45)
and (3.48), gives

ρ̇C |(1) =
u2

~2

∫
d3r

∫
d3r′

∫ 0

−∞
dτ

{

〈φ̂†(r′, τ)φ̂†(r′, τ)φ̂(r′, τ) φ̂†(r, 0)φ̂(r, 0)φ̂(r, 0)〉
[
ψ̂†(r, 0) , ρCψ̂(r′, τ)

]

+〈φ̂†(r′, τ)φ̂(r′, τ)φ̂(r′, τ) φ̂†(r, 0)φ̂†(r, 0)φ̂(r, 0)〉
[
ψ̂(r, 0) , ρCψ̂

†(r′, τ)
]

+〈φ̂†(r, 0)φ̂†(r, 0)φ̂(r, 0) φ̂†(r′, τ)φ̂(r′, τ)φ̂(r′, τ)〉
[
ψ̂†(r′, τ)ρC , ψ̂(r, 0)

]

+〈φ̂†(r, 0)φ̂(r, 0)φ̂(r, 0) φ̂†(r′, τ)φ̂†(r′, τ)φ̂(r′, τ)〉
[
ψ̂(r′, τ)ρC , ψ̂

†(r, 0)
]}

, (3.49)

where, for example, we have used

〈φ̂†(r′, t)φ̂(r, 0)〉 = TrI{φ̂†(r′, t)φ̂(r, 0)ρI}. (3.50)

Two-field terms: Energy damping process

The two-field terms correspond to the energy-damping process, where one atom from the co-
herent region scatters with an incoherent region atom leading to number-conserved energy ex-
change [see figure 2.4 (c)]. Evaluating ρ̇C |(2) [Eq. (3.43)] gives

ρ̇C |(2) =
4u2

~2

∫
d3r

∫
d3r′

∫ 0

−∞
dτ

{

〈φ̂†(r′, τ)φ̂(r′, τ) φ̂†(r, 0)φ̂(r, 0)〉
[
N̂(r, 0) , ρCN̂(r′, τ)

]
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+〈φ̂†(r, 0)φ̂(r, 0) φ̂†(r′, τ)φ̂(r′, τ)〉
[
N̂(r′, τ)ρC , N̂(r, 0)

]}
, (3.51)

where we have introduced the number density operator

N̂(r, t) = ψ̂†(r, t)ψ̂(r, t), (3.52)

which represents the terms that contribute once the reservoir is assumed to be thermalized,
which we call resonant contributions [144]. Note that terms from the first line in Eq. (3.14),
containing field operator pairings of the form ψ̂(r, t)ψ̂(r, t), have been neglected. This is be-
cause these terms violate energy conservation when the condensate energy is neglected relative
to the reservoir, which can be seen by considering the phase space integral that arises from
Hartree-Fock factorization [analogous to Eq. (3.70)].

3.3.4 Reservoir correlation functions

Hartree-Fock factorization

We treat the incoherent region as thermalized, so we can treat the incoherent-region density
operator as quantum Gaussian excluding all anomalous average terms. This means we can
factorize the reservoir correlation functions using a Hartree-Fock factorization. This leads to
all correlations being factorized into products of one-body correlation functions, in which the
order of the operators within the pair correlations is the same as in the original correlation. For
example, taking the first term for the one-field correlations in Eq. (3.49), we find

〈φ̂†(r′, τ)φ̂†(r′, τ)φ̂(r′, τ)φ̂†(r, 0)φ̂(r, 0)φ̂(r, 0)〉 = 2〈φ̂†(r′, τ)φ̂(r, 0)〉
×〈φ̂†(r′, τ)φ̂(r, 0)〉
×〈φ̂(r′, τ)φ̂†(r, 0)〉, (3.53)

where we have neglected terms of the form 〈φ̂†(r, τ)φ̂(r, τ)〉 because they do not conserve
energy, and anomalous averages (〈φ̂†φ̂†〉, 〈φ̂φ̂〉) are zero since the incoherent region is quantum
Gaussian. Similarly we find

〈φ̂†(r, 0)φ̂(r, 0)φ̂(r, 0) φ̂†(r′, τ)φ̂†(r′, τ)φ̂(r′, τ)〉 = 2〈φ̂†(r, 0)φ̂(r′, τ)〉
×〈φ̂(r, 0)φ̂†(r′, τ)〉
×〈φ̂(r, 0)φ̂†(r′, τ)〉. (3.54)
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The remaining correlations for the one-field and two-field terms can be factorized in the same
manner.

Semi-classical Wigner representation

The one-body correlations can be approximated using the one-body Wigner function

W (r,k) =

∫
d3v〈φ̂†(r + v/2)φ̂(r− v/2)〉 eik·v. (3.55)

When the incoherent region is in thermal equilibrium, it can be accurately described within a
semiclassical approximation. For a reservoir in equilibrium with temperature T , and chemi-
cal potential µ, the Wigner function is given in the local-density approximation by the Bose-
Einstein distribution

W (r,k) =
1

exp[β(~ω(r,k)− µ)]− 1
, (3.56)

where the semi-classical energy is

~ω(r,k) =
~2k2

2m
+ V (r). (3.57)

Approximate correlation functions

We can now evaluate the correlations within a semi-classical approximation. Defining u =

(r + r′)/2,v = r− r′, the pair correlations can be estimated over the reservoir correlation time
by

〈φ̂†(r, 0)φ̂(r′, τ)〉 ≈
∫

I

d3k

(2π)3
W (u,k)e−ik·v−ω(u,k)τ , (3.58)

〈φ̂(r, 0)φ̂†(r′, τ)〉 ≈
∫

I

d3k

(2π)3
[1 +W (u,k)]eik·v+ω(u,k)τ , (3.59)

〈φ̂(r′, τ)φ̂†(r, 0)〉 ≈
∫

I

d3k

(2π)3
[1 +W (u,k)]e−ik·v−ω(u,k)τ , (3.60)

〈φ̂†(r′, τ)φ̂(r, 0)〉 ≈
∫

I

d3k

(2π)3
W (u,k)eik·v+ω(u,k)τ , (3.61)

where the integral subscript I represents the semi-classical incoherent region of phase space,
that is, I = {~ω(r,k) > εcut}.
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3.3.5 Master equation for the number-damping terms

Applying the Hartree-Fock factorization to the number-damping master equation (3.49) gives

ρ̇C |(1) =
2u2

~2

∫
d3r

∫
d3r′

∫ 0

−∞
dτ

{

〈φ̂†(r′, τ)φ̂(r, 0)〉〈φ̂†(r′, τ)φ̂(r, 0)〉〈φ̂(r′, τ)φ̂†(r, 0)〉
[
ψ̂†(r, 0), ρCψ̂(r′, τ)

]

+〈φ̂†(r′, τ)φ̂(r, 0)〉〈φ̂(r′, τ)φ̂†(r, 0)〉〈φ̂(r′, τ)φ̂†(r, 0)〉
[
ψ̂(r, 0), ρCψ̂

†(r′, τ)
]

+〈φ̂†(r, 0)φ̂(r′, τ)〉〈φ̂†(r, 0)φ̂(r′, τ)〉〈φ̂(r, 0)φ̂†(r′, τ)〉
[
ψ̂†(r′, τ)ρC , ψ̂(r, 0)

]

+〈φ̂†(r, 0)φ̂(r′, τ)〉〈φ̂(r, 0)φ̂†(r′, τ)〉〈φ̂(r, 0)φ̂†(r′, τ)〉
[
ψ̂(r′, τ)ρC , ψ̂

†(r, 0)
]}
. (3.62)

We now rewrite the master equation using the approximate reservoir correlation functions
[Eqs. (3.58)-(3.61)]. To evaluate the correlations, we define the number-damping amplitude

G(+)(u,v, ε) =
2u2

(2π)9~2

∫

I

d3k1

∫

I

d3k2

∫

I

d3k3[1 +W (u,k1)]W (u,k2)W (u,k3)

×
∫ 0

−∞
dτ eε/~+ω(u,k1)−ω(u,k2)−ω(u,k3) ei(k1−k2−k3)·v, (3.63)

≈ u2

(2π)8~2

∫

I

d3k1

∫

I

d3k2

∫

I

d3k3[1 +W (u,k1)]W (u,k2)W (u,k3)

×ei(k1−k2−k3)·v δ(ε/~ + ω(u,k1)− ω(u,k2)− ω(u,k3)), (3.64)

where to evaluate the time integration we have used the approximation

∫ 0

−∞
dτe−iωτ = πδ(ω) + iP (1/ω) ≈ πδ(ω), (3.65)

which amounts to neglecting the principal value time integral in (3.62). This approximation
is physically consistent, as it ensures energy conservation during scattering events between
coherent and incoherent-region atoms.

The alternative ordering of the correlation functions in (3.62) leads to a different combina-
tion of Wigner functions, defined via the second amplitude

G(−)(u,v, ε) ≈ u2

(2π)8

∫

I

d3k1

∫

I

d3k2

∫

I

d3k3[1 +W (u,k1)][1 +W (u,k2)]W (u,k3)

×ei(k1−k2−k3)·v δ(ε/~ + ω(u,k1)− ω(u,k2)− ω(u,k3)). (3.66)

Using the two number-damping amplitudes [Eqs. (3.64) and (3.66)], we can now write the
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number-damping master equation in the form

ρ̇C |(1) =

∫
d3u

∫
d3v

{[
ψ̂†(u + v/2) , ρC

{
G(+)(u,v, L̂C)ψ̂(u− v/2)

}]

+
[
ψ̂(u + v/2) , ρC

{
G(−)(u,v,−L̂C)ψ̂†(u− v/2)

}]

+
[{
G(−)(u,v, L̂C)ψ̂†(u− v/2)

}
ρC , ψ̂(u + v/2)

]

+
[{
G(+)(u,v,−L̂C)ψ̂(u− v/2)

}
ρC , ψ̂

†(u + v/2)
]}

, (3.67)

where we have introduced the coherent-region operator

L̂Cψ̂(r) ≡
[
ψ̂(r), ĤC

]
. (3.68)

3.3.6 Master equation for the energy-damping terms

We follow the same procedure as in section 3.3.5 for the energy-damping master equation.
Hartree-Fock factorizing the reservoir correlations in equation (3.51) gives

ρ̇C |(2) =
4u2

~2

∫
d3r

∫
d3r′

∫ 0

−∞
dτ

{

〈φ̂†(r′, τ)φ̂(r, 0)〉〈φ̂(r′, τ)φ̂†(r, 0)〉
[
N̂(r, 0) , ρCN̂(r′, τ)

]

+〈φ̂†(r, 0)φ̂(r′, τ)〉〈φ̂(r, 0)φ̂†(r′, τ)〉
[
N̂(r′, τ)ρC , N̂(r, 0)

]}
. (3.69)

Here we have a single combination of reservoir correlations, which we write in terms of the
amplitude

M(u,v, ε) =
2u2

(2π)5~2

∫

I

d3k1

∫

I

d3k2W (u,k1)[1 +W (u,k2)]

×ei(k1−k2)·v δ(ω(u,k1)− ω(u,k2)− ε/~), (3.70)

where we have used the approximate correlation function [Eqs. (3.58)-(3.61)], and the time
integral from Eq. (3.65). The energy-damping master equation is then given by

ρ̇C |(2) =

∫
d3u

∫
d3v

{

[
N̂(u + v/2), ρC

{
M(u,v, L̂C)N̂(u− v/2)

}]

+
[{
M(u,v,−L̂C)N̂(u− v/2)

}
ρC , N̂(u + v/2)

]}
, (3.71)
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where the time dependence of the number operator (3.52) has been integrated out via Eq. (3.65).

3.3.7 High-temperature regime master equation

We now derive a master equation that is valid in the high-temperature regime, where

εn � kBT, (3.72)

i.e. the eigenvalues of LC are small relative to the temperature.

Forward-backward relations

If the reservoir is in thermal equilibrium, using the form of the semi-classical Wigner function
(3.56) the number-damping amplitudes satisfy the forward-backward relationship

G(−)(u,v, ε) = eβ(ε−µ)G(+)(u,v, ε). (3.73)

Similarly, we have for the energy-damping amplitude

M(u,v, ε) = e−βεM(u,v,−ε). (3.74)

In the high temperature regime, we can linearize the forward-backward relations, which allows
us to map the resulting master equation to a Fokker-Planck equation.

Number-damping treatment

We treat the number-damping process by firstly neglecting the coherent-region energy in the
forward process of Eq. (3.64), so that

G(+)(u,v, ε) ≈ G(+)(u,v, 0). (3.75)

This approximation means that the local condensate energy is negligible relative to the energy
of the scattering process [309]. Using this, and linearizing Eq. (3.73), gives

G(−)(u,v, ε) ≈
(

1− µ− ε
kBT

)
G(+)(u,v, 0), (3.76)

which is valid in the high-temperature regime. Finally, as both G(±) [Eqs. (3.64) and (3.66)]
are sharply peaked functions of v, we have ψ̂(u ± v/2) ≈ ψ̂(u) within the number-damping
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3.3. Microscopic treatment of reservoir interactions

master equation (3.67). The final form of the master equation then becomes

ρ̇C |(1) =

∫
d3uG(u)

{[[
ψ̂(u), ρC

]
, ψ̂†(u)

]
+
[
ψ̂(u),

[
ρC , ψ̂

†(u)
]]

− 1

kBT

([{
(µ− L̂C)ψ̂(u)

}
ρC , ψ̂

†(u)
]

+
[
ψ̂(u), ρC

{
(µ+ L̂C)ψ̂†(u)

}])}
,(3.77)

where

G(u) ≡
∫
d3vG(+)(u,v, 0). (3.78)

Energy-damping treatment

Linearizing the energy-damping forward-backward relation (3.74) gives

M(u,v, ε) =

(
1− ε

2kBT

)
M(u,v, 0). (3.79)

Here we can not make the approximation ψ̂(u±v/2) ≈ ψ̂(u) because of the form ofM(u,v, ε).
However under the assumption of a semi-classically defined reservoir, as shown in appendix
B.2, the energy-damping amplitude may be reduced to the nonlocal form

M(u,v, 0)→ ε(r− r′). (3.80)

ε(r − r′) characterizes the rate of the energy-damping process, and is defined by Eq. (3.126).
For now we retain the general form of ε(r− r′), and write the energy-damping master equation
as

ρ̇C |(2) = −
∫
d3r′ ε(r− r′)

{[
N̂(r),

[
N̂(r′), ρC

]]

+
1

2kBT

[
N̂(r),

[{
L̂CN̂(r′)

}
, ρC

]
+

]}
, (3.81)

where [Â, B̂]+ ≡ ÂB̂ + B̂Â is the anticommutator. In this form Eq. (3.82) can be mapped to a
Fokker-Planck equation using a Wigner representation of the density operator.

Final master equation

The final master equation for the coherent region density operator, valid in the high-temperature
regime, is

ρ̇C ≈ ρ̇C |HC
+ ρ̇C |(1) + ρ̇C |(2) , (3.82)
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where ρ̇c|HC
is given by (3.36), the number-damping term ρ̇C |(1) is given by (3.77), and energy-

damping term ρ̇C |(2) is given by (3.81).

3.4 Fokker-Planck equation

We now use phase-space methods to represent the coherent-region density operator with the
Wigner quasi-probability distribution [310]. In this section we formalize the conceptual discus-
sion of section 2.3.1, and derive a Fokker-Planck equation for the Wigner function evolution.

3.4.1 Multimode Wigner representation

Single-particle representation of the coherent region

Before outlining the multimode Wigner distribution, we first outline the basis expansion of the
coherent region. In the projected classical-field theory, the coherent region field operator is
expanded in terms of the single-particle basis, so that

ψ̂(r) =
∑

n∈C

ânYn(r), (3.83)

where the mode operators obey the Bose commutation relations

[âm, ân] =
[
â†m, â

†
n

]
= 0,

[
âm, â

†
n

]
= δmn, (3.84)

and the single-particle basis states are the eigenstates of Eq. (3.2), defined by

HspYn(r) = εnYn(r), (3.85)

the index n represents all quantum numbers required to specify a single-particle state. The
summation in Eq. (3.83) is restricted to all single-particle states in the coherent region, i.e.

C = {n : εn ≤ εcut}, (3.86)

where εcut is the single-particle energy-cutoff that defines the coherent and incoherent regions.
We can now define some formal properties of the projector. From (3.83) and (3.84), the field
operator commutator is a delta function for the coherent region, since

[
ψ̂(r), ψ̂†(r′)

]
= δC(r, r′), (3.87)
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3.4. Fokker-Planck equation

where

δC(r, r′) =
∑

n∈C

Yn(r)Y ∗n (r′). (3.88)

Importantly, the coherent region delta function is the kernel of the coherent-region projector,
where the projector for a general function is define as

P{F (r)} ≡
∫
d3r′δC(r, r′)F (r′). (3.89)

Multimode Wigner distribution

For a given multimode system (as given by Eq. (3.83)) of M -modes, the symmetrically ordered
quantum characteristic function for a multi-mode bosonic field with density operator ρ̂ is

χW [{λn, λ∗n}] = tr

{
ρ exp

(∑

n

λnâ
†
n − λ∗nân

)}
, (3.90)

where each λn is a complex variable, and the sum runs over all M -modes of the system. The
multi-mode Wigner function 1 is then given by the Fourier transform of (3.90)

W (αn, α
∗
n) =

1

π2

∫ ∏

n

d2λn exp

(∑

n

λ∗nαn − λnα∗n

)
χW [{λn, λ∗n}]. (3.91)

with complex number mode amplitudes {αn} = [α0, α1, . . . , αM−1],

Operator correspondences

The key to phase-space methods is in the quantum to classical correspondences, where the
action of a quantum operator on the density matrix is mapped to an equivalent statement of the
action of a classical operator on a quasi-probability distribution. We now state this equivalence
for the multimode Wigner distribution formally.

Firstly, we define the classical-field representation of the coherent region quantum field
(3.83), given by

ψ(r) =
∑

n∈C

αnYn(r), (3.92)

where the {αn} are complex numbers [compared with the operator form of Eq. (3.83)]. The

1The multi-mode Wigner distribution is a simple generalization of the single mode Wigner distribution [194,
268].
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Chapter 3. The stochastic projected Gross-Pitaevskii equation

quantum to classical functional operator correspondences for the Wigner distribution are given
by [194, 268]

ψ̂(r)ρC ←→
(
ψ(r) +

1

2

δ

δψ∗(r)

)
W, (3.93)

ψ̂†(r)ρC ←→
(
ψ∗(r)− 1

2

δ

δψ(r)

)
W, (3.94)

ρCψ̂(r) ←→
(
ψ(r)− 1

2

δ

δψ∗(r)

)
W, (3.95)

ρCψ̂
†(r) ←→

(
ψ∗(r) +

1

2

δ

δψ(r)

)
W, (3.96)

where we have introduced the projected functional derivatives

δ

δψ(r)
≡

∑

n∈C

Y ∗n (r)
∂

∂αn
, (3.97)

δ

δψ∗(r)
≡

∑

n∈C

Yn(r)
∂

∂α∗n
. (3.98)

The operator correspondences [Eqs. (3.93)-(3.96)] are used to map the master equation for the
coherent region density matrix ρC , to an equivalent Wigner function equation of motion for the
classical-field ψ(r).

3.4.2 Wigner evolution equation

Hamiltonian terms

Using the operator correspondences [Eqs. (3.93)-(3.96)], the master equation for the Hamilto-
nian evolution [Eq. (3.36)] is mapped to the Wigner function evolution equation. This takes the
form

∂W

∂t

∣∣∣∣
HC

=

∫
d3r

{
iu

4~
δ2

δψ(r)δψ∗(r)
ψ∗(r)

δ

δψ∗(r)
+
i

~
δ

δψ(r)
LCψ(r) + c.c.

}
W. (3.99)

While Eq. (3.99) is a classical equation of motion for the Wigner function evolution, it is ex-
actly equivalent to the von Neumann equation of motion for the quantum density matrix of the
coherent region (3.36).

Truncated Wigner approximation

While Eq. (3.99) is in principle solvable, the size of the phase-space occupied by the Wigner
function is very large. Furthermore, (3.99) involves quantum jumps that are beyond a stochastic
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3.4. Fokker-Planck equation

differential equation treatment. This problem can be overcome by considering the stochastic
differential equation that describes the trajectory of a single realization of the classical field
through phase-space. Each trajectory provides a sample of the full Wigner function, which can
be approximately reconstructed by averaging an ensemble of trajectories.

An equation of motion for a quasi-probability distribution may only be mapped to a stochas-
tic differential equation if it takes the form of a Fokker-Planck equation, i.e. with derivatives up
to second order and a positive semi-definite diffusion matrix [see appendix A]. The equation of
motion for the coherent region Wigner function (3.99) is not a Fokker-Planck equation. Neglect-
ing the third order derivatives leads to a Fokker-Planck equation, an approximation known as the
truncated Wigner approximation. Applying the truncated Wigner approximation to Eq. (3.99)
gives

∂W

∂t

∣∣∣∣
HC

≈
∫
d3r

{
i

~
δ

δψ(r)
LCψ(r) + c.c.

}
W, (3.100)

where we have introduced the Gross-Pitaevskii classical-field evolution operator, defined by

PLCψ(r) ≡ δHC

δψ∗(r)
(3.101)

= P
{(
Hsp + u|ψ(r)|2

)
ψ(r)

}
, (3.102)

where the Hamiltonians have no hat notation as they act on classical field variables. This evo-
lution equation is a Fokker-Planck equation with no diffusion terms.

Number-damping terms

Similarly, mapping the number-damping master equation (3.77) to a Wigner function evolution
equation gives the Fokker-Planck equation

∂W

∂t

∣∣∣∣
G

=

∫
d3r G(r)

{
− δ

δψ(r)

[
(µ− LC)ψ(r)

kBT

]
+

δ2

δψ∗(r)δψ(r)
+ c.c.

}
W, (3.103)

where for example, we have used the correspondence

[ψ̂(r), ρC ]←→ δW

δψ∗(r)
. (3.104)
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Energy-damping terms

Finally, mapping the energy-damping master equation (3.81) to a Fokker-Planck equation gives

∂W

∂t

∣∣∣∣
ε

=

∫
d3r

∫
d3r′ ε(r− r′)

{
− δ

δψ(r′)

(
ψ(r′)

i~∇ · j(r)
kBT

)
+ c.c.

+
δ

δψ(r′)
ψ(r′)

δ

δψ∗(r)
ψ∗(r)− δ

δψ(r′)
ψ(r′)

δ

δψ(r)
ψ(r) + c.c.

}
W, (3.105)

where we have introduced the divergence of the coherent region current in the drift term, since

LCψ
∗(r)ψ(r) = −i~∇ · j(r), (3.106)

where
j(r) =

i~
2m

[ψ(r)∇ψ∗(r)− ψ∗(x)∇ψ(r)] . (3.107)

3.5 The stochastic projected Gross-Pitaevskii equation

3.5.1 General equation of motion

Having arrived at a Fokker-Planck equation, we are now able to map the Wigner function evo-
lution equation to a stochastic differential equation for ψ(r) [see appendix A]. The resulting
stochastic equation of motion is the stochastic projected Gross-Pitaevskii equation (SPGPE).
The SPGPE is given in Stratonovich (S) form by (writing ψ ≡ ψ(r, t) for brevity) [143, 144,
145, 147]:

(S) dψ = dψ
∣∣
H

+ dψ
∣∣
G

+ (S) dψ
∣∣
ε
, (3.108)

where

dψ
∣∣
H
≡ P

{
− i
~
LCψdt

}
, (3.109)

dψ
∣∣
G
≡ P

{
G(r)

kBT
(µ− LC)ψdt+ dWG(r, t)

}
, (3.110)

(S) dψ
∣∣
ε
≡ P

{
− i
~
Vε(r, t)ψdt+ iψdWε(r, t)

}
. (3.111)

The various terms are described below.
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3.5. The stochastic projected Gross-Pitaevskii equation

Hamiltonian evolution term: dψ
∣∣
H

The Hamiltonian evolution operator for the coherent region, LC , is the GPE operator as defined
by Eq. (3.102). However, as it appears projected in Eq. (3.109) this equation by itself is referred
to as the projected GPE (PGPE). The PGPE contains the important interactions between the low
energy modes as described in section 2.3.4.

Number-damping term: dψ
∣∣
G

The number-damping process is described by Eq. (3.110). It is set by the rate function G(r)

[see Eq. (3.78)], and the Gaussian complex noise dWG(r, t) has the non-zero correlation

〈dW ∗
G(r, t)dWG(r′, t)〉 = 2G(r)δC(r, r′)dt, (3.112)

where δC(r, r′) is the coherent-region delta function given by (3.88).

Energy-damping term: dψ
∣∣
ε

The energy-damping process is described by Eq. (3.111). It is set by the rate ε(r) [see Eq. (3.80)],
which determines the effective potential term

Vε(r) = − ~2

kBT

∫
d3r′ ε(r− r′)∇′ · j(r′), (3.113)

that couples the divergence of the coherent-region current to the incoherent region. The multi-
plicative noise dWε(r, t) is real, defined by its non-vanishing correlation

〈dWε(r, t)dWε(r
′, t)〉 = 2ε(r− r′)dt. (3.114)

The energy-damping noise forms a real-valued stochastic potential and thus generates a phase-
diffusion process for the C-field evolution that transfers energy and momentum between the
coherent and incoherent-region atoms while preserving their populations.

3.5.2 Formal properties of the full SPGPE

Here we briefly overview the formal properties of the full SPGPE theory. Due to the coupling of
the coherent-region with the reservoir, the SPGPE [Eq. (3.108)] gives a grand canonical descrip-
tion of the coherent-region. Irrespective of the form of the functions G(r) and ε(r) (provided
ε(r) 6= 0), the SPGPE evolves arbitrary initial conditions towards samples of the grand canoni-
cal ensemble, with equilibrium probability P (ψ) ∝ exp(−KC/kBT ), where KC ≡ EC − µNC
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Method Ensemble Conserved
quantities

Variable
quantities

PGPE Microcanonical EC , NC -

Simple-growth SPGPE
quiet NA - EC , NC

noisy Grand-canonical - EC , NC

Energetically-damped SPGPE quiet NA NC EC
noisy Canonical NC EC

(full) SPGPE Grand-canonical - EC , NC

Table 3.1: Summary of the different sub-theories of the SPGPE. Quiet implies that the ap-
propriate noise term is neglected, giving the damped PGPE (quiet simple-growth SPGPE) and
energetically damped PGPE (quiet energetically-damped SPGPE). The different reservoir pro-
cesses leading to the distinct ensemble descriptions are summarized in figure 2.4. We emphasize
that the energetically-damped SPGPE enables a dynamical canonical description of the c-field.
The c-field methods which are implemented for the first time in this thesis are shown in bold
font.

is the grand canonical Hamiltonian, with

EC =

∫
d3r ψ∗Hspψ +

u

2

∫
d3r |ψ|4, (3.115)

NC =

∫
d3r |ψ|2, (3.116)

the coherent-region energy and atom number, respectively.

3.6 Sub-theories of the SPGPE

In this section we examine the various sub-theories of the full SPGPE obtained by neglected
various terms. This gives some insight into the role of the individual terms. We also describe
how we can calculate the rate functions for each reservoir interaction analytically. Some of the
SPGPE sub-theories have been quite extensively used in the field, particularly the established
PGPE [Sec. 3.6.1] and simple-growth SPGPE [Sec. 3.6.2]. The energy-damping SPGPE sub-
theory presented in Sec. 3.6.3 has not been considered before this work. In Table 3.1 we present
a summary overview of the various sub-theories considered and their general properties.

3.6.1 Projected GPE

The PGPE described in section 2.3.4, is defined by Eq. (3.109). The PGPE is formally (and
numerically) number and energy conserving, for any finite cutoff εcut and single-particle basis,
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where PGPE equilibrium states sample the microcanonical ensemble [104]. Since PP = P ,
we have Pψ = ψ and

dNC

dt

∣∣∣
H

=

∫
d3r ψ∗P

{
− i
~
LCψ

}
+ h.c. (3.117)

=

∫
d3r (Pψ)∗

{
− i
~
LCψ

}
+ h.c. (3.118)

= 0 (3.119)

where to get (3.118) we have used the fact that P is Hermitian [311], and to get (3.119) we
have used2

∫
d3rψ∗(r)∇2ψ(r) =

∫
d3rψ(r)∇2ψ∗(r). Similar (lengthier) reasoning gives

dEC/dt
∣∣
H

= 0.

3.6.2 Simple-growth SPGPE

The only form of the SPGPE (3.108) which has been used for numerical simulations prior to
this thesis is the simple-growth SPGPE, in which energy-damping processes are neglected and
the number-damping rate G(r) is taken as spatially uniform. The resulting equation is easily
handled numerically and closely connected to the Ginzburg-Landau φ4 theory.

Number-damping rate

When the incoherent-region is near equilibrium and described by a single-particle Wigner func-
tion [see Eq. (3.56)], G(r) is approximately spatially constant over the condensate [113]. In
this case the number-damping amplitude can be calculated explicitly [see appendix B.1], and
takes the dimensionless form

~G(r)

kBT
≈ γ = γ0

∞∑

j=1

eβµ(j+1)

e2βεcutj
Φ

[
eβµ

eβεcut
, 1, j

]2

, (3.120)

where γ0 = 8a2/λ2
dB, with λdB =

√
2π~2/mkBT , β = 1/kBT and Φ[u, v, w] the Lerch

transcendent.

Evolution equation

The simple-growth SPGPE is obtained by using (3.120), and is given by

dψ
∣∣
H+γ

= dψ
∣∣
H

+ dψ
∣∣
γ
, (3.121)

2This follows from Green’s second identity, using the fact that ψ(r) is a smooth scalar field with vanishing
derivatives as r→ 0.
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where

dψ
∣∣
γ
≡ P {γ(µ− LC)ψdt+ dWγ(r, t)} , (3.122)

and the noise correlation is

〈dW ∗
γ (r, t)dWγ(r

′, t)〉 =
2γkBT

~
δC(r, r′)dt. (3.123)

The numerical integration of each trajectory via (3.122) is of a similar computational expense
to solving the PGPE [269] since the noise is additive and weak, and we can use a higher order
Runge-Kutta algorithm to achieve stochastic convergence [312].

Properties of the simple-growth SPGPE

Without noise (dWγ ≡ 0, a case we call quiet), the simple-growth SPGPE reduces to the damped

PGPE [172, 173, 174, 175]. The damped GPE evolves NC to equilibrium:

dNC

dt

∣∣∣
H+γ,quiet

= −2γ[µ̃(t)− µ]NC , (3.124)

where µ̃(t) =
∫
d3rψ∗Lψ/NC is the instantaneous chemical potential. This evolution also

causes energy to decay monotonically:

dKC

dt

∣∣∣
H+γ,quiet

= − 2~γ
kBT

∫
d3r|(µ− LC)ψ|2, (3.125)

thus minimizing KC and damping out thermal fluctuations. The equilibrium solution is the zero
temperature ground state of the PGPE (3.109) satisfying µψ0 = P{LCψ0}.

Upon reintroducing the noise, Eq. (3.121) samples the grand canonical ensemble andKC [ψ] >

KC [ψ0] for any sample ψ. However, all equilibrium properties are independent of the choice of
γ. Confirming this property provides an excellent test of any numerical implementation.

3.6.3 Energetically-damped SPGPE

We define the energetically-damped SPGPE to be the sub-theory of the SPGPE obtained by
neglecting the number-damping terms.
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Energy-damping rate

The energy-damping rate is given by

ε(r) =
M

(2π)3

∫
d3k

eik·r

|k| , (3.126)

where
M≡ 16πa2kBT

~
1

eβ(εcut−µ) − 1
. (3.127)

In Ref. [144] this rate was referred to as the “simplified non-local form”, however it can be
shown (see appendix B.2) that, within the semiclassical approximation used in the Wigner func-
tion W (r,k) description of the I-region [see Eq. (3.56)], it is exactly equal to the full non-local
form.

Evolution equation

The energetically-damped SPGPE takes the form

(S) dψ
∣∣
H+ε

= dψ
∣∣
H

+ (S) dψ
∣∣
ε
. (3.128)

As the energy-damping process is fundamentally number-conserving, the energetically-damped
SPGPE provides a dynamical canonical description of the C-region. Equilibrium states of
(3.128) sample the canonical distribution with probability P (ψ) ∝ exp(−EC/kBT ).

Numerically integrating the energetically-damped SPGPE (3.128) poses a heavier technical
challenge compared to evaluating the simple-growth SPGPE (3.121). Due to the multiplicative
noise arising from the energy-damping process, we are restricted to using a semi-implicit Euler
algorithm to evolve the stochastic differential equation [see chapter 4]. This algorithm is first
order in the weak sense of convergence of Ref. [313], hence is much more inefficient (in com-
putation resources) than the higher order Runge-Kutta algorithms that can be used to evolve
the simple-growth SPGPE. Further complexity arises through the non-local deterministic term,
Vε(r) [Eq. (3.113)], and in sampling the spatially correlated noise dWε. The key steps in our
numerical implementation use techniques developed for solving the PGPE with dipole-dipole
interactions [314], and a full overview of the algorithm is given in chapter 4.

Properties of the energetically-damped SPGPE

Setting dWε ≡ 0 in Eq. (3.128) leads to the quiet form of the energetically-damped SPGPE,
which we call the energetically-damped PGPE. The deterministic part of the energy-damping
term Vε takes the form of an effective potential that acts to reduce the energy of the C-region,
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Eq. (3.115). Using Eq. (3.128) with dWε ≡ 0 we find

dKC

dt

∣∣∣∣
H+ε,quiet

=
dEC
dt

∣∣∣∣
H+ε,quiet

=

∫
d3r Vε(r)∇ · j(r). (3.129)

Substituting Eq. (3.113) and Eq. (3.126) gives

dKC

dt

∣∣∣∣
H+ε,quiet

= −~2M
kBT

∫
d3k

|k| |k · j(k)|2 (3.130)

which is negative semi-definite. The energy-damping term causes the classical-field energy
to monotonically decrease, which provides a useful consistency check on the accuracy of the
numerical evaluation.

The Ehrenfest relation (3.129) gives an important physical insight into the role of the energy-
damping process in the SPGPE. The energy-damping process generates a dissipative interaction
that enters the evolution as an effective Hamiltonian term, in the form of a stochastic effec-
tive potential. When the noise is neglected, energy is continually removed through evolution
[Eq. (3.130)] and the system proceeds toward the absolute ground state. The inclusion of the
noise ensures that the effective potential is stochastic, maintaining the finite temperature char-
acter of the coherent-region.

We have identified some basic tests that proved useful in validating our numerics. First,
equilibrium ensemble properties will be independent of the energy-damping coefficientM for
a given temperature (much as the simple-growth SPGPE equilibria are independent of γ), and
should be equivalent to those generated by the simple-growth SPGPE for the same final parti-
cle number (assuming equivalence of the canonical and grand canonical ensembles). Second,
we expect that a stochastic energy-damping term implementation will evolve NC particles in
the coherent-region into thermal equilibrium. Evolution according to the energetically-damped
PGPE term will evolve the c-field region toward the NC-particle PGPE ground state.

3.7 SPGPE parameters for ab initio simulations

As well as providing a microscopic treatment of dissipation, the SPGPE allows for ab initio

numerical simulations that can be directly compared to experiments. This requires that the
control parameters of the theory, T and µ, and the single-particle energy-cutoff εcut, can be
accurately chosen. Once these parameters are chosen, the rate functions for each reservoir
process can be predicted analytically [see Eqs. (3.120) and (3.127)]. Further, the properties of
the incoherent region can be quantified. Having a quantitative understanding of the reservoir is
important when comparing with experiments, since they usually measure temperature and total
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atom number.
We begin this section by outlining some important incoherent-region properties. We then

discuss a method to accurately estimate SPGPE parameters in a trapped three-dimensional sys-
tem [117], which we will use throughout this thesis. Finally we quantitatively compare the
number-damping and energy-damping rate functions.

3.7.1 Incoherent-region properties

The incoherent-region is described semi-classically by the single-particle Wigner function [Eq. (3.56)].
In this case, the properties of the reservoir may be analytically calculated using the incomplete
Bose-Einstein function [113]

gν(z, y) ≡ 1

Γ(ν)

∫ ∞

y

dxxν−1

∞∑

l=1

(ze−x)l, (3.131)

where Γ(ν) is the gamma function. For example, as shown in Ref. [113], the incoherent-region
density is given by

nI(r) =
1

(2π)3

∫

I

d3kW (r,k), (3.132)

=
1

(2π)3

∞∑

n=1

eβ[µ−Vext]
∫ ∞

KI(r)

dkk2e−nβ~
2k2/2m, (3.133)

where W (r,k) is the single-particle Wigner function (3.56), and the integration limit due to the
energy cutoff is

~2KI(r)
2

2m
≡ max {εcut − Vext(r), 0} . (3.134)

The total incoherent-region density, using (3.131), is given by

nI(r) =
g3/2

[
eβ[µ−Vext], β~2KI(r)

2/2m
]

λ3
dB

, (3.135)

so that the incoherent-region particle number is

NI =
g3

(
eβµ, βεcut

)

(β~ω̄)3 , (3.136)

where ω̄ ≡ (ωxωyωz)
1/3. Thus by implementing the energy-cutoff in the single-particle basis,

we can quantify the non-interacting properties of the reservoir including the effect of the cutoff.
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Chapter 3. The stochastic projected Gross-Pitaevskii equation

3.7.2 Estimating SPGPE parameters for a trapped system

To effectively determine appropriate SPGPE parameters, we need to estimate µ so that the
total atom number can be accurately matched with experiment. The total number from SPGPE
simulations is given by

N = NC +NI , (3.137)

where NC is the coherent-region number given by (3.116), and NI is the incoherent-region
number given by (3.136). The energy-cutoff must also be accurately chosen, so that the cutoff
occupation is appreciable (typically ncut ≈ 1 − 3 [104]). Determining appropriate parameters
prior to simulations is not a trivial task.

In this thesis, we utilize the Hartree-Fock approach of Ref. [117] to accurately estimate µ
and εcut. In this approach, the condensate is treated within the Thomas-Fermi approximation,
so that the number of condensate atoms determines µ. All thermal atoms with energy above the
condensate are treated with the semi-classical Hartree-Fock description, with energy

EHF(r,k) ≡ ~2k2

2m
+ Vext(r) + 2un0(r), (3.138)

where n0(r) is the Thomas-Fermi density. The density of states from (3.138) can be treated
semi-analytically for a trapped system [315], so we can self-consistently determine µ and εcut

for a desired total atom number. While this chemical potential is obtained by treating interac-
tions within a Hartree-Fock approach, the resulting SPGPE equilibrium states tend to be within
a few percent of the desired total atom number [117]. The numerical details of this implemen-
tation are shown in appendix C.

3.7.3 Comparison of the energy-damping and number-damping coeffi-
cients

To assess the relative importance of the energy-damping and number-damping terms in the
SPGPE, it is of interest to evaluate the respective coefficients (γ andM) in regimes relevant to
experiments [see Eqs. (3.120) and (3.127)]. It is useful to consider the dimensionless forms

γ0 ≡
8a2

λ2
dB

, (3.139)

M̄ ≡ M~
kBTx2

0

≈M0 ≡
8πa2

x2
0

kBT

µ
, (3.140)
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where x0 =
√

~/mω̄ with ω̄ = 3
√
ωxωyωz. The approximation in Eq. (3.140) is obtained for the

usual validity regime of the SPGPE theory [104] kBT � µ, and typical cutoff choice εcut ∼ 3µ.
Thus the ratio of the coefficients is given by

M̄0

γ0

≈ λ2
dB

πx2
0

kBT

µ
. (3.141)

In usual experimental regimes λdB ∼ x0 (for temperatures near the critical temperature) in-
dicating that the energy-damping coefficient M̄0 can be significant, potentially appreciably
exceeding the number-damping coefficient.

To be more quantitative we evaluate the full coefficients using parameters determined from
the procedure of section 3.7.2, for a spherically trapped system with ωr = 2π × 10 Hz and a
range of total atom numbersN = NC +NI (whereNI is the number of atoms in the incoherent-
region) and temperatures (µ is found to ensure N is fixed as T varies). The results for γ and
M̄ are shown in figure 3.1, noting that we calculate the full coefficient for both the number-
damping amplitude γ (3.120), and dimensionless energy-damping amplitude via (3.127). The
energy cutoff is chosen based on a desired cutoff occupation of ncut = 2. These results support
the qualitative analysis given above, and show the coefficients are similar in size over a broad
regime. However the net effect of energy-damping depends on the divergence of currents in the
C-region, and can be small for quasi-equilibrium dynamics where the simple-growth SPGPE
has been successful [69, 119].
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Figure 3.1: The number-damping (γ̄) and energy-damping (M̄) coefficients, and their ratio,
as a function of µ/kBT . Reservoir parameters T, µ, εcut are determined from the Hatree-Fock
parameter estimation scheme from Ref. [117]. The parameters found ensure T can be varied
without altering the total atom number N , and critical temperature Tc(N). Along each curve
the temperature varies from T = Tc to T = 0.4Tc, where Tc corresponds to a total atom number
of N = 1× 104 (black), N = 1× 105 (dashed gray), N = 1× 106 (gray).
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Chapter 4

Numerical methods

4.1 Background

4.1.1 Introduction

In this chapter, we present a numerical method for evolving the SPGPE, including the energy-
damping terms. Numerically solving the SPGPE involves two major technical challenges: (i)
All moderately occupied low-energy modes play an important role in finite temperature non-
equilibrium dynamics. Thus all modes beneath a well-chosen cutoff must be propagated ac-
curately. (ii) The deterministic term arising from the energy-damping reservoir interaction is
non-local, while the noise is multiplicative and spatially correlated. Thus accurately and effi-
ciently implementing the energy-damping terms is a challenge. Previous work has shown how
a spectral approach [316, 317] can be used within the projected GPE (PGPE) formalism [230]
to precisely implement the energy cutoff, and provide a means for accurate evolution of all low
energy coherent modes for a Bose gas with both contact [269] and dipolar interactions [314].
In this thesis we extend the spectral-Galerkin method developed for the number-damping terms
in Ref. [113], providing a numerical method for evolving the full SPGPE that evaluates the
energy-damping terms, while still propagating all coherent modes accurately. We thus give a
complete spectral-Galerkin method for the SPGPE in a three-dimensional trapped system.

This chapter is organized as follows: In the rest of this section we briefly review the SPGPE
formalism. In Sec. 4.2 we outline our spectral approach, and outline the equations for the mode
amplitudes we need to evaluate to solve the SPGPE. In Sec. 4.3 we present our algorithm for
evaluating the energy-damping terms using a Gauss-Hermite quadrature approach. In Sec. 4.4
we characterize the accuracy of our approach, with results demonstrating the convergence with
quadrature grid size and evolution time step size. We present examples of the usage of the
energetically-damped SPGPE, showing the evolution of random initial states to equilibrium.
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The methods and results presented in this chapter has been published in Ref. [186].

4.1.2 Dimensionless SPGPE theory

We described in detail the SPGPE formalism in chapter 3. In this section, we briefly describe
the dimensionless formalism we use in this numerical methods chapter.

We consider a system of bosons confined in a three-dimensional trapping potential, de-
scribed by the dimensionless single-particle Hamiltonian

Hsp = H0 + δV (r, t), (4.1)

where any time dependent perturbation potential is included in δV (r, t), r = (x, y, z), and

H0 = −1

2
∇2 +

1

2

(
λ2
xx

2 + λ2
yy

2 + λ2
zz

2
)
, (4.2)

is the dominant contribution to the single particle Hamiltonian and defines our c-field basis,
where λj = ωj/ω0 is the relative trap frequency in each direction j = {x, y, z}. Note that we
work in dimensionless units throughout this chapter, using harmonic oscillator units of length
x0 =

√
~/mω0, energy E0 = ~ω0, and time t0 = 1/ω0, where m is the particle mass, and ω0 is

a chosen reference frequency. We write our classical-field wave function ψ(r, t) ≡ ψ, in terms
of our basis states as

ψ =
∑

n∈C

cn(t)φn(r), (4.3)

where φn(r) are eigenstates of the single-particle Hamiltonian satisfying H0φn(r) = εnφn(r),
and the summation includes all modes in the coherent-region (C) which is defined as

C = {n : εn ≤ εcut} , (4.4)

where εcut is the single-particle energy cutoff defining the coherent-region, and n is a shorthand
index that runs over all quantum numbers required to specify eigenmodes in 3D with energy εn.

Treating the incoherent-region semi-classically and assuming spatially constant reservoir
interaction rates [113, 146], the SPGPE evolution equation for ψ is given in Stratonovich (S)
form by

(S)dψ(r, t) = dψ
∣∣∣
H

+ dψ
∣∣∣
γ

+ (S)dψ
∣∣∣
ε
, (4.5)
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with

dψ
∣∣∣
H

= P {−i(LC − µ)ψdt} , (4.6)

dψ
∣∣∣
γ

= P {−γ(LC − µ)ψdt+ dWγ(r, t)} , (4.7)

(S)dψ
∣∣∣
ε

= P {−iVε(r, t)ψdt+ iψdWε(r, t)} , (4.8)

where the evolution of the c-field is formally restricted to the C region by the projector operator

Pf(r) ≡
∑

n∈C

φn(r)

∫
d3r′φ∗n(r′)f(r′). (4.9)

The first term of the SPGPE (4.6) describes the Hamiltonian evolution, where

LCψ ≡ (Hsp + CNL|ψ|2)ψ, (4.10)

is the Hamiltonian evolution operator for the C region, where the dimensionless nonlinearity
constant is

CNL = 4πas/x0, (4.11)

with as being the s-wave scattering length.
The dimensionless form of the reservoir interaction terms are described below.

Number-damping terms

Equation (4.7) describes the number-damping reservoir interaction. The rate of this process is
set by γ, and the Gaussian complex noise has the non-vanishing correlation

〈dW ∗
γ (r, t)dWγ(r

′, t)〉 = 2γTδC(r, r′)dt, (4.12)

where γ and T are dimensionless, and

δC(r, r′) =
∑

n∈C

φn(r)φ∗n(r′), (4.13)

is a delta function in the C region.
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Energy-damping reservoir interaction

Equation (4.8) describes the number conserving energy-damping reservoir interaction. This
process is described by the non-local effective potential

Vε(r, t) =

∫
d3r′ ε(r− r′)∇′ · j(r′), (4.14)

where the dimensionless C-field current is

j(r, t) =
i

2
(ψ∇ψ∗ − ψ∗∇ψ) , (4.15)

and the rate of the energy-damping process is given by

ε(r) =
M

(2π)3

∫
d3k

eik·r

|k| , (4.16)

where the dimensionless quantity

M =
16πa2

s

x2
0

1

eβ(εcut−µ) − 1
, (4.17)

parameterizes the rate. Integrating equation (4.14) by parts, and using equation (4.16), the
effective potential takes the form

Vε(r, t) = −M
∫
d3k

eik·r

(2π)3/2
ik̂ ·

∫
d3r′

eik·r
′

(2π)3/2
j(r′, t), (4.18)

where k̂ = k/|k|. In this form the effective potential can be evaluated using Fourier transforms.
We present our numerical algorithm for evaluating this term in section 4.3.3.

The real energy-damping noise dWε is non-local in position space, with the non-zero corre-
lation

〈dWε(r, t)dWε(r
′, t)〉 = 2Tε(r− r′)dt. (4.19)

The noise simplifies in momentum space. By writing

dWε(r) =

∫
d3k

eik·r

(2π)3/2
dWε(k), (4.20)
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we find the momentum space correlation is given by

〈dWε(k, t)dWε(k
′, t)〉 =

2MTdt

(2π)3

∫
d3re−ik·r

∫
d3r′e−ik·r

′
∫
d3q

eiq·(r−r
′)

|q|(2π)3
(4.21)

= 2MTdt

∫
d3q

|q| δ(q− k)δ(q + k′) (4.22)

=
2MT

|k| δC(k,−k′)dt. (4.23)

The correlation is anti-diagonal in k-space, which we use to develop a numerical sampling
algorithm in section 4.3.4.

4.2 Formal algorithm

4.2.1 Spectral-Galerkin formulation

We exploit that H0 is diagonal in the spectral basis and use a Galerkin approach [316], where
we project the SPGPE (4.5) onto the spectral basis. This leads to a system of equations for the
evolution of the mode amplitudes, which takes the form

(S) dcn = −i[(εn − µ)cn +Gn]dt

−γ[(εn − µ)cn +Gn]dt+ dAn

−i[Sndt+ dBn], (4.24)

where the first line represents terms for dψ|H , the second line represents terms from the number-
damping interaction dψ|γ , and the last line represents terms from the energy-damping interac-
tion dψ|ε. The nonlinear matrix elements and noises are given by

Gn ≡ CNL

∫
d3rφ∗n(r) |ψ(r, t)|2ψ(r, t), (4.25)

Sn ≡
∫
d3rφ∗n(r)Vε(r, t)ψ(r, t), (4.26)

dAn =
√

2γT

(
dun + idvn√

2

)
, (4.27)

dBn ≡
∫
d3r

{
φ∗n(r)ψ(r, t)

∑

m

ζm(r)dwm

}
, (4.28)

which correspond to the two-body interaction, energy-damping effective potential, number-
damping noise, and energy-damping noise respectively. The perturbation potential δV (r, t)
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will not be considered further in this chapter1. The functions ζm(r) are defined in equation
(4.86). The independent noises dun, dvn, dwm are standard real Wiener processes satisfying

〈dun〉 = 〈dvn〉 = 〈dwn〉 = 0, (4.29)

〈dumdun〉 = 〈dvmdvn〉 = 〈dwmdwn〉 = δmndt, (4.30)

so that the noise increments in Eqs. (4.27) and (4.28) produce the required correlations of the
SPGPE [i.e. Eqs. (4.12) and (4.23) respectively].

4.2.2 Stochastic time evolution algorithm

The primary challenge in solving the SPGPE (4.24) is in evaluating the nonlinear matrix ele-
ments, which we describe in Sec. 4.3. Here we briefly overview how we perform the temporal
integration for the family of SPGPE methods.

SPGPE

We firstly consider the SPGPE including all reservoir interactions. Because the noise associated
with the energy-damping reservoir interaction is multiplicative, we use the weak vector semi-

implicit Euler algorithm [312, 313, 318, 319] to evolve our stochastic equations forward in time.
Here we briefly describe how we apply this algorithm to our equation of motion. Equation (4.24)
is of the general form

(S) dcn = an(t, c) dt+ dAn(dun, dvn) + dBn(t, c,dw), (4.31)

where an = −(i+γ)[(εn−µ)cn+Gn]− iSn, we use the notation c to represent the dependence
of matrix elements on the full c-field (ψ), with {c}n = cn(t). Both the number-damping and
energy-damping noise matrix elements depend on different sets of Wiener processes, where
the notation dw is used to show the energy-damping noise dBn depends on a vector of n
Wiener processes, with {dw}n = dwn(t). The solution is propagated to a set of discrete times
tj = j∆t, where ∆t is the step size, and we denote the solution at time tj as c(j)

n . Using this
solution, the solution at the next time-step is computed as c(j+1)

n = c(j) + ∆c(j), where

∆c(j)
n = an(t̄j, c̄

(j)) ∆t

+∆An(∆u(j)
n ,∆v(j)

n ) + ∆Bn(t̄j, c̄
(j),∆w(j)), (4.32)

1The perturbation potential plays a role in chapter 5, and its implementation is reviewed in appendix D
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with

c̄(j)
n ≡

1

2
(c(j)
n + c(j+1)

n ), (4.33)

t̄j ≡
1

2
(tj+1 + tj), (4.34)

〈∆u(j)
m ∆u(j)

n 〉 = ∆t δmn, (4.35)

〈∆v(j)
m ∆v(j)

n 〉 = ∆t δmn. (4.36)

〈∆w(j)
m ∆w(j)

n 〉 = ∆t δmn, (4.37)

Formally ∆u
(j)
n ≡

∫ tj+1

tj
dun, and ∆u

(j)
m is sampled as a real Gaussian distributed random vari-

able of variance ∆t and mean zero [leading to Eq. (4.35), and similarly for ∆v
(j)
n ,∆w

(j)
n ]. Note

that equation (4.32) must be iterated as it is implicit, but only a few iterations are required to
achieve convergence (typically 4 iterations is sufficient).

Energetically-damped SPGPE

Our main result in this chapter is developing a method for evaluating the terms involved with the
energy-damping processes [ Eqs. (4.26)-(4.28)]. The energetically-damped SPGPE is found by
neglecting the number-damping terms in the SPGPE (4.5), giving the equation of motion

(S)dψ = dψ
∣∣∣
H

+ (S)dψ
∣∣∣
ε

(4.38)

= −iP {(LC − µ+ Vε(r, t))ψdt− ψdWε(r, t)} . (4.39)

Following the Galerkin approach, we find the following equation of motion for the mode am-
plitudes

(S) dcn = −i[(εn − µ)cn +Gn + Sn]dt− idBn. (4.40)

As with the full SPGPE, this equation of motion includes the multiplicative energy-damping
noise. Thus we use the semi-implicit Euler algorithm described in Sec. 4.2.2, appropriately
modified to neglect the number-damping terms.

While the number-damping terms are needed for a complete description of the reservoir
interactions, the numerical implementation of these terms is relatively simple [113]. Thus in
this chapter we will consider the implementation and characterize the accuracy of the energy-
damping terms, by using the energetically-damped SPGPE.
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Simple-growth SPGPE

We end this section with a brief discussion of the implementation of the simple-growth SPGPE
using a spectral-Galerkin approach [see Ref. [113] for further details]. The dimensionless
simple-growth SPGPE is obtained by neglecting the energy-damping terms in the SPGPE (4.5),
and has been widely used in the literature2 [see section 2.3.5]. The simple-growth SPGPE is
given by

dψ = dψ
∣∣∣
H

+ dψ
∣∣∣
γ

(4.41)

= P {− (i+ γ) (LC − µ)ψdt+ dWγ(r, t)} . (4.42)

Projecting the simple-growth SPGPE onto the single particle basis leads to the equation of
motion for the mode amplitudes

dcn = −(i+ γ) [(εn − µ)cn +Gn] dt+ dAn. (4.43)

Since the noise (dAn) in the simple-growth SPGPE is additive we are not restricted to the semi-
implicit Euler algorithm to evaluate the temporal integration, and use the stochastic Runge-
Kutta algorithm which has improved convergence and stability [312]. The only nonlinear term
in equation (4.43) is Gn, hence the simple-growth SPGPE can be solved through minor exten-
sion of the PGPE solution methods [113, 269, 309, 314].

4.3 Evaluation of the energetically-damped SPGPE matrix
elements

The main challenge in solving the energetically-damped SPGPE (4.38) is evaluating the non-
linear matrix elements (4.25)-(4.28) at each time step. Here we give a full description of our
algorithm to efficiently and accurately evaluate the energetically-damped SPGPE matrix ele-
ments in the harmonic oscillator basis.

4.3.1 Harmonic-oscillator state properties

We firstly discuss some important properties of our single-particle basis used in this work.

2See Refs. [69, 113, 117, 118, 119, 129, 138, 146] for examples of usage of the simple-growth SPGPE with
the projector implemented within a Galerkin approach for a harmonically trapped system.
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Separability

The eigenstates of the basis Hamiltonian (H0) are separable into one dimensional basis states,
that is,

φn(r) ↔ φλxα (x)φ
λy
β (y)φλzγ (z), (4.44)

εn ↔ ελxα + ε
λy
β + ελzγ , (4.45)

cn ↔ cαβγ, (4.46)

where φλxα (x) are eigenstates of the dimensionless 1D harmonic-oscillator Hamiltonian

[
−1

2

d2

dx2
+

1

2
λ2
xx

2

]
φλxα (x) = ελxα φ

λx
α (x), (4.47)

where the harmonic-oscillator states take the form

φλxα (x) = λ1/4
x hαHα(

√
λxx)e−λxx

2/2, (4.48)

where the normalization constant is hα = [2αα!
√
π]−1/2, and Hα(x) is a Hermite polynomial of

degree α, defined by the recurrence relation

Hα+1(x) = 2xHα(x)− 2αHα−1(x), α = 1, 2, ... (4.49)

with H0(x) = 1, and H1(x) = 2x. The eigenvalue is the single-particle energy given by ελxα =

λx(α+ 1
2
), where α is a non-negative integer (we use Greek subscripts to denote 1D eigenstates).

The coherent-region is defined by the region containing all modes below the single-particle
energy cutoff

C = {α, β, γ : ελxα + ε
λy
β + ελzγ ≤ εcut}, (4.50)

so that within the C-region there existMx (≈ εcut/λx) distinct 1D eigenstates in the x direction,
and MT ≈MxMyMz/6 total 3D basis states in the C-region.

For this work we will consider a spherically symmetric system (λx = λy = λz = 1), to
avoid cumbersome notation involving λ. However the work presented in this chapter can be
easily generalized for any trap anisotropy, by retaining the general form of equation (4.48).
Thus we drop any reference to λ, and consider a system with M modes in the C-region in each
direction.
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Step operators

Step operators allow us to represent certain operators exactly in the spectral basis. The step
operators are defined as

â+
x =

1√
2

(
− ∂

∂x
+ x

)
, (4.51)

â−x =
1√
2

(
∂

∂x
+ x

)
. (4.52)

We then find that the matrix representation of the step operators in the spectral basis is

(â+
x )αβ ≡

∫
dxφ∗α(x)â+

x φβ(x) (4.53)

=
√
β + 1δα,β+1, (4.54)

and similarly,

(â−x )αβ =
√
βδα,β−1. (4.55)

For our purposes, this allows us to differentiate in the spectral basis exactly, since

(∂̂x)αβ =
1√
2

(a−x − a+
x )αβ (4.56)

=

√
β

2
δα,β−1 −

√
β + 1

2
δα,β+1. (4.57)

This 1D procedure is applied in the same manner to include y and z. It is important that we can
apply the derivative operator exactly in the spectral basis, since we need to evaluate the c-field
current (4.15) to evaluate the energy-damping effective potential term.

For a further discussion on the use of step operators to calculate observables within the
projected classical-field formalism, see Ref. [269].

4.3.2 Two-body interaction term

Here we briefly review our scheme for numerically integrating the nonlinear contact inter-
action term (4.25) using Gauss-Hermite quadrature, which is described in complete detail in
Ref. [269]. This algorithm calculates the nonlinear interaction term exactly for a harmonically
trapped system, and is required to integrate the energetically-damped SPGPE (4.38).
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Firstly, using (4.3) and the form of the basis states (4.48), we can write the classical-field as

ψ = Q(r)e−(x2+y2+z2)/2, (4.58)

where
Q(r) ≡

∑

{αβγ}∈C

cαβγ(t)hαHα(x)hβHβ(y)hγHγ(z) (4.59)

is a polynomial of maximum degree M − 1 in each independent coordinate due to the energy
cutoff.

The interaction term (4.25) is fourth order in the field, so we can write it in the form

Gαβγ =

∫
d3r e−2(x2+y2+z2)Pαβγ(x, y, z), (4.60)

where

Pαβγ(x, y, z) ≡ CNLhαHα(x)hβHβ(y)hγHγ(z)

×|Q(x, y, z)|2Q(x, y, z) (4.61)

is a polynomial of maximum degree 4(M − 1) in each coordinate. We evaluate (4.60) using
Gauss-Hermite quadrature. The general form of the NQ point quadrature rule is

∫ ∞

−∞
dxW (x)f(x) ≈

NQ∑

j=1

wjf(xj), (4.62)

where W (x) is a Gaussian weight function, and wj and xj are the quadrature weights and roots.
The Gauss-Hermite quadrature is exact if f(x) is a polynomial of maximum degree 2NQ − 1.
Since the exponential in (4.60) takes the form of the appropriate weight function for Gauss-
Hermite quadrature, we can evaluate the interaction matrix element exactly by

Gαβγ =
∑

ijk

wiwjwkPαβγ(xi, xj, xk), (4.63)

using a three-dimensional spatial grid with 2(M − 1) points in each direction, where the {xi}
and {wi} are the 2(M−1) roots and weights of the one-dimensional Gauss-Hermite quadrature
with weight function W (x) = e−2x2 .
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4.3.3 Energy-damping effective potential term

To compute the effective potential matrix elements (4.26), we need to compute multiple Fourier
transforms [see (4.18)]. Here we show how we use an auxiliary harmonic-oscillator basis to per-
form the Fourier transforms within our spectral representation, adapting the scheme developed
for evaluating the dipolar interaction term in the PGPE [314].

Firstly we calculate the c-field current density (4.15) by

j(r) = jx(r)ex + jy(r)ey + jz(r)ez, (4.64)

where ev is the unit vector in each direction v = {x, y, z}, and

jv(r) =
i

2
(ψ∂vψ

∗ − ψ∗∂vψ) , (4.65)

where equation (4.65) can be calculated exactly using step operators [see section 4.3.1]. Now
using similar arguments to section 4.3.2, each component of the current can be written in the
form

jv(r) = Rv(x, y, z)e−(x2+y2+z2), (4.66)

whereRi is polynomial of maximum degree 2(M−1) in each coordinate (due to the projector).
Following Ref. [314], we introduce a set of auxiliary harmonic-oscillator states,

χα(x) = h̄αH̄α(x)e−x
2

, (4.67)

where the exponential argument is chosen to match Eq. (4.66). These states are eigenstates of
the harmonic oscillator Hamiltonian, with a trapping potential twice as tight as that defining the
spectral basis (4.47). Noting this, the auxiliary states are related to the spectral basis modes by
χα(x) = 21/4φα(

√
2x).

Due to the same exponential factor, we can represent each component of the current [i.e.
(4.65)] as

jv(r) =
∑

αβγ

dvαβγχα(x)χβ(y)χγ(z), (4.68)

where dvαβγ is a set of 8M3 auxiliary basis coefficients for each component of j(r). Since the
auxiliary oscillator states form an orthonormal basis, we can evaluate these basis coefficients by

dvαβγ =

∫
d3r χ∗α(x)χ∗β(y)χ∗γ(z)jv(r), (4.69)
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=

∫
d3r e−2(x2+y2+z2)Zv

αβγ(x, y, z), (4.70)

where
Zv
αβγ(x, y, z) = e2(x2+y2+z2)χ∗α(x)χ∗β(y)χ∗γ(z)jv(r), (4.71)

is a polynomial of maximum degree 4(M − 1) in each spatial dimension. We can use the
same Gauss-Hermite quadrature to integrate (4.70) as we used for the nonlinear interaction
term (4.60), as the weight function and maximum polynomial degree are both W (x) = e−2x2 .
Thus Eq. (4.70) can be calculated exactly for each component of the current, by

dvαβγ =
∑

ijk

wiwjwkZ
v
αβγ(xi, yj, zk), (4.72)

where the quadrature roots {xi}, and weights {wi}, are the same as used in (4.63).
To evaluate the effective potential (4.18), we must Fourier transform each component of the

current. Since the harmonic-oscillator states are eigenstates of the Fourier transform operator,

χα(kx) = (−i)−α 1

(2π)1/2

∫
dxe−ikxxχα(x), (4.73)

we can efficiently evaluate the Fourier transform with knowledge of auxiliary basis amplitudes
of the current (dvαβγ) by

j̃v(k) =
∑

αβγ

(−i)−(α+β+γ)dvαβγχα(kx)χβ(ky)χγ(kz). (4.74)

Thus (4.74) will represent the Fourier transform of the current on the quadrature grid exactly.
We can now evaluate the energy-damping effective potential term (4.18) by evaluating

Φ(k) = k̂ · j(k) =
kxj̃x(k) + ky j̃y(k) + kz j̃z(k)

|k| , (4.75)

and computing the inverse Fourier transform of equation (4.75). To compute the inverse Fourier
transform, we expand Vε(r) in the auxiliary basis

Vε(r) ≈
∑

αβγ

fαβγχα(x)χβ(y)χγ(z), (4.76)

where
fαβγ = −iM

∫
d3k (i)−(α+β+γ)χ∗α(kx)χ

∗
β(ky)χ

∗
γ(kz)Φ(k). (4.77)
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We integrate (4.77) using a Gauss-Hermite quadrature, via

fαβγ = −iM
∑

ijk

w̄iw̄jw̄kTαβγ(ki, kj, kk), (4.78)

where

Tαβγ(ki, kj, kk) = e2(k2i +k2j+k2k)χ∗α(ki)χ
∗
β(kj)χ

∗
γ(k̄k)

×Φ(ki, kj, kk). (4.79)

Here the quadrature roots {ki} and weights {w̄i} are found from the weight function e−2k2i .
Since in general Φ(k) cannot be represented exactly in the oscillator basis, our quadrature rule
(4.77), and thus equation (4.76), are approximations. Hence the number of k-grid quadrature
points becomes a parameter which controls the accuracy of our Gauss-Hermite quadrature ap-
proach [see Sec. 4.4.1]. We investigate how the accuracy of the energy-damping matrix element
depends on the number of quadrature points in Sec. 4.4.

From the form of equation (4.76), we see that the effective potential matrix elements we
require (4.26) are of the form

Sαβγ =

∫
d3r e−2(x2+y2+z2)Yαβγ(x, y, z), (4.80)

where

Yαβγ(r) = hαHα(x)hβHβ(y)hγHγ(z)Vε(r)Q(r), (4.81)

where Q(r) represents the classical-field and is given by equation (4.59). Although our ex-
pression for Vε(r) is approximate, once in this form, Yαβγ(r) takes the form of a polynomial
of degree 4(M − 1) in each coordinate. Thus we can integrate equation (4.80) exactly using
the same Gauss-Hermite quadrature sum as for equation (4.63), i.e. using a three-dimensional
spatial grid with 2(M − 1) points in each direction, where the {xi} and {wi} are the 2(M − 1)

roots and weights corresponding to the weight function W (x) = e−2x2 .
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4.3.4 Energy-damping noise term

Correlation function

A noise with the necessary correlations (4.23) can be constructed as

dW̃ε(k) =

√
2MTdt

|k|
∑

αβγ

dwαβγφ̃αβγ(k). (4.82)

Here we have made use of the Fourier transformed modes φ̃αβγ(k) = (−i)(α+β+γ)φαβγ(k).
The phase factors arising in Fourier transforming the modes generates the antidiagonal delta-
function we require, since

∑

αβγ

(−1)(α+β+γ)φαβγ(k)φαβγ(k
′) =

∑

αβγ

φαβγ(k)φ∗αβγ(−k′)

= δC(k,−k′), (4.83)

where we have used equation (4.13).

Computing the matrix elements

To implement the noise in our Galerkin approach, we need to evaluate the matrix elements
corresponding to equation (4.28). This means we need to project the noise in position space onto
our spectral basis. Since numerically we form the correct energy-damping noise correlation in
Fourier space [see equation (4.82)], we need to compute

dWε(r, t) =

∫
d3k

eik·r

(2π)3/2
dW̃ε(k), (4.84)

=
∑

αβγ

ζαβγ(r)dwαβγ, (4.85)

where the {dwαβγ} are real Gaussian distributed random variables [see equation (4.29)-(4.30)],
and

ζαβγ(r) ≡
∫
d3k

eik·r

(2π)3/2
Θαβγ(k). (4.86)

Here we have introduced

Θαβγ(k) =

√
2MT

|k| φ̃α(kx)φ̃β(ky)φ̃γ(kz), (4.87)
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where the {φ̃α(kx)} are the Fourier transformed basis states. Thus to evaluate the energy-
damping noise matrix elements (4.28), we must apply ζαβγ to the Gaussian distributed random
variables. We now outline how we evaluate the energy-damping noise matrix elements.

Firstly, we can represent equation (4.87) in the form

Θαβγ(k) = Xαβγ(k)e−(k2x+k2y+k2z)/2, (4.88)

where

Xαβγ(k) = (i)−(α+β+γ)hαHα(kx)hβHβ(ky)

×hγHγ(kz)

√
2MT

|k| . (4.89)

In order to compute the inverse Fourier transform of equation (4.88) to form ζ , we use a similar
process as in Sec. 4.3.3. Here we do not need to use the auxiliary basis states necessary for
computing j̃(k), since the exponential term in equation (4.88) matches that of the standard basis
states. Thus, we can calculate ζ(r) using a Gauss-Hermite quadrature as follows. We write ζ(r)

as a product of a polynomial and exponential, where

ζαβγ(r) ≈ Kαβγ(r)e
−(x2+y2+z2)/2, (4.90)

where
Kαβγ(r) = nαβγhαHα(x)hβHβ(y)hγHγ(z), (4.91)

is a polynomial of degree M − 1, and

nαβγ =

∫
d3k (i)−(α+β+γ)φ∗α(kx)φ

∗
β(ky)φ

∗
γ(kz)Θαβγ(k). (4.92)

Equation 4.90 is approximate [c.f. equation (4.76)] since we can not represent Xαβγ(k) as a
polynomial. We evaluate the integral using a Gauss-Hermite quadrature, using the exponential
factor to choose the appropriate weight function. The quadrature sum becomes

nαβγ =
∑

ijk

w̃iw̃jw̃kUαβγ(k̃i, k̃j, k̃k), (4.93)

where

Uαβγ(k̃i, k̃j, k̃k) = (i)−(α+β+γ)e(k̃2i +k̃2j+k̃2k)φ∗α(k̃i)φ
∗
β(k̃j)φ

∗
γ(k̃k)
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×Θαβγ(k̃i, k̃j, k̃k), (4.94)

with the quadrature roots {k̃i} and weights {w̃i} corresponding to the weight function W =

e−k
2
i . Since our Gauss-Hermite quadrature is approximate, the number of k points is again a

parameter which determines the accuracy of our approach. See Sec. 4.4 for further discussion.
Finally, since the matrix elements we require (4.28) are a third order product of mode func-

tions [i.e. φ∗ψζ], they can be cast in the form

dBαβγ =

∫
d3r e−

3
2

(x2+y2+z2)dNαβγ(r), (4.95)

where

dNαβγ(r) = hαHα(x)hβHβ(y)hγHγ(z)

×Q(r)
∑

κλµ

Kκλµ(r)dwκλµ, (4.96)

where Q(r) represents the c-field and is given by equation (4.59). dNαβγ(r) is a polynomial
of degree 3(M − 1) in each direction, thus we evaluate equation (4.95) using a Gauss-Hermite
quadrature

dBαβγ =
∑

ijk

ŵiŵjŵkdNαβγ(x̂i, x̂j, x̂k). (4.97)

This quadrature is exact using a three-dimensional grid with 3(M − 1)/2 quadrature points
in each coordinate, where the grid points {x̂i} and quadrature weights {ŵi} correspond to the
weight function W (x) = e−3x2/2.

4.3.5 Summary of the algorithm

Here we give a summary of our algorithm for calculating the energetically-damped SPGPE
matrix elements. We split our summary into two sections, first dealing with the deterministic
terms followed by the noise term.

Matrix elements Gn and Sn

For each Euler step, the procedure for calculating these matrix elements is as follows:

Step 1: We firstly transform the c-field from the spectral to spatial representation via

ψ(rs) =
∑

σ

Usσcσ, (4.98)
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where σ = {αβγ}, rs = (xi, xj, xk) are the quadrature points associated with the weight
function W (x) = e−2x2 , and Usσ = UiαUjβUkγ are the precomputed transformation
matrices. These are the one-dimensional basis states evaluated at the quadrature grid
points

Uiα = φα(xi). (4.99)

Step 2: Differentiate the field

c′xσ =
∑

κλµ

(∂̂x)ακ(Îy)βλ(Îz)γµcκλµ, (4.100a)

c′yσ =
∑

κλµ

(Îx)ακ(∂̂y)βλ(Îz)γµcκλµ, (4.100b)

c′zσ =
∑

κλµ

(Îx)ακ(Îy)βλ(∂̂z)γµcκλµ, (4.100c)

where the derivative operators are given by equation (4.57), and the Î are the identity
operators.

Step 3: Transform the differentiated fields to position space

ψ′x(rs) =
∑

σ

Usσc
′
xσ, (4.101a)

ψ′y(rs) =
∑

σ

Usσc
′
yσ, (4.101b)

ψ′z(rs) =
∑

σ

Usσc
′
zσ, (4.101c)

so we can then form the position space current current via equation (4.64), where we have

jv(rs) =
i

2
[ψ(rs)ψ

′
v(rs)

∗ − ψ(rs)
∗ψ′v(rs)] . (4.102)

Step 4: The weighted position space current is constructed for each component of j(rs)

Jx(rs) ≡ wse
2r2sjx(rs), (4.103a)

Jy(rs) ≡ wse
2r2sjy(rs), (4.103b)

Jz(rs) ≡ wse
2r2sjz(rs), (4.103c)

where ws = (wi, wj, wk) are the quadrature weights associated with the weight function
W (x) = e−2x2 .
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Step 5: We compute the Fourier transform of each component of the current by

j̃kx(kt) =
∑

s

WstJx(rs), (4.104a)

j̃ky(kt) =
∑

s

WstJy(rs), (4.104b)

j̃kz(kt) =
∑

s

WstJz(rs). (4.104c)

Here the precomputed transformation matrix is

Wir =
∑

α

(−i)αχα(kr)χα(xi), (4.105)

where the k-space quadrature grid is based on the weight function W (k) = e−2k2 . equa-
tion (4.105) combines both steps of the Fourier transform into one operation [jx(r) →
dαβγ , and dαβγ → j̃kx(k)].

Step 6: In Fourier space we form the projection of the current onto k̂. We then premultiply with
the quadrature weights to form

F̃(kt) ≡ w̃te
2k2

t k̂t · j̃(kt). (4.106)

Step 7: Inverse transforming takes us back to position space and computes the effective potential
Vε:

Vε(rs) = −iM
∑

t

W ∗
stF̃(kt). (4.107)

Step 8: We combine the two-body interaction and energy-damping effective potential terms into
a single integrand (since the quadrature sum has the same weight function for both cases),

g(rs) = wse
2r2s
[
CNL|ψ(rs)|2 + Vε(rs)

]
ψ(rs). (4.108)

Step 9: Inverse transforming g(rs) completes the integration of equation (4.25) and equation
(4.26), giving the required matrix elements

Gσ + Sσ =
∑

s

U∗sσg(rs). (4.109)
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Energy-damping noise dBn

To implement the noise, we generate dwσ at the start of each Euler step. Then for each iteration
of equation (4.32), we perform the following steps:

Step 1: We transform the random variables to Fourier space via

Ψ(k̃t) =
∑

σ

Ũtσdwσ (4.110)

where the precomputed transformation matrices are the Fourier transformed basis states

Ũtσ = (−i)(α+β+γ)φα(k̃u)φβ(k̃v)φγ(k̃w), (4.111)

where the tilde notation implies the k-space quadrature grid is based on the weight func-
tion W (k) = e−k

2 .

Step 2: We form the appropriate correlation function in k-space, and then compute the inverse
Fourier transform:

f(r̂s) =
∑

t

X∗st

√
2TM
|k̃t|

Ψ(k̃t) (4.112)

where

Xir =
∑

α

(−i)αφα(k̃r)φα(x̂i), (4.113)

where the hat notation implies the position space quadrature grid is based on the weight
function W (x) = e−3x2/2.

Step 3: We now need to transform the c-field to position space, onto the grid based on the three-
field weight function:

ψ(r̂s) =
∑

σ

Ûsσcσ, (4.114)

where now the precomputed transformation matrices are

Ûsσ = φα(x̂i)φβ(x̂j)φγ(x̂k). (4.115)
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Step 4: We form the appropriate integrand of dBn,

b(r̂s) = ŵse
3r̂2s/2ψ(r̂s)f(rs). (4.116)

Step 5: The inverse transform of b(r̂s) completes the required integration

dBσ =
∑

s

Û∗sσb(r̂s). (4.117)

4.4 Accuracy of algorithm

In this section, we discuss how we can control the accuracy of our algorithm, and quantify the
accuracy of our approach of both spatial and temporal integration using various measures.

4.4.1 k-space quadrature grid

Both the deterministic and noise terms involve k-space integrals which are evaluated as approx-
imate quadrature sums [evaluating equation (4.107), and equation (4.112) respectively]. To
control the accuracy of these steps, we can vary the size of the appropriate k-space quadrature
grid.

For the deterministic term we require the Fourier transform of j(r) onto a k-grid based on
the weight function e−2k2i [see equation (4.79)], while for the noise term we require the inverse
Fourier transform of Θαβγ(k) from a k′-grid based on the weight function e−k2i [see equation
(4.94)]. Note that in this section, we will associate unprimed and primed notation with the
momentum space quadrature grid for the deterministic and noise terms respectively.

To begin we note that for a given εcut, each particular Fourier transform is exactly invertible,
i.e.

j(r)
W−→ j̃(k)

W †−−→ j(r), (4.118)

Θ̃(k)
X†−→ Θ(r)

X−→ Θ̃(k), (4.119)

if the quadrature grid sizes are chosen by Nx ≥ N0
x , Nk ≥ N0

k , and N ′x ≥ N0′
x , N ′k ≥ N0′

k ,
for the position and momentum space grids for the deterministic and noise terms respectively,
where the reference values are given by N0

x = N0
k ≡ 2M − 1, N0′

x = N0′
k ≡ M − 1. The

apparent singularity in equation (4.16) is removed by the terms it acts on in the SPGPE. In
practice we choose an even number of k-grid points to avoid a quadrature point at k = 0. To
investigate the effect of the k-grid on the accuracy of our method for evaluating the non-exact
Hermite-Gauss quadrature sums [see equation (4.76) and equation (4.90)], we vary the number
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of k quadrature points used by

Nk = N0
k + ∆Nk, (4.120)

N ′k = N0′
k + ∆N ′k, (4.121)

where Nk (N ′k) is the total number of quadrature grid points, and ∆Nk (∆N ′k) is the number of
quadrature points added to the reference value N0

k (N0′
k ).

In this work we only consider using Gauss-Hermite quadrature to compute the required
Fourier transforms. Using a uniform grid would allow us to utilize fast Fourier transformations
to compute the required Fourier transforms more efficiently. However this would require a large
increase in the number of quadrature grid points required to accurately represent the classical
field in a trapped system. Further to this we would need to interpolate the new quadrature
points back into a Gauss-Hermite quadrature grid to accurately evaluate step 9 and step 5 for
the deterministic and noise terms respectively. For further discussion on this see Sec. IV B in
Ref. [314].

4.4.2 Effective potential term convergence for a breathing mode

A Gaussian wave function undergoing radial breathing provides a rare example where we can
analytically calculate Vε(r) for a case where ∇ · j 6= 0. Here we consider the Gaussian wave
function

ψ(r) =

√
N

(πσ2)3/4
e−r

2/2σ2+iκr2/2, (4.122)

which corresponds to a radial breathing oscillation. This wave function has a non-zero current
density, given by

j(r) = κr|ψ|2, (4.123)

from which we find [using equation (4.18)] the radially symmetric potential

V A
ε (r) = − NMκσ√

2(πσ2)3/4
g(r/σ), (4.124)

where

g(x) =

[√
2

π
+

(
1√
2x
−
√

2x

)
e−x

2

erfi(x)

]
, (4.125)

with erfi(x) ≡ −ierf(ix). The potential is most significant at r = 0, where

V A
ε (r = 0) = − NMκσ√

2(πσ2)3/4

√
8

π
. (4.126)
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Figure 4.1: Relative error in the potential Vε(r) with varying ∆Nk [see (4.127)], for a Gaussian
wave function with N = 1000, σ = 1, κ = 0.5. The curves correspond to εcut = 20 (red
squares), εcut = 30 (blue circles), and εcut = 40 (black circles).

To quantify the accuracy of our numerical evaluation of Vε(r), we use the relative error measure

δVε = 1−
∣∣∣∣
Vε(r = 0)

V A
ε (r = 0)

∣∣∣∣ . (4.127)

In figure 4.1 we plot δVε as a function of ∆Nk, for the Gaussian wave function [equation
(4.122)], with N = 1000, σ = 1, and κ = 0.5. We show the relative error for Vε evaluated
with εcut = 20, εcut = 30, and εcut = 40, corresponding to M = 19, M = 29 and M = 39

respectively.
In general we see good accuracy with δVε < 10−4 for all ∆Nk. δVε decreases with in-

creasing ∆Nk up to a cutoff-dependent value of ∆Nk, after which it increases for large ∆Nk

to a limit bounded by the initial value. As is the case for all numerical methods with variable
accuracy, ∆Nk must be varied until the desired accuracy is reached. For the breathing mode
considered here, at least an order of magnitude improvement in accuracy can be achieved for
modest ∆Nk. The accuracy in general increases with εcut, i.e. increasing spatial range and
resolution.
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4.4.3 Matrix elements convergence

Here we test the accuracy of calculating the matrix elements [Eqs. (4.25)-(4.28) ] for a random-
ized state cαβγ . A high energy randomized state will test the accuracy of both low energy modes
and modes near the cutoff, thus will be a useful test for the suitability of our algorithm to finite
temperature non-equilibrium dynamics.

We use a random state of the form

cσ = ησ + iξσ, (4.128)

where {ησ} and {ξσ}, are normally distributed Gaussian random variables with zero mean and
unit variance. For the results in this section, we use a cutoff of εcut = 20 so M = 19. We
renormalize our initial field so that N = 1 × 104, and use reservoir parameters for the energy-
damping process ofM = 0.005, T = 5.

Effective potential term matrix elements

We first consider Sσ, the energy-damping potential matrix elements given by equation (4.26).
To test the convergence of our method we calculate the relative error of the matrix elements,
given by

ES(∆Nk) =
|Sσ(∆Nk)− SAσ |

|SAσ |
, (4.129)

where Sσ(∆Nk) is the energy-damping matrix element calculated with a k-space quadrature
grid specified by ∆Nk, and SAσ is a more accurate matrix element calculation. We calculate SAσ
using a k-space quadrature grid with ∆Nk = 128 quadrature points.

In figure 4.2 we show ES(∆Nk) for some representative cases of σ = (α, β, γ). We see
ES is smaller for lower-order matrix elements. In general, ES decreases with ∆Nk for all basis
coefficients.

Noise matrix elements

We now test the convergence of the energy-damping noise matrix elements dBσ [see equation
(4.28)]. Here we quantify the error with the measure

EB(∆N ′k) =
|dBσ(∆N ′k)− dBA

σ |
|dBA

σ |
, (4.130)

where dBσ(∆N ′k) are the noise matrix elements calculated with a k-space quadrature grid spec-
ified by ∆N ′k, where the quadrature weight function is that appropriate to the noise term. Here
the reference dBA

σ is calculated using a k-space quadrature grid with ∆N ′k = 128 points.
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Figure 4.2: Relative error in individual matrix elements as ∆Nk (or ∆N ′k) is varied. The error
in the energy-damping potential matrix elements ES(∆Nk) (red squares), and energy-damping
noise matrix elements EB(∆N ′k) (blue circles), are shown for various single-particle basis states.
All cases correspond to εcut = 20.

In figure 4.2 we plot EB(∆N ′k) for various σ = (α, β, γ), finding a smaller error with
increasing grid size. The noise term is generally less accurate than the deterministic term,
with EB over an order of magnitude larger than ES for low-order matrix elements. For higher-
order matrix elements, it becomes hard to distinguish between the accuracy of the noise and
deterministic term, with both having a similar error.
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Figure 4.3: Relative error in the combined matrix elements [see equation (4.131)], for εcut = 20
(red squares) and εcut = 30 (blue circles). Top: δF (∆Nk), showing the effect of the k-space
quadrature grid corresponding to the potential term, with ∆N ′k = 0. Bottom: δF ′(∆N ′k),
showing the effect of the k-space quadrature grid corresponding to the noise term, with ∆Nk =
0.

All nonlinear matrix elements

Finally we consider the combination of all nonlinear matrix elements, Fσ = Gσ + Sσ + dBσ.
To evaluate Gσ, we choose a nonlinearity constant of CNL = 0.005. We use the relative error
measure

δF ≡ ||Fσ − F
A
σ ||2

||FA
σ ||2

, (4.131)

where
||Λσ|| ≡

∑

σ

|Λσ|2, (4.132)
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where Fσ are the approximate matrix elements calculated by our algorithm, and FA
σ are more

accurately calculated matrix elements. δF includes both the deterministic and noise terms from
the energy-damping processes, so we can measure the combined effect of these terms on the
accuracy of our algorithm.

Since both the deterministic and noise terms have independent quadrature grids which affect
the accuracy, we use two different measures of δF . We refer to δF when we determine FA

σ with
a quadrature grid of ∆Nk = 128 for the deterministic term, and ∆N ′k = 0 for the noise term.
Secondly, we refer to δF ′ when we determine FA

σ with a quadrature grid of ∆Nk = 0 for the
deterministic term, and ∆N ′k = 128 for the noise term. These two different measures allow
us to examine the effect each k-space quadrature grid we employ has on the accuracy of the
combined matrix elements.

In figure 4.3 we show results for δF with varying ∆Nk, and δF ′ with varying ∆N ′k. We see
excellent accuracy for all ∆Nk in both measures, with the relative error reducing with increasing
grid size in either case. Since δF is weighted by the size of each matrix element, a large relative
error in small matrix elements has only a small effect on δF . Thus the larger error seen in high
energy matrix elements in figure 4.2 has a minimal effect on δF . For larger εcut we see a smaller
error, with little change in the rate of convergence.

4.4.4 Propagation convergence

In this section we present evolution convergence results for our algorithm for the energetically-
damped SPGPE. To test the evolution of our algorithm, we propagate an initial random state
given by equation (4.128), with an energy cutoff of εcut = 20, and we normalize our classical-
field to N(t = 0) = 1 × 104 87Rb atoms, with the nonlinearity constant of CNL = 0.02 found
from explicitly evaluating equation (4.11). We choose reservoir parameters of T = 20,M =

0.005, and evolve our initial state with the energetically-damped SPGPE using the semi-implicit
Euler algorithm for one trap cycle with a final time of τ = 2π. For the results in this section,
we compute 4 iterations of the semi-implicit Euler algorithm at each time step 3.

In the following sections, we will test the accuracy of our evolution by examining the de-
pendence on time step size ∆t, and on both ∆Nk and ∆N ′k. As the SPGPE is a stochas-
tic equation of motion, we look at ensemble averages of 500 trajectories for each parameter
{∆t,∆Nk,∆N

′
k} considered. We consider a unique initial condition for each trajectory.

3Convergence testing of our semi-implicit Euler implementation showed a few iterations (∼ 2− 3) are usually
sufficient to obtain convergence.
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Time step convergence

In this section we consider the case ∆Nk = ∆N ′k = 0, and examine the convergence with ∆t.
To quantify our accuracy, we use the following measures:

δN =

〈
N(t = 0)−∑σ |cσ(τ)|2

N(t = 0)

〉
, (4.133)

δE =

〈
E(τ)− EA(τ)

EA(τ)

〉
, (4.134)

δcσ =

〈 |cσ(τ)− cAσ(τ)|2
|cAσ(τ)|2

〉1/2

, (4.135)

δX =

〈∑
σ |cσ(τ)− cAσ(τ)|2∑

σ |cAσ(τ)|2
〉1/2

. (4.136)

where δN is the change in normalization, δE is the relative change in energy, where the c-field
energy is given by

E =

∫
d3r ψ∗Hspψ +

CNL

2

∫
d3r |ψ|4. (4.137)

δcσ is the relative change in individual mode amplitudes, and δX is the relative difference of all
mode amplitudes. Quantities with a subscript ‘A’ denote that quantity is calculated from a more
accurate simulation, and angle brackets represent an ensemble average. Since the energetically-
damped SPGPE is formally number conserving, δN provides an immediate indication of accu-
racy without needing a more accurate simulation.

To test the convergence with ∆t, we perform 500 simulations with a time step of ∆tA =

τ/12800, i.e. use 12800 steps in the evolution time of 1 trap period (τ = 2π). Simulations
with a step size ∆tA are our accurate simulations for considering the convergence tests. Each
simulation with step size ∆tA has a different random initial condition. To understand the effects
of ∆t on convergence we repeat the SPGPE simulation for each trajectory using an identical
initial state, while increasing the time step size to ∆t = ∆tA2p, for p = {1, 2, 3, 4, 5}. To test
stochastic convergence for each trajectory of a simulation with a given step size, we use the
same Wiener process as for the accurate simulation. To do this, the Wiener-process samples
used for each trajectory with step size ∆t are formed from the sums of the corresponding 2p

consecutive Wiener-process samples used for the trajectories with step size ∆tA.
The first two measures of numerical accuracy [(4.133) and (4.134)] represent measures of

weak convergence [313]. These two measures show for an ensemble of simulations at a given
time step ∆t, the difference between the average number and energy, and their more accurate
respective value. Figure 4.4 shows δN and δE, where we observe good convergence with ∆t.
The relative errors are at the level of less than 1% for all time steps considered.
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Figure 4.4: Number (δN ) and energy (δE) convergence with step size ∆t. The relative error is
determined after t = 2π, where ∆t corresponds to 6400, 3200, 1600, 800, and 400 time steps
in order of increasing ∆t. Simulation results (red squares) are fitted by the labeled power laws.

The final two measures of error [(4.135) and (4.136)] show the root mean squared difference
of the mode amplitudes from our simulations with an accurate value. As these are the solutions
to the energetically-damped SPGPE, these measures determine stochastic convergence in the
strong sense [313]. δcσ shows the relative error in the individual mode amplitudes. In figure 4.5
we show δcσ for the basis-states σ = (0, 0, 0), (2, 4, 6), and (4, 10, 3). In all cases we see
convergence faster than ∆t1.5, as we reduce ∆t. The error increases for higher-order modes
with quite large relative error in the (4, 10, 3) state, which is near the cutoff. To give an idea
of the effect all modes have on the accuracy of a simulation we calculate δX , which takes into
account the relative error of each mode. In figure 4.5 we see δX ∝ ∆t1.8, with accuracy of
greater than 1% for the smaller time steps. We see that the larger error in δcσ for high energy
modes has little effect on δX , since δX depends on the size of each element.

Figs 4.4 and 4.5 show that all measures of accuracy converge at least as fast as the strong
vector semi-implicit Euler method of Ref. [313], which converges as ∆t1 with decreasing ∆t
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Figure 4.5: Mode amplitude convergence with ∆t. δcσ represent the error in individual modes
[see equation (4.135)]. δX represents the error over all C-region modes [see equation (4.136)].
Simulation results (red squares) are fitted by the labeled power laws.

for both strong and weak measures of convergence. In principle it is possible to generate higher
order algorithms, but this task becomes rapidly complex with increasing desired accuracy, re-
quiring the sampling of many additional auxiliary noise terms [313]. Here we find quite fast
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Figure 4.6: Measures of convergence with k-space quadrature grid size, for simulations with
fixed ∆t = 0.001. Red squares: Accuracy with varying ∆Nk for fixed ∆N ′k = 0, where the
accurate simulations have ∆Nk = 50. Blue circles: Accuracy with varying ∆N ′k for fixed
∆Nk = 0, where the accurate simulations have ∆N ′k = 50

convergence using the weak semi-implicit Euler method, suggesting that the noise is commuta-
tive, in which case the strong and weak methods are equivalent.

We note that the individual simulations reported in this subsection took between 4 minutes
(p = 5,∆Nk = 0,∆N ′k = 0) and 2.5 hours (p = 1,∆Nk = 0,∆N ′k = 0), using single CPU
code running on a shared cluster with 2.66 GHz CPUs.

k-space grid convergence

In this section we investigate the effect that the k-space quadrature grid has on the convergence
of our algorithm. We consider the measures δN, δE, and δX , for fixed ∆t = 0.001, i.e. 800
integration steps (p = 4). For each trajectory (as described above), we evolve the energetically-
damped SPGPE with the same initial conditions and same noise, while varying ∆Nk and ∆N ′k
independently.
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Firstly we consider the case of varying ∆Nk with fixed ∆N ′k = 0, where we plot δN, δE,
and δX calculated after τ = 2π in figure 4.6 (red squares). To calculate these measures of
accuracy, we use an accurate value based on simulations with ∆Nk = 50. Varying ∆Nk has no
effect on δN , while δE and δX both converge rapidly.

The case of varying ∆N ′k with fixed ∆Nk = 0 is shown in figure 4.6 (blue circles), where
we see δN, δE, and δX behave in a similar manner. In all cases for either varying ∆Nk or ∆N ′k,
the accuracy is very good even for the cases ∆Nk = 0 and ∆N ′k = 0, consistent with figure 4.3.

The good accuracy for all k-space quadrature grid sizes shown in figure 4.6 means that in-
creasing ∆Nk or ∆N ′k has only a minor benefit on the accuracy of our algorithm for calculating
the SPGPE matrix elements. The most significant gains arise from controlling the time step size
∆t.

Here the simulation time increased from 8 minutes (p = 4,∆Nk = 0,∆N ′k = 0), to 25
minutes for the largest k-grid (p = 4,∆Nk = 40,∆N ′k = 0), and 15 minutes for the largest
k′-grid (p = 4,∆Nk = 0,∆N ′k = 40).

4.4.5 Random state evolution to equilibrium

Having characterized the accuracy of our algorithm, we now look at a practical example of us-
ing the energetically-damped SPGPE. Here we evolve a random initial state into thermal equi-
librium with the energetically-damped SPGPE, and examine some thermodynamic quantities
which are commonly of interest in classical-field calculations.

As in Sec. 4.4.4 we use a randomized initial state for each trajectory given by equation
(4.128), with normalization 1 × 104 87Rb atoms, CNL = 0.02, and use an energy cutoff of
εcut = 20. We evolve the energetically-damped SPGPE for 10 trap cycles using 1600 integration
steps per trap cycle, 4 iterations of the semi-implicit Euler algorithm at each time step, and set
∆Nk = ∆N ′k = 0. To visualize our simulations, we look at the column density given by

nc(x, y) =

∫
dz|ψ(r)|2. (4.138)

In figure 4.7 we show the column density and phase (slice through z = 0) of our initial random
state. At t/2π = 10 once equilibrium has been reached, we see phase coherence has developed
over regions of finite c-field density. Fluctuations in the density are caused by both the energy-
damping noise and from fluctuations arising from PGPE evolution, and are characteristic of a
finite temperature equilibrium state.

The images in figure 4.7 highlight that individual trajectories can be thought of as show-
ing the corresponding dynamics of a single experimental run [104]. However when calculating
thermodynamics quantities or correlation functions, we must calculate ensemble averages. fig-
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Figure 4.7: Column densities and phase slices (through the z = 0 plane), for the energetically-
damped SPGPE evolution of an initial random state with T = 20, M = 0.01. The initial
random state at t = 0 evolves into equilibrium, where we show the final state after 10 trap
cycles of evolution.

ure 4.8 shows the c-field energy (E), and system width (〈x2〉), where we calculate these quan-
tities as an ensemble average over 100 trajectories of energetically-damped SPGPE evolution.
Results are shown for two different reservoir temperatures of T = 10 and T = 20. For each
temperature we consider reservoir interaction amplitudes ofM = 0.005 andM = 0.01. We
see the high energy of the random initial state rapidly decreases as the system evolves towards
equilibrium. Note the decay time decreases with larger M, and the final equilibrium energy
increases with T . The evolution of the system width 〈x2〉 follows a similar trend to the energy.
The large spread of density in the initial state [see figure 4.7] decreases as a well defined Bose-
Einstein condensate emerges as equilibrium is attained. The equilibrium system width increases
with temperature, due to an increased thermal density contained in the c-field. The results in
figure 4.8 show that for a given temperature, the equilibrium reached is independent ofM. This
is an important result to verify, as it gives a good test of the implementation of the noise [146].
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Figure 4.8: Energy (E) and system width (〈x2〉) averaged over 100 trajectories, showing the
evolution of a random initial state to thermal equilibrium. (red curves) SPGPE simulations for
T = 20, withM = 0.005 (dashed) andM = 0.01 (solid). (blue curves) SPGPE simulations
for T = 10, withM = 0.005 (dashed) andM = 0.01 (solid).

4.5 Conclusions

We have presented a method to numerically solve the SPGPE for a finite temperature weakly in-
teracting Bose gas in a three-dimensional harmonic trap. Our algorithm allows accurate and ef-
ficient implementation of the terms from the energy-damping reservoir interaction, while main-
taining a consistent implementation of the projector via a spectral approach.

We have extensively tested the accuracy of our evaluation of matrix elements associated
with the deterministic and noise terms, steps which are not exact within our Gauss-Hermite
integration scheme. We have shown how the accuracy of these terms can be controlled with
increasing order of k-space quadrature grid. While this leads to increased accuracy, for the
systems considered in this chapter our procedure showed good accuracy for all grid sizes con-
sidered. However care should be taken when implementing this algorithm in any novel system,
to ensure similar convergence of matrix elements is achieved.
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We presented convergence rates with respect to time-step size used in our weak semi-
implicit Euler implementation. For all measures considered, the weak semi-implicit Euler
method exhibits rapid convergence (faster than ∆t1), in both the strong and weak sense, al-
though the precise rate depends on the observable in question. The algorithm converges more
rapidly than the strong semi-implicit algorithm, indicating that the energy-damping noise may
be commutative [313]. We found that the choice of time step is more important to the accuracy
of SPGPE evolution than the k-space quadrature grid size.

Finally we demonstrated typical usage of the SPGPE by examining the evolution of a ran-
dom initial state to thermal equilibrium. The thermodynamic equilibrium results are found to to
be independent ofM, as must hold for a physically consistent implementation of the reservoir
interaction terms.
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Chapter 5

Persistent current formation: An
experimental test for classical-field theory

5.1 Introduction

In an annular trapping geometry, such as may be created using an obstacle potential in a har-
monic trap [69], a vortex can be pinned to the obstacle to create a BEC in a state of perpetual
motion, forming a persistent current [68, 69, 71]. In the absence of coherent optical manipu-
lation [68, 71], the dynamical evolution from a non-rotating ground state to one containing a
topologically stabilized superflow necessitates the motion of vortices toward the inner boundary
of the toroidal system, through the dual action of forcing and dissipation, requiring a thermal
reservoir of non-condensed atoms to drive this process.

This process was utilized in the recent experiment of Neely et al. [75], where a blue-detuned
laser was used to stir a disordered array of quantum vortices that decays via thermal dissipation
to form a macroscopic persistent current in a toroid. In this chapter we present a theoretical
study of this persistent current formation experiment. While dissipative vortex dynamics in
harmonically trapped BECs have been treated numerically [see section 1.5.2], the predictions
for vortex lifetimes have not yet been tested experimentally. The experiment of Neely et al. [75]
offers the chance to quantitatively compare theory with experiment, as they are able to measure
the vortex number dynamics throughout the experiment.

In this chapter we perform large-scale numerical simulations of the experimental sequence,
by using the simple-growth SPGPE to describe the conditions of the experiment [see section
3.6.2]. We compare the simple-growth SPGPE and damped GPE (dGPE) [obtained by neglect-
ing the noise in the simple-growth SPGPE] with experimental observations of the formation of
a persistent current. Our results provide an ab initio quantitative experimental test of the simple-
growth SPGPE, and indicate the need for both damping and noise terms to give a quantitative
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account of vortex motion in a high-temperature state.
This chapter is organized as follows: In section 5.2 we outline the system, and how we

model the experiment using the simple-growth SPGPE. We also outline how we analyze SPGPE
simulations to compare with the experimental results. In section 5.3 we present our numerical
results, and quantitatively compare our findings with experimental data. In section 5.4 we
discuss the consistency of our simulations, and the effects of experimental uncertainties. Finally
in section 5.5 we summarize our results in the conclusion.

The work presented in this chapter has been published in Ref. [119].

5.1.1 Work done prior to this thesis

The work presented in this thesis is an extension on prior work reported by us in Ref. [185].
The earlier work consisted of performing simple-growth SPGPE and dGPE simulations of the
experimental sequence, and comparing the equilibrium states with a single experimental data
point.

In this thesis we perform new analysis of simulations, calculating the total vorticity of our
simulations over the complete dynamics. We also gained access to additional experimental data,
allowing us to compare simulation data over the dynamical regime of the experiment. This
allows us to compare theory with experiment over the entire experiment, providing a significant
extension of the work in Ref. [185]. Furthermore, we calculate new simple-growth SPGPE
simulations to asses the effect of changing the energy cutoff, which provides validation of our
method.

5.2 System and procedure

5.2.1 Physical system

We describe the toroidal system of Ref. [75] using a harmonic-Gaussian external potential

V (r, t) = V0(r) + VG(r, t), (5.1)

where

V0(r) =
m

2

[
ω2
r(x

2 + y2) + ω2
zz

2
]
, (5.2)

is the harmonic oscillator potential, and the time-dependent Gaussian potential is given by

VG(r, t) = V0 exp
[
−[(x− x̄(t))2 + (y − ȳ(t))2]/σ2

0

]
. (5.3)
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We evolve individual trajectories of the experimental sequence according to the simple-growth
SPGPE [Eq. (3.121)], which we recast here for convenience. The equation of motion is

~dψ
∣∣
H+γ

= P
{

(i+ γ)(µ− LC)ψ(r, t)dt+ ~dW (r, t)
}
, (5.4)

where the projection operator P implements the energy cutoff in the appropriate basis, and γ is
the rate of the number-damping process [see Eq. (3.120)]

γ = γ0

∞∑

j=1

eβµ(j+1)

e2βεcutj
Φ

[
eβµ

eβεcut
, 1, j

]2

. (5.5)

Here we split the single-particle Hamiltonian into

Hsp ≡ H0 + VG(r), (5.6)

=

[
−~2∇2

2m
+ V0(r)

]
+ VG(r), (5.7)

The classical-field is expanded over basis states of H0, i.e.

ψ(r) =
∑

n∈C

cnφn(r), (5.8)

where φn(r) are eigenstates of the harmonic-oscillator Hamiltonian. By choosing this nu-
merical basis1, the extra potential modifies the underlying harmonic-oscillator potential, and
means we can numerically integrate the SPGPE using the spectral-Galerkin approach described
in chapter 42. By using the harmonic-oscillator basis, the complex Gaussian noise satisfies
〈dW (r, t)dW (r′, t)〉 = 0, 〈dW ∗(r, t)dW (r′, t)〉 = (2γkBT/~)δ(r, r′)dt, where δ(r, r′) =∑

n∈C φn(r)φ∗n(r′) is the delta-function for the C-region. As usual the operator LC generates
the Hamiltonian evolution for the C-region LCψ ≡ (Hsp + g|ψ|2)ψ, where the single-particle
Hamiltonian includes the effect of the Gaussian potential.

As in section 3.7, we assume the incoherent region is a reservoir in thermal equilibrium at
a temperature T and chemical potential µ, described by a semiclassical Bose-Einstein distribu-
tion (3.56). Thus the analytic rate for γ [Eq. (5.5)] can be used to describe the number-damping
reservoir interaction, which is a reasonable quantitative approximation for near-equilibrium sit-
uations.

In the SPGPE implementation, the choice of µ(T,N) controls the total atom number N ,
while the choice of εcut(T,N) dictates the occupation at the cutoff which must be of order unity

1The consistency of using this numerical basis is discussed in section 5.4.1.
2We describe how we implement the Gaussian potential term numerically in appendix D.
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Figure 5.1: Schematic of the experimental sequence and simulation parameters [75]. (a) The
initial state consists of a trapped Bose gas at T ∼ 0.9TC in a cylindrically-symmetric harmonic
trap augmented with an optically induced Gaussian obstacle potential. The potential is constant
in the z direction and coincident with the symmetry axis of the harmonic trap. In-situ absorption
images of the experimental atom density are shown in the transverse (b) and axial (c) directions.
(d) The center of the harmonic trap is induced to complete a single revolution around the z-axis.
The obstacle beam executes one circular orbit centered at (x̄(t), ȳ(t)) = r0(1 − cosκt, sinκt),
with r0 = 2.875µm, κ = 6π s−1. This is modeled in the frame of the obstacle beam, with
an incoherent (I-) region coupled to a coherent (C-) region described with the SPGPE (shown
schematically, see text). (e) The dissipation has significant effect during the experimental hold
(time th after the stir). Absorption images after significant hold times show either (f) many
vortex cores after an additional radial expansion stage, or (g) a large density minimum corre-
sponding to a persistent current (without radial expansion).

for the classical field description of the C-region to be valid. A Hartree-Fock method can be
used to accurately estimate these SPGPE parameters for harmonically trapped systems close to
equilibrium, as described in section 3.7. Given this, we can calculate all SPGPE parameters
including γ to model the experiment a-priori, providing a first-principles treatment of damping
with no fitted parameters.

5.2.2 Numerical procedure and analysis

We use the trap parameters measured in the experiment: (ωr, ωz) = 2π × (8, 90) Hz, σ0 =

23/
√

2 µm, where ω̄ = (ω2
rωz)

1/3. We expect that the potential height V0 may have a significant
influence on the measurements results, since the height of the obstacle changes the number of
vortices that may be pinned [320]. To account for this variation we run two sets of simple-
growth SPGPE trajectories. Changing V0 requires a change in µ to preserve NT , and in εcut to
maintain the same population at the cutoff energy (ncut ≈ 1, see Section 5.4). We choose two
values of V0 at the upper and lower values of the experimental uncertainty in the measured value
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respectively. We then create an initial equilibrium state by evolving Eq. (5.4) with the Gaussian
potential at (x̄, ȳ) = (0, 0), and verify its properties. Our parameter sets are:

(a) V0 = 58~ω̄, µ = 34~ω̄, εcut = 83~ω̄,
(b) V0 = 67~ω̄, µ = 35~ω̄, εcut = 84~ω̄.
These self-consistently determined parameters allow us to sample the equilibrium ensemble

of the SPGPE, for a total of N = 2.6 × 106 87Rb atoms3 in the toroidal trapping potential at
temperature T = 98nK, matching the experimental values for atom number and temperature.

To model the dynamics, the Gaussian obstacle is shifted to (x̄(t), ȳ(t)) = r0(1−cos(κt), sin(κt)),
moving it in a circle of radius r0 = 2.875 µm, about the point (x, y) = (r0, 0), with angular
frequency κ = 2π/(333 ms) = 6π s−1 (see figure 5.1), as is done in the experiment. After
one circular orbit, the potential is held at the trap center. Using Eq. (3.120), both parameter
sets (a) and (b) give γ = 8 × 10−4, setting the dissipation rate during the dynamics. For each
parameter set we propagate 16 trajectories of the simple-growth SPGPE. Our implementation
of the damped GPE is identical to that of the simple-growth SPGPE, except that the noise is set
to zero in Eq. (5.4).

5.2.3 Simulation analysis

We quantitatively compare the simple-growth SPGPE and dGPE by calculating the number of
vortices at a given time in the numerical simulations, and comparing this with the number found
in the experiment. Experimentally, the vortices were counted from time-of-flight images after
ramping down the Gaussian beam over 250 ms. The experimental data are analyzed differently
for the time interval immediately after the stir (t . 4.5s), and for later times where the average
number of vortices reaches a quasi-equilibrium state; we refer to the latter interval as equilib-

rium, but it should be noted that even at the longest observation times of the experiment there
remains a small rate of free vortex observation, and a slow decline of the mean observed wind-
ing number, and hence true equilibrium does not occur. However, the mean total number of
vortices reaches equilibrium in our simulations, and quasi-equilibrium in the experiment, after
∼ 4.5s. After this equilibrium is achieved, the winding number of the persistent current is ex-
perimentally determined by introducing an extra 3 s hold after ramping down the obstacle. This
allows multiply charged vortices that are no longer stabilized by the obstacle beam to break up
into individual vortices of unit circulation [320, 321], that are readily observed. For the short-
time data (t . 4.5 s), we use a different technique. We again count free vortices, but do so
immediately after ramping down the obstacle. Without the hold time, multiple vortices simul-
taneously pinned to the obstacle do not decay into individual vortex cores. Instead, the density

3We calculate N = NC + NI , where NC is the coherent-region normalization, and NI is the reservoir atom-
number given by Eq. (3.136).
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Chapter 5. Persistent current formation: An experimental test for classical-field theory

minimum at the center of the flow that formed the multiply charged core acquires a new area
that depends on the winding number. As recently shown, the area of the density minimum at the
core is proportional to the winding number [321]; we use this relationship to infer the pinned
winding number prior to obstacle ramp-down. The observed vortex number thus includes free
vortices and any vortices pinned to the Gaussian beam prior to the imaging sequence.

In our simulations we extract the total vorticity to be compared with the experimental data
via

NT = Nf +WB ≡ Nf +

∣∣∣∣
m

~

∮

B

v(r) · dl
∣∣∣∣ , (5.9)

where Nf = N+ +N− is the number free of vortices (of both positive and negative circulation)
in the region of detection, and the B is the inner boundary of the toroidal atomic density, so that
the winding number from pinned vortices isWB. In equilibrium, NT =WB corresponds to the
size of the stable persistent current.

To count individual vortices, we utilize the fact that the curl of the velocity field w(r) =

∇ × v(r) is a delta-function at the location of a vortex [see section 1.5.1]. Numerically this
provides a significant and unambiguous signal localized at the vortex core. However near the
condensate boundary, phase singularities arise due to the fluctuations within the classical-field.
To avoid counting thermal fluctuations as vortices, we limit our region of vortex detection to
radii where the density is greater than ∼ 30% of the peak density4, consistent with the limita-
tions of experimental vortex detection.

During the post-stir hold period [figure 5.1 (e)], there is an additional cooling stage of the
experiment, however this has a negligible effect on the vortex dynamics of the simulations. A
discussion of this and other technical features of our simulations and experiment is given in
Section 5.4.

5.3 Results

Figure 5.2 shows a comparison of individual trajectories of the simple-growth SPGPE and dGPE
for parameter set (a). The dynamics of both methods are qualitatively similar. Multiple vortices
are nucleated during the stirring procedure, and then decay through a range of processes: decay
to the exterior condensate boundary, internal vortex-antivortex annihilation, or via pinning at the
central potential. Finally the system evolves into a stable persistent current of winding number
NT = WB, with no free vortices in the bulk fluid. The timescale of the decay of free vortices
in SPGPE and dGPE differ by an order of magnitude. The SPGPE evolution generates a stable

4After the stir, this is the region 22.9 µm < r < 34.4 µm, as indicated in figure 5.2 by blue dashed circles
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Figure 5.2: Column densities and phase slices (through the z = 0 plane) showing the c-field
dynamics of modeling the persistent current formation experiment, with parameter set (a), V0 =
58~ω̄. The blue dashed circles show the boundary of the detection region for vortices that
are labelled in the phase profile as positive (cyan plus) or negative (red circle) based on their
circulation. Each image is 94 × 94 µm. Rows 1 and 2 show SPGPE evolution for a single
trajectory. Rows 3 and 4 show the dGPE evolution.
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Chapter 5. Persistent current formation: An experimental test for classical-field theory

WB = 4 persistent current after 2.8 s. In contrast, the dGPE requires over 25 s to evolve into a
stable persistent current withWB = 3.

In figure 5.3 we plot 〈NT 〉 for the simple-growth SPGPE ensemble average, and for the
dGPE simulations. We first show the long-time data in the main plot of figure 5.3, which
includes data for the experiment near equilibrium where a stable persistent current has formed.
The timescale of equilibration, i.e. the average time at which Nf = 0, is shown for the SPGPE
(τ) and dGPE (κ). Both SPGPE calculations agree well with the first experimental data point
at t = 6.33 s, lying within the experimental uncertainty. At this stage 〈NT 〉 has reached a
stable value for the SPGPE simulations and all free vortices have left the condensate, leaving
a persistent current. The simple-growth SPGPE calculations agree well with the experiment
for 6.33s < t < κ. In contrast, free vortices exist in the dGPE simulations for the first 25 s of
evolution with κ/τ ≈ 11 for both parameter sets. Eventually the dGPE evolves into equilibrium
withWB = 3 for (a), and WB = 1 for (b), differing from the experimental observations, and
indicating a high sensitivity to the precise value of V0 used. Note that the long time decay of
the experimental value of 〈NT 〉 is possibly due to a slow drift in the magnetic trap center, rather
than the decay of free vortices [75, 320, 322].

The short-time dynamics (during the stir) are shown in the inset of figure 5.3, where we
compare the numerical results with experimental data. The early time dynamics show a rapid
initial rise in 〈NT 〉 as angular momentum is injected by the stir, with more vortices nucleated
in the SPGPE simulations. The peak number of vortices occurs at t = 0.21 s in both SPGPE
ensemble averages, after which there is a dramatic drop in Nf . In comparison, the dGPE vortex
number peaks at t = 0.33 s, followed by a very slow decline. In general, the SPGPE results
agree well with experiment for both parameter sets (a) and (b), while the dGPE shows a slower
decay for 〈NT 〉, and a strong dependence on V0.

While the dGPE describes the dynamics qualitatively, the the timescale of stable persistent
current formation is a factor of 10 slower than observed in SPGPE, and at least a factor of 3
slower than observed in the experiment. These quantitative differences are our main result:
the discrepancies in the dGPE signify a breakdown of the dGPE validity, which in combination
with the accuracy of the simple-growth SPGPE show that the noise is necessary to quantitatively

reproduce the available experimental data, in both the non-equilibrium and equilibrium stages
of the evolution.

In figure 5.3 we see that the main effect of varying V0 is to change the size of persistent
current formed. Within the dGPE a larger barrier height leads to a smaller persistent current,
WB = 1, much smaller than the experimentally observed value of 3 ≤ WB ≤ 5. In contrast to
the dGPE, in the simple-growth SPGPE a larger barrier leads to a larger persistent current; this
suggests that fluctuations enhance vortex mobility near the barrier.
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Figure 5.3: Comparison of the total vorticity 〈NT 〉 [equation (5.9)] between simple-growth
SPGPE theory and experiment. In the main figure the simple-growth SPGPE ensemble average
is shown for V0 = 58~ω̄ (SPGPE (a), red thick curve), and V0 = 67~ω̄ (SPGPE (b), blue thick
curve), and compared with experimental data (equilibrium). In both cases a stable persistent
current is formed after t ∼ 3 s. The dGPE simulations corresponding to V0 = 58~ω̄ (dGPE (a),
red thin line), and V0 = 67~ω̄ (dGPE (b), blue thin line) develop a stable persistent current after
t ∼ 25 s. The inset shows the short-time dynamics. The average times at which there are no
free vortices after the stir, are shown by the dashed vertical lines at t = τ for the simple-growth
SPGPE, and t = κ for the dGPE, where the subscript denotes the parameter set (a) or (b). The
shading for each simple-growth SPGPE curve shows one standard deviation, where the lower
bound for parameter set (a), and upper bound for parameter set (b) are shown for clarity [see
figure 5.4 for both upper and lower bounds].

5.4 Discussion

In this section we discuss the consistency of our simulations, and aspects of vortex imaging, the
cooling sequence, and the role of experimental uncertainties.

5.4.1 SPGPE Simulations

Consistency of simulations

Our numerical method is a spectral Galerkin method based on Gauss-Hermite quadrature [see
chapter 4]. Due to large particle number, the trap oblateness, and the need for a high energy cut-
off, we require∼ 105 modes in the C-region, making each trajectory numerically challenging 5.

5Our numerical method implements the energy cutoff very accurately, but with a numerical cost that scales
rapidly with increasing cutoff energy [269]. For the large system described in this work, each trajectory of the
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Chapter 5. Persistent current formation: An experimental test for classical-field theory

However our method is advantageous since our choice of basis allows us to precisely implement
a consistent energy cutoff for this system in the single-particle basis, since at sufficiently high
energies the many-body Hamiltonian is diagonalized by this basis.

Since the SPGPE is a formally projected theory, the cutoff independence should be verified
before making quantitative predictions. For our system, the chosen cutoff energy εcut gives an
average occupation at the cutoff of ncut ≈ 1. Cutoff independence was checked by performing
simulations with εcut lowered by 12%. This resulted in a similar mean cutoff occupation of
ncut ≈ 1.1, and no discernible differences in the dissipative evolution of SPGPE simulations
as shown in figure 5.4. Note also that the Gaussian potential is well represented in the basis
of single-particle states defining the C-region due to a separation of energy and length scales:
V0 � εcut, and σ0 � Rcut =

√
2εcut/mω2

r = 73 µm. Thus our basis gives a complete
representation of the coherent-region field in the combined trap.

Limitations

There are two simplifications of our SPGPE treatment that require further discussion. Firstly,
we have neglected the dynamics of the atoms in the incoherent-region. In general this can
be a significant effect [296], but in the system we consider the thermal fraction is very large
(∼ 70%), justifying the approximation that the effect of the condensate on the thermal cloud
is negligible. From a technical standpoint, a theoretical framework that encompasses SPGPE
dynamics for the coherent-region and includes dynamics of the incoherent-region is yet to be
developed. Secondly, we have neglected the energy-damping terms [Eq. (3.111], involving the
number-conserving exchange of energy between C- and I-regions. Since this reservoir interac-
tion is expected to be significant when the coherent region and reservoir are far from mutual
equilibrium, it is possible that these terms have a significant effect during the stir. However we
see that the simple-growth model accurately reproduces the available experimental data during
the short time evolution. The accuracy of our SPGPE simulations is because the system rapidly
evolves into quasi-equilibrium [see Fig. 5.2-5.3], ensuring the validity of the simple-growth
model. Testing the effect of the energy-damping process is the focus of chapters 6 and 7.

5.4.2 Experimental Features and Analysis

Vortex imaging

Vortex imaging involves ramping down the obstacle potential, introducing the possibility that
vortices initially pinned to the barrier could decay prior to imaging. Simulations of this ramp

SPGPE takes ∼ 50 days of wall clock time to propagate for 7 s of system evolution, on the University of Otago
Vulcan computing cluster with 2.66 GHz CPUs.
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Figure 5.4: The total vorticity 〈NT 〉 [equation (5.9)] calculated from simple-growth simulations
for parameter set (a) (top), and parameter set (b). The gray curves show results where the cutoff
is lowered by 12%, which are compared with the original SPGPE simulations that show both
the upper and lower standard deviation. Experimental data is also shown.

down show the vortex number is preserved, as can be expected on physical grounds since the
vortex decay time is much longer than the ramp time. The time-of-flight imaging also does not
change the vortex number, as it occurs after the trap potential is snapped off, causing ballistic ex-
pansion of the cloud and rapid extinguishing of any further mean-field dynamics. Preservation
of vortex number during imaging has also been verified in experiments with identical expansion
parameters (see Refs. [163, 320]), where vortex numbers consistent with known forcing were
observed.
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Chapter 5. Persistent current formation: An experimental test for classical-field theory

Extra cooling

As discussed in Section 5.2.2, there is an additional cooling stage at the end of the experimental
sequence that we do not present data for here. After t = 1.5 s the system is cooled to T ∼
0.6Tc, with NT = 1 × 106 [75]. We have simulated this cooling by instantaneously changing
reservoir parameters at t = 1.5 s to (T, µ, εcut, γ) = (47nK, 33~ω̄, 83~ω̄, 0.8 × 10−4), to give
a reservoir atom number and temperature consistent with the end state of the experimental
sequence. Modeling this process revealed no significant modification to the SPGPE value for
〈NT 〉, consistent with a quasi-equilibrium state associated with a stable winding number being
reached before the cooling process begins.

Experimental uncertainties

In addition to the main parameter we have considered (V0), there is further experimental uncer-
tainty in other parameters including atom number, temperature, stirring velocity, beam width,
and beam position. Numerical simulations with variations in these parameters would also lead
to variations in the final persistent current size. However we expect that the most significant
change will be due to including thermal driving noise in the simple-growth SPGPE, which
significantly increases vortex decay rates [117]. Thus the persistent current formation time in
simple-growth SPGPE can be expected to be much faster than in dGPE, irrespective of these
various experimental uncertainties.

5.5 Conclusions

In this chapter we have modeled the persistent current experiment of Neely et al. [75] using a
grand-canonical c-field theory of reservoir interactions. We have performed an ab initio quan-
titative test of the simple-growth SPGPE with no fitted parameters. The simple-growth SPGPE
theory quantitatively reproduces the dynamics observed in the experiment at short times, and
accurately predicts the experimentally observed persistent current formation time and winding
number. While the damped GPE is qualitatively correct it is not quantitatively informative, as
could be expected in the high-temperature regime of the experiment (T ≈ 0.9Tc). In general,
both damping and noise are required to give a quantitative description of dissipation in open
quantum systems, and our results demonstrate the central importance of thermal noise in high-
temperature Bose-gas dynamics, with particular emphasis on the motion of quantized vortices.
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Chapter 6

Breathing mode decay: Non-equilibrium
test of the SPGPE

6.1 Introduction

In the previous chapter we established that the simple-growth SPGPE gives a quantitatively
accurate description of vortex dynamics, with no fitted parameters. The observation of such
agreement raises a number of questions regarding the neglected energy-damping terms. In this
chapter we aim to test the energy-damping terms in a highly non-equilibrium regime, in order
to understand the importance of this reservoir process in a regime where it should be important.

To create an initial non-equilibrium state, we consider an initial state consisting of a Bose-
Einstein condensate excited into a high amplitude breathing oscillation. In section 6.2 we de-
scribe the system under consideration, and provide some analytic insights into the effects of the
energy-damping process. In section 6.3 we present results for the non-equilibrium evolution
of the breathing mode according to the energetically-damped SPGPE. Finally in section 6.4,
we present a study of the breathing mode in an experimentally realistic regime. We utilize the
family of SPGPE methods, and demonstrate that the inclusion of the energy-damping process
causes the system dynamics to change in a very significant manner compared to the simple-
growth description. The results presented in this chapter provide the first application of the full
SPGPE, and has been published in Ref. [146].
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6.2 System and initial Gaussian wave function

System

Throughout this chapter we consider a spherically symmetric system of 87Rb atoms, trapped by
the external potential

V (r) =
m

2
ω2
r(x

2 + y2 + z2), (6.1)

where we set ωr = 2π × 10 Hz.

Initial conditions

We consider the well-defined initial condition for the coherent-region field, consisting of the
Gaussian wave function

ψ(r) =

√
NC,i

(πσ2)
3
4

e−r
2/2σ2+iκr2/2, (6.2)

whereNC,i is the initialC-region number, and σ and κ are real constants, where κ parameterizes
the initial strength of the breathing mode excitation.

As shown in section 4.4.2, we can analytically determine the effective potential term from
the energy-damping process. We extend the analysis of section 4.4.2 to provide some conceptual
insight into the effect of this term. The current density of this initial condition is given by

j(r) =
~κr
m
|ψ|2, (6.3)

i.e. a radially expanding motion. Using (6.3) we can evaluate (3.113) to find an analytic expres-
sion for Vε

V A
ε (r) = − NM̄κσ√

2(πσ2)3/2
g (r/σ) ~ω̄, (6.4)

where

g(x) =

√
2

π
+

(
1√
2x
−
√

2x

)
e−x

2

erfi(x), (6.5)

with erfi(x) ≡ −ierf(ix). For x� 1, g(x) has the asymptotic expansion

g(x) =

√
8

π

(
1− 4

3
x2

)
+O(x4), (6.6)

while limx→∞ g(x) = 0. For our choice of initial condition (κ > 0, i.e. radial flow away
from the origin) we have Vε(0) < 0 and Vε(r) → 0 as r → ∞. Thus for small r Vε(r) is
approximately described as an additional harmonic potential well which acts against the radial
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expansion. In addition to providing extra confinement, Vε has a negative energy offset, which
modifies the effective energy minimum of the potential experienced by the system, and thus
could effect growth into the condensate.

In Fig. 6.1 (upper right subfigure) we compare V A
ε (r) with Vε(r) obtained numerically using

the initial condition (6.2), using the parameters of section 6.3.1, and find excellent agreement.

6.3 Energetically-damped decay of a breathing mode

6.3.1 Numerical procedure

In this section, we consider the dynamics of the initial state given by (6.2) due to the energetically-
damped SPGPE [Eq. (3.128)], i.e. number-damping terms are not considered.

We choose parameters of the initial field to be σ = x0, κ = x−2
0 , with NC,i = 1 × 104

87Rb atoms. We note that the C-region energy per particle of this initial field (6.2) can be found
analytically by evaluating (3.115), and is given by

EC
NC,i

=
3~2

4m

(
1

σ2
+ σ2κ2

)
+

3mω2
rσ

2

4
+

uN2
C,i√

32π3/2σ3
. (6.7)

For these parameters, we find from (6.7) that E0 ≡ EC(t=0) = 8.44~ω̄NC,i. The ground state
of the Gross-Pitaevskii equation for this system is EG = 3.53~ω̄NC,i, so our initial state is far
from equilibrium.

We consider a range of energy-damping amplitudes (M), which we will write in terms of
the dimensionless amplitude

M̄ ≡ M~
kBTx2

0

. (6.8)

6.3.2 Energy-damping: Deterministic versus noisy dynamics

We examine the energetically-damped SPGPE evolution of a Gaussian wave function (6.2),
with the parameters specified in section 6.3.1. First, we consider the effect of the effective
potential term on its own by using the energetically damped GPE [Eq. (3.128) without noise].
In figure 6.1 we show the deterministic evolution of the Gaussian wave function, comparing
the density with the effective potential at a range of representative times. The arrows on the
density images show the direction of the breathing motion (i.e. the direction of current flow)
at each time. As the breathing motion evolves, Vε(r) acts against the density change. As the
condensate expands we have Vε(r ≈ 0) < 0, where the negative potential acts against radial
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Figure 6.1: Results of the energetically-damped GPE, comparing the density with the energy-
damping effective potential where M̄ = 0.005, at representative times given in units of trap
cycles (2π/ω̄). Column densities are shown in the left column, with arrows indicating the
direction of the breathing motion and flow of current at each time. The effective potential, Vε
(light blue (light gray) curve), and a radial slice of density in energy units, the local C-region
interaction energy u|ψ|2 (red (black) curve), are shown in the right column. At t = 0 we show
V A
ε (circles), the analytical energy-damping potential for a Gaussian wave function found from

(6.4). V HA
ε (crosses), is (6.4) found using the harmonic approximation in Eq. (6.6).
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expansion. Then as the condensate begins to contract and the flow is directed towards the origin,
we see Vε(r ≈ 0) > 0 (see t = 0.39 cyc., where t is in units of trap cycles (2π/ω̄)). This is
consistent with Eq. (6.4) evaluated with κ < 0 (i.e. consistent with an inward current). Finally
the currents are completely damped out and the system reaches equilibrium, i.e. the ground state
of the PGPE (shown at t = 5 trap cycles).

The evolution of the C-region energy for the energetically damped PGPE is shown in fig-
ure 6.2. We see the expected behavior, namely that Vε acts to reduce the energy monotonically
until the system reaches the ground state, with energy consistent with the zero temperature GPE
ground state (EG). The final state is independent of the value ofM, although this does influence
the rate at which the final states are reached. We can quantify the initial effect that Vε(r) has on
the rate of change of the C-region energy. To do this we evaluate Eq. (3.130) for the initial field
(6.2), giving

dEC
dt

= −~2M
kBT

(
~κNC,i

πmσ

)2

, (6.9)

which describes the rapid loss of energy initially seen in figure 6.2. Using the parameters of our
initial state, we find dEC/dt = −5.1× 104~ω̄2, which agrees with our numerical evaluation of
Eq. (3.130) to better than one part in 104.

We now examine the role of the energy-damping noise term, for the same parameters as
above, and a temperature of T = 10~ω̄/kB. The energetic evolution for this case is also shown
in Fig. 6.2. For the stochastic simulations, we have averaged over 10 trajectories for each
parameter set. From the initial condition we again observe energy to decay, however unlike
the noiseless simulations where it strictly decreases, we see that this is not the case for the
noisy simulation. The local peaks in EC occur when the condensate is fully contracted in its
breathing motion. We observe that, as expected, the final finite temperature equilibrium state is
independent ofM. The equilibrium states has appreciably more energy than the ground state,
reflecting the thermal excitation of the system.

6.4 Finite-temperature breathing-mode decay in an experi-
mentally realistic regime

Finally we extend our study of the breathing mode to a regime with experimentally realizable
parameters and compare the predictions of the full, energetically-damped, and simple-growth
SPGPEs.
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Figure 6.2: C-field energy per particle as a function of time (in trap cycles), for the energetically-
damped SPGPE evolution of an initial Gaussian wave function with NC = 1 × 104 atoms.
(solid lines) Energetically damped SPGPE evolution including the noise, at temperature of T =
10~ω̄/kB for a range of M̄. (dashed lines) Evolution with the deterministic term, neglecting
the noise, for a range of M̄. The initial energy (E0) determined analytically from (6.7) agrees
with the numerical calculation. For the quiet simulations, the ground state energy agrees with
the Gross-Pitaevskii equation ground state energy labelled EG. For the noisy simulations, the
occupation of thermally excited C-region modes raises the equilibrium energy.

6.4.1 Numerical procedure

In order to give a well defined comparison, we choose physically consistent reservoir parameters
using the Hartree-Fock parameter estimation scheme described in section 3.7. For a total atom
number of N = NC,i + NI = 5 × 104 atoms, we find T = 29.4~ω̄/kB, µ = 4.8~ω̄, εcut =

15.9~ω̄ (T ≈ 0.85Tc), giving (γ,M̄) = (1.5, 2.7) × 10−4 [from Eqs. (3.120) and (3.140)].
Our initial state consists of a Gaussian field with radial phase gradient (6.2), with the same
parameters as specified in section 6.3.1, except with NC,i = 1.22 × 104, which corresponds to
the Thomas-Fermi condensate number from our value of µ. We evolve this initial state with the
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6.4. Finite-temperature breathing-mode decay in an experimentally realistic regime

same reservoir parameters T , µ, and NI determined above.

6.4.2 Comparison of evolution

In figure 6.3 we compare the evolution of NC and KC as an average of 50 trajectories, through-
out the decay of the breathing motion. The number and energy reach equilibrium much faster
for the full and energetically-damped SPGPEs than for the simple-growth SPGPE. The behavior
of KC is almost identical for the full and energetically-damped SPGPEs, with the difference in
the value of NC that these two theories equilibrate to arising because the energetically-damped
SPGPE conserves number.

In contrast, the simple-growth SPGPE predicts very different behavior: KC changes in a
similar way to the other theories, but on a much slower timescale. NC instead evolves in a
different manner, decreasing to about 80% of NC,i before slowly returning towards this initial
value (an equilibrium value of NC = 1.15× 104 is eventually reached).

To quantify the decay of the actual breathing mode we calculate 〈r2〉, which provides a
measure of the average system width (noting 〈r〉 ≈ 0 due to spherical symmetry). The evolution
of 〈r2〉 is shown in figure 6.3, with the initial oscillations of 〈r2〉 correspond to the breathing
mode of the condensate. We see the damping of 〈r2〉 for all methods is broadly consistent
with that of KC . However 〈r2〉 for the simple-growth SPGPE simulations shows an interesting
difference: The oscillations decay within 10 trap cycles, despite 〈r2〉 (as well as NC and KC)
being far from equilibrium. After this time 〈r2〉 decays slowly (without oscillation) towards the
equilibrium value.

Note we have verified that our numerical algorithm produces the same equilibrium state
(after sufficiently long times) for the full and simple-growth SPGPEs, irrespective of the value
of γ and M̄, providing an excellent test of our implementation. This is shown in figure 6.4, we
have compared energy per C-region particle for the simple-growth and full SPGPEs. For ease
of comparison, we have chosen larger (γ,M̄) = (0.03, 0.05)1, so that equilibrium is achieved
more rapidly, and otherwise kept all parameters the same. Note that this test relies on the SPGPE
and simple-growth SPGPE sampling the same grand-canonical ensemble in equilibrium, and
thus we do not compare the energetically-damped (canonical) SPGPE.

6.4.3 Condensate dynamics

To understand the marked difference between the simple-growth evolution and the other two
theories it is useful to consider the behavior of the condensate, which we examine in figure 6.5.
We determine the condensate number from classical-field using the Penrose-Onsager definition

1These increased rates apply only to the results in figure 6.4.
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Figure 6.3: NC , KC , and 〈r2〉 as a function of time, for the evolution of a Gaussian wave
function using the SPGPE (light blue solid line), energetically-damped SPGPE (ε, red dashed
line), and simple-growth SPGPE (γ, black solid line). We show the time evolution for each
method until equilibrium has been reached. In the inset we focus on the early time dynamics,
over which the SPGPE and energetically-damped SPGPE reach equilibrium at a much faster
rate than the simple-growth SPGPE. The SPGPE and energetically-damped SPGPE results for
KC and 〈r2〉 are virtually indistinguishable.
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Figure 6.4: Average energy per coherent-region particle as a function of time using the SPGPE
(light blue solid line), and simple-growth SPGPE (γ, black dashed line). To test that both
grand-canonical theories obtain the same equilibrium states, we use (γ,M̄) = (0.03, 0.05), so
that both theories rapidly reach equilibrium.

[16]: We form the one-body density matrix

ρ1(r, r′, t) = 〈ψ∗(r, t)ψ(r′, t)〉, (6.10)

where angle-brackets denote an ensemble average over trajectories at a given time t. The con-
densate number N0(t) is defined as the largest eigenvalue of ρ1(r, r′, t), and in our calculations
always greatly exceeds the next largest eigenvalue. Our initial state for the C-region is es-
sentially a pure condensate, with N0 = NC at t = 0. Similar to the observations made of
figure 6.3 we see that N0 reaches equilibrium far more rapidly for the full and energetically-
damped SPGPEs compared with the simple-growth SPGPE. Our results show that in the simple-
growth SPGPE the condensate fraction rapidly drops (over a time period consistent with the
rapid decay in 〈r2〉) to a minimum condensate number of N0 = 1.85× 103 at t = 8 cycles. The
very slow approach to equilibrium observed after this time corresponds to a re-condensation
process, as can be seen in the long-time evolution of 〈r2〉 in figure 6.3(c). The energy-damping
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Figure 6.5: Condensate fraction found from the Penrose-Onsager criterion, as a function of
time for the same system as in figure 6.3. The SPGPE (light blue solid line) and energetically-
damped SPGPE (ε, red dashed line) simulations are shown in the inset, and the simple-growth
(γ, black solid line) simulations are shown in the main figure.

term (i.e. full and energetically-damped SPGPEs) allows a different and very effective route to
rapidly dissipate the energy of the breathing mode without drastically reducing the condensate
fraction.

6.5 Conclusions

Prior to the work reported in this chapter, all applications of the SPGPE have been made within
the simple-growth approximation in which the energy-damping terms are neglected. This ap-
proximation has always been made assuming that the classical-field is not far from equilibrium.
Using our algorithm we are able to assess the effects of the energy-damping terms, providing a
way to quantify this approximation. We have verified that, when number-damping terms are ne-
glected, the energy-damping terms evolve the system to an equilibrium state that is independent
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of the energy-damping amplitude coefficient (M), and that samples the canonical ensemble for
the C-field region. The latter property is distinct to the simple-growth and full SPGPE descrip-
tions that exchange both energy and particles with the reservoir, and hence sample the grand
canonical ensemble in equilibrium.

We have applied our theory to study the evolution of a finite temperature condensate excited
into a large amplitude breathing mode in a physically realizable regime. An important, and
somewhat surprising observation, is that the SPGPE with the energy-damping terms predicts
a qualitatively different evolution to the simple-growth SPGPE: with the inclusion of energy-
damping, the breathing oscillation is efficiently damped without greatly depleting the conden-
sate, allowing equilibrium to be established on a much shorter time scale. The damping is due
to the effective potential that precisely opposes superfluid motion, and the results suggest that
the energy-damping process describes coherent energy exchange with the reservoir, a striking
consequence of Bose-enhancement. Our results indicate that energy-damping terms may be
important in highly non-equilibrium regimes encountered in ultra-cold gases, and that quan-
titative evidence for the dominance of energy-damping over number-damping might be easily
measured in experiments.
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Chapter 7

Single vortex decay: Quasi-equilibrium
test of the SPGPE

7.1 Introduction

In this chapter we apply the family of SPGPE methods to the dissipative dynamics of a single
quantized vortex. In a trapped Bose-Einstein condensate, a single vortex is unstable and dissi-
pation causes the vortex to migrate towards the boundary of the condensate [84, 117, 171]. As
the vortex location is clearly resolvable, the decay of a single vortex provides a well-defined
process for testing finite temperature dissipative theory1.

Dissipative single vortex dynamics is also an excellent system to test the differences be-
tween the SPGPE reservoir processes. In contrast to the non-equilibrium regime considered in
chapter 6, single vortex decay is a near-equilibrium process where the energy-damping terms
have previously been argued to be weak [104]. Thus vortex decay is an excellent test of the
influence of energy-damping, and of the validity of neglecting the energy-damping terms in
previous work using the simple-growth SPGPE [69, 119].

We begin in section 7.2 by outlining the physical system we consider, our simulation pa-
rameters, and how we initialize our initial vortex state. In section 7.3 we present our results.
We consider the evolution of the vortex during individual trajectories, and compare the vortex
lifetime between the different SPGPE methods. We systematically investigate the dependence
of the lifetime on temperature, showing the influence of the energy-damping terms on single
vortex decay. Further, we investigate the consistency of our numerical results by computing the
cutoff-dependence of each reservoir process. Finally we aim to identify qualitative differences
between the different SPGPE theories, by considering the angular momentum and number dy-
namics throughout the decay of the vortex.

1See section 1.5.2 for a full account of theoretical studies investigating vortex dynamics at finite temperature.
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Aim temperature T ∼ 0.6Tc T ∼ 0.65Tc T ∼ 0.7Tc T ∼ 0.75Tc T ∼ 0.8Tc

T 278 nK 301 nK 324 nK 347 nK 370 nK
µ/~ω̄ 15.54 14.65 13.61 12.37 10.90
εcut/~ω̄ 26.35 27.80 29.07 30.13 30.93
γ 0.0021 0.0018 0.0017 0.0016 0.0016

M (kBTx
2
0/~) 0.0051 0.0045 0.0040 0.0036 0.0034

Table 7.1: SPGPE parameter used for our simulations of single-vortex decay. The top row
shows the temperature we aim to produce from our Hartree-Fock parameter estimation scheme
of section 3.7, followed by the SPGPE parameters calculated using this procedure.

7.2 System and numerical procedure

7.2.1 Physical system

We consider a system of 87Rb atoms, confined in a harmonic external trapping potential given
by

V (r) =
m

2

[
ω2
r(x

2 + y2) + ω2
zz

2
]
. (7.1)

We set (ωr, ωz) = (150, 600) × 2π Hz, such that the system has moderate oblateness with
ωz/ωr = 4, as is easily accessible in Bose-Einstein condensate experiments. The oblateness
also serves to introduce an imaging axis for vortex detection.

In this chapter we consider a range of temperatures from 0.6Tc ≤ T ≤ 0.8Tc, for a system
withN = NC+NI ≈ 8×104 87Rb atoms, so that the three-dimensional ideal gas Tc = 463 nK.
We choose appropriate SPGPE parameters (µ, εcut) for each temperature utilizing the Hartree-
Fock procedure described in section 3.7. The energy cutoff is chosen based on a desired cutoff
occupation of ncut ≈ 1.

We will consider the decay of the vortex according to all SPGPE methods; the SPGPE
(3.108), energetically-damped SPGPE (3.128), and simple-growth SPGPE (3.121). Appropriate
reservoir interaction rates are calculated physically consistently, with the energy-damping rate
M determined via (3.127), and the number-damping rate γ calculated from (3.120). Thus we
expect our simulations to give a physically realistic comparison of the effects of each reservoir
process on dissipative vortex dynamics. In table 7.1, we summarize the SPGPE parameters used
for each temperature.
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7.2.2 Vortex state preparation

Here we summarize our method for generating our initial vortex states. We first generate an
equilibrium state of the SPGPE by evolving the simple-growth SPGPE with γ = 0.5. As the
SPGPE and simple-growth SPGPE sample the same equilibrium ensemble, we use the simple-
growth method to create equilibrium states as it is significantly faster to simulate than the full
theory. Further, equilibrium states are independent of γ, so we use an artificially high value
to more rapidly reach equilibrium states. This allows equilibria to form within 1-2 trap-cycles
when initialized from a Gaussian initial state.

We create a vortex state by imposing a single-vortex phase pattern on a SPGPE equilibrium
state, via

ψ(r)→ ψ(r)eiΘ(r), (7.2)

where

Θ(r) = arctan
(y
x

)
. (7.3)

This procedure phase imprints the velocity field of a single positively charged vortex line on
the cylindrical symmetry axis of the trap (x, y, z) = (0, 0, z) (see figure 7.1). While phase im-
printing generates density fluctuations and sound excitations within the coherent region, these
are not significant in comparison to the thermal fluctuations of the SPGPE equilibrium states
[117]. Because the reservoir is static this initial state is non-equilibrium, where SPGPE evolu-
tion will lead to vortex decay to the condensate boundary. However as the added energy from
phase-imprinting is negligible, this system is near-equilibrium, a regime where energy-damping
is thought to be weak.

7.2.3 Vortex detection

To compare SPGPE simulations of vortex decay, we numerically track the vortex throughout
its evolution. We use the procedure outlined in section 5.2.3, where we determine the radial
position of the vortex (xv, yv) by calculating the vorticityw(r) = ∇×v. While this gives a clear
numerical signal when the vortex is in regions of high density, near the condensate boundary
the vortex signal becomes indistinguishable from phase fluctuations. This effect becomes more
prevalent with increasing temperature, as the magnitude of the noise within the SPGPE grows.

We find that we can unambiguously detect the vortex over radii less than 0.65RTF , for the
hottest temperature of T = 0.8Tc, where RTF =

√
2µ/mω2

r . While at colder temperatures
the vortex maintains good visibility over larger radii, to give a consistent comparison of vortex
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Temperature T ∼ 0.6Tc T ∼ 0.65Tc T ∼ 0.7Tc T ∼ 0.75Tc T ∼ 0.8Tc

rf (µm) 4.02 3.90 3.76 3.59 3.36

Table 7.2: Vortex detection boundary for each temperature. We choose the radial cutoff as
rf = 0.65RTF for each temperature.

decay over different temperatures we detect the vortex until it reaches a final radial position of
rf = 0.65RTF for each parameter set. The exact radial cutoffs used for each temperature are
shown in table 7.2.

7.3 Results

7.3.1 Vortex trajectories

We initially compare individual trajectories of the vortex according to the SPGPE and simple-
growth SPGPE, at a temperature of T = 0.6Tc. Figure 7.1 shows column densities and phase
slices (through the z = 0 plane) for both theories. We immediately observe that the lifetime
of the vortex is shorter in the full SPGPE compared to the simple-growth theory, showing that
the energy-damping terms have a significant effect despite the quasi-equilibrium nature of the
system. Simulations using the energetically-damped SPGPE have also been performed, show-
ing vortex trajectories that evolve in the same manner as the full SPGPE [as was observed in
chapter 6].

Even at the moderate temperature of T = 0.6Tc, we observe significant thermal fluctuations
that leads to significant variations within individual trajectories. The individual trajectories we
present in figure 7.1 correspond to those which have a vortex lifetime that is near the average for
the ensemble. The thermal fluctuations play a crucial role in enabling vortex decay from our ini-
tial state. While the initial vortex state is non-equilibrium within our static reservoir treatment,
a centrally located vortex corresponds to a rotationally invariant state. Thus a centrally located
vortex will not exhibit decay in the absence of noise, e.g. with the dGPE. The fluctuations from
the SPGPE allow for sufficient symmetry breaking to allow vortex decay. The initial fluctuating
dynamics of the centrally located vortex has been shown to be dominated by diffusive processes
[117]. This is emphasized in figure 7.2 where we plot the x and y coordinate of the vortex as a
function of time, for the same trajectories shown in figure 7.1. We see the initial dynamics of the
vortex is irregular, where thermal fluctuations allow for diffusive processes to kick the vortex
off the center of the condensate. This is followed by more regular dissipative evolution, where
the vortex effectively spirals out of the condensate. The marked difference in vortex lifetimes
between the SPGPE and simple-growth SPGPE is also clearly seen in figure 7.2.
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Figure 7.1: Column density and phase slices showing the evolution of a vortex at T = 0.6Tc for
the SPGPE (left) and simple-growth (right) theories. Each image is 13.6× 13.6 µm.

In figure 7.3 we show the dynamics of the radial vortex coordinate, rv =
√
x2
v + y2

v . Here
we show the average of our ensemble of 100 trajectories. To maintain a well-defined average,
we can only calculate the average over times at which all trajectories have a visible vortex. Thus
we show the average until the trajectory with the fastest vortex lifetime has exhibited complete
vortex decay. Figure 7.3 shows that the ensemble of trajectories shows the same behavior as
seen in the individual simulations, where SPGPE evolution leads to a much faster vortex lifetime
than the simple-growth theory. We also show the standard deviation of rv, which highlights the
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Figure 7.2: Vortex location (x top, y bottom) of single trajectories of the SPGPE (blue) and
simple-growth SPGPE (red), at T = 0.6Tc. These trajectories correspond to those shown in
figure 7.1.

wide variability of individual trajectories due to fluctuations.
Vortex decay due to the stochastic theories is compared to that from the purely dissipa-

tive theories, namely the dGPE [number-damping process only] and energetically-damped GPE
[energy-damping process only]. As evolution without noise will inhibit decay of a central vor-
tex, we initialize these simulations by imposing an initial offset of r0 = 0.77 µm. While the
finite temperature dynamics without noise is not a physically consistent model of dissipation,
comparing the dGPE and energetically-damped GPE allows for some insight into each reser-
voir process. Evolution from the energetically-damped GPE leads to a significantly faster vortex
lifetime than the dGPE, showing that the difference between the SPGPE and simple-growth is
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Figure 7.3: Radial location of the vortex as a function of time at a temperature of T = 0.6Tc,
shown for the SPGPE and simple-growth methods. The energetically-damped result is virtually
indistinguishable from the SPGPE so is omitted for clarity. rf = 4.02 µm is the maximum
radius of vortex detection. rf = 0.77 µm is the initial offset used for the deterministic evolution
according to the dGPE and energetically-damped GPE (edGPE).

due to the effects of the deterministic term from the energy-damping process (3.113). In other
words, an off-centered single-vortex in a trapped condensate generates a significant divergence
of the classical-field current, even in the absence of fluctuations. However both the dGPE and
energetically-damped GPE show a slower vortex decay than the corresponding stochastic theo-
ries, showing the quantitative importance of appropriately including fluctuations.

7.3.2 Temperature dependence of the vortex lifetime

In this section, we systematically investigate the effect of temperature on the lifetime of the
vortex for each theory. We find the lifetime of the vortex by calculating the time taken for the
vortex to reach rv = 0.65RTF for each trajectory. The mean first exit time is then given by
the ensemble average of the lifetime from each trajectory. We denote the mean vortex lifetime
by t̄ for the SPGPE, t̄γ for the simple-growth SPGPE, and by t̄ε for the energetically-damped
SPGPE.

Figure 7.4 shows the average lifetime as a function of temperature, showing that energy-
damping leads to the SPGPE predicting a shorter lifetime than simple-growth SPGPE for all
temperatures. Both theories predict that the vortex lifetime has a linear dependence on tempera-
ture. The simple-growth theory has a stronger temperature dependence, with the difference be-
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Figure 7.4: Vortex lifetime as a function of relative temperature, for the SPGPE (blue) and
simple-growth SPGPE (red). The markers show the average, and the shaded region represents
the one standard deviation above and below the mean. The effects of shifting the cutoff up (ε↑)
and down (ε↓) 10% are shown for the extreme temperatures of T = 0.6Tc and T = 0.8Tc. Again
we omit the energetically-damped SPGPE results for clarity [see figure 7.5 for energetically-
damped SPGPE data].

tween the two methods becoming smaller as temperature increases. Previous work in Ref. [117]
considering single-vortex decay found a similar effect when comparing PGPE evolution with
the simple-growth SPGPE. At moderate temperatures (T = 0.78Tc), PGPE evolution did not
lead to vortex decay because the angular momentum was too large to be completely transferred
to the non-condensate fraction of the classical-field. However at T = 0.93Tc, vortex decay was
observed with a lifetime of the same order of magnitude to the simple-growth SPGPE, imply-
ing that the effect of classical-fluctuations becomes dominant as the condensate size becomes
smaller [117]. While figure 7.4 shows that the SPGPE leads to a faster lifetime for all temper-
atures, the fact that the difference becomes smaller for higher temperatures is evidence that the
reservoir interactions are becoming somewhat less important than the large thermal fluctuations
within the coherent-region due to a reduced condensate fraction.

The quantitative differences between the theories are highlighted in figure 7.5, where we
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Figure 7.5: Distribution of vortex lifetimes from each SPGPE method for temperatures of
T/Tc = 0.6, 0.7, 0.8. The mean vortex lifetimes are shown by t̄ for the SPGPE, by t̄ε for
the energetically-damped SPGPE, and by t̄γ for the simple-growth SPGPE.

show the distribution of vortex lifetimes for the SPGPE, energetically-damped SPGPE, and
simple-growth SPGPE. This shows that the SPGPE and energetically-damped SPGPE lead to
quantitatively similar distributions of lifetimes, with a slight (in general ∼ 8%) difference of
mean lifetime. The simple-growth SPGPE distributions show no overlap with the other theories
for T < 0.7Tc, which is an experimentally observable difference. Thus the lifetime of a single
vortex provides a simple experimental test that can differentiate between the energy-damping
and number-damping reservoir processes at finite temperature.

7.3.3 Cutoff dependence

As discussed in section 5.4.1, the use of the projector means that the effect of varying the
cutoff should be verified. Here we systematically investigate the effect of varying the cutoff by
performing simulations with the cutoff both raised and lowered by 10%, where the new cutoffs
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Parameter set T = 0.6Tc, ε
↓
cut T = 0.6Tc, ε

↑
cut T = 0.8Tc, ε

↓
cut T ∼ 0.8Tc, ε

↑
cut

γ/γ0 1.52 0.66 1.31 0.75
M/M0 1.41 0.76 1.24 0.82
ncut 1.21 0.89 1.16 0.94
εcut/µ 1.53 1.87 2.55 3.12

Table 7.3: Parameters for simulations used to test the effect of changing the energy cutoff. The
new reservoir rates are given in terms of γ0 and M0, which are the rates used in the original
simulations [see table 7.1]. We also show the new cutoff population, and εcut/µ, which are key
measures in assessing the validity of the chosen cutoff.

are denoted by

ε↑cut = 1.1εcut, (7.4)

ε↓cut = 0.9εcut. (7.5)

We consider the effect of shifting the cutoff for the lowest and highest temperatures of T =

0.6Tc and T = 0.8Tc. For the new simulations we keep the temperature and chemical potential
fixed, but recalculate the rates for each reservoir process using the new cutoff. Lowering the
cutoff with fixed µ and T leads to larger rates, and vice-versa for raising the cutoff. The new
reservoir rate parameters used are shown in table 7.3.

Simulation results from using these new cutoffs are shown in figure 7.4, where we calculate
the vortex lifetime from 100 trajectories for each parameter set. We find that varying the cutoff
leads to changes in the average lifetime, but that the changes are generally well within one
standard deviation of the original results. The effect of varying cutoff becomes reduced for
higher temperature, likely because the chemical potential is smaller so we have more freedom
in changing the cutoff. While it is important to verify the effect of changing the cutoff, we
emphasize that we can not arbitrarily alter the cutoff. When increasing the cutoff, we must
ensure that coherent-region modes at the cutoff have significant occupation. Conversely, when
lowering the cutoff we must ensure that εcut & 2µ so that the modes around the cutoff are
approximately single-particle-like. For ε↓cut at T = 0.6Tc, we have ε↓cut ≈ 1.5µ. This ratio,
along with cutoff occupations, are shown in table 7.3 for the other parameters considered. Thus
the cutoff tests for T = 0.6Tc are at the edge of the validity of the SPGPE, but we still find
reasonable cutoff convergence. Our results here show that the energy-damping terms have little
sensitivity to the choice of cutoff, as would be conceptually expected if a well defined cutoff is
chosen.
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Figure 7.6: Angular momentum per coherent-region particle (top), and average coherent-region
normalization (bottom), for T = 0.6Tc (left) and T = 0.8Tc (right), averaged over 100 trajec-
tories. We rescale time by the mean vortex lifetime (t̄, to help identify qualitative differences
between each theory.

7.3.4 Qualitative comparison between theories

We have seen that the energy-damping terms make a quantitative difference to single-vortex
decay. In this section we investigate the qualitative differences between each SPGPE method
during vortex decay. In figure 7.6 we plot both the z-component of the angular momentum,
and the coherent region atom number. We show the evolution as a function of time, which
we rescale by the mean vortex lifetime. This allows us to identify any qualitative differences
between each theory. We consider each of the SPGPE theories, and temperatures of T = 0.6Tc

and T = 0.8Tc. Figure 7.6 shows that there is little qualitative difference between all methods
for both the angular momentum decay and coherent-region number dynamics. This is in contrast
to the results from chapter 6, where significant qualitative differences were observed in a highly
non-equilibrium regime.
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7.4 Conclusions

In this chapter we have performed the first simulations of vortex decay using the full SPGPE,
including the energy-damping terms. Considering the decay of a centrally located vortex in a
trapped condensate, we have shown the SPGPE predicts a dramatically faster vortex lifetime
than the simple-growth SPGPE, for temperatures between 0.6Tc ≤ T ≤ 0.8Tc. Interestingly,
we find that the relative difference decreases as temperature increases. Our results show that the
energy-damping terms play an important quantitative role, even though a single-vortex state is
near-equilibrium, where one might expect small divergences of the current.

By comparing the decay of angular momentum, we found that there is little qualitative
difference between all SPGPE theories. Thus the full SPGPE dynamics can be reproduced from
simple-growth SPGPE dynamics, using an appropriately modified reservoir interaction rate that
allows for faster dissipative decay of the vortex. This conclusion is analogous to the result from
quantum kinetic theory, where during condensate growth, the energy-damping reservoir process
was shown to effectively renormalize the rate of damping due to number-damping processes
[251, 257]. This is precisely the effect we observe during vortex decay due to the SPGPE, and
provides some support for neglecting the energy-damping terms in quasi-equilibrium regimes.

On first reading, the conclusions reached in this chapter may seem at odds with our findings
in chapter 5, where the simple-growth SPGPE was shown to quantitatively reproduce experi-
mental observations of vortex dynamics. There are some important differences between these
studies that may account for this. Firstly, the physical systems considered are different, with the
persistent current formation simulations consisting of a significantly larger total atom number
(∼ 106 atoms) within a toroidal geometry. Our analysis of the number-damping and energy-
damping interaction rates in figure 3.1 shows that the ratio M/γ decreases with increasing
system size. Secondly, the persistent current formation system we considered had a tempera-
ture of T ∼ 0.9Tc. In the single vortex study of this chapter, we found the relative effect of the
energy-damping terms decreased with increasing temperature. Noting that the qualitative nature
of vortex decay is unchanged by energy-damping, these important differences may explain why
the simple-growth model showed such quantitative accuracy in modelling the persistent current
formation experiment. However, for the single-vortex system considered in this chapter, it is
clear that the energy-damping terms are play an important quantitative role on single-vortex
decay. Our results show that at lower temperatures the energy-damping terms must be included,
even in quasi-equilibrium, if a quantitative picture of dissipation is required based upon ab initio

simulations.
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Chapter 8

Conclusion

8.1 Thesis summary

When the full SPGPE theory was derived by Gardiner and Davis in 2003 they touted that “This
approach is distinguished by the control of the approximations made in its derivation, and by
the feasibility of its numerical implementation” [144]. The simple-growth SPGPE, which in-
cludes only number-damping reservoir interactions, has been successfully applied to a range of
interesting systems. However, the energy-damping terms provide a significant technical chal-
lenge and had not been implemented prior to this work. In this thesis we have finally realized a
numerical implementation of the full SPGPE theory, and demonstrated practical simulations in
experimentally relevant regimes.

In order to implement the SPGPE, we developed a novel algorithm to numerically evalu-
ate the technically challenging terms arising from the energy-damping reservoir process. We
utilized a spectral approach using a basis of harmonic-oscillator states, so that the important pro-
jector could be consistently implemented in a trapped three-dimensional system. Our method
utilizes a Gauss-Hermite integration scheme to calculate the matrix elements for the determin-
istic and noise terms arising from the energy-damping process. We use the weak semi-implicit
Euler scheme to evolve the SPGPE in time due to the multiplicative noise. We extensively
characterized the accuracy of our approach, finding a faster-than-expected rate of stochastic
convergence.

We applied the SPGPE, and its associated sub-theories, to the quasi-equilibrium and non-
equilibrium dynamics of finite temperature Bose-Einstein condensates. Firstly, we used the
simple-growth SPGPE to quantitatively model the persistent current formation experiment of
Neely et al. [75]. Using ab initio determined SPGPE parameters, our simulations quantitatively
reproduced the dynamics for total winding number observed in the experiment. Our results
show that both damping and noise are required to provide a quantitatively accurate description.
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Chapter 8. Conclusion

By shifting the energy cutoff in such a way that our simulations remained in a valid classical-
field regime, we showed that our results are independent of the choice of cutoff.

We then considered the dynamics of a condensate excited into a large-amplitude breathing
mode due to the full SPGPE, the energetically-damped SPGPE, and the simple-growth SPGPE.
The non-equilibrium nature of this system means that it provides an excellent test of the SPGPE,
since energy-damping processes will be significant in this regime. Indeed, our results showed
that energy-damping processes dominate the dissipative dynamics of the non-equilibrium initial
configuration. We demonstrated that dynamics due to the SPGPE and energetically-damped
SPGPE are virtually indistinguishable. Quantitatively, the equilibration time of the simple-
growth SPGPE was significantly longer than that of the full SPGPE, where in both theories
physically consistent reservoir interaction rates were used. We showed that the energy-damping
process introduced a qualitatively different mechanism of dissipation to number-damping, with
energy-damping displaying highly coherent dissipation with little condensate depletion.

Finally, we applied the SPGPE and sub-theories to the decay of a single quantum vortex
in an oblate Bose-Einstein condensate. Considering finite temperatures in the range 0.6Tc ≤
T ≤ 0.8Tc, we observed that energy-damping processes enhance vortex decay, leading to the
SPGPE predicting shorter lifetimes than the simple-growth SPGPE for all temperatures. The
SPGPE and energetically-damped SPGPE showed analogous vortex dynamics, with the SPGPE
predicting a slightly faster lifetime of∼ 8%. Thus, the energetically-damped SPGPE accurately
accounts for the dissipative evolution. We showed that the difference in vortex lifetime between
the SPGPE and simple-growth method decreased with increasing temperature, which we re-
late to increasingly significant classical fluctuations within the coherent-region. By considering
the evolution of the angular momentum and coherent-region particle number, we found lit-
tle qualitative difference between the SPGPE and simple-growth SPGPE. In quasi-equilibrium
situations, our results suggest that while energy-damping is quantitatively important, the full
SPGPE dynamics may be reproduced with the simple-growth SPGPE using a modified reser-
voir interaction rate.

8.2 Directions for future work

Providing a full implementation of the SPGPE has been a long outstanding goal, and the meth-
ods developed in this thesis provide many directions for future work to advance our under-
standing of non-equilibrium dynamics in the finite temperature regime. An exciting prospect
is the direct comparison with experiments of a non-equilibrium scenario of finite temperature
dynamics, such as the breathing mode and vortex decay studied in this thesis, or the dynamics
of condensate growth during a quench [69, 323].
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8.2. Directions for future work

We have implemented the full SPGPE for a three-dimensional, harmonically-trapped, single-
component Bose-Einstein condensate. Bradley et al. [147] have recently developed the SPGPE
to describe spinor and multicomponent systems. They suggest that an analogous energy-damping
process can play a significant role in spin-1 systems, due to strong intercomponent coupling.
Thus extending our treatment to spinor and mixtures is an interesting immediate direction for
future research.
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Appendix A

Mapping Fokker-Planck equations to
stochastic differential equations

If the equation of motion for a quasi-probability distribution takes the form of a Fokker-Planck
equation with a positive semi-definite diffusion matrix, it can be mapped to an equivalent
stochastic differential equation. This is a standard equivalence as shown in Ref. [313], and
can be applied to the projected classical field theory using the projected functional deriva-
tives [Eqs. (3.97)-(3.97)]. Consider a general projected functional Fokker-Planck equation for
a quasi-probability distribution function of classical fields P ≡ P (ψ(r), ψ∗(r), t), given by

∂P

∂t
=

∫
d3r

{
− δ

δψ(r)
A (ψ(r), ψ∗(r), t) + h.c.

+
δ2

δψ(r)δψ(r)
D11 (ψ(r), ψ∗(r), t) + h.c.

+
δ2

δψ(r)δψ∗(r)
D12 (ψ(r), ψ∗(r), t) + h.c.

}
P, (A.1)

where the vector A = [A,A∗] represents the drift, and the matrix D = [D11, D12;D∗12, D
∗
11] is

the diffusion matrix. If the diffusion matrix is positive semi-definite, then it can be factorized
as D = BBT , and Eq. (A.1) can be represented by the Ito stochastic differential equation

(
dψ(r, t)

dψ∗(r, t)

)
=

(
P
P∗

){
A(r, t)dt+ B(r, t)dW(r, t)

}
, (A.2)

where dW(r, t) is a vector of noises.
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Appendix B

Reservoir rates in the SPGPE

In this thesis we utilize ab inito determined reservoir interaction rates, which are valid when
the reservoir is treated semi-classically. In this appendix, following Refs. [146] and [147], we
outline how these rates are derived.

B.1 Number-damping rate

To calculate the rate of the number-damping reservoir process (3.120), we need to evaluate
Eq. (3.78)

G(r) =

∫
d3vG(+)(r,v, 0). (B.1)

Using Eq. (3.64), expanding the Bose-Einstein distributions (3.56), and performing the spatial
integral, leads to

G(r) =
u2

(2π)5~

∞∑

p=1

∞∑

q=1

∞∑

r=0

eβ[µ−V (r)](p+q+r)

∫

I

d3k1

∫

I

d3k2

∫

I

d3k3δ
(3)(k1 − k2 − k3)

×δ
(

~2

2m
[k2

1 − k2
2 − k2

3]− V (r)

)
e−[rk2

1+pk2
2+qk2

3]β~2/2m. (B.2)

The first delta function gives k1 = k2 + k3, so

G(r) =
u2

(2π)5~

∞∑

p=1

∞∑

q=1

∞∑

r=0

eβ[µ−V (r)](p+q+r)

∫

I

d3k2

∫

I

d3k3δ

(
~2

2m
k2 · k3 − V (r)

)

×e−[r(k2+k3)2+pk2
2+qk2

3]β~2/2m Θ

[
~2(k2 + k3)2

2m
≥ εcut − V (r)

]
, (B.3)
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where the function Θ[a ≥ b] ≡ 1 when a ≥ b, and is zero otherwise, restricts the k1 integral to
the incoherent-region of phase space. Choosing the k2 and k3 z-axes to coincide, the energy-
conservation delta function can be used to integrate over their relative angle. Changing variables
to s = (r + p)β~2k2

2/2m, t = (r + q)β~2k2
3/2m, gives

G(r) =
u2

(2π)5~
8m3π2

β~5

∞∑

p=1

∞∑

q=1

∞∑

r=0

eβ[µ−V (r)](p+q+r)

(r + p)(r + q)

∫ ∞

smin(r)

dse−s
∫ ∞

tmin(r,s)

dte−t, (B.4)

where

smin(r) = (r + p)β[εcut − V (r)], (B.5)

tmin(r, s) = (r + q)βmax
{
εcut − V (r), V (r)2(r + p)β/4s

}
. (B.6)

The integrals in (B.4) take a relatively simple form when tmin ≡ (r + q)β[εcut − V (r)]. Since
s ≥ smin, this condition is equivalent to V (r)2 ≤ 4[εcut − V (r)]2, or

V (r) ≤ 2εcut/3. (B.7)

If this condition is satisfied, (B.4) can be solved analytically to give the final spatially invariant
result

~G(r)

kBT
= γ = γ0

∞∑

j=1

eβµ(j+1)

e2βεcutj
Φ

[
eβµ

eβεcut
, 1, j

]2

, (B.8)

which is the form of G(r) that we use throughout this thesis. While the spatially invariant form
of γ is convenient, it is an approximate form. The region of validity of this approximation can
be described using a semi-classical picture. The semi-classical turning point for the coherent
region is εcut = mω2R2

cut/2, so the condition (B.7) holds for r ≤
√

2/3Rcut ≈ 0.8Rcut. Thus
the number-damping rate is constant over the majority of the coherent region, and (B.8) should
provide a good description of the rate of the reservoir process.

B.2 Energy-damping rate

The full non-local energy-damping rate, as derived in [144] is of the form

M(R, r) =
16πa2kBT

(2π)3~

∫
d3k

eik·r

|k|
1

eβ(Emin(R)−µ) − 1
, (B.9)

where
Emin(R) ≡ max

(
εcut ,

~2|k|2
8m

+ Veff(R)

)
. (B.10)
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B.2. Energy-damping rate

This result is obtained as the Fourier transform of Eq. (3.70)

M̃(R,k) ≡
∫
d3ve−ik·rM(R, r, 0), (B.11)

=
4πu2

~2

∫

I

d3K1

(2π)3

∫

I

d3K2

(2π)3
δ(K1 −K2 − k)

× δ(ω1 − ω2)W (R,K1)[1 +W (R,K2)], (B.12)

where W (r,k) is the one-body Wigner function (3.56), and K1 and K2 are the wavevectors
of the incoherent-region atom before and after a scattering collision, respectively [as shown
schematically in Fig. 2.4(c)]. The I subscripts on the integrals in Eq. (B.12) indicate the domain
of integration is restricted to the incoherent-region, where ~ω(R,k) > εcut.

This rate can be further simplified as follows: In a semiclassical description conservation of
momentum during the scattering collision requires K1 + K3 = K2 + K4, where K3 and K4

represent the before and after wave-vectors for the coherent-region atoms participating in the
collision. By definition the C-region atoms must satisfy

~2K2
j

2m
+ Veff(R) ≤ εcut, j = 3, 4. (B.13)

Since the momentum transfer in the scattering event satisfies ~k = ~K1− ~K2 = ~K4− ~K3,
we have

~2|k|2
8m

+ Veff(R) =
1

4

(
~2K2

3

2m
+

~2K2
4

2m
− ~2K3 ·K4

m

)

+Veff(R) (B.14)

≤ 1

4

(
~2K2

3

2m
+

~2K2
4

2m
+

~2|K3||K4|
m

)

+Veff(R) (B.15)

≤ εcut. (B.16)

ThusEmin(R) ≡ εcut (in Ref. [144] this was stated as an approximation), and the R dependence
is lost in Eq. (B.9), i.e. M(R, r)→ ε(r), as in Eq. (3.80). The final rate we use is then

ε(r) =
M

(2π)3

∫
d3k

eik·r

|k| , (B.17)

where

M≡ 16πa2
skBT

~
1

eβ(εcut−µ) − 1
. (B.18)
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Appendix C

Hartree-Fock estimation of SPGPE
parameters

In this appendix, we outline our method for determining consistent parameters for the SPGPE
for a trapped three-dimensional system. This involves calculating µ and εcut as a function
of temperature, for a system with total atom number N . As described in section 3.7.2, our
procedure is based on treating the system within a Hartree-Fock approach. We first outline how
we determine the chemical potential, followed by a description of estimating the energy cutoff.
Our approach follows that of Ref. [117].

C.1 Calculating the chemical potential

Using the Hartree-Fock energy [see Eq. (3.138)], the density of states for the trapped system is
given by

ρHF(ε) =

∫
d3xd3p

(2π~)3
δ (ε− EHF(r,p)) . (C.1)

For the harmonic trap, this can be evaluated [315] to give the analytical expression of the form

ρHF(ε) =
2

π~ω̄
[I−(ε) + I+(ε)] , (C.2)

where I−(ε) and I+(ε) are defined by

I−(ε) =

{
u3
−x

4
− a−u−x

8
− a2

−

8
log(x+ u−)

}∣∣∣
x=
√

2µ/~ω̄

x=
√

max{0,a−}
(C.3)
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I+(ε) =

{
− u3

+x

4
+
a+u+x

8
+
a2

+

8
sin−1

(
x√
a+

)}∣∣∣
x=
√
a+

x=
√

2µ/~ω̄
(C.4)

and where a± = 2(ε ± µ)/~ω̄, and u± =
√
a± ∓ x2. The Hartree-Fock density of states

describes thermal excitations for all states above the condensate, and can be used to determine
the total atom number for a given µ. The total atom number is given by

N =

∫ ∞

0

dερHF(ε)nBE(ε) +N0, (C.5)

where N0 is the condensate number, and

nBE(ε) =
1

e(ε−µ)/kBT − 1
. (C.6)

By treating the condensate within a Thomas-Fermi approximation, we can relate N0 to the
chemical potential for a trapped system via

µ =
~ω̄
2

(
15N0a

ā

)2/5

, (C.7)

where ā =
√
~/mω̄. Thus for a given N and T , Eq. (C.5) can be solved self-consistently to

find µ. Note this procedure can be used to determine µ above the transition temperature, since
in this case the Thomas-Fermi condensate density n0 = 0, and the Hartree-Fock energy (3.138)
becomes the single-particle energy.

C.2 Calculating the energy cutoff

Here we show how we estimate εcut so that the highest single-particle mode has a chosen occu-
pation of ncut. Typically we choose ncut = 1 − 3, so that the classical-field validity conditions
are met. For a trapped system, εcut corresponds to the highest harmonic-oscillator eigenstate in
the coherent region. However the actual energy of this state is shifted by interactions, which we
describe here with the Hartree-Fock density of states. To connect εcut with εcutHF, we enforce
that the number of modes in the coherent region is the same in either representation.

For T < Tc, the Hartree-Fock energy cutoff can be found from (C.6), and is given by

εcutHF = kBT ln

(
1 +

1

ncut

)
, (C.8)

where we have set µ = 0 since the Hartree-Fock density of states takes states relative to the
condensate. We now find the single-particle εcut used as a SPGPE parameter, by determining
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C.2. Calculating the energy cutoff

εcut such that
∫ εcutHF

0

dερHF(ε) =

∫ εcut

ε0

dερHO(ε), (C.9)

where the harmonic-oscillator ground state is ε0 = ~(ωx + ωy + ωz)/2, with a density of states

ρHO(ε) =
ε2

2(~ω̄)3
. (C.10)

Above Tc, the system is treated as non-interacting, and εcut can be immediately found from the
Bose-Einstein distribution with

εcutHF ≡ εcut = kBT ln

(
1 +

1

ncut

)
+ µ. (C.11)

Thus, once µ is found from the previous section, εcut can be easily estimated using (C.9) or
(C.11). The methods described in this appendix have been shown to provide accurate estimates
of SPGPE parameters [117].
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Appendix D

Numerical method for including a
perturbation potential in the SPGPE

In this appendix, we review how to include a perturbation potential within our spectral method
for the SPGPE. Following the methods of chapter 4, we begin with the dimensionless single-
particle Hamiltonian

Hsp = H0 + δV (r, t), (D.1)

where H0 is the basis harmonic-oscillator Hamiltonian (4.2), and δV (r, t) is an extra potential,
typically referred to as the perturbation potential. Numerically evaluating the perturbation po-
tential used the same procedure as for the nonlinear interaction term, so here we will follow
Ref. [269] and consider the PGPE implementation.

The dimensionless PGPE takes the form of Eq. (4.6), which we write here as

∂ψ

∂t
= −iP

{
Hspψ + CNL|ψ|2ψ

}
, (D.2)

where CNL = 4πas/x0, and the classical-field is expanded as ψ =
∑

n∈C cnφn, where φn are
the harmonic-oscillator basis states. Following the spectral-Galerkin approach of section 4.2.1,
the evolution equation for the mode amplitudes of the classical-field takes the form [compare
with Eq. (4.24)]

∂cn
∂t

= −i [εncn + Fn + CNLGn] , (D.3)

where Gn is the usual nonlinear term given by Eq. (4.25), and the extra potential term is [omit-
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ting the time dependence for clarity]

Fn ≡
∫
d3rφ∗n(r)δV (r)ψ(r). (D.4)

Following the details of section 4.3.2, we write the classical-field as

ψ = Q(r)e−(x2+y2+z2)/2, (D.5)

where
Q(r) ≡

∑

{αβγ}∈C

cαβγ(t)hαHα(x)hβHβ(y)hγHγ(z) (D.6)

is a polynomial of maximum degree M − 1 in each independent coordinate due to the energy
cutoff, where M is the number of modes. The extra potential integral then becomes

Fαβγ =

∫
d3re−(x2+y2+z3)SαβγδV (r), (D.7)

where

Sαβγ(x, y, z) ≡ hαHα(x)hβHβ(y)hγHγ(z)Q(x, y, z), (D.8)

is a polynomial of maximum degree 2(M − 1) in each coordinate. From the form of (D.7), we
see that it can be numerically integrated exactly using a Gauss-Hermite quadrature if it is of a
particular form. In particular, (D.7) can be evaluated exactly using the same quadrature as for
the nonlinear term [see Eq. (4.63)], if the perturbation potential is of the form

δV (r) = e−(x2+y2+z2)R(x, y, z), (D.9)

where R(x, y, z) is a polynomial of maximum degree 2(M − 1) in each coordinate. In chapter
5, we utilize this method for the extra Gaussian potential given by Eq. (5.3). In this case, we
can write δV (r) in the form of (D.9), so we utilize the same quadrature integration used for
evaluating the nonlinear term (4.63).
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Appendix E

Other publications

In this appendix, publications that I have co-authored but are not directly related to this thesis
are presented.

E.1 Characteristics of Two-Dimensional Quantum Turbulence
in a Compressible Superfluid

This paper, published as Ref. [75], reported the persistent current formation experiment which
we quantitatively modelled with the simple-growth SPGPE in chapter 5. The focus of the
paper [75] was to relate the experimental observations to the characteristics of two-dimensional
quantum turbulence. My contribution to this paper was to simulate the experimental stirring
sequence using the damped GPE, using the procedure outlined in chapter 5.
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Fluids subjected to suitable forcing will exhibit turbulence, with characteristics strongly affected by the

fluid’s physical properties and dimensionality. In this work, we explore two-dimensional (2D) quantum

turbulence in an oblate Bose-Einstein condensate confined to an annular trapping potential.

Experimentally, we find conditions for which small-scale stirring of the condensate generates disordered

2D vortex distributions that dissipatively evolve toward persistent currents, indicating energy transport

from small to large length scales. Simulations of the experiment reveal spontaneous clustering of same-

circulation vortices and an incompressible energy spectrum with k�5=3 dependence for low wave numbers

k. This work links experimentally observed vortex dynamics with signatures of 2D turbulence in a

compressible superfluid.

DOI: 10.1103/PhysRevLett.111.235301 PACS numbers: 67.85.De, 03.75.Lm, 67.25.dk

A distinction between hydrodynamic turbulence [1] in a
bulk fluid and in one whose flows are restricted to two
dimensions is that energy dissipation at small length scales
is inhibited in the latter. In two-dimensional (2D) flows
subject to small-scale forcing, energy flux toward shorter
scales is suppressed and, instead, kinetic energy is trans-
ported toward larger scales. These dynamics lead to the
well-known inverse energy cascade [2,3]. Small-scale forc-
ing may thus generate large-scale flows in effectively 2D
fluids, as seen, for instance, in atmospheric strata [4],
electrolyte solutions and toroidal plasmas [5], and
Jupiter’s Great Red Spot [6,7]. However, analogous char-
acteristics involving vortex distributions [8] and energy
spectra of 2D turbulence in quantum fluids are less clear:
2D quantum turbulence (2DQT) has only recently been
addressed theoretically [9–17], while an experimental
demonstration of 2DQT has remained elusive.

Here, we study an atomic Bose-Einstein condensate
(BEC), a compressible superfluid, in a joint experimental
and numerical investigation of forced and decaying 2DQT.
We demonstrate that 2DQT is readily generated in BECs
and that the disordered vortex distributions of 2DQT can be
robust against immediate vortex-antivortex annihilation.
Our primary result is evidence that quantum-fluid analogs
of three key characteristics of classical 2D turbulence
can simultaneously appear in 2DQT: (i) emergence of
disordered vortex distributions following small-scale forc-
ing, decaying into large-scale flow as manifested by a
persistent current, seen experimentally and numerically;
(ii) formation of coherent vortex structures, observed nu-
merically; and (iii) an incompressible kinetic energy

spectrum with k�5=3 dependence for wave numbers k lower
than that of the forcing, observed numerically.
To experimentally generate 2DQT, we utilize optical and

magnetic confinement to create highly oblate BECs [18]. A
harmonic potential with radial (r) and axial (z) trapping
frequencies ð!r=2�;!z=2�Þ ¼ ð8; 90Þ Hz confines BECs
of up to �2� 106 87Rb atoms, with radial and axial
Thomas-Fermi radii ðRr; RzÞ ¼ ð52; 5Þ �m and chemical
potentials �0 � 8@!z. For these conditions, vortex bend-
ing and tilting are suppressed [19], enabling 2D vortex
dynamics [20]. Additionally, a 23-�m, 1=e2-radius, blue-
detuned Gaussian laser beam is directed axially through
the trap, creating an annular trap with a central barrier of
height�1:5�0. At time t ¼ 0, a magnetic bias field moves
the harmonic trap center, but not the barrier, in a
5:7-�m-diameter circle over 333 ms. This motion induces
nucleation of numerous vortices in a highly disordered
distribution, identified with 2DQT much as the notion of
a ‘‘vortex tangle’’ is identified with 3D quantum turbulence
[21–24]. The BEC then remains in the annular trap for a
variable hold time th � 50 s while the 2DQT decays. The
barrier is then ramped off over 250 ms, and the BEC is
released from the trap to ballistically expand, enabling the
absorption imaging of vortices. Figure 1 illustrates this
sequence.
Two experimental sequences of poststir dynamics are

shown in Figs. 2(a) and 2(b), revealing the microscopic
variability of vortex distributions. From the data, we dis-
cover the following new regimes of vortex dynamics. First,
small-scale stirring generates numerous (> 20) vortices,
which are then rapidly distributed, creating a disordered
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distribution associated with 2DQT by the end of the stir
(th ¼ 0 ms). Second, vortex decay rates via annihilation
and damping are slow compared with stirring times. Third,
the vortex cores maintain high visibility, indicating that
vortices remain aligned along the trap’s axial direction and
that the BEC’s velocity field and vortex dynamics are 2D
despite the fluid’s 3D nature, Kelvin wave dynamics being
suppressed for our 2D forcing and trap anisotropy [19].

A fourth phenomenon is the stable pinning [25] of
vortices at the central barrier accompanying the 2DQT
decay, indicated by the large fluid-free hole in the
expanded BEC’s center for th > 0:33 s. By th � 8:17 s,
after the 2DQT has decayed, we observe that a persistent
current has formed, visible for up to th ¼ 50 s. By ramping
off the central barrier prior to BEC expansion, pinned

vortices are released into the BEC [26,27], permitting
their imaging. An optional 3-s hold before expansion
gives the vortices time to separate, allowing determination
of the persistent current winding number [26] (see the
Supplemental Material [28]). Our data show that the
persistent current forms during the dissipative vortex dy-
namics, rather than being directly created by the stirring
process. In interpreting this phenomenon, we note the
following. First, prior to stirring, the system is stationary;
thus, the rotating trap mode that corresponds to the even-
tual annular superflow is initially unpopulated. Second,
stirring injects kinetic energy at small scales (discussed
below) but does not inject energy directly into the large-
scale rotating trap mode that corresponds to the persistent
current. Although stirring is responsible for the injection of
angular momentum, which is initially embedded in the
vortex distribution, the macroscopic rotation emerges
from the subsequent vortex dynamics. We interpret the
emergence of annular superflow as an experimental signa-
ture of energy transport from small to large length scales
during 2DQT forcing and decay.
The decay of 2DQT is not necessary to create annular

superflow, as methods for direct BEC persistent current
creation have been demonstrated elsewhere [26,29,30].
The decay of 2DQT in an annular trap is also not sufficient
to guarantee the formation of a persistent current, and an
important parameter of our experiment is the BEC tem-
perature, on which the superfluid dynamics strongly
depend. Prior to forcing, the initial temperature is T �
0:9Tc, where Tc � 116 nK is the BEC phase-transition
temperature. We choose this relatively high temperature
so that the acoustic energy generated by the forcing under-
goes efficient thermal damping. We find that for tempera-
tures much above this value, most vortices quickly decay,
while much lower temperatures inhibit the establishment
of a persistent current. By th ¼ 1:17 s, most of the vortices
have become pinned to the central barrier or have left the
system by annihilation and damping. At this time, we
reduce the temperature to �0:6Tc by additional evapora-
tive cooling in order to decrease rates of further thermal
damping. The temperatures used during the forcing and
decay stages were experimentally chosen to optimize per-
sistent current formation from 2DQT decay. The role of
dissipation has elsewhere been shown to be important in
the development of a turbulent energy spectrum [16,31],
and we return to this topic and aspects of system dimen-
sionality near the end of this Letter. Our experiment thus
demonstrates that under suitable conditions of system ge-
ometry, forcing, and dissipation, a disordered 2D vortex
distribution can form and dissipatively evolve into a large-
scale flow. These experimental results establish atomic
BECs as a promising platform for further studies of
2DQT. Nevertheless, measuring energy spectra and vortex
dynamics remain forefront experimental challenges, moti-
vating us to utilize numerical modeling and analysis to

FIG. 2. (a,b) 200-�m-square experimental column-density im-
ages acquired at the hold times th indicated. BECs undergo
�50-ms ballistic expansion immediately after barrier removal.
Each image is acquired from a separate experimental run.
(c) In situ numerical data (96-�m-square images) for the hold
times indicated. See also Movie S1 in the Supplemental Material
[28]. For each state represented in (c), ramping off the laser
barrier in 250 ms gives the data shown in (d).

FIG. 1. (a) Timing sequence. (b,c) In situ BEC column-density
images prior to the stir, shown (b) in the plane of 2D trapping and
(c) along the z axis. Lighter shades indicate larger column
densities, as in subsequent data. (d) Stirring illustration. The
black arrow shows the trap center trajectory relative to the larger
fluid-free region created by the laser barrier. (e) In situ BEC
image 10 s after stirring.
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investigate these characteristics of 2DQT in a stirred and
trapped BEC.

Weakly interacting BECs admit a numerically tractable
first-principles theoretical approach, across a broad range
of temperatures, that has compared favorably and quanti-
tatively with experiments [32]. The physical system con-
sists of a large noncondensate component close to thermal
equilibrium and a BEC responding to both external forc-
ing and damping by the noncondensate component.
Numerically, we focus on the BEC dynamics, simulating
the experimental procedure using damped Gross-Pitaevskii
theory [28,33].

Figure 2(c) and Movie S1 in the Supplemental Material
[28] show results from simulations that correspond to
experimental conditions. We see that vortices are rapidly
generated near the inner BEC boundary and subsequently
dispersed, with some becoming pinned to the central bar-
rier. At th ¼ 8:17 s, three vortices are pinned. Consistent
with experimental observations, we find that over the first
few seconds of evolution after the stir ends, large-scale
azimuthal flow and hence a persistent current steadily build
due to the redistribution of vortices rather than being
directly imprinted by the stir; see Fig. S1 [28]. Ramping
off the barrier in the simulation over 250 ms gives the
column densities shown in Fig. 2(d), with disordered vor-
tex distributions qualitatively similar to Figs. 2(a) and 2(b).
The development of superflow by th ¼ 8:17 s in Fig. 2(c)
leads to a large region of low density in the trap center after
barrier ramp-down, as seen in Figs. 2(a), 2(b), and 2(d).
The mean number of vortices (pinned and free) for th ¼
23 s is 3.5 in the experiment and 5 in the simulation. For
th ¼ 43 s, these values decline to 2.5 and 3, respectively.

Energy spectra and vortex distribution [8] analyses fur-
ther characterize 2DQT. To examine the dependence of the
kinetic energy on k at any time, we use techniques of
previous studies [10–13,34] for extracting EiðkÞ, the
portion of a BEC’s kinetic energy spectrum corresponding
to an incompressible superfluid component, derived by
extracting the divergence-free density-weighted velocity
field that embeds vorticity [35]. The curl-free part of this
field embeds acoustic energy, which reaches a maximum
value equivalent to 40% of the total incompressible energy
halfway through the stir, dropping to less than 20% by the
end of the stir and for subsequent times.

The spectra of Fig. 3 are obtained from various times of
the simulation and calculated using spatial grids of 18112

points separated by �=4 ¼ 0:1 �m, where � ¼ 0:42 �m
is the healing length at peak density. Each curve shows the
spectrum of a 2D slice through z ¼ 0, although the spectra
are only negligibly changed by averaging over slices. As

stirring injects kinetic energy into the system, a k�5=3

power-law spectrum develops in the k < ks � ��1 region.
Remarkably, this power law is consistent with
Kolmogorov’s analysis of turbulence spectra [36] in spite
of the fact that the ideal conditions of isotropic and

homogeneous turbulence are not satisfied in the present
case. For 2DQT, this spectrum is determined by the vortex
configuration [14]. This spectrum spans a decade in k space
and is established by the end of the stir, which is also when
total incompressible kinetic energy is maximal. Poststir,
Fig. 3 (inset) indicates a slow loss of energy with approxi-

mate preservation of the k�5=3 power law. Eventually, the
system populates the mode associated with a persistent
current with three units of circulation.
The logarithmically bilinear spectrum is a robust dy-

namical feature, with the ultraviolet (large k) EiðkÞ / k�3

dependence emerging once vortices are present. Because
the fluid’s compressibility determines the vortex core
structure, this portion of the spectrum is a universal prop-
erty of isolated quantized vortices in a compressible 2D
quantum fluid, occurring for k > ks [14]. This ultraviolet
power law only plays a role in the energy spectrum through
its amplitude, which is proportional to the total vortex
number. For k� ks, fluid compressibility provides a
mechanism for the conversion of vortices into sound [14]
(see the Supplemental Material [28]). Conservation of ens-
trophy (mean-squared vorticity) is therefore complicated
by vortex-antivortex annihilation, since in 2DQT, enstro-
phy corresponds to vortex number [11,14]. The flux of
kinetic energy from large to small k that would lead to

the development of a k�5=3 power law in this system is thus
not a priori expected. Logarithmically bilinear spectra are
also obtained after ramping off the central barrier, indicat-
ing that these spectra are robust and that an annular ge-

ometry is not a necessary element of k�5=3 spectra in
2DQT.

FIG. 3 (color). Log-log plots of EiðkÞ (per atom) vs k� during
forcing, for the times indicated. Vertical dashed lines indicate kT ,
kF, ks, and k�, defined in the text. The straight red and blue lines

indicate EiðkÞ / k�5=3 and k�3, respectively. Inset: Log-log plot
of EiðkÞ vs k� (labels omitted) for decaying 2DQT. Straight lines
show EiðkÞ / k�5=3 and k�3. From top to bottom, the remaining
three curves show EiðkÞ at 331 ms, after 14 s of free decay, and
for a charge-three persistent current.
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Three additional wave numbers are indicated in Fig. 3.
The cross-sectional radial thickness of the toroidal BEC
approximately corresponds to the length scale 25 �m ¼
2�=kT . At high wave numbers, k� ¼ 2�=� corresponds to

the approximate size of the smallest features supported by
a BEC. In an isotropic BEC, � is roughly the distance from
the vortex core center to a location at which the density is
approximately half its bulk value. Finally, a wave number
kF is associated with a forcing scale. In the classical theory
of 2D turbulence [3], spectrally localized forcing is related
to the injection rates of enstrophy (�) and energy (�)

density via kF ¼ ffiffiffiffiffiffiffiffiffi

�=�
p

[1]. We estimate kF from the
computed changes in total incompressible kinetic energy
�Ei � 2:9� 10�3�0N and enstrophy �� � 0:963�
10�3�0N=�2 occurring between 181 and 208 ms (see the

Supplemental Material [28]). We find kF � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

��=�Ei
p ¼

0:57��1 ’ 2�=ð11�Þ, shown in Fig. 3, and see that this
scale coincides with a spectral peak that appears near k��
2�=11 at 181 ms. The peak disperses by 208 ms when
the spectrum is already approximately logarithmically
bilinear. We therefore interpret kF as an approximate
forcing-scale wave number.

The physical mechanism for the injection of energy and
vorticity into our BECs involves coupling between pairs
of opposite-circulation vortices and acoustic energy.
Empirically, we find that the length scale �2�=kF coin-
cides with the separation of phase singularities created
from the decay of localized sound pulses into vortex
dipoles, visible in Movie S1 [28]. We find analytic evi-
dence (see the Supplemental Material [28]) for the efficient
energy and enstrophy transfer from the compressible to the
incompressible fluid components for wave numbers kF &
k & ks, supporting the interpretation that forcing occurs
near kF.

The spatial clustering of same-circulation vortices is a
key characteristic of 2DQT, first discussed by Onsager [8].
More recently, vortex clusters in 2DQT have been exam-
ined in order to better understand their contributions to
kinetic energy spectra and as analogs of the coherent
vortices of classical 2D turbulence [14]. Vortex clustering
is amenable to quantitative analysis, as discussed in
Refs. [14,16,37]. Although these measures apply to 2D
vortex distributions in homogeneous superfluids, we apply
the algorithm described in Ref. [16] to estimate the degree
of vortex clustering in our results, noting that we must
neglect corrections due to the system geometry and density
inhomogeneities (see the Supplemental Material [28]).
During the 300-ms period after the stir, we observe four
tightly bound two-vortex clusters, visible in Movie S1 [28].
Applying the cluster algorithm of Ref. [16], some of these
pairs appear as elements of larger clusters. Figure 4 shows
the identified vortex dipoles and clusters for three times
immediately before and after the stir ends. The two-vortex
cluster indicated by the dashed red line in the rightmost
plot exists for 630 ms. These vortices orbit each other 15

times, travel together halfway around the BEC, and even-
tually dissociate upon colliding with a vortex dipole; see
Movie S1 [28]. At the end of the stir, the fraction of free
vortices involved in clusters is �0:65, whereas this mea-
sure would be 0.5 for a completely uncorrelated vortex
distribution and well below 0.5 for a system dominated by
vortex dipoles [38]. We conclude that vortices are likely
not randomly distributed and that vortex clustering dy-
namically occurs during forcing and is maintained even
after forcing stops.
We have also performed experiments and simulations to

further explore the roles of dissipation and dimensionality.
Similar experiments in oblate traps with !z : !r ¼ 2:1
showed substantially fewer vortices generated initially
and a rapid decrease of vortex visibility likely due to vortex
annihilation, damping, and bending. The trap oblateness
and the stirring still retain aspects of 2D superfluid dynam-
ics, and experimental parameters were found for which
persistent currents were formed, suggesting that a wider
range of conditions may be suitable for 2DQT studies. To
probe the consequences of stirring in a spherically symmet-
ric (!r ¼ !z) trap, we performed simulations using stirring
and dissipation parameters comparable to the highly oblate
case. Here, however, we observed neither vortices nor a
persistent current (see the SupplementalMaterial [28]), and
instead the BEC rapidly returns to nonrotating equilibrium.
Without dissipation, vortices are not nucleated, and the 3D
BEC develops a transverse sloshingmode in response to the
stir. We also simulated the stir sequence for the highly
oblate system, but without dissipation. Vortex nucleation
and short-time dynamics are qualitatively comparable to the
dissipative calculation, with the notable difference that
thermalization occurs in the nonlinear Gross-Pitaevskii
equation evolution via coupling between vortices and the
sound field, a consequence of compressibility. The time
scale of persistent current formation is much longer than
that of our dissipative simulations and experiments. We
infer that 2D vortex dynamics and dissipation are both
required for small-scale forcing to efficiently produce
large-scale flow in the annular trap.

FIG. 4 (color online). Numerical 96-�m-square column-
density plots shown for times after the start of the 333-ms stir.
Solid blue (dashed red) ovals indicate clusters of same-sign
vortices counterrotating (corotating) with the stir direction.
Vortex dipoles are indicated by shaded green ovals. Unlabeled
vortices are not identifiable as part of a dipole or cluster. See
Fig. S4 in the Supplemental Material [28] for phase plots.

PRL 111, 235301 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

6 DECEMBER 2013

235301-4



While previous numerical 2DQT studies have investi-
gated energy spectra and vortex dynamics, relationships
with classical 2D turbulence are still not well established
due in part to a lack of experimental correspondence. Here,
we experimentally and numerically find that even a small,
trapped, compressible superfluid can display characteris-
tics analogous to those of classical 2D turbulence, suggest-
ing a broader view of the universality of 2D turbulence.
Regarding the possibility of a compressible superfluid
supporting an inverse energy cascade, energy fluxes pro-
vide the most direct route to identifying cascades; while
this remains an open problem for trapped BECs [12], there
is numerical evidence for inverse cascades in 2DQT [16].
Our observations are also consistent with energy transport
from small to large length scales near the end of the stir:
(i) infrequent vortex dipole recombination indicates that
there is little dissipation over a forcing range kF to ks;
(ii) EiðkÞ / k�3 for k > ks, a range that cannot support
energy flux [14]; (iii) in conjunction with vortex clustering,
kinetic energy spectral developments occur primarily for

k < ks; (iv) EiðkÞ / k�5=3 for k < ks, a signature of an
inertial range; and (v) energy accumulates in a large-
scale mode that was unpopulated prior to small-scale
forcing. These observations motivate further investigations
of 2DQT, with future work focusing on energy fluxes,
dissipation, inhomogeneities, and direct experimental
observations of vortex dynamics.
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and V. S. Bagnato, Phys. Rev. Lett. 103, 045301 (2009).

[25] Here, ‘‘pinning’’ refers to the spatial localization of vortex
cores or fluid circulation due to local bumps in the trap-
ping potential. In our experiments, the vortex core has an
associated energy that is minimized when the vortex core
overlaps with the zero-density region caused by the central
potential.

[26] C. Ryu, M. F. Andersen, P. Cladé, V. Natarajan, K.
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Here we provide material supplementing the main text “Characteristics of Two-Dimensional Quantum Turbu-
lence in a Compressible Superfluid.” The supplemental material consists of additional description of numerical
and experimental methods, five figures, and a movie.

Theoretical background. The damped GP theory used
in our simulations can be derived rigorously for the dilute-
gas BEC through a detailed treatment of reservoir inter-
actions within the Wigner phase-space representation [39],
by neglecting thermal noise. An approximate and practical
stochastic Gross-Piteavskii theory can be obtained [40] by: (i)
neglecting the particle-conserving reservoir interaction pro-
cesses (scattering terms) that are known to be small in the
quasi-equilibrium regime [41]; and (ii) neglecting the weak
spatial and time dependence of the damping parameter. This
allows the damping parameter to be calculated a priori, once
the reservoir parameters are known. The resulting stochastic
projected Gross-Pitaevskii equation (SPGPE) has been used
to study spontaneous vortex formation [27,40] during Bose
condensation, vortex dynamics at high temperature [19,42],
and the onset of quasi-condensation in elongated systems [43].
The SPGPE is derived by treating all atoms above an appro-
priately chosen energy cutoff εcut as thermalized (incoherent
region) with temperature T and chemical potential µ, lead-
ing to a grand-canonical description of the atoms below εcut
(coherent region). A dimensionless rate γ ≡ γ(T, µ, εcut) de-
scribes Bose-enhanced collisions between thermal reservoir
atoms and atoms in the coherent region containing the BEC.

However, it is not known how to extract a well-defined
condensate orbital from the SPGPE trajectories in high-
temperature systems containing vortices. Moreover, extract-
ing the incompressible energy spectrum associated with quan-
tum vortices is challenging in the presence of significant ther-
mal noise. However, both qualitative information about vortex
dynamics and kinetic energy spectra can be computed from
the damped projected Gross-Pitaevskii equation (DPGPE),
obtained by neglecting the noise in the SPGPE. Taking this
approach we arrive at a tractable, microscopically determined
equation for the condensate wavefunction ψ(r, t), with a priori
determined reservoir parameters:

i~
∂ψ(r, t)
∂t

= (1 − iγ)(L − µ)ψ(r, t), (1)

where the operator L, defined by

Lψ(r, t) ≡
(
− ~

2

2m
∇2 + V(r) + g|ψ(r, t)|2

)
ψ(r, t), (2)

is the generator of GP equation evolution for atoms of mass
m in an external potential V(r). The interaction parameter is
g = 4π~2a/m, for s-wave scattering length a. In most cases
the damping parameter is small (γ � 1), and damping rates
are typically much smaller than any other rates that character-
ize the evolution. This approach has been shown to reproduce
the qualitative dynamics of quantum vortices in this experi-
ment [44], and allows direct extraction of quantities useful for
characterizing 2DQT.

With the measured total atom number N and temperature
T , we use an efficient Hartree-Fock scheme for determin-
ing the chemical potential µ(N,T ) and reservoir cutoff energy
εcut(N,T ) [42], adapted to the present experiment by account-
ing for the shift in the trap minimum caused by the central
barrier. In applying our approach to modeling the experi-
ment of the main text, we find the self-consistent parameters
µ = 34~ω̄, εcut = 83~ω̄, for geometric mean ω̄ = (ω2

rωz)1/3, to
describe a system of N = 2.6 × 106 atoms held at temperature
T = 0.9Tc in the combined trap, giving the damping parame-
ter γ = 7.96× 10−4. The central Gaussian barrier is character-
ized by half-width σ0 = 16.3 µm, and is well contained within
the coherent region: σ0 � Rcut =

√
2εcut/mω2

r = 73 µm,
which is the spatial cutoff imposed by εcut. It thus has no other
significant effect on the incoherent region. These parameters
give an initial state containing ∼6×105 coherent-region atoms,
with the remainder in the incoherent region.

There are some technical limitations of this approach. First,
the number of atoms in the simulations is approximately
constant due to the fixed chemical potential of the thermal
reservoir, while the BEC number in the experiment first
grows as T/Tc is reduced to ∼ 0.6, then decays with a 1/e
lifetime of 24(3) s. A related issue is the slow spatial drift of
the barrier beam of the experiment, which can decrease the
number of vortices that can be stably pinned to the barrier,
providing a loss mechanism for the persistent current at long
times; this latter aspect of our work will be discussed in a
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separate publication. However, our procedure is suitable
for simulating the BEC conditions early in the stir and hold
process, and we do not expect detailed modelling of the
evaporative cooling stage to alter our main results.

Movie S1: Dynamics of a forced, damped BEC. This
movie of the damped Gross-Pitaevskii equation dynamics
may be viewed online at [URL to be provided by Physical Re-
view]. The movie shows the column density and phase profile
in the z = 0 plane generated for a simulation of the DPGPE
for the experimental parameters. In the movie, small red cir-
cles in the phase profiles indicate vortices with circulation in
the same sense as the stirring, while small blue crossmarks in-
dicate vortices with opposite circulation. A number of events
are visible, notably:

i) t = 140 ms: The first evidence of a boundary vortex ap-
pears at the inside boundary of the BEC. This is most
apparent in the phase profile.

ii) t = 160 ms: A prominent density modulation feature de-
velops.

iii) t = 166 ms: This time is half-way through stir sequence.

iv) t = 190−210 ms: The first vortices injected into the BEC
via sound decay are visible.

v) t = 220 ms: Many vortices are now found in the bulk
superfluid.

vi) t = 230 ms: Vortex dipole annihilation.

vii) t = 260 ms: Two long-lived vortex aggregates have
formed (∼3 o’clock and 4 o’clock positions).

viii) t = 390–410 ms: A vortex approaches the inner BEC
boundary (∼4 o’clock position) and is captured by the
central barrier, increasing the circulation pinned to the
barrier by one unit. In this process, a pulse of sound en-
ergy is emitted into the BEC.

ix) t = 420–450 ms: A vortex dipole forms as two vortices of
opposite circulation approach each other (∼ 7 o’clock po-
sition), then undergoes self-annihilation followed by re-
vival at the outer BEC boundary.

x) t = 480–520 ms: A vortex dipole forms (∼ 3 o’clock po-
sition), then undergoes self-annihilation followed by re-
vival at the outer BEC boundary.

xi) t = 590–640 ms: A vortex dipole forms (∼ 8 o’clock po-
sition), then undergoes self-annihilation followed by re-
vival at the outer BEC boundary.

xii) t = 600 ms: Thermalization of the sound field across the
whole system has occurred by this time.

xiii) t = 790 ms: Vortex dipole annihilation.
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Figure S1. Winding number [Eq. (3)], for three radii, shown for the
first 2 seconds of evolution after the beginning of the stir. The vertical
dashed grey line indicates the end of the stir. The peak density of the
initial state occurs at r ∼ 25 µm. The end-state of time evolution has
W = −3 at all radii.

xiv) t = 1000 ms: A two-vortex cluster, a dipole, and a free
vortex collide. Vortex exchange occurs; the collision re-
sults in the same vortex structures emerging.

xv) t = 1980 ms: A vortex collision results in a vortex
being slightly tilted with respect to the z axis (∼ 4
o’clock position), showing that this system is not strictly
two-dimensional. Note that this vortex returns to an
orientation along the z axis within about 50 ms.

Development of large-scale flow. To quantify the develop-
ment of large-scale flow from the initial small-scale forcing,
we consider the winding numberW(r, t) at a given radius r as
a function of time t, as defined by

W(r, t) =
m
h

∮

r
v(r, t) · dl. (3)

We plot this quantity for three radii, shown in Figure S1, for
the first 2 seconds after the beginning of the stir. For the
smallest radii, there is a an early injection of vortices due to
the stir process. The vortices are nucleated near the inner
boundary, with rapid increase in vortex nucleation occurring
about half-way through the stir [see Figure S2]. At this point
in time there is zero net winding number in the BEC, however
angular momentum is being injected into the BEC, and is
manifested by the preference for negatively charged vortices
to accumulate at small radii and for the positively charged
vortices to be distributed to larger radii. For the smallest
radius shown in Figure S1, we see that the net charge within
19.1 µm of the BEC center begins a sequence of jumps up
from 0 at ∼ 181 ms, each jump to a larger negative number
indicating that a positively charged vortex has moved outside
of this inner region. Immediately after the end of the stir,
W fluctuates around -6 for radii within about 25 µm, but
for r = 31.8 µm, W is near -1. Many vortices have moved
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outside of the inner regions by this time, but they have not
reached the outer regions of the BEC. Thus at the end of the
stir, superfluid flow at the largest scales of the system has not
developed, and most of the circulation is concentrated in the
BEC center. Over the next ∼ 150 ms, vortex motion occurs
to bring W near -4 throughout the BEC, but significant
fluctuations over the next 1.5 s indicate that steady large-scale
flow has not been reached even by t = 2 s. Eventually, in
the presence of damping, W = −3 at all radii: this is the
final persistent current state that is the signature of steady
large-scale flow. This state is reached due to the net angular
momentum directly injected by the stir and by the vortex
dynamics and dispersal that occur after the end of the stir.

Forcing wavenumber analysis. We compute changes in
total incompressible kinetic energy and enstrophy, ∆Ei and
∆Ω, during the interval from 181 ms to 208 ms after the start
of the stir in order to estimate a forcing scale kF , as described
in the main text. These changes were computed by integrat-
ing the incompressible energy distributions (Fig. 3 of the main
text) and the enstrophy distributions (obtained by multiplying
Ei(k) by k2) for each of these two times, then taking their dif-
ferences. We thus arrive at kF ≡

√
∆Ω/∆Ei = 0.57ξ−1 '

2π/(11ξ), as stated in the main text.
Examining the instances of vortex dipole creation from

sound during the stir period, we find dipole lengths d in the
range 6.7ξ to 11ξ, suggesting an injection of incompressible
energy near a wavenumber k∼2π/d. At the vortex dipole anni-
hilation event at t = 230 ms, the dipole length is d∼6.7ξ. Two
other transient events correspond to dipole annihilation, with
dipole lengths of ∼6.7ξ and ∼8.9ξ. Furthermore, the super-
fluid density modulations preceding vortex nucleation at the
181-ms spectral peak have a length scale of approximately
11ξ ' 2π/kF ; see Fig. S2. Taken together, these observa-
tions indicate that forcing involves efficient energy and en-
strophy transfer from the compressible to the incompressible
fluid components for wavenumbers kF . k . ks.

An alternative view of the wavenumber range kF < k < ks

comes from considering the Jones-Roberts (JR) solitons
of the two-dimensional GP equation [45]. JR solitons are
localized excitations with group velocity v, and with char-
acteristics that depend on the relationship of v to a critical
velocity vc = 0.61cs, with cs the sound velocity [45,46]. For
0 < v < vc a JR soliton has an incompressible character,
and appears in the fluid as a vortex dipole. For vc < v < cs

the JR soliton has a vortex-free compressible character,
namely, an acoustic wave that appears as a short black or
gray soliton. Using the de Broglie relation ~kF = mvc to
convert to an equivalent wavenumber yields kF = 2π/d
with d = 10.3ξ, remarkably close to the value of d = 11ξ
obtained via distinct reasoning above and observed in our
simulations. In a similar way the wavenumber associated
with the sound velocity v = cs is ks = mcs/~ = 1/ξ. The
wavenumber kF thus emerges as that which delineates the
boundary between nonlinear excitations of the 2D quantum
fluid that are compressible and incompressible in character.

11⇠
11⇠

11ξ

Monday, March 5, 12

Figure S2. Numerically obtained column density 181 ms after stirring
begins (see Movie S1). The bar indicates the scale of forcing calcu-
lated from the energy and enstrophy injected during the stir (see main
text).

The wavenumber ks is the maximum wavenumber of JR
solitons. We thus physically expect that kF and ks will define
a range of wavenumbers for which efficient exchange of
kinetic energy between the compressible and incompressible
components. Phenomenologically, this means that a vortex
dipole whose vortices are separated by a distance within
the corresponding range can efficiently self-annihilate and
convert its incompressible energy into acoustic energy. The
reverse process is also possible. We thus attribute this range
to a wavenumber scale for forcing from the compressible
component of the fluid into the incompressible component.
This length scale, and its relationship to the interconversion
of JR solitons between localized sound pulses and vortex
dipoles, can be seen in the vortex dynamics of Movie S1.

Density modulations during forcing. Figure S2 shows the
stir-induced density modulations observed in the simulations.
These density modulations decay to vortices. As density
modulations at a wavenumber k correspond to compressible
energy at that wavenumber, we expect an influx of energy into
the incompressible regime at a wavenumber that corresponds
to these modulations, as discussed in the main text.

Experimental winding number determination. Multi-
quantum vortices are energetically unstable, thus loose
clustering is preferred to perfect co-location of multiple
vortices. As in previous experiments [29,30], we make use
of this energetic instability in order to determine the size
of the persistent current formed and its subsequent time
evolution in the experiment, as shown in Figure S3. By
allowing additional hold time between beam ramp down and
expansion, we can count the total number of free and pinned
vortices for any hold time. For long-enough hold times where
the number of free vortices has dropped to much less than
one per image (on average), the observed vortices can be
attributed to superflow around the central barrier, particularly
if they appear clustered about the position of the barrier as
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Figure S3. Vortices observed in experimental data. Here, BECs are
held in the annular trap for 20 s prior to the central barrier ramp
down, trap release, expansion, and imaging. In (a) the expansion and
imaging procedure takes place immediately after the barrier ramp.
The dark region in the center of the BEC corresponds to multiple
units of circulation, and is not due to the presence of the barrier itself;
i.e., with no circulation about the barrier, a hole would not appear in
the BEC after ballistic expansion. In (b) and (c), BECs are held for
an additional 3 s in the trap before the expansion imaging procedure.
This additional hold time allows the vortices that comprise the region
of vorticity shown in (a) to dissociate and become experimentally
observable. (d)-(f) show similar images for th = 30 s.

shown in Fig. S3. We note that observations of such regular
structures of vortices, as shown, do not always occur after
beam ramp down, and the vortex distribution is often more
irregular. As stated in the main text, the mean number of
vortices experimentally observed at th = 23 s is 3.5. If instead
we remove the central barrier at the beginning of the hold
period, and let the system evolve in a purely harmonic trap
for 23 s, the mean numbers of vortices observed becomes
1.2. The fluid circulation is thus maintained at significantly
higher levels in the annular trap, supporting a description of
this state as a persistent current.

Vortex clusters and dynamics. In Fig. 4 of the main text
we show images from our simulations that contain evidence
for vortex clusters that occur immediately before and after the
completion of the stir in the annular trap. As a supplement
to Fig. 4, Fig. S4 shows the corresponding phase plots. In
these images, we make use of the vortex clustering algorithm
described in Ref. [16]. The algorithm consists of two steps:
(i) identifying all cases where vortices that are mutual near-
est neighbors have opposite circulation, labeling these pairs
as vortex dipoles, then removing them from further influence
in later steps of the algorithm; (ii) identifying cases were vor-
tices of the same circulation are closer to each other than to
any opposite-circulation vortices; these vortices are grouped
together in a cluster. These steps are repeated until no further
correlations are possible. This algorithm for identifying clus-
ters was specifically developed for homogeneous BEC sys-
tems, where healing lengths and hence vortex dimensions are
uniform throughout the system. In this case, identification of
vortices is not dependent on density, and the roles of bound-
ary conditions do not influence vortex dynamics and vortex

correlations. These issues can potentially cause difficulties
in identifying clustering in trapped and multiply connected
systems, but modifications to the algorithm for our annular,
trapped BEC are beyond the scope of this work. Neverthe-
less we apply the algorithm to our data as a rough estimate of
the degree of clustering that appears in our data. In doing so,
we neglect vortices at the edges of the BEC or pinned to the
central barrier that are not apparent in density plots.

Alternatively, we may examine the distribution of vortex
clusters in the gas after the ramp down of the stirring poten-
tial to determine whether such clusters might also occur in the
experimental system subsequent to beam ramp down, and to
investigate the statistical robustness of vortex clusters in a dif-
ferent trap geometry after injection of the pinned vortices into
the fluid. Clusters do indeed appear in such numerical data, as
Fig. S5 shows. Here, the clustering algorithm is again applied,
and two clusters with 5 vortices each are seen in the left-most
plot, along with one 3-vortex cluster and two 2-vortex clus-
ters. For these data, the fraction of vortices involved in same-
circulation clusters is 0.73, 0.82, and 0.71 for times of 0, 100
ms, and 200 ms (respectively) after the end of the beam ramp-
down. The mean circulation charge of the visible clusters is 4,
2.8, and 3.75, respectively. These statistics suggest that vor-
tex pairing and clustering occur not by chance in a random
distribution, but rather as signatures of developed 2DQT in
the BEC.

We emphasize that vortex cluster measures are statistical,
and are most meaningful when examined over time or under
various realizations of a turbulent system. A cluster is not a
dynamically stable unit, and can exchange vortices with the
remaining vortex distribution, as well as lose or gain vortices.
This makes cluster identification challenging to apply by
visual inspection for all but the most tightly bound clusters or
vortex pairs, and necessitates the use of a more quantitative
analysis as is applied here.

Spherical trap simulations. For the numerical simula-
tions investigating stirring in a spherical potential, the geo-
metric mean trapping frequency and chemical potential were
preserved, and the toroidal barrier width was chosen to pre-
serve the hole width relative to the transverse Thomas-Fermi
radius. The peak density is preserved by this rescaling, so that
we also use the same stirring velocity.
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Figure S4. Phase plots corresponding to the density data of Fig. 4, main text. These plots are extracted from the right-hand panels of Movie S1
at the same times as the data of Fig. 4. As in the right-hand movie panel, quantum phase from −π to π is represented by grayscale from black
to white. In these images, small red circles indicate vortices with circulation in the same sense as the stirring, while small blue crossmarks
indicate vortices with opposite circulation. Only vortices that are clearly distinguishable in the density distributions are indicated. See caption
of Fig. 4 for additional description of figure elements.
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E.2. Splitting bright matter-wave solitons on narrow potential barriers: Quantum to classical
transition and applications to interferometry

E.2 Splitting bright matter-wave solitons on narrow poten-
tial barriers: Quantum to classical transition and appli-
cations to interferometry

In this paper, published as Ref. [187], the splitting and recombination of bright solitons was the-
oretically studied. In a collaboration with Simon Gardiner, I performed truncated-Wigner GPE
simulations of the splitting of bright solitons on a potential barrier. I performed simulations
where the initial Wigner function was sampled using both single-particle modes, and Bogoli-
ubov modes of the bright soliton. We found that this approach did not provide a good model
of the quantum state of the soliton. While these numerical results are not reported here, they
motivated the approach taken in this paper, namely that the quantum uncertainty of the solitonic
state were modelled by sampling the center-of-mass position and momentum fluctuations.
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We study bright solitons in the Gross-Pitaevskii equation as they are split and recombined in a low-energy
system. We present analytic results determining the general region in which a soliton may not be split on a
potential barrier and confirm these results numerically. Furthermore, we analyze the energetic regimes where
quantum fluctuations in the initial center-of-mass position and momentum become influential on the outcome
of soliton splitting and recombination events. We then use the results of this analysis to determine a parameter
regime where soliton interferometry is practicable.
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I. INTRODUCTION

Atomic Bose-Einstein condensates (BECs) with attractive
interatomic interactions are capable of supporting solitonlike
dynamical excitations referred to as bright solitary matter
waves [1–5]. These excitations are solitonlike in the sense that
they propagate without dispersion [6], are robust to collisions
with both other bright solitary matter waves and slowly
varying external potentials [7,8], and have center-of-mass
trajectories which are well described by effective particle
models [9–11]. They derive these solitonlike properties from
their analogousness to the bright soliton solutions of the
focusing nonlinear Schrödinger equation (NLSE) [12–16], to
which the mean-field description of an atomic BEC reduces
in an effectively unconfined, quasi-one-dimensional (quasi-
1D) limit. Although the quasi-1D limit is experimentally
challenging for attractive condensates [17], bright solitary
matter-wave dynamics remain highly solitonlike outside this
limit [3,8]. Consequently, bright solitary matter waves present
an intriguing candidate system for future interferometric
devices [2,8,18–25].

The collision of a bright solitary wave with a narrow poten-
tial barrier is a good candidate for a mechanism for the creation
of coherent localized condensates, much as a beam splitter
coherently splits a light beam in an optical interferometer. This
mechanism has been investigated extensively in the quasi-1D,
mean-field description of an atomic BEC [18,26–35], and
sufficiently fast collisions with potential barriers have been
shown to lead to the desired beam-splitting effect [30,31].
Similarly, the dynamics of solitons has been studied in
nonlinear optics in an inhomogeneous array of discrete wave
guides. In this system the inhomogeneity facilitates reflection,
splitting, or capture of the soliton [36–38]. This is equivalent,
in the continuum limit of an infinite number of wave guides,
to splitting a soliton in the Gross-Pitaevskii equation (GPE) at
a δ-function potential barrier [36]. In the optics community
this phenomenon has been called the “optical axe” [16].
Incomplete or bound-state splitting has been considered in the
context of soliton molecule formation [22], within a mean-field
description, and also in the context of many-body quantum
mechanical descriptions: In the latter it has been demonstrated
that macroscopic quantum superpositions of solitary waves

could be created, offering intriguing possibilities for future
atom interferometry experiments [20,21].

A related work [23] considered an interferometer using
a narrow potential barrier as a beam splitter for harmonically
trapped solitary waves, based on the particular configuration of
a recent experiment [39]. In particular, this work demonstrated
that such a potential barrier can also be used to recombine
solitary waves, by arranging for them to collide at the location
of the barrier. The dynamics of these collisions were further
explained in Ref. [18]. In such collisions, the relative norms
of the two outgoing solitary waves was shown to be governed
by the phase difference � between the incoming ones. In
the mean-field description the relative norms of the outgoing
waves exhibit enhanced sensitivity to small variations in the
phase �; however, a simulation of the same system including
quantum noise via the truncated Wigner method [40] showed
increased number fluctuations that ultimately negated this
enhancement [23].

In the current work, our first result will be to carefully
explore the spectrum of splitting behaviors which these
systems can exhibit. It has been established that quantum
superpositions, in the form of “NOON states” or “Schrödinger
cat states,” can be created when the energy associated with
the splitting event is particularly low [20,41]. Here we wish to
determine the location of the boundary between this quantum
behavior and more classical behavior, which will determine
where interferometry is a more practical goal. We will also
present a rigorous determination of the phase shift accrued be-
tween the resulting solitons after a splitting event, based on the
work presented in Ref. [30]. Our second major result will be to
more thoroughly outline two different geometries which might
be employed for soliton interferometry and again delineate en-
ergetic regimes where these implementations are practicable.

The current publication is presented as follows. In Sec. II we
formally introduce the 3D mean-field Hamiltonian of the sys-
tem, the reduced 1D Hamiltonian, and the associated dynamic
equation (the GPE). In Sec. III we outline the energetic regimes
of soliton splitting in the GPE, presenting analytic results in
Sec. III B and comparing these results to numerical simulations
in Sec. III C. We then establish the quantum uncertainties
associated with the harmonically trapped system (Sec. III E).
These uncertainties are used to determine a sensitivity measure
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of the equal splitting case (Sec. III F 2) and the distributions
of the transmission after the addition of quantum fluctuations
(Sec. III F 3). The last part of this section, Sec. III G, presents
a derivation of the split-induced phase shift. The final
results section (Sec. IV) outlines how these results might
be implemented to perform Mach-Zehnder interferometry in
a torus (Sec. IV B) and Mach-Zehnder interferometry in a
harmonic trap (Sec. IV C). In these sections we delimit regimes
where these forms of interferometry are experimentally viable
in terms of the collisional energy of the system. We also
outline the effects of quantum uncertainty on the harmonically
trapped interferometry case (Secs. IV C 3 and IV C 4).

II. PHYSICAL SYSTEM

We begin with the 3D N -particle mean-field energy
Hamiltonian H[ψ] for a Bose field, defined as [42]

H[�] =
∫

dr
[

�2

2m
|∇�(r)|2 + Vext(r)|�(r)|2

− 2πN |as |�2

m
|�(r)|4

]
. (1)

Here N , m, and as are the atom number, mass, and s-wave
scattering length, respectively. A δ function contact potential
is assumed. For attractive interatomic interactions as < 0. The
wave function, �, is normalized to 1. The potential Vext(r)
is composed of both the trapping potentials and any external
potentials used to construct narrow barriers used for splitting
the soliton. We model this potential as

Vext(r) = EB e−2x2/x2
r + m

2

[
ω2

Tx2 + ωr (y2 + z2)
]
. (2)

The first term describes the narrow splitting barrier and can be
generated by an off-resonant Gaussian light sheet [4] perpen-
dicular to the x direction with 1/e2 radius xr in the x direction,
with peak beam strength EB. The second term denotes a
standard magnetic harmonic confinement which we take to
be a cylindrically symmetric wave guide; such a configuration
is approximately achieved in an atomic wave-guide trap.

By increasing the radial trapping we can reach a quasi-1D
regime, as defined in detail in Ref. [17], where the radial
trapping is tight but remains 3D [as � (�/mωr )1/2]. In this
regime we can separate the radial and axial dynamics with the
ansatz �(r) = �1D(x)(mωr/π�)1/2exp(−mωr [y2 + z2]/2�).
After factoring out global phases associated with the radial
harmonic ground-state energies, this yields both the quasi-1D
classical field Hamiltonian [42],

H1D[�1D] =
∫

dx

[
�2

2m

∣∣∣∣ ∂

∂x
�1D(x)

∣∣∣∣
2

+ Vext(x)|�1D(x)|2

− gN

2
|�1D(x)|4

]
, (3)

and its associated quasi-1D GPE [42],

i�
∂�1D(x)

∂t
=

[
− �2

2m

∂2

∂x2
+ Vext(x)

− gN |�1D(x)|2
]
�1D(x). (4)

The nonlinearity is quantified by g = 2�ωr |as |. If we take
Vext = 0 then this equation reduces to the NLSE. We also
consider a toroidal ring trap [43–45] by setting ωT = 0 and
introducing periodicity in x.

Working in soliton units—position units of �2/mgN ,
time units of �3/mg2N2, and energy units of mg2N2/�2

[17]—yields the dimensionless, quasi-1D GPE1

i
∂ψ(x)

∂t
=

[
−1

2

∂2

∂x2
+ q

σb

√
2π

e−x2/2σ 2

+ ω2
xx

2

2
− |ψ(x)|2

]
ψ(x), (5)

where the dimensionless wave function is ψ = ��1D/
√

mgN ,
the barrier width is characterized by σb (the dimensionless
form of half the 1/e2 radius), and the barrier strength is
given by

q =
√

π

2

EBxr

gN
. (6)

III. SOLITON SPLITTING

A. Overview

In this section we probe the transition from low- to high-
energy soliton splitting. We quantify the energy by the velocity
of the soliton at the point of collision with the barrier, denoted
as v for an untrapped system, where the velocity is brought
about by an imprinted phase on the initial condition, or v0 for
the axially trapped system, where the velocity is a result of the
axial trapping ωx being greater than zero and an initial offset
x0 in the initial condition. This offset separates the soliton from
the point where the soliton is split by the barrier at x = 0.

We take v,v0 � 1.0 to be the high-energy regime and
v,v0 � 0.25 to be the low-energy regime [41]. As such, the
transitional energy regime lies within the 0.25 � v,v0 � 1
velocity range. We justify the lower bound of this regime
by considering classical descriptions of the kinetic and
ground-state energies of the system. We also show that
these arguments describe a process which is analogous to
the quantum mechanical transition from product state wave
functions (where, after scattering the transmitted or reflected
portions of the wave function can range continuously between
zero and full transmission or reflection) to bimodal systems
(where the soliton is either reflected by or transmitted through
the barrier, but never split).2

B. Analysis of classical soliton splitting

We explain the transition between high- and low-energy
dynamics by comparing the incoming collisional kinetic

1It should be noted that in the very low N limit this rescaling takes
a slightly different form, with N replaced by N − 1. This rescaling
is used in Ref. [46].

2It should be noted that even in the high-energy regime we cannot
make a soliton of arbitrary size by simply scattering a larger soliton
off a barrier. The scattered portion of the wave function may be too
small to form a soliton and must be considered radiation [30].
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energy EK and the energy required to split the soliton ES. First,
rescaling the quasi-1D Hamiltonian [Eq. (3)] into soliton units
with ωT = 0 gives

H1D[ψ] =
∫

dx

[
1

2

∣∣∣∣ ∂

∂x
ψ(x)

∣∣∣∣
2

− 1

2
|ψ(x)|4

]
. (7)

We then substitute the 1D soliton solution,

ψ0 = 1

2
sech

(
x − x0

2

)
eivx, (8)

into our Hamiltonian, with v = 0, and obtain both the per-
particle soliton ground-state energy (H1D[ψ0] = −1/24) and
N -particle soliton ground-state energy [EG(N ) = −N/24].
We then consider an n-particle soliton which is spatially well
separated from the rest of the condensate and any potentials.
Failure to satisfy this separation assumption may result in
a bound state, and further contributions to the ground-state
energy will arise. The effects of such bound states is discussed
later. Assuming that the whole condensate contains a total
of N particles, we see that the spatially separated soliton’s
contribution to the total energy is

EG(n) = − n

24

(
n

N

)2

. (9)

We reach this conclusion by rescaling the n-particle soliton
ground-state energy EG(n) into N -particle soliton units. This
is equivalent to multiplying by (n/N )2. By constructing the
energy difference ES, we can easily see that the energy required
to split the soliton is

ES = EG(N − n) + EG(n) − EG(N )

= 3|EG(N )|
(

1 − n

N

)
n

N
. (10)

We can now recast this result in terms of the transmission, T+:

T+ =
∫ ∞

0
|ψ |2dx = n

N
, (11)

yielding

ES = 1
8T+(1 − T+)N. (12)

Next, we describe the classical particle energy of an N -particle
soliton moving at velocity v:

EK = v2N

2
. (13)

We can now see that, for splitting to occur, we must satisfy
EK > ES and so

|v| > 1
2

√
T+(1 − T+). (14)

This inequality describes the high-energy regime in that
parameters which do not satisfy it are only available in the
low-energy regime. If we consider the functional form of
our inequality we see that

√
T+ (1 − T+) is maximal for

T+ = 0.5, at which value we have |v| > 0.25. As such, the
first state to become inaccessible is the equal splitting case,
which cannot be accessed for |v| < 0.25. Equivalently, we

must satisfy EK/ES > 0.75 [Eq. (10)]. This is consistent with
results described in Ref. [41].

As noted above, splitting the soliton reduces the amount
of kinetic energy available to the solitons. In the high-energy
regime, this reduction is negligible and the solitons are capable
of becoming well separated from the barrier, and one another,
after the split occurs. At lower energies this is not always
the case. As less and less energy is available to the resulting
solitons, their outgoing velocities are notably reduced, and
eventually the solitons become trapped at the barrier. The
effect of the harmonic trap enhances this effect, as the
outgoing velocity determines the maximal separation which
the resulting solitons can achieve. This phenomenon is shown
in Fig. 1 and is discussed in the next section.

C. Numerical analysis of classical soliton splitting

We numerically verify these results by evolving the initial
condition described by Eq. (8) according to the dynamics of
Eq. (5). We perform two types of evolution. For the first type
we set ωx = 0 and perform integrations over a range of v

and q. These calculations allow us to consider the behavior
of the untrapped, true soliton to which the above analytic
results apply exactly. Figures 1(a)–1(c) show the results of
these simulations. For the second type of simulation we set the
initial velocity v = 0 and integrate over a range of ωx and q.
By keeping the initial offset constant at x0 = −L/4, where the
numerical algorithm has spatial domain −L/2 < x � L/2, we
are able to use ωx to select a collisional velocity v0 = ωxx0.
This allows us to more accurately describe the behavior we
would see in an experiment where the soliton is accelerated by
an axial harmonic trap. Figures 1(d)–1(f) show the results of
these equations.

For all simulations the barrier is situated at the trap
minimum (specifically x = 0) and we set the barrier width
to σb = 0.2. Barrier potentials of finite width and height have
some limitations in the extremely high velocity regime in that
if the peak energy of the barrier is not notably higher than the
kinetic energy of the soliton, then the soliton classically passes
over the barrier and no splitting occurs [18]. This restricts the
width of the barrier in a given energy regime by requiring that
the barrier be narrow enough to constitute a quickly varying
potential when compared to the incoming velocity of the
soliton. The energy regimes we consider in the current work
are compatible with a barrier width of σb � 0.2. A broader
discussion of the effect of finite width (for a Rosen-Morse,
i.e., sech2 potential barrier) is presented in Ref. [32].

Figure 1(a) displays a broad scan of the q,v parameter
space. At higher velocities (v > 0.25) we see that a continuous
range of transmissions is accessible. At lower velocities this
is not the case, and for v � 0.1 we see that we are effectively
left with only full transmission and full reflection as accessible
final states.

We have displayed two sets of curves of constant trans-
mission on Fig. 1(a): solid (red) and dashed (gray). The
solid (red) curves are isolines of constant transmission T+ =
0.1,0.2, . . . ,1.0 taken from the color map itself. At higher
values of v these curves are well separated, illustrating that we
can access the full range of transmissions by selecting q and
v accordingly. As v decreases these curves begin to converge.
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FIG. 1. (Color online) Numerical results of splitting a soliton traveling at velocity v (a)–(c) or v0 (d)–(f) at a Gaussian barrier of strength q

and width σ = 0.2. (a),(d) Color maps of transmission as a function of q and v or v0. The solid (red) curves are isolines of constant transmission
T+ obtained from the numerics, while the dashed (gray) curves are theoretical predictions of transmission T s

q in the linear case over the same
range. (b),(e) Curves of transmission as a function of collisional velocity v or v0 for various barrier strengths q. The shaded (red) region shows
energetically disallowed splitting events. (c),(f) Curves of transmission as a function of barrier strength q for various values of v or v0. The
labeled (red) curve, for which v,v0 = 0.25 indicates the classical, untrapped lower-energy bound on the region where a continuous range of
transmission is accessible.

The convergence of isocurves signifies that the splitting state
associated with the curves has become disallowed.

We derived the second set of curves in Fig. 1, the dashed
(gray) curves, from analysis presented in Ref. [30]. The
analysis states that for a δ-function barrier in the regime where
both the mean-field interpretation is valid and the velocity is
high the transmission is given by

T s
q (v) = lim

t→∞

∫ ∞

0
|ψ(x,t)|2dx

= |tq(v)|2 = v2

v2 + q2
= 1

1 + α2
. (15)

This analysis illustrates that in the high-energy regime the
transmission is determined solely by the ratio α = q/v, and
we predict the dashed (gray) curves of constant transmission
which take the form

v =
(

T s
q

1 − T s
q

)1/2

q. (16)

Here we have adopted Holmer’s T s
q notation to denote the

limiting case of a high-energy mean-field soliton colliding
with a δ-function barrier. In Fig. 1 we display the curves for
T s

q = 0.1,0.2, . . . ,1.0. It should be noted that these curves are
also the transmission rates of plane waves though a δ-function
barrier in the linear Schrödinger equation, where the energy is
expressed in terms of the velocity instead of the wave number.

Comparing the two sets of curves, we see that the system
does, indeed, retrieve a more linear behavior in the high-
energy regime where the effect of kinetic energy is greater
than that of the nonlinear energy. While the curves do not
quantitatively align in the range displayed, they at least share
a qualitative agreement. At lower energies, where we see
bunching or convergence of the red isocurves which illustrates
disallowed states, the transmission behavior departs from
being comparable to the linear system and becomes truly
nonlinear.

In Fig. 1(b) we display curves of transmission as a function
of velocity for a range of values of q. The shaded (red)
region is the region of T+,v combinations disallowed under
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inequality Eq. (14). In the high-kinetic-energy regime, these
curves increase monotonically, but at low kinetic energies this
ceases to be true [32–34,41]. We see that here (in the absence
of an axial harmonic trap) the disallowed region is quite strict,
with no substantial violation of Eq. (14). Indeed, Eq. (14) is
generally found to be more strict than the numerical result, as
seen by the empty gaps between the disallowed region and the
transmission curves.

In Fig. 1(c), the last part that pertains to the axially
untrapped case, we display curves of transmission as a function
of barrier strength for a range of initial (and thus collisional)
velocities. The labeled (red) curve, for which v = 0.25, shows
the bound below which there is never enough kinetic energy to
access all splitting events. We see that all curves T+(q; v) are
discontinuous for v � 0.25, although the discontinuous region
is narrower for higher v and is instantaneous for the v = 0.25
case.

Figures 1(d)–1(f) are the harmonically trapped counterparts
of the figures described above, as we described at the beginning
of this section. The behavior is broadly the same; however,
there are some specific qualitative and quantitative differences.

In terms of qualitative differences, we see in Figs. 1(e)
and 1(f) that there exists a class of solution which appears
to access disallowed outcomes, shown by points lying within
the shaded (red) region of the plot. Upon closer inspection
we determined these outcomes to be bound-state solutions
[32]. The energetic arguments leading to Eq. (14) suppose
that the solitons are, after splitting, well separated. If this is
not the case, then we can access a bound-state solution. In
this event, the kinetic-energy shortfall (the deficit of energy
required to fully split the soliton) is made up for by the bound-
state interaction energy which is gained from the overlap, and
attraction, between the resulting solitons. This effect can be
greatly enhanced in the harmonically trapped system, where an
insufficient kinetic energy after splitting means that the solitons
cannot fully separate in the trap, necessitating a bound state.

Quantitatively, we see that the value of v0 (the velocity of
the soliton at the bottom of the trap in the absence of a splitting
potential, which we take to be the collisional velocity) must
be slightly higher than its untrapped counterpart v in order
to access a continuous range of splitting outcomes. This is
because the soliton begins to interact with the barrier slightly
before it reaches the bottom of the trap at x = 0, and so the
collisional velocity is, in fact, slightly lower than v0. This is
shown by the gap between the transmission curves and the
disallowed region being wider in Fig. 1(e) than in Fig. 1(b)
and the labeled (red) transmission curve in Fig. 1(f) having a
substantially wider discontinuous region than its counterpart
in Fig. 1(c), where the GPE limit of N → ∞ is taken.

D. Classical indicators of the transition to the quantum regime

The behavior we observe here, which describes an energy
bound below which the possibility for splitting to occur is
progressively curtailed, mirrors behavior which leads to the
generation of entangled states [47] in the purely quantum
mechanical treatment. Indeed, it has been shown that en-
tangled states in the fully quantum mechanical imply the
discontinuities we see here [41]. There is also evidence for
the reverse implication [47], and so it is conceivable that

these behaviors are equivalent to the extent that transmission
discontinuities in the mean-field treatment delimit the regime
where mesoscopic Bell states would exist in the fully quantum
mechanical treatment, despite these states not being present in
the GPE formalism.

E. Analysis of the effect of quantum uncertainty

We now address this high- to low-energy transitional
regime by considering how quantum uncertainty impacts the
dynamics of the system. The transmission through the barrier
is determined by the velocity of the soliton at the point of
collision. In the harmonically trapped system, fluctuations in
the initial center-of-mass (c.m.) position and momentum will
affect this velocity and so affect the transmission. We consider
these uncertainties in the harmonically trapped system only,
which presents a better defined situation than the untrapped,
periodic regime when considering quantum fluctuations of
the c.m. In order to delimit a regime where the position and
momentum uncertainty of the soliton affects the outcome of a
splitting event, we must develop a formalism which allows us
to introduce this uncertainty into our system.

First we consider a full many-body treatment of our 1D
N -particle system. We can write the first quantized form of
the Hamiltonian as [48]

Ĥ (�x) =
N∑

k=1

(
− �2

2m

∂2

∂x2
k

+ mω2
Tx2

k

2

)
− g

N∑
k=2

k−1∑
j=1

δ(xk − xj ).

(17)

In this notation, �x denotes the vector of the positions of all N

particles, {x1,x2, . . . ,xN }, and all quantities are expressed in
their fully dimensional form.

Moving to Jacobi coordinates we can show that the c.m.
dynamics and the internal degrees of freedom separate [46] by
expressing the Hamiltonian as H = HC + HR, where

HC(xC) = − �2

2Nm

∂2

∂x2
C

+ Nmω2
Tx2

C

2
(18)

is simply the single-particle Hamiltonian for a particle of mass
Nm at position xC: the c.m. coordinate. HR describes the
residual internal dynamics.

The dimensional wave function for the c.m., ψC, is then
given by

ψC(xC) =
(

1

s̃x

√
2π

)1/2

exp

(
− x2

C

4s̃2
x

)
, (19)

which is simply the 1D wave function of a single particle
of mass mN in an axial harmonic trap of frequency ωT

normalized to 1. We can interpret |ψC|2 as the probability
density function for the normally distributed random variable
xC such that the expected value is 〈xC〉 = 0 and the variance
(or the position uncertainty of our soliton) is given by
〈x2

C〉 = s̃x
2 = 2mNωT/�.

For our purposes, it is better to consider velocity uncertainty
than it is to consider momentum uncertainty. Regardless, we
must express our c.m. wave function in momentum space
to obtain the momentum/velocity uncertainty. We now use
standard result for the Fourier transform of a Gaussian, giving
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us the Fourier space wave function

φC(kC) =
(

1

s̃k

√
2π

)1/2

exp

(
− k2

C

4s̃2
k

)
, (20)

where the wave-number variance is 〈k2
C〉 = s̃2

k = 1/4s̃2
x =

mNωT/2�. We can now determine the momentum uncertainty
(�sk) and so the velocity uncertainty s̃v = (�/mN )s̃k .

Rescaling the position and velocity uncertainties into
dimensionless quantities, we now have

sx = (1/2Nωx)1/2, sv = (ωx/2N )1/2. (21)

These uncertainties are consistent with the GPE formalism
in that as N → ∞ they both disappear. In this limit, the full
wave function ψ gives the actual density profile, rather than
a probability density function. As such, the c.m. and velocity
distribution can be exactly determined.

We now consider this system with an initial condition
described by a ground-state soliton at position x0. If we
consider a single observation of the quantum system, we
see that the soliton’s initial position and velocity are given
by x0 + xf and vf , where xf and vf denote the quantum
fluctuations and are, therefore, normally distributed random
variables with mean 0 and standard deviations sx and sv ,
respectively. By classically evolving these initial conditions
[according to Eq. (5)] we can apply previous results to state that
the final transmission will depend on the fluctuating collisional
velocity vb, where vb = [ω2

x (x0 + xf)2 + v2
f ]1/2.

By rewriting this velocity as vb = [ω2
f + v2

f ]1/2, where
ωf = ωx(x0 + xf), we can see that vb is essentially the length
of a vector composed of two normally distributed random
variables: ωf ∼ N (ωxx0,s

2
v ) and vf ∼ N (0,s2

v ). Note that both
variables are Gaussian and have the same variance. As such,
we can treat the collisional velocity vb as a Rician distributed
random variable vb ∼ R(ωxx0,sv), and so is described (in
terms of the Laguerre polynomials of order 1/2, L1/2) by
mean and variance μvb ,σvb defined as

μvb = E[vb] = sv

√
π

2
L1/2

[−(ωxx0)2

2s2
v

]
, (22)

σ 2
vb

= Var[vb] = 2s2
v + (ωxx0)2 − μ2

vb
. (23)

F. Numerical analysis of the effects of quantum uncertainties

1. Overview of the method

We now wish to characterize the effect of c.m. and collision
velocity uncertainties on the soliton’s transmission through the
barrier after being accelerated by the harmonic trap (T+). To
determine the effect of these quantum fluctuations we perform
a Monte Carlo analysis, where we numerically evolve the GPE
[Eq. (5)] with fluctuations in the initial c.m. position and
momentum. This procedure uses the c.m. truncated Wigner
approximation (TWA), as used in Ref. [47], to describe the
behavior of mesoscopic quantum superpositions. The c.m.
TWA was shown to agree well with the effective potential
approach of Ref. [20], demonstrating the validity of this
method for describing quantum fluctuations in bright soliton
systems. Note the related work investigating bright solitons
using the TWA in Refs. [23,49].

To characterize the effects of quantum fluctuations, we
performed numerical calculations of soliton splitting for
varying particle numbers and trap frequencies. We perform
these calculations over the same range of velocities as that
explored in Sec. III C, allowing for comparisons over the same
energetic regime.

Given that this is the velocity range of interest we must
select a range of values for the particle number N such that the
relevant uncertainties [Eq. (21)] generate fluctuations which
are significant relative to the grid spacing in the numerical
algorithm. With 4096 spatial grid points over a −20π < x <

20π domain we have a grid spacing �x ≈ 0.031. If we now
require that sx/�x > 10 (giving 20 grid points within one
standard deviation of the spatial mean), we are limited to
N � 166. We will distribute N logarithmically over this range
(taking powers of 2) and so we consider N = 16,32,64,128.

It should be noted that this limit on N was determined
with v0 = 1, and so in general there are significantly more
than 20 grid points within one standard deviation of the mean.
For example, with N = 16 and v0 = 0.1 there are more than
200 grid points within one standard deviation of the mean.

In both sections, for each value of v0 a value of the barrier
strength q was selected such that the soliton would be split
equally in the absence of quantum fluctuations on the initial
condition. The barrier’s width was σb = 0.2 for all runs.

2. Transmission sensitivity to quantum fluctuations

We first characterize the sensitivity of the equal splitting
case to extreme quantum fluctuations over a continuous range
of v0. For v0 in the range 0 < v0 � 1 the barrier strength
q was found such that T+(v0) = 1/2. The simulation was
then run twice more, replacing the initial position x0 with
x± = (μvb ± 3σvb )/ωx [Figs. 2(a) and 2(b)]. This selection
achieves collisional velocities at the barrier of μvb ± 3σvb .
The transmissions associated with these initial conditions
[T+(μvb ± 3σvb )] illustrate the effects of extreme quantum
fluctuations. These velocities represent extreme cases of
quantum uncertainties adding (removing) energy from the
system, and so the +(−) case corresponds to extreme positive
(negative) energy quantum fluctuations in the system and will
be referred to as such hereafter.

We have also constructed the number fluctuation measure,

T6σvb
= ∣∣T+

(
μvb + 3σvb

) − T+
(
μvb − 3σvb

)∣∣. (24)

This measure takes values between 0 and 1, with 0 indicating
absolute insensitivity to fluctuation and 1 indicating a complete
population shift resulting from extreme fluctuations in the
initial c.m. position and momentum.

Figure 2(a) shows that T+(μvb + 3σvb ) behaves as we
might expect. As the collisional kinetic energy of the system
decreases (shown by decreasing v0), we see that extreme
fluctuations in the initial c.m. position and momentum cause
a deviation from from equal splitting. At first, when v0 is
relatively high (v0 � 0.5), the deviation of T+ from 0.5 is
weakly dependent on v0. Then, as v0 approaches 0.25 the effect
of disallowed states becomes dominant. In this regime we
see that extreme positive-energy quantum fluctuations rapidly
enhance transmission.
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FIG. 2. (Color online) Results of numerical integrations of the
GPE illustrating the sensitivity of equal splitting to extreme quantum
fluctuation for various particle numbers. The transmissions after
extreme positive (negative) energy quantum fluctuations are displayed
in panel (a) [panel (b)]. The number fluctuation measure T6σvb

[Eq. (24)] is plotted in (c). For all plots we show N = 16 (+),
32 (×), 64 (�), and 128 (•).

The effects of extreme negative-energy quantum fluc-
tuations, quantified by T+(μvb − 3σvb ), are slightly more
complicated. The careful selection of q makes the bound states
(as described in Sec. III B and observed in Sec. III C) a notable
factor. This can be seen by the more complex structure of
the data displayed in Fig. 2(b). At the high-energy end of
the velocity range we see the same weak deviation of T+
from 0.5 as that described above for extreme positive-energy
fluctuations. However, where we might expect disallowed
states to enhance reflection (namely v � 0.25), we see a revival
in the transmission. This is a result of a bound state confining
the wave function to the region around the barrier at the bottom
of the trap, resulting in a T+ failing to tend to 0. This effect is
consistent with the reduced kinetic energy being insufficient
to split the soliton in the low-velocity regime.

Finally, in Fig. 2(c) we see that T6σvb
does generally increase

as v0 decreases, showing that number fluctuations become very
important at low kinetic energies as a result of energetically
disallowed states enhancing transmission and/or reflection.
However, as a result of the previously discussed impact of
bound states, T6σvb

does not vary smoothly between 0 and 1.
This effect could be treated as an artifact and removed by only
taking the post splitting positive domain integral (T+) far from
the barrier, thus excluding bound states. This would give a
continuous, smooth range between 0 and 1 but would obscure
the effect of bound states.

3. Monte Carlo analysis of transmission
with quantum fluctuations

In order to characterize the distribution of the transmission
T+ after factoring in quantum uncertainty in the initial con-
dition we performed a selection of Monte Carlo simulations.
These simulations allow us to develop a broader qualitative
understanding of the effects of quantum uncertainty. Here we
have selected the same values of the particle number N as
used previously and consider velocities v0 = 0.3,0.5,0.7,0.9.
We present the results of 1000 Monte Carlo simulations for
each v0,N pair.

Figure 3 displays the different distributions of the trans-
mission T+ which arise from varying the energetic regime
and particle number. In the bottom row we see that for high
v0 the distribution is a narrow Gaussian for all displayed N .
Reducing v0 for a given N (reading up the column) causes the
standard deviations of the Gaussians to broaden. For v0 = 0.3
(the top row of Fig. 3) a bimodal distribution appears, again
illustrating that the equal splitting case is less easily accessed.
This behavior is evident for all N . Reading across the rows
(varying N while keeping v0 constant) shows that increasing
N simply reduces the width of the transmission distribution.
This illustrates that the N dependence is secondary to the
v0 dependence in the range explored here. This is evident in
that there is still significant broadening of the transmission
distribution at low v0 even for the highest values of N . We
might expect this to be the case, given that the range of N

explored here is, in experimental terms, very low.
We can see the functional dependence of transmission on

vb [T+(vb)] in Fig. 4. We see that in the higher energetic
regime (v0 > 0.5) the transmission has a weak approximately
linear dependence on the velocity. The relatively small gradient
of this dependence indicates that the transmission is less
sensitive to the fluctuations. For the v0 = 0.3 data we see that
the dependence becomes very sensitive to small fluctuations
around vb = 0.3, the equal splitting case. This confirms that
proximity to the energetically disallowed state can cause
large variations in transmission when quantum fluctuations
are considered. Increasing N has the effect of narrowing the
distributions of the fluctuations, and so these fluctuations can
affect the transmission less dramatically, even when close to
the energetically disallowed state. It should be noted that the
points in Fig. 4 lie along curves with structure analogous to
those depicted in Fig. 1(e).

We can quantify the relationship between the initial
quantum uncertainties (via σvb ) and the resulting transmission
uncertainty σT+ by making a maximum likelihood estimate s̄T+
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FIG. 3. (Color online) Distributions of the transmission T+ obtained from Monte Carlo simulations. Here we show results for a range of
trap frequencies and particle numbers, giving a range of uncertainties in the initial c.m. position and momentum. In the range explored, we
see that the effects of varying the trap frequency (and so kinetic energy) dominate the dynamics, with narrow Gaussians at high energy, but a
bimodal structure arising at low energy when energetically disallowed states arise.

based on our data. We assume that the data follows a truncated
Gaussian distribution on the interval [0,1]. The results of
these estimates are shown in Fig. 5. We see that s̄T+ has
approximately linear correlations with σvb . This correlation
becomes stronger, illustrated by the increased gradient of the
linear fit, as we reduce v0. The gray shaded areas indicate a
95% confidence interval for the least-squares linear regression.
The confidence interval associated with v0 = 0.3 is widest,
indicating a less linear relation between σvb and s̄T+ in the
low-energy regime.

G. Split-induced phase shift

In order to construct an analysis of soliton interferometry
there is another aspect of soliton splitting which we must
address. The act of splitting the soliton (which gives us two
coherent matter waves to interfere) causes a phase difference
to arise between the solitons. This is similar to the case of
classical optics. A classical analysis of electromagnetic fields
at interfaces between media, yielding the Fresnel equations
[50], shows us that when light passes into a medium with a
higher refractive index the reflected part is phase shifted by π

with respect to the transmitted part. This effect is particularly
relevant in the case of optical interferometers where a beam of
light is split by a beam splitter. In the case of soliton splitting
the principle is similar, and the barrier (here acting as our
beam splitter) imparts a phase difference between the two

residual solitons. In contrast to the optical case, the transmitted
soliton is π/2 phase shifted with respect to the reflected soliton.
In other words, the phase difference has half the magnitude
and opposite sign. This difference between the two cases is
understandable because the two are very different physical
systems and so are governed by very different sets of equations.
The systems are analogous but, of course, not identical. We
now present a derivation of this phase shift.

It has been rigorously analytically shown [30] that, in the
high-kinetic-energy limit (high soliton velocity v) of the 1D
untrapped system, when a soliton is split at a δ-function barrier
the phases imparted to the solitons by the split are

ϑT = [
1 − A2

T

] ∣∣∣∣ x0

2v

∣∣∣∣ + arg[tq(v)] + ϑ0(|tq(+v)|),

ϑR = [
1 − A2

R

] ∣∣∣∣ x0

2v

∣∣∣∣ + arg[rq(v)] + ϑ0(|rq(−v)|),
(25)

where ϑR,T are the reflected, transmitted soliton phases
and AR,T are the reflected, transmitted soliton amplitudes.
Quantities rq(v) and tq(v) are the transmission and reflection
rates of a δ function in the linear regime, given by

tq(v) = iv

iv − q
and rq(v) = q

iv − q
. (26)

If the barrier strength and initial velocity (q and v) are selected
to be equal (q = v), such that |rq(v)| = |tq(v)| and (as a result)
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FIG. 4. (Color online) Results of Monte Carlo simulations. Here
we show the dependence of transmission on T+ on the collision
velocity (vb) after quantum position and momentum fluctuations
have been added to a base collision velocity (v0). For each v0 the
barrier strength was set to ensure equal splitting in the limit of zero
fluctuations. We see that in the low-energy regimes the transmission
can be very sensitive to quantum fluctuations.
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FIG. 5. (Color online) Results of Monte Carlo simulations.
Shown here are the standard deviations associated with the final
transmission distributions depicted in Fig. 3. We see a weak linear
dependence on the sample velocity uncertainty s̄vb for high v0, which
becomes stronger, but less linear, as we reduce the energy. This can
be seen by the widening (shaded) 95% confidence intervals of the
linear fits.
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FIG. 6. (Color online) (a) Diagram of a Mach-Zehnder interfer-
ometer utilizing a periodic confinement with two antipodal barriers.
An example of the time evolution of the density for this configuration
is displayed in (c). (b) Diagram of a Mach-Zehnder interferometer
utilizing harmonic confinement and a single splitting barrier. Again,
an example of the time evolution for such a configuration is displayed
in (d).

AR = AT then the soliton is split equally into two secondary
solitons of equal amplitude. This is desirable because later we
will wish to collide the resulting solitons at a barrier, and if
these solitons are of similar size then the interference between
them is more pronounced. It is also true that a size difference
causes secondary nonlinear phase shifts to arise during the
collision, which is undesirable.

Making this selection, such that the soliton is equally split,
and substituting appropriate values of q, v, AR,T , |rq(v)|, and
|tq(v)| into Eq. (25), we see that the relative phase between the
solitons reduces to

ϑT − ϑR = arg[tq(v)] − arg[rq(v)] = π/2. (27)

A broader discussion of the effect of a finite-width barrier on
the phase shift accumulated during splitting is, again, available
in Ref. [32]. We use the π/2 figure as an estimate of the phase
difference accumulated by splitting on a Gaussian barrier, as
justified in Ref. [18], for the rest of the current work.

IV. SOLITON INTERFEROMETRY

A. Analysis of soliton interferometry

We can use the above results regarding soliton interactions
at narrow barriers to analyze and construct a soliton interfer-
ometer. Soliton interferometry is a three step process.

First we split a ground-state soliton into two lesser
solitons of equal size at a narrow potential barrier [Figs. 6(a)
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and 6(b) (i)]. In the case of a δ-function barrier, this split causes
the transmitted soliton to gain a π/2 phase shift relative to the
reflected soliton, as described in Sec. III G.

These solitons then accumulate a further relative phase
difference δMZ. This phase difference is the quantity we wish
to measure. In the current work we consider the case where this
difference is gained by exposing one soliton to a phase-shifting
phenomenon.

In the third step the two solitons are made to collide at
a narrow barrier [Figs. 6(a) and 6(b) (ii)]. After this final
barrier collision the wave-function integrals on either side of
the barrier,

I± = ±
∫ ±∞

0
|ψ(x)|2dx, (28)

allow us to determine the magnitude of δMZ [Figs. 6(a) and
6(b) (ii)]. Here I+ is the positive domain population and
I− is the negative domain population. We can determine the
dependence of I± on δMZ by recalling previous work by the
authors [18] in which it was shown that after two initially
distinct solitons collide at a barrier, and had relative phase
� before the collision, the populations in the negative and
positive domains,

T± = ± lim
t→∞

∫ ±∞

0
|ψ(x,t)|2dx, (29)

are given by

T± = 1 ± sin(� + ε)

2
, (30)

where

lim
v→∞ max(|ε|) = 0. (31)

Using this result we can see that taking the phase difference
� to be the sum of the phase shift we wish to measure, δMZ,
and the phase shift accumulated during the initial split, π/2
we obtain

I± = 1 ± cos(� + ε)

2
. (32)

The different types of soliton interferometry available are
determined by the geometry of the potentials used to confine
and split the BEC. Here we investigate two different geome-
tries. The first is a toroidal trap giving a periodic geometry
with two splitting potentials at antipodal points (Sec. IV B)
[Figs. 6(a) and 6(c)]. This geometry is somewhat challenging to
create experimentally but provides the simplest framework in
which to establish our analytical results. The second geometry
uses a nonperiodic geometry with a weak axial harmonic trap
centered on a narrow splitting potential (Sec. IV C) [Figs. 6(b)
and 6(d)]. This geometry makes is more experimentally viable,
but questions of broken integrability require that we confirm
the applicability of the results established above.

We now present more expansive numerical analyses of these
cases in order to determine whether our analytical results are
confirmed numerically and also to determine the best energy
regime in which to attempt soliton interferometry.
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FIG. 7. (Color online) Numerically calculated transmission rates
after the second collision, I+, for two Mach-Zehnder interferometry
geometries. Color maps for the (b) toroidal Mach-Zehnder and
(d) harmonic Mach-Zehnder cases show the full parameter space.
Panels (a) and (c) show specific curves of constant v, v0 for the
same respective scenarios and highlight the transition from the high-
energy sinusoidal dependence regime to the lower-energy quasilinear
dependence regime.

B. Toroidal confinement Mach-Zehnder interferometry

An often discussed trapping geometry is the periodic
toroidal trap. The existence of experimental results utilizing
optical [45] and magnetic [51,52] confinement methods cou-
pled with theoretical investigations proving localized bright
soliton states exist in the truncated mean-field Hamiltonian
[53], 3D GPE [54], and coupled Gross-Pitaevskii Bogoliubov–
de Gennes equations [55,56] makes it worthwhile to consider
extending our theory into this geometry. The toroidal geometry
is beneficial in that it has no axial trapping, the presence of
which breaks integrability and could, arguably, compromise
our previous results.3

By treating Eq. (5) as periodic over the domain −L/2 <

x � L/2, such that ψ(−L/2) = ψ(L/2), we obtain a suitable
dynamics equation. We use the same initial condition [Eq. (8)]
and initial offset, but set the trap frequency ωx = 0 and
directly vary the velocity v by imprinting a phase on the initial
condition.

Results of GPE simulations are shown in Figs. 7(a) and 7(b).
We see that for very high velocities, v ≈ 4, the interference
follows our prediction [Eq. (32)] closely, with very small skews
arising from nonlinear effects during the final barrier collision,
showing that ε ≈ 0 in this regime.

As the velocity decreases, and we enter the transitional
regime between high and low kinetic energy, ε increases
and the skew becomes more prominent. As this happens
the interference curve ceases to be sinusoidal and becomes
approximately linear over some range, with I± ∝ ∓δMZ up

3Indeed, adding any potential breaks the integrability, but for narrow
splitting barriers one can consider the system to be widely integrable
with small regions where the solution behaves differently.
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to some discontinuity. This discontinuity becomes narrower
for higher ε and is situated at 2π for v ≈ 0.3. In this
regime, however, we are drawing close to the regime where
equal soliton splitting becomes disallowed. For v � 0.3 the
structure of the transmission becomes very complex, as the
sensitivity of splitting to small changes in velocity becomes
apparent. In this regime, soliton interferometry becomes
impracticable.

C. Harmonic confinement Mach-Zehnder interferometry

1. Overview

When considering trapping geometries for BEC experi-
ments it is important to note that the addition of an axial
harmonic trap globally breaks the integrability of the system,
and so we can no longer say that we are studying true NLSE
solitons in the mathematical sense. It is true, however, that the
bright solitary waves supported by the system and confined in
the harmonic trapping potential behave in a very solitonlike
manner, staying robust to collisions and retaining their forms
for long periods. Investigations utilizing particle Hamiltonian
models [9] to describe the soliton motion agree well with GPE
simulations, and so we can safely treat these bright solitary
waves as solitons.

2. Classical numerical analysis

The results of fully classical numerical simulations are
displayed in Figs. 7(c) and 7(d), obtained by evolving the
initial condition described by Eq. (8) according to Eq. (5).
In this case, the initial velocity v was set to zero while the
soliton’s velocity at the barrier, v0, was set by varying the
axial trap frequency ωx (The dimensionless from of ωT) and
holding the initial offset x0 at a constant value such that the
soliton is initially well separated from the barrier.

The results are comparable to those seen for the periodic
Mach-Zehnder case (Sec. IV B), with good agreement with
theory for high velocities, a linear dependence arising as we
approach v0 ≈ 0.3 and finally complex structure arising in the
low-energy regime making interferometry impracticable.4

3. Interferometry sensitivity to quantum fluctuations

It was stated above that the linear relation between final
domain population and phase shift might make interferometry
more easily interpreted in the lower velocity regime. However,
if we are to work in the regime we must consider the impli-
cations of the results outlined in Sec. III, namely the impacts
of energetically disallowed states and quantum uncertainty in
the initial condition.

We again characterize the system’s sensitivity to extreme
positive and negative-energy fluctuations. As such, we con-
struct the quantities I+(μvb ± 3σvb ) and

I6σvb
= ∣∣I+

(
μvb + 3σvb

) − I+
(
μvb − 3σvb

)∣∣. (33)

4It should be noted that in the data set displayed in Fig. 7(d) is
incomplete. The solid white band at v ≈ 0 is a region where the
system evolved too slowly to be numerically practical.
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FIG. 8. (Color online) Results of numerical integrations illustrat-
ing the sensitivity of interferometry to extreme quantum fluctuation
for various particle numbers. The interferometry transmissions
after extreme positive (negative)-energy quantum fluctuations are
displayed in panel (a) [panel (b)]. The number fluctuation measure
I6σvb

[Eq. (33)] is plotted in (c). For all plots we show N = 16 (+),
32 (×), 64 (�), and 128 (•).

These quantities are analogous to those used previously
(Sec. III F 2), but are obtained by allowing the system to evolve
through the entire process of interferometry, rather than just
the initial splitting event. In this section and the next section
[where we discuss results displayed in 8, 9, 10, and 11] we
have considered the � = 0 case only in order to simplify our
analysis.

Figure 8 shows the results of these simulations. We see that
for high N and high v0 the systems are reasonably insensitive
to fluctuations. However, even in the high-energy limit we
see that as we decrease N the interferometry transmissions
significantly deviate from their asymptotic values. This sen-
sitivity is high compared to that of the single splitting case,
illustrating that the process of splitting (which occurs twice in
interferometry) enhances the sensitivity of the classical system
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FIG. 9. (Color online) Distributions of the interferometry transmission I+ obtained from Monte Carlo simulations. Here we show results
for a range of trap frequencies and particle numbers, giving a range of uncertainties in the initial c.m. position and momentum. In the range
explored, we see that the effects of varying the trap frequency (and so kinetic energy) dominate the dynamics, with narrow Gaussians at high
energy, but a uniform structure arising at low energy when interferometry becomes impracticable.

to initial fluctuations. The double enhancement in interferom-
etry requires that we must be closer to the mean-field limit or
suffer intolerable deviations from the classical behavior.

As we decrease v0 still further the previously discussed
bound states and disallowed splitting events greatly complicate
the dynamics of interferometry, making both the system and
the results of our numerics difficult to interpret. This difficulty
clearly shows that interferometry is impracticable in the low-
energy limit.

4. Monte Carlo analysis of interferometry
with quantum fluctuations

We now present a Monte Carlo analysis of the effects of
quantum uncertainties in the c.m. initial position and momen-
tum. We explore the same parameter regime as in Sec. III F 3
and again present the results of 1000 Monte Carlo simulations.
The histograms in Fig. 9, illustrating the distributions of the
interferometry transmission I+, show characteristics similar
to those in Fig. 3, but more pronounced. The distributions
are approximately Gaussian at higher energies and particle
numbers, but become more uniform at low energies (v0 = 0.3),
with a peak in the frequencies near I+ = 0.5 arising from the
presence of persistent bound states. This again indicates that
interferometry is not viable in the low-energy regime.

The transmission curves in Fig. 10 have a much more
complex structure than that exhibited in its counterpart, Fig. 4.

At higher velocities, the points are clearly centered on the
I+ = 1 state, as we would expect, but as we lower the
velocity the transmission becomes very sensitive to quantum
fluctuations. This can be attributed to nonlinear phase shifts
arising during the soliton collision at the barrier, compounded
by a mismatch between the barrier strength and soliton velocity
upon collision. Indeed, for the v0 = 0.3 case these nonlinear
phase shifts can cause I+ to take literally any value between 0
and 1, and the quantum fluctuations cause I+ to tune across this
period multiple times. This, alone, precludes any possibility
of soliton interferometry in this regime. It is also visible
that, even for high energies, a particle number of less than
≈130 can cause increased sensitivity, and so we really must
ensure that we are in the regime of high N . After these
considerations have been taken into account, it should be
possible to perform interferometry with a quasilinear signal
[similar to that associated with the v0 = 0.52 curve in Fig. 1(e)]
for values of v0 � 0.5.

Finally, we again calculated maximum likelihood estimates
of the variance s̄I+ of the transmission, which we again
assumed to be distributed as a truncated Gaussian. The results
of these calculations are displayed in Fig. 11. At higher veloc-
ities, we see an approximately linear correlation between the
transmission uncertainty and collisional velocity uncertainty
standard deviation σvb . The gradient of the regression lines
is much steeper than those in Fig. 5, showing the increased
sensitivity of I+ to quantum fluctuations. Again, the shaded
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FIG. 10. (Color online) Results of Monte Carlo simulations.
Here we show the dependence of interferometry transmission on I+
on the collision velocity (vb) after quantum position and momentum
fluctuations have been added to a base collision velocity (v0). For
each v0 the barrier strength was set to ensure equal splitting in the
limit of zero fluctuations. We see that in the low-energy regimes the
complex and velocity-sensitive structure of the transmission renders
interferometry unworkable.
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FIG. 11. (Color online) Results of Monte Carlo simulations.
Here the standard deviation associated with the final interferometry
distributions depicted in Fig. 9. We see a strong, weakly linear
dependence on s̄vb for high v0, which becomes stronger, but less
linear, as we reduce the energy. The variance saturates when the
distribution becomes effectively uniform.

regions show a 95% confidence interval for the linear fit. For
all velocities shown the confidence intervals are notably wider
than their counterparts in Fig. 5, and so we can conclude that
the dependence of s̄I+ on σvb is more complicated than in the
soliton splitting case, as we would expect. At lower velocities
s̄I+ saturates below ∼0.4. This is a result of attempting to
fit a Gaussian to a distribution which is, in effect, uniform.
This becomes apparent when we consider that ∼38% of the
probability mass of a Gaussian lies within a central period
of width σ , and so applying a fitting algorithm to a uniform
distribution will likely produce a standard deviation with a
width encompassing ∼38% of the sample. In this case, that
width is ∼0.4. This saturation is a strong indicator of a velocity
and/or particle number regime in which interferometry is
unworkable.

V. CONCLUSIONS

We have shown analytic results describing soliton inter-
ferometry in the ideal classical case, specifically the case of a
toroidal Mach-Zehnder configuration. We have extended these
results to the harmonically trapped system, which is currently
more experimentally relevant than the toroidal case [4] and
presents a better defined situation when considering quantum
fluctuations of the c.m. This has allowed us to investigate and
delimit the energetic regimes in which quantum fluctuations
in the initial c.m. position and momentum cause the classical
dynamics to break down.

This low-energy-regime failure of classical results is pri-
marily caused by disallowed soliton splitting events, extremely
discontinuous transmission curves, and bound states. These
factors complicate the early evolution of the interferometric
system and compromise the dynamics. As we approach the
low-energy-regime quantum effects mix these phenomena into
the dynamics of the system where classically they would be
absent. This causes greatly enhanced sensitivity to quantum
effects in both the splitting transmission and the interferometry
transmission when close to the low-energy regime. This
sensitivity appears at marginally higher kinetic energies in the
presence of harmonic trapping, but the difference is relatively
slight for the weak trapping considered.

We conclude that whether or not the mean-field limit is truly
achieved, soliton interferometry is not a viable process in the
extremely, or even transitionally, low-kinetic-energy regime.
However, for a suitably high initial kinetic energy we see
good results for particle numbers upwards of the low hundreds
(beyond which our numerical algorithm struggles to resolve
fluctuations, also indicating that the classical model is robust
in this regime).
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[81] O. M. Maragò, S. A. Hopkins, J. Arlt, E. Hodby, G. Hechenblaikner, and C. J. Foot,
Observation of the Scissors Mode and Evidence for Superfluidity of a Trapped Bose-

Einstein Condensed Gas, Phys. Rev. Lett. 84, 2056 (2000).
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