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Abstract

Chemotaxis is the major cytotaxic mechanism that leads the movement of phago-

cytes in the tissue towards the harmful agents. Loss of phagocytes ability to track

and respond to danger signals can lead to chronic infections, sepsis or even death.

This thesis examines the consequences of anomalous diffusion of chemokines on

the chemotaxis of phagocytes in the event of acute inflammatory responses.

The main driver of any chemotactic system is the corresponding chemo-attractant,

which is the role given to chemokines. Allowing anomalous (fractional) diffusion

with the tail index of 0 < α < 2, leads to the front propagation rate proportional

to t1/α: faster than the traditional Gaussian spread (t1/2). Moreover, fractional

chemokine concentration profiles obey power laws, which results in slower tail

decays leading to heavy tails; whereas in the Gaussian scenario tail decays are

exponential and rapid.

Changing the morphology of chemokine profile over the domain will affect all other

entities that depend on chemokine concentration: the likes of tactic motility, sen-

sitivity and velocity. Our study aims at understanding the influences of chemokine

gradient field variations on phagocyte chemotaxis and hence on the acute inflam-

matory response. We show various circumstances in which normally diffusing

chemokines fail to recruit adequate phagocytes and more importantly this be-

haviour stays the same even if the source of chemokine production is multiplied

by several orders of magnitude. Another challenge is to insure the presence of

an optimum number of phagocytes in the tissue, which is governed by a timely

initiation of infiltration.
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iv ABSTRACT

Overall, we observe differences in the outcomes of the inflammatory responses

of the two different diffusion schemes. The consideration of fractional diffusion

enables us to give new interpretation of how signals spread in the heterogeneous

tissues and why in some cases the traditional Gaussian mechanism may fall short.
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CHAPTER 1

Introduction

1.1. Background

Cell migration and in particular chemotaxis, or directed cell locomotion in response

to chemical gradients, is central to many physiological and pathological processes.

To name a few, chemotaxis plays a vital role in wound healing and tissue repair,

embryogenesis, immune response and tumour vascularisation via angiogenesis [45].

Thus there is a considerable interest in understanding cell migration and particu-

larly chemotaxis due to its critical role in a wide range of biological phenomena.

The topic of this thesis is the mathematical modelling of phagocyte chemotaxis

in the event of an acute tissue inflammatory response. Chemotaxis is the major

cytotaxic mechanism that leads the movement of phagocytes in the tissue towards

the harmful agents [65]. Loss of phagocytes’ ability to track and respond to danger

signals, or a dysfunctional chemotactic mechanism, can lead to chronic infections,

sepsis or even death [192].

Theoretical and mathematical modelling of chemotaxis dates back to the pioneering

work of Patlak published in 1953 [146]. Patlak did not use the term chemotaxis

and used “persistence of direction” instead, which is essentially the same. In

1970, Keller and Segel derived a system of four PDEs to model the slime mould

aggregation [79], which is the chemotactic response of amoeba to acrasin, i.e. the

“chemo-attractant”. This was the preamble for their 1971 paper [80] where they

presented: “the model for chemotaxis”, comprising two coupled PDEs, i.e. the

organism and the attractant. The deterministic Keller-Segel model of chemotaxis

has since become the prevailing method for representing chemotactic behaviour in

biological systems and on the population level [66, 69].

1
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Mathematical models of chemotaxis can be classified into two broad groups: mech-

anistic models, which describe chemotaxis in molecular level, and Keller-Segel type

models, which look at the cell population dynamics as a result of chemotaxis. This

thesis is concerned with the latter. From here on, by ‘chemotaxis models’ we mean

Keller-Segel type models, which include a coupled system of reaction-diffusion

equations (RDEs). Also we may use ‘leucocytes’ and ‘phagocytes’ interchange-

ably.

The incorporation of chemotaxis equations into the models of immune response

seemed necessary since the experimental evidence indicated that defects in leu-

cocyte chemotaxis, as we explained above, can have adverse outcomes. An early

example of this incorporation is the work of Lauffenburger and Keller (1979) in

[95], which is a relatively simple PDE model, investigating the effect of leucocyte

chemotaxis in tissue infection. Many models like this have since been developed

with the purpose of studying leucocyte chemotaxis in events like the immune re-

sponse or tumour-immune interactions, etc.

In almost all these models (some reviewed in Chapter 6) the chemotaxing phago-

cytes are the centre of attention and great effort has gone into devising appropriate

expressions for their tactic motility and velocity (see Table 4.1). For simplicity,

a vast majority of the existing models of leucocyte chemotaxis tend to choose

the tactic sensitivity of the cells, denoted by χ, to be constant, i.e. independent

of chemokine concentration. This is fine when replicating chamber data with a

shallow and fixed chemokine gradient. But for the tissue models of inflamma-

tory response, the dependence of χ on chemokine concentration should not be ig-

nored since there may be spatial fluctuations. Experiments (e.g. [201, 210]) show

that beyond a certain chemokine concentration denoted by Kd, receptor satura-

tion or down-regulation occurs, which attenuates the tactic sensitivity and hence

phagocytes slow down (Figure 3.6). Therefore to create more realistic situations

it is common to use receptor-kinetic type expression for χ in order to accom-

modate the phenomenon of down-regulation of leucocytes tactic sensitivity high
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chemokine concentrations. Note that receptor down-regulation is studied sepa-

rately via mechanistic models and for implementing the outcome in a simplistic

fashion, the receptor-kinetic functions are employed.

Besides the reaction of chemokines with leucocyte receptors, which is modelled

extensively, the role of chemokine diffusion has not received full attention. Investi-

gations concerning modes of chemokine diffusion, particularly through a heteroge-

neous medium such as tissue, are scarce. It is typically assumed that chemokines

spread through the tissue according to the classical Brownian motion: chemokine

molecules make thousands of small random jumps per unit time and the sum of all

these tiny displacements results in their overall spread in the domain. This is the

mechanism which we refer to as Gaussian diffusion, and mathematically it is the

limiting process of the Brownian motion. However, given the tissue structure (het-

erogeneity and porosity) and the solubility of most chemokines, Gaussian diffusion

may not be the only mechanism of spread for the chemokines.

In the next section we explain the possibility of another mode of chemokine dif-

fusion in tissue and its effect on leucocyte chemotaxis and acute tissue inflamma-

tory response. We will explain the motivation behind considering the anomalous

diffusion of chemokines and whether it can lead to a different interpretation of

chemotaxis and more importantly, the immune response.

1.2. Motivation

Before we reach the actual motivation point regarding the assumption of the

anomalous diffusion of chemokines, we lay out some background.

The major driver of any chemotactic system is the corresponding “chemo-attractant”

and in the context of immune response this role is given to the chemokines (de-

noted by H). In other words phagocytes are attracted to chemokine gradients.
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Thus chemokine molecules spread through the domain (tissue) and form a gradi-

ent field and hence without a gradient field there will be no directed locomotion

or chemotaxis.

As well as the chemokines there are other molecules involved in the inflammatory

response that are initiators or inhibitors depending on the circumstances and are

called cytokines. In generic models of inflammatory response like [95] and ours, it

is appropriate to combine both these roles into one variable, i.e. the chemokines

only. This is done mainly to keep the genric models as simple as possible and yet

having a representative from each major group of contributors. Hence chemokines

perform an extra task and that is to activate/inhibit phagocyte infiltration from

blood. This ON/OFF mode is controlled by a threshold chemokine concentration,

which we shall denote it by Hc: infiltration is ON if H ≥ Hc and OFF otherwise.

The phagocyte infiltration mechanism is often modelled via the idea of tissue ho-

mogenisation where it is assumed that the vasculature is uniformly spread over

the tissue [96, 182]. Now, we are interested in the development and progression

of chemokine wave-fronts where the front concentration is equal to Hc. In fact the

front location, measured from the source of infection/injury, marks the region in

which infiltration is actively occurring; we call this region the region of reach and

denote it by Ωr.

Initially, the choice of anomalous diffusion alongside the Gaussian stemmed mainly

from the differences in the tail shapes of a Gaussian distribution versus fractional.

Given the exponential tail decay of normally (Gaussian) diffusing chemokines we

realised that the wave-front will not be able to extend very far, in case Hc is

relatively high. In other words, due to the rapid tail decay, chemokine waves will

not be able to maintain the front concentration over a long spatial range. This

limitation has a consequence: the region of reach (Ωr) remains small and hence less

phagocytes (per unit time) will infiltrate the tissue and this can potentially lead

to further complications. This is not as dramatic when the (front) concentration

required to activate leucocytes (Hc) is low.
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This important characteristic of normally diffusing waves motivated us to ask:

“what if chemokines diffuse differently?” For a swift and efficient response to

acute infection in tissues we need the signal to be able to travel fast and reach

distant blood vessels and recruit as many phagocytes as possible. Now, travelling

fast and far is not enough; the wave-front concentration must also be high enough

(≥ Hc) in order to activate the vasculature and initiate infiltration. Thus we need

a diffusion mechanism with long and heavy tails, i.e. the opposite of Gaussian tail

shape.

Heavy tails are achieved by allowing anomalous or fractional diffusion of chemokines,

where the particle jump probabilities are governed by power law densities (e.g.

Pareto1) instead of normal and can possess infinite variance. Anomalous diffu-

sion could be the result of tissue structure (porosity), mechanical stress applied to

tissue, preferred pathways, film flow and so on.

The effect of heavy-tailed chemokine distribution on the size of the region of reach

was as one would expect, i.e. greater region of reach and more phagocyte infiltra-

tion. In other words, this change in chemokine morphology affects other factors

such as the specific gradient and the tactic velocity of phagocytes. This would

perhaps enable us to explain the rapid speed of leucocytes in the events of in-

flammatory response. Apart from these direct and rather obvious effects we saw

that the Gaussian scheme struggles to recruit enough phagocytes when chemokine

decay rate is increased. This gave us a further motivation in considering a mecha-

nism with longer tails. Similar effects are seen when the diffusivity of chemokines

is changed.

1.3. Objectives

The broad objective of this thesis is to investigate the effect of anomalous

diffusion on leucocyte chemotaxis in the event of acute tissue inflammatory

1See Section A.3
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response. However, as we pointed out in the previous section, to understand chemo-

taxis we need to understand the reaction and diffusion of the chemokines and to

express it boldly: we wish to investigate the morphology of different gradient fields

that can be formed as a result of different reactions and diffusions.

We first begin with the formation of various gradient fields. So the focus is on the

chemokines and note that there is an ongoing comparison of fractional diffusion vs

Gaussian. We ask the following questions:

(1) How is the tactic motility of phagocytes affected by the chemokine con-

centration profile?

(2) How does the specific gradient (SG) of chemokines evolve as more chemokines

are produced and spread?

(3) Finally, how does the tactic velocity profile vary with time?

We answer each question by connecting the underlying entities to the reaction

(production and decay) and diffusion of chemokines. An important consequence

of these analyses is being able to determine a tactic velocity field over the domain.

The velocity field is useful particularly if a steady state exists, and then we can

identify the hot spots, i.e. the regions where phagocyte motion would accelerate.

Clearly we want the phagocytes to infiltrate within these hot spots so that they

rapidly move to the source of injury/infection. This is important since we do

not want phagocytes to burst and release their highly toxic content onto healthy

(not infected/injured) tissue patches. So we have defined the effective region (Ωe),

which will be very close in size to the hot spots in the velocity field. Phagocytes

that are located in the effective region will definitely reach the source prior to their

expiry. So now comes the challenge of keeping Ωr within Ωe.

After understanding the gradient and velocity fields we move onto phagocyte popu-

lation dynamics, which is also governed by the concentration profile of chemokines.

We wish to connect the production and diffusion of chemokines to describe the

number of phagocytes present in the tissue. We ask the following questions and

again in each question we compare fractional with Gaussian:
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(1) Given a chemokine field at steady state, how large is the corresponding

region of reach?

(2) For a varying chemokine field, what is the largest possible region of reach?

(3) Given the tactic velocity filed, how long does it take for each phagocyte

to reach the source?

(4) Using the question above, what is the boundary of the effective region?

(5) How can we insure that most of the infiltrated phagocytes reach the in-

fection zone?

(6) What is the role of the threshold signal Hc in the size of the effective

region?

(7) What is the role of phagocytes’ random motility?

These questions all pertain to the dynamics of phagocytes in the domain and

around the infection zone. Ultimately, based on all these results we determine the

outcome of the acute inflammatory response described by our model: it is either a

full resolution, i.e. the antigen density (A(x, t)) goes below its survival threshold

(Amin), or chronic and recurring infection. The chronic infection can be at steady

state or it can fluctuate with cycles of flare ups followed by remissions. Examples

of this kind are demonstrated in Chapter 8.

Apart from these specific objectives that are listed above, there is a more general

goal in the long run. In this work, we are setting a platform for in-silico experi-

ments to test the effect of anomalous diffusion on leucocyte chemotaxis. This can

later be applied to other types of tactic motions, for instance in angiogenesis or

even in ecology: how do ants and bees find their way back to home? Or how do

nematodes track food sources under the soil? It is also expect that one day, these

theoretical/hypothetical in-silico experiments to be tested in-vivo.

1.4. Outline

This thesis can be divided into two parts. Part 1 includes Chapters 2-4, which are

mainly devoted to the biology and mathematics of chemotaxis. We first talk about
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phenomena such as immune response, inflammation and inflammatory response,

and the anatomy of immune cells particularly neutrophils and macrophages. We

then explain the biology of chemotaxis; i.e. mechanisms of conceiving external

signals and polarisation, which are both essential for directional locomotion. In

Chapter 4 we derive the Keller-Segel equations of chemotaxis and review the the-

oretical biologists’ attempt at formulating leucocytes’ tactic sensitivity. We have

also allocated sections to explain techniques of measuring neutrophils tactic and

random motility coefficients and visual assays of chemotaxis.

In Part 2 we turn to mathematics. Part 2 opens with Chapter 5, which is a

review of the theory of diffusion in porous media with an emphasis on anomalous

diffusion. We justify the fractional RDEs from a random walk type argument and

use subordination to explain the numerical approximation of a fractional Laplacian,

which we utilise to solve the model introduced in Chapter 6. After introducing our

model and outlining the assumptions and parameter values we get to Chapter

7, which is where we showcase the differences between anomalous and normal

diffusion. We analyse chemotaxis in a chemokine gradient field that is at steady-

state; the steady-state serves as a bench mark for our future explorations. In fact

in this chapter we answer the question: why consider fractional diffusion? In this

chapter we also define quantities such as the specific gradient and tactic motility

and via them we compute the tactic velocity, which is simply the product of the

two. By relating each of these quantities to the parameters of chemokine RDE we

perform extensive sensitivity analyses to determine the influential factors as well

as interpreting their “real-world” meaning in the context of immune response.

Chapter 8 is a numerical exploration of the model. As well as the radius of reach

and effective radius, in this chapter we are also interested in the time of resolution

of an infection. We also allow the infection to grow in order to simulate chronic and

recurring scenarios. In this chapter we see that there is a big difference between an

acute response and something that grows gradually. In acute response the immune

system should react suddenly since it faces a sudden load of antigen whereas with

the gradual growth the response is also gradual with a higher chance of developing
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chronicity. Overall, the immune system is very fine tuned and if it is slightly out

of tune then we may face a variety of disorders from autoimmunity to chronic

inflammation and cancer [32, 35].





CHAPTER 2

The Immune Response

2.1. The Immune System

The immune system is an organisation of cells and molecules with specialised roles

in defending against infection [37]. The immune system is our defence system,

which recognises and responds to a wide variety of pathogenic micro-organisms

(pathogens) or injury. How the immune system recognises and responds to foreign

agents and microbes is known as the immune response. There are two types of

responses: innate or natural, which is unspecific and may occur as many times

as pathogens are encountered; and adaptive or acquired, which is specific in the

sense that our immune system builds a defence against a specific antigen [36]. In

many cases, an adaptive immune response also results in the phenomenon known

as immunologic memory, which confers life-long protective immunity to reinfection

with the same pathogen. This occurs via the cells of adaptive response, which learn

and retain a memory of the antigens they have fought [149]. Innate response,

however, lacks memory, meaning that no matter how many times the same antigen

appears, the whole immune response cascade will take place. Innate immunity

forms the first line of defence in recognising and eliminating pathogens. Adaptive

immune response comes into play later, in case the innate response is unable to

overcome the pathogen. The eventual aim of any immune response is to clear the

tissue environment from pathogenic agents and damaged cells and return the tissue

to a healthy and stable status, which is termed homoeostasis [36, 129].

There are two lines (layers) of defence in both the innate and adaptive responses

(Figure 2.1): we shall only explain those of the innate response. The first line

of defence against pathogens is the host’s anatomic barriers, also known as the

external defence. These are: skin and mucous membrane, internal lining epithelium

11
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Immune System

Innate Adaptive

External
defences

Internal
defences

Cell
mediated

Antibody
mediated

Figure 2.1. The immune system with layers of specific/non-specific

defence.

(e.g. lining of stomach and gut), hairs and cilia, lysozymes in tears and secretions,

airway defences and gastric pH. The second line or the internal defence involves

phagocytosis and inflammatory response mediated by specialised cells and proteins.

We are mainly interested in the latter events, i.e. phagocytosis and inflammation.

The defence mechanism of innate immunity is effective in combating many pathogens

by relying on a limited number of receptors that recognise infectious micro-organisms.

Recognition of pathogens is mediated by a set of cell-surface receptors on immune

cells that are generally known as pattern recognition receptors (PRRs). These

receptors are capable of identifying conserved regular patterns of molecular struc-

tures known as pathogen associated molecular patterns (PAMPs), which are present

on many micro-organisms but not on our body’s own cells [129]. This is crucial

since the PRRs of the innate immunity provide an initial discrimination between

‘self’ and ‘non-self’ before launching any response [2].

In the following sections we will describe some components of the innate immune

system, beginning with the cells of innate immunity. We will then briefly describe

pattern recognition and phagocytosis, the mechanism by which immune cells kill

infectious agents. Note that the content of Section 2.1 is only an attempt to review
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Nuclear
 Lobes

Lysosomes
(granules)

NEUTROPHIL

Figure 2.2. A neutrophil. Notice the segmented multiple-lobed nu-

cleus (i.e. polymorphonuclear) and the cytoplasm filled with granules,

hence the name ‘granulocyte’. Image obtained from Wikipedia under the

Creative Commons Attribution 3.0.

some relevant features of the innate immunity and is not intended to serve as a

deep discussion of the immune system.

NOTE: From here on throughout this dissertation we shall use antigen and PAMPs

interchangeably.

2.2. Cells of Innate Immunity

The cells of the immune system originate in the bone marrow [3]. Upon matu-

ration, cells differentiate based on their ‘lineage’ to either a lymphoid or myeloid

progenitor. The common lymphoid progenitor (in bone marrow) gives rise to the

antigen-specific cells of adaptive immunity also known as lymphocytes. The com-

mon myeloid progenitor is the precursor of granulocytes/monocytes, which are the

cells of innate immunity. Immune cells are collectively known as white blood cells

or leucocytes [129]. Throughout this dissertation we will refer to immune cells

as leucocytes, and this will mainly mean the cells of innate response.
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The granulocytes are also called polymorphonuclear leucocytes due to their var-

iously shaped nuclei (Figure 2.2). The most abundant granulocytes are phagocytic

neutrophils, also called polymorphonuclear neutrophilic leucocytes (PMNs). The

daily production of neutrophils can reach up to 2×1011 cells, which makes up 50%-

70% of the leucocytes in circulation [14]. Neutrophils have a short life span of 7-20

hours in circulation and 1-4 days in tissues [106]. Neutrophils are not tissue resi-

dent cells and are recruited to the site of infection with the sole purpose of ingesting

and killing micro-organisms [131]. In the course of an immune response neutrophil

numbers in tissue increase markedly and they die soon after ingesting pathogens.

The second major type of innate cell is the monocyte-derived macrophages.

Monocytes differentiate from progenitor cells in the bone marrow prior to their

release into the blood stream. Monocytes are relatively long-lived cells that can

differentiate further into macrophages as they migrate into tissue. In fact, mono-

cyte migration into tissue can occur in response to an inflammatory stimulus, or it

can be a constitutive process that contributes to the maintenance of macrophage

population in tissue [183, 205]. Together with granulocytes (neutrophils) and den-

dritic cells, macrophages and monocytes form one of the three types of phagocytes,

which all perform phagocytosis as part of the innate and adaptive responses.

Macrophages are mononuclear phagocytes that live relatively long. Once localised

in tissues, macrophages acquire specialised functions depending on the require-

ments of the tissue. Macrophages are essential cellular effectors of the innate im-

mune response, ridding the body of worn-out cells and debris - as well as viruses,

bacteria and some tumour cells - and mounting an inflammatory response following

injury or infection as well as healing and repair [91, 205]. Macrophages are also

one of the most active secretory cell types in the body, releasing a multitude of

mediators that regulate all aspects of host defence, inflammation, and homoeosta-

sis. In addition, they are considered to be professional antigen-presenting cells

(APCs), one of the major cell types involved in initiating adaptive immune re-

sponses [33, 91].
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Figure 2.3. Macrophage cartoon showing various surface receptors.

Only two types of TLRs are expressed by macrophages for the purposes

of innate response. Scavenger receptors detect dead cells and debris.

2.3. Pattern Recognition and Phagocytosis

All phagocytic cells internalise and kill pathogens by the same process of phago-

cytosis. Phagocytosis is initiated when certain receptors on the surface of the

phagocyte bind to components of a microbial surface. This clearly indicates an

important step before killing, which is recognition of the microbial pattern.

Macrophages express a number of receptors that allow them to recognise differ-

ent pathogens. The Toll-like receptors (TLRs) are an important family of

PRRs that are present on macrophages and recognise lipid, carbohydrate, pep-

tide and nucleic-acid structures that are broadly expressed by different groups of

micro-organisms [191]. Macrophages also express scavenger, mannose and LPS

(lipopolysaccharides) receptors on their surface (Figure 2.3).

Neutrophils bear a family of chemotactic receptors (GPCR- see Figure 3.1) that

facilitate their migration after they leave the vascular compartment. Notably,

the same receptor is used by neutrophils to detect end-target molecules that is,

bacterial formylated peptides (fMLP) released by bacteria [83]. Neutrophils also

possess adhesion receptors such as selectin ligands and integrins as well as TLRs.
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Selectins and selectin ligands are required for the rolling phase of the leucocyte

adhesion and transmigration cascade [58].

Another important group of receptors that are expressed by both neutrophils and

macrophages are the complement receptors (CRs), which bind to microbial patterns

coated by the proteins of complement system. Complement system is a collection

of soluble proteins present in blood and other body fluids. There are more than

30 different plasma proteins, produced mainly by the liver [21]. In the presence of

pathogens the complement system becomes activated and via a cascade of chemical

reactions, coats microbial surfaces with proteins. This action of coating is called

opsonization. Opsonized microbes are recognised and bound by CRs on phagocytes

and taken up and destroyed eventually. It is again important to note that only

pathogenic surfaces become opsonized, which provides a pathway for discriminating

pathogens from host cells. The complement system plays the same role in both

the innate and adaptive immune systems: pathogens are coated with antibodies,

which are again recognisable by phagocytes. Overall, opsonization increases the

susceptibility of microbes to ingestion by phagocytes [1].

After recognising antigen/PAMPs by either neutrophils or macrophages the phago-

cyte binds to the microbial surface. The bound pathogen is first surrounded by

phagocyte plasma membrane and then internalised in a large membrane-enclosed

endocytic vesicle known a phagosome. The phagosome then becomes acidified,

which kills most pathogens. This mechanism is often referred to as ‘intracellular

killing’. Note that we have only given a generic description of phagocytosis and

have not gone into details.

2.4. Extravasation of Neutrophils and Inflammation

Macrophages that reside in healthy tissues are said to be at rest since they are not

‘activated’. Interaction with pathogens or receiving danger signals in tissue leads

to the activation of macrophages [127]. Upon activation, macrophages begin to

release small proteins known as cytokines, which are a prerequisite for the state
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of inflammation in tissues. Inflammation is the physiological process by which

vascularised tissues respond to injury/infection [158]. During the inflammatory

process, soluble mediators and cellular components work together in a systematic

fashion in an attempt to contain and eliminate the agents causing physical distress.

The first observations on the inflammatory processes are credited to Aulus Cor-

nelius Celsus, who described the cardinal clinical signs of inflammation during the

first century of the Common Era. His signs- rubor (redness), dolor (pain), calor

(heat) and tumor (swelling)- remain as the focal points for studying inflammation

[158].

Inflammation has three essential roles in combating infection/injury [129, 186].

The first is to deliver additional effector molecules and cells from the blood into

the sites of infection/injury. The second is to induce local blood clotting to provide

a physical barrier preventing the spread of infection. The third is to promote the

repair of injured tissues. Inflammation has been traditionally divided into acute

and chronic responses. Acute inflammation is a rapid, short-lived process (minutes

to days), characterised by accumulation of fluid, plasma proteins and leucocytes

(neutrophils) [20]. In contrast, chronic inflammation is of longer duration and

includes an influx of lymphocytes and macrophages. From this point onwards,

we will only discuss acute inflammation and by inflammation or inflammatory

response, we mean acute inflammation or response.

Inflammation is initiated by the recognition of the so-called danger signals in

the form of either PAMPs or damage associated molecular patterns (DAMPs),

where the latter are cellular products released following injury [113]. The recogni-

tion of danger signals by cellular receptors triggers the release of molecules known

as inflammatory mediators, which include cytokines. Cytokines are small (25-

35kDa), soluble polypeptides that are produced primarily by leucocytes (mono-

cytes/macrophages), but can also be produced by epithelial and endothelial cells

[139]. There are two main categories of cytokines involving inflammation: pro-

inflammatory cytokines, which participate in the activation of the cells, and anti-

inflammatory cytokines, which are involved in the cessation of inflammatory events.
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Pro-inflammatory mediators induce the typical symptoms of inflammation such as

fever and swelling by increasing the vascular permeability as well as increasing

macrophage activation in order to amplify further production of cytokines. An im-

portant subclass of cytokines are the chemotactic cytokines known as chemokines,

due to their ability to induce chemotaxis in responsive cells. Chemokines are small

(8-10kDa) polypeptides that are synthesised by macrophages [107]. Chemokines

are essential in recruiting effector cells, i.e. neutrophils and macrophages, to the

site of injury/infection for clearing the pathogens and promoting tissue repair.

More than 50 chemokines have been identified in humans [139].

Inflammation induces endothelial cells to express E- and P-selectins, which bind

carbohydrate ligands on circulating leucocytes. This initial interaction slows cir-

culating leucocytes and causes them to ‘roll’ on the endothelium, promoting their

ability to detect chemokines. A leucocyte rolling on inflamed endothelium en-

counters chemokines, and if the leucocyte bears the appropriate chemokine recep-

tor, the cell becomes activated. Interactions between integrins (e.g. LTB4) and

vascular cell adhesion molecules result in firm adhesion of the leucocyte to the

blood vessel wall [103]. Leucocytes that adhere to the blood vessel wall, a process

called margination, extravasate (transmigrate) through the vascular endothelium

and into the inflamed tissue in response to chemokine gradients, ultimately migrat-

ing to sites of infection or injury to exert effector functions. Leucocyte recruitment

from the circulation and migration through tissue is regulated by the production

of distinct chemokines at sites of inflammation and the expression of chemokine

receptors by leucocytes. Figure 2.4 illustrates the classical neutrophil recruitment

cascade.

2.5. Resolution

The elimination of infectious pathogens and cellular debris leads to the resolution

of the inflammatory response. The clearance of PAMP and DAMP from dam-

aged tissue decreases signalling through PRRs, thereby reducing the production
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Figure 2.4. The classical neutrophil recruitment cascade. (a) Se-

quential steps of neutrophil recruitment from vasculature to the tissue.

Chemokines lining the luminal part of endothelium activate rolling neu-

trophils, thus inducing conformational changes of neutrophil surface inte-

grins and allowing for subsequent events. Crawling neutrophils follow the

chemokine gradient along endothelium, which guides them to the prefer-

ential sites of transmigration. Bottom left panel: Mouse skin was infected

with Staphylococcus aureus and the image was taken 2 hours later. It cap-

tured neutrophils at different stages of migration: freely circulating cells,

rolling cells extending tethers, adhering neutrophils and the cells that ex-

travasated out of the blood vessel. Reproduced from [83] with permission

from the publisher.

of inflammatory cytokines and chemokines. With a reduction in inflammatory

mediators, the vascular endothelium returns to an impermeable state and the pro-

duction of adhesion molecules decreases, curtailing the recruitment of neutrophils

and monocytes from the circulation. Neutrophils remaining in the tissue undergo

apoptosis, a non-inflammatory programmed cell death [162]. Apoptotic (dead)
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neutrophils are cleared from tissue by phagocytic macrophages. Following the

clearance of neutrophils, macrophages also undergo apoptosis [93].

Although the clearance of PAMP and DAMP from tissue is associated with de-

creased production of inflammatory mediators, there is evidence that the inflam-

matory response is also resolved by active suppression [20]. It has become clear

that signals driving inflammatory processes also induce counteracting pathways

of inflammatory suppression. Pro-inflammatory mediators are subject to pro-

grammed suppression: signals that induce the production of pro-inflammatory

mediators, also activate enzymatic pathways that generate anti-inflammatory lipid

compounds called lipoxins, resolvins and protectins [170]. Following the phagocy-

tosis of apoptotic neutrophils, macrophages produce a cytokine called transform-

ing growth factor-β (TGF-β), which inhibits TLR signalling in leucocytes, thereby

suppressing the production of pro-inflammatory cytokines [170]. This is the start

of the resolution phase, in which lipoxins A4 and B4 are produced: these serve as

‘stop’ signals by blocking further recruitment of neutrophils from capillary venules

[169].

The resolution of inflammation is followed by the local accumulation of reparative

cell populations, such as wound macrophages, endothelial cells, fibroblasts and ep-

ithelial cells. In some cases, the failure to eliminate pathogens or irritants results

in persistent inflammation with concurrent reparative processes, resulting in the

so-called chronic inflammation [20]. Macrophages continue to play a vital role in

the transition to tissue repair. Wound macrophages secrete growth and regulatory

factors including growth factor-1 (IGF-1) and TGF-β, which coordinate the for-

mation of a reparative tissue called granulation tissue [20]. The formation of this

new tissue involves angiogenesis, a process by which new capillaries sprout from

existing vessels.



CHAPTER 3

Chemotaxis: Biological Concept

3.1. Introduction

We, as human beings, are made of a collection of cells, which are most commonly

considered to be the elementary building blocks of all living forms on earth [3].

Cells are small membrane-bounded compartments that are capable of homoeosta-

sis, metabolism, response to their environment, growth, reproduction, adaptation

through evolution and organisation. These abilities define life. Even the simplest

unicellular organisms exhibit all the hallmark properties of life, indicating that the

cell is the most fundamental unit of life [104].

Spontaneous, self-generated movement - also known as motility - is one of the

properties closely associated with all forms of life. Even in most plants and fungi,

constitutive cells are constantly remodelling their internal structure for the entire

organism to perform its metabolism, growth and reproduction [3, 104]. In animals,

cell motility is at the basis of most - if not all - essential processes participating

in their lifetime from their development and maintenance, to eventual death. For

instance, the majority of male infertility results from poor sperm motility. Wound

healing requires fibroblast and keratinocyte migration [203]. Non-healing cuta-

neous wounds can cause mortality and are difficult to treat. Cells migrate in

embryogenesis to shape tissues and to vascularise tissues [104]. Directional cell

migration is essential for almost all organisms during the embryonic development,

since it is crucial that cells end up in their correct, precise locations in order to

build a normal embryo [45]. Another important example of directional motion,

which is the topic of this dissertation, is that of the cells of the human immune

system. A crucial feature of immune cells is their ability to move and reach sites of

21
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infection and combat foreign invaders. Clearly, impaired motility of immune cells

will impose life-threatening consequences.

Cell locomotion is one of the most complex processes exhibited by a living cell,

as numerous cell surface molecules and macromolecules are implicated. It is evi-

dent from the examples above that migration is central to many physiological and

pathological processes. Thus, there is considerable interest in understanding cell

migration on a molecular level because a better understanding of the factors that

regulate migration could lead to novel therapeutic approaches and applications

[70].

Cell movement was observed and reported for the first time in 1674, when Antonie

van Leeuwenhoek brought a glass bead that served him as a primitive microscope

close to a drop of water taken from a pool [155]. The organisms he saw moving were

probably ciliated protozoa - unicellular non-photosynthetic eukaryotic organisms

- which are only a fraction of a millimetre long, swimming by the agitated but

coordinated motion of thousands of hairlike cilia on their surface. Despite this

early observation, only recent advances of the past few decades in microscopy,

molecular biology and biochemistry have enabled us to understand some of the

basic molecular mechanisms underlying cell motility. Through these mechanisms,

cells sense their environment, exert forces and move in a directed way in search of

nutrients or for any other task they need to perform.

3.2. Chemotaxis

3.2.1. General Overview

Cell movements are produced by large structures built of many protein molecules,

which together form the cytoskeleton. This is a distinct part of the cell - a cohesive

mesh of filaments formed by the self-assembly of protein molecules [16]. These

protein filaments enable the cell to ensure its structural integrity and morphology
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as well as exerting forces and producing motion. This was first observed by Hux-

ley and Hanson in 1953, when they discovered the double array of filaments in

cross-striated muscles using electron-microscopy techniques [62]. This and further

work by others, as well as genetic, biochemical and crystallographic studies, dated

the beginning of a scientific understanding of sub-cellular mechanisms that might

govern cell motility [155].

Cell trafficking within the body is regulated by ligand-receptor interactions [87]. It

is largely accepted that G-protein-coupled receptors (GPCRs) constitute the most

important family of regulatory receptors for chemotactical movement [41, 48]. G-

protein-coupled receptors are found only in eukaryotes, including yeast, choanoflag-

ellates and animals. GPCRs are the largest family of cell surface receptors and

represent a versatile signal transduction paradigm that is also used in vision, ol-

faction and neurotransmission [108]. The ligands that bind and activate these

receptors include light-sensitive compounds, odours, pheromones, hormones, and

neurotransmitters, and vary in size from small molecules to peptides to large pro-

teins. Chemokines are also an important group of GPCR ligands as they regulate

the localisation of leucocytes at lymph organs and at sites of inflammation and

injury.

It is vital for any living organism to be able to move away from hostile environments

or find a food source. A sensible movement occurs when the organism or the

moving cell is able to perceive where to (or not to) move, and this requires the

ability to recognise high concentrations of attractant or repellent substances. In a

single moving cell, such perception has to be translated by an intracellular signal

transduction, which will then be coupled with the cytoskeleton and the locomotory

machinery of the cell [16]. Chemotaxis may be characterized by three phases [164,

193]: an initial, or sensory phase, in which a signal is generated by the interaction

of the attractant and its receptor; an intermediate phase, in which the signal is

internalised and processed to the cell’s motility elements; and a terminal or effector

phase in which the motility apparatus - the cytoskeleton (both microtubules and

microfilaments) - is activated to produce directional motion.
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According to Wilkinson [197], the word chemotaxis was first used by Wilhelm

Pfeffer in his 1884 paper on the migration of plant sperm. The word chemotaxis

is derived from the Greek roots: χυµóς (Byzantine Greek, χυµϵι̇α; chemistry)

and Tαξις, which means ‘arrangement’ but in biological contexts has taken on the

meaning of movement. In the text of his paper, Pfeffer did not refer to chemotaxis

but to ‘Richtungsbewegung’ or directional movement. Today this term is used to

denote cell movement towards or away from a chemical source, defined as positive

or negative chemotaxis respectively. The chemical is defined as chemoattractant

or chemorepellent respectively. According to a broad definition of chemotaxis, any

cell motion that is affected by a chemical gradient in a way that results in net

propagation up a chemoattractant gradient or down a chemorepellent gradient is

considered to be chemotaxis [45].

As a result of confusion between tactic and kinetic reactions made by researchers

in the leucocyte field (and others), Keller et al (1977) put forward proposals for

terminology pertinent to locomotor reactions of cells [81]. In the section below we

shall try to clarify the differences between taxis and kinesis as well as random and

directional movement of cells.

3.2.2. Biological definitions of chemotaxis and chemokinesis

Behavioural studies of locomotor responses to the environment in a wide variety

of organisms ranging from bacteria to insects and larger animals have led to a

fairly general agreement that a distinction can be made between tactic and kinetic

reactions. The former results in directional locomotion to or from a gradient source,

while in the latter case environmental stimuli cause organisms to move faster or

slower, or to turn more or less frequently, but usually do not determine the direction

of locomotion [57].

The terms ‘random locomotion’ and ‘directional locomotion’ refer, not to reac-

tions of a cell to environmental influences, but to locomotion per se. The terms

chemokinesis and chemotaxis are terms of a different order, which define reactions
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to environmental influences and which determine what form locomotion will take,

i.e. speed, direction, turning behaviour, etc. Confusions in the literature frequently

result from conflating random locomotion of cells with chemotaxis, but these are

two distinct terms [197]. Chemotaxis is not synonymous with directional loco-

motion and the direction in which cells move can be determined by many factors

other than gradients of chemical substances.

The definitions of random and directional locomotion as well as chemotaxis and

chemokinesis proposed by Keller et al [81] are quoted below.

• Random locomotion

A type of locomotion that is random in direction. The axis of the

moving cell or organism is not orientated in relation to the stim-

ulus. The term random locomotion includes two meanings: (1)

Motion in which the cell or organism shows a tendency to move

along a path that can be represented by a line segment, but that

is randomly orientated in relation to the environment. (2) How-

ever it can also refer to locomotion according to a random-walk

model in which if the path of the cell is represented as a series

of line segments meeting at angles the spatial orientation and

magnitude of each angle are determined solely by chance, and in

which the mean square displacement of the cell is proportional

to time.

This complex definition explains two types of possibilities in a random locomo-

tion. Type 1 would include locomotion of cells in straight paths, the direction of

which was random but in which the cells would persist. Type 2 is more strictly a

Brownian-style random walk, without persistence. Thus random locomotion, when

considered during short intervals, approximates more closely type 1 than type 2

in the above definition. However, over longer periods of time, those cell-types

that have been studied do not continue to show persistence but change direction
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in such a way that the path, when considered over a long enough time of study,

approximates a random walk in which mean square displacement is related to time.

• Directional locomotion

It is more simply defined as ‘locomotion with preference for, or

avoidance of, a particular direction’. It is often accompanied by

orientation of the axis of the locomoting cell or organism in the

direction of locomotion, i.e. in the direction of the stimulus when

direction is determined by a definable stimulus.

• Chemokinesis

A reaction by which the speed or frequency of locomotion of

cells and/or the frequency and magnitude of turning (change of

direction) of cells or organisms moving at random is determined

by substances in the environment. Chemokinesis is said to be

positive if displacement of cells moving at random is increased

and negative if displacement is decreased.

Two modes of kinesis have been distinguished [197]; orthokinesis, a reaction by

which the speed or frequency of locomotion is determined by the intensity of the

stimulus; klinokinesis, a reaction by which the frequency or amount of turning per

unit time is determined by the intensity of the stimulus [198].

• Chemotaxis

A reaction by which the direction of locomotion of cells or or-

ganisms is determined by substances in their environment. If

the direction is towards the stimulating substance, chemotaxis is

said to be positive, if away from the stimulating substance, the

reaction is negative. If the direction of movement is not definitely

towards or away from the substance in question, chemotaxis is

indifferent or absent.
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Chemotaxis is increased when the directionality of locomotion is increased: if direc-

tionality is decreased, chemotaxis is said to be decreased. Chemotactic mediators

have been termed cytotaxins or chemotactic factors.

Keller et al [81] suggest that the terms as defined above should be used only in

cases where these forms of behaviour have been demonstrated experimentally. In

the absence of evidence allowing such a precise description, noncommittal terms

should be used.

3.3. Locomotion of Leucocytes

Migration is an essential function of cells of the immune system. Neutrophils,

monocytes and lymphocytes migrate from the vasculature via tissues to sites of

infection [129]. Accumulation of leucocytes at sites of intrusion by foreign agents

was first reported by the German pathologist Cohnheim in 1867 [128]. However

the first person to describe leucocyte chemotaxis was the German ophthalmologist

Theodor Leber who summarised his findings collected from 1879 to 1890 [99, 100].

Leber was interested in inflammatory reactions induced by various microorganisms

by instilling them in the cornea of rabbits. These and further observations led

Metchinkoff [128] to propose that chemical signals emanating from foci of invading

materials attracted leucocytes. Chemotaxis as the principal mechanism in in vivo

leucocyte accumulation was fully appreciated after the experiments of Boyden in

1962 [15].

The chemotactic response in leucocytes takes place on a substratum where the

cells migrate towards the source of attractant. This involves orientation of the cell,

assumption of an asymmetric morphology, adherence (to substratum) and then

locomotion [75]. In fact these cells migrate by a process called ‘amoeboid chemo-

taxis’, meaning they crawl on a substratum or through a matrix [45]. Hence the

adhesion to the substratum is likely to be an important determinant of locomo-

tor capacity. In the absence of adhesion no movement is possible since there is no
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Figure 3.1. A schematic description of G-Protein Coupled Receptors

(GPCRs). This is a seven-membrane receptor which transmits a chemo-

tactic signal from the extracellular environment to the intracellular, which

then becomes internalised and translates to chemotaxis via cytoskeletal

tension.

purchase, and if the adhesion is too strong the cell will become tethered and immo-

bilized. Thus locomotion occurs in an optimal adhesion level somewhere between

these two extremes [6, 199].

Leucocyte chemotaxis comprises two ongoing molecular events, namely extracellu-

lar and intracellular. The former is also called actin-independent for not involving

cytoskeleton and the latter is indeed actin-dependent. Partial or full malfunction-

ing of either event may cause the loss of directional locomotion or all locomotion

for that matter. Extracellular actions relate to sensing and perceiving chemotac-

tic signals by the cell surface receptors from the surrounding environment [39].

A great variety of substances attract leucocytes by delivering a signal to the cell

through a specific receptor [164]. Chemotactic factors can be divided into the

‘classical chemoattractants’ and the recently identified ‘chemokine’ super-family.

Although chemoattractants constitute a diverse array of molecules, including pro-

teins, peptides, lipids and chemotactic cytokines (chemokines), they all appear to

signal leucocytes via a related family of seven transmembrane spanning G-Protein

Coupled Receptors (GPCRs) that are evenly distributed (Figure 3.1) on the cell

surface [48]. The interaction between chemoattractant and receptor generates an
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internal signal that is transmitted to the cytoskeleton, resulting in the directional

movement of the cell [164]. The molecular events that process this signal are the

core of intracellular events. Our understanding of the roles of underlying molecules

that govern cellular chemotaxis has grown greatly during the past two decades, al-

though, several questions remain unanswered.

For the purpose of this thesis we are not concerned with the intracellular processes

since we will not be modelling the systems biology behind the molecular interac-

tions. In saying that it is worth noting that mathematical modelling and systems

biology have helped us to better our understanding of these complex phenomena

(e.g. [101, 140, 176]). Extracellular events on the other hand are relatively

simpler and quite relevant to the modelling of chemotaxis, with polarisation and

gradient sensing being the most important mechanisms that we shall explore more.

In the following section we shall briefly discuss how leucocytes perceive chemical

gradients and polarise. Note that we do not intend to discuss ‘molecular’ aspects

of polarisation.

3.3.1. How do leucocytes polarise?

When a leucocyte polarises, it adopts an asymmetrical shape with distinct morpho-

logical areas that determine its movement. Two discrete poles exist: the leading

edge at the front of the cell (head) and the uropod or trailing edge at the rear

[154]. Maintenance of polarity is essential for all movements. Unstimulated leu-

cocytes lack polarity and remain motionless. This has been observed in various

experiments when neutrophils were examined in suspension in the absence of an

attractant (e.g. [174]). Upon addition of any of a range of chemotactic factors

(fMLP, C5a, LTB4) to the suspension, cells begin to change shape within 30 sec-

onds and after 2-3 minutes, polarisation of the cells into an anterior pseudopod

(head) and posterior tail is evident (Figure 3.2). This is despite the fact that in a

uniform concentration of attractants there is no gradient to detect and yet chemo-

tactic cells exhibit the front-tail polarity [45, 199]. In fact the shape change that
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Figure 3.2. Polarization of a neutrophil in response to a gradient of

chemoattractant. Time series images of an unpolarized neutrophil re-

sponding to a micropipette (white circle) containing 10µM FMLP. (a) 5s

(b) 30s (c) 81s (d) 129s. Notice the orientation of the head towards the

chemokine source. Image reproduced from [195] with permission from

the publisher.

is seen in these conditions is essentially the same as that seen in cells responding to

gradients. The only major difference is the motility patterns. In uniform concen-

trations leucocytes exhibit random motility- travelling short distances and turning

often. Cells migrating in a chemo-attractant gradient, on the other hand, exhibit

a biased random walk with persistence in the direction of the gradient since they

hardly turn during this random migration [197].

One of the well accepted models for leucocyte polarisation is the first-signal (or

first-hit) model, which was first described by Haston and Wilkinson [63]. The fact

that leucocytes could polarise efficiently in uniform concentrations of an attractant

such as fMLP at optimal (10−8−10−9 M) or suboptimal (10−10−10−11 M) concen-

trations, but not at supraoptimal (10−6 − 10−7 M) concentrations, suggested that

perhaps a leucocyte would polarise in the direction from which the first signal was

received. This would require that a first signal could be distinguished from later

signals.



3.3. LOCOMOTION OF LEUCOCYTES 31

GPCR

NEUTROPHIL

UNSTIMULATED PMN POLARISED PMN

CHEMOATTRACTANT GRADIENT

PSEUDOPOD
UROPOD

Figure 3.3. Schematic sketch of neutrophil polarisation and the for-

mation of head-tail polarity in response to chemo-attractant gradient.

At supraoptimal concentrations the cell would receive many signals simultaneously

and would show a multi-polar morphology rather than head-tail polarity [174]. At

lower concentrations, the time-course of signal receipt would allow initiation of

pseudopod (head) formation at one pole. This would be accompanied by recep-

tor redistribution (Figure 3.3) in the plane of the membrane to that pole, thus

increasing the chances of subsequent signals being received at that pole. The fact

that receptors are mobile in the plane of the membrane means that cells can redis-

tribute receptors according to need [39, 201]. The receptor redistribution would

also ensure that subsequent random locomotion would be persistent in direction

because, as the cell moved, it would continue to receive most signals at its anterior

pole since that was where the receptors were concentrated.

In uniform attractant concentrations, the different cells in a population would

receive their first signals from random directions and they would therefore polarize

and move in directions that were random relative to one another. However, in a

gradient most cells would receive their first signal from the side where the attractant

concentration was highest, and the cells of the population would therefore polarize

and move in similar directions towards the gradient source.
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A stochastic model based on a response to signal noise was proposed by Tranquillo

et al [187]. The major advantage of stochastic models is that they explain both

chemotactic and chemokinetic locomotion [199]. There are many stochastic events

in the detection of signals by locomotor cells. Firstly, even in uniform attractant

concentrations, there will be transient local changes in concentration. Secondly,

many of the events in the cell itself are subject to stochastic fluctuations. For

a signal to be transmitted, a ligand must bind to a receptor and this, in turn,

interacts with a transduction protein which, in turn, activates an effector protein.

These events require diffusion in the plane of the membrane, an essentially random

process, for contact of the various membrane proteins involved. These bio-chemical

events can be reasonably represented as:

Extracellular

Chemical

+

 Receptors on

the Cell Surface

 ka↼−−⇁
kd

Occupied

Receptors

 ki−→


Internalised

Receptor-Chemical

Complex

 ,

where ka, kd and ki are kinetic rates.

Tranquillo et al [187] proposed that the noise inherent in receptor sensing underlies

the random directional component of cell paths. Based on this, they formulated a

model to unify the two modes of leucocyte locomotion, i.e. the persistent random

walk of chemokinesis and the biased random walk of chemotaxis. They propose

that a polarised cell moving in a uniform attractant concentration would encounter

fluctuations in that concentration (or in receptor binding) which would be inter-

preted by the cell as ‘fluctuating gradients’ in the absence of a mean gradient. The

cell would respond to these transient ‘gradients’ by turning, leading to a persis-

tent random walk. Likewise cells moving directionally in a mean gradient would

perceive fluctuations in the gradient which would account for the turns (errors)

made by cells moving towards a chemotactic source. In another paper Moghe and

Tranquillo [125] present a mathematical model which allows them to predict the

paths that cells would take under various experimental conditions and proves to

be in good agreement with experimental data.
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3.3.2. Theories for gradient perception

Early studies of gradient sensing began with investigating bacterial chemotaxis

such as E. coli. In fact the best understood signalling network for chemotaxis is

that of bacterial cells such as E. coli [75]. These bacteria use a half-dozen or so pro-

teins that undergo various modifications in response to changing chemoattractant

concentrations [71].

Studies on bacterial chemotaxis indicate two distinct methods by which an organ-

ism can sense a chemical gradient [9, 208]. An organism can sense the concentra-

tion of a chemo-attractant at one point, then move a certain distance and sense

it again, while comparing this new level with the previous one. This mechanism

has been termed temporal, since the organism compares the concentration - by

sampling the environment - at different points in time [189]. The biochemistry

of a temporal mechanism is relatively simple since it only requires a short term

memory.

The second method is called a spatial mechanism, in which the organism compares

the concentration of a chemotactic substance at two or more locations on its body

at one time [208]. The main difference here is that the temporal mechanism re-

quires only one receptor anywhere on the organism, whereas the spatial mechanism

requires at least two spatially separate receptors on the organism. More impor-

tantly, the latter case implies that the organism is capable of sensing gradients

across its own dimensions [9, 208].

The models proposed above stimulated a great deal of theoretical analysis as well

as more experimental work on leucocytes, with neutrophils being the centre of at-

tention [189]. S H Zigmond in her 1974 paper [208] has postulated temporal and

spatial models for neutrophils based on a collection of empirical evidence. Anal-

ysis of human spherical neutrophils exposed from one side to a gradient (Figure

3.2) demonstrated that these cells utilise spatial detection. This was further sup-

ported by Ramsay’s experiment (reviewed in [208]), where in response to a moving

chemotactic stimulus, neutrophils put out a pseudopod accurately in the direction
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Figure 3.4. Human blood neutrophils oriented in a Zigmond chamber

towards a gradient source of fMLP on the right. Image obtained from

[200] with permission from the publisher.

of the gradient (Figure 3.4). These studies led to the idea that a leucocyte might

be able to compare receptor occupancy across its own length, though it is not clear

how the cell compares subtle differences in receptor occupancy at different sites

[75]. Later on, Zigmond reported that cells can detect a difference of 1% - 2% in

concentration across their own length [209]. As we mentioned earlier, in spite of

all the evidence, molecular aspects of gradient sensing in leucocytes are not well

understood. In particular, it is not yet known how leucocytes respond preferen-

tially to a certain chemokine (e.g. fMLP) in a field of multiple chemo-attractant

gradients.

To summarise, we can conclude that leucocytes such as neutrophils manage to

localise signalling molecules via receptor redistribution when placed in a chemo-

attractant gradient. They possess a spatial sensing mechanism for directional sens-

ing [171]. In general for eukaryotes, this spatial sensing mechanism usually requires

the cell to constantly measure receptor occupancy across its entire perimeter [75].
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3.4. Assays of Leucocyte Migration

Visual assays using slide and coverslip preparations and time-lapse cinematogra-

phy had been used to show that chemotaxis of leucocytes was a real phenomenon

- at least in vitro. Boyden’s introduction of the micropore filter method in 1962

[15] made it easy to obtain quantitative data reproducibly and accurately. Both

methods, visual and micropore filters, are still used for cell migration assays, as

each has its own advantages. Boyden filters are suitable when a population of cells

are put through attractant gradients whereas in visual chambers one can record

the movement paths of individual cells. However, a serious issue in chamber assays

is to maintain a steady-state attractant gradient, particularly when dealing with

slow-moving cells such as fibroblasts [10]. In most of these chamber assays the

gradients generated typically are not linear and change with time and position.

However, this issue has been noted in the literature and Dunn’s chamber (1991) is

the earliest to resolve the issue of varying attractant gradient [206]. A more recent

technology of microfluidic chambers (Figure 3.5) has enabled experimental scien-

tists to generate and control stable (linear or complex) chemoattractant gradients

in micro-environments [38].

As an early example of analysis of locomotor behaviour of leucocytes in time-lapse

films, McCutcheon (1946) devised a measure of the straightness of leucocytes’

paths, called the chemotactic index (CI). The concept of CI formed the foundation

of quantifying directional bias. It is calculated by dividing the straight line distance

from the beginning to the end of the cell path by the total distance travelled by

the cell [114]. Movement to the source was scored as positive and away from

the source as negative. Zigmond [208] observed neutrophils moving in gradients

with CI ranging from +0.7 to +0.8 with +1.0 indicating a straight line path.

Measurement of the frequency of turnings gives a measure of klinokinesis. For

leucocytes, early experimental data for turn angle distributions over arbitrary time

intervals suggest that neither the size of the angles nor the frequency depends

on attractant concentration [190]. Therefore klinokinesis of leucocytes is often

neglected.
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Figure 3.5. Schematic representation of a microfluidic device branded

as µFlow. The device consists of a gradient-mixing module and a chemo-

taxis observation module. Figure obtained from [47] with permission

from the publisher.

Neutrophils responding to chemotactic factors, whether in gradients or in uniform

concentrations, show a typical “dose-response” curve. These curves have been

studied for both the random motility coefficient and chemotactic sensitivity of neu-

trophils. The dose-response regime for neutrophils and macrophages, as reported

in several publications, exhibits a biphasic dependence on chemical concentration.

This means that there is an optimal concentration at which cells show maximum

tactic sensitivity, and beyond this optimal concentration the response declines. An

example of a dose-response curve is given in Figure 3.6. An explanation for this

biphasic behaviour is rapid down-regulation of the chemotactic factor when the

concentration increases, which is the result of receptor-binding saturation. This is

similar to our discussion of leucocyte polarisation in supra-optimal concentrations

of fMLP in Section 3.3.1.
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Figure 3.6. Example of dose-response curve with biphasic behaviour

for the locomotion of neutrophils. Left: Based on the data in [197].

Right: Based on the data in [207].





CHAPTER 4

Chemotaxis: Computational Perspective

4.1. Introduction

Theoretical and mathematical modelling of chemotaxis dates back to the pioneering

work of Patlak [66]. In his 1953 paper [146], Patlak derives the partial differential

equation of the random walk problem with persistence of direction and external

bias. Persistence of direction means the probability that a particle travels in a given

direction is not necessarily the same for all directions, but depends only on the

particle’s previous direction of motion. External bias means that the probability

a particle travels in a given direction depends on an external force on the particle,

mainly due to variations in the medium. Patlak derives a modified Fokker-Plank

equation based on probability distributions for travel times and speeds of particles.

The final equation is then obtained by incorporating the assumptions of external

and internal bias. Patlak’s diffusion equation in 1-D is:

∂N(x, t)

∂t
= ∆(D(x)N(x, t)), (4.1)

where N is the particle density and D is the diffusion coefficient which is computed

from an expression in terms of particles’ average speed and time of travel. The

flux in (4.1) can be written as

−∇(D(x)N(x, t)) = −(D(x)∇N(x, t) +N(x, t)∇D(x)), (4.2)

whereD∇N accounts for the randomness, andN∇D is the drift caused by external

(environmental) forces, since D varies with space and location. The first term on

the RHS of (4.2) is known as Fickian flux, which models the flow of species N from

a higher density to lower. In a closed environment (e.g. a container) the steady

state of Fickian flux is achieved when ∇N = 0 or when N(x, t) = constant. In

Patlak’s model and in the steady state, particle densities are inversely proportional

39
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to diffusivity, i.e. N(x, t) = n
D(x)

. In this way Patlak succeeded in incorporating

the effects of external bias as a result of medium inhomogeneities into the diffusion

equation. Patlak’s model is widely used in ecology for modelling the migration

patterns of animals and habitat selection [138, 175].

Patlak’s random walk model is sometimes referred to as the classical chemotaxis

model [69]; but the most popular and well known model for chemotaxis of or-

ganisms in response to external signals is the Keller-Segel model of chemotaxis,

proposed by E F Keller and L A Segel in their 1970 paper [79]. Since then Keller-

Segel type equations have become widely utilised in models for chemotaxis and

as mentioned above particularly when organisms respond to an attractant or a

signal gradient. In its original form the Keller-Segel model consists of four cou-

pled reaction-diffusion equations, which describe the aggregation of cellular slime

moulds such as Dictyostelium discoideum [69]. These four equations take into ac-

count fine details such as enzymatic reactions with the cells and the attractant;

nevertheless for the sake of simplicity Keller and Segel assume that the complex

formed via chemical reactions (enzymatic processes) is in steady state, i.e. con-

centrations of free and bound enzyme stay constant [79]. This leads them to the

following system of only two coupled parabolic equations:

ut = ∇(k1(u, v)∇u− k2(u, v)∇v),

vt = kv∆v − k3(v)v + uf(v),
(4.3)

where u denotes the cell (organism) density on a given domain Ω ⊂ Rn and v is

the concentration of chemical signal with diffusion coefficient denoted by kv. The

functions k3(v) and f(v) represent the decay and production of v respectively. The

functions k1 and k2 describe ‘random motility’ and ‘chemotactic sensitivity’ of the

cells respectively. Equations (4.3) together with appropriate initial and boundary

conditions are known as the Keller-Segel model of chemotaxis. We notice that the

flux in Patlak’s equation (4.1) conforms to a similar format of the first equation

in (4.3). We shall give more details of deriving chemotaxis equations in the next

section.
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Modelling the role of chemotaxis in pathological processes is a large field. Keller-

Segel type models have been developed by various authors to describe the inflam-

matory response of leucocytes to bacterial invasion. Apart from modelling immune

response, there are a large number of publications using equations similar to (4.3)

to model distinct stages of tumour growth and development, in particular angiogen-

esis. Angiogenesis is the process of formation of new capillary networks within the

tumour environment in order to supply further nutrients to tumour cells [23, 102].

An excellent and comprehensive overview of the mathematical modelling done in

this area can be found in the review paper of Mantzaris et. al. [110] as well

as the recently published collection of articles in [74]. The Keller-Segel model of

chemotaxis is used frequently in modelling phenomena that involve directed and

tactic movement of particles/organisms. Although alternative approaches such as

stochastic and discrete models (reviewed in [66]) of chemotaxis have been devel-

oped, the continuum model (4.3) has become the prevailing method of representing

chemotactic behaviour of biological systems. The main advantage of (4.3) is its

relative tractability- both numerically and analytically- compared with discrete or

individual based models [66].

Another group of mathematical models of chemotaxis are the mechanistic models,

which describe leucocyte chemotaxis in molecular level and in a sense, belong to

the field of systems immunology. The mechanistic models consider an individual

cell as a mechanism in which external and internal effects result in a behaviour

such as chemotaxis, where by the internal effects, we mean the intra-cellular cir-

cuitry of a cell, which is responsible for the transduction of external signals [13].

Chemotaxis in eukaryotic cells involves the coordination of several related but sepa-

rable processes: motility, polarisation and gradient sensing [75, 145]. Mechanistic

models typically focus on only one of these processes [71]. In other words, the

mechanistic models only describe the process by which an external chemical signal

is internalised and translated into an action like locomotion in a certain direction.

Mechanistic models can become quite detailed and complex due to the complexity

of signalling pathways and the number of genes and enzymes involved in the action.

However, the outcomes can be simplified and incorporated into the cell population
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models. A good example of a mechanistic model for neutrophil gradient sensing

and polarisation can be found in [140], which is based on experimentally charac-

terised biochemical mechanisms.

4.2. Derivation of Chemotaxis Equations

Two different perspectives can be considered for modelling chemotactical move-

ment of u induced by a chemical/signal v [69]. These two methods are from

either a microscopic or macroscopic perspective. In the microscopic approach,

the movement of cell populations is viewed as a consequence of microscopic irreg-

ular (random) movement of single members that results in macroscopic regular

behaviour of the whole population. In the macroscopic approach, the whole pop-

ulation is considered directly, i.e. population densities in space and time. Keller

and Segel used the latter approach for deriving their model of chemotaxis, and we

shall review this first. Dealing with macroscopic quantities (densities) will lead to

models at the continuum level.

4.2.1. Keller-Segel Model

Let u(x, t) denote the density of cells and v(x, t) that of the chemical species,

where x ∈ Ω ⊂ Rn (n = 1, 2, 3). Before proposing the formulation, let us make two

generic assumptions (also made by Keller and Segel):

(a) the chemical v diffuses in the medium according to Fick’s law of diffusion,

i.e. from higher concentrations of v to lower,

(b) the concentration of cells, u, changes as a result of their own diffusion

(Fickian type) as well as an oriented chemotactic motion in the direction

of a positive gradient of the chemical species.

In fact assumption (b) says that the flux of cells comprises two components, which

we shall name random and tactic. The former pertains to the cells’ random motility
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and the latter is due to chemotaxis. Therefore we can describe v as our chemo-

attractant since there is positive chemotaxis up the gradient of v.

Now consider a closed region Ω, the total mass of cells is given by
∫
Ω
u(x, t)dx and

we are interested in the rate of change of this mass. Conservation of mass for cells

requires that

∂

∂t

∫
Ω

u(x, t)dx =

∫
Ω

Qdx−
∫
∂Ω

Ju · n dS, (4.4)

where Q is the production rate of cells and Ju · n represents the flux of cells with

n being the outward pointing unit normal to ∂Ω. Assuming necessary smoothness

conditions, we can then apply the divergence theorem to (4.4), which implies

∂u

∂t
= Q−∇ · Ju (4.5)

Let us ignore Q for the time being and assume that ∂u
∂t

= −∇·Ju. From assumption

(b) above, Ju = −D1∇u + D2(u, v)∇v. We notice that the first term, −D1∇u

is basically the diffusion of cells due to their random motility with diffusivity

D1. The second term is the tactic (directional) component of the flux since it is

proportional to ∇v, i.e. cells move up the gradient of chemoattractant if D2 > 0.

The proportionality factor D2 is a function of u and v (cf. k2 in (4.3)). D2

is a measure of the strength of the influence of chemical gradient on the flow

of the cells [79, 80]. Keller and Segel in [79] have taken D2(u, v) = χ0u/v =

uχ(v), where the function χ(v) describes the chemotactic sensitivity of cells u at

a given concentration of chemical v. Various forms of sensitivity functions have

been proposed since the Keller-Segel model, and we will discuss them in Section

4.3. Putting all these results together we can rewrite (4.5) as

∂u

∂t
= ∇(D1(u, v)∇u− uχ(v)∇v) (4.6)

Applying a similar argument, we can derive the equation describing the dynamics

of chemical concentration v:

∂v

∂t
= ∇(Dv∇v) + f(u, v) (4.7)
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which is a reaction diffusion equation with the function f(u, v) serving as the

reaction term for the production and decay of chemicals. Thus we have derived

the Keller-Segel equations from a macroscopic point of view.

In the next section we will review the derivation of chemotaxis equations from

a microscopic point of view. The probabilistic derivation of chemotaxis equations

began from studying the space-jump processes (e.g. [4, 141]), where the continuum

model is derived from the limit of a discrete-space jump process.

4.2.2. Chemotaxis equations via random walk models

Othmer and Stevens [142] derive continuum descriptions of particle motion from

a “space-jump” process where the transition rates, i.e. probabilities of parti-

cles jumping, are dictated by the concentration of a modulator or control sub-

stance. This dependency on the chemical concentration is relevant to modelling

cell/organism movement patterns in biology, especially when cells modify their

environment.

For simplicity we consider a one-dimensional lattice and one-step jumps only. Fur-

ther we assume that jumps occur in constant time intervals of length k, i.e. t = jk;

hence the random variable Xj denotes particle’s position after j steps (jumps) and

Pr(Xj = n) is the probability that the particle is at site n after j jumps. We now

define the one-step transition probabilities.Pr(Xj+1 = n± 1|Xj = n) = R±
n,j

Pr(Xj+1 = n|Xj = n) = R0
n,j

(4.8)

where the second expression indicates the possibility of a particle remaining at a

site. For every n ∈ Z and j ∈ Z≥0 we require

R+
n,j +R−

n,j +R0
n,j = 1 (4.9)

Now, if we let pn,j ≡ Pr(Xj = n) then the following equation holds

pn,j+1 = R+
n−1,jpn−1,j +R−

n+1,jpn+1,j +R0
n,jpn,j, (4.10)
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and using (4.9) we can rearrange and rewrite (4.10) as below

pn,j+1 − pn,j = R+
n−1,jpn−1,j +R−

n+1,jpn+1,j − (R+
n,j +R−

n,j)pn,j (4.11)

Equation (4.11) models a discrete jump process in time and space. Before moving

to the continuous-time version we need to define the so-called weight associated

with each spatial interval at a certain time t. After all, transition probabilities

must be calculated from a weighting scheme according to the idea of reinforced

random walks. Let W(t) denote the weighting vector given by

W(t) =
(
· · · , w−n−1/2(t), w−n(t), w−n+1/2(t), · · · , w0(t), w1/2(t), · · ·

)
(4.12)

where the weights w are defined at the midpoint of each interval as well as the

grid points. The vector W and the whole idea of interval weights are the basis

of Davis’s reinforced random walk theory [34]. When modelling biological move-

ments, weights w are interpreted differently depending on the context. Therefore

from a biological point of view, wn(t) can be interpreted as the concentration of

a control substance that influences cell/organism movement. In particular, in the

context of this thesis the control substance is the same as chemokines, since a

leucocyte’s movement is modulated by chemokine concentrations around it.

We are now ready to derive the continuous-time, discrete-space jump process by

dividing both sides of (4.11) by k and letting k → 0:

lim
k→0

pn,j+1 − pn,j
k

= lim
k→0

1

k

(
R+
n−1,jpn−1,j +R−

n+1,jpn+1,j − (R+
n,j +R−

n,j)pn,j

)
(4.13)

which then yields the following

∂pn
∂t

= T+
n−1(wn−1)pn−1 + T−

n+1(wn+1)pn+1 − (T+
n (wn) + T−

n (wn))pn (4.14)

where

T±
n (wn) = lim

k→0

R±
n,j(wn)

k
(4.15)

are transition rates per unit time for a one step jump from position n to either left

or right, i.e. to n ± 1. The transition rates are assumed to be nonnegative and

smooth functions. The quantity (T+
n (wn)+T

−
n (wn))

−1 is the mean waiting time of

a particle at site n. Equation (4.14) is called the master equation for a continuous-

time, discrete-space random walk, which was used by Othmer and Stevens in [142]
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for studying the aggregation, blow up and collapse of the cell populations under

various movement rules. Based on the dependence of transition rates on control

substance w, there are three different types of models considered by the authors of

[142]: (i) strictly local, (ii) barrier models and (iii) gradient based models. Each

model leads to a continuum limit of the master equation (4.14). We shall only

discuss (i) and (iii).

4.2.3. Transition rates based on local information

Let us assume that the mean waiting time at site n depends only on the local

concentration of the control species at that site. In other words, transition rates

to the right or left are equal and hence there is no spatial bias in the walk. This

is equivalent to assuming that T±(wn) = λF (wn), for some constant λ > 0 with

dimension time−1 and 0 ≤ F (w) ≥ 1 is a probability density function. Considering

a grid of mesh size h and setting x = nh we can then write pn(t) = p(x, t) and

wn(t) = w(x, t). Now, if we substitute p(x, t) and w(x, t) into (4.14) and expand

the right hand side as a function of x to second order in h, we will obtain the

following:

∂p

∂t
= λh2

∂2

∂x2

(
F (w)p

)
+O(h4) (4.16)

To complete the transition from discrete to continuous we let h → 0 and λ → ∞

and assume the existence of the following limit:

lim
h→0
λ→∞

λh2 = D (4.17)

Hence the diffusion limit of (4.14) under the local model scenario is a PDE for the

probability density function p(x, t) for the position X(t) of a single cell. That is,

∂p

∂t
= D∆

(
F (w)p

)
(4.18)

The particle flux for (4.18) is given by

J = −D∇(F (w)p), (4.19)
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which can be written in the following alternative form

J = −DF (w)∇p−DpF ′(w)∇w = −d(w)∇p+ pχ(w)∇w, (4.20)

and the corresponding PDE is given by

∂p

∂t
= ∇

(
d(w)∇p− pχ(w)∇w

)
, (4.21)

where d(w) = DF (w) and the chemotactic sensitivity χ(w) = −DF ′(w). Note

that d(w) and χ(w) are both strongly limited by a single function, namely F .

The first immediate observation is that the control substance regulates the rate

of random motility via d(w) as well as producing directional bias. Next we see

that if F ′(w) = 0, i.e. F (w) = constant, then there is no tactic term in the flux

of particles. This is realistic since particles can only sense local concentrations

of control substance and there is no directional preference due to ∇w = 0. If

F ′(w) ̸= 0 then we retain the chemotactic term in the flux and to have positive

chemotaxis we need F ′(w) < 0. This leads to the aggregation of particles at a site

where the concentration of w is highest. The reason is that F ′(w) < 0 implies that

d
dw
(F (w))−1 > 0, and this means that the waiting time at a site is an increasing

function of w, hence particles tend to accumulate where the density of w is large.

4.2.4. Gradient-based models

In gradient based models the organism probes its surrounding environment before

making a decision as to where to move. Hence it is reasonable to assume that the

transition rates depend on the difference between w concentration at the current

site and the nearest site in the direction of movement [144]. In a one-dimensional

lattice assuming a linear dependence on concentration differences, the transition

rates can be written as

T±
n±1 = α + β(τ(wn)− τ(wn±1)) (4.22)
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where α ≥ 0 and τ(w) is again a probability density function. It can be shown that

this choice of transition probabilities will lead to the following continuum limit:

∂p

∂t
= ∇(αD∇p− 2βDpτ ′(w)∇w) (4.23)

where the chemotactic sensitivity is given by χ(w) = 2Dβτ ′(w).

A local gradient based model coincides with receptor-kinetic schemes where in

(4.22) cells base their movement on a local gradient in the number of bound re-

ceptors [66]. In a more generic form the local variant of(4.23) can be written as

[144]

∂p

∂t
= ∇(D∇p− pτ ′(w)∇w), (4.24)

where τ(w) is the mechanism by which bound receptor differences are worked out in

the cell. This equation has been employed extensively to model tactic responses in

cell populations where cells possess a mechanism for detecting signal gradients, e.g.

macrophages and neutrophils. It has also been suggested to let D = 0 if we know

that cells move only when they detect signal gradients, i.e. if there is only taxis

[142, 144]. Comparing the flux in (4.24) with that of the local model (4.19) reveals

that in a gradient based model the control substance w has no influence on the

rate of random motility of the particles/organisms and it only creates directional

bias, which is translated to chemotaxis.

Equation (4.18) coupled with another equation which models the evolution of w

will make a chemotaxis-reaction-diffusion system of equations. In [142] the

authors have assumed that the control substance does not diffuse; however, its

production/decay can depend on p. Regardless of this we can assume a general

PDE for the evolution of w similar to the second equation in the Keller-Segel model

(c.f (4.3)). The evolution of p according to (4.18) is subject to appropriate initial

and boundary conditions. For a non-interacting population of cells, each of which

moves independently according to (4.14), the sum of the probability densities for

all the cells will also satisfy the same continuum limit (4.18). For a large number of

cells, p(x, t) in (4.18) may therefore be interpreted as cell density. The derivation of
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a general continuum limit for interacting populations, however, is an open problem

[29, 69, 178].

4.2.5. Stochastic many-particle systems

This approach is due to Stevens [179] and is regarded as the first rigorous deriva-

tion of Keller-Segel equation from a microscopic perspective, namely an interacting

stochastic many-particle system. Stevens in [179] assumes a total number of par-

ticles N , which are either cells (micro-organisms) or chemicals produced by cells.

Then a system of stochastic differential equations is written for the evolution of

particle populations and their interactions and eventually, via a limiting process,

weak form solutions of the Keller-Segel model are obtained.

4.3. Characteristic Measures of a Chemotactic Response

From a phenomenological perspective, the simplest description of cell motion in

the presence of an attractant or repellent is obtained by adding a convection-like

or directed component to the diffusive flux [49] to obtain

J = −D∇p+ pvd, (4.25)

where p is the cell density measured in cells/Ln with n = 1, 2 or 3, depending on

the spatial dimensions and pvd is the tactic component of the flux. The vector

vd is the macroscopic chemotactic velocity with the usual dimensions of (LT−1).

Therefore, positive or negative taxis depends on whether vd is parallel or anti-

parallel to the direction of increase of the chemotactic substance. In other words

vd is proportional to the spatial gradient of the control substance w, i.e. vd ∝ ∇w.

The resulting evolution equation for p is then given by

∂p

∂t
= ∇(D∇p)−∇(pvd). (4.26)

Since the birth of chemotaxis models, a great deal of modelling effort has been

devoted to the determination of appropriate functional forms for the dependence of
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tactic velocity on chemical gradient. Keller-Segel in their first two papers [79, 80]

proposed a linear dependence of vd on ∇w:

vd = χ(w)∇w, (4.27)

where the proportionality ratio, χ(w), is the so-called chemotactic sensitivity, which

is defined as the net flux of cells per unit gradient of attractant in the absence of

diffusion [76]. In fact from (4.27) we can easily obtain dimensions of χ: suppose

velocity is in cm/s and the attractant concentration w is in M = moles/litre;

hence the gradient ∇w is in M.cm−1 and therefore units of χ will be given in

cm2/s.M . In fact, the units of χ can be broken down into “cm/s per M/cm”,

i.e. chemotactic sensitivity indicates how fast cells move towards (away from) the

attractant (repellent) per unit gradient.

Of course, the choice of χ(w) is dependent on the cell movement mechanism and

on the nature of the tactic cells, mainly their signal sensing strategies. We shall

review some common expressions below and then we will discuss our model for the

chemotaxis of leucocytes. A review of various expressions for χ(w) can be found

in [56]. A more recent systematic review of chemotaxis models along with some

mathematical analysis for each scheme is presented by Hillen and Painter in [66].

The simplest form for chemotactic sensitivity is to assume it is constant; χ(w) = χ0.

In reality most tactic cells’ sensitivity would vary with the concentration of control

substance, yet some modellers tend to consider a constant value for χ, particularly

if they do not know how χ varies with w. Another significant reason would be

the simplicity of mathematical and numerical treatment of Keller-Segel (KS) type

systems with constant coefficients. In fact such systems are known as minimal KS

models : ∂p/∂t = ∇(D∇p− pχ∇w)

∂w/∂t = Dw∆w + f(p, w).
(4.28)

However, it should be noted that the minimal KS model, despite its success and

popularity in modelling cell population migration behaviour, cannot be used as
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Table 4.1. A list of common forms for tactic velocity and sensitivity expressions.

ϕ(w) χ(w) (Description) Reference

χ0w χ0 (direct) [95]

ln(c+ w) 1
c+w

(logarithmic) [79]

χ0
w

k+w
χ0

k
(k+w)2

(receptor-kinetic) [90]

wn

kn+wn
d
dw

(
wn

kn+wn

)
(Hill function) [168]

v(w) = tanh
(
χ0R(

w
k+w

)′∇w
)

– (nonlinear) [156]

a global model as it lacks relevance to certain cell experiments. For instance,

experiments with PMN leucocytes in increasing attractant gradients (e.g. [209])

show that cells approach a limiting population flux. The minimal KS model is

unable to predict this: instead it will predict that the flux tends to infinity, but

we know this is not possible since cells travel with a finite velocity. Also it is well

established that bacteria such as E coli respond differently to chemical stimuli from

neutrophils (see temporal and spatial gradient sensing in Chapter 3) even though

both species’ response is described by ‘chemotaxis’.

Let us go back to the flux given by (4.25). We established that it is natural to as-

sume that v = v(w) = χ(w)∇w. From an abstract point of view one could assume

that cells, by some receptor mechanism, measure the gradient of some quantity,

say ϕ(w) instead of measuring attractant gradient. The meaning of ϕ(w) can vary

from one species to another. Hence the tactic velocity can now be computed by

v(w) = ∇ϕ(w) = ϕ′(w)∇w, (4.29)

where comparing to the previous expressions we have χ(w) = ϕ′(w). This setting

has been proposed mainly by pure mathematicians (e.g. [163]), who are interested

in studying the analytic aspects of chemotaxis equations, such as uniqueness of

solutions and global existence and so forth. A list of commonly used forms for ϕ is

given in Table 4.1. The last row is an example of a nonlinear dependence of tactic

velocity on ∇w, which has been formulated by Rivero et. al. (1989) in [156],

specifically for flagellar bacteria. The most commonly used forms are logarithmic
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and receptor-kinetic, of which the latter is based on Michaelis-Menton enzymatic

dynamics.

Keller and Segel in their 1970 paper on modelling slime mould aggregation assumed

the sensitivity of amoebae to be inversely dependent on the signal, i.e. χ(w) =

χ0

w
. The reason for this assumption was due to the experimental observation that

amoebae are sensitive to relative signal gradient w−1∇w. The sensitivity obviously

decreases as the chemical concentration increases. One technical problem with this

choice of expression for χ is that when w ≈ 0 we face a singularity or a rush of

particle aggregation, which would then be called “blow up”. To eliminate the risk

of singularities one can instead let χ(w) = χ0

c+w
for some c > 0.

In the next sections we shall carefully explain the receptor-kinetic scheme, which

is widely accepted as a suitable frame for the chemotaxis of leucocytes.

4.4. Modelling Leucocyte Chemotaxis

The only leucocytes that we are concerned with in this work are neutrophils and

macrophages. Neutrophils are the first line of innate immune defence against acute

infections and exhibit strong tactic response to the stimuli [85]. In this section

we focus on neutrophils, more formally known as ‘polymorphonuclear’ (PMN) leu-

cocytes. We shall discuss the derivation of a sensitivity function, χ(w), that has

been used to model chemotaxis of PMNs. From here on we assume w represents

chemoattractant concentration, unless otherwise noted.

Two central features of PMNs’ chemosensory movement behaviour were explained

in the previous chapter, namely chemokinesis and chemotaxis. In uniform con-

centrations of chemoattractant, these cells exhibit a persistent random walk, with

a characteristic “persistence time” between significant changes in direction. In

chemoattractant concentration gradients, they demonstrate a biased random walk,

with a “directional bias” characterizing the fraction of cells moving up the gradi-

ent. A coherent model of cell movement responses to chemoattractant requires
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that both the persistence time and the directional bias be incorporated within a

unifying framework [187].

Almost all spatio-temporal models of leucocyte locomotion are based upon exper-

imental and visual laboratory observations of actual cell movements. Over the

past 50 years a variety of experiments and assays have been developed to study

and understand mechanisms of leucocyte locomotion and often cells chemotactic

sensitivity and random diffusivity have been measured via these assays (reviewed

in [151, 200]). The purpose of mathematical models is to primarily emulate the

experimental observations and then use these models to predict other scenarios

without the need to preform experiments.

4.4.1. Formulating χ(w) for Leucocytes

So far we have established that the directional (tactic) velocity of chemotactic

cells including leucocytes, vd, is proportional to their average velocity v. Hence

vd = ϕv, where ϕ is the orientation bias towards the source of chemokine. The

orientation bias depends on a number of factors that have been a subject of inves-

tigation for biologists during the last 50 years. A careful and concise derivation of

the components of ϕ is given in [156, 190]. We shall summarise these in order to

obtain the receptor-kinetic expression for χ(w).

In a series of experiments and chamber assays by Zigmond [207, 209, 210], a

connection between the fraction of cells moving up in the direction of ∇w and the

difference in bound receptors across the cell length was shown. Let f denote the

fraction of leucocytes pointing towards ∇w and let Rb be the number of bound

receptors, i.e. bound by chemo-attractant ligand. For simplicity let us assume that

we are in 1D and length is denoted by x. In a mathematical sense, the experiments

above showed that f is a function of ∂Rb/∂x.
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The simplest expression for f that is consistent with the data in [209] is suggested

by Rivero et. al. as the following [156]:

f =
1

2

(
1 +

χ0
∂Rb

∂w
∂w
∂x

1 + χ0
∂Rb

∂w
∂w
∂x

)
. (4.30)

Notice that f is a dimensionless quantity whereas ∂Rb/∂x = (∂Rb/∂w)(∂w/∂x)

has the unit receptor/cm. χ0 is the reciprocal of the difference in bound receptors

per spatial distance along an individual cell’s length and so it reflects the extent

of directional bias [190].

The orientation bias ϕ is defined to be 2f − 1. For small chemokine gradients

f ≈ 1
2
[1 + χ0(∂Rb/∂w)(∂w/∂x)] and for large gradients f ≈ 1. Therefore in

shallow gradients f is linearly proportional to ∇w and f → 1 asymptotically as

the gradient increases. Thus in strong gradient fields of chemokines we get ϕ ≈ 1

and so vd ≈ v, i.e. the cell is moving towards the source on a straight line. In the

case where receptors show no affinity for the chemoattractant, i.e. no sensitivity,

which is equivalent to χ0 = 0 that gives f = 1/2 and hence ϕ = 0; therefore there

is no directional velocity.

The number of bound receptors Rb can be given as a function of chemokine con-

centration by

Rb = RT
w

Kd + w
, (4.31)

where RT is the total number of receptors showing affinity for a particular ligand

(attractant molecule) and Kd as usual is the dissociation equilibrium constant. We

see that

∂Rb

∂w
= RT

Kd

(Kd + w)2
, (4.32)

which is similar to the so called receptor-kinetic expression.

To summarise, under the limiting case of small gradients (in 1D) we get

vd = χ0v
∂Rb

∂w

∂w

∂x
= χ(w)∇w, (4.33)
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where chemotactic sensitivity is given by χ(w) = χ0v
∂Rb

∂w
or more precisely

χ(w) = χ0RTv
Kd

(Kd + w)2
. (4.34)

For human PMN leucocytes the quantity χ0RT is estimated to be 0.2 − 0.4cm

[188]. We also note that χ(w) in (4.34) depends on average velocity v and this

velocity is assumed to be independent of w. This implies that the random motility

coefficient of leucocytes, Dc, is also independent of w and given by

Dc = Tpv
2, (4.35)

where Tp is the persistence time, i.e. the average time between the direction changes

by the locomoting cell. However, if Dc = Tpv(w)
2 then χ(w) will take a more

complicated form as below [156]:

χ(w) = χ0v(w)
RT (w)Kd

(Kd + w)2
. (4.36)

We see that even the total number of cell surface receptors RT depends on w,

and must be inversely related to w in order to accommodate the phenomenon of

receptor down-regulation. Equation (4.36) has just been a suggestion and (4.34)

remains to be the most popular expression. Moreover, as we explained earlier the

formulas are to simulate the experimental observations.

4.5. Measuring Motility and Tactic Coefficients of Neutrophils

Clinical and scientific investigations of leucocyte chemotaxis are greatly aided by

an ability to measure quantitative parameters characterizing the intrinsic random

motility, chemokinetic and chemotactic properties of cell populations responding

to a given attractant. Quantities that were typically used in the past, such as

leading front distances, migrating cell numbers, etc. were unsatisfactory because

their values can be affected by many aspects of the assay systems unrelated to

cell behavioural properties. There is a wealth of published research available on

measuring locomotive parameters of PMNs. This is mostly due to the vital role of

these cells in host defence and inflammatory response. In this section we will be

considering only two major papers that are closest to the objectives of this thesis.
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In [188] Tranquillo et. al. (1988), demonstrate the measurement of human neu-

trophil migration parameters that characterize the intrinsic chemosensory and ran-

dom movement responses using cell density profiles. The attractant they used in

their experiments is FNLLP. A key aspect of their approach is the measurement

of cell density profiles i.e., cell number versus distance migrated from the cell well

boundary as opposed to the traditional measurement of leading front. It turns out

that for human neutrophils responding to FNLLP the chemotaxis sensitivity χ is

a function of attractant concentration w according to the following expression:

χ(w) = χ0NT0f(w)S(w)
Kd

(Kd + w)2
(4.37)

with

Kd: receptor-attractant equilibrium dissociation constant,

NT0: total number of cell surface receptors showing affinity to chemotactic factors,

f(w): the fraction of receptors that show affinity for FNLLP only after down-

regulation,

S(w): cell speed calculated from S(w) = (2D(w)/P )1/2, D(w) random motility

coefficient and P persistence time.

All the parameters above are known from previous experiments, and hence the

whole formula is characterised by χ0, which is relative orientation sensitivity. If

χ0 = 0 then the cell shows no sensitivity (bias) towards the gradient of the underly-

ing chemo-attractant. Assuming that in (4.37), the product χ0NT0f(w)S(w) = χm

and remains constant, then we have

χ(w) = χm
Kd

(Kd + w)2
(4.38)

Comparing (4.38) to (4.29), we realise that in this case

ϕ′(w) = χm
Kd

(Kd + w)2
⇒ ϕ(w) = χm

w

Kd + w
(4.39)

i.e. the receptor-kinetic form (cf. Table 4.1). The choice of ϕ(w) given in (4.39)

is not just a coincidence. Tranquillo et. al. in [188] do appreciate the biphasic

dose-response of neutrophils since they observe it in the course of their experiments

with FNLLP. In fact they were able to calculate the value of Kd for FNLLP from
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their experiments, since Kd is the concentration of FNLLP at which the maximum

tactic sensitivity and random motility occurs. The value reported in the literature

for Kd was 2× 10−8M , which they took for calculating χ(w) in (4.37). The results

did agree well with their empirical plots as the optimum D and χ vs FNLLP

concentration, occurred near Kd = 2× 10−8M .

In [124], Moghe et. al. (1995) have investigated chemotaxis of neutrophils in a

3-D conjoined fibrin gel. They have employed direct observation methods to quan-

tify human neutrophil migration using time-lapse video microscopy and automated

cell tracking devices. The gel is used to simulate a tissue-like medium. Moghe et.

al. have used the well-known chemokine interleukin-8 (IL-8) as the chemotactic

factor. There are some fundamental differences between IL-8 and other neutrophil

attractants such as fMLP or FNLLP. Firstly, IL-8 is exclusively host derived un-

like fMLP, which is a bacterial metabolite and unlike C5a, which is a product of

complement cascade, IL-8 is generated by inflammatory cells such as macrophages.

Also, fMLP and C5a are early mediators of neutrophil chemotactic accumulation

upon infection whereas IL-8 may also mediate sustained accumulation after a le-

sion has been populated by macrophages. This is supported pathologically by the

correlation of IL-8 accumulation with chronic inflammatory states characterized

by neutrophil accumulation [124].

The authors of [124] also observe a biphasic dependence of diffusion coefficient and

tactic sensitivity on the concentration of IL-8. From the experiments they compute

the diffusivity of IL-8 in the gel environment of their assay, which turns out to be

DIL = 2.54× 10−6cm2/s. Finally Moghe et. al. calculate D and χ for neutrophils

using MSD of the cells and specific gradient (SG) of IL-8 given by 1
w
∇w. The tactic

velocity v(w) of cells depends directly on the SG of IL-8 and hence χ(w) = v(w,SG)
∇w .

This way the optimum motility coefficient of neutrophils is D = 8 × 10−7cm2/s

and the optimal tactic sensitivity χ = 120cm2/(s.M). Notice that these values are

different from the previous experiment since the chemoattractant is also different

in this study. The optimal coefficients occur at around 4× 10−9M IL-8 where the

range for (IL-8) Kd in literature is reported to be 8× 10−10 − 6× 10−9M [159].
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Therefore based on the evidence, we see that a receptor-kinetic form for the tactic

sensitivity of neutrophils could be a suitable candidate to accommodate “receptor

down-regulation” when the attractant concentrations is at supra-optimal levels. A

detailed analysis of receptor-kinetic models for eukaryotic cells has been laid out

in [172, 173] by Sherratt et. al., where in both papers, human neutrophils are

used as an example of chemotactic/eukaryotic cells. The bell-shaped dose response

curves obtained from Boyden filter assays highlight the necessity of specifying the

parameter variations, i.e. D and χ with respect to the chemical concentration.

The authors of [173] point out that the parameter variations are determined by

the “receptor-kinetics”, controlling cell (receptor)-chemical interactions. In [172]

explicit expressions are derived for D(c) and χ(c) of neutrophils moving through a

gradient of some attractant denoted by c. The flux of neutrophils n, is given by:

J = −D(c)∇n+ nχ(c)∇c (4.40)

We only quote the expression for χ(c) to see its similarity to the expression given

in (4.38). The expression is:

χ(c) = χ0
kaΓ(kd + ki)

(kd + ki + (1− βΓ)kac)2
, (4.41)

where ka, kd and ki are respectively, the rate constants for the processes of asso-

ciation, dissociation and internalisation of the receptor-chemical complex on the

cell surface. β and Γ are positive constants, with Γ being the number of moles of

vacant receptors on an unstimulated cell. Clearly the maximum tactic sensitivity

occurs when c = 0 with χmax = χ0
kaΓ
kd+ki

(cf. (4.38)) but no movement will take

place since if c = 0 then ∇c = 0 too, so that there is no tactic component in the

flux equation (4.40). However, the optimum sensitivity occurs when ka = kd and

ki ≈ 0: beyond that the receptor down-regulation occurs, which is also interpreted

as receptor saturation and hence we see a decline in the tactic velocity. Notice that

the k values are all rates and different from Kd in (4.38), which is concentration.

Kd is the concentration at which ka = kd, i.e. when the rates of receptor-chemical

association and dissociation are equal.



CHAPTER 5

Mathematical Description of Diffusion in Porous Media

5.1. Introduction

Mathematical modelling of the movement of micro-organisms and cells is of great

relevance in the fields of medicine and biology [29]. The most widely used move-

ment models are based on the extensions of simple random walk processes. In

this chapter we will review simple and continuous time random walks and will

demonstrate the construction of stochastic processes such as Brownian and Lévy

motions via the Central Limit Theorem (CLT). For each case we will also derive

the governing mathematical equations as well as the solutions.

Majority of the material in this chapter can be found in standard probability and

functional analysis textbooks such as [5, 12, 46, 52, 53, 117, 147, 161, 204].

Occasionally we will give a definition or assert a theorem (without proof); these

are obtained from the books above. Therefore we shall not frequently cite these

references unless to emphasise a particular result. A review of some basic yet

essential mathematical topics can be found in Appendix A.

5.2. From Random Walk to Diffusion

The basis of random walk theory goes back to the observations of the English

botanist Robert Brown in 1828 [17]. However, precise random walk models were

only developed in the early 1900s following the seminal papers of Einstein in 1905

[42] and 1906 [43]. Later the works of Smoluchowski [177] and others developed

new fields of research such as random processes, random noise and stochastic dif-

ferential equations.

59
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Figure 5.1. Simulation of the simple random walk on a plane. The

walk started from (0, 0). The jumps are normally distributed ∼ N (0, 1)

random numbers generated in MATLAB. The walk is the sum of 10000

steps.

We shall begin with simple, isotropic random walk on a line (in R1). It is simple and

isotropic in the sense that the jumps are “uncorrelated” and “unbiased”. In this

context, uncorrelated means the direction of movement is completely independent

of the previous directions moved. Obviously, the location after each step taken in

the random walk is dependent only on the location in the previous step. This type

of process is also called Markovian with regard to the location [196]. Unbiased

means there is no directional preference and the direction moved at each step is

completely random. In other words, the directions are uniformly distributed and

the choice of direction by the organism is equally likely.

A simple random walk can be regarded as a sequence of independent random

variables (Xn;n ≥ 1), each of which represents a short jump of length δ in a short

time interval τ . Hence the process Sn = S0+
∑n

1 Xi gives the position of the walker

(on the line) after n jumps (or at time t = nτ) given that the walk began from S0

at time t = 0. If the walk occurs on an infinite line then each random variable Xi

can take a value of either 1 or −1, which can be interpreted as jumping to the left

or right with probabilities p and q respectively. Of course for an unbiased random

walk p = q = 1/2. At the moment, we are not concerned with the quality of the
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walk as such, so long as the jumps are independent with finite mean and variance.

A simulation of a simple random walk in 2D is demonstrated in Figure 5.1.

We are interested in predicting the most likely location of the walker (particle)

after a long time, i.e. as n → ∞. This is in fact the question that appeared in

[148] and was discussed by Karl Pearson and Rayleigh in 1905. To be more precise,

Pearson asked about the likelihood of finding the particle (walker) at a distance

x = mδ to the right of the the origin at time t = nτ . This probability, denoted by

p(m,n), is given by the following binomial density:

p(m,n) =

(
1

2

)n(
n

n−m
2

)
, (5.1)

wherem and n are even integers. The density function in (5.1) is a form of binomial

distribution with mean 0 and variance σ2 = n. In the long term, as n→ ∞, p(m,n)

in (5.1) tends (converges) to a Gaussian density with mean µ = 0 and variance

σ2 = δ2t/τ . This means that the probability of a particle being at location x at

time t is given by

p(x, t) =
1√
4πDt

exp

(
− x2

4Dt

)
, (5.2)

subject to the existence of limδ,τ→0 δ
2/τ = 2D, i.e. as we let both the time step

and jump size tend to zero. Einstein showed that p(x, t) solves the heat (diffusion)

equation ut = Duxx, where D is the diffusion coefficient or the diffusivity of the

particles in the medium.

Another way of looking at the long term limit of a random walk is via the classical

Central Limit Theorem (CLT) and the Law of Large Numbers (LLN). Assuming

that Xi are independent, identically distributed (i.i.d) random variables with mean

E(Xi) = µ and variance E(Xi − µ)2 = σ2, then the following holds:

Theorem 1. Central Limit Theorem. Let Sn =
∑n

i=1Xi, where Xi are in-

dependent and identically distributed random variables. If E(Xi) = µ < ∞ and

0 < E(X − µ)2 = σ2 <∞, then as n→ ∞

Sn − nµ√
n

⇒ Y ∼ N (0, σ2), (5.3)

where N (0, σ2) denotes the normal distribution with mean zero and variance σ2.
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In simple words, CLT says that the distribution of the (infinite) sum of random

variables with finite mean and variance can be approximated by a normal (Gauss-

ian) distribution. Moreover if the sum is centred (shifted by µ) and normalised

(scaled by
√
σ2n) then the sum is distributed like the standard normal density, i.e.

∼ N (0, 1). We will make use of this result in the construction of Brownian motion.

5.2.1. CTRW and Brownian Motion

The simple random process Sn that we introduced above assumes that the waiting

time τ between jumps is fixed and the walker (particle) jumps the moment τ → 0

. On the other hand, a continuous-time random walk (CTRW) generalises this

simple random walk by assuming variable waiting times so that the number of

jumps n, made by the walker within a unit time interval, is in fact a random

variable [118]. CTRWs were developed by Montroll and Weiss in 1965 [126]. The

CTRW formalism is used for the construction of Brownian motion as well as Lévy

motions, which we will cover later in this chapter.

We first introduce a continuous-time random process called a Wiener process. Sup-

pose that during a unit time interval, a particle makes n independent random

jumps of finite length Xi. Thus at time t = 1 the location of the particle is given

by Sn = X1 +X2 + . . . +Xn. Hence during any arbitrary time interval of length

t > 0, the particle makes [nt] jumps, where [·] denotes the ‘integer part’ function

and n > 0 is a time scale. Therefore the position of this particle after [nt] jumps at

time t is given by S[nt] = X1+. . .+X[nt]. Further, we assume thatXi ∼ N (0, σ2/n):

then the process Wt = S[nt] is known as a Wiener process. The precise definition

is given below:

Definition 5.1. A random process Wt, t ≥ 0 is said to be a Wiener process if:

(1) W starts at 0, i.e. S0 = 0,

(2) Wt is continuous in time,
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(3) Wt has independent increments such that Wt+s −Ws has the normal dis-

tribution N (0, σ2t) for all s, t ≥ 0 and some σ2 <∞.

Let us define a new random process Bn
t by scaling the Wiener process defined

above:

Bn
t =

1√
n
S[nt] =

1√
n

[nt]∑
i=1

Xi, (5.4)

where 1/
√
n is the spatial re-normalisation factor. From the CLT, we know that

as n → ∞, Bn
t tends to a random variable Y , which is normally distributed, i.e.

Y ∼ N (0, σ2t). The limiting process Bt = limBn
t as n → ∞ is called Brownian

motion. In other words, Brownian motion is defined to be the asymptotic limit

of the scaled Wiener process. It is easy to show that the probability density of

the sum can be approximated by a Gaussian density. To do this, take the Fourier

Transform (FT) of Bn
t (see (A.14) for details) and let n→ ∞:

lim
n→∞

[
f̂
( k√

n

)][nt]
= lim

n→∞

[
1− σ2k

2n
+ . . .

][nt]
= e−σ

2k2t/2 := û(k, t), (5.5)

and inverting (5.5), gives

u(x, t) =
1√

2πσ2t
e−x

2/2σ2t. (5.6)

u(x, t) in (5.6), is the density of the limiting Brownian motion, which is Gaussian

with mean zero and variance σ2t. In other words, the rescaled random variable

S[nt]/
√
n, in the long run, approaches Yt ∼ N (0, σ2t).

We shall now sketch the connection between Brownian motion and diffusion pro-

cesses. Consider the following partial differential equation in one spatial dimension

∂u

∂t
= D

∂2u

∂x2
, (5.7)

where D is the diffusion coefficient. Traditionally, (5.7) is known as the heat

equation and was first established by Adolf Fick, following the work of Fourier for

the conduction of heat and that of Ohm for the conduction of electricity used by

physicists. Einstein reinterpreted this equation and showed that the probability
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Figure 5.2. Solution of diffusion equation (5.9) on the line with D = 1

(σ2 = 2). The initial distribution of particles is Dirac’s delta with height 1

at the origin. (a) Curves correspond to times t = 0.1, 0.2, 0.4, 1, 2. Notice

the exponential tail decay ∝ e−x
2
, i.e. after a certain distance from the

centre u(x, ·) ≈ 0. (b) To demonstrate the spread rate ∝
√
t. Curves are

for times t = 1, 4, 9, 16. We notice that at t = 1 the front is located at

x ≈ ±4 and when t = 4 the front is at x ≈ ±8, i.e. double the previous

distance, and so on as the time progresses. Also notice (in both plots)

that the peak concentration also falls off like
√
t.

density of the jumps in a Brownian motion process satisfies the heat (diffusion)

equation [44].

It is easy to show that u(x, t), as in (5.6), solves the diffusion equation. Differen-

tiating û(k, t) in (5.5) with respect to t gives the following ODE in û(k, t):

dû

dt
= −1

2
σ2k2e−σ

2k2t/2 =
1

2
σ2(ik)2û. (5.8)

On the right hand side, (ik)2û corresponds to the FT of the second derivative of

u, i.e. uxx. Hence, taking the inverse FT of (5.8) yields the following PDE:

∂u

∂t
=
σ2

2

∂2u

∂x2
, (5.9)

which is the diffusion equation with diffusivity D = σ2

2
. Since û(k, t) solves (5.8)

and we can invert both sides of (5.8), the continuity of the FT implies that u(x, t),
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i.e. the density of Brownian motion, solves the diffusion equation. So the funda-

mental solution of the heat equation (5.7) is given by

u(x, t) =
1√
4πDt

e−x
2/4Dt, (5.10)

which is a Gaussian density with mean zero and variance σ2
g = 2Dt. This is a

hallmark feature of a Brownian motion process. Based on this the mean squared

displacement of particles varies linearly in time implying that the particles spread

at a rate proportional to
√
t. This is demonstrated numerically in Figure 5.2.

Note that in all the analysis so far we have assumed unbiased random walks (µ = 0).

If µ > 0 then the governing equation would be an advection-diffusion equation

rather than pure diffusion. The advection or drift is caused by the bias, which

can be the result of an external velocity field pushing the particles in a certain

direction.

Conclusion. What we have achieved so far is that:

(1) Brownian motion is the limiting stochastic process of a continuous-time

random walk with finite-variance jump distribution.

(2) The governing equation describing the particle distribution in space and

time is a diffusion equation, or an advection-diffusion equation in the case

of directional bias in the underlying random walk process.

(3) The solution of the governing equation is given by the Gaussian density.

It is crucial to note that the jumps must possess finite variance, otherwise the

classical CLT would not hold. A simulation of Brownian motion on a line is shown

in Figure 5.3.
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Figure 5.3. Simulation of the simple random walk on a line. We ap-

proximate Brownian motion by iid sum of normally distributed (N (0, 1))

random numbers generated in MATLAB. The number of steps increases

in the panels from top to bottom. As we increase the number of steps the

resulting graphs become more or less indistinguishable.

5.3. Stable Laws

This section serves as a preamble to the next section where we will introduce Lévy

flights and anomalous diffusion. For a quick review of basic notions in probability

and stochastic processes see Appendix A.

Let (Ym,m ∈ N) be a sequence of real valued random variables in R1. Construct

the sequence (Sm,m ∈ N) as follows

Sm =
Y1 + · · ·+ Ym − bm

σm
, (5.11)

where (σm > 0, bm,m ∈ N) are arbitrary sequences of real numbers. We are looking

for a random variable X such that limSm = X as m → ∞; in other words the
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sequence (Sm) converges to X in distribution, i.e.

lim
m→∞

P (Sm ≤ x) = P (X ≤ x), for all x ∈ R. (5.12)

If we choose bm = mq and σm =
√
mσ for a fixed q ∈ R, σ > 0, then X ∼ N (q, σ2)

by the Central Limit Theorem. If a random variable X arises as a limit as in

(5.12), then it is said to be stable or have a stable law. The following holds for

stable random variables:

Theorem 2. (Stable Distribution) A random variable X is said to have a stable

distribution if there exist real valued sequences (Cm > 0,m ∈ N) and (Dm,m ∈ N)

such that

X1 +X2 + · · ·+Xm
d
= CmX +Dm, (5.13)

where X1, · · · , Xm are independent copies of X. Particularly, X is said to be

strictly stable if Dm = 0.

It has been shown (e.g. in [53]) that the only possible choice for the norming

constants Cm in (5.13) is if Cm = σm1/α, where 0 < α ≤ 2. The parameter α plays

a major role in the analysis of stable laws and is called the index of stability.

Any α-stable distribution is characterised by four parameters: an index α ∈ (0, 2]

also called the tail index, a skewness parameter β ∈ [−1, 1], a scale parameter σ > 0

and a location parameter µ ∈ R. Stable distributions are commonly denoted by

Sα(σ, β, µ) and byX ∼ Sα(σ, β, µ) we meanX is a α-stable random variable. When

β = 0, Sα is symmetric about µ meaning that both X and −X are distributed

according to Sα(σ, 0, µ). Strict symmetry results when β = µ = 0, in which case X

is said to be symmetric α-stable, denoted by X ∼ SαS. X is called standard SαS

if σ = 1. Probability density functions of α-stable random variables exist and are

continuous [212], however closed form formulae are known for only three stable

densities listed below:
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Figure 5.4. Density function plots for the three known stable distri-

butions with µ = 0 and σ = 1. The dashed curve is Cauchy (α = 1). The

solid line is Lévy (α = 0.5) and totally skewed to the right (β = 1). The

dash-dot curve is Gaussian (α = 2). Notice that Cauchy and Lévy have

heavier tails compared to Gaussian. This corresponds to the differences

in the “tail index”, α.

(i) Gaussian (normal) distribution corresponds to the case when α = 2 and

β = 0; symmetric about mean, i.e. S2(σ, 0, µ) = N (µ, 2σ2) with probabil-

ity density function

f(x) =
1√
4πσ2

e−(x−µ)2/4σ2

. (5.14)

(ii) Cauchy distribution is denoted by S1(σ, 0, µ) with density

f(x) =
σ

π((x− µ)2 + σ2)
. (5.15)

(iii) Lévy distribution corresponds to α = 1/2 and β = 1, which is totally

skewed to the right, i.e. its support is R≥0 (Figure 5.4). The density for

S1/2(σ, 1, µ) is given by

f(x) =

√
σ

2π

1

(x− µ)3/2
e−

σ
2(x−µ) (5.16)

Due to the lack of explicit formulae for the densities of all α-stable distributions,

these laws can be described by their characteristic function Φ(u), which is the

inverse FT of the probability density function. The characteristic function of X ∼
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Figure 5.5. Effect of varying α and β on stable densities. Plot (a)

shows the effect of varying α while β = 0. Tails are fatter with smaller α.

Plot (b) shows the effect of changing β, the skewness parameter with

α = 1.25.

Sα(σ, β, µ) for 0 < α < 2 is given by

lnΦX,α(u) =

 −σα |u|α
(
1− iβsign(u) tan πα

2

)
+ iµu α ̸= 1,

−σ |u|
(
1− iβsign(u) 2

π
ln |u|

)
+ iµu α = 1.

(5.17)

In fact another way of defining α-stable variables is to say that their characteristic

function admits to a form like (5.17). The density and distribution functions of α-

stable variables have to be approximated via numerical techniques. There are two

approaches to this problem; either by applying the fast Fourier transform (FFT)

to (5.17) or direct numerical integration [137]. Plots of estimated stable densities

are demonstrated in Figure 5.5 for various α and β values.

If X ∼ SαS with α ̸= 1 then (5.17) reduces to the following simple form

ΦX(u) = E(eiuX) = e−σ
α|u|α , (5.18)

which turns out to be the FT of the underlying SαS density.

The parameter α, which is also known as the tail exponent, measures the rate at

which the tail of a distribution tapers off. Usually the tail corresponds to the

probability of large but rare events [28], i.e. Pr(X > x) and Pr(X < −x) as

x → ∞. In the case of a Gaussian density (α = 2) the asymptotic behaviour of
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Figure 5.6. Tail behaviour of α-stable distributions for various values

of α. (a) The solid curve is a Gaussian density and we notice that the

semi-log plot is very much like −x2, suggesting an exponential decay

(e−x
2
). For the other curves, with 1 < α < 2, tails decay slower than the

Gaussian case, very much like −α log(x), suggesting a power-law decay.

(b) Log-Log axes show the heavy-tail character of α-stable distributions

as well as the signature linear trend.

the tail probabilities is given by

Pr(X < −x) = Pr(X > x) ∼ e−x
2/4σ2

2
√
πσx

as x→ ∞. (5.19)

The tails of non-Gaussian α-stable distributions are asymptotically equivalent to

Pareto laws [55], meaning they behave like x−α resulting in slower decay (Figure

5.6). Lévy (1925) showed that for X ∼ Sα(σ, β, µ) with α ∈ (0, 2) then

limx→∞ xα Pr(X > x) = Cα(1 + β)σα,

limx→∞ xα Pr(X < −x) = Cα(1− β)σα,
(5.20)

where Cα =
(
2
∫∞
0
x−α sin xdx

)−1
= 1

π
Γ(α) sin(απ

2
).

Lastly, we shall discuss the moments of a α-stable random variable, E(Xr), where

X ∼ Sα(σ, β, µ). Since E(|X|r) =
∫∞
0

|x|rf(|x|)dx =
∫∞
0

Pr(|X|r > x)dx, we have:
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Proposition 1. Let X ∼ Sα(σ, β, µ) with 0 < α < 2. ThenE(Xr) <∞ for any 0 < r < α,

E(Xr) = ∞ for any r ≥ α.
(5.21)

This means that α-stable random variables with α < 2 have an infinite second

moment (variance). An immediate consequence is that the classical CLT will no

longer be valid for these random variables.

5.3.1. Multivariate Stable Laws

The generalisation of stability to radially symmetric random vectors in Rn is fairly

straightforward. In (5.13) replace X1, X2, · · · with vectors X1,X2, · · · as well as

Dm with Dm. All the results and theorems extend to n-dimensional space.

Saying that the random variable X ∈ Rn is rotationally invariant is equivalent to

being SαS in 1D. The following theorem gives the Rn version of (5.18).

Theorem 3. A non-trivial probability measure µ on Rn is rotationally invariant

and α-stable (0 < α ≤ 2) if and only if

ΦX(u) = e−c|u|
α

, c > 0. (5.22)

5.3.2. Lévy Processes, Lévy Flights

Definition 5.2. Lévy Process. A stochastic process {Xt : t ≥ 0} is called a

Lévy process if the following conditions are satisfied:

1. starts at the origin, X0 = 0 almost surely,

2. independent increments; that is for any n ≥ 1 and 0 ≤ t0 < t1 < · · · < tn,

the random variables Xt0 , Xt1 −Xt0 , · · · , Xtn −Xtn−1 are independent,

3. stationary increments; that is the distribution of {Xs+t−Xt : t ≥ 0} does

not depend on s,
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4. stochastically continuous; that is for any ϵ > 0, Pr(|Xs+t −Xt| > ϵ) → 0

as t→ 0 and

5. as a function of t, the path t 7→ Xt(w) is right-continuous and has left-

limits in t ≥ 0 almost surely.

What makes Lévy processes differ from one another is the distribution of their

jump lengths, i.e. the probability distribution of the increments Xt − Xs for any

t > s > 0. So far we have seen one Lévy process in which the increments are

normally distributed with mean 0 and variance proportional to t− s; i.e. Wiener

processes and Brownian motion. The process is called a Poisson process if Xt−Xs

has Poisson distribution with rate λ and mean λ(t− s). In the same way, Cauchy

and Markov processes are defined. However, we are interested in certain Lévy

processes known as Lévy flights.

The α-stable Lévy motion (flights), refers to a Lévy process whose increments are

Xt −Xs ∼ Sα((t− s)1/α, β, µ) for any 0 ≤ s < t < ∞ and for some α ∈ (1, 2] and

β ∈ [−1, 1] [160]. In other words, Lévy flights refer to continuous-time random

walks in which the jumps have heavy-tailed distributions, e.g. Pareto type (see

Appendix A).

5.4. Fractional (in-Space) Diffusion Equations (FDEs)

A fractional diffusion equation (FDE) models the phenomenon of anomalous diffu-

sion as opposed to the normal diffusion. In Section 5.2.1 we dealt with the classical

or normal diffusion processes that follow Gaussian statistics, with the most defin-

ing characteristic being MSD ∝ t. The hallmark of anomalous diffusion is the

non-linear growth of the MSD in the course of time, i.e. σ2 ∝ g(t). A variety of

non-linear patterns such as logarithmic can be chosen for g(t), but we are only con-

sidering power-law patterns, i.e. σ2 ∝ t2/α. Diffusion faster than normal, α < 2,

is called superdiffusion while it is called subdiffusion when the mean squared dis-

placement grows slower than linearly in time, i.e. α > 2. This is provided that
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we can compute (estimate) σ2, however, for the cases of infinite domain the ap-

proximate random variable is proportional to the actual variable with ratio t2/α:

X̃
d
= t2/αX, where X̃ is the approximate random variable.

Now we shall build a random walk process similar to Wiener, but with this dif-

ference that we are allowing the possibility of ‘long jumps’ per unit time. Recall

that in a Brownian motion (Gaussian process) the jump length of a particle has

bounded variance (σ2 < ∞), whereas in Lévy processes with heavy-tailed distri-

butions, this is violated (cf. (5.21)). In other words we are constructing a random

walk with ‘heavy-tailed’ jumps.

We restrict ourselves to unbiased SαS random variables. Let S[nt] =
∑[nt]

i=1Xi be

the location of the Lévy walker at time t. The FT of the normalised sum n−1/αS[nt]

is again given by
[
f̂(k/n1/α)

][nt]
and we are interested in the limit as n→ ∞:

lim
n→∞

[
f̂(k/n1/α)

][nt]
= lim

n→∞

[
1− |k|α

n
+O(n−2/α)

][nt]
= e−t|k|

α

, (5.23)

which corresponds to the FT of a symmetric α-stable density. This is a very

important result and leads to the extended central limit theorem as follows:

Theorem 4. (Extended CLT). Let Sn =
∑n

i=1Xi where Xi ∼ Sα(σ, 0, µ) are

i.i.d random variables with 1 < α ≤ 2. Then as n→ ∞:

Sn − nµ

n1/α
⇒ Y ∼ Sα(σ, 0, 0). (5.24)

This implies that the long-term behaviour of a Lévy motion can be approximated

by a heavy-tailed density and in the particular case of unbiased motions the limit

converges to a SαS density. Clearly when α = 2, the symmetric α-stable density

is nothing but the Gaussian density.

So far we have determined that the limiting stochastic process of a random walk

with “infinite-variance” jump length distribution is a Lévy motion. Further, we

know that the overall distribution is described by an α-stable density. We now

need to find the governing mathematical equation of this heavy-tailed walk whose
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solution is known to us via (5.24). From (5.23) and considering the connection

between FT and characteristic function, we can write the following

e−t|k|
α

= E(e−ikY ) = û(k, t). (5.25)

From earlier discussions we know that û cannot be inverted to a closed form ex-

pression, however it is obvious that û(k, t) = e−t|k|
α
solves the following ODE:

dû

dt
= −|k|αû, (5.26)

and using the FT of a derivative (see (A.4)), we can invert (5.26) to get the following

PDE:

∂u

∂t
=

∂αu

∂|x|α
, (5.27)

which is a fractional diffusion equation (FDE) with diffusivity D = 1. Therefore

the symmetric α-stable density solves the above FDE which models the diffusion

of particles with a power law jump distribution. Similar to the classical diffusion

equation, u(x, t) is the spatio-temporal concentration (density) of the diffusing

species (particles).

The tail in anomalously diffusing particles falls off like u(x, ·) ≈ K|x|−1−α (as

|x| → ∞) as opposed to the exponential decay in Gaussian distributions (Figure

5.6(a)). This means that the leading concentrations are higher in FDEs compared

to the classical scenario in which the tail concentrations are close to 0 (Figure

5.4). This is an important difference; in fact mathematical/analytic differences

have physical meanings and arise due to different mechanisms. We will use the

sandbox model to explain this difference. The sandbox model was proposed by

Schumer et. al. [166] for describing underground water/contaminant transport in

porous media such as soil.

As illustrated in Figure 5.7 we discretise the space into small cubes of edge size ∆x.

The classical diffusion of particles/heat assumes that at each time step particles

make a small jump to the left or right. Therefore (in early stages) particles can

be traced in the close vicinity of the source but not far away. This assumption

is vital in the derivation of the classical diffusion equation and its solution, i.e.
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the Gaussian density. Hence there can only be small deviations from the average

particle jump length: otherwise, the CLT fails. This is because the possibility

of large deviations or simply long jumps would suggest an infinite variance and

this would violate the emergence of a Gaussian limit. So in a Fickian model of

dispersion/diffusion, particles move block by block and at any instant of time

the concentration decays rapidly as we drift away from the source. On the other

hand, super-diffusive particles are capable of making long jumps in a short time

step. Therefore, as depicted in Figure 5.7, it is possible to find a particle that has

jumped several blocks from the source. This is due either to the particle’s nature

or to a fractal porous medium e.g. fractal river or soil network [167]. However, the

probability of jumping (to left or right) a distance ∆x is greater than jumping 2∆x

and this is greater than jumping 4∆x and so on. In fact the probability depends

on the length of jump and depends inversely as a power law, i.e. x−α. The

inverse power law dependence of jump probability on distance is very neatly seen

in the computation (and definition) of a fractional order derivative. We explain in

Section A.4 that the fractional derivative operator is non-local unlike the integer

order derivative. This is observed in the fact that fractional derivative at x = a

depends on points on either side of a, which gives rise to Grünwald weights wj.

Each wj corresponds to a point a ± jh and as j gets larger (i.e. a block far way

from the source) its wj (i.e. jump probability) gets weaker. Equation (A.33) shows

the power law decay of Grünwald weights as j → ∞.

The scaling factor n1/α indicates the self similarity property, i.e. Y[nt] ∼ n1/αYn,

meaning n1/αYn has the same distribution as Y[nt] [121]. In the case of a Brownian

motion this factor is n1/2, and hence the solutions spread like t1/2. The same can

be shown for the solution of (5.27) that for all x ∈ R

n1/αu(x, nt) = u(n−1/αx, t), (5.28)

and due to this scaling the spread rate is proportional to t1/α which is faster than

t1/2 for 1 < α < 2. Sample Lévy walk simulations are shown in Figure 5.8. In

these plots the increments (jump lengths) are sampled from an α-stable density
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Figure 5.7. Sandbox model for diffusion/dispersion of particles in

porous medium. The fractional Fick’s law allows particles to make large

jumps in a short time step of τ . However the likelihood of jumping a

distance l (left or right) is proportional to l−α, where α is the tail index

of the Lévy walk. Adapted from [166].
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Figure 5.8. Simulation of a Lévy motion. The jumps are α-stable

randomly generated numbers in MATLAB with α = 1.6. The left panel

corresponds to Lévy walks on the line and the right panel is on a plane.

In both cases the walk started at the origin. Notice the occasional ‘long

jumps’ showcasing the so-called “Lévy flights”. Each walk is made up of

106 steps.

with α = 1.6 and we notice the occasional jumps that are much longer than the

average lengths.
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5.5. Subordination

In this section we will see an elegant way of constructing α-stable Lévy processes

via the so-called “subordination”. This will lead us to building Lévy processes

from Brownian motion, which is equivalent to deducing the fractional diffusion

equation from the classical one. We will also discuss techniques for the numerical

approximation of a fractional Laplacian operator using the normal Laplacian. We

begin with some preliminary definitions.

Consider a random variable X ∈ Rn. We have seen earlier that the characteristic

function can be represented as ΦX(u) = eη(u) for u ∈ Rn. The exponent η(u), which

is the map η : Rn → R is called the Lévy symbol of X. For example if X ∼ SαS

then η(u) = −σα|u|α. The Lévy symbol can usefully be employed instead of the

characteristic function.

Theorem 5. If X is a Lévy process then

ΦX(t)(u) = etη(u) (5.29)

for each u ∈ Rn, t ≥ 0 where η is the Lévy symbol of X(1).

5.5.1. Subordinators of Lévy Processes

A subordinator is a one-dimensional Lévy process that is non-decreasing. Such a

processes can be thought of as a random model of time evolution, since if T =

(T (t), t ≥ 0) is a subordinator we have T (t) ≥ 0 and T (t1) ≤ T (t2) when t1 ≤ t2.

Theorem 6. If T is a subordinator then its Lévy symbol takes the form

η(u) = ibu+

∫ ∞

0

(eiuy − 1)λ(dy), (5.30)

where b ≥ 0 and the Lévy measure λ satisfies the additional requirements: λ(−∞, 0) =

0 and
∫∞
0
(y ∧ 1)λ(dy) < ∞. Conversely any mapping from Rn → R of the form

above is the Lévy symbol of a subordinator.

We call the pair (b, λ) the characteristics of the subordinator T .
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For each t ≥ 0 the map u→ E(eiuT (t)) can be analytically continued to the region

{iu, u > 0} and then we obtain the following expression for the Laplace transform

of T (t):

E(e−uT (t)) = e−tψ(u), (5.31)

where

ψ(u) = −η(iu) = bu+

∫ ∞

0

(1− e−uy)λ(dy). (5.32)

The function ψ is called the Laplace exponent of the subordinator.

5.5.2. α-stable subordinators

For 0 < α < 1 and u ≥ 0, there exists an α-stable subordinator T with character-

istic (0, λ) such that

λ(x) =
α

Γ(1− α)

dx

x1+α
. (5.33)

To find the Laplace exponent of T using (5.32) we get the following:

ψ(u) =
α

Γ(1− α)

∫ ∞

0

(1− e−ux)x−1−αdx = uα (5.34)

This is a very useful result, which we shall use in the computation of the fractional

Laplacian.

One of the most important applications of subordinators in stochastic processes is

in ‘time changing’ [5, 161]. This is basically generating new stochastic processes

via a subordinator.

Let (Xt, t ≥ 0) be an arbitrary Lévy process defined on some probability space

(Ω,F , P ). Let T be a subordinator defined on the same probability space as Xt

such that Xt and T are independent. We define a new stochastic process (Zt, t ≥ 0)

by

Z(t) = X(T (t)), for each t ≥ 0. (5.35)

The key result is the following:

Theorem 7. Z is a Lévy process.
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Definition 5.3. (Subordination) The transformation above (Xt to Zt) is called

subordination by the subordinator T . Any Lévy process identical to Zt in law, is

a subordinate to Xt.

The Lévy symbol ηZ of the subordinate Z is computed via the following composi-

tion:

ηZ = −ψT ◦ (−ηX). (5.36)

For example, if T is an α-stable subordinator (0 < α < 1) and X an n-dimensional

Brownian motion with covariance matrix Q = 2I, then for s ≥ 0 and u ∈ Rn

we have: ψT (s) = sα and ηX(u) = −|u|2 and hence ηZ(u) = −|u|2α, i.e. Z is a

rotationally invariant 2α-stable process.

5.5.3. Subordination of Semigroups

A semigroup associated with a Lévy process X (also known as Feller semigroup)

satisfies all the properties of a contraction semigroup as well as the following:

lim
t→0

∥Ttf − f∥ = 0 for all f ∈ C0(Rn), (5.37)

where (Tt, t ≥ 0) is the Feller semigroup associated with X.

Let X be a Lévy process in Rn with semigroup (TXt , t ≥ 0) and generator AX .

Define Z(t) = X(T (t)), i.e. Z is defined via the subordination of TX , the semigroup

of X, and hence Z is also a Lévy process. Let (TZt , t ≥ 0) be the semigroup

associated to Z with generator AZ .

Theorem 8. For all f ∈ C∞
0 (Rn),

AZf = bAXf +

∫ ∞

0

(TXf − f)λ(ds) (5.38)

An important example of subordination of semigroups is to make fractional powers

of infinitesimal generators. We can extend the formula (5.36) to the functional

form where AZ = −ψ(−AX) for any Bernstein function ψ. Let f ∈ C∞(R) and

f ≥ 0 then f is a Bernstein function if (−1)rf (r) ≤ 0 for all r ∈ N. Therefore to
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generalise the fractional powers of the Laplacian operator we employ the α-stable

subordinator with characteristics (0, λ) where λ is the same as (5.33). Then by

Theorem 8 we get the following formula:

− (−AX)αf =
α

Γ(1− α)

∫ ∞

0

(TXf − f)s−1−αds. (5.39)

Hence to compute the fractional Laplacian of f given by ∂α

∂xαj
f we need to compute

−
(
− ∂2

∂x2j

)α/2
f or in general −(−∆)α/2f .

5.6. Numerical Approximation of Fractional Laplacian - ∆α

In this section we explain the Matrix Transfer Technique (MTT) devised by Ilic

et. al. [72, 73] for the numerical approximation of fractional in-space operators.

Before explaining MTT we briefly review methods for approximating FDEs.

A rudimentary approximation scheme is to replace the fractional order derivatives

with their integral definitions, i.e. with Caputo or Riesz integral forms. Then

employ some quadrature technique to approximate the integrals. To get good

accuracy the integration step must be very small.

There are methods that mimic the finite difference discretisation of a Laplacian

using Grünwald weights (e.g. [120]). In other words, we can use a fractional

version of the Crank-Nicholson scheme, with the difference that the fractional ver-

sion is no longer second order accurate. Nevertheless, this pitfall can be resolved

by performing spatial extrapolation [184]. Finite difference methods (FDM) are

restricted to regular domain geometries, mostly rectangular. Finite element meth-

ods (FEM), on the other hand, can handle any domain with a smooth boundary.

Variational formulation, with Galerkin approximation, has been developed for frac-

tional advection-diffusion equations, but involves elaborate computations [50, 51].

A common computational issue in both FDM and FEM is caused by non-locality

of the fractional derivative operator. The stiffness matrix for a normal Laplacian

is a sparse matrix, whereas for the fractional Laplacian this matrix is almost dense

and hence requires much more computational resources (memory) [157]. Note
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that analytic solutions of FDEs on unbounded domains are available via trans-

form methods (e.g. [165]). But for bounded domains equipped with boundary

conditions, numerical methods seem to be most suitable.

As we pointed out in the previous section, subordination of a Brownian motion

is an elegant way of constructing α-stable processes. This idea has been used by

Ilic et. al. to demonstrate a new numerical scheme for approximating fractional

Laplacians. The idea is based on finding a matrix representation for the normal

Laplacian operator. Let −∂2/∂x2 = −∆ be the operator and let A be the matrix

representation of −∆. The matrix A can be obtained through various schemes

depending on the situation and preference. If we use FDM then A is a tridiagonal

positive definite matrix. If we use FEM thenA is in fact the stiffness matrix, which

is symmetric and sparse. Other methods such as the finite volume method can also

be applied to obtain A. In most cases finding A is a straightforward process and

needs to be assembled and carried out only once.

Once A is determined, then we can compute the fractional Laplacian using α-

stable subordination. The α order (0 < α ≤ 2) Laplacian is given by −(−∆)α/2

and −∆ is approximated by A through some discretisation scheme, and hence

− (−∆)
α
2 ≈ −(A)

α
2 . (5.40)

This method will provide a spatial discretisation and hence the fractional diffusion

equation turns into an ODE (or a system of ODEs) in time.





CHAPTER 6

Model Description

6.1. Introduction

In this chapter we will introduce a simple and generic spatio-temporal model of

phagocyte chemotaxis towards a hypothetical source of injury/infection. In fact

we are considering a much less detailed model of innate immune response with

only three variables, each of which is representative of a broad collection of species

during an actual immune response event. We are mainly interested in investigating

the effect of other variables on the directional locomotion of phagocytes, which

may have an overall impact on the eventualities of an inflammatory response; i.e.

resolution, recurrence or chronicity.

As we have explained in Chapter 2, the whole process of tissue inflammatory

response must occur in a timely manner with precise onsets and offsets. Otherwise

the outcome could lead to more damage and further complications for the host.

For example, the majority of ‘auto-immune’ disorders are developed, in part, as a

result of an unnecessary immune response trigger causing immune cells to attack

healthy tissues and damage them. As an example of the clinical significance of

chemotaxis we can mention AIDS. It is observed in patients with HIV infections

that the virus inhibits the chemotaxis of macrophages and neutrophils and this

can contribute to the persistence of infections, especially with opportunistic agents

such as fungi [150].

In the upcoming chapters we shall demonstrate some of these crucial thresholds

and explain their role in resolving an infection or injury.

83
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6.2. A Review of Existing Models

Immunology is one of the fields in biology where the role of mathematical mod-

elling and analysis was recognised as early as the 1960s. Since then, mathematical

models have been used in various domains of immunology such as antigen-receptor

interactions, T- and B-cell population dynamics, vaccination and many others (re-

viewed in [105]). In fact, many concepts central to our present understanding of

immunology, are the result of mathematical models. The nature and scope of the

models have evolved markedly, particularly in the last two decades, owing it mainly

to the rapid advances in the computational power and genomic information [30].

An additional aspect in theoretical immunology is the transition from an extreme

focus on the adaptive immune system (considered more interesting from a theo-

retical point of view) to a more balanced focus on the innate immune system too.

In particular, this includes the role of innate immune cells (e.g. macrophages) in

cancer development [35].

Classical models of immune system began with simple ODEs, difference equations

and cellular automata. Current applications of mathematical models in immunol-

ogy are mostly focused around the concepts of high-throughput measurements

and systems immunology as well as the bio-informatic analysis of molecular im-

munology [30, 105]. Systems immunology is a recently developed area of research

aiming at studying the immune system with a more integrated perspective on how

genetic and epi-genetic entities work together [8]. Basically, systems immunology

is concerned with genetic and molecular affairs/relations that produce character-

istic behaviours of the immune system. On the other hand there are models of

‘larger scale’, where the details of genetic and molecular interactions are not incor-

porated as such- or if they are, only the outcome is considered. For instance, the

phenomenon of receptor down-regulation in leucocytes (mentioned in Chapter 3),

is a complex bio-chemical process involving intra-cellular proteins and genes and

signalling pathways. In the large scale modelling of cell response and locomotion,

we ignored the molecular events and incorporated the effect in the expression of

chemotactic sensitivity, χ(w).
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The following review pertains mostly to the mathematical models of innate immune

response as well as tissue inflammatory response, where the cell chemotaxis is

modelled as part of the whole immune response. Our model, is also of similar

nature to the ones discussed below but with more emphasis on the immune cell

locomotion.

Phenomenological models, based on large scale observations are used to model

tissue inflammatory response. These are mechanistic models at cellular level rather

than molecules and genes with minimal details regarding chemical interactions.

Cell-cell or cell-chemical interactions are often simplified by ‘mass-action’ laws or

‘Michaelis-Menten’ kinetics. The models that consider cell locomotion (motility

and chemotaxis) and chemical diffusion are ‘spatio-temporal’ or PDE models since

the governing equations are partial differential equations (PDEs). Models that

only consider the temporal evolution of cells and chemicals are called ODE models.

Deterministic ODE models of the immune system appear much more frequently in

the literature than the PDE models (reviewed in [149, 194]). The ODE models

consider the evolution of cell populations and chemical concentrations in a localised

and homogeneously mixed domain. These models are sometimes called lumped

[97] or reduced models of the inflammatory response (e.g. [84, 153]) since they

can be derived from a distributed or spatio-temporal model by neglecting the cell

locomotion. The use of a lumped model can permit fairly extensive analytical

study and is quite useful if interpreted properly [97]. However a distributed model

is necessary to properly assess the role of leucocyte motility and chemotaxis within

the tissue.

One of the earliest PDE models describing tissue inflammatory response was pre-

sented by Lauffenburger and Keller (1979) [95], and is a simple, generic model.

This model for inflammatory response appeared when in vitro assays of leucocyte

motility and chemotaxis were being used commonly, but there was a need for de-

signing standard assays to yield useful predictive information [96]. In the last 30

years, Lauffenburger along with other co-workers, has contributed massively to the
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field of leucocyte locomotion by devising multiple in vitro experiments to under-

stand leucocytes’ motion. A lumped version of [95] was studied in [97], where the

authors perform qualitative analyses such as a bifurcation analysis and a study

of the dependence of equilibria on the parameters. In most cases this dependence

holds also for the PDE model, i.e. using the information obtained from the lumped

model. A compartmental temporal model of human immune response to Mycobac-

terium tuberculosis (Mtb) is presented in [111], where the compartments are the

lung and the lymph node. The lung is the infection site and the lymph node is the

periphery, which substitutes for blood. Marino and Kirschner in [111], are able to

simulate situations where the establishment of Mtb leads to chronic tuberculosis.

The PDE model of [95] remains the only model of its kind in terms of its generic

scope, i.e. modelling innate immune response. However agent-based models have

been popular, though mainly in modelling the adaptive immune response (reviewed

in [24]). There are similar spatio-temporal models that investigate roles of immune

cells in other areas such as cancer [112, 143] or inflammatory processes as a result

of ischemic stroke [40] or infectious diseases such as tuberculosis [59, 60].

A fairly recent PDE model of tissue inflammatory response is that of Su et al [182],

where they propose a set of 10 PDEs for the spatio-temporal dynamics of innate

and adaptive immune systems. This includes the corresponding cells and their

dual states of active/inactive plus cytokines, chemokines and a source of infection.

This is a modern PDE model that simulates various stages of an inflammatory

response from initiation and recognition to resolution. The model proposed in

[182] is designed to recognise the need for initiating adaptive immunity based on

the magnitude of initial antigen load. In other words, in the case of a slowly growing

antigen, macrophages and neutrophils will resolve the infection. But an increased

production of inflammatory cytokines will indicate that the innate response is not

capable of resolving the inflammation and hence the adaptive cascade will follow.

Amongst the Keller-Segel type models that are applied to modelling the chemo-

taxis of neutrophils -without considering tissue inflammation- we can refer to [18],
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where the authors have tried to replicate Boyden chamber data by using various

functional forms for χ(w). The authors of [18] have considered two types of chem-

icals: a chemokinetic factor that influences the random motility of neutrophils, i.e.

D(w) and a chemotactic factor that governs the chemotaxis. They also investigate

the cross-dependence of the tactic and kinetic factors. The study of [18] is the

application of the ideas for modelling chemotaxis that we explained in Section 4.5,

particularly the works of Sherratt et. al. [172, 173].

6.3. Model Formulation

This is a simple and generic model that captures the main features of an inflam-

matory response, namely:

• recognition: occurs following the presence of antigen (A),

• activation and recruitment: of phagocytes following the secretion of

inflammatory cytokines and chemokines,

• resolution: clearance of all antigen and returning to homoeostasis.

The model is simple in the sense that it only considers a minimal number of

variables, namely A, P and H. It is generic since each variable is a generic repre-

sentative of its class: A represents antigen secreted by pathogens (PAMP1) and/or

damaged tissue (DAMP2); P represents phagocytes, which collectively represent

the role of inflammatory cells, i.e. macrophages plus neutrophils; H plays the role

of inflammatory and chemotactic cytokines due to both inhibitory and stimulatory

roles. The main advantage of simple models that describe complex phenomena is

that we can obtain an overview of the underlying complex system’s behaviour.

Also, from a computational stand point, simpler models are easier to deal with in

terms of programming and numerical costs.

1Pathogen Associated Molecular Patterns

2Damage Associated Molecular Patterns
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(Ω)

(Ω0)

Figure 6.1. Schematic sketch of tissue and the infection zone. It is

assumed that the infected zone (Ω0) is much smaller than the rest of the

tissue (Ω).

6.3.1. Model Characteristics and Assumptions

The trigger for an inflammatory response is either the presence of PAMPs or

DAMPs, as a result of mechanical damage to tissue cells (injury/trauma). We

shall call this trigger antigen, which is a chemical that represents pathogens and/or

damage. Tissue environment, which is also our computational domain, is denoted

by a bounded set Ω ⊂ R2. We are in fact assuming thin plate of tissue where the

thickness is negligible as well as the thickness of the microvasculature walls from

where the leucocytes leak into tissue. A 3D model would perhaps be more realistic

and computationally more challenging

Each one of the variables introduced above is “spatio-temporal”, meaning they

depend on space and time. Therefore cell and chemical densities are functions of

(x, y, t). Having this in mind, for simplicity we shall denote each variable by a

capital letter only, i.e. A instead of A(x, y, t) and so on. Within the centre of the

domain there is a subdomain denoted by Ω0, which serves as infection/damage

zone (Figure 6.1) and we further assume that the infection zone does not expand.

Initial antigen load, a0 (in µg) is uniformly distributed over Ω0 giving the initial

‘density’ of antigen A0 (mass/area). In other words a0 =
∫
Ω0
A0(x)dx, where A0 is

the so-called inflammatory trigger. Antigen can possibly grow but does not diffuse,
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hence the fact that the infection zone (Ω0) does not expand. Antigen molecules will

eventually be uptaken by the phagocytic cells (P ) recruited to Ω0 via chemotaxis.

Antigen is the primary source for the production of chemokines. Hence chemokines

are directly produced in the infection zone and diffuse through tissue. As we ex-

plained above, chemokines in this model represent the role of both ‘pro-inflammatory’

and ‘chemotactic’ cytokines. This means that the chemokines’ initial duty is to

activate and regulate phagocytic infiltration into the tissue, followed by directing

them to the site of infection/injury.

We assume that blood vessels (micro-vasculature) are uniformly distributed all over

the tissue and phagocyte infiltration begins once they receive inflammatory signals

from chemokines. Chemokine concentration must exceed a threshold, Hc in order

to activate phagocytic action; in other words, phagocytes are allowed to enter tissue

when H(x, y, t) ≥ Hc. The reason for this threshold is to make up for the delay

before the extravasation of neutrophils and monocytes, since we are ignoring the

time taken for circulating phagocytes in the blood to slow down and attach to the

capillaries near the infection zone before extravasation. In this model we assume

that this has already happened and the moment that H exceeds Hc phagocytes

will appear in the tissue and begin chemotaxing towards the infection zone.

Upon activation, phagocytes follow the chemokine gradient and move towards the

site of infection and begin uptaking antigen. As part of a regulatory function,

activated phagocytes also secrete further chemokines to enhance recruitment of

immune cells to the inflammation zone.

The inflammatory response begins to slow down when antigen concentration is

markedly reduced resulting in the decline of chemokine concentration and hence

weakening of the inflammatory signals as well as the gradient, which means lesser

phagocyte recruitment. The full ‘resolution’ is achieved when A(Ω) = H(Ω) =

P (Ω) = 0.
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6.3.2. Equations

In this section we describe the equations governing the spatio-temporal dynamics

of each variable. Equations are proposed based on the mechanism given in the

previous section. For a list of parameter values see Table 6.1.

Remark 6.1. For solving the following partial differential equations we require

appropriate boundary conditions. Hence we assume that our domain is bounded

and much larger than the infection zone, i.e. Ω ≫ Ω0. The boundary of Ω denoted

by ∂Ω does not have specific biological meaning and is just a mathematical artefact.

Antigen. Antigen does not diffuse and is confined to the infection zone. Hence

there is no spatial variability for antigen since we assume that it is uniformly spread

over Ω0. Antigen concentration varies with time due to its growth and uptake by

phagocytes, thus the governing equation is an ODE in time given by:∂tA = rA(A)A− kPPA,

A(Ω0, 0) = A0,
(6.1)

where rA(A) is the rate function for controlling the growth of antigen. The rate

function is given by:

rA(A) = rA

(
1− A

A∞

)
H(A− Amin)− rAH(Amin − A), (6.2)

where rA is the intrinsic growth rate of antigen and Amin is the survival threshold,

meaning A will not grow if A ≤ Amin. As we will see later H is the Heaviside

step function, which acts like a switch. When A > Amin then H(A − Amin) = 1

and H(Amin − A) = 0, meaning A will grow until it reaches A∞. When A ≤ Amin

then H(A−Amin) = 0 and H(Amin −A) = 1, which results in ∂tA < 0, i.e. A will

continue to decline. The rate function for the growth/decline of antigen is shown

in Figure 6.2.

Antigen is uptaken by phagocytes at the rate kP . Experiments of Stossel [180,

181] indicate that the appropriate form for the phagocytic uptake of particles by
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Figure 6.2. Rate function for antigen growth/decline. The rate func-

tion is given by: rA(A) = rA

(
1− A

A∞

)
H(A − Amin) − rAH(Amin − A).

Antigen will decline when A ≤ Amin and it will stop growing when

A ≥ A∞.

leucocytes is

phagocytosis rate =
kmA

K + A
P, (6.3)

where km is the maximum uptake rate and K is a saturation density. These

parameters can be estimated from empirical data. A common assumption to make

is thatK is very large compared to the antigen density [96] and hence (6.3) behaves

like the mass-action in (6.1) such that kP = km/K.

Chemokine. Chemokine is primarily produced by the antigen at rate b0. This is

the starting point of the inflammatory response cascade, since without chemokines

no phagocyte infiltration would take place. Secondary chemokine production is

due to the interaction of phagocytes with the antigen molecules at a constant rate

bP and in mass-action fashion. It is important to note that chemokines produced

by phagocytes can be different from those produced initially by antigen but with

similar functions. This is what we mean by a ‘generic’ chemokine.

Chemokines decay naturally in the tissue at rate dH , is derived from their average

half-life in tissue. Chemokine molecules reach blood vessels via diffusion. We have

assumed a constant diffusion coefficient DH , which has been measured for various
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chemokines in tissue-like environments (e.g. collagen). The following parabolic

PDE, also known as a reaction-diffusion equation, is used to model the evolution

of chemokine in tissue:

∂tH = DH∆H + b0A+ bPPA− dHH

H(·, 0) = 0; ∂H/∂n = −1
2
H

(6.4)

The Neumann boundary condition with n being the inward pointing normal to ∂Ω

indicates that we are allowing chemokine ‘leakage’ at a rate proportional to 1
2
H.

This of course happens if the chemokine molecules reach the so-called boundary.

As well as the Gaussian diffusion of chemokines we will also consider fractional

diffusion, i.e. assuming a “super-diffusive” behaviour for the chemokines. We

explained in the previous chapter that we shall model anomalous diffusion via

α−stable subordination, i.e. instead of DH∆H we will use −DH(−∆)α/2H,α ∈

(0, 2). All other conditions remain the same.

Phagocytes. The two major innate immune cells involved in tissue inflamma-

tory response are macrophages and neutrophils. Collectively we shall name them

phagocytes since they perform phagocytosis. However, occasionally we may also

refer to these cells as leucocytes. Phagocytes are the main players in any inflamma-

tory response as they recognise the PAMPs or signs of inflammation via signals and

‘respond’ to it by moving towards the source of infection/inflammation. Phago-

cytes infiltrate into tissue via micro-vasculature, which we assume to be uniformly

distributed through tissue. However this infiltration occurs when the chemokine

concentration in the vicinity of the blood venule is above the critical threshold, i.e.

H ≥ Hc. As we explained earlier in pg.89, waiting for H to reach Hc allows for

the delay in activation of circulating neutrophils and monocytes.
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The nonlinear and highly coupled PDE below describes the dynamics of phagocytes

in response to chemical signal H:∂tP =

infiltration︷ ︸︸ ︷
wH(H −Hc)+

locomotion︷ ︸︸ ︷
∇(DP∇P − Pχ(H)∇H)−

depletion︷ ︸︸ ︷
kAPA− dPP

P (·, 0) = 0; ∂P/∂n = wH(H −Hc),

(6.5)

where cells infiltrate at a fixed rate, w, and H(·) is the Heaviside step function:

H(H − Hc) = 1 when H > Hc - otherwise H(H − Hc) = 0. Note that we have

assumed no infiltration from within the infected zone due to the damage caused by

injury/infection to the vasculature. Therefore the phagocytes enter the tissue from

other parts of the tissue and migrate towards the site of infection/inflammation.

Phagocyte migration is modelled according to the idea of ‘gradient-based’ models

discussed in Chapter 4, with the associated flux given by

JP =

random︷ ︸︸ ︷
−DP∇P +

tactic︷ ︸︸ ︷
Pχ(H)∇H (6.6)

Gradient-based model is a suitable framework for leucocytes since they probe their

environment and possess a mechanism for measuring the concentration differences

along their body. We have assumed that phagocytes’ random motility is very much

spontaneous and not influenced by chemical concentration, i.e. DP is constant. In

fact, based on the empirical data [200], the main driver of the cells towards the

inflammation site is the directional (tactic) flux not the random. So we assume

that the net locomotion of phagocytes is predominantly determined by Pχ(H)∇H,

where for the tactic sensitivity, χ(H) we have chosen the ‘receptor-kinetic’ expres-

sion given by

χ(H) = χ0
Kd

(H +Kd)2
, (6.7)

which is deemed to be the closest to the truth [94]. We have discussed the deriva-

tion of (6.7) by Rivero et. al. and others in Section 4.4.1 but we need to clarify

that χ0 in (6.7) is different from the χ0 in equation (4.34). In (4.34), χ0 represents

the directional bias caused by a single receptor along the body of an individual

immune cell and hence to obtain the total we multiplied χ0 by NT (or RT ), i.e. the

total number of receptors. To obtain the tactic velocity we then multiplied χ0RT
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by the cell’s average velocity v. Therefore the χ0 that we see here in equation (6.7)

is in fact equal to χ0RTv with dimensions L2T−1 and we consider it as one quantity

that can be determined from available data regarding leucocytes tactic velocity.

We can also see from (6.7) that if H(x, y, ·) ≪ Kd then χ ≈ χ0/Kd, i.e. sensitiv-

ity is constant. This situation can happen in the laboratory assays of leucocyte

locomotion, when the chemical concentration is kept at low levels.

The last two terms on the RHS of (6.5) pertain to phagocyte depletion due to

phagocytosis at rate kA and natural death with rate dP . The Neumann boundary

condition is determined by chemokine concentration as further activated phago-

cytes will enter the domain (tissue) when H > Hc on the boundary. Once again,

recall Remark 6.1 regarding the boundary conditions. In reality there is no bound-

ary since the tissue and the micro-vasculature extend to distances much larger than

the radius of the infection zone. Therefore the process of infiltration and diffusion

beyond the boundaries (seen in (6.4) and (6.5)) is not different from the interior

of the domain. Nonetheless, we need closed domains with defined boundaries in

order to solve the equations of our model.

To summarise, we put all three equations together as below
∂tA = rA(A)A− kPPA

∂tH = −DH(−∆)α/2H + (b0 + bPP )A− dHH,α ∈ (0, 2]

∂tP = wH(H −Hc) +∇(DP∇P − Pχ(H)∇H)− kAPA− dPP

(6.8)

and from here on in this chapter, we refer to (6.8) as ‘our model’ or simply ‘the

model’.

It is now worth noting the differences between our model and the extensive model

of Su et al. in [182]. Firstly, all the tactic sensitivities in [182] are taken to be

constant, hence there is no account of a receptor-kinetic law for receptor down-

regulation and clearly this is not realistic. Another difference is the mechanism

for neutrophil infiltration into tissue where Su et al. assume a fixed storage of

neutrophils on the boundary of the domain. In our case we are simulating the actual
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presence of micro-vasculature in the tissue by allowing phagocytes to appear within

the tissue. Their assumption is based on the fact that they have used mathematical

homogenisation to model vascularised tissue and any immune cell that normally

flows through the blood stream exists at some initial level at the modelled site of

infection [182].

6.3.3. Numerical Method

Reaction-diffusion systems such as our model can be represented in the following

matrix/vector format:

ut +∇.(a(u)⊗∇u) = f(u) in Ω ⊂ R2, t ∈ (0, t ] (6.9)

∂u

∂n
= g(u) on ∂Ω, t ∈ (0, t ] (6.10)

u(·, 0) = u0 in Ω, (6.11)

where u = [A,H, P ]T and f(u) is the reaction block. The system (6.9) in the

mathematical classification of PDEs falls into quasilinear parabolic category. The

model is solved numerically in MATLAB via finite element method (FEM). After

partitioning the domain into triangles we can calculate mass (M) and stiffness (K)

matrices based on the theory of FEM. Hence the initial/boundary-value problem

(6.9)-(6.11) is reduced to the following initial value problem

MU̇+KU = F, U(0) = U0 (6.12)

where ‘·’ ≡ d/dt. The initial value problem (6.12), which is just a system of

nonlinear ODEs is solved in MATLAB using the high order solver ode113.

For the anomalous diffusion of chemokine, which will modify ∂tH to

∂tH = −DH(−∆)α/2H + (b0 + bPP )A− dHH, with 0 < α ≤ 2 (6.13)

we need to solve the fractional diffusion component separately and then adjoin it to

the stiffness matrix, K in order to solve (6.12). We have approximated −(−∆)α/2

using the matrix transfer technique (MTT ) explained in Section 5.6.



96 6. MODEL DESCRIPTION

−3 −2 −1 0 1 2 3

x 10
4

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5
x 10

4

X (µm)

Y
 (

µ
m

)

−3000 −2000 −1000 0 1000 2000 3000
−3000

−2000

−1000

0

1000

2000

3000

X (µm)

Y
 (

µ
m

)

Figure 6.3. Computational domain of our model discretised into tri-

angles according to FEM scheme in MATLAB. Left: The entire domain

(tissue) is assumed to be a (5×5 cm) square with infection zone at the

centre. Right: Zoomed into the centre of the domain. The red solid circle

is the perimeter of the infection zone with radius 500µm, which is equal

to 0.05cm. Notice that the triangulation is much finer near the centre of

the domain than the boundaries.

We have solved the model in a rectangular domain (Ω) with dimensions 5cm× 5cm.

The infection zone Ω0 is represented by a circle centred in the middle of Ω. This

is demonstrated in Figure 6.3.

6.3.4. Existence of Solutions and Numerical Stability

Existence and uniqueness of Keller-Segel type systems have been investigated since

the early years of their appearance. There are numerous publications on the ana-

lytic aspects of chemotaxis systems depending on the choice of χ(w) or the tactic

sensitivity. To our knowledge there is no specific paper studying the uniqueness

and existence of a system modelling inflammatory response, like our model in (6.8).

However, we have incorporated factors to avoid finite time blow-up of phagocytes.

One is the assumption of logistic growth of the antigen; this will prevent finite time

blow-up since the antigen does not grow to ∞. Another preventive mechanism is
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the down-regulation effect of receptor-kinetic scheme on the ability of cells to ac-

cumulate in the infection zone. The global existence of solutions and absence of

collapse in chemotaxis systems with signal-dependent sensitivity has been shown

in [202].

6.4. Parameter Values

In this section we will determine parameter values used in our model (6.8). These

are baseline values and may be perturbed later as part of sensitivity analyses. Due

to physiological variability of the underlying species almost all of the parameters

are within a range as opposed to a single fixed value. Also, in some cases we have

taken average values as we are dealing with generic species; we will see for instance

in chemokines’ half life, as different chemokines have different half lives.

We shall now verify the parameters corresponding to each species separately. Pa-

rameter values/ranges are summarised in Table 6.1. Note that we have assumed

the tissue in our model has unit thickness and so from now on all concentrations

are in µg/cm2.

Antigen

Microbial growth depends heavily on the environment. For example under ideal

circumstances bacteria can double every 10 minutes. This doubling time is known

as generation time [185]. A growth rate can be deduced from generation time by

simply calculating ln 2/g, where g is the generation time. For example the gener-

ation time of E. coli in laboratory condition is 15-20 minutes, which is equivalent

to a growth rate of ≈ 5.77− 7.7× 10−4/sec. This is considered to be fast growing.

However in the intestinal tract the generation time of E. coli is estimated around

12−24 hours, much slower than lab culture [185]. The intracellular growth rate of

Mycobacterium tuberculosis (Mtb) is within the range of 0.005−0.26/day, which is

equivalent to 3× 10−9 − 5.8× 10−8/sec [111]. Mtb grows about 1000 times slower
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Table 6.1. List of base-line parameter ranges used in our model.

Parameter Description Value/Range

rA antigen growth rate 10−8 − 10−4/s

kP antigen uptake (phagocytosis) rate 5× 10−6 − 5× 10−4/cell/s

A∞ antigen carrying capacity 106µg/cm2

Amin antigen survival threshold 0.1µg/cm2

DH chemokine (IL-8) diffusion coefficient 185− 254µm2/s

b0 chemokine production rate by antigen 10−10/s

bP chemokine secretion rate by phagocytes 10−12 − 10−10/cell/s

dH chemokine decay rate (1.28− 3.85)× 10−4/s

DP phagocyte diffusion coefficient 8-80µm2/s

w phagocyte infiltration rate 10−6 − 10−4cells/cm2/s

χ0 phagocyte tactic coefficient > 300µm2/s

Kd receptor-chemokine equilibrium constant (0.005− 0.05)µg/cm2

dP phagocyte death rate ≤ 1
24×3600

/s

Hc minimum H to onset infiltration 0.1Kd

than E. coli in the body. So for the growth rate of a generic antigen, rA we have

chosen the range 10−8 − 10−4/sec.

The concentration of antigen at any moment of time is measured in µg/cm2. The

maximum carrying capacity for antigen in the tissue is taken to be arbitrarily

large to allow extensive growth. We have taken A∞ = 106µg/cm2 = 1g/cm2 and

Amin = 0.1µg/cm2. For the uptake rate of antigen kP , a biological range of 10−7 −

10−4/cell/sec, has been commonly used in the literature [59, 112, 143, 182]. More

specifically, for macrophages an uptake rate of 1.45× 10−6/cell/sec is reported in

[54, 111] and for neutrophils a rate of 2.8× 10−4/cell/sec is reported in [97].
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Chemokine

As we have explained earlier, there are nearly 50 different chemokines/cytokines

that have been identified. Chemokines are lighter molecules (8 − 10kDa) than

other inflammatory cytokines such as TNF-α. Commonly used chemo-attractants

in in vitro experiments of cell locomotion are FNLLP and fMLP and in some

cases IL-8. The diffusion coefficient of IL-8 (MW=8kDa) has been measured in

[124] as DH = 254µm2/s. However, since there are other cytokines with heavier

MW than IL-8 and also taking into account the real tissue environment and its

heterogeneities we will consider a range of DH = 185− 255µm2/s.

The production rate of IL-8 by neutrophils and macrophages is reported to be

within the order of bP = 10−12−10−10/cell/sec [22]. A similar range of production

is reported for IL-12 and IFN in [59, 111]. Also, we assume that b0 = 10−10/sec.

We calculate the natural decay rate of chemokines dH from their half-lives. The half

-life of IL-8 is reported to be about 40 minutes in human epithelial cells [86, 130],

whereas the half life of free IL-8 is reported to be about 10 minutes [92]. Other

cytokines such as IFN, IL-10, IL-12 and IL-4 are reported to have a half life of

3 − 8 hours (reviewed in [111]). The half-life of various chemokines in human

endothelial cells ranges from 25 − 45 minutes [67]. We take the half-life of H to

be within 30− 90 minutes.

Phagocytes

The infiltration rate of phagocytes, w, into tissue is in fact the same as the process

of extravasation. In [97, 98], Lauffenburger and Kennedy calculate the infiltration

rate of phagocytes, Ic using the formula below

Ic = h0 (A/V ) cbb, (6.14)

where, h0 is phagocyte migration speed (≈ 0.1µm/hr), A/V is the ratio of blood

venule wall area to the tissue volume (≈ 100−300cm−1), cb is the concentration of

phagocytes circulating in the blood (≈ 105 − 107cells/cm3) and b is the bacterial
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density. Assuming that the product h0 (A/V ) cb remains constant, the formula

above suggests that infiltration rate is directly proportional to bacterial density.

In our model, the infiltration is triggered and managed by chemokine density, and

in fact the infiltration does not start until H(x, y, t) = Hc. However, for the

purposes of our simple and generic model we assume a constant infiltration rate

w = 10−6− 10−4cells/cm2/sec, where we have calculated h0 (A/V ) cb as per above

and multiplied the result by Hc.

The diffusion coefficient of phagocytes varies between 8 − 80µm2/s [124, 188].

We have chosen DP = 80µm2/s. Innate immune cells life span in tissue varies for

neutrophils and macrophages, with the latter being the longest living. Activated

neutrophils in tissue live between one to two days [83]; based on this we assume

phagocytes natural death rate is 0.5 − 1/day or dP = 1/(48 × 3600) − 1/(24 ×

3600)/sec. The Phagocyte death rate due to phagocytosis is reported to be 0.05−

0.5/day/cell. But we assume that phagocyte depletion as a result of ingesting

bacteria/antigen is proportional to their uptake rate, i.e. kA = 0.001kP [182].

The most crucial parameter in the dynamics of phagocytes is their tactic sensi-

tivity. There are two sub-parameters involved in determining χ(H), namely the

tactic coefficient denoted by χ0 and Kd (cf.(6.7)). Based on the receptor-kinetic

mechanism, the optimum tactic sensitivity must occur when H ≈ Kd (see (7.2)).

Neutrophils affinity for IL-8 is within Kd = 8 × 10−10 − 6 × 10−9M [64, 159],

which considering molecular weight of IL-8 (8000Da = 8×106µg/ml), we can then

calculate the following range for Kd = (0.0064 − 0.048)µg/ml but we will use a

broader range Kd = (0.005− 0.05)µg/ml

Optimal tactic sensitivity of neutrophils in the presence of IL-8, was measured to

be χm = 120 cm2/(s.M) [124], which after unit conversion and taking into account

the MW of IL-8, gives χm = 1500µm2.ml/(s.µg). Now, in theory, χ0 satisfies the

following equation

χm = χ0
Kd

(Kd +Kd)2
, where Kd ∈ [0.005, 0.05]µg/ml (6.15)
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This gives a range of χ0 = 30 − 300µm2/s. However, the optimal value χm was

measured inside a chamber in the lab with shallow chemokine gradients. There

are other more reliable data available to us for determining χ0 and that is the

tactic velocity of neutrophils and macrophages in tissue 3. We know that the

tactic velocity is calculated via vd = χ(H)∇H and in simulations (as we will see

in the next chapter) we can tune χ0 in such a way that the range for the real

tactic velocity is met. To meet this velocity range, χ0 has to be much larger than

30µm2/s for lower Kd choices.

Lastly, we need to determine the threshold concentration Hc, which is basically

the lowest signal concentration that can be detected by phagocytes. In our model

Hc also determines when phagocytes are allowed to infiltrate into tissue. Clearly

Hc needs to be lower than Kd to avoid the immediate receptor down-regulation

of phagocytes but, for reasons that we will explain more in the next chapter, Hc

should not be too low. A reasonable choice would be Hc = 0.1Kd.

3See next chapter for references.





CHAPTER 7

Chemotaxis in Point-Source Chemokine Production

7.1. Introduction

The goal of this chapter is to analyse phagocyte chemotaxis in a chemokine con-

centration field at steady-state. This means that the spatial distribution of the

chemokine will not vary with time. In our generic model of innate response we

realise that chemokines relay the danger signals to phagocytes as well as guiding

them towards the antigen. Therefore any malfunctioning in the production and

dispersal of chemokines in the tissue could potentially disrupt the whole inflamma-

tory response process. Hence we think it is important to pay particular attention

to the reaction-diffusion equation (RDE) of the chemokine and investigate the ef-

fect of each component (reaction and diffusion) on the overall system, mainly on

the chemotaxis of phagocytes.

To be able to study the spatio-temporal dynamics of chemokine ‘independently’,

we need to modify the equation from the model; the actual equation reads:

∂tH = −D(−∆)−α/2H + b0A+ bPPA− dHH, (7.1)

which is coupled with the other two variables. To remove the coupling we replace

the production terms, i.e. b0A + bPPA with a constant rate produced at a point

source, say cδ(x). Note that this constant production rate will in fact reflect the

extent of an infection or injury. For the diffusion component we will be considering

anomalous diffusion (0 < α < 2) and classical or Gaussian diffusion when α = 2.

Thus we will be able to predict the behaviour of phagocytes without dealing with

their equation directly.

Also, comparing the half life of our generic chemokine (∼ 1 hour) with the half life

of activated phagocytes in tissue (24 to 48 hours), we notice a clear separation

103
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of time scales. In other words we expect chemokine distribution to reach its

steady-state very swiftly, within an hour or so, whereas it will take a day or two

for phagocyte distribution to reach steady-state. This is why we are studying

phagocyte chemotaxis in a fixed chemokine field. This way we can find which

chemokine profile shape results in the optimum recruitment of phagocytes to the

site of infection.

Before we get into the analytic solution of the chemokine RDE we need to introduce

and define some new terminology.

7.2. Radius of Reach and Effective Region

In this section we will introduce and define some new terminology, which mostly

pertains to the locomotion of phagocytes, P . Let us revisit the expression of total

flux for phagocytes, JP given in (6.5). We know that

JP =Jr + Jd

=−DP∇P + Pχ(H)∇H,

i.e. the sum of random and tactic fluxes. The random flux is proportional to −∇P ,

opposite to the direction of ∇P , and the tactic flux is in the direction of ∇H. The

tactic flux can be rewritten as below:

Jd = PHχ(H)ϵ, where ϵ = ∇H/H and χ(H) =
χ0Kd

(H +Kd)2
(7.2)

The quantity ϵ = ∇H/H is known as the specific gradient (SG), which is a measure

of the steepness of H. Another quantity that can be obtained from (7.2) is Hχ(H)

or tactic motility (coefficient). Tactic motility is at its peak when H = Kd (Figure

7.1) as for H > Kd the tactic sensitivity will decline, i.e. receptor down-regulation.

The plot of Hχ(H) vs H in Figure 7.1 gives us some clues as to what Hc should be.

Choosing Hc ≪ Kd will bring phagocytes into a region where the tactic motility is

weak. This will not be much of a problem if the phagocyte is near the chemokine

production source since gradually H will increase and so will Hχ(H). However,
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Figure 7.1. Plot of tactic motility, Hχ(H) vs H. Maximum tactic

motility coincides with Kd = 0.05µg/cm2

very low Hc will be a problem for phagocytes that infiltrated at the tails of H

profile, i.e. far away from the source. The reason is that at the tails the chemokine

concentration will not increase substantially and hence the tactic motility will stay

more or less the same low strength. Therefore it is very unlikely for a tail phagocyte

to reach the infection zone. Overall, a suboptimal (5% to 10% of Kd) threshold

concentration Hc will be suitable to avoid unnecessary phagocyte infiltration.

We can now derive the expression for the velocity of a phagocyte from its flux

expression

vP =
JP
P

= −DP∇P/P︸ ︷︷ ︸
vr

+Hχ(H)ϵ︸ ︷︷ ︸
vd

. (7.3)

As we note from (7.3), vr is the average velocity due to the random dispersal

of phagocytes. It is pointed opposite the direction of ∇P and vd is the tactic

velocity, which is in the direction of ∇H. Empirical evidence (e.g. lab experiments

on leucocytes) strongly suggests that leucocyte (phagocyte) locomotion in chemo-

attractant gradient fields is dominantly tactic and random motility does not play

a noticeable role. However, due to phagocyte concentration differences we may

notice a Fickian type flux, i.e. dispersion of phagocytes from higher P to lower

P and this flux is usually pointed in the wrong direction, away from the infection

source.
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To quantify the effective region we shall make a coordinate transformation, i.e.

from Cartesian to polar. We know that chemokine diffusion is radially symmetric

and so is the distribution of phagocytes. Hence we transform H(x, y, t) to H(r, t)

and P (x, y, t) to P (r, t), where r is the radial distance from the centre of the

infection zone or in Cartesian coordinates, from (0, 0). The infection zone has

radius 0.5mm and compared to the entire domain (≈ 35mm), it is very small and

so we can proceed with the “point-source” scheme for chemokine.

The radius of reach denoted by rr, is the radius of a the region over which the

chemokine concentration is at least Hc, i.e. H(rr) ≥ Hc. The size of rr depends on

all three parameters that we reviewed in the previous section and we will investigate

it further. One immediate consequence of large or small rr will be the amount of

phagocyte infiltration; the larger the radius of reach, the more phagocytes will enter

the tissue. But the question here is that: do all infiltrated phagocytes arrive at the

infection zone before expiring? Phagocytes last about 48 hours in the tissue and

upon undergoing respiratory burst they release their noxious content into tissue,

which will damage the tissue. Therefore too many unnecessary phagocytes in the

tissue will lead to further damage to the healthy tissue cells. In fact aberrant

infiltration of neutrophils into various tissues is identified as a precursor for auto-

immune disorders [78, 132]. The whole idea of reaching the infection zone in a

timely manner (within 48 hours) motivates the definition of the effective radius

denoted by re.

The tactic velocity of phagocytes (neutrophils and macrophages) has been mea-

sured in several in vivo and in vitro experiments. The maximum speed in the liter-

ature is between 10−20µm/min for neutrophils and 3−5µm/min for macrophages.

Note that this is the maximum tactic speed observed near an experimental wound/injury

[25, 88]. The tactic speed can range from 1 to 35µm/min [68]. The speed range

cited here is of course the result of chemotaxis in a multiple chemokine field. Hence

there is room to vary χ0 to insure that the tactic speed falls in the experimental

range. However, the speed should be such that a phagocyte can reach the site of

infection within its life-span in the tissue. We have assumed a half life of 1-2 days
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for a phagocyte in the tissue. Hence, for example if a phagocyte is 5mm away

from the infection zone then the minimum (average) speed required to get this

cell to the injury site (in 24hrs) is 5000
24×60

= 3.47µm/min. This means that all the

phagocytes located within 5mm of the source will reach it within 24 hours.

Now we can give the precise definition of re. Assuming that phagocytes half-life in

tissue is TP , we have the following:

Definition 7.1. (Effective Radius). The effective radius, re, is the maximum

radial distance from the borders of the infection zone such that it takes at most

TP for a phagocyte to travel this distance.

By comparing rr and re we realise that to avoid extra phagocyte infiltration it is

required to have rr ≤ re. In other words let the infiltration zone lie inside the

effective region to guarantee the timely arrival of phagocytes at the infection zone.

In the next section, we will show the connection between rr and the values of Hc

and Kd.

7.3. Analytic Solution of Point-Source Diffusion

The purpose of this section is to solve the modified chemokine evolution equation.

Common areas of interest in the analytic studies of RDEs are wave-front propa-

gation patterns, including its shape and speed as well as the long-term behaviour

of the solutions and the possibility of steady-state distributions. In fact in this

section we wish to formulate the steady-state (long-term) solution of chemokine

under the two diffusion schemes. Then from there we wish to determine the tail

behaviour of the distributions, particularly to see how far in the tails is H ≥ Hc,

i.e. how far is the radius of reach, rr? Note that the wave-front location is where

H = Hc and so the front is always a (radial) distance rr away from the source.

Furthermore, we already know that phagocytes’ tactic motility and velocity depend

on H and ∇H; so by knowing the distribution of the chemokine concentration

throughout the domain we will be able to compute the tactic velocity of phagocytes
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without even knowing their distribution. We will also be able to tell over which

parts of the domain the phagocytes will gain acceleration and in which parts they

will slow down. This is why we give special attention to the evolution equation of

chemokines.

7.3.1. The Problem

Front propagation analysis of reactive systems has been mostly investigated for

Fisher-Kolmogorov (FKPP) type equations where the reaction is in the form of

logistic growth. Recently there has been a growing interest in the comparison of

front propagation in classical FKPP versus fractional (e.g. [19, 109]). We are

considering a system where the reaction component comprises a constant produc-

tion rate at source as well as a constant decay rate. We will also consider both

Gaussian and non-Gaussian diffusion patterns and use the techniques of Fourier

Transform (FT) to solve the underlying PDEs.

Note: Throughout Section 7.3 the chemokine concentration is denoted by u in-

stead of H since the evolution of u is set to be independent of other variables.

Consider the following RDE in Rn:∂tu(x, t) = −D(−∆)α/2u(x, t) + cδ(x)− γu(x, t)

u(·, 0) = 0,
(7.4)

where u : Rn × R+ → R+ and u = u(x, t), x ∈ Rn, t ∈ [0,∞). When α = 2

the equation (7.4) becomes the Gaussian RDE, otherwise we let 0 < α < 2 for

anomalous diffusion. Further we assume that the Fourier Transform (FT) of u (in

x) exists and is given by

û(ξ, t) =

∫
Rn

e−i⟨x,ξ⟩u(x, t) dx, for ξ ∈ Rn. (7.5)

The parameter c > 0 is the production rate and γ > 0 is per capita decay rate

with appropriate units. Dirac’s delta function is used for the source production of

u and we see from (7.4) that initially there is no u in the domain but it is produced
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at a constant rate in the origin and then diffuses with constant rate D. We will

solve (7.4) via FT using the properties outlined in Appendix A.

7.3.2. Normal Diffusion, α = 2

Setting α = 2 in (7.4) will give the Gaussian case as below

∂tu(x, t) = D∆u(x, t) + cδ(x)− γu(x, t), (7.6)

where ∆ is the Cartesian Laplacian operator defined as
∑n

i=1 ∂
2/∂x2i in Rn.

Taking FT in x of (7.6) gives the following linear ODE in t:

û′(ξ, t) = −D ∥ξ∥2 û(ξ, t) + c− γû(ξ, t), with û(·, 0) = 0. (7.7)

The FT of δ(x) is 1. The general solution of the ODE above can be written in the

following form:

û(ξ, t) =
c

D ∥ξ∥2 + γ
+ e−(D∥ξ∥2+γ)tf(ξ), (7.8)

where f(ξ) is the integration constant that can be determined using the initial

condition in (7.7). Hence the particular solution can be written as

û(ξ, t) =
c

D ∥ξ∥2 + γ

(
1− e−(D∥ξ∥2+γ)t

)
. (7.9)

Let us now differentiate (7.9) with respect to t to get:

d

dt
û(ξ, t) = ce−(D∥ξ∥2+γ)t = ce−γte−D∥ξ∥2t. (7.10)

Next we shall find the inverse Fourier of d
dt
û(ξ, t) given above using the definition

of F−1, which will give us d
dt
u(x, t) and then a simple integration in t will reveal

u(x, t), i.e. the solution of (7.4). However, it is important to notice that e−D∥ξ∥2t =

e−Dt(ξ
2
1+···+ξ2n), which can be expressed as the product e−Dtξ

2
1e−Dtξ

2
2 · · · e−Dtξ2n . There-

fore, by convolution, the inverse Fourier transform of (7.10) can be represented by
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the product of n integrals as below:

u′(x, t) = ce−γt
n∏
j=1

(
1

2π

∫
R
eixjξj ĝ(ξj, t)dξj

)
(7.11)

= ce−γt
n∏
j=1

[
F−1(ĝ(ξj, t))

]
(7.12)

= ce−γt
n∏
j=1

g(xj, t) = u′(x, t), (7.13)

where ĝ(ξj, t) = e−Dtξ
2
j .

Now, using the property F−1
(
e−σ

2ξ2/2
)
= 1

σ
√
2π
e−x

2/2σ2
, each ĝ(ξj, t) inverts to:

g(xj, t) =
1√
4πDt

e−x
2
j/4Dt, (7.14)

and by (7.13)

u′(x, t) =
c

(4πDt)n/2
e−γte

−∥x∥2
4Dt . (7.15)

Therefore u(x, t) is given by

u(x, t) =

∫ t

0

c

(4πDs)n/2
e−γse

−∥x∥2
4Ds ds. (7.16)

Since the solution is radially symmetric, by letting r2 = ∥x∥2, the solution in radial

form can be written as

u(r, t) =

∫ t

0

c

(4πDs)n/2
e−γse

−r2

4Ds ds. (7.17)

Long-term. To obtain the long term solution u∗ in R (1D) we go back to (7.9)

and let t→ ∞, which yields

û∗(ξ) =
c

D ∥ξ∥2 + γ
. (7.18)

Now, let û∗(ρ) be the FT of u∗(r), both in radial systems, i.e. r is transformed to

ρ in frequency domain. Then we can rewrite (7.18) radially as below

û∗(ρ) =
c

Dρ2 + γ
, (7.19)
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Figure 7.2. 1D front propagation. The solution of (7.16) in R with

c = 10−4µg/s, D = 1µm2/s and γ = 10−3/s. The critical threshold

is taken to be uc = 10−10µg/cm2. (a) Front progression in the first 30

minutes. The early stage curves behave like −r2. The curves are 1 minute

apart. (b) Long-term (600 minutes) radius of reach for uc = 10−10µg/cm2.

The observed radius (524µm) is precisely equal to the infinite time radius

of reach, r∗ predicted by (7.21). Note that the curves are 10 minutes

apart. Long-term curves are linearly dependent on radius like −r.

and inverting it will return the long-term solution u∗(r):

u∗(r) =
c

2
√
γD

e−
√

γ
D
r. (7.20)

In fact u∗ can be regarded as the steady-state solution. Note that to invert û∗ in

(7.19) we have used the following identity: F−1
(

2a
a2+ρ2

)
= e−a|r|, a > 0.

To find the front position at steady-state we need to solve (7.20) for r, where we

will get

r∗ =
√
D/γ ln

(
c

2uc
√
γD

)
. (7.21)

For a certain critical concentration uc, r∗ given above, determines the maximum

radius in which u∗(r) ≥ uc (cf. Hc and rr). An important consequence of (7.21) is

the logarithmic dependence of r∗ on the production rate c and 1/uc, which means

doubling c at the source will not result in doubling the radius of reach r∗. This in

fact indicates the slow progress of the front radius (or rr) in the Gaussian case.

As an example we have solved (7.16) numerically with parameters c = 10−4µg/s,

D = 1µm2/s and γ = 10−3/s and the radial front progression is demonstrated in

Figure 7.2. The snapshots are taken every minute and we have taken the threshold
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concentration uc to be 10−10µg/cm2. Figure 7.2(a) shows the front progression in

the first 30 minutes and we see that as time goes on the distance between the curves

becomes tighter. The plots are in semi-log scale and from (7.17), we notice that

lnu ∝ −r2 at any instant of time. But in the long-term lnu ∝ −r (from (7.20))

and we can see this linear connection in plot (b) of the same Figure at t = 300

minutes. The front position after 600 minutes is at r ≈ 524µm and if we continue

this process for a longer time the change in front position will not be visible. For

the family of parameters chosen, (7.21) will also return the same value for the r∗

corresponding to uc = 10−10µg/cm2.

To obtain the long-term solution in R2 (2D) the Fourier inversion process from

(7.19) to (7.20) does not yield a closed from expression (like (7.20)) and instead

involves Bessel functions. We have evaluated (7.17) for n = 2 and at t = ∞ using

a CAS1 and the 2D steady-state solution is

u∗(r) =
c

2πD
BK(0, k) such that k = r

√
γ/D, (7.22)

where BK is the modified Bessel function of the second kind. We can show that

the 2D solution tail is also decaying exponentially, i.e. ∝ e−r, which again im-

plies a slow front propagation. To show the exponential decay, consider the series

expansion of BK(0, z):

BK(0, z) =

√
π

2
e−z

((
1

z

)1/2

− 1

8

(
1

z

)3/2

+
9

128

(
1

z

)5/2

−O

(
1

z

)7/2
)
, (7.23)

where clearly limz→∞BK(0, z) = 0. But from the expansion above we can take

the most dominating term (i.e. O(z−1/2)) and suppose that the tail of BK(0, z) is

given by

BK(0, z) ≈
√

π

2z
e−z, (7.24)

and thus the approximate (2D) long-term solution from (7.22) reads

u∗(r) ≈
c

2
√
πD

e−r
√
γ/D√

2r
√
γ/D

. (7.25)

1Computer Algebra System- Mathemtica 9.0.1
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Figure 7.3. 2D front propagation. The solution of (7.16) in R2 with

the same parameters as in Figure 7.2. The critical threshold is taken to

be uc = 10−10µg/cm2. (a) Front progression in the first 600 minutes. The

radius of reach for uc = 10−10µg/cm2 is about 350µm. (b) The semi-log

plot of 2D u∗(r) versus r∗. u∗(r) depends linearly on r in 2D case too.

We have marked the r∗ corresponding to uc = 10−10µg/cm2.

In Figure 7.3 we have repeated the same experiment as in Figure 7.2 but this time

in 2D. We notice that in 2D the log of the steady-state solution is also proportional

to −r (plot (b)). The radius of reach for uc = 10−10µg/cm2 is about 350µm (from

plot (b)), which agrees well with the long-run (600 minutes) snapshots in plot (a)

of Figure 7.3.

7.3.3. Fractional Diffusion, 0 < α < 2

Now consider the problem (7.4) with non-Gaussian diffusion, or more precisely with

fractional diffusion. The procedure is very similar to the Gaussian case. Once again

take the FT in x to get the following initial value problem in t

û′(ξ, t) = −D ∥ξ∥α û(ξ, t) + c− γû(ξ, t), with û(·, 0) = 0. (7.26)

After solving the IVP in (7.26) we get

û(ξ, t) =
c

D ∥ξ∥α + γ

(
1− e−(D∥ξ∥α+γ)t

)
. (7.27)

Now differentiate û given above with respect to t:

d

dt
û(ξ, t) = ce−(D∥ξ∥α+γ)t = ce−γte−D∥ξ∥αt. (7.28)
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The goal is again to invert d
dt
û(ξ, t) to obtain first d

dt
u(x, t) and then u(x, t) via

integration with respect to t.

Suppose that gα(s) is a symmetric α-stable density (e.g. Pareto) with Laplace

transform given by ∫ ∞

0

e−λsgα(s)ds = e−λ
α

. (7.29)

Now we wish to fabricate e−D∥ξ∥αt using the transform above; thus after changing

s to s/(Dt)2/α we have∫ ∞

0

e−∥ξ∥2s 1

(Dt)2/α
gα/2(s/(Dt)

2/α)ds = e−Dt∥ξ∥
α

. (7.30)

Combining (7.30) with (7.28) gives the following integral expression

d

dt
û(ξ, t) = ce−γt

∫ ∞

0

e−∥ξ∥2s 1

(Dt)2/α
gα/2(s/(Dt)

2/α)ds. (7.31)

Next, we shall invert d
dt
û(ξ, t) directly via the definition of F−1 in Rn to get

u′(x, t) =
1

(2π)n

∫
Rn

e−i⟨x,ξ⟩
(
ce−γt

∫ ∞

0

e−∥ξ∥2s 1

(Dt)2/α
gα/2(s/(Dt)

2/α)ds

)
dξ

=
ce−γt

(Dt)2/α

∫ ∞

0

(
1

(2π)n

∫
Rn

e−i⟨x,ξ⟩e−∥ξ∥2s dξ

)
gα/2

(
s/(Dt)2/α

)
ds. (7.32)

The innermost integral returns the inverse Fourier transform of e−∥ξ∥2s, which is

equal to 1
(4πs)n/2 e

−∥x∥2/4s. Hence rewriting (7.32) gives

u′(x, t) =
ce−γt

(Dt)2/α

∫ ∞

0

1

(4πs)n/2
e−∥x∥2/4sgα/2

(
s/(Dt)2/α

)
ds, (7.33)

and therefore

u(x, t) =

∫ t

0

ce−γτ

(Dτ)2/α

(∫ ∞

0

1

(4πs)n/2
e−∥x∥2/4sgα/2

(
s/(Dτ)2/α

)
ds

)
dτ. (7.34)

Long-Term and Tail Solution. It is again convenient, due to radial symmetry

of u, to consider u(r, t), where r = ∥x∥. Then the tail solutions concern the long

range diffusion, i.e. large r. We already know that Gaussian diffusion has no

significant tail since u(r, ·) ∝ e−r
2
and hence in the tails, i.e. r ≫ 1, we have

e−r
2 ≈ 0. However, we will soon show the opposite for fractional diffusion: there
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will be a considerable (heavy) tail. We will first derive the limiting tail solution

from (7.34) using asymptotic analysis and then we look at the long-term solution

as t→ ∞.

The inner integral in (7.34) will give the approximate tail expression via replacing

the α/2-stable density with its tail approximation. In general gα(x) ≈ C|x|−α−1 for

large x ∈ R where C = α
Γ(1−α) [119]. Letting r2 = ∥x∥2 we can replace gα/2 with

its asymptotic tail approximation and hence the inner integral in (7.34) becomes:∫ ∞

0

1

(4πs)n/2
e−r

2/4s Cs−α/2−1

((Dτ)2/α)
−α/2−1

ds (7.35)

and since we are integrating with respect to s we can pull 1/(Dτ)−2/α−1 out of the

integration and combine with ce−γτ

(Dτ)2/α
, which we shall reconsider them when dealing

with the time integration of (7.34). Thus after some simplification and collecting

all the s terms we get

C

(4π)n/2

∫ ∞

0

e−r
2/4ss−

α+n+2
2 ds. (7.36)

Now, set w = r2/4s and rewrite the above integral in terms of w (omitting all the

basic algebraic details) to get

C

(4π)n/2
(r2/4)−

α+n
2

∫ ∞

0

e−ww
α+n−2

2 dw. (7.37)

Introducing the Γ function, i.e. using
∫∞
0
tbe−atdt = Γ(b+1)

ab+1 , the integral above

evaluates to the following expression for the tail

utail ≈
α/2

Γ(1− α/2)

1

(4π)n/2
(r2/4)−

α+n
2 Γ

(
α + n

2

)
=

=
2α Γ

(
α+n
2

)
α/2

πn/2 Γ(1− α/2)
r−α−n = Kα,n r

−α−n. (7.38)

In other words, as expected the tail is a heavy tail since it decays proportionally

to r−α−n unlike the Gaussian case. We also note from (7.38) that the shape of utail

does not depend on time and more importantly does not depend on the decay rate

of u but is directly proportional to c, the production rate.
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Figure 7.4. Time evolution of solutions to the fractional RDE in R2

with c, D and γ as per Figure 7.2 and α = 1.2. The red curve/line in

each plot indicates the limiting solution denoted by u∗∗. The snapshots

are produced by the numerical approximation of (7.34). (a) Semi-log

snapshots of u at every 10 minutes up to 10 hours. The slanted arrow

indicates the progression of time and eventually the longterm solution

agrees in the tail with u∗∗. (b) The same plot in log-log scale. The

limiting tail solution is now a line with slope −α−n = −1.2− 2 = −3.2.

Now we can proceed to the long-term tail solution, which is obtained by letting

t→ ∞ in (7.34). For this we need to evaluate

u∗∗(r) =

∫ ∞

0

ce−γτ

(Dτ)2/α
(Dτ)2/α+1 utail dτ

=utail

∫ ∞

0

ce−γτDτ dτ =
cD

γ2
utail

=
cD

γ2
Kα,n r

−α−n. (7.39)

We notice that the fractional long-term solution depends directly on c and D and

inversely on γ2 and the relation to the radius is of power law nature unlike the

Gaussian scenario. Therefore a log-log plot of u∗∗ vs r must look like a line with the

negative slope of −α−n. We have demonstrated this in Figure 7.4. Notice that the

tail of the solution is where the red line is tangent to the long-term curves. Thus

u∗∗ is the long-term tail solution of (7.4). In fact this is the graphical method of

estimating the tail index α of power law distributions by approximating the slope

of the tail in log-log plots [27].
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Figure 7.5. Semi-log curves of the limiting solution u∗∗ vs radius in

1D. The parameters are all the same as in Figure 7.2 and each curve

corresponds to a tail index from the range α = 1.1 : 0.1 : 1.9. (a)

Limiting curves for various α. The red horizontal line intersects each

curve at the radius of reach r∗∗ for uc = 10−10µg/cm2. Tails become

thinner as α increases and hence the r∗∗ becomes shorter. The semi-log

long term curve shapes are like − ln r. (b) The radius of reach r∗∗ for

each α corresponding to uc = 10−10µg/cm2. When compared to r∗ from

Figure 7.2 we see that r∗∗ is several orders of magnitude larger than r∗

especially for smaller α.

To avoid confusion we denote the fractional radius of reach by r∗∗ and for a certain

critical concentration uc we can find r∗∗ via rearranging (7.39), which yields:

r∗∗ =

(
cD

γ2
Kα,n

uc

) 1
α+n

. (7.40)

When n = 1 then (7.40) would be the fractional version of (7.21) and we see that

r∗∗ is a root function of 1/uc and other parameters and under certain circumstances,

root functions grow faster than the logarithm. In fact any constant positive power

of x diverges (grows) faster than ln x. To demonstrate this we have repeated the

numerical experiment of Figure 7.2 in 1D (n = 1) with uc = 10−10µg/cm2 and for

a range α = 1.1 : 0.1 : 1.9.

In Figure 7.5(a) we have plotted the limiting solution versus r. Note that in this

Figure the radius is in cm not in µm. We see that log10u∗∗(r) curves are like

−log10r as expected from (7.39) and hence the tails become thinner (less heavy)

as α increases. The radius of reach in the Gaussian case with uc = 10−10µg/cm2,

as we computed before, turned out to be 524µm = 0.0524cm, whereas in Figure
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7.5(b) even the smallest r∗∗ (corresponding to α = 1.9) is greater than 0.0524cm.

In fact we can compute this exactly via (7.40) for n = 1 and α = 1.9, which returns

r∗∗ = 0.601cm. In 2D (n = 2) and α = 1.9, we get r∗∗ = 662.6µm, which is again

larger than the Gaussian radius found in Figure 7.3. All these properties reflect

the super-diffusive nature of u in equation (7.4).

7.4. The Effect on the Tactic Motility and Velocity of Phagocytes

After exploring the dynamics of u in the previous section we are now ready to

investigate the effects of such dynamics on the taxicity of the phagocytes. The

phagocytes are driven by u chemotactically via the receptor-kinetic mechanism as

in (7.2). The quantity that is of paramount importance is the tactic motility of

phagocytes defined by uχ(u). We first discuss this quantity.

We hold χ0 fixed and will investigate the role of Kd in χ(u) and uχ(u). The

value of the dissociation constant denoted by Kd is commonly used to describe the

affinity between a ligand and a protein. In the context of immune response, the

role of the ligand is played by chemokines and cytokines and the protein refers to

the G-protein coupled receptors (GPCRs- see Figure 3.1) on immune cells such as

neutrophils. The affinity between the two, describes how quickly (easily) ligand

molecules bind the proteins, i.e. the cell surface receptors. Note that Kd is the

dissociation constant and the association constant denoted by Ka is the inverse of

Kd. Therefore, a higher Ka value implies a higher affinity and since we are working

with Kd thus a lower Kd means a higher affinity. Also higher affinity implies that

the receptor down-regulation will occur soon since receptor saturation happens at

a low chemokine concentration. The whole issue of high/low affinity to a certain

chemical has serious impacts on the tactic motility and velocity of chemotactic

species, e.g. the immune cells.

It can be easily shown - by simple calculus - that the maximum tactic motility

occurs when u = Kd (Figure 7.1). This is expected since according to the receptor-

kinetic mechanism, atKd the cells are at their optimal tactic sensitivity. Now, since
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we know how u varies in the domain, i.e. versus radius r, it would be useful to find

out how uχ(u) varies with respect to r.

The concentration of u is highest when r = 0 since it corresponds to the production

source and u decreases as we get away from the source. This is implied from the

steady state solutions u∗ and u∗∗ that we derived in the previous section. Consider

now the expression uχ(u) = χ0
uKd

(u+Kd)2
and suppose that u(r, t) ≪ Kd. Then we

will have uχ(u) ≈ χ0
u
Kd

. On the other hand, if we assume the opposite where

u(r, t) ≫ Kd then uχ(u) ≈ χ0
Kd

u
. Therefore we can summarise the behaviour of

uχ(u) in the domain as below:

(1) u(r, t) ≪ Kd ⇒ uχ(u) ≈ χ0
u
Kd

⇒ uχ(u) increases as r → 0,

(2) u(r, t) ≫ Kd ⇒ uχ(u) ≈ χ0
Kd

u
⇒ uχ(u) increases as r → ∞.

(7.41)

Notice when we say “very small” Kd we mean very small compared to u, i.e.

Kd ≪ u(r, t) and similarly for very large Kd. The bigger picture here is that if we

choose a very small value for Kd, then the peak of random motility (in the domain)

will occur far away from the source and if we choose a large Kd then the peak will

be closer to the source. This comparison is shown in Figure 7.6, where we see

how the peaks move to the right as we decrease the value of Kd. This property is

common in both Gaussian and fractional diffusion, but the curves are wider spread

in the fractional case due to heavy tails. The Gaussian tactic motility curves are

not so wide spread and that is due to the rapid tail decay, i.e. if u is very small

then so is uχ(u). We will explore this in more detail later.

So far we have established the general effect of high/low Kd on the distribution

of tactic motility over the domain. Now we shall turn our focus to the tactic

velocity, which is computed via vd = uχ(u) × SG. In other words, to obtain

the tactic velocity of cells at any location on the domain we need to multiply the

tactic motility by the specific gradient (SG) of u, i.e. by ∇u/u. We first need to

determine ∇u for each scheme, thus let us recite Gaussian (uG) and fractional (uF )
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Figure 7.6. Comparing the effect of varying Kd on the tactic motility,

uχ(u) in normally diffusing u vs anomalous with α = 1.5. All curves

are produced when u is at steady-state (the bottom row) and all the

parameters are kept the same in both scenarios. Tactic motility curves

from left to right correspond to Kd = 1, 0.5, 0.1, 0.05, 0.01 respectively.

We notice that the peak of the black curve (smallest Kd) is the farthest

away from the source. Also, the location of peaks is where u = Kd.

solutions of (7.4) in radial form below:

(G): uG(r, t) =

∫ t

0

c

(4πDs)n/2
e−γse

−r2

4Dsds, (7.42)

(F): uF (r, t) =

∫ t

0

ce−γτ

(Dτ)2/α

(∫ ∞

0

1

(4πs)n/2
e−r

2/4sgα/2
(
s/(Dτ)2/α

)
ds

)
dτ.

(7.43)

To compute the gradients we simply need to differentiate uG and uF with respect

to r:

|∇uG| =
∫ t

0

c

(4πDs)n/2
e−γse

−r2

4Ds

( r

2Ds

)
ds, (7.44)

|∇uF | =
∫ t

0

ce−γτ

(Dτ)2/α

(∫ ∞

0

1

(4πs)n/2
e−r

2/4s
( r
2s

)
gα/2

(
s/(Dτ)2/α

)
ds

)
dτ.

(7.45)

Using the analytic solutions we can compute the tactic motility (uχ(u)) and SG

(∇u/u) for each diffusion scheme and from there we will be able to determine the
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Figure 7.7. A comparison of the SG curves in 1D Gaussian and frac-

tional diffusion schemes. All the parameters are kept the same for both

plots. (a) SG curves at steady-state for fractional diffusion with three

different α values. The maximum value of SG occurs near the source and

as we get away from the source the SG decreases like 1/r. Also, the SG

becomes weaker as α increases. (b) The evolution of SG in the Gauss-

ian diffusion. The up-side-down arrow indicates the progression of time.

Also, as time goes on the SG curves tend to a constant (marked by the

red double arrow) for large r. Overall, the Gaussian SG is stronger than

the fractional.

magnitude of tactic velocity, vd. Moreover, we are interested in the long-term and

steady-state behaviour of velocity over the domain, i.e. with respect to radius, r.

In Figure 7.7 we have plotted the SG curves within a radius of 5000µm from the

source, where panel (a) corresponds to fractional diffusion and (b) to the Gaussian.

Each curve in panel (a) represents the SG at steady-state for three different α

values. The peaks of SG curves in Figure 7.7(a) are near the sources and as we

move away from the origin the curves decline rapidly. According to (7.39) the

long-term tail behaviour of uF is given by u∗∗ ∝ r−α−n and hence the tail gradients

(in absolute value) will be proportional to (α+n)r−α−n−1. Therefore the long-term

SG at the tail is (α + n)r−1 and this is the decay pattern we see in 7.7(a). An

interesting feature of the tail SG in fractional case is that it is independent of D, c

and γ.

In panel (b) of the same figure we have plotted the evolution of SG for the normally

diffusing u. The tail behaviour is completely different from that of fractional

diffusion: initially the tail SG is high and as time goes on it decreases towards a
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Figure 7.8. A comparison of tactic motility vs radius, produced from

the same parameters as in Figure 7.7 with a fixed χ0 and Kd. (a) The tac-

tic motility curves for Gaussian (black) and fractional diffusions. Gauss-

ian has the smallest range (0 < r < 300) and α = 1.2 has the widest

range. This means that in the Gaussian scheme, immune cells infiltrated

beyond 300µm will not move towards the origin since the tactic motility

is ≈ 0. However, this range is much wider in the fractional, specially

for small α. (b) Semi-log plots of steady-state density distributions in

the domain. We can clearly see the heavy tails in the fractional diffusion

curves as they stand well above the Gaussian.

horizontal line marked by the red arrow. This can be explained by looking at the

tail behaviour of uG in 1D. As we saw earlier the Gaussian tail decays like e−
√
γ/Dr

and so the absolute value of the gradient is like
√
γ/De−

√
γ/Dr. This implies that

the SG is going to be constant, i.e. SG=
√
γ/D. So the tail SG in the Gaussian

case depends directly on the half life of u, despite the fractional diffusion. Therefore

if γ increases then SG increases too. Higher γ implies that u decays faster hence

in general u will be lower in the domain. Also the concentration difference will

become steeper due to rapid decay of u off source, which means ∇u increases and

hence the overall result is a higher SG. A similar connection can be showed for

the SG of Gaussian diffusion in 2D by computing ∇u/u from (7.25), which gives

|∇u/u| =
√
γ/D + 1/(2r). We see that at long range, r → ∞, we get the same

result as in 1D, i.e. SG≈
√
γ/D.

Now we compare the tactic motility by holding χ0 and Kd fixed and the same as in

Figure 7.7. We have computed uχ(u) for each of the four cases presented in Figure

7.7 and the tactic motility curves are plotted in Figure 7.8(a). We see that the
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Figure 7.9. The tactic velocity curves at steady-state produced from

multiplying the SG and tactic motility curves (Figures 7.7 and 7.8). In

the fractional group the smallest α yields the highest velocity due to

stronger tactic motility. The Gaussian velocity curve (black) is markedly

high mainly due to stronger SG as the peak SG at r ≈ 250 is about 5

times the fractional SG corresponding to α = 1.2. Of course, it is not as

wide spread as α = 1.2.

smaller the α, the wider the curve, where by wider we mean wider spread. In other

words we can see the effect of “heavy tails” by looking at panel (b) of the same

figure, which is the semi-log plot of steady-state densities, u. The Gaussian density

is almost negligible from r > 300 and hence uχ(u) ≈ 0 in this region, whereas in the

fractional case, depending on α, this occurs much later in the domain. Therefore,

wherever in the domain there is no tactic motility, we can certainly say that there

will be no cell locomotion since they cannot gain speed. In this example if we take

the infiltration threshold concentration to be uc = 10−10µg/cm2 then in Gaussian

there will be no infiltration beyond r > 600µm, i.e. rr = 600 (see Figure 7.8(b)).

Moreover, (in Gaussian) those cells that enter the tissue within 300 < r < 600 will

not be able to move towards the source since uχ(u) = 0 over this region. This is

an example of a case where rr > re. Of course from our previous experience we can

stretch the tactic motility curves by choosing a smaller value for Kd (cf. Figure

7.6).

Finally we compute the tactic velocity vd from SG × uχ(u). The steady-state

velocity curves are demonstrated in Figure 7.9. As expected, the fractional velocity

curves are quite wide spread with the highest velocity belonging to the lowest α.

The Gaussian velocity stands out, being 5 times higher than the highest fractional
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velocity, but not as wide spread. The reason for high Gaussian velocity is its

stronger SG; it is about 5 times stronger than that of α = 1.2 (see Figure 7.9

caption).

In summary what we have experienced so far is that a low Kd value (low in com-

parison to the maximum u) will widen up the tactic motility curves. This effect is

more visible in fractional cases due to heavy tails, i.e. concentration u extends to

the tails as opposed to decaying to zero. However, it seems that for any choice of

Kd and χ0 the Gaussian tactic speed turns out to be greater than the fractional.

The heavy tail property of fractionally diffusing u is a major advantage in the

sense that the tails extend to a greater region and so can cause more leucocyte

infiltration into the tissue. Of course this would be truly advantageous if all the

infiltrated leucocytes make it to the site of injury/infection before their expiry.

This is in fact the definition of effective region proposed in Section 7.2. Therefore

the key factor here is the proper choice of an infiltration threshold or uc (Hc in our

model).

Suppose that a leucocyte is located at a radial distance of ρ from the origin (source).

Further suppose that the tactic velocity in terms of radius is denoted by v(r). The

time that it takes for a leucocyte to travel from r = ρ to r = 0 is computed via

the following integral:

T =

∣∣∣∣∫ 0

ρ

1

v(r)
dr

∣∣∣∣ = ∫ ρ

0

1

v(r)
dr, (7.46)

which is the area under the 1/v(r) curve. So, by definition the effective radius, re

would satisfy the following at any instant of time∫ re

0

1

v(r)
dr = 24 hours, (7.47)

assuming that leucocytes’ half life in the tissue is 24 hours. From (7.47) we can

work backwards and determine uc.

Let us look at an example. Suppose for a hypothetical chemokine u that evolves

according to (7.4) with c = 1µg/cm2, D = 1µm2/s, γ = 0.001/s, χ0 = 100µm2/s
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Figure 7.10. The steady-state velocity curves of the example to be

used for finding re in each case. Note that Gaussian velocity peak is

about twice the fractional but much less spread over the domain. We

have computed the effective radius for each scenario in Figure 7.11.

and Kd = 0.001µg/cm2. We will find the effective radius (at steady-state) via

(7.47).

The steady-state concentration and radial velocity curves are plotted in Figure

7.10. Further we assume that infiltrated leucocytes into the tissue last for 36

hours. Thus to find the effective radius in each case we need to set the RHS of

(7.47) equal to 36 hours. After doing so for each diffusion scheme we have produced

the plots in Figure 7.11. As expected, the fractional scenario (α = 1.2) gives the

largest effective region with re = 1350µm and for the Gaussian case re = 450µm.

Notice that 350 microns is slightly to the right of the Gaussian velocity peak (see

Figure 7.10(b)) and this means that cells that have appeared in the tissue beyond

this point, i.e. > 450 will not make it to the origin on time, in other words not

sooner than 36 hours. Note again that a cell that is located at about r = 500µm,

in the Gaussian case will gain significant speed up to r = 340µm (peak of the

red curve in Figure 7.10(b)) but after that will begin to slow down and the whole

journey from r = 500µm to r = 30µm takes about 1000 hours according to our

calculations in Figure 7.11.

Now based on re found above we can determine the proper threshold concentration,

say uc, for the start of leucocyte infiltration process. This way we guarantee that

nearly all the infiltrated cells reach the origin and few if any cells will burst part way.

We can do this by either zooming into Figure 7.10(a) and finding concentrations
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Figure 7.11. The semi-log plot of T vs radius (distance to source) for

the velocity curves of Figure 7.10(b). The value of T (hrs) is calculated

via the numerical approximation of (7.47). The green dashed line is the

leucocyte expiry time in tissue, i.e. 36 hours. The effective radius for

Gaussian with this set of parameters is about 450µm and for fractional

with α = 1.2 is 1350µm. This means phagocytes that infiltrate tissue

beyond these distances will not reach the source on time.

corresponding to r = 350 and r = 800. Alternatively, we can set r∗ from (7.21) or

r∗∗ from (7.40) equal to each re and since we know all the other parameters thus

we can work out uc. Either way, for Gaussian uc ≈ 0.0005µg/cm2 = 0.5Kd and

for fractional uc ≈ 0.0001µg/cm2 = 0.1Kd, which give us an idea what Hc should

roughly be.

7.4.1. Sensitivity Analyses

Now that we know the effect of Kd and uc on the total dynamics of phagocytes and

we know how to optimise phagocyte infiltration so that firstly: all the phagocytes

move towards the source and secondly: they move at a reasonable speed such that

they arrive at the source on time, i.e. before bursting. In this section we will

perform an overall sensitivity analyses on the three parameters seen in equation

(7.4). These are the diffusion coefficient of u, i.e. D, the production rate, c and

the decay rate, γ. Of course we will consider Gaussian diffusion, i.e. α = 2 and
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non-Gaussian diffusion, 1 < α < 2 all in 2D. We will only investigate the sensitivity

of re with respect to the three parameters above.

We will vary (increase) each of these parameters from a baseline set, which is

D = 1µm2/s, c = 1µg/cm2 and γ = 0.001/s. We keep χ0 and Kd fixed throughout

all these numerical experiments such that the resulting tactic velocity values (for

the base line parameters) fall into the range given in the literature for neutrophils.

We have also taken the effective time of reach to be 36 hours in all the analyses

of this section. Note that we are taking a domain with radius r = 2500µm and

the source is located at r = 0 and we require phagocytes to reach the source

within 36 hours; therefore a minimum average tactic speed of vd = 1.16µm/min

will guarantee that phagocytes from anywhere in this domain reach the source on

time.

Effect of varying D. Increasing D will result in having higher u concentrations

in the tails (long range) and lowering the peaks around the source. Thus this change

in the distribution of u affects the SG as it becomes weaker and consequently the

velocities decline too. This is shown in Figure 7.12, where we have increased D

from 1 to 5, 10, 50, 100, 200, 500, 750µm2/s. We see that in both cases (Gaussian

and fractional) the velocities keep declining as D gets larger. This decline is very

rapid in fractional diffusion, where the velocities are very low for D ≥ 50µm2/s,

whereas in the Gaussian case this decline occurs more slowly. Therefore with this

choice of parameters, in the fractional case for D ≥ 50µm2/s no phagocyte will

reach the source within 36 hours, i.e. re = 0, but in the Gaussian case this effect

comes at a higher value of D, when D ≥ 200µm2/s. Another important feature

that can be noted from varying D is that in the Gaussian case, the velocity curves

become wider spread and peaks move away from the source. But in the fractional

case, the velocity peaks have stayed more or less at the same location and we can

see this from the bottom right panel in Figure 7.12 that re does not vary notably

for D = 1, 5, 10. In Gaussian re increases as we increase D up to the point where

the velocities become very low, i.e. beyond D = 200 and no re after that.
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Figure 7.12. The effect of varying D on the tactic velocity of phago-

cytes (top row) and the time of reach, Tr and re (bottom row). Each curve

is produced at the steady-state u distribution in the domain. The range

of variation for D is 1, 5, 10, 50, 100, 200, 500, 750µm2/s and the arrows in

each panel indicate the direction of increasing D. The horizontal dashed

line in the bottom row panels marks the cut-off time of 36 hours, which

is used to determine re. In both cases increasing D declines the velocity

profiles as a result of weakening SG. This decline is very dramatic in the

fractional case.

Effect of varying γ. If γ is too large then it means that very little u will survive

in the domain hence the tactic motility uχ(u) will decline and so will the velocity.

If γ is too small, almost negligible, then u builds up in the domain and this time

SG becomes weak and so velocities decline. This outcome is very much the same

for both Gaussian and fractional diffusion cases and re in fractional is larger than

Gaussian due to longer tails.

Effect of varying c. Among the three parameters that we are studying, the

production rate (c) is the most important. The production rate in the theoretical

model of chemokine (i.e. equation (7.4)), reflects the extent of infection/injury or A

in our immune response model of Chapter 6. The other two parameters (D and γ)
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belong to the characteristics of the chemokine, such as molecular weight, viscosity,

half life and the likes. But the production rate of u depends on the existence of

other species and their quantity. Hence from a modelling point of view we can vary

c extensively just to reflect the severity of an injury or infection but we cannot do

the same with D and γ since these are properties of the medium and the chemical

itself. There may be some variability in the medium due to the tissue structure or

temperature, but not as much as in c.

The dependence of u and front progression on c for normally and anomalously

diffusing chemokine can be seen from equations (7.21) and (7.40). On the other

hand the dependence of tactic velocity on c is not so obvious. There are two

components involved in the computation of tactic velocity: tactic motility, uχ(u)

and the specific gradient. We have established earlier that SG does not depend on

c, neither in Gaussian nor in fractional. But u is directly proportional to c in both

diffusion schemes hence doubling c will double u all over the domain. If we hold

Kd fixed and keep increasing u then according to (7.41), the peak of the tactic

motility curve will shift away from the source, which is equivalent to holding u

constant and decreasing Kd (cf. Figure 7.6). Moreover, as we increase u the tactic

motility decreases specially when u > Kd since the numerator behaves like ≈ u2.

We can observe all this in Figure 7.13, where we keep doubling c from the base

line value of c = 1 until c = 128µg/cm2.

By looking at the top row plots in Figure 7.13, we see that velocity peaks have

dropped slightly in the Gaussian case but it is more obvious in the fractional

case. As a result of an overall concentration increase in the domain, the tactic

motility saturation (u ≥ Kd) occurs further away from the source and this is

why the peaks are displaced. Again, this shifting effect is seen strongly in the

fractional case. The reason for the widespread fractional velocity curves goes back

to the very fundamental difference between the Gaussian and fractional chemokine

densities. The latter possesses heavy tails and slow density decay as opposed to

the Gaussian with super-exponential decay and thus velocity curves become zero

beyond a certain distance (r > 500µm). From this observation we can predict the



130 7. CHEMOTAXIS IN POINT-SOURCE CHEMOKINE PRODUCTION

0 500 1000 1500 2000 2500
0

5

10

15

20
|v

d| (
µm

/m
in

)

α=2.0

0 200 400
0

5

10

15

20

0 500 1000 1500 2000 2500
0

5

10

15

20

25
α=1.2

0 500 1000 1500 2000 2500
−2

−1

0

1

2

3

radius (µm)

lo
g 10

T r (h
rs

)

0 500 1000 1500 2000 2500
−2

−1

0

1

2

3

radius (µm)

Figure 7.13. The effect of varying c on the tactic velocity of phagocytes

(top row) and the time of reach, Tr and re (bottom row). The arrows

indicate the direction of increasing c. We began with c = 1 and kept

doubling until c = 27. In Gaussian (top left) the velocity profile peaks

have declined slightly but not as noticeable as in fractional (top right).

Also the velocity peaks have shifted away from the source in both cases

but more extensive shift is observed in fractional due to heavy tails. The

dashed line in the bottom row plots marks the half life of phagocytes in

the tissue (36 hours). The radius corresponding to the intersection of

each curve and the dashed line indicates the effective radius. There is no

major change in the size of re as c is doubled in the Gaussian.

variation of reach time and hence the effective radius re. In the bottom row of

Figure 7.13 we can see the difference in Tr and re between Gaussian and fractional

cases. Here we can clearly see the logarithmic front growth in Gaussian versus the

root function in fractional and given the circumstances the logarithmic is much

slower than the root function.

The plot in Figure 7.14 is even more revealing concerning the variation of the

effective region, Ωe versus the production rate c. We notice that as c increases so

does the Ωe (or re) but this increase is not so obvious in Gaussian, which agrees

with the asymptotic behaviour of front development. The effective radius keeps
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Figure 7.14. Variation of the effective region Ωe vs the production rate

c. The minimum is c = 1 and the maximum is c = 215. The effective

time is taken to be 36 hours. This plot reassures the results of sensitivity

analysis in Figure 7.13.

going up until it reaches a maximum and after that it begins to decline. The reason

is that with very high production rate the average u concentration stays at “supra-

optimal” levels, i.e. u≫ Kd and hence the phagocyte receptors become saturated

quickly, which results in lowering the tactic velocity. Note that for high c values

the radius of reach is equivalent to the entire domain, meaning that phagocytes are

infiltrating the tissue from everywhere but they cannot move much since the tactic

motility is suppressed due to the receptor down-regulation. We think a healthy

response is such that it prevents this over-saturation and therefore the collateral

damage imposed onto the tissue. In major traumas, sometimes this excessive rush

of immune cells from everywhere can be life threatening for the patient due to

further collateral tissue damage [61].

Conclusion. By comparing the time-radius plots in Figure 7.13, in the Gauss-

ian case we do not see a major difference between the re corresponding to c and

the re corresponding to 128c, which can be thought of as an infection (A) whose

concentration is 128 times larger. On the other hand, in the fractional scenario

there is a “dose-response” type of connection between the size of infection and the

size of re in other words between the size of infection and the number of phagocytes
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recruited to the tissue at any instant of time. Of course we should note that the

so-called dose-response relation is also seen in the Gaussian scenario, but in lower

infection concentrations, and as the infection load increases this relation starts to

fade out by approaching an asymptote.

All this brings us to the following conclusion: If chemokines evolve according to

the RDE proposed in (7.4) then for very low infection loads, i.e. small c, Gaussian

and fractional models behave similarly. Both the models will be able to clear the

infection in about the same time, using almost the same number of phagocytes. If

the size of infection increases by several orders of magnitude then the expansion

of re in the Gaussian model occurs very slowly, so that the size of the effective

radius does not reflect the magnitude of the infection. It seems that beyond a

certain large c the effective radius, re will grow asymptotically such that increasing

c from this point on will not have a sensible effect on re. This may result in limited

recruitment of phagocytes (compared to the fractional) and delayed resolution of

the infection and in some cases may lead to chronicity- infection being present

permanently.

7.5. Point-Source Simulation of the Immune Response Model

We now turn to our generic model of innate response introduced in the previous

chapter. We wish to examine the theories developed in the previous sections by

creating a steady-state chemokine field in order to actually visualise phagocyte

chemotaxis. We need to consider a constant source of antigen to emulate the

constant chemokine production. This is equivalent to assuming that antigen never

vanishes in the infection zone, i.e. ∂tA = 0. We will also ignore the role of

phagocytes in the secondary production of chemokines and hence we will get a

slightly modified equation for chemokines as following:

∂tH = −D(−∆)−α/2H + b0A− dHH. (7.48)
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The constant b0A plays the role of c in (7.4), but with this difference that A is

a density distributed over the infection zone. Thus if we take the centre of the

infection zone as our source then c = b0
∫
Ω0
AdΩ0, where Ω0 is the infection zone.

There are three species that interact with each other in our model, namely A, H

and P , and we are holding A and H constant to see how P responds. Due to the

separation of time scales we expect chemokine distribution to reach its steady state

very swiftly (in an hour or so) and hence what we are doing is the investigation of

chemotaxis before the entire system reaches a steady state.

So we will be simulating


∂tA = 0, with A(Ω0, 0) = A0

∂tH = −D(−∆)−α/2H + b0A− dHH

∂tP = wH(H −Hc) +∇(DP∇P − Pχ(H)∇H)− kAPA− dPP.

(7.49)

We take a 5 × 5cm square to represent the tissue and our computational domain

with Ω0 (infection zone) to be a circle of radius 500µm centred at the origin (Figure

6.3). We note that the infection zone is very small in comparison to the entire

domain, so the assumption of “point-source” seems reasonable. Also, due to the

radial symmetry we will use polar coordinates and use the radius r for distance.

We will simulate (7.49) over a range of initial antigen loads denoted by A0, which

is the same as varying c in the sensitivity analyses of Section 7.4.1. We will keep

the rest of the parameters fixed. This is deemed to be closer to reality since most

of the other parameters are fixed because of the fixed properties of a chemical

or cell. Varying A0 is like considering infection or damage at different scales of

severity. The set of parameters used in the upcoming simulations of this section

are summarised in Table 7.1. For anomalous diffusion schemes we will consider

α = 1.2 and α = 1.8, where the smaller α corresponds to a more super-diffuse

chemokine and we expect the case α = 1.8 be quite close to Gaussian or α = 2.
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Table 7.1. List of parameters used for simulating (7.49). For a more

viable range of parameters refer to Table 6.1.

Parameter Description Value/Range

kA phagocyte depletion due to phagocytosis 5× 10−8/cell/s

DH chemokine (IL-8) diffusion coefficient 200µm2/s

b0 chemokine production rate by antigen 10−9/s

dH chemokine decay rate 1
3600

/s

DP phagocyte diffusion coefficient 8µm2/s

w phagocyte infiltration rate 10−4cells/cm2/s

χ0 phagocyte tactic coefficient 1000µm2/s

Kd receptor-chemokine equilibrium constant 0.0025µg/cm2

dP phagocyte death rate 1
48×3600

/s

Hc minimum H to onset infiltration 0.1Kd

The very first observation that we make is the steady state distribution of H

in the domain for different initial antigen loads: A0 = 104, 105, 106, 107µg/cm2.

The steady state distributions are shown in the top row of Figure 7.15. We have

produced radial chemokine profiles for each diffusion scheme separately and on

each panel we have marked the infiltration threshold Hc. In each panel we notice

that the four profiles are identical in shape and (from bottom to top) as A0 changes

we see a fold change. This is expected since by changing A0, we are changing the

production rate of H, i.e. multiplying A0 by 10 multiplies the production rate by

10 and hence the fold change in the semi-log plots. We can recall from above that

the production rate is c = (π5002)b0A0 for A0 distributed over the infection zone

with radius 500µm. Note that the non-smooth Gaussian curves are due to a fairly

coarse finite element mesh since we have computed the radii from the centres of

the triangles. With increasing tail densities, these curves become smoother.

The bottom row of Figure 7.15 is about the radius of reach, which is the radius of

the region over which H ≥ Hc. In panel (a) we have plotted rr vs the logarithm

of A0 for normally diffusing H. We see a linear trend in semi-log scale and it is
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Figure 7.15. Radial chemokine distribution at steady state under the

fixed antigen scenario as in (7.49) in 2D. Top row: semi-log plots of H

concentration vs radius. The arrow indicates the direction of increasing

A0 in all the plots, A0 = 104, 105, 106, 107µg/cm2. The horizontal line

corresponds to the concentration of Hc = 2.5 × 10−4µg/cm2. We see a

fold change in all the curves as A0 varies. Bottom row: radius of reach,

or the intersection of each curve in the panels above with the dashed line.

(a) Semi-log plot of rr vs log(A0) for Gaussian diffusion. We see a linear

trend. (b) log-log plot of radius vs A0 for anomalously diffusing H. We

see a linear trend with slope 1/(α+2). (c) Comparing the radius of reach

for all three scenarios as A0 varies.

expected since the Gaussian front develops logarithmically in c. Panel (b) is the

log-log plot of rr vs A0 and again we see a linear trend with slope 1
α+n

since the

front depends on c1/(α+n). Note that the trend corresponding to α = 1.2 (red) is

steeper than that of α = 1.8 (blue) since 1/3.2 > 1/3.8. In (c) we are comparing

all three cases and we see that for small A0 the radius of reach is similar for all

and even Gaussian has a larger radius but as we increase the load, say 100 times,

there is little response from the Gaussian compared to the fractional.
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Figure 7.16. Effect of varying A0 on the tactic velocity of phagocytes.

The value of χ0 and Kd is fixed (as per Table 7.1) in all the experiments.

We also see the decline of peaks as A0 increases, in good agreement with

our sensitivity analysis of Figure 7.13. We also note that the velocity

curves become wider spread as α decreases.

We shall now examine the effect of varying A0 on the tactic velocity of phagocytes.

This is in a sense similar to varying c in the theoretical model where we investigated

the role of c in Figure 7.13. In Figure 7.16 we have produced tactic velocity curves

from our numerical experiments. To see the effect of increasing A0 on velocity we

are considering A0 = 104, 106 and 107 and we can see the effect of jumping from 104

to 106 (100 times) as a considerable drop in the velocity peaks across the board.

The numerical experiment here agrees with our analysis of varying c in Figure 7.13,

i.e. velocities decline as A0 (or c) increases and due to heavy tails, fractionally

diffusing chemokine results in wider spread velocity curves. Wide spread velocity

curves could result in large effective regions provided the velocity field is strong

enough since we wish to avoid rr > re. In fact by visual inspection we can see that

re > rr in almost all the curves in Figure 7.16 except the black curve in α = 1.2

that corresponds to A0 = 107.

We also see that in the Gaussian case the last two velocity curves are quite close;

particularly, when we compute re we do not see any improvement in the size of re

(see Figure 7.17). This confirms the asymptotic behaviour of the Gaussian case

for large c that we discussed earlier under the sensitivity analysis of c. In Figure

7.17 it seems that for low A0 there is little distinction between the performance

of fractional and Gaussian but as we increase the antigen load Gaussian does
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not respond to the changes whereas the fractional model responds accordingly.

We mentioned above that to avoid excessive phagocyte infiltration we must have

re ≥ rr but we see the opposite in α = 1.2 with A0 = 107. Of course this is the

only instance in this simulation and can be corrected by elevating Hc.

7.5.1. Confronting Theory and Numerical Experiments

So far, we have validated the theoretical results predicted by the problem (7.4) via

some numerical experiments of our PDE model of immune response. Now, we can

use the solutions of (7.4) to fit the H steady-state (radial) density plots and the

velocity curves by simply substituting for D, γ and c in (7.4) from Table 7.1. This

is a powerful tool that can be used to obtain the properties of a certain chemokine.

Assuming that we are given the H density curve in a domain, if we can fit a

curve using (7.4) by varying the parameters then we get an idea of what the other

unknown parameters are. More importantly we can compute the velocity curves

to get an idea of the size of the effective region and then a rough estimate of the

total number of phagocytes. We have performed one such fitting in Figure 7.18,

where we have computed tactic velocity curves from our PDE model, i.e. numerical

experiment and from the analytic solutions uG and uF of (7.4). For the numerical

experiment we chose the one with A0 = 107µg/cm2 and hence we calculated c from

this for the exact solutions to be c = b0A0SΩ0 . The other parameters as we said

above are from the model, i.e. D = DH and γ = dH . Overall, we see a good

agreement between the fitted velocity curves and what we got from the model.

7.6. Summary and Discussion

We have learnt the critical role of chemokines (H) throughout the stages of an in-

flammatory response. From initiation and alarming phagocytes (P ) to infiltration

and guiding them to the sites of injury to stopping the infiltration as the infection

recedes and the whole inflammation is resolved- all these episodes are managed by

chemokine concentration. In fact the threshold concentration of Hc is when and
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Figure 7.17. Effective radii obtained from velocity curves of various

initial antigen loads. It seems that for low to intermediate A0, Gaussian

and fractional perform similarly, but as antigen increases the Gaussian

tends to an asymptotic behaviour. We also see that in α = 1.2 and

A0 = 107 the effective radius is shorter than the radius of reach.
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Figure 7.18. Tactic velocity curves from the PDE model (blue) to-

gether with the prediction by the theoretical equation (7.4). The PDE

model corresponds to the numerical simulation of (7.49) with A0 =

107µg/cm2. We converted this to c to be used in (7.4). The rest of

the parameters are D = DH and γ = dH . We see a good agreement

between theory and experiment.

where things start or come to a halt, of course depending on whether H > Hc

or H < Hc. Of course our model is very simplistic -considering a single generic

chemokine and a single threshold value- since the aim is not to model inflammatory

response but to investigate chemotaxis, which is a vital component of innate and

adaptive immune responses.
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We allowed the possibility of anomalous diffusion for chemokines as well as the

classical Gaussian and made comparisons and observed different outcomes. We

have kept the distribution of antigen (A), which represents either pathogenesis or

injury, over the infection zone (Ω0) constant and forever present. This permanent

source for chemokine production, at some stage leads to an eternal distribution of

chemokine in the domain. From here on, we have an environment in which there is

no temporal variation of A and H. Given this steady state of chemicals we asked

the following questions:

(1) How big is the region of reach? Region of reach denoted by Ωr, is

the sub-region of the domain over which H ≥ Hc. Hence the phagocyte

infiltration occurs over Ωr and therefore the bigger the Ωr the more P will

be present in the tissue. Alternatively, we could ask: How far does the

chemokine front travel from the source? Since the action of P re-

cruitment begins when and where H ≥ Hc thus we assume the chemokine

wave-front to be where the H concentration is at least at Hc. We have

also determined how the region of reach expansion depends on c, which in

the modelling context is representative of the antigen or infection.

(2) How fast do the phagocytes travel towards the source? This is

a valid and important inquiry since tactic velocity of P depends on the

concentration and the spatial gradient of chemokines. To answer this

question fully, we need to clarify two sub-questions: How do the tactic

motility and the specific gradient vary over the domain? This

is because the tactic velocity is the product of tactic motility (Hχ(H))

and the specific gradient (SG) of H and they both depend on H. Thus

considering the spatial variation of H in the domain, Hχ(H) and SG will

be variable and from these we can find the tactic velocity of phagocytes.

(3) How big is the effective region? The effective region (Ωe) is the

sub-region in which all the infiltrated phagocytes will reach the source

on time, i.e. before they burst. In other words, just knowing how many

cells enter the tissue and how fast they move towards the source does not
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always guarantee a successful immune response, i.e. reaching the bug-free

state. The life-time of phagocytes in the tissue is limited and so they must

reach to the infection zone within this time frame, otherwise they burst

and damage healthy tissue. Ideally, the region of reach and the effective

region should be equal or Ωe ≥ Ωr. Like the region of reach, we have also

established how c would affect the expansion of re and this is demonstrated

in Figure 7.14.

In this chapter we have succeeded in answering these three questions to a large

extent and we have been able to compare the effects of anomalous diffusion of H

with the classical diffusion. In the majority of spatio-temporal models of chemo-

taxis and immune response, authors mostly assume a Gaussian diffusion scheme

for the chemokine and anomalous diffusion is either assumed for the cells [11] or

fractional in time (sub-diffusion) instead of space is considered for the chemokines

[89].

The differences that we have observed depend on the magnitude of the antigen load,

which can be interpreted as the intensity of injury/infection. The difference in the

behaviour and the quality of response becomes illuminating and evident when the

antigen load is very large. By contrast, for smaller A Gaussian and fractional show

similar responses. In fact for very low A, fractional fails to recruit any P as due

to super-diffusion it struggles to maintain H ≥ Hc, whereas Gaussian can recruit

phagocytes. However, as we keep increasing A we see a major gap between the

response given by Gaussian and that of fractional. Gaussian tends to an asymptotic

behaviour, where its response level, beyond some certain A0 (or c) does not change

at all and as we will see in the next chapter this will have an effect on the time of

resolution. In some circumstances the full resolution may not be achieved.

Finally, we need to emphasise that we are just reporting our observations from

the comparisons we made. We cannot tell how realistic these events are until they

are tested in laboratory experiments or accommodated in more detailed models
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of inflammatory response where more complicated mechanisms as well as various

cytokines are included.





CHAPTER 8

Modelling Chemotaxis in Acute Inflammation

8.1. Introduction

In this chapter we will model phagocyte chemotaxis under some acute inflammation

scenarios. Here we put the results of the previous chapter into perspective by

applying them to our model. The goal is to model phagocyte chemotaxis under the

conditions of an acute inflammation/infection. As a result we will also be modelling

innate response to tissue inflammation, although the focus remains mainly on

phagocytes’ locomotion. A main interest throughout this chapter is to see how

fast the whole system goes back to the homoeostatic state.

Dynamic imaging of host-pathogen interactions in vivo has advanced markedly in

the past decade. Advances in microscopic imaging method as well as the develop-

ment of genetically encoded fluorescent receptors have made it possible to directly

visualise the behaviour of cells in living tissues [31]. At the same time, immunol-

ogists have turned their focus to visualising the dynamics of infection in vivo at a

new level of spatial and temporal resolution. Several such experiments have been

performed to observe the response of neutrophils to tissue injuries and infections

(e.g. [82, 136]).

These observations reveal a three-phase cascade of events from initiation of the

immune response to the clustering of cells and resolution. Phase 1 is the initial

chemotaxis of individual phagocytes (neutrophils) close to the damage/infection.

In phase 2 phagocyte chemotaxis from distant regions is amplified (due to the

release of further cytokines, e.g. LTB4) and an accumulation of immune cells

around the injury is seen. This phenomenon, known as swarming, acts like a

barrier and isolates the wound or infection zone from surrounding viable tissue [88].

143
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Figure 8.1. Neutrophil swarming in inflamed tissues. (1) Upon local

tissue injury, neutrophils (green) close to the damage site sense short-

range attractant factors (yellow). (2) Cell death (red) occurring at the

injury site significantly correlates with amplified neutrophil recruitment

from distant tissue regions. (3) Hereby, single neutrophils release the lipid

leukotriene B4 (LTB4, blue), which acts as a signal relay and (4) enhances

the radius of neutrophil tissue recruitment. (5) Accumulating neutrophils

form large cell aggregates. These neutrophil clusters form a tight wound

seal, whose borders cease with the late recruitment of macrophages (or-

ange) (6). Image obtained from www.hfsp.org under Creative Commons

Attribution License.

Note that the swarming mechanism can be broken into multiple phases, which are

explained in detail under Figure 8.1. The final phase is phagocyte clustering in the

infection zone, which leads to the full resolution of infection. Phase 2 is a gradual

process and can take hours but phase 3 takes place within minutes. Our model is

able to demonstrate all three phases explained above under two different diffusion

schemes for the chemokines, namely Gaussian and anomalous.

To study the role of chemotaxis in innate response, we wish to set up a benchmark

for a healthy inflammatory response; in other words a response with the least

collateral damage possible. Major collateral damage is attributed to excessive

phagocytic infiltration, which is quantified by the effective radius re. However, our

body does tune up the secretion of various cytokines and chemokines intrinsically

to optimise the rush of immune cells in order to contain the injury/infection. Of
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course, complications arise when this so-called intrinsic tuning is out of tune and

we have over- or under-expression of some chemicals. As we saw in the previous

chapter, to avoid excess phagocytes we need to ensure that re ≥ rr and this is

achieved by choosing a relatively high Hc particularly when chemokines diffuse

anomalously.

The acute inflammatory response, as explained in Chapter 2, is characterised by

rapid and short-lived processes whereby resolution must occur within a day. If

it takes longer or if the pathogen causing the infection is sophisticated then the

adaptive immune response will interfere, which is not the subject of this work.

So, we are concerned with the innate response, and we will investigate the role

of chemotaxis under two sub-scenarios: (1) antigen does not grow and it is only

uptaken, (2) antigen does grow and different growth rates may create different

outcomes.

8.2. Acute Inflammation without Antigen Growth

We assume that a sudden load of antigen is delivered to the infection zone as a

result of either physical damage or pathogenic invasion. In an acute reaction, the

response is quick and hence the resolution is expected to be achieved rather soon.

We are going to ignore antigen growth and instead assume that it has a natural

decay rate denoted by dA. Thus the evolution of antigen is now governed by (cf.

(6.1))

∂tA = −kPPA− dAA, A(Ω0, 0) = A0 (8.1)

Therefore based on the equation above, ∂tA < 0 for all t > 0, i.e. the antigen

density is continually decreasing, even in the absence of any phagocytes. The

other two equations of the model as well as the boundary conditions have not
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Table 8.1. List of parameters used for simulating (8.2). For a more

viable range of values refer to Table 6.1.

Parameter Description Value/Range

kP antigen uptake (phagocytosis) rate 5× 10−5/cell/s

kA death by phagocytosis rate 0.0005kP

dA antigen natural decay rate 1
48×3600

/s

Amin antigen survival threshold 0.1µg/cm2

DH chemokine (IL-8) diffusion coefficient 200µm2/s

b0 chemokine production rate by antigen 10−9/s

bP chemokine secretion rate by phagocytes 5× 10−9/cell/s

dH chemokine decay rate 2.78× 10−4/s

DP phagocyte diffusion coefficient 8µm2/s

w phagocyte infiltration rate 10−4cells/cm2/s

χ0 phagocyte tactic coefficient 1000µm2/s

Kd receptor-chemokine equilibrium constant 0.005µg/cm2

dP phagocyte death rate 1
36×3600

/s

Hc minimum H to onset infiltration 0.001µg/cm2

changed:


∂tA = −kPPA− dAA,

∂tH = −DH(−∆)α/2H + (b0 + bPP )A− dHH,

∂tP = wH(H −Hc) +∇(DP∇P − Pχ(H)∇H)− kAPA− dPP.

(8.2)

We will simulate (8.2) subject to the initial value of, [A0, 0, 0]
T in the 2D infection

zone of radius 500µm within the rectangular domain of size 5× 5cm. Throughout

this chapter we will frequently compare fractional diffusion (α = 1.2, 1.8) with the

Gaussian (α = 2). A list of parameters for these simulations is given in Table 8.1.

We have simulated a period of 5 days.
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Figure 8.2. Time of resolution for various initial antigen loads A0

across the range of α = 1.2, 1.8, 2. In lower A0 the time of resolution

in all three cases is quite similar but the difference becomes obvious as

A0 increases.

Inflammation and hence inflammatory response occurs when H(x, y) ≥ Hc outside

the infection zone, which will then result in phagocyte infiltration. The initial anti-

gen loads of less than 104µg/cm2 are referred to as “low” since they do not cause

inflammatory response and will decline due to their natural decay, dA. In reality

resident macrophages clear small infections without a need to initiate the inflamma-

tory response. So we are focusing on higher antigen loads that will lead to phago-

cyte infiltration, and therefore we have considered A0 = 105, 106, 107, 108µg/cm2.

Before we proceed to the simulations we shall recall some terminology. Time of

resolution, denoted by Tr, is the moment when A(x, y) < Amin = 0.1µg/cm2. The

radius of reach, denoted by rr, is the radius of the region over which H(x, y) ≥ Hc.

On the other hand, the effective radius denoted by re, is the distance from the

centre, which is travelled by a phagocyte in less than 36 hours (cf. dP in Table

8.1).

We first look at the time of resolution Tr across the board. This is shown in Figure

8.2, and we see that it takes longer to clear as A0 increases. Moreover, we see an

obvious time difference between fractional and Gaussian diffusion schemes, and we

shall explore this difference in more detail.
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Figure 8.3. The evolution of rr and re when simulating (8.1)-(8.2). In

these plots we have considered A0 = 106, 107, 108. The top row shows the

evolution of re and the bottom row corresponds to rr. Top Row: We note

that the effective radius in fractional cases is larger than Gaussian. There

is no major variation in the size of re as A0 increases. Particularly for

α = 1.8 and α = 2 we do not see a sensible change in re. Also note the

time that re declines to 0 coincides with the time of resolution (cf. Figure

8.2). Bottom Row: Despite re from the top row, we see a dose-response

type behaviour in the development of rr, i.e. rr increases as A0 increases.

But the response is more obvious in the fractional case than the Gaussian.

To explain the differences in the time of resolution we turn to the effective radius

and the radius of reach and see how these quantities evolve. For this we will only

be considering A0 = 106, 107, 108µg/cm2 as shown in Figure 8.3.

We have already investigated the dependence of rr and re on the production rate

(c) of chemokine in the previous chapter. Of course, here chemokine production

rate varies in time since the antigen concentration is decreasing steadily. However,

in the bottom row plots of Figure 8.3 we see episodes of steady-state rr and we

also notice the dose-response in the size of rr as A0 increases; this means that a

bigger infection/injury results in a larger inflamed area. The dose-response is more

obvious with fractional diffusion than in the Gaussian case, and this is the result

of heavy tails and super-diffusion of chemokine.
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Now, if we compare each panel in the bottom row with the one above it, i.e. the

corresponding re, we see episodes of steady-state but do not see the same dose

response pattern for re. For α = 1.8 and α = 2 the effective radius has remained

very much the same across the board and for α = 1.2 we see a jump from A0 = 106

to A0 = 107 but then it stays the same. Considering the variable chemokine

production rate, this result is in good agreement with the plot in Figure 7.14,

where we saw that with Gaussian diffusion the re grows very slowly as c increases

but it was more apparent with fractional diffusion.

As we explained earlier, to reduce the collateral damage of an inflammatory re-

sponse it is preferred if re ≈ rr. For A0 = 106µg/cm2 we have re ≥ rr, which is fine

in the sense that all the infiltrated phagocytes will reach the infection zone and

perform phagocytosis. Also, notice that rr is about the same for all the diffusion

schemes and that is why, despite various re lengths, the time of resolution is quite

close for all the cases (cf. Figure 8.2 ). For A0 = 107µg/cm2, in α = 1.2 we

have the ideal situation of re ≈ rr but in the other two cases again re ≥ rr. Note

that the size of rr is a direct contributor to the time of resolution since it controls

the influx of phagocytes. For A0 = 108µg/cm2 although rr in all cases reaches

steady-state very quickly but re increases steadily as if it “struggles” to reach the

maximum steady-state. The reason lies in the fact that the sudden antigen load of

A0 = 108µg/cm2 yields a massive chemokine distribution, to the extent that with

α = 1.2 the chemokine concentration is greater than Hc all over the domain. Of

course this range of H > Hc is smaller for the other two cases as seen from their

rr. Therefore, when H concentration is at supra-optimal levels, it will suppress the

tactic motility and velocity. As H concentration goes down (as a result of declining

A) thenH tends toHc and hence the tactic motility improves and so does the tactic

velocity. With α = 1.2 we see that for a long time re < rr and this will cause some

excess phagocyte infiltration but for α = 1.8, 2 this excessiveness does not last long

and we go back to re > rr. This is again the main reason for differences in the

time of resolution, since smaller region of reach will result in a limited phagocyte

infiltration. We have looked at the 1-day snapshot of chemokine semi-log profile
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Figure 8.4. The semi-log XZ chemokine profile snapshot at t = 1

day for A0 = 108µg/cm2. Note that the minimum Z-axis is at Hc =

10−3µg/cm2 hence the profile spread determines the region of reach, cf.

bottom rightmost panel in Figure 8.3. In semi-log scale we can see the

heavy and long tails in the fractional cases and rapid super-decay of

chemokine profile in the Gaussian case.

in Figure 8.4 for A0 = 108µg/cm2, which is another way of comparing the size of

rr, i.e. as in the bottom right panel of Figure 8.3.

As the last topic in this section, we shall investigate the role of Hc in the time

of resolution and the size of rr and re. The threshold concentration Hc acts like

a switch that can turn events on or off. In reality there are nearly fifty different

chemokines and cytokines involved in our immune response, and each acts like

a switch that activates or inhibits the cascade of events. The variable H in our

model is going to play the role of a “generic” chemokine that activates inflamma-

tion whenever H > Hc, while inflammation slows down via stopping phagocyte

infiltration when H < Hc.

The effect of varying Hc is mostly seen in the size of rr and it is inversely related,

i.e. a smaller Hc (relative to Kd) results in a larger region of reach, hence larger

rr. Hc will affect the effective region only if there is an improvement in the rr.

For example, we saw in A0 = 108µg/cm2 with α = 1.2 and Hc = 0.001µg/cm2

that the entire domain is inflamed, i.e. rr is at its maximum. Therefore if we let

Hc = 0.00001µg/cm2 or even lower, this will not change the rr and hence has no

effect on re. But in the same experiment and in the Gaussian case, we saw that rr

was almost half the size of re and therefore by choosing smaller Hc, we can increase
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Figure 8.5. The effect of lowering Hc on rr, re and the time of resolu-

tion for the Gaussian case with A0 = 108µg/cm2. In the original scenario

we had Hc = 0.2Kd = 0.001µg/cm2, all the blue curves correspond to this

scenario. The green curves are produced after we lowered the Hc down to

0.002Kd = 10−5µg/cm2. (a) The effect on rr (dashed lines) and re (solid

lines). We see that after lowering Hc, the rr has almost doubled to 1 day

and then has shrunk after re stabilised. However, the new rr (under re) is

slightly higher than the previous scenario. (b) The effect of this slightly

higher rr is seen in this panel where antigen is cleared faster. (c) The

bimodal behaviour of the green curve indicates the excess infiltration of

phagocytes after the resolution. This is the time interval from the full

resolution to H < Hc, when infiltration is shut down.

the radius of reach and hence more phagocytes will infiltrate within re and as a

result the time of resolution will become shorter (Figure 8.5).

Although a reduction in the time of resolution via lower Hc might seem desirable,

due to low Hc it takes longer to turn off the infiltration, and so the infiltration

will continue for a while even after the full resolution of antigen. This means extra

collateral damage to the surrounding healthy tissue and to the healing inflamed

area (Figure 8.5). In fact increasing evidence indicates that persistent and recurring

infection/inflammation is a risk factor for cancer [135]. Also aberrant cytokine

signalling, i.e. the initial presence of cytokine in the tissue without any infection or

damage can draw immune cells into the tissue, initiating unnecessary inflammatory

response, which can be a starting point for auto-immune disorders [133, 152].

Similar behaviour is expected to be seen when we alter the decay rate of chemokine,

dH . In fact a high value of dH is equivalent to having a high Hc and a low decay
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rate is equivalent to a low Hc. Again in the case of low dH there will be excess

phagocyte infiltration post resolution due to the accumulation of H resulting in

H > Hc for longer as H decays slowly.

8.3. Acute Inflammation with Growing Antigen

In this section we will be studying acute inflammation in which antigen is allowed

to grow according to the logistic growth law with maximum carrying capacity

denoted by A∞. Let us revisit the equation governing the dynamics of antigen, A:

∂tA = rA(A)A− kPPA, (8.3)

where rA(A) is the rate function of antigen growth and given by

rA(A) = rA

(
1− A

A∞

)
H(A− Amin)− rAH(Amin − A) (8.4)

and rA is antigen’s intrinsic growth rate and Amin is the survival threshold, meaning

A will not grow if A ≤ Amin. The rate function for the logistic growth/decline of

antigen is shown in Figure 8.6. Hence in this section we are solving the following

system, which is the original model that we discussed in Chapter 6:
∂tA = rA(A)A− kPPA,

∂tH = −DH(−∆)α/2H + (b0 + bPP )A− dHH,

∂tP = wH(H −Hc) +∇(DP∇P − Pχ(H)∇H)− kAPA− dPP.

(8.5)

A healthy immune system will strive to eliminate all the antigen or in our case will

drive the antigen concentration below Amin. It is crucial to meet this threshold, i.e.

A < Amin since otherwise the antigen will grow back. The mathematical equivalent

of a healthy immune system is to say that there should be enough phagocytes P ,

present in the tissue so that ∂tA < 0. There is a minimum number of phagocytes

required to be around and within the infection zone to ensure ongoing elimination

of A, i.e. to ensure ∂tA < 0. Suppose that A≫ Amin and let σ = 1−A/A∞: then

equation (8.3) reads

∂tA = rAσA− kPPA, (8.6)



8.3. ACUTE INFLAMMATION WITH GROWING ANTIGEN 153

0 0.1 1E6

0

Antigen (µg/cm2)

R
at

e 
Fu

nc
tio

n,
 r A(A

)

r
A

−r
A
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and hence to have ∂tA < 0 we need

P >
rA
kP
σ. (8.7)

Of course, it will take a while for phagocytes to arrive at the infection zone and

accumulate and exceed the required threshold given by (8.7). In the meantime the

antigen will continue growing. The fraction rA/kP is constant but σ depends on A

in the following fashion:

σ → 0 as A→ A∞ and σ → 1 as A→ 0. (8.8)

Therefore the minimum P threshold is not a constant quantity since it varies with

A. It seems that as A grows and tends to A∞ the minimum P threshold becomes

negligible. The reason is that when A ≈ A∞ the growth rate (rate function) is

almost zero (see Figure 8.6) and (8.6) reduces to ∂tA = −kPPA. Notice that

this only holds for as long as A ≈ A∞: once A goes substantially below A∞ then

σ > 0 and P has to fight to maintain the threshold as in (8.7). When A is small,

σ ≈ 1 and so the minimum P required is quite high, certainly much higher than

when A ≈ A∞. The reason again lies with the rate function, which is responsible

for the growth rate of A, and as we see from the plot of rA(A) in Figure 8.6,

the rate is near maximum when A is small. So there should be enough P to

outweigh rA(A)A = rAσA in (8.6). This is an opportunity - in particular for the

pathogens - to grow and establish before the phagocyte population builds up. Thus
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Table 8.2. List of parameters used for simulating acute scenario with

growing antigen. For a more viable range of values refer to Table 6.1.

Parameter Description Value/Range

kP antigen uptake (phagocytosis) rate 10−5/cell/s

kA death by phagocytosis rate 0.0005kP

Amin antigen survival threshold 0.1µg/cm2

rA antigen growth rate 5× 10−5/s

DH chemokine (IL-8) diffusion coefficient 200µm2/s

b0 chemokine production rate by antigen 5× 10−11/s

bP chemokine secretion rate by phagocytes 5b0

dH chemokine decay rate 1
3600

/s

DP phagocyte diffusion coefficient 10µm2/s

w phagocyte infiltration rate 10−4cells/cm2/s

χ0 phagocyte tactic coefficient 500µm2/s

Kd receptor-chemokine equilibrium constant 0.005µg/cm2

dP phagocyte death rate 1
48×3600

/s

Hc minimum H to onset infiltration 10−3µg/cm2

we consider the worst case, i.e. when σ ≈ 1, and take the phagocyte threshold to

be Pm = rA/kP .

Table 8.2 contains the parameter values used in the upcoming set of simulations

of inflammatory response with growing antigen. The current scenario is aimed at

investigating chemotaxis in infections where the initial injury/infection is small.

However, it has the capability of growing gradually and reaching to an acute level,

where the immune response is triggered. Hence the antigen will grow and produce

chemokines that build up at the source and diffuse through the tissue. The im-

mune response trigger takes action at the moment H ≥ Hc outside the infection

zone. Once infiltration begins, phagocytes arrive at the infection zone and pro-

duce further chemokines. The further chemokine produced by phagocytes has been

observed to play a crucial role in recruiting more immune cells from distant sites
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Figure 8.7. Comparison of tissue inflammatory response between

Gaussian scheme (blue) and the fractional (red) with α = 1.2. Initial

antigen A0 = 104µg/cm2 and all parameters are according to Table 8.2.

(a) Antigen clearance occurs earlier in the Gaussian case than the frac-

tional. This is seen in (b), where the reach zone begins to expand earlier

in the Gaussian, and antigen peaks in (a) coincide with the time the ra-

dius of reach rr, has reached its maximum. The inset in (b) points at the

secondary delay in the expansion of rr leading to the swarming phenome-

non discussed in Figure 8.1, which brings the second wave of phagocytes.

Also note that this delay is longer in the fractional case. In (c) we notice

that the total average P density is much larger for the fractional case,

which is in proportion to the corresponding size of rr.

and this is a mechanism of amplifying the intensity of an inflammatory response

[88, 115]. For this we have set bP = 5b0 (cf. bP and b0 in Table 8.2) and we will

investigate the consequences of the absence of this mechanism, i.e. if bP = 0.

We predict that in this scenario, the Gaussian model will set the infiltration slightly

earlier than the fractional case. The reason is that Gaussian diffusion is slower

than the fractional (α = 1.2), so the chemokine concentration will build up at the

source and diffuse and hence the threshold Hc will be exceeded earlier. As we have

seen before, the specific gradient in the Gaussian case is stronger due to a greater

concentration difference between the centre of the infection zone and outside. This

stronger SG will draw the early infiltrated phagocytes to the infection zone and

begin clearing the antigen. These differences are shown in Figure 8.7.

In the first set of simulations we begin with an initial antigen load of A0 =

104µg/cm2 and compare the fractional and Gaussian cases. As we predicted above,
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the antigen does not grow too high in the Gaussian case since the infiltration

starts sooner than the fractional case (see panel (b)). This delay in the “initi-

ation” of infiltration (∼ 12hrs) makes a big difference in the overall outcome of

the response. However, in both scenarios, the initial rr remains constant for a

while (inset in Figure 8.7(b)) and then suddenly begins to expand continuously

and fairly rapidly. This delay is the result of waiting for the early phagocytes to

secrete further chemokines (via bPPA) and once this builds up the region of reach

begins to expand and hence more and more phagocytes are drawn to the infection

zone. Therefore we see the role of secondary chemokine production, which has been

observed in experiments, also (e.g. [88]). This is in fact waiting for the secondary

wave of phagocytes, leading to the phenomenon of swarming described in Figure

8.1.

To show the importance of the secondary chemokine secretion by phagocytes we set

bP = 0 and repeat the same simulation as above. The results are shown in Figure

8.8 and we see that it is dramatic in the fractional case as the antigen grows until it

reaches A∞. In the Gaussian case we do not see full clearance either as it oscillates

and will eventually become chronic, i.e. forever persistent infection. The lack of

antigen clearance in the fractional case is firstly due to the late launch of infiltration

and even after the start of phagocyte infiltration it takes a while to accumulate

around and within the infection zone. Now if phagocytes were producing further

chemokines then this would have soon brought a second wave of phagocytes as

we see from the comparison of rr in Figure 8.8, and hence the phagocyte density

would exceed Pm. But in this scenario P exceeds Pm when the antigen has grown

substantially as well as the super-saturation of the tissue with chemokine. So we

get to a point where phagocytes leak into the tissue from everywhere but they

cannot move towards the infection zone due to their receptor down-regulation.

The process of phagocyte receptor saturation is shown in a series of phagocyte and

chemokine profile snapshots in Figure 8.9. We see that after a while the entire

tissue is covered with supra-optimal chemokine concentration. In addition to that,

we know that in the infection zone the antigen has grown markedly and hence this
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sent bP , i.e. no chemokine secretion from the phagocytes. The rightmost

plot compares the expansion of rr and we see that in the absence of bP

the growth of rr is very slow.
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Figure 8.9. Evolution of phagocyte population and chemokine distri-

bution over the tissue via their profile snapshots. Note that chemokine

concentration is in semi-log scale and the minimum H value is set at

Hc = 10−3 (or -3 in log scale). As time goes on the antigen grows and

hence there is more chemokine produced to the extent that soon over

the entire domain, we have H ≥ Hc. Although the threshold Pm = 5 is

exceeded post 4 days but phagocytes are only accumulated around the in-

fection zone and the concentration over the infection zone is zero (see day

6). Apart from the chemokine super-saturation the collateral phagocyte

death has also increased since A is very high.

would increase the collateral phagocyte death, i.e. the term KAPA in the equation

of ∂tP . This is shown in the rightmost panel (6 days) of Figure 8.9, where we see

that phagocyte concentration has exceeded Pm but it is zero over the infection

zone.
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Figure 8.10. Effect of reducing χ0 on the distribution of phagocytes

in the tissue. The profile snapshot is taken at day 2 and we are only

considering the fractional case. Also note that we have zoomed closer

into the infection zone, |X| ≤ 2.5mm. By comparing the two panels we

clearly see that in the lower χ case there has been a weak accumulation

of phagocytes around and within the infection zone. Also, phagocyte

density is zero within the infection zone, indicating that A has grown

very high and hence the collateral damage to phagocytes has increased.

Hotter colours indicate higher densities.

A similar observation can be made if we reduce χ0 in the tactic sensitivity; it will

attenuate tactic motility and velocity. This time we set χ0 = 50µm2/s and we

compare the phagocyte population with the original experiment of Figure 8.7. We

are only comparing the fractional case as the Gaussian behaviour is also similar.

This comparison is shown in Figure 8.10 and we have taken a profile snapshot at

day 2 and zoomed onto the vicinity of the infection zone. It is clear that fewer

cells have accumulated around the zone in the reduced χ0 case and we see that the

phagocyte concentration within the infection zone is zero. This is again due to the

extreme growth of antigen, which results in more collateral damage of phagocytes,

i.e. kAPA is stronger.

Next we look at the effect of decreasing DH , i.e. the diffusion coefficient of

chemokine. This will have direct effect on the SG, particularly in the Gaussian

case. Recall the expression for SG from Chapter 7, which is proportional to
√
γ/D

and by our parameters in this section, proportional to
√
dH/DH . Thus increasing
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Figure 8.11. Effect of doubling chemokine decay rate (dH) as well

as its diffusion coefficient (DH) in the Gaussian case. The right panel

compares the radius of reach and we see that due to the higher decay

rate the phagocyte infiltration is delayed and the consequence is that the

antigen is not cleared entirely and hence we have recurring infection.

DH will weaken the specific gradient, which is one of the components in the tactic

velocity. We will look at the consequence of lowering DH in the Gaussian scheme.

A lower diffusion coefficient implies slower spread and hence the build-up at the

source will occur rather quickly. This creates a bigger concentration difference

between the centre of the source and points away, hence the reason why SG gets

stronger. However, instead of increasing or decreasing DH only, we have decided

to scale both dH and DH ; in other words we are keeping the Gaussian SG fixed

but increasing the decay rate of chemokine. In the first experiment we double both

dH and DH , while all other parameters are kept the same. We are considering the

Gaussian case only. The comparison is shown in Figure 8.11. We see that by dou-

bling the dH we have delayed the initiation of phagocyte infiltration (right panel)

and this slight delay leads to much bigger growth of antigen. In the fractional case

there is no recurrence of infection and antigen is cleared since the radius of reach

remains large enough to draw enough phagocytes towards the infection zone.

To pursue the effect of chemokine decay rate on the outcome of an inflammatory

response with growing antigen and to be able to make better comparisons we let

DH remain unchanged and instead shorten the chemokines half life to 15 minutes,

i.e. multiply dH by 4. This is a realistic value that has been measured for some
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Figure 8.12. Comparing the effect of shortening the half life of

chemokine from 60 minutes (original model - solid lines) to 15 minutes

(dashed lines). The radius of reach is affected in both cases. In the

fractional case the antigen clearance occurs with a slight delay compared

to the original model and in both cases the fractional model maintains

the largest rr. In the Gaussian case, the rr is almost halved and this

has an impact on the number of phagocytes infiltrated, which causes the

recurrence of the antigen.

specific chemokines, reported in [67] and references therein. We have compared

this for the Gaussian and fractional cases versus the original model and the results

are shown in Figure 8.12.

The direct impact of higher chemokine decay rate is on the size of rr in both

diffusion schemes. From the analyses of front location under Sections 7.3.2 and

7.3.3 we should be able to estimate the effect of multiplying dH by 4 and we

can see these effects in good proportion in Figure 8.12. On the right panel of

the same Figure we see how maximum rr changes as a result of scaling dH : in

Gaussian it is almost halved, which is expected as rr ∝
√

1/dH and in the fractional

case rr ∝ (dH)
2/3.2 (cf. (7.40)). We see that the maximum size of rr in the

original experiment (solid lines) for the Gaussian case is much smaller than that

of the fractional case. Therefore any change that shrinks rr further will restrict

the infiltration of phagocytes and hence lead to an unsuccessful clearance of the

antigen. This would of course get worse if we decreased DH , also.
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8.4. Summary of Results and Discussion

The goal of this chapter was to investigate the difference made by considering the

fractional diffusion of chemokines (rather than just the usual Gaussian) in a tissue

inflammatory response. We looked at an inflammatory response that begins as a

result of an acute infection, i.e. a massive and sudden load of antigen is delivered

to the infection zone. In this scenario we saw that for higher initial antigen loads,

fractional diffusion of chemokines brings the advantage of a vast region of reach

and hence the ability to recruit plenty of phagocytes. However, when there are

low to very low antigen loads, fractional diffusion struggles to initiate an effective

infiltration.

Next we looked at inflammatory responses that are the result of a growing antigen

(pathogen). It seems that in this scenario fractional and Gaussian cases behave

similarly, with the Gaussian being slightly more competent. However, when pa-

rameters change, such as the diffusion coefficient of chemokines or their decay rate,

then the Gaussian scheme may struggle since these parameters directly affect the

radius of reach.

Mathematical modelling of complex systems is emerging as an approach to tame the

seemingly unpredictable behaviour of biological phenomena [194]. Mathematical

modelling can provide insights into the complex dynamics of cell locomotion in a

manner that can be tested in-vivo. The material of this chapter, and in a way the

goal of this thesis, is to understand leucocyte chemotaxis via in-silico experiments

with the assumption of heavy-tailed distribution for the chemo-attractant. The

platform that we have laid for in-silico fractional chemotaxis experiments can also

be tested in wet labs (in-vivo/in-vitro).

To our knowledge, heavy-tailed distribution of chemokine fields has not been con-

sidered before; neither in laboratory experiments nor in mathematical models.

Moreover, majority of chemotaxis models pay more attention to the underlying

cells than the chemo-attractant distribution. The analysis of the previous chapter

is to show that changes in chemokine morphology can have dramatic effects on cell
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locomotion, which in our case with leucocytes; the dramatic effect is the outcome

of an inflammatory response. We believe that precise in-vivo chemotaxis experi-

ments can be designed based on the implications of theoretical models. Although

our model is simple and generic but we have been able to infer a variety of dif-

ferent outcomes for hypothetical leucocytes placed in hypothetical gradient fields.

More elaborate and sophisticated computational models can be designed based on

specific information obtained from empirical evidence.

8.5. Concluding Remarks

8.5.1. Modelling the Fractional Diffusion

It is important to note that various frameworks can lead to anomalous diffusion.

In general, fractional diffusion can be derived from continuous-time random walks

(CTRW) and fractional Brownian Motion [29]. Our approach of using subordi-

nation and replacing the Laplacian operator with −(−∆)α/2, is robust since it

governs the scaling limit of all Markovian jump processes with heavy tails. In fact

any heavy-tailed radially symmetric Morkov process converges to a process similar

to ours; hence our model can be considered as the most generic model of anoma-

lous diffusion. Further investigations are needed in order to be able to propose a

precise model. Further work would include: understanding the fractal topology

of tissues as a heterogeneous environment and more precise information regarding

the diffusive properties of chemokines and cytokines within the environments that

are closest to tissue in texture. Hence specific and more detailed models can be de-

vised upon the emergence of evidence regarding the diffusion process mechanisms

of chemokines and cytokines. Certainly this will depend on the tissue and on the

specific cytokines. For instance, brain tissue vs the epidermis.

We performed an experiment investigating the possibility of fractional diffusion of

FITC-Dextran molecules through Matrigel tissue matrix. The report and results

can be found in Appendix B. Using the data obtained from our experiment we
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looked at the evolution of chemokine profile and visually there is evidence sup-

porting fractional diffusion of chemokines and cytokines - see Figures B.2 and B.3.

8.5.2. ODE Models of Immune Response

ODE or local models of immune response processes are mostly concerned with the

evolution of cell populations and chemical densities and hence there is no spatial

variation. Therefore, the roles of diffusion and chemotaxis are somewhat ignored.

However, with the models of this and previous chapters we showed that the number

of infiltrated cells into the tissue is proportional to the severity of infection. To this

we associated a region of reach, where its area can be computed via knowing the

properties of antigen and chemokine. Moreover, we have modelled the variations

of region of reach with time and again with respect to the changes in antigen

load; thus from all this information we can estimate the number of phagocytes

present in the tissue in the ODE models. Note that we owe all this to the so-called

“separation of time-scales”, i.e. chemokines’ short half life versus phagocytes’ slow

death rate. Finally, using the effective region one can find the total number of

“effective phagocytes”, i.e. the ones that reach the infection zone and perform

phagocytosis. These quantities are suitable for ODE models since they vary in

time only. Being able to find the number of phagocytes as precisely as possible

will increase the accuracy of predictions made by ODE models.

8.5.3. A More Detailed Model

The model that we have presented in this thesis is one of the simplest spatio-

temporal models of inflammatory response. It does capture the fundamental fea-

tures of an inflammatory response and yet it is minimal and generic. However,

we considered a more detailed model as per the diagram in Figure 8.13. We as-

sumed three types of immune cells: tissue macrophages divided into resting and

activated cells, as well as neutrophils that are the main killers. We also discrim-

inated between the cytokines and chemokines. There are two types of cytokines:
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Figure 8.13. Schematic mechanism of tissue inflammatory response

in a more detailed model. We assume two types of tissue macrophages:

resting (Mr) and activated (Ma). We also assume two types of cytokines,

C1 and C2, where the former activates resting macrophages and the latter

initiates neutrophil (N) infiltration. We also have chemokines denoted

by H where they only have a role in the chemotaxis of macrophages and

neutrophils. The dotted arrows indicate activation/inhibition and the

solid ones are for the production and uptake.

primary, which are produced by antigen and activate macrophages and secondary,

which initiate neutrophil infiltration. There is one type of chemokine that leads

the neutrophils and macrophages to the site of infection/injury.

We performed similar simulations and the overall outcomes were similar to the sim-

ple generic model. Detailed models can be useful if built based on the empirical

data so that we can find parameter ranges or the likely cascade of events. Other-

wise, for models that are to examine theoretical hypotheses, e.g. the possibility of

chemokine/cytokine anomalous diffusion and the consequences, it is best to begin

from the simplest most generic model and further developments without empirical

data will not bring any improvement. So, first build the generic model to gain

some insights and then design specific experiments to test and further develop the

model with more accurate parameters. We think what we have done in this thesis

is the first step and now that we know some of the consequences of Gaussian versus

fractional diffusion, laboratory experiments can be set up by biologists to test and

validate or falsify what we have demonstrated here.
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[64] C. A. Hébert and J. B. Baker. Interleukin-8: A review. Cancer Investigation, 11(6):743–750,

1993.

[65] V. Heinrich and C.-Y. Lee. Blurred line between chemotactic chase and phagocytic con-

sumption: an immunophysical single-cell perspective. J Cell Sci, 124:3041–3051, 2011.

[66] T. Hillen and K. J. Painter. A user’s guide to PDE models for chemotaxis. J Math Biol,

58:183–217, 2009.

[67] P. Hillyer and D. Male. Expression of chemokines on the surface of different human en-

dothelia. Immunology and Cell Biology, 83:375–382, 2005.

[68] A. N. Hoang, C. N. Jones, L. Dimisko, B. Hamza, J. Martel, N. Kojic, and D. Irimia.

Measuring neutrophil speed and directionality during chemotaxis directly from a droplet

of whole blood. Technology, 1(1):49–57, 2013.



BIBLIOGRAPHY 169

[69] D. Horstmann. From 1970 until present: the Keller - Segel model in chemotaxis and its

consequences. I. Jahresberichte DVM, 105(3):103–165, 2003.

[70] R. Horwitz and D. Webb. Cell migration. Current Biology, 13(19):756–759, 2003.

[71] P. A. Iglesias and P. N. Devreotes. Navigating through models of chemotaxis. Curr Opin

Cell Biol, 20:35–40, 2008.

[72] M. Ilic, F. Liu, I. Turner, and V. Anh. Numerical approximation of a fractional-in-space

diffusion equation, i. Frac Calc Appl Anal, 8(3):323–341, 2005.

[73] M. Ilic, F. Liu, I. Turner, and V. Anh. Numerical approximation of a fractional-in-space

diffusion equation (II)- with nonhomogeneous boundary conditions. Frac Calc Appl Anal,

9(4):333–349, 2006.

[74] T. L. Jackson, editor. Modeling Tumor Vasculature: Molecular, Cellular, and Tissue Level

Aspects and Implications. Springer, New York, 2012.

[75] C. Janetopoulos and R. A. Firtel. Directional sensing during chemotaxis. FEBS Letters,

582:2075–2085, 2008.

[76] N. L. Jeon, H. Baskaran, S. K. W. Dertinger, G. M. Whitesides, L. V. D. Water, and

M. Toner. Neutrophil chemotaxis in linear and complex gradients of interleukin-8 formed

in a microfabricated device. Nat Biotech, 20:826–830, 2002.

[77] B. Jiang and T. Jia. Zipf’s law for all the natural cities in the United States: a geospatial

perspective. Int’l J GIS, 25(8):11269–1281, 2011.

[78] M. J. Kaplan. Role of neutrophils in systemic autoimmune diseases. Arth Res Ther, 15:219–

220, 2013.

[79] E. F. Keller and L. A. Segel. Initiation of slime mold aggregation viewd as an instability. J

Theor Biol, 26:399–415, 1970.

[80] E. F. Keller and L. A. Segel. Model for chemotaxis. J Theor Biol, 30:225–234, 1971.

[81] H. U. Keller, P. C. Wilkinson, M. Abercrombie, E. L. Becker, J. G. Hirsch, M. E. Miller,

W. S. Ramsey, and S. H. Zigmond. A proposal for the definition of terms related to loco-

motion of leucocytes and other cells. Clin Exper Immunol, 27:377–380, 1977.

[82] M.-H. Kim, W. Liu, D. L. Borjesson, F.-R. E. Curry, L. S. Miller, A. L. Cheung, F.-T. Liu,

R. R. Isseroff, and S. I. Simon. Dynamics of neutrophil infiltration during cutaneous wound

healing and infection using fluorescence imaging. J Invest Dermatol, 128:1812–1820, 2008.

[83] E. Kolaczkowska and P. Kubes. Neutrophil recruitment and function in health and inflam-

mation. Nat Rev Immunol, 13:159–175, 2013.

[84] R. Kumar, G. Clermont, Y. Vodovotz, and C. C. Chow. The dynamics of acute inflamma-

tion. J Theor Biol, 230:145–155, 2004.

[85] V. Kumar and A. Sharma. Neutrophils: Cinderella of innate immune system. Int Im-

munopharmacol, 10:1325–1334, 2010.



170 BIBLIOGRAPHY

[86] O. J. Kwon, B. T. Au, P. D. Collins, J. N. Baraniuk, I. M. Adcock, K. F. Chung, and P. J.

Barnes. Inhibition of interleukin-8 expression by dexamethasone in human cultured airway

epithelial cells. Immunology, 81:389–394, 1994.

[87] D. J. Laird, U. H. von Andrian, and A. J. Wagers. Stem cell trafficking in tissue develop-

ment, growth, and disease. Cell, 132:612–630, 2008.
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Boston, 2001.

[138] A. Okubo. Diffusion and Ecological Problems: Mathematical Models. Springer-Verlag,

Berlin, 1980.

[139] S. J. Ono, T. Nakamura, and D. Miyazaki. Chemokines: roles in leukocyte development,

trafficking and effector function. J Allergy Clin Immunol, 111:1185–1199, 2003.

[140] M. Onsum and C. V. Rao. A mathematical model for neutrophil gradient sensing and

polarization. PLoS Comput Biol, 3(3):436–450, 2007.

[141] H. G. Othmer, S. R. Dunbar, and W. Alt. Models of dispersal in biological systems. J Math

Biol, 26:263–298, 1988.

[142] H. G. Othmer and A. Stevens. Aggregation, blowup and collapse: the ABC’s of taxis and

reinforced random walks. SIAM J Appl Math, 57:1044–1081, 1997.

[143] M. R. Owen and J. A. Sherratt. Mathematical modelling of macrophage dynamics in tu-

mours. Math. Models Methods Appl. Sci., 9:513–539, 1999.

[144] K. J. Painter and J. A. Sherratt. Modelling the movement of interacting cell populations.

J Theor Biol, 225:327–339, 2003.

[145] C. A. Parent and P. N. Devreotes. A cell’s sense of direction. Science, 284(5415):765–770,

1999.

[146] C. S. Patlak. Random walk with persistence and external bias. Bull Math Biophys, 15:31–

338, 1953.

[147] A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equations.

Springer, New York, 1983.

[148] K. Pearson and L. Rayleigh. The problem of the random walk. Nature, 72:294–295, 1905.

[149] A. S. Perelson and G. Weisbuch. Immunology for physicists. Rev Mod Phys, 69:1219–1267,

1997.

[150] A. Pugliese, V. Vidotto, T. Beltramo, and D. Torre. Phagocytic activity in human immun-

odeficiency virus type1 infection. Clin Diag Lab Immunol, 12(8):889–895, 2005.

[151] Z. Pujic, D. Mortimer, J. Feldner, and G. J. Goodhill. Assays for eukaryotic cell chemotaxis.

CCHTS, 12:580–588, 2009.



174 BIBLIOGRAPHY

[152] A. T. Reder and X. Feng. Aberrant type1 interferon regulation in autoimmunity: opposite

directions in MS and SLE, shape by evolution and body ecology. Front Immunol, 4(281):13,

2013.

[153] A. Reynolds, J. Rubin, G. Clermont, J. Day, Y. Vodovotz, and G. B. Ermentrout. A

reduced mathematical model of the acute inflammatory response: I. Derivation of model

and analysis of anti-inflammation. J Theor Biol, 242:220–236, 2006.

[154] A. J. Ridley, M. A. Schwartz, K. Burridge, R. A. Firtel, M. H. Ginsberg, G. Borisy, J. T.

Parsons, and A. R. Horwitz. Cell migration: integrating signals from front to back. Science,

302:1704–1709, 2003.

[155] T. Risler. Cytoskeleton and cell motility. In R. A. Meyers, editor, Encyclopedia of Com-

plexity and Systems Science, pages 1738–1774. Springer, New York, 2009.

[156] M. A. Rivero, R. T. Tranquillo, H. M. Buettner, and D. A. Lauffenburger. Transport

models for chemotactic cell populations based on individual cell behavior. Chem Engng

Sci, 44:2881–2897, 1989.

[157] J. P. Roop. Computational aspects of FEM approximation of fractional advection dispersion

equations on bounded domains in R2. J Comp Appl Math, 193:243–268, 2006.

[158] H. F. Rosenberg and J. I. Gallin. Inflammation. In W. E. Paul, editor, Fundamental Im-

munology, pages 1051–1066. Lippincot-Raven, Philadelphia, 4th edition, 1999.

[159] A. K. Samanta, J. J. Openheim, and K. Matsushima. Identification and characterization of

specific receptors for monocyte-derived neutrophil chemotactic factor (MDNCF) on human

neutrophils. J Exp Med, 169:1185–1189, 1989.

[160] G. Samorodnitsky and M. S. Taqqu. Stable Non-Gaussian Random Processes. Chapman &

Hall/CRC, 2000.
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APPENDIX A

Some Essential Mathematics

Note that the material of Appendix A are taken from textbooks such as [5, 12,

46, 52, 53, 117, 147, 161, 204].

A.1. Fourier Transform

There are several conventions for defining the Fourier Transform (FT) of a function.

Suppose that we have a real function f ∈ L1(R), then the Fourier transform, f̂ is

defined via the following integral transformation

f̂(k) =

∫ ∞

−∞
e−ikxf(x)dx, (A.1)

for any k ∈ R and the inverse transform is given by

f(x) =
1

2π

∫ ∞

−∞
eikxf̂(k)dk, (A.2)

where e−ikx is the kernel of the transformation and eikx is that of the inverse

transform. In the next Section, we will relate (A.1) to the definition of the charac-

teristic function of a random variable X, which will be used later in the derivation

of diffusion equation.

Amongst many properties of the FT, such as its linearity, we look at the FT of the

derivative of a function. The FT of f ′(x) can be found via:

f̂ ′(k) =

∫ ∞

−∞
e−ikxf ′(x)dx

= f(x)e−ikx]∞−∞ + (ik)

∫ ∞

−∞
e−ikxf(x)dx (by parts) (A.3)

The first term on the RHS of (A.3) vanishes if f(±∞) = 0, since e−ikx is an

oscillating function. Hence, assuming that f is bounded we get f̂ ′(k) = ikf̂(k).
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We can repeat this process for higher derivatives to get

f̂ (n)(k) = (ik)nf̂(k). (A.4)

Fourier Transform can be generalised for functions of several variables. The n-

dimensional equivalent of (A.1) for f(x) with x ∈ Rn is

f̂(k) =

∫
Rn

e−i⟨k,x⟩f(x)dx, (A.5)

where k is also a vector in Rn and ⟨k,x⟩ denotes the dot product.

Definition A.1. (Convolution) The convolution of two functions f, g ∈ C(Rn),

one of which has a compact support is defined by:

(f ∗ g)(x) =
∫
Rn

f(x− y)g(y)dy =

∫
Rn

f(y)g(x− y)dy = (g ∗ f)(x). (A.6)

The following relations hold for the Fourier transform of convolutions.

(̂f ∗ g) = f̂ · ĝ, and (A.7)

(̂f · g) = f̂ ∗ ĝ. (A.8)

A.2. Basic Concepts in Probability

A probability space, often denoted by the triplet (Ω,H, P ), is a mathematical model

of a random experiment, whose exact outcome cannot be told in advance [26]. The

set Ω is called the sample space, which is the collection of all possible outcomes

of an experiment. The σ-algebra H is called the set of events, which is basically

the set of all subsets of Ω. A subset H ∈ H is said to occur if the outcome

of the experiment is in H. For each event H the chances that it will occur is

modelled by the number P (H), which reads probability that H occurs. In fact P

is the probability measure, which maps each element of the σ-algebra H to a real

number in [0, 1]. Thus, mathematically, a probability space is a special measure

space where the measure has total mass one, i.e. P (Ω) = 1.

Consider the probability space (Ω,H) and let (E, E) be a measurable space. A

mapping X : Ω 7→ E is called a random variable if it is a measurable mapping
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with respect to both the algebras H and E . From here on, we assume that E is Rd

or some Borel subset of some such space and E is the Borel σ-algebra on E. X is

said to be a discrete random variable if it takes only countably many values.

Associated to each random variable X is a probability distribution function, FX(x)

defined by

FX(x) = Pr(X ≤ x) = Pr(ω ∈ Ω : X(ω) ≤ x) = 1− Pr(X > x). (A.9)

Definition A.2. Continuous Random Variable. A random variable X is said

to be continuous if it is not discrete and its distribution function can be written as

FX(x) =

∫ x

−∞
f(t)dt, where

∫ ∞

−∞
f(t)dt = 1, (A.10)

for some non-negative function f(t) defined for all t.

The function f given as above is called the probability density function (pdf) of

the random variable X. A key property of density function f(x) is that for any

interval (a, b)

Pr(a < X ≤ b) =

∫ b

a

f(x)dx. (A.11)

The mth moment of a continuous random variable X (if it exists) is given by

µm = E(Xm) =

∫ ∞

−∞
xmf(x)dx, (A.12)

where E(·) is the expected value operator. The first moment of X is commonly

called the mean and denoted by µ. The mth central moment of X is defined as the

mth moment of the random variable X − µ, i.e. E [(X − µ)m]. The first central

moment is obviously zero and the second central moment is called the variance of

X, denoted by σ2. The operator E has some nice properties, of which we note the

following two

1) E
(∑n

i=1 aiXi

)
=
∑n

i=1 aiE(Xi), ∀ai ∈ R and Xi random variables,

2) If X1, . . . , Xn are independent random variables, then E
(∏n

i=1Xi

)
=∏n

i=1 E(Xi).
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From this point on, by random variable we mean a continuous random variable

unless otherwise noted.

Another important function associated with the probability density f(x) of the

random variable X is its characteristic function denoted by ΦX(k) and defined as

below for any k ∈ R

ΦX(k) = E
(
eikX

)
=

∫ ∞

−∞
eikxf(x)dx. (A.13)

Comparing (A.13) to the definition of the FT in (A.1) we realise that the FT of a

probability density function and its characteristic function are closely related by:

f̂(k) = E(e−ikX) = Φ(−k). Consider a random variable X with density f , whose

first two moments (µ1, µ2) exist. Then the FT of X can be expanded as below:

f̂(k) =

∫ ∞

−∞
e−ikxf(x)dx

=

∫ ∞

−∞

(
1− ikx+

1

2!
(ikx)2 + . . .

)
f(x)dx

=

∫ ∞

−∞
f(x)dx− ik

∫ ∞

−∞
xf(x)dx− 1

2
k2
∫ ∞

−∞
x2f(x)dx+ . . .

= 1− (ik)µ1 −
k2µ2

2

2
+ . . . (A.14)

If the mean is zero and variance denoted by σ2 then as k → 0, we have

f̂(k) = 1− 1

2
k2σ2 + o(k2). (A.15)

Suppose that X1 and X2 are independent random variables then the characteristic

function of the sum X1 +X2, is given by

ΦX1+X2(k) = E
(
eik(X1+X2)

)
= E

(
eikX1eikX2

)
= E

(
eikX1

)
E
(
eikX2

)
(by the 2nd property of E)

= ΦX1(k)ΦX2(k), (A.16)

The result above can be generalised to the sum of n independent random variables.

Further, if X1, X2, · · · , Xn all are drawn from the same density then

ΦX1+X2+···+Xn(k) = ΦX1(k)ΦX2(k) · · ·ΦXn(k) = [ΦX(k)]
n (A.17)
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A similar relation can be derived for the FT of X1 + X2 + · · · + Xn, which is

equivalent to

ΦX1+X2+···+Xn(−k) = ΦX1(−k)ΦX2(−k) · · ·ΦXn(−k) =
[
f̂(k)

]n
. (A.18)

In other words the sum turns into an n-fold FT.

Finally in this section we shall give the definition of a stochastic process.

Definition A.3. Stochastic Process. A stochastic process is a collection of

random variables (Xt : t ∈ T ) on the same probability space, where t is generally

known as the time parameter (or simply time) and runs over an index set T ⊆ R.

Each Xt takes values in some set S ⊆ R called the state space; Xt is the state of

the process at time t.

A.3. Power-Law Probability Distributions

Many empirical quantities cluster around a typical average value. This typical value

(mean) can be taken as representative of most observations with some measurable

deviation. For example, an average person’s height is a useful measure since the

largest deviations are still only about a factor of two from the mean in either

direction and hence the distribution can be well characterized by quoting just its

mean and standard deviation.

However, not all distributions fit this pattern and although this might make them

problematic or defective, at the same time they are some of the most interesting

scientific observations. The fact that they cannot be characterized as simply as

other measurements is often a sign of complexity in their underlying processes that

deserve further investigation.

A good example of this kind is the size distribution of cities in a country or across

the world, which demonstrates a striking regularity known as Zipf’s law [211],

named after George Zipf (1949) who first popularized the empirical finding. Nev-

ertheless, this property was first observed and reported by the German physicist
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Felix Auerbach in his 1913 paper [7] as the “Law of population concentration”

stating that the city size distribution could be approximated by a power law dis-

tribution [77]. Mathematically, a quantity x obeys a power law if it is drawn from

a probability distribution with density

f(x) = Cx−α, (A.19)

where α > 1 is a constant parameter of the distribution known as the exponent

or the shape parameter and C > 0 is the normalisation constant. Such a distri-

bution leads to much heavier tails than other common models such as exponential

distributions [122].

If we tabulate all the cities of a country and rank them according to their size,

e.g. by population, the first largest city is twice as big as the second largest,

three times as big as the third largest, and so on. In other words, the size of a

city is inversely proportional to its rank. This experiment has been done for US

cities with population of 10000 or over based on the 2000 US census data. The

results are illustrated in Figure A.1. As we see on the left plot in Figure A.1 the

histogram of cities frequency vs the population is not normally distributed; in fact

it is highly skewed to the right, indicating that there are not many US cities with

a population much higher than the reported average of 8226 people. However the

ratio of the largest to the smallest city size is around 150000, which makes this

distribution quite different from what we see in people’s height or weight, i.e. the

distribution of city sizes has a long tail to the right. The left plot in Figure A.1 is

the same histogram plotted in log-log scale and surprisingly we see a straight line

with negative slope. The approximate straight line implies that the distribution

follows a power law and is often known as the signature of a power law [123]. If

the histogram is a straight line in log-log scales, then ln f(x) = −α lnx+ c, where

−α is the slope. If we take exponentials of both sides of the equation of this line

we get f(x) = Cx−α with C = ec.

Power-law distributions occur in a diverse range of phenomena. In addition to

city populations, the sizes of earthquakes, moon craters, solar flares, the frequency
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Figure A.1. (Left) Histogram of the populations of all US cities with

population of 10000 or more. The histogram is highly right-skewed mean-

ing most US cities have small populations or there is a small number of

cities with a population much higher than the typical value, producing

the long tail to the right of the histogram. (Right) Log-Log plot of the

histogram data on the left. The approximate straight-line form of the

histogram in the right panel implies that the distribution follows a power

law with negative index, i.e. f(x) ∝ x−α. Plots obtained from [134] with

permission from the publisher.

of use of words in any human language, the frequency of occurrence of personal

names in most cultures, the number of citations received by papers, the number

of hits on web pages, the sales of books, music recordings and almost every other

branded commodity, the numbers of species in biological taxa, and a host of other

variables all follow power-law distributions (reviewed in [28, 134]) .

Next, we give definitions related to power law distributions and we shall restrict

ourselves to continuous distributions only. We have roughly introduced what a

power law density is in (A.19), however not any expression such as y = axn+ b can

be chosen for a power law pdf. Also, in practice, few empirical phenomena obey

power laws for all values of x [28] and more often the power law applies only for

values greater than some minimum value, say xm. In these cases it is said that the

tail of the distribution follows a power law- hence the importance of studying the

tail probabilities as well as identifying xm appropriately [123].
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Let X be a non-negative random variable with a continuous power law density as

(A.19). Then the following holds

Pr(x ≤ X < x+ dx) = f(x)dx = Cx−αdx, (A.20)

where f(x) is the density function. Now, we need to determine the normalisation

constant C so that f(x) satisfies the properties of a pdf given in Definition A.2.

Clearly f(x) fails at 0, hence we need a lower bound on x, say xm > 0. Now

the normalising constant C should satisfy
∫∞
xm
Cx−αdx = 1, which gives C =

(α− 1)xα−1
m and hence

f(x) =
α− 1

xm

(
x

xm

)−α

, (A.21)

for α > 1 otherwise area under f (or the tail area) will be infinite. From (A.21)

we can compute complementary cumulative distribution function (ccdf) of a power

law distributed variable, which is basically Pr(X ≥ x) = 1−Pr(X < x) and given

by

Pr(X ≥ x) =

∫ ∞

x

f(t)dt =


(

x
xm

)−α+1

x ≥ xm

1 x < xm
(A.22)

where f is according to (A.21). One commonly used power law distribution in

economics and social sciences is the Pareto distribution, which comes in four (I-IV)

types. Type I Pareto distribution satisfies the following

Pr(X ≥ x) =

(
x

xm

)−α

for x ≥ xm, (A.23)

or if we denote 0 < C = xαm then the relation above reads

Pr(X ≥ x) = Cx−α for x ≥ C1/α. (A.24)

The probability density function of a Pareto random variable is given by

f(x) =

 αCx−α−1 x ≥ C1/α

0 x < C1/α
(A.25)

Sample distribution curves for type I Pareto are presented in Figure A.2 and we

see that as α→ ∞ the curves approach to the Dirac delta function.
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Figure A.2. Type I Pareto Distribution curves for various α values

with xm = 1.

Two-sided Pareto distributions can be defined in the same way, where Pr(X ≥

x) = pCx−α and Pr(X ≤ −x) = qCx−α for all x ≥ C1/α and 0 < p, q < 1 such

that p+ q = 1. The probability density function for a two-sided Pareto is given by

f(x) =


αpCx−α−1 x ≥ C1/α

0 |x| < C1/α

αqC|x|−α−1 x ≤ −C1/α

(A.26)

The parameters p and q indicate the likelihood of jumping to the right or left

respectively. Therefore the parameter β = p − q will indicate the skewness of the

distribution; positively skewed if β > 0, negatively skewed if β < 0 and symmetric

when β = 0.

A.4. Fractional Derivatives

Fractional derivatives are a generalised form of integer order derivatives, where the

differentiation can also take a non-integer order. Fractional derivatives were born at

the same time as their integer order counter parts in the late 1600’s and were mostly

treated as theoretical pure mathematics objects. However in the past 50 years

their role in modelling a wide variety of phenomena has brought them to centre

of attention in the world of mathematical modelling. Fractional order derivatives
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provide a suitable framework for modelling phenomena in which power laws and/or

fractional dynamics are present. Fractional calculus has a long-standing history

in engineering sciences for the description of viscoelastic materials or in process

control. Anomalous diffusion, a topic that we will review later, is described by

fractional order Laplacian operator, which models the long-range particle jumps.

Fractional concepts are now being recognised in more applied domains such as

biological systems.

There are a various ways for defining the fractional derivative of a function. Some

of these approaches provide grounds for numerical approximation of fractional

derivatives. One such approach, which is also easy to implement (numerically) is

the Grünwald-Letnikov finite difference form. Given a function y = f(x), we can

define the nth integer order derivative of f with respect to x via:

dnf(x)

dxn
= lim

h→0

∆nf(x)

hn
, (A.27)

where ∆ is the difference operator and ∆nf(x) =
∑n

j=0

(
n
j

)
(−1)jf(x−jh). Inspired

by this we can define a fractional difference operator ∆α as below

∆αf(x) =
∞∑
j=0

(
α

j

)
(−1)jf(x− jh) (A.28)

where

wj =

(
α

j

)
(−1)j = (−1)j

Γ(α + 1)

j!Γ(α− j + 1)
, (A.29)

are known as Grünwald weights. The gamma function for a positive integer n

is defined Γ(n) = n! and for α > 0 we have Γ(α) =
∫∞
0
e−ttα−1dt. A simple

integration by parts shows that Γ(α + 1) = αΓ(α), which turns out to be a very

useful relationship. By applying Γ(α+1) = αΓ(α), j times we obtain the following

formula for(
α

j

)
=

αΓ(α)

j!Γ(α− j + 1)
= · · · = α(α− 1) · · · (α− j + 1)

Γ(j + 1)
, (A.30)

and hence at any j we have

wj =

(
α

j

)
(−1)j =

−α(1− α) · · · (j − 1− α)

Γ(j + 1)
. (A.31)
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So (A.31) provides a formula for computing wj required for the fractional difference

operator. We can now define the Grünwald fractional derivative by the following

limit:
dαf(x)

dxα
= lim

h→0

∆αf(x)

hα
. (A.32)

A major difference between a fractional derivative and an integer order is that the

latter is a ‘local’ operator, meaning that the derivative at some particular point

depends only on the nearby conditions. This is not necessarily the case when

calculating a fractional derivative. This can be seen from the role of Grünwald

weights in the computation of dαf(x)
dxα

. The contribution of the function value at a

far away point x± jh is determined by its corresponding wj. We notice that as we

get further away from the centre, i.e. as j gets larger, the weights (wj) get weaker,

since w0 = 1, w1 = −α, w2 = α(α− 1)/2 and wj+1 = wj(j − α)/(j + 1). In fact it

has been shown [116] that Grünwald weights exhibit power law decay as j → ∞,

i.e.

wj ≈ j−α−1 −α
Γ(1− α)

. (A.33)

Lastly, we mention an important property of the fractional derivative of a function.

Proposition 2. If f and its derivatives up to some integer order n > α+ 1 exist

and are absolutely integrable, then the fractional derivative

dαf(x)

dxα
=

1

2π

∫ ∞

−∞
eikxf̂(k)dk, (A.34)

exists and its FT is equal to (ik)αf̂(k).

Proposition 2 is the fractional equivalent of the FT of integer order derivatives

that we discussed in (A.4). Notice that (A.34) is an alternative way of defining

fractional derivatives. We will make use of this relationship in deriving fractional

heat equation.





APPENDIX B

Diffusion of Dextran Through Matrigel Tissue Matrix

In the summer of 2011/12 a set of experiments were carried out in Dr Kemp’s lab

in the Department of Microbiology & Immunology with the purpose of investigat-

ing the possibility of anomalous diffusion of chemokines. Diffusion chambers were

created with a channel approx 0.4mm deep by 1.0mm wide, and approx 10mm long

(Figure B.1). At each end of the open ended channel a reservoir area was estab-

lished. The chambers were filled with liquid matrigel tissue matrix by capillary

action. The matrigel was allowed to solidify at 37C for approx 15 min. A 100µg/ml

solution of FITC-Dextran in PBS (10,000MW; to act as a chemokine analogue) was

introduced to one reservoir while the other reservoir held PBS. Image J software

was used to analyse the image data.

Dextran is a complex glucan (sugar), which is used medicinally to reduce blood

viscosity and as a volume expander. Dextran coupled with a fluorescent molecule

such as FITC can be used to create concentration gradients of diffusible molecules

for imaging and allow subsequent characterization of gradient slope.

Immediately upon introduction of the FITC-Dextran a time-course series of images

was captured under the fluorescent microscope (time intervals of 30 seconds or 60

seconds depending), for a periods of 40minutes or longer (this differed for different

runs). The images focused particularly on the FITC-Dextran reservoir end of the

channel. Time stamp information was included on each image.

Fluorescence was observed to diffuse along the matrigel channel over time. Image J

software was able to create a profile plot of mean grey level against distance along

the selected area. Mean grey level reflects fluorescence intensity. By looking at

the data values one can select a cut-off value for background levels of fluorescence

191
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Figure B.1. FITC-Dextran experiment chamber. The reservoir on the

left is filled with FITC-Dextran.

and for each time point we can determine the distance across the channel selection

where fluorescence intensity exceeds that cut-off background value. In other words

that is showing some of the FITC-Dextran has diffused to that point.

On occasion extra FITC-Dextran solution was added to the reservoir to top up, due

to the drying conditions under the microscope. This has led to some experimental

error as data analysis shows this does affect the diffusion -presumably by disturbing

the fluid pressure at the ends of the channel.

In Figure B.2 we have chosen hourly snapshots of fluorescent intensity in the chan-

nel. The top row shows the observed Dextran front position and in the bottom

row when we adjust image contrast and brightness we see that the actual front po-

sition is further than what Image J snapshot shows. Hence we notice the evidence

of faster diffusion.

The Log-Log snapshots of the concentration profiles have been plotted in in Figure

B.3. It seems from the semi-log plots that the diffusion is close to Gaussian since

the tails decay like e−x
2
whereas the log-log plots suggest power law.
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Figure B.2. Trailer of hourly snapshots of FITC-Dextran diffusion

through the matrigel channel. The bottom row is the contrast and bright-

ness adjusted version of the top row. We note that the actual front po-

sition is further ahead of what we see on the top row. So we see some

evidence of super-diffusion.
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Figure B.3. Log-Log plot of concentration profile vs distance from the

source. Time begins from 1 and increments by 2 minutes. The arrow indi-

cates the direction of increasing time. The inset zooms on the tail profiles,

which is consistent with the observations of Figure B.2, i.e. evidence of

heavy tails.
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