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Abstract
(310 words)

This thesis revisits the axiomatic foundations of Statistical Activity Cost Analysis
(SACA). This entails discussing the applicability of Representational Theories of
Measurement to accounting with the view of revising SACA’s interpretation of the
empirical attribute represented by accounting numbers. It is shown that a reinterpretation of the accounting attribute is possible and desirable such that it
expresses input-output relationships among physical resources within a set of
accounting transformations that refer to trading, production or both. The additive
representation is retained. An alternative is introduced that expresses the
representational theorem in multiplicative terms. It is argued that the additive
representation is preferred by accountants while the multiplicative one is preferred
by economists. The underlying attribute, input-output relationships, is additively
represented by costs and multiplicatively represented by prices.
SACA relies on two axiomatic structures which complement each other, cost and
production, along with axiomatic statements concerning a currency standard. This
thesis focuses on production only. It proposes statements that are different from the
original ones and such that the resulting formalism is made probabilistic at the very
axiomatic level. This theoretical outcome had not been developed previously. With
the probabilistic formalism the nature of the attribute is subjective information held
by decision-makers about input-output relationships. The collection of subjectively
interpreted input-output relationships is associated with the term ‘strategy’.
The thesis makes two additional contributions to the accounting measurement
literature. It clarifies what an accounting process-based measurement is supposed to
mean. This helps to understand the existing dichotomy between the balance-sheet
and market based approach to value measurement as opposed to the income
statement approach. Further, it renders SACA in the formalism of linear algebra.
This is expected to help spreading SACA-based analyses among theoretical
accountants, managerial accountants, economic theorists, and production managers.
The thesis also opens new venues for investigating the connections between
accounting and economics at the level of the formalism.
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Preface

This thesis was made possible by Professor Roger Willett. He proved to be a most
magnanimous scholar when he decided to support a high risk research project, by an
even riskier PhD candidate. I approached Professor Willett by email, sent from a
distant country, lacking any proper introduction, without providing any track-record
of publications, not even a proper training in accounting. I did attach to my email,
though, a working paper. Based on its content alone, that is, on the argument therein
and on his assessment that it showed rigorous thinking and originality, Professor
Willett sponsored my application to join the University of Otago PhD programme.
The reader is now given the opportunity to assess both the risk that he took, as well
as to determine whether that risk and five years’ trouble were worth his while.

Once enrolled into the PhD programme, it befell to Professor Michael Falta the
laborious task of drilling this initially rebellious candidate into the practice of
academic researching. Acting as Virgil’s guiding Dante through the doors of hell,
Professor Falta, who is a trained physicist, introduced me to accounting theory and
to the mathematics of linear algebra. I now wish to believe that this thesis is my pass
out of hell and in to the purgatory, since I could do with less suffering.

I also wish to mention two other scholars whom I have not met nor is it likely that
I will ever meet: Professors Richard Mattessich and David Ellerman. To repeat the
cliché, as I worked on this thesis I was standing on Willett’s and their shoulders. I
mention them here because despite providing references along the text whenever
required, their work have framed my own ideas in ways that cannot be rendered by
isolated citations. I have read everything that Mattessich wrote and I have read
Ellerman’s work on accounting and on property theory. In particular, I point out that
his unpretentious little paper, The Mathematics of Double Entry Bookkeeping, is at
the very inception of this thesis and that his later papers on partition logic help me
with the conclusion of this thesis.
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The thesis is concerned with a rather knotty topic in accounting theory, the
underlying meaning that accounting numbers are supposed to convey. Further, it
addresses the topic using an even more knotty approach that relies on linear algebra.
Despite that, “it’s all true”: what follows was suggested to me by an actual working
experience. I have worked for a firm that issued its own proprietary currency and,
more often than not, would succeed to have it circulating to the benefit of all parties
that happened to use it. I was so intrigued by this phenomenon—think of someone
extracting value out of Monopoly® money!—that I could not help but investigate
how this could even be conceivable, much less how it could work on occasions. As it
turned out, just like Monsieur Jourdain’ speaking prose without knowing it, I had
been dealing with an actual instance of SACA without being aware of it.

Dunedin, 30th September 2016
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And God said,

Let …

… and there was light.

Genesis 1:3 (d’après Maxwell).
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1. Introduction

Value
When he discovered a pearl of great value, he sold everything he owned and bought it!
Matthew 13:46 (New Living Translation)
_________________________________________________________________________________________________________________________

Concerning its aims, the thesis provides an embracing intuitive backdrop for the
rigorous analysis of process-based measurements of value. The processes of interest
are the economic processes by means of which commodities are produced and traded.
Economic processes result from choices by decision-makers. A ‘decision-maker’ is
a person or a coalition of persons. In any case, the decision-maker is associated in the
accounting parlance with the term ‘entity’. In contrast with the usual axiomatic system
in economics, the Debreu-Arrow model of General Equilibrium, which distinguishes
decision-making consumers and firms, in accounting and in this thesis no such
distinction is made. The thesis represents decision-makers—consumers, firms,
governments, non-profit organisations, etc.—by a single algebraic object, the tensor.
Introducing tensors implies framing accounting measurement with linear algebra.
A part of the thesis is focused on justifying the objects and operations axiomatically
required by linear algebra. These objects are scalars, vectors, and tensors. Operations
are: (i) different kinds of addition, scalar addition, vector addition, the direct sum of
vector spaces, etc.; (ii) different kinds of multiplication; scalar multiplication, inner
product of vectors, tensor product of vectors, etc.
Thus, the thesis develops multi-dimensional accounting. Previous attempts to do
this have failed (e.g., Ijiri, 1966, see Ellerman, 1986). The thesis reclaims that line of
inquiry given that the current global economic environment is predicated on several
and simultaneous measurement standards, some not relying on market mechanisms.
The current, prevailing view assumes the standard of economic measurement to be
a currency such as the dollar or the pound. Currencies have only been theoretically
framed by reference to the market mechanism. Absent markets, the theorist is left
without the means to define what the applicable standard of value is. This becomes an
issue in a world where the market mechanism is not always perceived to function as
theoretically designed and where several currencies exist.
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In this world even non-currency standards also exist. Examples of the latter are
privately issued ‘monies’ such as airlines mileage points or the value attributed to
carbon credits which, albeit expressed in monetary terms, are constructed outside the
market mechanism1. The thesis’ axiomatic system provides a fresh approach to issues
that have been intractable to date, as in the example of carbon credits.
The thesis also addresses the following motivations:
(i) To strengthen accounting theory with a metrically richer mathematical
foundation that will increase its scientific and academic status.
(ii) To widen the scope of accounting theory in dealing with the process of making
economic decisions, more extensively than in the emphasis on the ‘decision usefulness’
of accounting information.
(iii) To take a first step towards breaking the current academic divide that
segregates accounting from economics. Economic theory has been under severe
questioning for some time now2, more so after the 2007 Global Financial Crisis (e.g.,
Keen, 2011). This drives the search for alternative approaches to economic theory,
especially the need to handle a dynamic reality. The thesis aims to provide a response
to Shubik’s (2011) call for reconciling economic and accounting theories with the view
of fulfilling Irving “Fisher’s (1906) intent in understanding and blending the income
statement and the capital account.”
The thesis addresses shortcomings of the usual measurement framework used in
economics. The Arrow-Debreu model of General Equilibrium cannot accommodate
indivisible commodities and fails to integrate the concept of money in the theory of
value (Debreu, 1959, note 3, p.36). Uncertainty is discussed at the semantic level only,
the model being inherently deterministic (Debreu, 1959, p.x-xi). The thesis offers an
inherently probabilistic framework that deals with indivisible commodities.

“Carbon credits are an imaginary commodity created by deducting what you hope happens from
what you guess would have happened.” (Welch, 2007).
2 See, for example, the World Economics Association, https://www.worldeconomicsassociation.org,
the world’s second largest organisation for professional economists, all of whom have a distraught of
economic theory as it is taught in most universities around the world.
1

Page | 2

1. Introduction

(iv) To increase the philosophical and methodological diversity of accounting
theories since excessive specialisation ends up in degenerative research programmes3.
In the wake of the 2007 GFC, Kumarasinghe & Willett (2009) called for crosscultural, collaborative, multi-disciplinary research programmes, noting for example
that the Japanese literature provided a “…more mystical and ‘Eastern’ (at least to
Western rationalist eyes)…” perspective to management accounting. This view was
acted upon by considering in this thesis strands of accounting literature seen as
heterodox. Hines (1988) provides an interesting critique on putting too much reliance
on the representational faithfulness of accounting numbers. Moore (2009), who
surprisingly got published in an American mainstream journal, Accounting Horizons,
discusses entanglement in income measurement by reference to both quantum
mechanics and Buddhist philosophy. This supports the thesis’ using linear algebra.
(v) To re-assert SACA’s original motivation (see Willett, 1985) that requires
accounting measurement being given proper epistemological foundations. SACA’s
reliance on Representational Theories of Measurement remains.

1. Overview
The term ‘naïve’ appearing in the title was suggested by Halmos’ famous little book,
“Naïve Set Theory” (Halmos, 1960). As applicable there, this word is used here because
the topics in the thesis are approached “… as a body of facts, of which axioms [would
provide] a brief and convenient summary”. This contrast with a truly axiomatic
treatment of these topics such that “… the central objects of study [are] the logical
relations among the various axioms” that would define the accounting measurement
framework. The naïve approach is consistent with the informal style used in this thesis.
There are two reasons for this naïve approach. The first relates to achieving true
communication with the accounting readership. Academic accountants have trouble
relating to a purely formal discussion. The thesis is written such that semantics is
clearly segregated from syntactic statements. Further, the syntactic statements can be
axiomatised, although this has not been done explicitly.

3 See Lakatos

(1965) for a discussion of degenerative research programmes.
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The second reason is that the thesis is exploratory rather than conclusive.
“The mathematical development of any science culminates in the axiomatic formulation
of its contents. […] [Thus], the axiomatic method will lend itself especially to those
phases or parts of a science where a clear understanding of the basic concepts has been
reached. Axiomatics does not burst upon the scene unprepared. There will have been a
vast amount of preparatory exploration and thinking, much of it tentative and in parts.
Some will have been in mathematical form, some not.” (Morgenstern, 1963, pp. 14, 15)
Ijiri (1965a), for example, claimed to have provided an axiomatic system of
accounting measurement but was later proved wrong (Tippett, 1978). The thesis
avoids this mistake. The naïve approach is consistent with the aim of simply providing
an embracing intuitive backdrop for the analysis of process-based measurements.
Precise definitions are avoided. The focus is on the understanding and appreciation
of arguments rather than on the delving in technicalities. For example, a tensor is
introduced as an ‘index eater’. It is explained that the tensor of interest is a bilinear
operator that acts on a quantity vector indexed by ‘i’ and on a price vector indexed by
‘j’. When the tensor acts, the indices disappear and the tensor ‘spits out’ a number
called ‘value’. This captures all that is required for understanding the mathematical
role played by tensors in this thesis. Despite the lack of precise definitions, it is
expected that any mathematician, even those who have no understanding or interest
in accounting, would still be able to appreciate and formalise the claims in this thesis.

2. Methodology
The methodology is axiomatic and deductive. This means that a few, self-evident
statements are identified in respect to accounting measurement and then, by means
of logical reasoning, additional statements are derived which are expected to be useful
in applications or, as is mostly the case here, which are expected to help with
understanding and interpreting the nature of the accounting attribute.
This is the proper choice for the research question at hand, namely what is the
nature of the accounting empirical attribute being measured? By focusing on this
question, the research topic is neither normative nor positive; it is structural in nature.
Page | 4
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Discussion and results based on this methodological approach are empirically void.
Balzer & Mattessich (1991) provide a justification for this choice.
When the naïve approach is intertwined with axioms and deductions, the resulting
methodology can be framed by thought experiments. Brown (2010) argues that
thought experiments qualify as epistemologically sound methodologies in the natural
sciences. It is assumed even more so in the social sciences. The thesis relies on thought
experiments throughout.
Another important point concerns abstract algebra, the branch of mathematics that
deals with structures. Algebra allows mathematicians to construct new objects from
given objects and thus enlarge the set of objects relevant to some specific scope of
analysis. One way they construct new objects is by reference to the concept of
equivalence class. Equivalence classes are important in this thesis.
When first learning about numbers, children are not exposed to complex numbers.
They start with natural numbers. This is because a natural number can be readily
associated with the quantity in a countable set such that children are able to grasp,
concretely and empirically, what a number is supposed to mean. Further, addition is
explained by the union of countable sets and multiplication by sequential additions.
At some stage, however, the visual connection involving addition and multiplication
with the algebra of sets no longer applies and children are expected to develop an
abstract reasoning. Equations are introduced, say 2x = 1, such that numbers can be
conceptualized by reference to equations, which are mental constructs.
With the foregoing in mind it is possible to understand how the single rational
number ½ is conceptualized to be the result of an ordered pair of two natural numbers
that are the solutions to the equation 2x = 1. This equation admits infinite solutions
(e.g., 1/2, 2/4 or 32/64). The human mind, however, is not comfortable with objects
that cannot be determined precisely. Thus, mathematicians rely on the quotient
concept to deal with the issue. A rational number is defined as a set of ordered pairs of
natural numbers that satisfy the following rule: x/y is equivalent to x’/y’ if and only if
the equation xy’ = x’y holds true. Each rational number is therefore an equivalence
class of ordered pairs of natural numbers that satisfy a given equation.
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The foregoing discussion is important here because T-accounts and subsequently
balance sheets are constructed as equivalence classes of input-output relationships
existing in an underlying relational system of accounting transformations. The idea of
equation, the accounting equation, whose solutions define the concept of T-accounts
will be framed by reference to the game theory solution concept.

3. Logical Organisation
This thesis relies on Representational Theories of Measurement (RTM). An issue that
must be tackled concerns the nature of the accounting attribute. The examples in the
RTM literature almost invariably refer to attributes that are inherent to the objects
being measured. In this thesis the attribute is not inherent to the accounting objects;
it is purely relational. Resources are classified as inputs or outputs in view of a system
of productive transformations taking place over a time interval. The input-output
relationship is seen as defining the accounting attribute.
The intuition of relational attributes is not strange to economists. Since Adam Smith
(1904, book one) posited that commodities have value in use (an inherent quality) and
value in trade (a systemic quality), the idea of value as a relational attribute has been
well established. The neoclassical theory of value combines the measurement of
inherent preferences with the systemic requirement that demand be equal to supply.
In this thesis, the consequence of dealing with a relational attribute is that the whole
logic by means of which measurement is addressed is up-side-down when compared
to the usual approaches in accounting measurement, including the original SACA one.
Figure 1.1 illustrates both logical approaches. The usual one is the bottom-up
depicted on the left side of Figure 1.1. Prices are inherent to resources and are assumed
as given. Costs are constructed by adding up the prices of all inputs making up a
particular output. The difference between the output price and its costs yields a
measure of income. The possibility of using the same inputs to obtain different outputs
yields different income possibilities. Comparing any two such possibilities yields a
measure of performance.
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Price

Performance

Cost

Income

Income

Cost

Performance

Price

Bottom-up approach to
accounting measurements

Top-down approach to
accounting measurements

Figure 1.1: comparing two logical approaches to accounting measurement

This thesis prefers the top-down approach depicted in the right side of Figure 1.1.
Decision-makers have goals. They then consider alternative strategies to choose one
they perceive will perform better. This thesis imposes a structural condition on the
chosen strategy—it satisfies the accounting equation—by means of which an income
measure is assigned to the strategy. Once that measure becomes available, costs obtain
as derived measurements and from them prices can subsequently be constructed.

4. Road-Map
This is in support of the reader’s understanding how the main arguments in the thesis
will fit together and how the thesis will be demonstrated. The University of Otago
requires that the literature review be completed first. This will require two chapters.
Chapter 2 is concerned with providing the reader with sufficient elements to place
the thesis in the extant literature. This is particularly relevant because this thesis
dwells in a no-man’s land, in the intersection of accounting, economics, and finance.
The reader will appreciate that this thesis is concerned with economic measurements,
although these should not be understood to result from a general equilibrium. The
economic measurement being discussed herein is based on subjective perceptions.
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The idea that economic measurement should be framed as subjectively assessing
qualitative performance goes back to the 1930s: it ‘… exist[s] only in the "eye of the
beholder" as envisioned "alternatives" that are never brought into existence.’
(Buchanan & Thirlby, 1981, foreword). This idea was given at that time some initial
consideration by reference to accounting. Chapter 2 reviews this strand of literature
wherein economics and accounting are discussed in tandem.
Further, this chapter also reviews the original SACA axiomatic system. The reader
will appreciate that this thesis addresses only one of SACA’s structures, production.
Addressing the other two will be the object of future research.
The review of the relevant literature continues in Chapter 3. Non-accounting
background information is presented. Chapter 3 discusses the structural capabilities
of Representational Theories of Measurement (RTM) while being critical of certain
logical-positivistic claims usually associated with RTM.
Chapter 3 also presents some basic results of linear algebra, namely a version of the
spectral decomposition theorem. This will later justify using a tensor to represent the
partitioned system of input-output relationships associated with production.
The thesis’ original ideas are presented in the subsequent three chapters. Chapter 4
relies on a thought experiment to put forth the claim that double-entry bookkeeping
and its associated accounting procedure are part of an algorithm to solve a
measurement problem within a multi-dimensional setting. The discussion in Chapter
4 are limited to one-to-one strategies, though. A strategy in Chapter 4 is such that one
input is transformed into one output at the time. The outcomes of the discussion in
Chapter 4 are the T-shape nature of the accounts and the resulting double-entry nature
of accounting. The income concept is introduced from a process-based perspective.
Chapter 5 establishes linear algebra as the formal language in this thesis. Vectors
spaces are introduced to represent the underlying economic reality that consists of
dimensionally different resources, the realm of apples and oranges that cannot be
added together. The concept of income is given a mathematically rigorous definition.
It is shown that income admits two alternative and equally valid representations.
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Costs and prices are derived from income. This is done in Chapter 6. Tensors are
introduced which frame the accounting equation as a teleological statement about
economic processes. These processes require the identification of a purpose such that
they will henceforth be identified with strategies. Economic transformations—barters,
purchases, sales, production, etc.—are seen as steps along a path that connects present
means to future, desired outcomes. The tensor is the mathematical object that
embodies that sequence of transformations and exists outside the time dimension.
The thesis concludes in Chapter 7. It argues the need for revising the set of SACA
axioms. It integrates the previous three chapters into a single whole. It explains how
the equivalence relation upon which the value of inputs is set equal to the value of
outputs should support the construction of a weak ordering. This allows for an
extensive representation that dispenses the need for a strict simple order relation. This
is important because (i) the resulting framework is more flexible than the usual one in
economics, which needs complete and transitive preferences; (ii) value becomes a
dynamic parameter that may change as information about strategies is up-dated.
SACA’s original matching relations are represented by ordered pairs of numbers.
These pairs may be aggregated to yield strategies. Strategies live in a tensor space that
results from the axiomatic requirement that all accounting transformations be linear.
The concept of linearity is, and has always been, one of the structuring ideas upon
which double-entry accounting rests. Except for Mattessich, no other theorist has
explicitly acknowledge it. This idea is incorporated in the thesis’ axiomatic system.
Reference is made to Ellerman’s logic of partitions which he claims is the categorical
dual of Boolean logic. This is mentioned in Chapter 7 because the thesis cannot be
concluded without providing a justification for the view that accounting measurement
is inherently uncertain, even if all observable data were made available.
The final point in Chapter 7 is that the accounting measurement framework consists
of a set of structures. These are identified in the thesis: (i) the underlying relational
system of inputs and outputs; (ii) the derived structure of quantities; (iii) the taxonomy
of accounting terms within which the balance sheet is derived from the accounting
equation; (iv) and the representational, numerical system of accounting values.
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1. Introduction

5. Main Result
The main outcome of the thesis is the ‘conceptual capture’ of the logic underlying the
accounting equation such that it may be expressed with linear algebra. When the
accounting equation is rendered without explicit consideration to time, it reads as
(1|V|1) = 1 such that V is a tensor representing a strategy. This imposes a consistency
condition on the transformations embedded within V such that the strategy is valid
only if it matches the endowed resources with the chosen goals.
When the accounting equation is expressed by explicitly acknowledging the time
parameter, it reads as (xi|Vij|yj) = 1. The index i refers to an earlier time and the index
j refers to a later time. The time interval [i, j] defines the duration of the strategy Vij.
The symbol Vij conveys that the strategy is now represented by a matrix, implying that
a convenient basis for the V vector space has been provided. (xi| is the vector that
accounts for the earlier quantities under the strategy V. |yj) is the vector that accounts
for the later outcomes under V. This is to be interpreted such that (xi| represents the
assets associated with the accounting equation while |yj) represents the liabilities.
In its time-independent version, such that V exists in some abstract vector space for
which a basis has not been provided, the accounting equation is an a priori consistency
requirement that frames all observable transformations, including any observed data.
In its time-dependent version, a basis for the V space being provided, the accounting
equation is a statement about measurement. If the observed data satisfy the equation,
no income is recognised, the endowed resources are indeed sufficient to yield the
desired outcomes. If the observed data do not satisfy the equation, income must be
recognised in order for the equation to read true again. This is interpreted as a
requirement for dynamics, data being continuously up-dated.
Providing two versions for the accounting equation is claimed to be the main result.
By means of these two versions, the logic of accounting measurement is framed as a
tautological statement about income such that the differences between two values in
time must be equal to the flow of values over the relate time interval. Thus, the
following analogies apply: value is analogous to energy; quantities are analogous to
position; and costs and prices are analogous to momentum.
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Foundations
I did not come to abolish the writings of the prophets. No, I came to accomplish their purpose.
Matthew 5:17 (New Living Translation)
_________________________________________________________________________________________________________________________

This thesis develops a theory of value. The concept of value pertains to economic
theory. However, value is approached in the thesis from an accounting perspective.
The academic disciplines of economics and accounting are, and have been since the
mid-twentieth century, segregated. The reader may be unaware that once there was a
time when both disciplines went hand in hand. The thesis re-claims that research
programme which spans across economics and accounting.
This chapter argues that the proper framing of the value concept requires reliance
on accounting theory. It provides references from past literature that will help locate
within the academic space the forthcoming discussion. It introduces the ideas that
support SACA’s axiomatic system. These purposes are addressed in turn, next.

1. The ‘accountingness’ of economics
With the view of providing a historical perspective, reference is made to Klamer &
McCloskey (1992), henceforth K&M:
In view of its importance in their work the economists could be expected to have an
interest in accounting. Once they did. But now they don't. (K&M, p.147)
When the demarcation that segregates economics and accountancy was not as clear
as today, theoretical economists had a practical understanding of accounting
principles and procedures with which they framed their research questions.
Commenting on Hicks’ (1942) The Social Framework: An Introduction to Economics:
The book instructs the reader to distinguish stocks and flows, and to recognize how
economic magnitudes are codetermined in a system of accounts. The student learns to
think about economic events in the first instance as altering the accounts. In other words,
the economic student is to begin his intellectual journey equipped with accounting tools.
For a few years Hicks's book was popular, and accounting and economics walked
together. (K&M, p.151)
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K&M’ subsequent point is that Samuelson’s work decisively banned the accounting
programme from economic theory. Samuelson established the new, hegemonic
paradigm of economic theory by raising the formal standards of research in this area.
However, his approach did not leave room for accounting principles and procedures.
The issue is the “inescapable accountingness of economic questions” (K&M, p.152).
Failure to accommodate accounting implies that Samuelson’s paradigm is unable to
deal with the full range of economic issues. K&M discuss the nature of the problem.
Open an economics journal after 1955 [...] and you will find explicit mathematical
modelling, with econometrics. [...] But along with the modelling, which might have
broadened the discussion, has come a narrowing philosophy of science. (K&M, p.156)
It is poor science to address all economic issues within Samuelson’s paradigm only.

2. Location
With the view of indicating the previous existence of a cross-disciplinary research
programme, additional reference is now made to Buchanan (1969) and to the book The
LSE Essays on Cost (Buchanan & Thirlby, 1981), henceforth simply Essays.
Appreciate, initially, how economists introduce theoretical concepts by means of
metaphors, fairy tales such as Crusoe’s living on his desert island. K&M argued that
Crusoe is the original example of Homo Economicus, his economic behaviour being
associated with the concept of rationality.
Crusoe discovers rational thought, put there by God, in the necessities of choice,
emphasis added (K&M, p.148).
Crusoe’ specific decision-making process arises out of an accounting approach to
economic reality. K&M illustrate this by means of several examples taken from Defoe’s
book and show that it is the accounting oriented thinking that warrants the rationality
of Crusoe’s decision-making. Chapter 4 in this thesis is based on this idea.
Buchanan (1969) also relies on another fairy tale. He recovers Adam Smith’s famous
example of a world without money and populated with several individuals, not just a
single dweller as Crusoe.
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If among a nation of hunters ... it usually costs twice the labour to kill a beaver which it
costs to kill a deer, one beaver should naturally exchange for or be worth two deer. The
classical theory of exchange value is summarized in this statement... Normal or natural
value in exchange is determined by the relative costs of production. (Buchanan 1969,
p.12)
Buchanan explains that this tale corresponds to the very simple model of an
economic system consisting of a single, homogeneous input. Therein, cost means
opportunity cost and as such is a concept readily applicable to the discussion of
decision-making. When more complex models are introduced, for example one
requiring a multi-dimensional economy, certain theoretical problems appear that
undermine the clear understanding of what cost is supposed to mean. This is a
problem because without clearly defining cost, rational decision-making cannot be
approached. Buchanan comments on models that introduce money as a numeraire:
If costs are $10, the producer must expect a value of at least $10. The postulate of rational
behavior along with the presumption that the numeraire is positively desired still implies
that expected value be equal to or above costs. But what now determines costs? No longer
is the theory simple enough to concentrate our attention on one moment of decision, one
act of choice. Instead of this, we now must think of a chain of interlinked decisions over
varying quantities of output, over separate time periods, and over many decision-makers.
(Buchanan 1969, p.14)
Buchanan makes the point that this problem has not been satisfactorily tackled, in
his view, to the present day. In the introduction to Essays he writes:
The classical economists offered us a positive-predictive theory of relative prices; this
theory was falsified. But the neo-classical model contained no comparable predictive
hypotheses; there was no externally measurable standard which allowed the scientist to
make predictions from observable data. This post-classical theory described an
interaction process and allowed the identification of certain properties of equilibrium
positions. But there was nothing upon which the economist could have based objective
predictions about relative-price formation. (Buchanan & Thirlby, p.10)
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Essays is a collection of papers written in the 1930’s by economists associated with
the London School of Economics. The underlying idea in Essays is that the correct
approach to rational decision-making requires cost to be defined as a forward-looking
type of opportunity cost. Essays can be read as a call for a research programme that
develops the theory of opportunity cost. This programme did not advance at the time
in view of Samuelson rival programme’s raising to hegemony.
Buchanan explains the impossibility of an opportunity cost theory, given
Samuelson’s programme, in the following terms:
One reason perhaps lies in the fact that the critique of orthodoxy is too fundamental; to
accept fully the implications of the theory of opportunity cost that is implicit in these
essays requires the modern economist to throw overboard too much of his invested
intellectual capital. How can we write the elementary textbooks and teach the elementary
course if we cannot draw the standard cost curves? How can we carry out benefit-cost
analysis and pretend that we are assisting in social decision-making?
(Buchanan & Thirlby, p.13)
The underlying issue is one of formalism. The opportunity cost programme has
never been expressed in formal language, using mathematical symbols and logical
rules, as Samuelson’s was. This impaired its scientific status to the point of causing its
pursuit to be abandoned.
Economists had a practical understanding of accounting but they lacked the proper
formal tools to capture its essence.
For example, Hicks wrote:
I have actually seen business decisions being made on the basis of projected balance
sheets. I think that is the rational way to make a business decision. A lot of these
mathematical models, including some of my own, are really terribly much in the air. They
lost their feet off the ground. (K&M, p. 152)
This means that the concept of a ‘projected balance sheet’ requires a formal
representation, a requirement that has not been addressed in Hicks’ time.
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The rational decision-making process is a research topic that pertains to economics
as well as to accountancy. The two disciplines have different principles, methods and
scope but the research programme underlying Essays is a historical precedent
suggesting that an interdisciplinary approach to this topic is applicable. Any such
approach, however, must be developed in formal terms, should it succeed. The claim
herein is that the programme underlying Essays has failed due to poor formalism, a
deficiency of accounting theory, not economics’. The way forward requires the clear
identification of accounting’s formal essence. As developed in this thesis, accounting
is a conceptual construct to address the rational decision process.
With the view of discussing the essence of accounting, references now include Cruz
Rambaud, Pérez, Nehmer, & Robinson (2010) and Balzer & Mattessich (1991). Reality
is apprehended, analysed, and interpreted within the scope of a given language only.
Languages can be natural, English, French, etc., or formal, logical, mathematical,
etc. Whatever the case, languages are always analysed from two different perspectives:
syntax and semantics. With natural languages the syntactic and semantic components
lie very close to one another whereas with formal languages these two components are
segregated. Since the syntactic component of a language must be void of any empirical
content—by its very definition—segregating syntax from semantics helps identify the
empirical content of a given theory. Accounting numbers are framed by double-entry
bookkeeping and as such they should not be interpreted as pure empirical data.
An issue that may affect the formal languages, though, is the possibility that the
syntax is not flexible enough to accommodate the reality being analysed. Samuelson’s
formalism relies on comparative statics, despite economic reality being dynamic.
Balzer & Mattessich (1991) approach accounting as a formal language. Their
primary purpose is to identify its syntactic component:
We hope the reconstruction to yield a viable way of catching the essence and basic
structure of accounting as rigorously as possible. (Balzer & Mattessich 1991, p.213)—
emphases in the original.
The core is a term they introduce to account for this “essence and basic structure”.
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They do not provide the core with any proposition relating to value, cost, or price.
The issue of assigning numbers to accounting objects is not to be approached within
the core only. The core provides the structure for the rational decision making process.
As is illustrated by K&M, Crusoe had submitted himself to the logic of accounting and
under it he was able to apprehend and analyse the economic reality in his desert island.
[...] ‘trivial’ core model versus ‘interesting’ special applications is typical of mature and
developed theories in general. And the aim of this paper was to bring out the details and
the structure of the core model; for it is the core model that provides the unity for the net
of specializations, and thus constitutes the prerequisite for any further work.
(Balzer & Mattessich 1991, p.236)
Further work was indeed developed by Cruz Rambaud et al. (2010). The core was
expressed in linear algebraic language. With their algebraic approach Hicks’ projected
balance sheet is given a formal representation. However, much more work is necessary
to complete the analysis of the rational decision-making process.
[...] this description is reduced to an individual firm, [...] the accounting system of the
firm can be seen as a filter which captures certain data from the environment, to be
processed and presented to decision makers. It is this filter, the specification of which
data are captured, how they are processed and in what general form they are presented,
which locate this book within the accounting process. (Cruz Rambaud et. al. 2010, p.17)
By focusing on the individual firm, Cruz Rambaud et al. (2010) provide the ground
work upon which Crusoe’s rational decision-making process may be modelled.
However, should Crusoe be allowed to leave his desert island and return to the society
of men, their algebraic language must be extended to allow for interactions among
economic agents. This is the direction this thesis points to.

3. SACA
During the 1980s, in the US, a new approach to assigning indirect costs to products
gained traction, Activity Based Costing (ABC). This was popularised in the academic
circles by Cooper & Kaplan (1988). As with any development arising out of practice,
conceptual frameworks were introduced to address this development and its practice.
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Willett’s (1985) provided one such framework which is at the origin of SACA. Three
basic ideas from ABC underlie the SACA framework of accounting measurement.
Costs are assigned in view of some underlying process’ taking place. For a theorist,
this introduces the very difficult conceptual issue of rendering the flow of time and
how time affects costs. This idea relates to the term Activity in the SACA acronym.
The analysis of production yields an accounting oriented classification scheme. In
addition to products and services, cost objects, cost pools, and other similar concepts
are identified further to process analyses. This is the meaning of Cost in the SACA
acronym. Cost is not just a number, but an accounting object. This relates to the need
that the measurement framework address how to assign numbers to events.
While a process takes place, input and output quantities fluctuate over time. No
production process is ever deterministic. Since production processes are inherently
uncertain, the resulting formal framework is such that it characterises the accounting
numbers in financial statements as estimates of the expected values of random sums
of function of random numbers associated with the firm’s underlying processes.
SACA endows these ideas with a proper epistemological basis by couching the
framework within the scope of the Representational Theories of Measurement (RTM),
a subject reviewed in the next chapter. This makes SACA unique1.
Further, in the analytical accounting literature (in English), just two other theorists
have endeavoured to develop a formal framework for accounting measurement by
taking a process-based perspective: Mattessich (1957; 1964) and Ijiri (1965a; 1967).
Mattessich (1995) himself later acknowledged that his previous axiomatic system
achieved only partial success2 while Tippett (1978) showed that Ijiri’ system did not
provide the outcome expected of axiomatic frameworks, namely theorems that can be
derived from axioms. Only Willett has stood the test of time. The thesis therefore relies
on Willett and proceeds to develop his SACA axiomatic system.

1

One may contrast it, for example, with the discussion by Christensen & Demski (1995).
paper is titled “Towards a General and Axiomatic Foundation of Accountancy.”

2 Already the 1957
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3.1 Preliminaries
SACA is concerned with framing both economic and accounting measurements
from a process-based and transactions oriented perspective.
“[It would be incorrect to assume] that there is something inherently less ‘economic’
about a transactions-based approach to accounting measurement than one which is based
upon some concept of value or utility inherent in a resource.” (Willett 1987, p.170)
One issue that SACA clarified was the nature of the accounting attribute. Before this
issue may be reviewed here, the term ‘attribute’ should be clearly understood. This
term appears in measurement theory and is applicable to the objects or events of
interest. Weight and length are attributes of physical bodies that can be measured.
Attributes may be intrinsic to the objects, such as weight and length. Some
attributes, however, are relational. This is the case of the position that a body occupies
in physical space. Measuring and interpreting the position of a body is meaningful only
by reference to the position of other bodies (in particular, those that define the frame
of reference). Further, there are attributes that are relational in terms of the flow of
time. Entropy is an example which Willett (1995) relied on when arguing that the
accounting attribute is relational and time oriented by reference to a process.
In addition to intrinsic and relational, some attributes qualify as a property that
emerges within a system, such as energy. For example, potential energy is associated
with gravitational fields that exist as a system of massive bodies. Add a new body to
the system and the whole amount of energy available in the system increases. The
interesting point about energy is that it cannot be directly observed. Energy is an
attribute that has been constructed by physicists’ using Lagragian functionals and
formulating Least Action principles. The thesis extends Willett’s (1991) axiomatic
system, which relies on an accounting relational attribute, by addressing an emergent
attribute associated with the term ‘value’. This concludes the explanation of ‘attribute’.
SACA’s inception originated from “... an examination of the nature of the
accounting attribute and [its] properties ...” resulting in “... an enquiry into the nature
of accounting practice ...” (Willett, 1985, p.3). As a result of this enquiry,
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Observation of conventional accounting practice and analysis of theories which have
attempted to explain or criticise such practices, have led to the conclusion that the
attribute which is subjected to fundamental measurement in financial statements is a
‘cost’ consisting of ... five components: (Willett 1985, p.277)
The cost quintuple. A cost Ci contained in the cost set C is, therefore, a change in debt
between two accounting entities in respect of a subset of resources within a time interval.
This may be expressed as follows: Ci = (Xi, Yi, Ai, ti) where: Xi and Yi are subsets of the
set of accounting atoms; Ai is a subset of the resource set; ti = (Ri, Si) where Ri, Si  T,
T is the set of points in time. (Willett 1985, p.282)
Accounting measurement deals with objects called Cost which are constructed by
reference to five components. The first two are entities, firms, which enter into a social
agreement identified with the term ‘debt’. The third component is identified with the
economic idea of commodity. The last two components are instants in time such that
measurement is predicated on a time interval.
The point is to establish the accounting attribute, the cost concept, by reference to
observable features of the world such as persons, group of persons or entities, the
material resources that firms buy and sell, and the time frame wherein resources are
produced and then traded. Indeed, accounting is predicated on the existence of
invoices, the foregoing components being necessary elements in any invoice.
Further, as put by Willett (1985, p.1), if we consider a machine and its associated
fixed asset account, it is not enough to view the account as conveying qualitative
information about the machine, in itself. If accounting is to be empirically grounded,
we must be able to deal with the following questions: Why and how is the firm in
possession of this machine? And if the number to be assigned to the account should be
seen as reflecting its ‘economic value’, then who would be willing to pay, and under
what conditions, which particular price for the machine?
This [quintuple] describes the concept of a ‘cost’ in a purely qualitative fashion. Nothing
has been stated about the measurement of such a cost. (Willett 1985, p.282).
For measurement to take place, a formal structure must be in place first.
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Axioms and definitions are introduced to that effect. For expositional clarity, they
are bundled here in four groups of statements. The first group of formal statements
introduces a currency standard with which resources may be combined and compared.
The second group of formal statements identifies the conditions for validly adding
accounting numbers. This is to avoid double-counting. The third group imposes
structural conditions required to express, in the language of the formalism, the
accounting equation. The final group formalises the structure that arises from the
formal analysis of productive processes.
3.2 Extensiveness
The first group of axiomatic statements postulates the currency set D and the cost
structure <E, ,  > (Willett, 1987; axioms 1, 2, and 3 in table A). This structure consists
of a set of costs E, whereas costs have been defined above, which is endowed with an
order relation ‘’ and a binary operation ‘’. It is by means of the currency standard that
this structure is endowed with extensiveness, the ability to compare and combine cost
objects such that, in result, their associated cost numbers are additive.
This group of axiomatic statements is here criticised on the following grounds:
(i) The first two components of a cost, the ordered pair (Xi, Yi), are together called
a debt relationship. “Debt, Di, is interpreted as an ordered relationship between two
accounting entities. Di = (Xi, Yi)”. (Willett 1987, p.195)
This is a qualitative object which expresses the existence of a social agreement
binding two entities, Xi and Yi. Simply positing the existence of a social agreement is
unsatisfactory. This should be accompanied by an explanation why and how the
agreement was reached. Such an explanation is absent from the axiomatic system and
the associated interpretation which is offered along with it.
(ii) By embedding a currency standard, which has an intrinsic numerical nature,
within the cost structure at the very axiomatic level, the resulting axiomatic system not
only avoids the issue how the assumed order and concatenation are supposed to be
observed qualitatively, it prevents that issue to be addressed altogether. This goes
against the epistemological claims of Representational Theories of Measurement.
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(iii) The definitions in this first group of statements do not support the intended
interpretation of the theory. To appreciate the issue, consider the following quotes:
Although debts are necessary to explain cost measurement they are not sufficient to
reveal its whole nature. Debts between entities are not created in vacuo. In general they
arise because a relationship between the entities and some set of resources also changes14.
Willett (1987, p.165)
14

Economic resources are primitive concepts in this theory. Commodities are resources.

Services such as hours of labour are resources. In a sense anything which gives rise to a
debt may be thought of as a resource (e.g. transfers of shares; patent rights etc.)
(Willett, 1987, p.165, footnote 14)
In an axiomatic system, primitive notions are given; they are not defined by
reference to any other notion. Entity is a primitive in the first group of statements. This
is reflected in the cost quintuple definition that requires Xi and Yi to be subsets of the
set of accounting atoms (i.e., legal entities). Debt is a derived notion that is defined as
an ordered pair of entities, (Xi, Yi). If resource is also a primitive, the Ai subset of the
resource set, then it cannot be derived from debt, the pair (Xi, Yi).
In this thesis, entity is not a primitive. Further, the primitive notion of resource will
refer to physical resources without connection to socially constructed concepts such as
debt. The first group of statements will be discarded such that the thesis’ revised
axiomatic system will rely on a modified version of the production structure, the fourth
group of statements that is reviewed shortly. Future work is expected to show that the
extensiveness of costs can be derived, as a theorem, from the revised axiomatic system.
3.3 Disjointness
The second group provides an original contribution to the formal description of the
accounting procedure (Willett, 1987; conditions K in table B; also footnote 17). It
expresses a set of conditions that allows for the combination of costs and meaningful
comparisons among costs. This set of conditions is denoted K. It requires that two
costs must be disjoint in at least one of their components if they are to be compared or
combined.
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This set of conditions is consistent with Tippett’s (1978) identifying the structural
restriction in accounting measurement that prevents double-counting to occur. Costs
are extensive such that they may be added only if they refer to disjoint debts, and/or
disjoint resources, and/or disjoint time intervals.
This second group of axiomatic statements is criticised here only on grounds that
there is a simpler alternative to express the same conditions. The thesis will capture
these conditions by requiring that accounting measurement proceeds by partitions.
Whenever a partition takes place, the resulting subsets are by construction disjoints.
3.4 Dual Costs and the Accounting Equation
The third group of formal statements (Willett, 1987; axioms 4 to 9 in table A) is
herein interpreted as providing the axiomatic basis for the accounting equation.
The desired interpretation of the qualitative cost Ci = (Xi, Yi, Ai, ti) is that it express
an asset account. The qualitative dual cost Ci^ = (Yi, Xi, Ai, ti) is introduced to express
an equity account. Both interpretations are from the perspective of entity Xi.
Axiom 4 in this group of statements (i.e., Ci  Ci^, iff Ci  ) means that accounts
exist in pairs. This is the axiomatic basis for the accounting equation: the pair-wise
nature of costs implies that changes to assets reflect changes in equity. Further, the
following axiom 5 (i.e., if Ci  Cj then Cj^  Ci) means that assets are increased by means
of debits whereas equities are increased by means of credits. Axioms 4 and 5 provide
a purely qualitative version of the accounting equation.
The thesis’ framework is built upon this idea of a purely qualitative accounting
equation. Given that the revised system does not call for costs as primitive notions, the
qualitative accounting equation will be rendered in terms of physical quantities only.
3.5 Matching and Production Structures
The fourth group of formal statements had already been placed apart from the first
three by Willett himself, who discusses it in a separate paper (Willett, 1988). These
statements define the production axiomatic structure and they represent a
breakthrough in accounting measurement:
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… many attempts to axiomatize accounting have been undertaken in America, Argentina,
Australia, Canada, England, Germany, Italy, and Japan: […] above all, [lies] a series of
papers by Willett (1987, 1988, 1989). (Balzer & Mattessich, 1991)—emphasis added.
Willett (1985) recognised that Giles’ (1964) axiomatic measurement system known
as ‘conditionally connected extensive structure’ could be used to capture, in formal
language, the traditional accounting principle known as matching. Concerning a
conditionally connected extensive structure,
... the structure is represented by a family of real-valued additive functions, one of which
does not decrease and the remainder do not change, i.e., they are conserved, when an
isolated system passes from one state to another.” (Krantz et al. 1971, p.111).
In the discussion that follows reference is made to Willett (1985) rather than to
Willett (1988). He introduces the qualitative relation called the matching relation and
denotes it by the symbol . When the relation holds, five axioms (i.e., axioms 10
through 14) are posited to be true (Willett 1985, pp. 329-330).
It is intended, firstly, to use these additional axioms to partition [costs] with a fixed time
component into classes (‘activities’). The [costs] contained in each class are equivalent
in the sense that they are related together through the matching relation ” ... It is
secondly demonstrated how any activity in a stated time interval can be associated with
a unique ‘maximal’ cost ... Therefore activities have the same additive properties as costs.
It is also shown that the concatenation of two maximal costs (i.e., activities) itself
produces an activity”. (Willett 1985, p. 330)
I am indebted to Willett for this idea that an equivalence class of objects, costs in
his case, define a time oriented concept, activity in his case and strategy in the case of
this thesis. When framing the concept of matching formally as indicated above, Willett
(1985) provided for the first time a formal description of the accounting procedure that
can be rightfully claimed process-based and transactions-oriented.
Another important idea embedded in ‘conditionally connected extensive structures’
is the concept of state of the system. The partition Willett refers to in the above quote
takes place at a particular moment in time but must consider a time interval.
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Two costs may only be added at any given time if they pertain to the same activity.
Indeed, the qualitative cost objects must first be matched. This is a procedure that
takes place over time. Further, other qualitative cost objects pertaining to a different
activity are not affected by this particular matching and their respective costs remain
unchanged. Thus, the matching procedure and the additivity of costs require the prior
identification of the set of activities applicable to the entity. In this thesis, this set of
activities, called a strategy, is associated with the state of the firm.
This group of statements provides the basis for the framework in this thesis. No
critical comments are offered. The framework builds on those statements with the view
of extending their reach and applicability. The forthcoming framework will introduce
the requirement of linearity to express the matching relation as a linear transformation
that can be represented by a matrix. The desired extension will also address two other
points, as follows.
The partition of costs entailed by the matching procedure is seen to be limited by
physical reality. Accordingly, Willett (1988, axiom 3, table A) introduces the axiomatic
possibility that a particular matching relation be joint, not separable. This means that
a bundle of resources, say ingredients needed for baking a pie, enter production only
in tandem. The framework in this thesis does not require the distinction between joint
and separable matching relations because this relation will not pertain to physical
reality. Costs are socially constructed claims, which may always be partitioned. The
original SACA system required this distinction between separable and joint because it
aimed to ground the matching relation on the observable process. This will not be
required in this thesis.
Indeed, the thesis will deviate from the SACA production structure in that it models
the matching relation not as a causal relationship  that flows from past to future, but
as a double-oriented time arrow ↔ that may flow from future to past as well.
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Structure
… even the dogs under the table are allowed to eat the scraps from the children's plates.
Mark 7:28 (New Living Translation)
_________________________________________________________________________________________________________________________

In this chapter we review selected topics in Representational Theories of Measurement
(RTM) and in Linear Algebra. Background information is provided which is later used
when structuring the accounting measurement framework in this thesis.
RTM is a subject that arises in the extant literature on accounting measurement.
Since Chambers (1966) released his Accounting, Evaluation and Economic
Behaviour, theorists have accepted the view that accounting measurement should
either be summed in a manner consistent with RTM or be clearly shown inconsistent
with RTM’s tenets. In the latter case, an alternative approach would be required.
An example of this latter case is the information content approach to accounting,
originally introduced by Beaver & Demski (1979), which has become mainstream in
America. This thesis, while claiming accounting measurement to be consistent with
RTM, also aims to reconcile the information content approach with RTM.
The possibility of relying on Linear Algebra to address accounting issues has been
recognised by some theorists long ago (e.g., Mattessich, 1957). However, linear algebra
is typically relied on when dealing with applications, say using linear programming to
address production problems or, as with most positive researches in financial
accounting, using multi-linear regressions to build empirical models. Linear algebra
provides a useful mathematical language when addressing accounting issues.
This said, using linear algebra to frame the foundations of accounting is much less
understood or considered applicable. For example, not many accountants would be
prepared to accept the claim that the accounting equation may be expressed in vector
notation. One important exception is Cruz Rambaud et al. (2010). This chapter
identifies certain elements in the language of linear algebra which will become the
constitutive elements in this thesis’ formal language.
The two subjects are addressed in turn in two separate subsections, next.
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1. Representational Theories of Measurement (RTM)
Measurement has been defined by Stevens (1946)1 as the assignment of numerals to
objects or events according to rules. This is where we commence our discussion of
accounting measurement. Implicit in this approach is the view that numbers are not
inherent to objects and events, but rather must be constructed—thus, the need for
rules. Rules, in turn, are not expressed in the void; they require a context to gain
meaning. The scope of RTM, as a theory of measurement, is to provide the context by
means of mathematical structures, that is, by means of a set of mathematical objects,
relations, operations, etc. that relate with one another in some logical way. An example
of assigning numerals to objects is the weight of physical bodies; an example of
assigning numerals to events is the perceived loudness of a sound.
RTM is based on the following epistemic claim: numbers assigned to objects or
events convey meaning when shown to represent qualitatively observable features of
reality. A two-steps procedure is required for the claim to hold. First, the observable
features of reality are expressed within an appropriate mathematical framework.
Roberts (1984, p.4) writes: “We try to develop axioms or conditions under which
measurement is possible.” Next, the axioms are tested by reference to actual
observations. If empirically observed, the resulting framework is meaningful and
mathematical statements therein will convey useful information about the objects of
measurement (e.g., massive bodies) and the attribute being measured (e.g., weight).
The term ‘axiom’ is a misnomer. Axioms cannot be tested; they are syntactic in
nature. However, this is the term for ‘conditions of measurement’ that prevails in the
RTM literature. Subsuming a syntactic concept, axiom, within the empirically oriented
terminology ‘conditions of measurement’ is unfortunate because it obscures the fact
that RTM requires two very distinct, but complementary developments.
The development of axioms is an endeavour that requires mathematical skills and
a conceptual mind. The development of empirical procedures, with the subsequent
data collection and analysis, is a task to be completed by positive researchers.

1

He was paraphrasing N.R. Campbell.
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Empirical findings support or reject a theoretically given set of axioms and only then
is a theory of measurement completed. The point is: introducing a mathematically
consistent set of axioms is not enough to claim a valid theory of measurement.
The point—obvious as it may appear to RTM theorists—is particularly relevant in
the case of accounting. All theorists that have ventured into accounting measurement
(e.g., Chambers, 1966; Ijiri, 1967; Vickrey, 1970; Tippett, 1978) were focused on
developing a framework wherein costs are additive. They “...began to advocate
accounting systems alternative to historic cost” (Willett 1985, p.236) and when “...
show[ing] interest in questions of the fundamental measurement of financial data, it
is the issue of the additivity of accounting numbers which has dominated
discussions.” (Idem, p.235). When doing so, they failed to identify the qualitative
features of accounting reality that should be observed. The reason is that accounting
reality seems to arise directly in monetary terms. Accounting depends on invoices,
which are financial objects bearing a cost or price.
Willett (1985, 1987, 1988, 1991) was acutely aware of this issue. Accordingly, he
introduced the concept of a purely qualitative cost (e.g., Willett, 1987, p.165). Although
he mentions that qualitative costs are observable without reference to an extensive
monetary standard, he does not show how to compare them without reference to a
currency. Further, he also pointed to yet another, related issue:
... In financial accounting the difficulty in identifying the attribute of interest
lies not with the operation which assigns numbers (this can be done in a variety
of ways such as historic cost, current cost, current purchasing power, net selling
price etc.) but rather with the object or event possessing the attribute. (Willett
1985, p.41)
The work of Willett has been reviewed in the previous chapter. The point here is to
show that the applicability of RTM to accounting measurement is not granted.
Despite this cautionary comment, much is to be gained by working within RTM.
The dichotomy between an observable world—wherein qualitative relationships may
be observed—and a conceptual, representational framework—onto which these
relationships are mapped and expressed quantitatively—is very useful and is argued
to be essential in accounting. In this chapter a tension is always present concerning
the opposing views of either endorsing or rejecting RTM for accounting measurement.
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1.1 Basic Facts
The origins of RTM can be traced back to two different traditions. As reported by
Díez (1997), one tradition goes as far back as Helmoltz (1887) and Hölder (1901), and
includes Campbell (1920); the other commences with Stevens (1946). Both traditions
have been merged by Suppes’ (1951) introducing RTM as it has been later systematised
in Foundations of Measurement (Krantz, Luce, Suppes, & Tversky, 1971; Suppes,
Krantz, Luce, & Tversky, 1989; Luce, Krantz, Suppes, & Tversky, 1990).
The need to discuss axioms places RTM within the field of applied mathematics. As
mentioned previously, axioms account for the first step in the development of an RTM
approach to any particular branch of measurement. To provide a sense of what a RTM
axiomatization entails, the case of extensive measurements is illustrated next. Weight
or length are examples of extensive measurements.
In mathematics, when an arbitrary set A (the underlying set) is endowed with one
or more operations it is called an algebraic structure. Examples of algebraic structures
include groups and vector spaces. These structures are used in measurement theory
wherein the underlying set A is endowed with relations and operations expressing
purely qualitative properties. Such qualitative structure is called a relational system.
For example, consider (A, R, ∘) such that A contains the objects a, b and c, which
may be placed on a two-pan balance. The qualitative relation R is interpreted such that
aRb means “a is heavier than b”. The qualitative operation ∘ is interpreted such that
a∘b means “a is combined with b”. Then (a∘b)Rc means “a combined with b is heavier
than c”.
Measurement theory addresses the issue of finding necessary and sufficient
qualitative conditions, applicable to the objects in A, such that assigning numbers to
these objects is “meaningful” (Roberts, 1984, chapter 2).
Numbers are meaningfully assigned when the resulting numerical relations reflect
the qualitative relations that hold among the objects in the underlying set. This is
called the representation problem. The qualitative conditions are called the axioms
for the representation.
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When the numerical relations reflect the underlying, qualitative relations then a
homomorphism is said to exist between the relational system and its numerical
representation. A homomorphism is a function f from the relational system onto the
numerical system that preserves all the relations prevailing in the relational system.
The function f is called a scale.
The relational system (A, R, ∘) above characterises what is known in measurement
theory as an extensive structure. Formally, extensive structures require that axioms be
stated providing the necessary and sufficient conditions for the existence of a scale f
that maps (A, R, ∘) onto (ℝ, >, +) and such that for all a and b in A the two following
results are true.
(i)

aRb iff f(a) > f(b) – i.e., the scale preserves order;

(ii)

f(a∘b) = f(a) + f(b) – i.e., the scale is additive.

A related issue is the uniqueness problem that addresses the possibility that many
scales may exist, all of which would preserve the qualitative relations onto the
numerical representation and satisfy (i) and (ii) above. As Roberts (1984, p. 54) puts
it, we can always perform mathematical operations on numbers (add them, average
them, take logarithms, etc.) but the issue is whether, after performing such operations,
we still end up with meaningful statements about the measured objects. This issue
requires identifying a class of admissible transformations of scale in order to define a
scale type. Common examples of scale types are the absolute, ratio, interval, ordinal,
and nominal scale types.
The scale applicable to extensive structures is the ratio scale. We can always change
the unit of mass by multiplying assigned numbers by a positive constant; thus,
measuring mass in kilograms or in pounds is equally meaningful.
One set of necessary and sufficient axioms for the extensive scale f into (ℝ, >, +) is
given by Hölder’s theorem which states that an Archimedean ordered group provides
an extensive relational system.
The Archimedean ordered group is defined by the following four axiomatic
propositions:
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P1.

(A, ∘) is an algebraic group

P2.

(A, R) is a strict simple order

P3.

(Monotonicity) For all a, b, c in A; aRb iff (a∘c)R(b∘c) iff (c∘a)R(c∘b)

P4.

(Archimedean) For all a,b in A, if aRe, where e is the identity for (A, ∘),
then there is a positive integer n such that naRb.

In summary, RTM requires scales that satisfy representational and uniqueness
theorems. These scales have as their domain an empirical structure. This is the set
containing the attribute-bearing objects of interest that satisfy certain relations and
composition rules. The counter-domain or image of these scales is a numerical
structure. The scales are viewed as the embedding, by means of the measurement
procedure, of the empirical structure within the numerical structure.
1.2 Equivalence and partitions
RTM requires the objects in the empirical structure to be clearly identified along
with the attribute being measured. For example, we identify massive objects and we
may be interested in constructing a scale to express their weight. However, as Willett
(1985) goes a long way to show, it is not obvious to identify the objects of accounting
measurement and further to understand the nature to the accounting attribute.
In due course, this thesis argues that the attribute-bearing objects are subsets of
resources being transformed by some purposeful process, say production, trading, or
a combination thereof. The associated input-output relationships define the attribute
of value, that is, the value of the input is set equal to the output value. This key idea
frames the concept of value in quite an original fashion. This is because it implies the
underlying R not being an order relation but rather an equivalence relation.
Relations have properties. A well-known example is transitivity. A relation (A, R) is
called transitive if, for all a, b, c in A, whenever aRb and bRc, then aRc. Further, several
properties may apply to a single relation, say a relation (A, R) that is transitive,
antisymmetric, and strongly complete is called a simple order.
The economic neoclassical concept of value requires consumers having preferences
framed as relations that satisfy the properties of a simple order. Thus, the idea of order
is paramount to the very definition of value in economics.
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In contrast, value in this thesis rests on the equivalence relation which satisfies the
following properties: reflexivity, symmetry, and transitivity. For example, assume the
relation ‘has the same value as’. An apple relates to itself (aRa – reflexivity); given the
apple being traded for a banana, the apple and the banana relate to each other (aRb
and bRa – symmetry); given, further, the banana being traded for a carrot then aRb
and bRc imply aRc – transitivity.
A set of elements in A such that they all relate to each other by means of an
equivalence relation is called an equivalence class. The importance of equivalence in
this thesis arises out of the following theorem:
Theorem 1.1 – Suppose (A,R) is an equivalence relation. Then:
(a) Any two equivalence classes are either disjoint or identical;
(b) The collection of (distinct) equivalence classes partitions A; that is, every
element of A is in one and only one equivalence class. (Roberts, 1984, p.26)
Statement (a) provides the basis for the accounting oriented classification scheme.
Resources are given names (e.g., in-process inventory, non-current assets, etc.)
according to how they enter as input in several, concomitant production processes.
Further, the equivalence class to which they pertain contains future outputs which are
associated with liabilities such that by construction the input-output equivalence
relation assures the validity of the accounting equation.
Statement (b) provides the basis for constructing a partial order that will apply to
the accounting values. Since the parts are contained in the whole, numbers being
assigned to parts are smaller than those assigned to the whole and such that their sum
equals the value of the whole. Since each part may at its turn be partitioned, yielding
a finer partition, ever finer partitions yield numbers characterising a partial order.
We rely on measurement theory to approach value with the following attitude:
Accept the fact that our preferences may not be rational or consistent in the
usual utility-function sense. Much is to be gained by translating these
preferences into concrete relations on numbers or other known mathematical
objects, because then we get an accurate and understandable picture of our
preferences … [Thus], rather than try to twist preferences into a given mold,
report them in an insightful and useful way, and make the best of the
information originally given you. (Roberts, 1972)
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1.3 Non-interference assumption in measurement
RTM assumes that reality is independent from any possible theory that we may
develop and with which we expect to apprehend reality. Clearly, when dealing with
physical reality, this goes without saying.
Further, it assumes that the observer does not interfere with the reality being
observed. Reality is to be accounted for by means of pertinent attributes of relevant
objects and/or events of interest and said attributes are not affected by the act of
measuring them. In quantum mechanics this is not true and RTM does not deal with
quantum measurement. A measurement process known to be affected by the act of
measurement cannot be described by RTM.
Accordingly, most examples to be found in the RTM literature stem from classical
physics and refer to attributes such as length, mass or temperature that we know are
not affected by the observer. Further, examples from the social sciences pertain to
psychology, such as those referring to perceiving sounds or colours, and from
economics, such as those referring to people’s preferences. In any of these latter cases
the observer does not interfere with people’s perceptions or preferences and the
resulting measurements—if constructed as called for by RTM—yield a faithful
representation of reality, at least as it would be applicable at some particular place and
time. The act of observing reality cannot affect the reality being observed. This
prompts the question whether RTM is applicable to accounting events.
1.4 Fundamental versus derived measurements
Measurement means the assignment of numbers to objects or events according to
rules. RTM requires proceeding with measurements “... on the basis of qualitative
observations of attributes” (Krantz et al. 1971, 1-2). Reality is seen to be inherently
qualitative such that a justification is required to render it in quantitative terms. This
is the aim of RTM, a very different view from the old Pythagorean tradition captured
in Galileo’s saying that the Book of Nature is written in the language of mathematics.
The qualitative assumption brings with it this important distinction: measurement
is either fundamental or derived.
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Fundamental measurement requires constructing the numerical structure directly
from the qualitative relations and operations the attribute-bearing objects are
subjected to. It does not require prior measurements of other attributes or theoretical
assumptions. This is what makes RTM so appealing: it is very attractive to explain and
justify the introduction of quantities on the basis of observable qualitative and, thus,
epistemically secure features of the world.
Derived measurements, in contrast, are defined in the numerical structure itself.
They result from mathematical manipulations on the fundamental measurements.
RTM—as applied mathematics—is concerned with fundamental measurement and
some scholars (e.g., Pfanzagl 1968, p.31) claim that derived measurements are not
measurements at all. The defining relation that establishes a derived measurement is
seen by them as an empirical law between fundamental scales.
As already mentioned, identifying the fundamental attribute in accounting
measurement is an issue. In this thesis it is claimed that resource quantities are not
the attribute-bearing objects of a process-based accounting measurement.
1.5 The limits of logical-positivism
RTM is a sound endeavour and Foundations of Measurement is a tour-de-force.
However, from the perspective of philosophy of science, RTM’s claim that it is the best
route to dealing with measurement in scientific ways must be—and has been—
questioned. The questionings are rooted in RTM’s logical-positivism claiming that
only by means of observations is a statement about the world asserted as true or false.
Logical-positivism seems to have run its course (Fotion 1995, p.508), especially
after the contributions by Popper and Kuhn. For example, observers may have biases
that interfere on observations or they may be subjected to linguistic constraints that
frame their observation procedure. This is a point which has been made by Einstein:
“Whether you can observe a thing or not depends on the theory which you use.”2 This
is an apt comment when considering that most accounting issues are framed only after
the accounting equation is assumed to hold.

2

Said to Werner Heisenberg during his 1926 Berlin lecture; quoted in Salam (1990)
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Since logical-positivism seems to have failed, it is not surprising to realize that “...
the structural properties of relations and operations required for real-valued
representations of even such basic attributes as length unavoidably transcend the
limits of what is observable.” (Domotor & Batitsky, 2008, p.131 – italics in original),
Some of those limits have been acknowledged; the precision requirement (i.e.,
infinite discrimination capacity of the observer), the Archimedean property (i.e.,
ability to replicate indefinitely a given object in the empirical structure), and structural
requirements on concatenation such as closure and positivity by which comparisons
of an object with objects containing it as a part are seen as meaningful (e.g., x ≽ xy).
Domotor & Batitsky (2008) review these issues to argue that the proposed solutions
in the extant literature are outright unsatisfactory. Concurring with them, the
epistemological view adopted in this thesis is based on the concluding remark in
section 3 of their paper: The only meaningful response to RTM’s limitations is “... to
abandon its empiricist foundational aims and to present axiomatized measurement
structures as theories of quantities, which (as all scientific theories) are entitled to all
sorts of idealizations which should be no more objectionable than idealized
frictionless surfaces or centers of gravity in physics.” (Domotor & Batitsky, 2008)
1.6 The arbitrariness of representations
... additive measurement is a paradigmatic case of the theory. Every SEQ
[system of extensive quantities] is homomorphic to M = <Re+, , +> and so we
have additive representations f which are proportional scales, unique up to
similar transformations. But it is plain that they are also homomorphic to
another ‘natural’ numerical system, M’ = <(1,), , ⨯>, since M and M’ are
isomorphic (in one direction with, e.g., the function x ex, in the other with the
inverse x ln x). So, SEQ also has multiplicative representations f’. These
representations are unique up to exponential transformations xn (n > 0) and
they are therefore logarithmic proportional scales. There is no formal reason
for choosing some scales rather than others, M and not M’. It is an essential
element of arbitrariness, which can only be removed by pragmatic
considerations (e.g. of simplicity; or because of historical reasons, which in our
case amounts to the same thing). The fact that the reasons for the choice, which
of course are important, are pragmatic and not formal suggests that, as far as
the formal aspects of the theory are concerned, the importance lies totally in the
conditions that the empirical system must satisfy. (Diez 1997, p.242-243).
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This will prove to be of importance in Chapter 5. The additive accounting
measurement of income will be related to the multiplicative economic measurement
of equilibrium prices. They will be shown to represent the same relational system.
1.7 The arbitrariness of empirical relations
Arbitrariness also arises when choosing how to construct the empirical structure.
The normal measuring procedure for length is to place objects end to end. ... If,
however, we start with objects equal in length, and put them together in the
following way:
S1
S’3
S’2
S1

S1
S1

S1
S1

we will be able to construct a set of object S1 S’2 S’3 ... having all of the
characteristics required of a standard set of lengths. (Ellis 1960, p.45).
This ‘orthogonal’ concatenation constitutes a legitimate extensive empirical system
that yields a representational scale f ’ that is additive in the very same strict sense as
the usual length scale f, namely f ’(a’b) = f ’(a) + f ’(b). However, f and f ’ are not
related by a similar transformation since now f ’(a’b) = f 2(ab) – 2f(a)f(b).
... [this is] the problem of choice of fundamental measuring procedure. ... The
existence of this problem points also to the existence of another problem – a
problem of choice of principle of correlation. If a change of fundamental
measuring procedure can change our scale, why should we not simply change
our scale? Why bother to look for a fundamental measuring procedure which
will make the new scale additive? ... Why must our scales of fundamental
magnitudes be additive? Why not multiplicative? (Ellis 1960, p.47)
Von Neumann and Morgenstern (1953, p.23) note how developing concordant ideal
gas thermometry changed our view of the proper scale with which to represent
temperature. We now consider the usual interval ones (e.g., Fahrenheit and Celsius)
less appropriate for scientific purposes than the Kelvin ratio scale.
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This thesis breaks away with the narrow view whereby reliance on RTM when
addressing accounting measurement would entail identifying a fundamental
procedure that yields an additive representation.
1.8 Good representational theories
Once we abandon the foundational empiricist aims of RTM and start looking for
theories of quantities, questions like the one above lose their meaning. Further, and
much in the same vein of the foregoing comment by von Neumann and Morgenstern
on temperature, Ellis (1960) suggests that one of the purposes of measurement
investigations is finding new quantities, which “...is the same thing as the discovery of
a new group of ordering relationships.”
Mass may be interpreted as an attribute of objects to be measured by placing the
objects on the two pans of a scale. This narrow interpretation, however, does not
support discussing the mass of planets. The historical example of how Neptune was
found illustrates what a good theory of mass entails: gravitation framed the solar
system’s empirical structure such that it allowed physicists’ using the theory to define
the objects to empirically look for. This thesis provides a theory that is expected to
accomplish a similar outcome.
1.9 The standard’s stability assumption
A final note. A key assumption required when describing any empirical structure is
the stability of the measurement standard:
Once the mode of combination has been chosen, the standard must be chosen
before proceeding with the assignment [of numbers]. Generally speaking, the
choice of the standard is regarded as being unproblematic, but this is not at all
evident. (Diez 1997, p.254)
In measuring length, the rod used as standard is assumed to be stable. We know,
however, that rods made out of wood increase or decrease in length according to the
surrounding humidity and temperature. Unless a case is made that the standard is
stable in terms of the attribute being measured, no claim can be made that the
resulting scale provides the desired scientific representation of an underlying reality.
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In accounting, the standard has been given by some conveniently chosen currency.
But unless the currency is shown to be stable in some applicable sense, the results of
measurements are more likely to be misleading than to be revealing.
1.10 RTM summary
RTM is a branch of applied mathematics. Its ultimate purpose is to address the
fundamental issue of what makes science scientific: how do we assess the truth of
quantitative statements about some empirical system of interest?
RTM assumes that the empirical system can be directly observed without any
disturbance; the resulting observations yield a set of qualitative relationships. The
relationships are rendered by means of a mathematical structure that supports the
desired analyses. When an order is found, a numerical representation is possible.
When the representation is unique—this term having a technical meaning—scientific
truth is established by logical reasoning. Segregating the empirical system from its
numerical representation, RTM requires two ontologically different measurements.
The fundamental one pertains to the empirical system and is directly observable. The
derived one pertains to the numerical representation and is not observable. However,
it helps validate, by empirically observing results predicted by the theory, whether the
theory represents the underlying reality. Some issues have been identified that
typically arise when RTM is epistemologically interpreted in too narrow a fashion.

2. Basic Concepts of Linear Algebra
A vector space is an algebraic structure that consists of two sets such that their
elements satisfy a certain list of axioms. The first set V contains vectors and the second
set F is called a field. Herein the field is ℚ, the rational numbers, unless otherwise
indicated. Any introductory book on linear algebra discusses the axioms that define a
vector space (e.g., Hoffman & Kunze, 1971, chapter 2).
Given vector spaces V and W, a linear transformation is a function T: V ↦ W such
that for all v1, v2 ∊ V and all a, b ∊ ℚ it is true that T(av1 + bv2) = aT(v1) + bT(v2)3.

3

This thesis adopts the notational convention such that vectors are denoted by bold lower case
letters while linear transformations are denoted by bold upper case letters.
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When V = W the function T is sometimes called an operator (i.e., an operator is an
endomorphism preserving vector addition and scalar multiplication).
Any linear transformation between finite vector spaces can be represented by a
conveniently chosen matrix. When approaching a problem in linear algebra it may be
useful to switch back and forth between the more abstract linear transformation
approach and the more concrete (i.e., visual) matrix approach.
The symbol Tmxm expresses both an operator T: ℚm ↦ ℚm and its associated mm
matrix [T]. Further, composing two operators T1 and T2 (i.e., T2∘T1) and multiplying
their respective matrices (i.e., T2∙T1) are accounted for by juxtaposing the two symbols
(i.e., T2T1) with the interpretation that T1 is performed first and T2 next.
Given an mm square matrix T, we can choose a horizontal partitioning of its rows
and a vertical partitioning of its columns. When the same partition is used for both
rows and columns we refer T as a blocked matrix such that Tij is its (i, j)th block.
Blocked matrices are important in this thesis because we deal with multiplication
block-wise. Say a 33 A matrix is blocked under the structure (2, 1), that is, the set of
rows (resp. columns) is partitioned in two subsets, one with two rows (resp. columns)
and the other with one. When A is multiplied by another 33 B matrix, which also has
been blocked (2, 1), the resulting blocks of ABij obtain by means of k aikbkj, k = 1, 2.
In matrix notation the foregoing reads as follows,

A=

a11 a12
A11
a21 a22
A21
a31 a32
(2, 1)

a13
A12
a23
A22
a33

B=

b11 b12 b13
B11
B12
b21 b22 b23
B21
B22
b31 b32 b33
(2, 1)

AB =

A1kBk1 A1kBk2
A2kBk1 A1kBk2
(2, 1)

The simplest blocked matrices are the block diagonal ones such that all blocks off
diagonal contain zeroes. In such cases we write T = diag(T1, T2, ..., Tr) and T is said to
be the direct sum of T1, T2, ...,Tr (i.e., diag(T1, T2, ..., Tr) ≝ T1 ⊕ T2 ⊕ ... ⊕ Tr).
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The following theorem4 deals with an operator’s direct-sum decomposition.
T: V ↦ V is an operator, V = U1⊕U2⊕...⊕ Uk is a direct sum decomposition of
V into T-invariant subspaces U1, U2, ... Uk. If Bi is a basis for Ui, then let the set
B = B1∪B2∪...∪Bk. Relative to the basis B for V, the matrix of T is the block
diagonal matrix diag(T1, T2, ..., Tk) where Ti is the matrix relative to Bi of the
restriction of T on Ui. (O'Meara, Clark, & Vinshonhaler, 2011, p. 21).
A T-invariant subspace Ui of V is such that for a vector ui ∊ Ui we have T(ui) ∊ Ui.
This theorem states that there exists a convenient basis for V such that the operator T
is associated with the block diagonal matrix T = diag(T1, T2, ..., Tk), whereas each Ti is
defined over the respective subspace Ui.
This theorem provides the key mathematical result for this thesis’ process-based
approach to accounting measurement.
An accounting transformation—trading or production—will be accounted for by an
operator T. This operator acts on a subset of the resource set (i.e., on those resources
being traded or transformed by production). This operator does not affect the
complement subset of the resource set (i.e., the other resources not being traded or
transformed by production). T represents the observable accounting event of interest,
typically a productive transformation or a trading transaction.
Further, the resource set is assumed to be ‘indefinite’5 before a basis for the vector
space is chosen and T may be rendered by a matrix. The direct-sum decomposition of
the vector space induced by the operator T, as per the theorem above, yields subsets
of the resource set that are process-based. Resources are identified in this thesis in
view of a given process rather than in view of their physical characteristics.
The thesis deals with tensors and tensor spaces that result from pairing vectors with
covectors. Given the vector space V, the algebraic dual space V* is defined as the set
of all linear maps u:V ↦ ℚ. V* is itself a vector space when the following apply:

4

This theorem is a generalisation of the spectral decomposition theorem.
For some intuition, consider a commodity bundle such that some goods, but
not all, are sold in a single transaction. Thus, the bundle has been partitioned in two classes: the goods
that have been sold and those that have not. A distinction has arisen out of trading, not in view of any
possible physical characteristics pertaining to the sold goods, as opposed to the unsold ones.
5 See Ellerman (2013).
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(i)

(u1 + u2) (v) = u1(v) + u2(v)

(ii)

(au1) (v) = a(u1(v))

for all u1 and u1 ∊ V*, v ∊ V, and a ∊ ℚ.
Elements in the algebraic dual space V* are called covectors. Pairing a covector u in
V* with a vector v in V defines the bilinear mapping (u, v): V*×V ↦ ℚ. Note that in
finite-dimensional cases V* has the same dimension as V.
The next section introduces the vector quantity space, the Q-space, and its dual
convector P-space, both being isomorphic to ℚm.
2.1 The quantity vector space Q and the valuation covector space P
The quantity vector space, Q-space, is introduced and is posited isomorphic to ℚm.
This thesis denotes a q-vector by a lower case bold letter within left semi-brackets. The
symbol (q| denotes a quantity vector; a set of numbers {qi, i = 1, 2, …, m} exists such
that (q| = m qiei, whereas ei is an element in the canonical basis of ℚm. This notation
identifies quantity vectors (q| with 1m matrices, horizontal lists of numbers; thus,
(q| = (q1, q2, …, qm|1m
Let the symbol (1| denote the particular quantity vector for which all entries are
equal to 16. In matrix notation,
(1| = (1, 1, …, 1|1m
Left-multiplying an mm matrix D by (1| yields the unique 1m matrix (1|D. In
particular, if D is diagonal, the m entries in (1|D are the diagonal elements in D.
Conversely, given any 1m matrix, a unique diagonal mm matrix D exist such that
(1|D is this matrix—suffice to assign the elements in the 1m matrix to the diagonal
entries in D and zero otherwise. There is a bijection between the set of 1m matrices
and the set of diagonal mxm matrices.

6 Ijiri (1965b, p. 88) calls this vector a “totalizer”: in the context of multi-dimensional accounting he
uses it to calculate the single, balance-sheet value that aggregates the values of a set of accounts. Tippett
(1978) also uses it, except that his analysis is restricted to three dimensions only.
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The motivation for introducing (1| and for mentioning the foregoing bijection
between vectors and diagonal matrices is this: resource subsets, commodities, and
transformations of resource subsets, production or trade, are both represented in the
formal language by means of a single mathematical object, the mxm matrix.
Consider the sequence of time intervals (t-1, t], for t = 1, …, f. Assume an initial
transformation takes place within the first interval (0, 1] such that its representation
is an mm diagonal matrix T0,1: Q  Q. Call the vector that results from multiplying
(1| by T0,1 the initial quantity (q1|. If so, (q1| = (1|T0,1.
For example, assume a Q-space with two dimensions interpreted as two resources,
say apples and oranges. If the initial quantities at time 1 are two apples and three
oranges, there is a unique diagonal T0,1 that yields the proper initial quantity vector,
(1|T0,1 = (1, 1|

2 0
0 3

= (2, 3| = (q1|

Whatever the quantity (qt|, it is possible to express the operator T0,t as a diagonal
matrix which multiplied by (1| yields the given vector, (qt| = (1|T0,t. Referring to the
index t = 1,…,f, a quantity at time t can be accounted for by a diagonal matrix T0,t.
A key structural feature embodied within the foregoing notation is this: whatever
the quantities at some earlier time t and whatever the quantities at some later time t’
a matrix Tt,t’ can always be constructed to represent the perceived changes in
quantities between the two instants. The only exception is when the initial quantities
are all zero, a case that does not limit the formalism since we may rule out the
possibility that an output quantity could be obtained without any input. Formally,
Solvability theorem –

 (qt| ≠ 0,  (qt’|, t < t’, ∃ Tt,t’ : (qt’| = (qt|Tt,t’

This is true because the equation implies m2 unknowns (i.e., the elements in Tt,t’)
while we are restricted by m equations only. Thus, the m(m-1) degrees of freedom are
sufficient to assure the solvability of the equation, except when (qt| = 0. This argument
shows that a solution Tt,t’ is not necessarily unique.
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For example, if one of the initial apples is traded for one additional orange, consider
encoding this in some matrix T1,2 such that multiplying T1,2 by the initial quantity
yields the final quantity vector: (q2| = (q1|T1,2. A possible solution for T1,2 is

T1,2 =

–1 –4
1 4

because

(q2| = (1, 1)

2 0
0 3

(q2| = (2, 3)

–1 –4
1 4

–1 –4
1 4

= (1|T0,1T1,2 = (1, 4|

= (q1|T1,2 = (1, 4|

This example also illustrates how the associative property of matrix multiplication
will be used in this thesis. A sequence of multiplications will be interpreted as a
chronological sequence of transformations such that if (qt| is equal to (1|T0,1 … Tt-1,t ,
then (qt| = (1|T0,t whereas T0,t = 1t T-1,. A series of transformations that take place
within a time interval can be rendered by a single transformation defined over that
time interval. This supports the representation of processes.
Continuing with trading one apple for one orange, three additional points are worth
making. The first two impose restrictions on numbers in the transformation matrix;
the third point relates to the fact that processes exist over a time interval.
Henceforth, negative numbers are banned from this thesis. Axiomatically, all
numbers to appear in the accounting measurement framework are posited to be
positive or zero. The solution for T1,2 above is not valid. The preferred solution is

T1,2 =

½ ½
0 1

, which indeed yields (1, 4| = (2, 3|

½ ½
0 1

This solution obtains from an analysis of what the process entails. Given the initial
subset consisting of two apples, half of them are retained and half are sent away; and
the whole subset consisting of three oranges is retained.
The requirement for positive numbers in the transformation matrices accounts for
the fact that accounting deals with resources which are inherently positive quantities.
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Chapter 4 will make reference to this to justify the T structure of accounts. This
approach to constructing transformation matrices is generalizable to any dimension.
Further, resources in accounting are the outputs of processes and they arise from
inputs. Resources exist as part of processes only. This has the following implications:
The numbers in the transformation matrices are rational numbers between zero and
one. The numbers in each of the rows add up to one. The numbers express rates of
change, say the quantity of apples needed for one orange. As such, the numbers have
dimensions, say units of orange divided by units of apple. Consequently, the linear
transformation Tt,t’ will be interpreted in this thesis as a multi-dimensional rate of
change by means of which inputs are quantitatively transformed into outputs.
The third point worth making is a consequence of the solvability theorem. The
argument used to establish the theorem also proves that there exists a Tt’,t, t < t’, such
that (qt| = (qt’|Tt’,t. The point is that any of the possible Tt’,t may not be the inverse of
any of the possible Tt,t’.
In the language of matrix analysis, when given a matrix M, its inverse M-1 is such
that MM-1 = I. For an inverse to exist, M must be a square matrix. Here, Tt,t’ may not
be square. Even when Tt,t’ is square, it may not have an inverse in that mathematical
sense. However, given inputs and outputs, both matrices Tt,t’ and Tt’,t always exist.
This point introduces the final topic in this subsection.
The ‘reversibility’ of transformations is essential to the formal framework of this
thesis. This is so not because accounting processes are reversible. Typically, they are
not, say production processes. The reversal property embedded in the formalism is
required because accounting processes exist out of the time dimension.
This thesis claims that accounting deals with strategies. Strategies will be defined
as purposeful processes. As such, the representation of a strategy will account for (i)
initial resources that are assumed as given; (ii) the strategy’s final outcome that is
associated with a purpose or goal chosen by a decision-maker; and (iii) the actual
process, a sequence of resource transformations that connect the endowed inputs to
the final outcome. The strategy will be interpreted as conceptually constructed by a
decision-maker who projects expected transformations over time and the final
outcome to a future time.
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Thus, for t < t’, Tt,t’ is the causal matrix that encodes transformations in accordance
with the flow of time, from past to future. The reversal matrix Tt’,t is the teleological
matrix that encodes transformations as they are conceived by the decision-maker
working backwards along the time dimension, from future to past. This is what
justifies the introduction of the covector P-space next.
Consider the covector space, which is isomorphic to ℚm, and call it the P-space. This
thesis denotes p-vectors by lower case bold letters within right semi-brackets, |p). This
purports to associate p-vectors with m1 matrices, vertical lists of numbers. In
particular, consider the p-vector |1) with all entries equal to 1.

|1) ≝

1
.
.
.
1

m×1

The solvability theorem holds in p-spaces. Replace transformation for revaluation,
a term that does not entail a physical change and is consistent with decision-makers’
projecting their views into the future. Denote a revaluation by Rt,t’, t < t’.
Solvability theorem –

 |pt’) ≠ 0,  |pt), t < t’, ∃ Rt,t’ : |pt) = Rt,t’|pt’)

The representation of a strategy in this thesis is based on the view that the causal
transformations from past to future must be consistent with the teleological analysis
that connects future outcomes to present means. This view is shown in Chapter 6 to
yield an equation, (1|TR|1) = 1, which is interpreted as the accounting equation. From
the mathematical perspective discussed in the present chapter, this equation informs
the existence of a tensor, which is constructed by multiplying physical transformations
by conceptualised revaluations, whose measure is a dynamic constant over the time
interval defined by the strategy and such that the constant is one.
2.2 Further comments on notation
Assume t = 1 and consider the Q1 space that accounts for quantities at that time. For
example, with only two apples the Q1-space has one dimension and is therefore
isomorphic to ℚ. The applicable vector reads (q1| = (apples|[2].
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The symbol [2] conveys that this is a 11 matrix; (apples| is the one-dimensional
vector in the basis that informs the quality of the resource defining this space.
The same logic applies to t = 2. For example, with only three oranges the applicable
vector reads (q2| = (oranges|[3]. When dealing with dated quantity spaces, the
dimensions of Qt may vary. In this case, the transformations denoted by Tt,t’ map
earlier quantity spaces onto later ones.
The teleological approach to strategies require, however, a time-independent
quantity space. This space is abstractly posited to exist without, therefore, any
reference to a particular basis. This space is subjected to a direct sum-decomposition
process that yields the dated subspaces.
For example, at t = 1 assume that the operator T0,1: Q → Q is a block diagonal one
such that all entries are zero, except for t1,1 which is set equal to 2; [T0,1]11 = 2. By
imposing the condition that (1|T0,1 = (q1|, the Q-space is decomposed in a Q1
subspace, which has (q1| in its basis, and the complement thereof, Q⊖Q1, such that its
basis remains undetermined. The same can be done in respect to t = 2, by reference to
a T0,2 which sum-decomposes the space in an orange subspace and its complement.
Since resources are now dated, the resulting subspaces intersect only in the null vector,
Q1 ∩ Q2 = (0|.
This yields T as an assessment operator that is obtained from T = T0,1⊕…⊕T0,f. By
reference to the foregoing theorem, T is diag(T0,1, …, T0,f), each blocked matrix T0,t
defining an invariant subspace of the Q-space. In matrix notation,

T0,1 =

[2]
0
0
…
0

0 … 0
0 … 0
0 … 0
… …
0 … 0

T0,2 =
m-1m-1 mm

[0] 0
0 [3]
0 0
…
0 0

0…0
0…0
0…0
…
0…0

m-2m-2 mm

This procedure is such that invariant subspaces may account for more than one kind
of resource. For example, suppose five bananas and one mango are identified to
pertain to t = 3. Let T0,3 encode these resources. Since Q3 is a bi-dimensional space,
there are bananas and mangos, T0,3 is a 22 matrix acting on (1| at t = 3. The T that
results from assessing resources at t = 1, 2, and 3, is shown next.
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T =

[2] 0 0
0 [3] 0
0 0 5
0 0 0
0 0 0
…
0 0 0

0
0
0
1
0

0
0
0
0
0

…
…
…
…
…
…
0 0 …

0
0
0
0
0
0
0m-4m-4

mm

The thesis relies on block diagonal matrices to represent resources. It relies on offdiagonal block matrices to represent transformations of resources. For example,
assume Rf-2,f-1 represents a revaluation within the interval [f-2, f-1) whereby the threedimensional p-vector |p1, p2, p3) defined at t = f-1 is re-expressed as the twodimensional p-vector |p4, p5) defined at t = f-2. In matrix notation,

Rf-1,f =

0
0
0
r4,1
r5,1

0
0
0
r4,2
r5,2

0
0
0
r4,3
r5,3

0
0
0
0
0

0
0
0 , Rf-1,f ∊ (Pf-1 ⊕ Pf) – the sum composition of the
0
two dated P-spaces.
0 55

The revaluation process takes the mathematical form of an equation, which is
expressed by reference to matrix multiplication as follows.
0
0
Rf-2,f-1Rf-1,f|1) = 0
r4,1
r5,1

0
0
0
r4,2
r5,2

0
0
0
r4,3
r5,3

0
0
0
0
0

0
0
0
0
0

p1
0
0
0
0

0
p2
0
0
0

0
0
p3
0
0

0
0
0
0
0

0
0
0
0
0

1
1
1
1
1

=

0
0
0
p4
p5

All matrix multiplications in this thesis satisfy this block structure. This is because
the bases chosen for both the quantity- and the p-spaces will be orthogonal, although
not orthonormal. The resulting formalism frames accounting measurement as follows:
resources are dated and pertain to strategies; the total value of resources associated
with a particular strategy at a particular time can be calculated; given two moments in
time, the difference in the values of resources is always equal to the net flow of values
in and out of the strategy during the time interval defined by the two moments. Value
within a strategy is axiomatically posited to be conserved. If so, the foregoing view is
nothing other than the tautology that express the conservation of value.
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Equivalence
But don't begin until you count the cost.
Luke 14:28 (New Living Translation)
_________________________________________________________________________________________________________________________

This chapter introduces double-entry bookkeeping (DEB) as a process-based
algorithm in support of economic meaningful comparisons of dimensionally different
resources, say apples and oranges. This will be formally developed in subsequent
chapters based on an idea illustrated herein: when resources are traded, they become
commensurate. Trading establishes the equivalence relation ‘has the same value as’.
Trade occurs given purposes; thus, strategic purposes determine the value concept.
To render this view properly, a measurement framework is required that is
fundamentally different from the usual one provided by neoclassical economic theory
which relies on behavioural assumptions about consumers’ preferences, convexity
assumptions about production feasibility sets, perfect and complete markets, etc. The
structure that underlies the desired measurement framework is shown in this
chapter to be the one that has traditionally supported DEB.
That DEB provides a conceptual device for process-based measurements is
established by reference to an idea first stated by Luce & Tukey (1964): fundamental
measurement in social sciences is not a physical operation, but a theoretical property
of a given framework of analyses. Some theorists discuss the appropriateness of
approaching accounting from a fundamental measurement perspective (e.g., Vickrey,
1970, 1994), while others have done precisely so with different degrees of success
(e.g., Ijiri, 1965, 1966, 1967; Tippett, 1978; Willett, 1985, 1987, 1988, 1991).
This thesis takes the income-oriented approach to accounting measurement, as
opposed to taking the balance-sheet-oriented one (see Willett, 1987). The income
approach provides the intuition for Willett’s (1991) axiomatic framework. This thesis
extends this framework by incorporating certain formal properties of linear algebra
that are appropriate for process-based measurements.
The need for processes arises because accounting deals with empirical data about
resources being claimed at different times by different economic agents. Accounting’s
purpose is to explain how resources transform and how agents claim them over time.
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The need for linear algebra is suggested by Ellerman (1985) who contended that
(i) T-accounts are objects satisfying the axioms of algebraic groups and such that (ii)
they encode the accounting equation into the group’s neutral element, the zero-term.
These two propositions support the claim that a common monetary unit is not a
necessary condition for the double-entry bookkeeping approach to accounting.
“[W]hen DEB is mathematically formulated using the group of differences, then the
generalization to vectors of incommensurate physical quantities is immediate and
trivial.” (Ellerman, 2014).
The forthcoming discussion shows in non-mathematical language that DEB
embodies Ellerman’s (1985; 2014) two propositions. The focus is on providing an
intuition that justifies the formal structure underlying DEB. This is accomplished by
arguing that DEB arises not just in view of businesses’ need for control (i.e., the
stewardship function of accounting) but also in view of their making decisions.
Decisions require looking forward in time and assessing the future outcome to be
expected when a particular course of actions is chosen. People need to calculate
expected costs and then compare them with the economic benefit of the outcome in
order to make rational decisions. Economic rational agents are assumed to not
undertake a project before counting the expected costs. Or, to rephrase this in game
theoretical terminology, agents choose strategies.
This chapter has seven sections, the main argument being presented in sections
Four and Five. Section Two, which follows this introduction, provides some
background: First, Mattessich’s (1995) claim that accounting is purpose-oriented.
Next, some economic context by referencing the general equilibrium measurement
framework that prevails in economic theory. Section Three discusses thought
experiments to claim that they qualify as a valid methodology for accounting
theoretical research. In Section Four the main argument is introduced when
discussing the decision-making process. The argument is developed in Section Five
by means of a thought experiment that shows how bookkeeping by double-entry
provides a measurement algorithm for rational decisions in an economic setting
lacking money and complete markets. Section Six discusses the DEB structure in
terms of process-based measurements; it also briefly reviews the extant arguments in
support of DEB. Section Seven concludes.
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2. Background and Context
Mattessich championed the view that accounting theory should be approached from
an axiomatic perspective (Balzer & Mattessich, 1991; Mattessich, 1957, 1964, 1998).
He also provided a comprehensive review of the related literature (Mattessich,
2005). This chapter contributes to this strand of accounting literature by conducting
an informal investigation on the structural nature of double-entry bookkeeping.
Without using mathematics, and proceeding solely on the basis of pure logic, the
argument provides a rational reconstruction of DEB. Although there are references to
actual historical developments, the argument is not an historical exegesis on the
inception of DEB.
The most fundamental insight that permeates all of Mattessich’s research is that
accounting is purpose-oriented (Mattessich, 1995). As he sees it, accounting should
be treated as a subjective discipline, since (i) firms have different purposes, (ii) users
of accounting information need different reports, and (iii) they interpret the available
reports in different ways.
Mattessich develops a formal approach to accounting that is consistent with its
purpose-oriented nature. It requires subjective purposes to be independent of the
underlying measurement structure. Specifically, Balzer & Mattessich (1991)
introduce the concept of an “accounting core”. This is a set of purely synthetic
measurement rules. When doing so, accounting is treated as a formal language:
synthetic rules are independent of the semantic interpretations by which empirical
data are applied to the core.
This chapter provides a motivation for the aforementioned measurement
structure. It shows how the purpose-oriented nature of accounting implies—as a
matter of logic, and independently from particular purposes—that the accounting
equation holds and, thus, bookkeeping by double-entry must follow.
2.1 Economic context
The recent global financial crisis has given economists (e.g., Keen, 2011) cause for
questioning the theoretical relevance of general equilibrium. Appreciate that the
issue is not one of practical application.
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General equilibrium is theoretically important because it provides the
measurement framework wherein important economic concepts are defined, say
markets. The interesting example for the current discussion, however, is the concept
of price. Outside general equilibrium, the very concept of price cannot be defined. As
stated by Debreu1,
(W)hen you are out of equilibrium, in economics you cannot assume that every
commodity has a unique price because that is already an equilibrium determination
(quoted by Weintraub, 2002).
This is a limitation that then hinders all models being developed within that
framework, which incidentally is the mainstream one. This limitation provides a
motivation to search outside neoclassical economics for alternative approaches to
economic measurement, of which price is a particular instance.
Further, it is worth noting that the conceptual consistency of fair-value only holds
if in the presence of general equilibrium (Beaver & Demski, 1979). Neoclassical
economics (which offers the conceptual framework for fair-value) requires, among
other things, the correspondence principle that can be explained as follows:
[…] the essential idea of the correspondence principle is to help us either to deduce
meaningful theorems by way of comparative statics analysis on the basis of dynamic
assumptions as to the nature of the stability of the system, or in an alternative form, to
give meaning to observed results, once again by way of comparative statics with
auxiliary dynamic restrictions. (Velupillai, 1973)
Accounting does not require any stability assumption. In what follows, accounting
measurement is defined as a theoretical property applicable to an analytical
framework that is inherently dynamic and uncertain. The constitutive elements of
this framework can be conceptualised even when stability and equilibrium do not
hold. The applicable interpretation of economic agents does not support their being
represented by utility and production functions. Economic agents become entities
and are represented by balance sheets, journals, and ledgers.

1

Debreu was awarded the Nobel Prize for his rigorous reformulation of general equilibrium.
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3. Thought Experiments
The argument developed in this chapter is based on a thought experiment. This
methodological approach is justified by reference to physics, which has a long and
successful history of progresses resulting from thought experiments: “... the creation
of quantum mechanics and relativity are almost unthinkable without the crucial role
played by thought experiments.” (Stanford-Encyclopedia-of-Philosophy, 2011)
The concern here is with expressing accounting in some abstract formalism.
Experimenting “in the laboratory of the mind”2 seems a natural way for developing
ideas. For example, thought experiments can provide metaphors that help with
apprehending newly introduced abstract concepts. Economic theory is taught at the
introductory level by means of metaphors; say Crusoe, who lives on a desert island,
or the pure exchange economy wherein people trade endowed goods and no
production takes place.
Moreover, thought experiments can go beyond the metaphor. Without requiring
empirical data they offer a method that makes acquiring new knowledge possible
(J.R. Brown, 1986). For example, in his Principia Mathematica Newton shows how
the moon is kept in its orbit in just the same way as an object falls to the earth.
He asks us to imagine a cannon fired from a mountain top. The cannon ball falls toward
the earth each time. But the more powder we put in, the farther it goes. We could
conceivably carry this on to the limit when the cannon ball falls all the way around the
earth and comes back to where it started from. Once we see this possibility for a
projectile, we then see that the moon is not 'suspended' in the sky, but rather, is
constantly falling to the earth in exactly the same way as the cannon ball. (J.R. Brown,
1986, p. 7)
The key idea underlying the above thought experiment is that the same conclusion
is possible by means of calculations. But to do so, one must be familiar with calculus,
a possibility that was not available to Newton’s contemporaries. Newton’s thought
experiment makes the case for a revolutionary view at the time (i.e., the moon orbits
the earth) without requiring from his readership the prior learning of calculus.

2 This nice

metaphor makes the title of one of J.R. Brown’s books (Brown, 2010).
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Mutatis mutandis, what follows is centred around, and illustrated by a thought
experiment describing the mental processes of an Italian merchant of the thirteen
century. Since there are no records on how an actual merchant of that time might
have thought, what follows rely on logical considerations to highlight the underlying
nature of double-entry bookkeeping as a forward-looking measurement algorithm.
The benefit is: this thought experiment does not require that the reader possess any
knowledge of abstract algebra (e.g., group theory) or linear algebra (e.g., tensors).

4. The Mental Process for Rational Decisions
The argument’s idea is straightforward: economic behaviour results from agents’
decisions or choices that are neither arbitrary nor random. Further, people and firms
decide in view of their respective goals or purposes. Economic behaviour results from
purposeful decisions even if the actual behaviour—in view of uncertainties and bad
judgment—is not always compatible with the intended purposes of agents.
Micro-economists express this idea by postulating that the purpose of consumers
is to maximize utility and the purpose of firms is to maximize profits. This postulate
is void of any empirical content because it cannot be falsified (e.g., if a person gives
money away he or she is still seen as maximizing utility because it can be argued that
philanthropy contributes to well-being). Yet, it is a useful assumption because with it
decisions become amenable to mathematical modelling: consumers are associated
with utility functions and firms with production functions such that the analysis of
marginal utilities and marginal costs provide a description of our economic system.
The following two observations suggest that an alternative to this approach is
possible, which is not based on any maximization postulate.
4.1 Economic decisions in the thirteen century
Consider decisions across different times and different places. For example, a
person is deciding whether to go on vacation now or later. The standard approach in
economics posits that the person knows his or her future preferences and that the
desired location can be reached. Thus, within a neoclassical framework, it is possible
to associate decision outcomes with a monetary value. Future consumption can be
discounted to present value and travel arrangements are always possible.
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Consequently, economic decisions are always measurable in money terms because
money provides the means for inter-temporal and inter-space comparisons.
Now consider the historical fact that when the Italian merchants were developing
the rudiments of double-entry bookkeeping in the thirteen and fourteen centuries,
they had not the means—neither in theory nor in practice—to rely on the neoclassical
theory just described for dealing with inter-temporal and inter-space decisions.
Calculus had not as yet being invented. Maximization, marginal costs and marginal
utilities were concepts beyond their reach. They might have had an intuitive
understanding of these concepts but just intuition would not have been sufficient in
the thirteen century for practical purposes since businessmen were dealing with one
another by means of contractual obligations expressing quantitative engagements.
Further, money—as we understand it today, particularly as a measurement
standard—was not available. The medieval merchant had a plurality of “monies” (i.e.,
means to facilitate exchanges) such as gold, silver, copper and all the tradable
commodities (i.e., wool, species, fabric, etc.). None of them would qualify as the
monetary standard given the absence of financial markets to set interest rates.
In summary, it is not possible to model decision-making at that time by reference
to money, maximization, marginal utilities and marginal costs and thus explain how
medieval Italian merchants rationalized their economic decisions. Yet they must
have had a way to decide—a purposeful way—because in retrospect their actual
behaviour and the riches that they accumulated are evidence that their decisions
were neither erratic nor self-damaging.
4.2 Economic decisions in the absence of money and markets
When modelling the decision process it must be assumed that the purpose is
known and the decision-maker has a set of feasible alternatives to choose from. Each
alternative yields an outcome that can be measured in terms of the given purpose.
Consider the European medieval economic environment where money, deep and
liquid financial markets, and the mathematical apparatus taken for granted today did
not exist. There was relatively little gold in Europe in the thirteen century vis-à-vis
the economic requirements of the time (America was yet to be discovered) and
medieval Italian merchants would choose among a vast array of commodity monies.
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Although the medieval equivalent to banks would exchange different metals one
for another, say gold for silver, there were no financial markets. Further, although
there were several fairs where merchants would exchange goods, they would not
qualify as markets in the strict sense in which this terms is defined in neoclassical
economics, that is, a social construct where competition is perfect under complete
information. To the contrary, most information was private, and transactional costs
were huge such that merchants lacked the idea of money as a means to assess the
economic value of goods.
However, merchants started choosing a currency of account—different merchants
would choose different metals or commodities—as the standard for assessing where
they stood in relation to each transaction. This standard of account arose out of
purposes that were expressed in some physical quantity, as illustrated next.

5. A Thought Experiment in a Pure Exchange Economy
A pure exchange economy is one wherein only barter transactions take place.
Imagine a medieval Italian merchant who holds velvet. Velvet in thirteen century
Europe was a liquid commodity: it was possible to find everywhere a rich bourgeois
or a noble person willing to acquire it. By holding velvet, the merchant would have
held an economic resource readily exchangeable for any other that he might have had
an interest in. In what follows, velvet plays a similar role to cash’s role today.
5.1 Capital and income to result from trading
Let the merchant set the goal of increasing his wealth, as measured in bolts3 of
velvet, such that the question is how he would reason towards achieving this goal.
First, he considers the means available to him alongside the desired outcome to
result from engaging into some economic venture. In the current example, assume
that he holds ten bolts of velvet. Further, he knows from previous experience that it is
possible to double this quantity by undertaking a trading voyage. Since in Europe one
writes from left to right, it is only natural to assume that the merchant would note his
starting point on the left of a page and his finishing point on the right of it.

3 Bolts is an actual measurement unit used in medieval times. Reference to this and other medieval
units is intended to convey the issue of lacking a common, monetary-like means of measurement.

Page | 54

4. First essay
Since at the end of his trading trip he wants to gain ten bolts of velvet, he must
clearly account for the gains when taking notes that represent his business venture.
Moreover, his initial endowment expresses a claim to an actual, physical quantity
whereas his purpose is a claim to a desired (possibly expected) outcome.
The diagram in Figure 4.1 represents visually how he commences the thought
process required for rationalising a decision. The key idea underlying this diagram is
that the trading voyage is a teleological process.

10 (bolts of velvet)
physical - “asset”

10 (bolts of velvet)

conceptual - “capital”

10 (bolts of velvet)

conceptual - “income”

Note: the horizontal arrow purports to represent the continuous flow of time while
the vertical line represents the discrete time divide between present and future.

Figure 4.1 – A teleological relationship between means and ends
5.2 Trading requires positive numbers only
The merchant, holding a positive quantity of some commodity, would then enter
into a transaction whereby he would part from his holdings to obtain a positive
quantity of another commodity. To be able to conceptualize a transaction, he must
account for the quantity initially held, the quantity given away and the quantity being
received—all positive numbers. Medieval merchants did not need negative numbers4.
This analysis suggests the diagram in Figure 4.2 wherein, for example, one bolt of
velvet is traded for 60 ounces of gold. Figure 4.2 warrants some further comments.
5.3 T-accounts
Given that Europeans write from left to right, Figure 4.2 conveys the idea that the
merchant started with ten bolts of velvet out of which he secures the one bolt needed
to complete this particular transaction. It is also consistent with all numbers being
positive.

4 Hendriksen and van Breda (1992, Chapter 2) suggest that people in medieval Europe were unable
to cope with the concept of negative number. In thirteen century Europe even zero was troublesome.
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Particularly, by recording the quantity to be parted next to the quantity originally
held, the merchant can easily assure himself that the transaction is feasible, that is,
he holds a sufficient quantity to complete the transaction. He could have subtracted
the quantity to be exchanged from the quantity given, except that he is
uncomfortable with subtractions. With this representation he can readily compare
the two numbers to confirm that the transaction is feasible.
Capital*

Velvet

Gold

10 1

10

60

…

Income*
10

* being measured in bolts of velvet
Note: time is represented by arrows and vertical lines. It is convenient to use both
representations simultaneously to convey that transactions take place over time
with the view of a final goal, at some future time. This justifies the measures of
capital and income being denoted on the right side of their respective T-accounts.

Figure 4.2 – Representing a trading transaction
Recording the acquired 60 ounces on the left side of the Gold T-account informs
that yet another, subsequent transaction will follow. Transactions are steps along a
process that moves towards a goal.
This representation does not require that quantities be expressed in a single unit.
Both bolts of velvet and ounces of gold are represented. In the absence of money and
markets, different commodities do not share a common unit of measurement.
Indeed, in the early days of double-entry bookkeeping, entries in a book called the
Memorandum did not share a common measurement unit5. The entries were
described qualitatively by referring to the nature of the commodity traded and the
appropriate unit of physical measurement.
However, a single unit of measurement is possible when transactions are seen as
steps along a process moving towards a goal, as will become clear as the thought
experiment proceeds.

5 See Alexander

(2002, p. 10) or the full review of Pacioli’s book in Brown (2001).
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5.4 Measurement: Inter-space and inter-temporal comparisons
The issue here is the merchant’s mental process to decide whether to start a
trading venture. He may know from previous experience or from others’ experience
that velvet can be exchanged in England for wool, which can be exchanged in Syria
for spices, which in turn can be exchanged in Italy for velvet.
Consequently, he analyses the ratios under which these exchanges take place and
the transaction costs that he will incur (i.e., toll costs when travelling by land and
freight by sea). In the absence of clear (i.e., market based) monetary prices for each
of such commodities and for each of the applicable costs, the merchant has to trace
the whole sequence of exchanges and transaction costs such that by comparing the
final outcome with the quantity he wishes to gain he can assess which is greater and
thus make a rational decision.
The merchant pays tolls when travelling from Italy to England by land. To pay
them, he figures that holding some gold is preferable than using velvet only. A reason
could be that gold is divisible; another that custom agents cannot indulge in wearing
velvet and thus seek payment in gold or silver. Accordingly, he plans to use velvet to
acquire gold that exchanges in Italy at a rate of 60 ounces for one bolt of velvet.
As the merchant considers travelling from Italy to England he plans to exchange
60 ounces of gold for toll. He notes that once in England he can exchange velvet for
wool. He thinks that the applicable ratio is seven bolts of velvet for 42 tods of English
wool. He expects to exchange the remaining two bolts of velvet for 80 ounces of
silver, with which he will pay the freight necessary to ship the wool to Syria. In Syria
he expects to exchange 30 tods of wool for 20 pounds of pepper and the remaining 12
tods for two dinars. The dinars will pay for the freight required to ship pepper to Italy
where one pound of pepper can be traded for one bolt of velvet.
Although this is a rather stylised example, keeping track of the data for purposes
of analysis has already become complex and cumbersome. The mental process for a
rational decision requires a practical representation, as in Figure 4.3. By inspection,
it reveals that—should events unfold as the merchant imagines—the merchant can
conclude his trip with sufficient velvet to match his initial capital and the desired
gain. Thus, he has the elements to decide that he should undertake this trip.
Page | 57

4. First essay
Expense T-accounts (i.e., tolls and freights) are not balanced in Figure 4.3. It
conveys how to progress along a planned path to achieve the merchant’s goals. Since
numbers are in different units, the arrow stands for a cause and consequence
relationship, not for equality. Thus, it is not required that all T-accounts be balanced.
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Notes:
(i) balanced T-accounts are erased for the sake of visual clarity;
(ii) as transactions take place over time T-accounts are introduced and organised
in a vector-like disposition.

Figure 4.3 – Trade sequence for inter-space and inter-temporal comparisons
The usefulness of the Memorandum is rather limited when presented as above.
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The Memorandum was a book where merchants would record all their business
activities. Brown (2001, p. 2) suggests that a translation for Memorandum is “Scrap
Book” where all transactions were recorded as they took place, in whichever
applicable measurement unit. De Roover (1938) argues that the early, primitive
accounting books were a hodgepodge of the worst sort only gradually gaining a
structure:
[... gaining structure by superimposed sections] the accounts are divided into horizontal
compartments, one placed above the other. This system was only practical in so far as
each account did not record too many transactions. (de Roover, 1938, p. 146)
Thus, longer trips, with increased transactions, and possibly many simultaneous
business ventures would cause representations such as the one in Figure 4.3 to
become too complex to support analyses. There is a need to go beyond the structure
underlying Figure 4.3 to obtain a useful representation of the decision process.
The merchant’s plans would evolve and adapt in view of his actual trips. Given the
uncertain environment of medieval times, the actual trip would turn out—more likely
than not—to be very different from what was anticipated.
5.5 Time-dependent accounting equation: The trial balance
Upon completing a voyage the merchant would observe that things did not come
out as expected and that if he kept track of all realised transactions, in some
consistent and systematic fashion, he would thereby obtain elements to better
forecast future trips. To achieve this end the merchant develops other
representations. De Roover (1938) argues that the Journal was introduced in
response to the limitations of the Memorandum, as a tidy form of the Memorandum.
He views the sequence towards double entry as the Memorandum, the Journal, and
evolving into the Ledger.
The concrete thinking of the merchant leads him to consider any T-account on the
left side of his mental picture of the process to represent real, tangible goods—means
with which to reach an end. In contrast, a T-account such as Toll, for instance,
represents a transaction cost that impairs his ability to reach the goal. Tolls and any
other transactional costs are then interpreted as negative purposes to be accounted
for on the right side of his mental picture, as in Figure 4.4.
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To keep track how transactions either foster or impair his goal, the merchant
converts the many physical units to a common denominator. In the current example
the natural unit of measurement is bolts of velvet. Consider the Gold T-account, for
example, that has ounces of gold as its unit of measurement: since one bolt of velvet
exchanges for 60 ounces of gold, its number in Figure 4.4 has been updated from
Figure 4.2 such that 60 (in ounces of gold) read as one (in bolts of velvet).
Revert to Figure 4.1 wherein the “capital” and “income” T-accounts are expressed
in bolts of velvet, the unit in which the purpose has been quantified. Since the
merchant is now concerned with keeping track of actual transactions, any reference
to “income” (i.e., actual results) is not applicable while the trip is uncompleted. The
merchant records on the right side of Figure 4.4 the time-independent T-accounts
standing for purposes, namely the capital and the transactional cost T-accounts.
Figure 4.4 gains a journal-like structure.
Velvet

Capital

10 1

10

Gold

Toll

1 1

1

Note: This representation applies at the time the merchant arrives in England;
thus, after paying for toll but before trading velvet for wool.

Figure 4.4 – The journal-like structure after paying toll (i.e., in England)
The number associated with “capital” is written on the right side of the respective
T-account in view of the following rationales: (i) in this thought experiment capital is
associated with a purpose such that it pertains to the time when the trip finishes; (ii)
this representation reveals the symmetry which calls for the goal to be placed on the
right of the arrow, while tangible goods, representing the means to reach the goal,
are placed on the left; (iii) commodities are increased by adding numbers to the left
side of T-accounts, whereas purposes are quantitatively increased by adding to the
right side; (iv) increasing expenses adds to the left side, since a toll is “exchanged” for
gold and also because—should the trip unexpectedly end here—this expense
diminishes the merchant’s capital (i.e., the achievable, measurable purpose).
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The next conceptual step is to replace the arrow in Figure 4.4 with an equality
sign—since the merchant is now expressing quantities in a common denominator—to
obtain the accounting equation. This equation is interpreted as expressing present
means being matched to future goals. The thought experiment envisages the
merchant updating expectation about his goals by reference to actual transactions.
5.6 The balance sheet
Consider how the merchant closes his books as the venture is completed. Refer to
Figure 4.5 wherein all numbers are expressed in bolts of velvet and refer to that
moment when the merchant, having paid in Syria the freight to transport the pepper,
is about to land in Italy. At this point in time he holds only pepper as the physical
means supporting his purpose of acquiring 20 bolts of velvet; all other T-accounts in
the left side have been balanced. The implication of having balanced T-accounts is
that the underlying resources no longer exist. In contrast, T-accounts representing
purposes (i.e., capital and transaction costs) remain unbalanced such that the
merchant will keep recording them until they are balanced and may be closed.

Capital
10
Toll
1
Pepper

=

1st Freight

5

2
2nd Freight
2

Figure 4.5 – The journal just prior to concluding the trip
Incidentally, Figure 4.5 embodies Ellerman’s (1985) two propositions6 mentioned
in the introduction: (i) T-accounts are elements in an algebraic group, the neutral
element, the zero-term, given by T-accounts having equal numbers on both sides.
6

They refer to an algebraic group only; Ellerman (1986, 2014) discusses DEB in terms of vectors.
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Thus, the balanced T-accounts are zero-terms that can be combined together. Since
adding zeros to zero yields zero, zero-terms are not explicitly acknowledged and
Figure 4.5 does not show the balanced T-accounts. (ii) The accounting equation is
encoded into the zero-term and the set of unbalanced T-accounts ‘add up’ (i.e., debits
with debits, credits with credits) to the zero-term, as is depicted in Figure 4.5.
The next event (see Figure 4.6) takes place in Italy as the merchant exchanges the
pepper for velvet in a transaction where the pepper T-account is credited—in units of
velvet—by five bolts and a Velvet T-account is introduced (a real account,
representing an actual good being available at the conclusion of the trip) that is
debited by 20 bolts. The difference for 15 bolts is accounted for as follows.
The merchant represents his trip’s final transaction by means of a T-account that
is credited for the 15 bolts—the “gross income” in Figure 4.6. This T-account encodes
information about an event and does not therefore represent any tangible object.
However, it is the clear counterpart to the final and tangible quantity of velvet that
the merchant ends up holding. When such T-account is netted against expenses the
result is the “net income” T-account that informs the quantity of the goal achieved
(i.e., 10 bolts). Thus, the concept of income is introduced as the element connecting
the merchant’s subjective goals with the objectively observable quantity of velvet at
the end of his venture. Figure 4.6 represents the venture’s balance sheet.

Capital
10

Pepper
5

5

Velvet
20

Capital

Expenses
=

=

5
(Gross) Income
15

10
(Net) Income
10

Figure 4.6 – Income accounts are introduced to yield the balance sheet
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6. Discussion
Three antecedent ideas justify the thought experiment in terms of the structure that
underlies double-entry bookkeeping. The first idea is that markets, money, and
prices are not necessary conditions for modelling economic decisions. The
environment prevailing in medieval times provides the evidence for this contention.
The second idea is that modelling decisions in the foregoing economic
environment requires the identification of future purposes and the construction of an
analysis to be based on inter-temporal and inter-space considerations, a situation
quite similar to modelling non-monetary games such as the Prisoners’ Dilemma.
Reference to Game Theory is incidental and purports to suggest in what ways the
current approach to DEB deviates from the usual ones. This approach requires
combining the two previous ideas such that DEB is seen as providing an algorithm
for inter-temporal and inter-space comparisons among non-monetary outcomes.
It is likely that Italian medieval merchants first adopted DEB because, like banks,
they wanted to exercise control over their debtors and creditors (Yamey, 1949, p.
103). However, the thought experiment suggests another reason that is also stated by
Yamey (1949): by supporting inter-temporal and inter-space comparisons, DEB
allows for the introduction of an income concept that is well-defined, even in an
environment lacking markets and fiat money. The economic historian Sombart goes
as far as putting double-entry bookkeeping at the very origin of capitalism.
One can scarcely conceive of capitalism without double-entry bookkeeping; they are
related as are form and content. It is difficult to decide, however, whether in doubleentry bookkeeping, capitalism provided itself with a tool to make it more effective, or
whether capitalism derives from the 'spirit' of double-entry bookkeeping. (Sombart
1902).
The thought experiment suggests that the second of his alternatives applies. So far
as the first one is concerned, DEB provided capitalists with effective means to have
control over debtors, creditors, and cash. However, profit can be determined without
DEB only when the economic environment contemplates markets and money
because commodities are valued at any time and thus calculating income is possible.
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Although it is arguably feasible to have capitalism without DEB, the contention is
that a key factor for capitalism was medieval merchants using a single unit to
measure diverse physical quantities. Capitalism requires a single standard in order to
define markets, establish contracts in terms of fiat money7, support cost analyses, all
of which must be present to allow rational decisions.
Concerning accounting history, three complementary views justify DEB: (i)
partnerships and agency; (ii) the inability of medieval merchants to accept negative
numbers; and (iii) the classification issue that calls for the accounting equation.
The metamorphosis of the individual peddler into a sedentary merchant, who
relied on partners and agents, introduced the need for appropriate records. The
merchant had to clearly conceptualize capital as being distinct from assets (the
former relating to himself and his partners, the latter relating to the agents). He also
had to clearly identify the income generated to determine the share of each partner
and the responsibility of each agent. The fact that the underlying concepts of DEB
(i.e., capital, asset, income, etc.) help manage partnerships and agents proved to be a
strong impetus for its continuing use and development.
The T-structure of accounts helped the medieval merchant cope—in practice—with
negative numbers without having to acknowledge them explicitly. This is the case
because by just checking a particular account he could see whether "he has beaten his
credit ... with his debit."8 As Ellerman (1985) shows, the set of natural numbers, N,
with addition embedded within T-accounts is a structure equivalent to the set of
integers, Z, with addition and subtraction defined in the usual way. T-accounts
allowed the medieval merchant to effectively deal with negative quantities before the
mathematical concept of negative numbers was generally understood and accepted.
Concerning the third view:
Accounting is largely a means of classifying entries into their proper pigeonholes,
which are called accounts. Double-entry was born when people came to see that you
could not take something out of one pigeonhole without putting it into another. (de
Roover, 1938)
7

Goldthwaite (2015) reports Florentines used a unit of account with no exact equivalence in coins.
quoted in Hendriksen & van Breda (1992, chapter 2)

8 Pacioli, as
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De Roover’s historical remark assumes that the double-entry principle arises out
of a classification scheme. As such, it is a qualitative principle that does not require,
necessarily, being expressed in numbers that satisfy an equation, as is the case today.
The thought experiment builds on de Roover’s view such that by assuming a
complete classification scheme the merchant perceives the benefits of recording
transactions in a manner that shows the quantitative effect of each transaction.
This yields a fourth motivation: the thought experiment provides an insight into
why quantitative measurements are used in DEB. Classification, albeit necessary, is
not sufficient. There is a need to compare bundles of resources, at different times,
such that quantitative measurements require the introduction of a common unit.
DEB, by itself, may exist within a multidimensional setting, as described in the
thought experiment. But the need to assess whether a particular course of action is
consistent with the merchant’s purpose requires the ability to “freeze” the records of
exchanges in terms of a standard of account. Accounting is concerned with relating
resources to goals and this has been shown to yield the required, single unit.
The thought experiment sheds new light on some accounting concepts. First and
foremost is the T-account: the thought experiment shows that the T-account is the
representation of a transaction. The numerical difference between its debit and credit
balances express a measure economic flow, although value is constant. T-accounts do
not represent stocks because resources do not bear any economic value—and thus do
not have any accounting existence—without being associated with some purpose,
which is typically associated with a future time. This is Ellerman’s (1985) second
proposition, the accounting equation is encoded within the zero-term T-account.
The accounting equation is given a transaction oriented interpretation. Arising out
of the decision process, it conveys an inter-temporal statement by means of which
DEB is the conceptual process of matching present physical means to future
economic outcomes. This conceptual process posits axiomatically the existence of an
algebraic group wherein the zero term is expressed as the sum of an asset T-account
expressing present resources with a liability T-account expressing expected purposes.
From a fundamental, representational measurement perspective—such that
qualitative relationships among objects define an attribute of interest—the thought
experiment supports the view that process performance is the attribute of interest.
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The medieval merchant and today’s analyst and management teams rely on DEB to
assess if means at an earlier time are the proper ones (qualitatively and
quantitatively) to yield the desired ends at a future time.
In a setting of uncertainty (i.e., looking forward in time) they deal with
expectations. In a deterministic setting (i.e., typically looking backwards in time)
they deal with actualities.
Income is the quantitative measurement of performance, to be expressed in units
of the future outcome, as the difference between present means and future ends. The
merchant’s initial input is ten bolts of velvet and his final output is 20 bolts of velvet.
The income of his trip can be easily calculated because both the initial and final
resources are of the same kind.
The forthcoming chapters develop the concept of income beyond the limited scope
of this thought experiment. It will be possible to calculate income when the initial
and final resources are of different kinds.

7. Conclusions
The structure that underlies bookkeeping by double-entry is investigated and is
shown to be a measurement algorithm in support of rational decisions within an
economic environment that lacks markets, money and prices.
This yields a process-based measurement framework. The representational objects
in this framework are the T-accounts. They are assigned numbers that result from
the classification of transactions taking place along a strategy. A strategy is a
purposeful process to which a desired outcome has been attached. T-accounts are
represented by ordered pairs of positive numbers only.
Activity-based costing is a modern example of a process-based type of
measurement. Productive processes take place in space and time and are mapped to
a representational framework wherein costs are assigned to cost objects in terms of
valuable activities that yield the desired outcome. Costing is the usual example of
economic measurement that takes place in the absence of the market mechanism.
Goldthwaite (2015) reviews the case of wool and silk cloth manufacturers in medieval
Florence to show how DEB has been supporting costing processes for 500 years.
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This may be generalised to any kind of process, including charitable processes and
governmental activities that aim at some socially desired outcome. Thus, DEB
provides a useful algorithm to dealing with costs in those diverse economic settings
wherein they may not be conceived strictly in monetary terms.
The measured attribute is process performance, which is set against a goal. The
quantitative representation of the performance attribute is income, which is
introduced as the result of subjective considerations by a rational agent when making
an economic decision. This is similar to economics, except that there is no
requirement for maximization.
The thought experiment shows that the structure underlying this framework can
be objectively defined. The thought experiment suggests revisiting accounting from
an axiomatic perspective. References to Ellerman (1985, 2014) and Willett (1991)
point to linear algebra and the representational theories of measurement as the
formalisms in support of a process-based accounting. The forthcoming chapters will
discuss the initial steps towards that axiomatic revision.
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Linearity
For everything that is hidden will eventually be brought into the open...
Mark 4:22 (New Living Translation)
_________________________________________________________________________________________________________________________

The concept of income was introduced rather loosely in the previous chapter. Here,
income is developed by reference to a formalism that goes beyond T-accounts:
vectors are introduced, which add a basic, but much needed, formal structure that
proves helpful when discussing the axiomatic framework later in this thesis.
The tone remains informal; vector analysis is not a topic which accounting
students and practitioners are familiar with. Even accounting scholars may find it
difficult to appreciate the more abstract implications of the vector formalism.
The argument shows how accounting goes beyond physical reality. Subjective
considerations—in this chapter involving a single individual only—require the
construction of a vector space with dimensions expressing “values” (yet to be
defined) rather than quantities. Further, the income account—along with any
account expressing transactional costs—can be incorporated into, or erased from, the
constructed vector space depending on the scale used to assign values to quantities.
The accounting equation is presented as a vector equation that holds in this space.
In what follows, Section One reviews Ellerman’s (2014) discussion about the
algebraic nature of T-accounts. It focus on addition, the single operation that has
ever been given an accounting-oriented interpretation. Section Two claims that
vectors, and the related inner-product operation, are required for interpreting
accounting numbers properly. Section Three recalls how addition and multiplication
relate. Section Four states that the proper structural analysis of DEB opens a path for
discussing value measurement and income measurement. Section Five argues that it
is only the ratio between two values that has any meaning; accounting values express
fractions of a whole. Further, value is subjectively constructed and process-based.
Section Six takes a dynamic perspective and a version of the accounting equation is
presented. Section Seven then clarifies the concept of income, particularly its
structural characteristics. The distinct views on income by economists and
accountants are justified. Comments in Section Eight conclude the chapter.
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1.

Addition: The basic structure

Consider the following statement: If the formal structure calls for T-accounts, then
the accounting equation CANNOT read as A = L + OE (i.e., assets equal to liabilities
plus owners’ equity). I use this counter-intuitive statement to start analysing the
structure that supports the axiomatic framework in this thesis.
Consider the two propositions by Ellerman (1985; 2014): (i) T-accounts live within
group theory; (ii) T-accounts encode the accounting equation into the group’s neutral
element. He refers to these propositions to suggest a framework wherein claims to
resources and claims to results are accounted for by vectors that are valuation-free. I
now proceed to present my understanding of these propositions.
Groups are the most basic structure in abstract algebra. Arithmetic is embedded
within its axioms. An algebraic group consists of a set of objects—for an intuitive
understanding think of these objects as numbers—that may be concatenated—think
of this operation as addition. If so, the axioms of a group are: (i) adding numbers
yields another number; (ii) the order in which numbers are added does not affect the
result; (iii) zero is a number such that, when added to any other number, this other
number obtains; (iv) any number has an inverse (i.e., a negative) such that when
being added to its inverse the result is zero1. Given that all mathematics is based on
arithmetic, the importance to appreciate the group structure is not an idle exercise.
The first proposition says that a T-account is akin to the number concept. It may
be represented as an ordered pair (xd, xc) whereas both xd and xc are natural numbers
(i.e., xd ∊ N and xc ∊ N) that may be distinct. For example, consider the set consisting
of three T-accounts, (xd, xc), (yd, yc), and (zd, zc). If this set is assumed to define a
group, then these T-accounts may be added. Ellerman (1985; 2014) defines the
addition of these T-accounts as (xd, xc) + (yd, yc) + (zd, zc) = (xd+yd+zd , xc+yc+zc).
The second proposition is that accounting is concerned with sets of T-accounts
such that by adding all their elements the zero T-account, (0, 0), obtains. (0, 0) is the
group’s neutral element. In the foregoing example, if (xd+yd+zd , xc+yc+zc) is shown to
be the same as (0, 0), the set {(xd, xc), (yd, yc), (zd, zc)} is a valid accounting set.

1

For the mathematically inclined reader please note this list misses the associative axiom.

Page | 69

5. Second essay
The expression ‘to be the same as (0, 0)’ is now given mathematical precision.
Refer, initially, to the concepts of equivalence class and reduced form. For example,
think of two fractions, say 4/8 and 5/10. The numbers are different but the fractions
are the same. We know they are the same because 4×10 = 5×8. Further, whenever a
fraction has the number 1 in either its numerator or its denominator, the fraction is
said to be in its reduced form. The reduced form of both 4/8 and 5/10 is ½.
The point is that division derives from multiplication. And fractions—which arise
whenever division is allowed—are interpreted as equivalence classes of an ordered
pair of numbers: 4/8 is the ordered pair (4, 8). Similarly, the axioms of group do not
call for subtraction—this is not an allowed operation—but subtraction can be
introduced using ordered pairs of natural numbers and requiring that for any two Taccounts, say (ad, ac) and (bd, bc), they be considered as equivalent if ad + bc = ac + bd.
For example, (5, 3) and (7, 5) are equivalent. They are both equivalent to (2, 0),
which is the applicable reduced form (i.e., the additive reduced form calls for at least
a zero). In general, the reduced form of a T-account (xd, xc), when xd > xc, is (x, 0)
such that the number x is found by solving x + xc = xd + 0. And the reduced form of a
T-account (zd, zc), when zd < zc, is (0, z) such that z is the solution to z + zd = zc + 0.
In view of the foregoing, let the second proposition be explained by reference to
the set {(xd, xc), (yd, yc), (zd, zc)}. To help with the exposition, let the three T-accounts
in this set be given the names: ‘assets’ (A), ‘liabilities’ (L), and ‘owners’ equity’ (OE),
respectively. These T-accounts gain their desired meaning only when their assigned
numbers satisfy the mathematical condition that their sum yields the zero T-account:
(xd, xc) + (yd, yc) + (zd, zc) = (0, 0). Indeed, accounting numbers are valid only when
they are consistent with the accounting equation. Valid T-accounts cannot be defined
without reference to their measurement. T-accounts exist further to a measurement
procedure. This is the basic idea underlying all algebraic approaches: one creates a
space wherein an equation can be defined and one is interested in the subspace
consisting of the solutions to the given equation.
Based on the foregoing example, the proper expression for the accounting
equation is A + L + E = 0, whereas all terms therein are T-accounts. However, two
manipulations allow A + L + E = 0 to be re-expressed in the usual form of A = L + E.
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The first manipulation proceeds as follows: Initially, express the T-accounts in
their reduced form, (x, 0) + (0, y) + (0, z) = (0, 0). Then, rely on the equality
condition to write x = y + z. Finally, associate the asset T-account (x, 0) with a single,
positive number x on the understanding that this asset number will always be on the
left side of the equation; symmetrically, associate the liability and equity T-accounts
(0, y) and (0, z) respectively with single, positive numbers y and z on the right side of
the accounting equation. This having been accepted, it becomes legitimate to state
that A = L + E and still think of A, L, and E as T-accounts.
The thesis assumes this convention, with non-negative accounting numbers—
when they are not natural numbers they are strictly non-negative rational numbers.
Further, the thesis builds upon this approach to the accounting equation by following
a path that has not, to my knowledge, ever been considered before.
However, the usual approach requires another manipulation, first suggested by
Ellerman (1985) and used by Cruz Rambaud, Perez, Nehmer, & Robinson (2010). It
relies on the isomorphism between the set of T-accounts (xd, xc), xd and xc ∊ N, and
the set of single-numbered accounts (x) such that x is an integer that, therefore, can
be defined by a subtraction: x ≝ xd – xc and x ∊ Z (i.e., this manipulation allows
accounting numbers to be negative2). Thus, it becomes legitimate to subtract single
numbered accounts and express the accounting equation as A – L – E = 0.
When concerned with the axiomatic foundations of the accounting formal
framework, it is important to know whether accounting numbers may be negative.
Further, Cruz Rambaud et al. (2010) introduce the balance vector v = (A, -L, -E) such
that A – L – E = 0. Their approach to the balance sheet—which is embedded in such
balance vector—hinders one’s ability to interpret assets as being qualitatively distinct
from liabilities. This is a point I take issue with because I believe any formalisation of
accounting should make explicit, in mathematical terminology, the difference
between assets and liabilities. Indeed, the desired intuitive interpretation, upon
which this thesis’ axioms is justified, is built on the initial view that assets represent
claims to physical objects while liabilities represent conceptual claims to process
outcomes that are subjectively constructed. To clarify the issue, consider the
following argument that unfolds in four steps.
2 Ellerman

(1985) calls this the debit isomorphism. The credit isomorphism is given by x ≝ xc – xd.
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2.

Multiplication: Further structures

First, and before the term vector may be considered, the algebraic structure of field
must be mentioned. In addition to group axioms, additional axioms are introduced
which define numbers as objects that may be multiplied: (i) a neutral element for
multiplication is introduced (i.e., 1) such that, when 1 is multiplied by any other
number, this other number obtains; (ii) the order in which numbers are multiplied
does not affect the result; (iii) any number x has a multiplicative inverse (i.e., 1/x)
such that when multiplied by its inverse the result is 1; (iv) addition and
multiplication are intertwined by the distributive law: a(x + y) = ax + ay3.
Next, the vector space is considered. Note the growing complexity of the algebraic
structures being reviewed here. Group is the basic one, consisting of one set and one
operation. Field comes next, consisting of one set and two operations. Vector spaces
consist of two sets and four operations: The second set consists of objects called
vectors that are different from the objects associated with the field, these latter ones
being called scalars. In addition to the field operations, vector spaces require vector
addition and scalar multiplication (i.e., scalars can be multiplied by vectors).
For an intuitive understanding of vectors, think of bundles of different resources,
say a basket that contains both apples and oranges. Vectors allow the analyst to keep
track of the apples and the oranges separately, although both resources are part of a
single basket. Further, it becomes possible to refer to two baskets as twice a single
one such that both the original quantities of apples and oranges have been doubled.
For the third step in the argument, Cruz Rambaud et al. (2010) readily recognise
that they do not attach any accounting significance to the multiplication operation:
“[…] multiplication is introduced as a mathematical device and it does not carry
significance for accounting” (Cruz Rambaud et al., 2010, p.31). Thus, their balance
vector v embodies more ‘mathematical content’ than what they claim to be required.
This means that they have introduced mathematical conditions (i.e., additional
restrictions) with no underlying need, except mathematical convenience. I claim that
this ‘extra mathematical content’ blurs the accounting logic.

3 Again, this list

misses the associative axiom.
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Specifically, accounting values may be subjected to re-scaling (e.g., kilograms are
expressed in pounds by multiplying the factor 2.20462). This happens, for example,
when numbers expressed in a currency are converted to another currency by
multiplying an exchange rate. Should Cruz Rambaud’s view prevail, currency
conversions lack accounting significance, being performed as matter of convenience
only, presumably to facilitate the communication of information. From a structural
perspective, the entries in their balance vector v express the values of each asset and
liability. This means that the concept of value is assumed to be well-defined (i.e., by
analogy with weight measurement, weight is well-defined irrespective of the scale;
converting pounds to kilograms has no particular meaning other than convenience).
However, when the axioms fail to address re-scaling, certain measurement issues
cannot be approached. The last step in the argument is that multiplication’s lacking
accounting significance prevents the measurement framework from addressing the
re-scaling of values. This hinders the proper interpretation of transactions. When revaluating an asset, Cruz Rambaud et al. (2010) account for changes in assets and
income by means of an additive transaction v. In contrast, if the operation of
multiplication were given an accounting significance, the changed asset’s value
would arise out of re-scaling (I return to this in Section Seven). Although the end
result is the same, this latter transaction is conceptually different from the former.
To appreciate the issue, contrast their approach with Ellerman’s (2014). He deals
with quantities, not values. Vectors are by construction multi-dimensional. However,
one represents several, distinct accounts, all of which are assigned values by
reference to a single measurement unit—say, the dollar. The other, Ellerman’s vector
which he calls ‘property vector’, accounts for several, physically distinct resources
requiring their own measurement unit—say, units of apples or units of oranges.
In his multi-dimensional setting, calculating value requires a valuation vector, p,
such that v = q∙p whereas q is introduced herein as the quantity vector that stands
for Ellerman’s property vector and such that the aggregate bundle value is given by
q∙p, the inner product of the two vectors (e.g., the value of two apples priced at $1
and three oranges priced at $1.5 is given by (2, 3)∙(1, 1.5) = 2⨯1 + 3⨯1.5 = $6.5). This
means that the concept of price is assumed to be well-defined, whereas it was the
concept of value which was well-defined in Cruz Rambaud et al. (2010).
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Ellerman (2014) is presenting a multi-dimensional, value-free analysis of DEB. A
bundle of resources is represented by the quantity vector q, which is changed over a
time interval by adding the transaction q, a barter deal, such that q + q represents
the resulting, later bundle. In this kind of analysis, all changes pertain to physical
resources. To find out the new worth of the resulting bundle, at any time, suffice to
calculate q∙p. This is Ellerman’s (2014) property oriented, multi-dimensional
analysis, which he did not develop any further. We now proceed with its development
by reviewing the required algebraic structure it entails.

3. Addition and Multiplication: The vector space structure
Physical quantities are extensively measured4, that is, quantities may be added.
However, dimensionally distinct quantities cannot be added5. This requires that the
concept of additivity be extended. Vector addition is introduced as the generalisation
of the simple, unidimensional, addition.
Further, vectors exist within vector spaces. An n-dimensional quantity vector calls
for an underlying n-dimensional Q-space. Two vectors, along with their underlying
vector spaces, may be combined, the resulting vector to exist in the combined vector
space. The proper (additive) operation that applies to this vector combination is
called direct sum and is usually represented by the symbol ⊕. For example, if qi is the
quantity of apples and qj is the quantity of oranges—both underlying vector spaces
being unidimensional—the combination qi⊕qj = (qi , qj) is a bi-dimensional vector
that lives in the apple-orange Cartesian plane.
The measurement issue which accounting purports to address concerns the value
of resources and the income resulting from economic activities. In the current multidimensional setting, this is where the need for a valuation p–vector arises. In
Ellerman’s (2014) discussion, however, the vector p was conveniently left outside the
scope of the analysis. I now posit the existence of another vector space, the P-space,
wherein p lives. This space is assumed—at this introductory stage—to be
independent from the quantity space wherein q exists. Given the two spaces, the
function v, value, is defined by v: P×Q↦ ℝ such that v(q, p) = q∙p.
4

See, for example, Roberts (1984) for a formal definition of extensiveness in measurement.

5 One of God’s

lost commandments:

Thy shall not add apples to oranges
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To summarise, this algebraic structure deals with physical resources that may be
dimensionally distinct (i.e., apples and oranges); a bundle consisting of distinct
resources is represented by a quantity vector q put together by the direct-sum of
underlying vector spaces representing the dimensionally distinct physical resources;
p-vectors are introduced by reference to the term value given by v = q∙p and such
that v is defined over the Cartesian product P×Q, v: P×Q → ℝ, and v(q, p) = q∙p.
Two spaces have been introduced: the quantity space (Q-space) and a P-space. At
this stage, they are independent. The Q-space’s axiomatic foundations are given by
extensive measurement, a topic covered in the extant literature (e.g., Krantz, Luce,
Suppes, & Tversky, 1971, ch.10). The P-space still requires formal construction.

4. The Issue
If accounting is assumed to deal with past transactions, value is well defined because
the existence of invoices provide evidence for the values to be associated with these
transactions6. If so, the balance vector v captures all the information of interest to
the accountant and there is no need for multiplication when formalising DEB. This is
the perspective implicitly taken by Cruz Rambaud et al. (2010).
If, however, accounting is presumed to inform how values are set, there is a need
to discuss the p-vector and what it means. Ellerman (2014) gives no hint how one
should address this issue. As I see it, he is implicitly assuming the existence of a
general economic equilibrium since prices are well defined only in equilibrium7.
This thesis is discussing the structural implications of interpreting accounting as
interested in dealing with prices and the determination of values. This will be
theoretically relevant if it provides insights for the development of a mathematical
framework wherein one would model non-equilibrium economics8. The rest of the
chapter suggests the basic framework that supports doing so.

6

Production is not accounted for by invoices; however, the accountant is able to create cost entries
from the actual flow of physical inputs to record the values (at cost) of the resulting outputs.
7 Ellerman is aligning himself with Debreu’s (1959) neoclassical approach such that prices are
shown to exist in equilibrium; how they are set is left outside the formal analysis, although informally
setting prices is explained by a metaphor that requires an auctioneer called the Walrasian auctioneer.
8 On the importance of non-equilibrium, check Complexity Economics (e.g., Arthur, 2013).
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5. Division: Subjective, process-based value
I refrain from assuming a general economic equilibrium such that the existence of a
price vector is not warranted. Instead, I am introducing a mathematical object called
the p-vector and consisting of p-numbers such that value is defined by v ≝ q∙p and is
interpreted as a representational measurement statement. This representational
statement is such that decision-makers—or accountants who frame information to
their benefit—assign p-numbers to physically measured quantities to express a
relational property. Here, the applicable property requires that bundles of resources
have equal values if and only if they can be exchanged, say when commodities are
traded or production occurs and the cost of inputs is set equal to the cost of outputs.
An immediate, structural consequence of this interpretation of value is that only
ratios have any underlying meaning. A bundle can be assigned any value whatsoever
as long as the ratio to the value of some other bundle be 1, whenever the two bundles
are seen to be tradable. This yields the concept of numéraire9 with which neoclassical
economics has formalised the concept of value. All values are expressions of a ratio
with which any commodity may be traded for the numéraire.
For the purpose of the present analysis I now introduce an adjustment to the
numéraire concept such that each decision-maker—firm, non-profit organization,
government, etc.—is associated with their own standard of value. The value of the
whole bundle claimed at any particular point in time by any decision-maker is
posited to be constant and is set equal to 1. This structural requirement implies the
resulting concept of value to be subjectively oriented. Each decision-maker is
associated with its own standard of value. Further, and crucially, it implies that this
standard of value be defined over a time interval. Two consequences follow.
5.1 Subjective standard of value
Each decision-maker being associated with a subjective value—herein normalised
to 1—should not be surprising. In accounting, each entity has its own accounting
equation to convey that some measurement procedure has taken place whereby the
value of assets—whatever they may be—is, by construction, equal to the value of
liabilities. I intend the accounting equation to encode the subjective value concept.
9 The

numéraire is an arbitrarily chosen commodity that provides the standard of value.
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Let us take a purely structural view and notice that p-vectors are the multiplicative
inverse of the quantity vectors. This is obvious in one-dimension, say q = qi=1 = (10)
such that p = pi=1 = (1/10). In a multi-dimensional space, with i = 1, …, m, and m > 1,
the applicable p-vector is an ordered m-tuple. Each value qi×pi informs how much
the ith resource accounts for a fraction of the bundle’s worth. The p-vector is some
‘overwhelming fraction’ combining the m fractions to express the multi-dimensional
inverse of the quantities encoded by the q-vector.
Further, the value assigned to each of the different resources making up the
bundle is smaller than 1. For a bundle containing m distinct resources—say, apples,
oranges, bananas, etc.—the index i is introduced such that vi = qi×pi < 1 (i.e., the
value of each resource is given by quantity times p-number and is smaller than 1) and
i qi×pi = 1, i = 1, …, m (i.e., the aggregated value of the bundle, the sum of all its
resources’ values, is 1). The dated p-numbers are subjective valuation measures.
I am requiring the commodity bundle to be partitioned at the initial time into m
classes (i.e., assuming there are m different kinds of resources) such that the
applicable index is i = 1, 2,…, m. I am also requiring a similar partition to take place
at a later time such that the applicable index then is j and j = 1, 2,…, n (i.e., assuming
there are n different kinds of resources at the later time). To lighten notation, let
initial vectors be referred to as qi and pi rather than qt=1 and pt=1. Symmetrically, let
final vectors be referred to as qj and pj.
The statement qi∙pi = 1 is informs that the decision-maker takes stock of the initial
resources that are available for entering, as inputs, some economic activity or process
of interest. Taking stock means that the relevant resources are identified, are
quantified, and are assigned subjective valuation measures. Similarly, at the
completion of the applicable economic activity or process, the decision-maker
accounts for the output resources available then and such that qj∙pj = 1 also holds.
5.2 A process-based standard of value
I now review the second consequence of adjusting the numéraire concept such
that the value of the whole bundle is constant and equals 1. Initially, appreciate how
this is both ontologically and epistemologically different from the concept of value as
it was formalised by Debreu (1959) in line with the economic neoclassical tradition.
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My approach to value does not rely, among other things, on consumers’ preferences.
It relies on the observable equivalence relation whereby exchangeable bundles—
through trade or production—are given equal values. Value is only attributed to a
resource bundle by reference to a time interval since trade transactions or productive
transformations are conceptualised by reference to an interval only.
Next, appreciate how this requirement is consistent with the accounting tradition
that interprets DEB as keeping track of economic transactions as an entity pursues
some long term economic endeavour. For clarity, let it be stated that within this
structural analysis value is predicated on economic activities or processes. Further, I
am conceptualising an economic activity or process by matching inputs to outputs in
the sense that some initial bundle qi∙pi is associated with some later bundle qj∙pj.
Clearly, the terms input and output presuppose time intervals. These intervals may
be put in a time sequence of inputs-to-outputs pairs such that a resource bundle is
simultaneously the output of an earlier activity and the input to a subsequent, later
activity. Such sequences characterise a process over a given time interval [1, f],
whereas t = 1 is the initial time and t = f stands for the final time.
Having covered these two preliminary comments, I can now define the concept of
value as a dynamic constant associated with a given economic process. Defining
value as a process’ dynamic constant is similar to physicists’ defining energy. Energy
is that ‘stuff’ that remains constant while some physical process is taking place,
although it may take different forms according to how the physical system evolves
over time. Energy may be kinematic, gravitational, or when not clearly identified,
then classified as heat or ‘lost energy’. Thus value herein is that ‘stuff’ that remains
constant in the socially constructed world being framed by accountants.

6. Time: The accounting equation
I now proceed to extend Ellerman’s (2014) multi-dimensional analysis towards a
dynamic setting wherein time has a structural role to play. I formally posit that valid
accounting transformations must be such that v = o: value remains constant.
Recall that at the beginning of a process qi∙pi = vi and that at later time qj∙pj = vj.
Consider that vi + v = vj, that is, the final value is the initial one plus any possible
change. However, valid accounting transformations require v = o.
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Expressing v as changes in quantities and p-numbers yields v = q∙pi + qj∙p
(Figure 1), which being substituted in vi + v = vj yields qi∙pi + (q∙pi + qj∙p) = qj∙pj.
This is re-written as qi∙pi + q∙pi = qj∙pj – qj∙p such that (qi + q)∙pi = qj∙pj – qj∙p
obtains. This is interpreted as the version of the accounting equation applicable to an
economic setting with no money or debts and wherein transactions are barters only.
(qi + q)∙pi = qj∙pj – qj∙p

Eq. (1)

P
pj

vqj∙pj – qi∙pi
qj∙p

= q∙pi + qj∙p

pi
q∙pi

qi

qj

Q

Figure 1: v being expressed in terms of its components, q and p.
Equation (1) is a version of the accounting equation because it results from the
requirement that v = o, a fact inherent to double-entry bookkeeping and appearing
in all axiomatic approaches to accounting (e.g., Ijiri, 1965, the Axiom of Exchange).
This is, however, a rather unusual way to present the accounting equation, which
takes this form in view of my having acknowledged the flow of time explicitly.
Typically, the accounting equation reads simply as A = L + E and is associated
with the balance sheet. In contrast, equation (1) is associated with income as well. In
double-entry bookkeeping the balance sheet and the income statement are mutually
inter-dependent. For example, when depreciation is recorded, a contra-asset is
credited in the balance sheet while an expense is debited in the income statement
such that this particular transaction affects simultaneously a dated account defined
at a given time and a flow account defined over a time interval.
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This interdependence is clarified next. To help with the exposition, the argument
is split in two parts. First, I review an instantaneous process such that the initial time
and the final time coincide. In this context, the purely structural definition of asset
and liability is recalled and shown to support the view that the accounting equation
underlies the balance sheet. Next, I acknowledge the flow of time and by completing
the structural analysis of Equation (1) I introduce a formal definition of income.
6.1 The balance sheet
An example of a process modelled as being instantaneous (i.e., its initial and final
times are set the same in the representational numerical system) is the process of
taking stock of resources prior to commencing some economic venture or productive
activity. Taking stock requires completing physical measurements to be represented
by the vector qi and requires assigning subjective valuation measures to be encoded
by pi. Since in any instantaneous process both q and p equal zero, by construction,
the applicable accounting equation reads as qi∙pi = qj∙pj.
For an interpretation, Section One (p. 71) structurally defined asset T-accounts as
single numbers x—as opposed to ordered pairs (xd, xc)—being placed on the left side
of the accounting equation. Liabilities were represented by single numbers y or z
being placed on the right side of the equation. Further, p-numbers were introduced
for the aggregation of dimensionally distinct quantities. This is now extended to this
multi-dimensional vector setting where no money or debts exist.
The single number xi, the ith initial asset, is replaced by vi = qi⨯pi. The subjective
valuation of the ith resource is scaled to the bundle’ standard at this time. The various
m p-numbers are determined such that i vi = qi⨯pi = 1 while the quantities may be
measured in their usual physical scales (e.g., kilograms, litres, etc.).
Symmetrically, the jth liability is structurally defined by reference to the value vj,
which is interpreted to convey one of two things: If the process is being conceived by
a single individual, the index j is fixed at one, j = 1, and vj is set equal to one, v1 = 1,
such that this encodes the information that the bundle, and its associated process,
pertains to a single party. In the usual accounting parlance, the liability v1 is called
capital such that vi = v1 conveys a balance sheet wherein a set of assets is associated
with a single owner.
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If the process is being arranged by a coalition of social agents, the index j will
count those agents, j = 1, …, n, and vj informs how the resource bundle is shared
among those individuals or entities who happen to cooperate by pooling resources
together with the view of completing some economic endeavour. The n p-numbers
are determined such that j vj = qj⨯pj = 1 with the ‘quantities’ qj in this case simply
indicating the existence of an entity j and such that qj = 1 for all j.
In accounting parlance, the liabilities qjpj, for j = 1, ..., n, at t = 1, represent how the
capital account is made up by n contributions, each being associated with a
cooperating decision-maker. The coalition will agree on their respective percentages
such that the balance sheet reads i vi = 1 = j v1. Recall that in this simple,
illustrative setting money or debts do not exist.
The index i, i = 1, …, m, is structurally disconnected from the index j, j = 1, …, n,
such that typically m ≠ n. In this context, the equation qi∙pi = 1 = qj∙pj is interpreted
as a measurement statement. Its left side informs that resources have been pooled
together for some economic purpose. Its right side informs that said resources, and
the outcome of the economic process, are to be shared among those people and
entities identified by the qjs. Both sides are made consistent by means of the pi- and
pj-vectors, which are subjectively set by the cooperating people or entities. Further to
the pi expressing the value of each individual resource, the pj express each entity’s
share of the process’ outcome. By means of this equation, a connection is established
that links the physical realm of resources to the social realm of cooperating entities 10.
Moreover, the left side takes the stock-oriented perspective and reads as a
representational statement on parts and a whole. The right side presents the flow
perspective and reads as a statement about the economic process’ outcome. How the
pjs are determined is an issue outside the scope of the present discussion.
In a setting with money and debts, should one wish to segregate the cooperating
entities in two categories—typically, creditors and owners—suffice to re-express the j
index as a combination of two other indices, say k and : qi∙pi = 1 = qk∙pk + q∙p,
whereas k will count the creditors and  will count the owners.

10 Mattessich (2000) compiles some of his previous work wherein he argues that double-entry
bookkeeping rests on three duality principles, one of which links physical resources to social entities.
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The present structure is justified by reference to an economic setting without
money or debts and wherein transactions are barters only. There cannot be creditors.
However, the structure is not incompatible with creditors. Should creditors be
required, they can be accounted for, structurally, by means of additional indices.
6.2 Income measurement
The analysis proceeds with introducing time intervals. Recall the Italian medieval
merchant in Chapter 4, who lived in an economic setting without money and wherein
only barter transactions took place. He had been initially endowed, at t = 1, with 10
bolts of velvet. He intended in using this physical resource to go on a trading
expedition. He was considering a series of barter deals such that in each deal he
would exchange some or all of his available resources, as trading inputs, for other
resources, as trading outputs. The expedition would be completed upon his returning
home and trading all resources back for velvet. The requirement that he ended up
with velvet did allow him to ascertain the profit or loss of the expedition because
results could be measured in physical quantities: if he ended up with more than 10
bots of velvet, he would have earned a profit; if not, he would have faced a loss.
The first barter deal involved trading 1 bolt of velvet—out of the endowed 10
bolts—for 60 ounces of gold at t = 2. This calls for a physical, multi-dimensional
change affecting quantities such that q = (– 1bolt, + 60ounces) and such that the
applicable rate of exchange, pgold/pvelvet, is 60:1. The initial p-vector is pvelvet = 1/10
since it is required that qi∙pi = 1. Substituting the data into (1) yields equation (2)11,

[(10, 0) + (– 1, 60)]

1/10
1/600

1/10

= 1 = (9, 60) (

0

–
1/600

0

)

(2)

This barter deal, as captured by (2), informs that an economic activity is known
whereby an input of 1 bolt of velvet—out of 10 available—is traded for an output of 60
ounces of gold with p-numbers determined in accordance with this trading ratio. The
value of the outcome, 9 bolts and 60 ounces, indeed remains one at t = 2 when, as
shown in (2), the p-numbers do not change and p = 0.
11 The inner-product being defined by q∙p, it is usual to represent q as a row vector and p as a
column vector. Thus, multiplication by inner-product is made consistent with matrix multiplication.
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I now review barter deals by first looking into the accounting equation’s left side,
then into its right side. According to the structural interpretation in Section One, the
left side refers to assets. In the present setting, this conveys a statement about
physically measured resources. The initial measurement informs 10 bolts of velvet
while the subsequent measurement informs 9 bolts of velvet and 60 ounces of gold
such that the multi-dimensional change is encoded by q. The vector pi makes the
distinct resources commensurate; they are measurable in a common unit, value.
I interpret pi as an ex-ante valuation vector. When planning the trip, the merchant
had expectations about the trading ratios and determined the applicable p-numbers
accordingly. Should expectations be confirmed, barters being completed according to
the ratios encoded by pi, the economic process would be conservative, value
remaining constant all along, and no income would take place. This is the view of
general equilibrium: income is defined as a change in the value of the agents’
commodity bundles. It occurs by means of exogenous shocks only, when prior
expectations are invalidated by reality and valuation vector (i.e., prices) changes.
Endogenously, an existing pi12 implies that neither profits nor losses can be realised.
This lack of endogenous income is inconsistent with accounting’s approach to
economic reality. I proceed with the structural analysis and re-conceptualise income
in such a way that profits or losses may take place endogenously, even when
expectations are confirmed by reality. First recall that in the given example the
merchant completed his trip by exchanging pepper back for velvet. 20 bolts of velvet
was the final outcome. I wish to report a profit of 10 bolts of velvet.
To do so, I consider the right side of equation (1), which has two terms. The first
term is qj∙pj, which, as has been established, informs the value of the final bundle
and is by construction set equal to 1. Since qj = 20, it follows that pj = 1/20. The
second term is given by – qjp, which I now posit provides a formal definition for
income. In this example – qjp = – 20 (1/20 – 1/10) = 1, the income resulting from
this particular trip is worth 1 unit of value. The right side of the equation provides the
process-oriented and socially constructed perspective of value measurement such
that income is a measure of performance. The merchant’s original capital is doubled.

12 Lack of arbitrage is equivalent to

the existence of general equilibrium (Ellerman, 1995, ch. 10).
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The key structural feature in the foregoing definition is that income arises out of
changing the p-vector. This does not happen in the case of production. Accountants
assign a zero income when planning the production process. They deal with expected
costs based on historical data such that the key mathematical condition (i.e., the
accounting equation) requires the cost of the final output to be equal to the sum-total
of all inputs (e.g., material, labour, etc.). In this ex-ante scenario, they do not account
for income while production unfolds.
The merchant’s expedition offers another ex-ante scenario that differs from the
production one in that arbitrage is possible: further to a series of exchanges, more
quantity becomes available than what was initially endowed. For value to remain
constant, the p-vector changes and income follows. With this re-conceptualisation of
income, not just pi is as an ex-ante price vector, so is pj, although applicable to a
different time. The p-vectors are process-based such that each conceptualised
process is associated with an applicable series of dated p-vectors. In an ex-ante
setting with arbitrage, income expresses a change in quantities. Income, as informed
in the right side of equation (1), conveys the subjective value of the change in
quantity being accounted for in the left side of the equation.
To conclude the discussion about re-conceptualising income, I turn to the ex-post
scenario, say the merchant’s trip has actually been undertaken. Each exchange either
confirms the original expectation or not. In case of confirmation, p is zero and there
is no income, except possibly for the last transaction, as already mentioned.
Otherwise, p-numbers are reviewed in accordance with the new information. In this
latter case, income is recognised, a view consistent with economists’ understanding
of income: it arises when additional information on markets becomes available.
However, income herein is endogenous, the framework being inherently dynamic.
Recall that the primitive notion in this dynamic framework is the process, which is
conceived by decision-makers prior and independently of any events taking place. It
is a plan, a strategy, defined over a time interval [1, f]. Once it is put into motion, new
information becomes available which informs the actual dated quantities and may
require p-numbers being up-dated. If so, changing p-numbers entails income, an
idea I develop further in the next section. Should the actual process unfold as
expected, income would then be recognised only at the process’ completion.
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In view of the foregoing, in either cases—ex-ante or ex-post—p-numbers must be
conveniently chosen for the accounting equation to hold. This equation becomes the
key structuring feature of the framework by informing how resources relate as input
to output within some process conceived by decision-makers.
This section may now be summarised as follows. I revisited the interpretation that
the accounting equation is a statement about assets and liabilities at a given point in
time. Time-related changes were introduced and the equation was given more
structure than usual: values were broken up in quantities and p-numbers. Income
was formally defined by – q∙p. The equality (qi + q)∙pi = qj∙pj – qj∙p was argued
to be general and consistent with two interpretative approaches: it conveys both the
stock as well as the flow perspectives of accounting measurement.
Accounting measurement is ultimately concerned with knowledge about some
underlying economic process of interest. This requires thinking of three relevant
times: the initial and final times of the process and the time of the analysis. With
three moments, rather than just two, quantities and p-numbers are well-defined
concepts irrespective of the analysis being ex-ante or ex-post.
When income is zero, my argument suggests that accounting measurement is
consistent with costing such that assigning p-numbers is similar to assigning costs.
When income is not zero, my argument suggests that it arises when gaining
knowledge about the process13. However, in this latter case, the argument still
remains wanting: I still need to address transactional costs (e.g., the merchant’s
expenses, tolls and freights) and I still have to discuss whether income is possible
when the process involves an initial input and a final outcome of different qualities. I
turn to these issues next.

7. Income and Re-Scaling Values
When knowledge is gained, the assigned p-numbers must be up-dated accordingly.
By changing p-numbers, p, income, – q∙p, obtains. Yet, in the previous chapter,
income was possible without any change in knowledge, say the merchant’s trip had
turned out exactly as expected. Income was interpreted then to express a change in
quantity rather than a change in p-numbers.
13 See the

information content approach to accounting (e.g., Christensen & Demski, 2002).
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The argument in the previous section is completed here: I discuss how the
mathematical definition of income supports any of these desired interpretations.
First, let the formal statement be confirmed: income is defined as – q∙p. Next, by
considering the merchant’ trading expedition, let it be addressed whether the velvet
available initially is a resource of the same kind as the resulting velvet at t = f.
Assume both velvets to be of the same standard such that they would not be
distinguishable. The issue would thus relate to time: is the earlier velvet the same
resource as the later one? The mathematical answer relies on the dimensionality of
the vector space that is chosen to represent the process, whether it counts m distinct
resources or m+1 different resources. Each case is considered in turn.
Let there be a single accounting classification for velvet; initial and final velvet are
accounted for as a single resource. If so, the initial q-vector is qi = (10, …, 0) and the
final one is qj = (20, …, 0) such that the Q-space is m-dimensional. Accordingly, the
first component in pi is 1/10 while the first component in pj is 1/20. This yields
income since p ≠ 0 and – qjp = 1: if the quantity increases, the p-number
decreases to keep value constant. Income is the term associated with the p-number
decrease, in this case a positive value. It would yield a negative value should the
quantity decrease because in that case the p-number would increase.
Alternatively, assume two accounting classifications for velvet. The initial velvet is
accounted for by the first component of a q-vector in an m+1-dimensional quantity
space while the final velvet is accounted for by its last component. An m+1-space is
chosen such that qi = (10, …, 0) and qj = (0, …, 20). As for the applicable p-vector, it
remains constant such that the value of the bundle is kept constant and equal to 1,
pi = pj =

1/10
…
1/20

A constant p-vector entails no income. This is the view of neoclassical
economics14. I can explain that this is a consequence of commodities being dated and
located. Recall the neoclassical view on commodities:

14

Cf., Debreu (1959) and again Ellerman (1995, ch.10).
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Thus a good at a certain date and the same good at a later date are different economic
objects, and […] Again, a good at a certain location and the same good at another
location are different economic objects”. Italics in original. (Debreu 1959, pp.29-30)
When complete knowledge of all trading ratios is combined with dated and located
resources, no income is possible. This is structurally true since each transformation
is conservative (i.e., value is constant) and they define the objects being measured15.
Thus, value being assigned as the numerical representation of trading ratios yields a
scale that does not leave any room for changes in measurement (i.e., income), except
when knowledge is up-dated. In particular, there is no place for transactional costs—
accountants call them expenses—because value is an attribute of commodities only.
The formal framework herein is sufficiently flexible to support the foregoing
setting (i.e., complete knowledge and assets defined by transformations). The
dimensionality of the Q- and the P-space is a parameter that can be set in line with
this interpretation. Should, however, a non-neoclassical interpretation be preferred,
say an accounting oriented one wherein assets are not defined by transformations,
the same framework is available; suffice that the dimensionality parameter be chosen
appropriately. In this latter setting, value is constant but p-numbers are not. Income
is a measure of p-numbers’ change which may occur when no knowledge is gained.
Thus, when the underlying economic process involves an initial input and a final
outcome of different qualities—this is the neo-classical perspective on general
equilibrium and the accountant’s view about production—income is structurally not
possible. Only when the process involves resources perceived to be of the same
quality, income is possible. This is the case in our modern economic environment,
where initial and final resources are seen as instances of fiat money, the quality of
which is not changed by the unfolding of any process. This is an important point:
there is no fundamental difference between the economist’s and the accountant’s
view on income, just a lack of clarity that the present framework helps to clarify16.

15

“Production and consumption are defined in terms of transformations of commodities that
they cause. Conversely, the set of commodities is the minimum collection of objects necessary to
describe production and consumption.” (Geanakoplos, 2004)
16 Economist’ and accountant’s views on income is a longstanding research topic (Canning, 1929).
Lack of mathematical precision makes this topic very difficult to follow. For a lucid discussion, Fukui
(2011) reviews Irving Fisher and John Hicks to conclude that the perceived dichotomy of accounting
versus economic income is imagined rather than real.
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Transactional costs provide a good example of this lack of clarity. Assume the
merchant pays tolls and freights to transport resources from one location to another.
What is the value of the resources at a later location? It is 1, by construction. They are
worth the same as the 10 initial bolts of velvet. The trip boils down to exchanging
initial velvet for other resources being available at different locations. To reach these
other locations the merchant typically pays tolls and freight charges. These are
transactional costs, an inherent feature of any process: resources are used up as
input and yield no physically distinct output as counterpart. Resources ‘disappear’
and their ‘economic essence’ (i.e., their value) remains embedded within the output.
For example, at t = 2 assume that 60 ounces of gold are paid to transport 9 bolts of
velvet from one place to another. The outcome is 9 bolts, but at a different location.
For this bundle’s worth to remain 1, the velvet p-number changes from 1/10 to 1/9.
Income is recognised, – qjp = – 9(1/9 – 1/10) = 1/10, an expense of 1/10 being
accounted for. It measures the performance of moving velvet from a place to another.
Performance is captured in the time-based accounting equation. Income,
expenses, and transactional costs all have the same nature: they exist as additive
terms in this equation, which is formulated herein as a dynamic condition. When the
up-dated parameters are associated with physical resources available at the observed
times, that is, resources are classified to be dated and located, additive terms are no
longer required. Time, quantity, and p-numbers no longer play a role. Only values
retain informational content. The neoclassical framework (i.e., the Arrow-Debreu
model) is purposefully built without regard to the underlying process. Consequently,
it does not incorporate the concepts of income and transactional costs.

8. Discussion and Conclusions
Accounting value is interpreted as a scale assigning numbers to resources entering
some given process. A process is identified by means of dated bundles of resources
that related to each other as input to output. Any process is associated with a time
constant, the dated bundle’s value, which is normalised to 1. Value is a measurement
scale that expresses subjectively identified input-output relationships over a period
of time and among resources seen to pertain to the same process. Accounting value is
subjectively constructed by those social players who cooperate with the view of
completing a commonly desired economic process.
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This particular view is framed here in the formal language of linear algebra. This
language is inherently multi-dimensional, being thus appropriate for discussing how
a single unit that expresses value derives from several units that express physically
distinct quantities. Those quantities are represented by quantity vectors while their
individual values are encoded in p-vectors.
A time-oriented equation is posited in the space resulting from the Cartesian
product of the P-space by the Q-space. The equation is a multi-linear representation
of the accounting equation that defines a process by imposing the constant value
parameter. It is a mathematical condition that connects an earlier bundle as input to
a later bundle as output. All processes are associated with their accounting equation
such that these equations encode the subjective value concept.
The left side of the accounting equation is identified with assets. Assets are
interpreted to be the physical inputs entering the process. The right side of the
accounting equation is identified with liabilities. Liabilities are interpreted to be the
socially constructed outcomes of the process.
The additive term – q∙p in the right side of the equation mathematically defines
the concept of income. Income is a liability expressing the required re-scaling of the
bundles’ measurement that maintains value as a constant dynamic parameter. It is
the mathematical object that establishes the link between the realm of physical
resources and the socially constructed realm of economically desired outcomes.
An example of a particular kind of income is transactional costs, known by
accountants as expenses. When a resource bundle is moved from a place to another,
its value is re-scaled further to multiplication by an up-dated p-vector.
The framework herein helps understand how income is approached differently by
accountants and economists. Economists focus on the bundles’ values independently
of the underlying processes such that income is possible only exogenously. In the
Arrow-Debreu model, the price vector is constant, no re-scaling ever taking place. As
such, the model cannot deal with transactional costs.
A fruitful interpretation is to consider that a process exists outside the time
dimension. As such, it is a mental construct by decision-makers who rely on it to
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organise their knowledge about physical quantities, which can be observed at
particular times, and exchange ratios, which can be observed over time.
This interpretation requires a proper mathematical formulation. Extending upon
the structures available within linear algebra, this thesis’ framework will refer to the
concept of tensor. A purposeful process being considered by a decision-maker will be
represented within the measurement framework by a tensor. The q-vectors and the
p-vectors will provide the measurement bases with which the process may be valued.
This comment is being anticipated here because the concept of state of the system
has been mentioned in connection with Cruz Rambaud’s balance vector. In this
thesis, the state of an accounting system is not given by quantities and p-numbers at
any particular time but rather by a set of transformations, represented by a tensor,
that exist over a time interval. For an analogy with classical physics, consider that the
state of the physical system is not given by position and momentum at a point in time
but rather by a Lagrangian being defined over a time interval.
In the next chapter the framework is further developed by reference to production
processes and tensors are introduced as representation of the state of the system.
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Partition
The Father and I are one.
John 10:30 (New Living Translation)
_________________________________________________________________________________________________________________________

The thesis’ formalism is further developed in this chapter. Additional structure is
introduced, namely a tensor space whose basis is given by an ordered pair consisting
of a q- and a p-vector. With additional structure, there is a need for additional notation.
The purpose is to represent a process by means of a tensor that encodes information
about the state of the accounting system. Tensors are introduced to account for both
the stocks and flows associated with the underlying processes of interest. As such,
tensors help clarify the process-based nature of accounting measurement.
The terminology ‘state of the system’ subsumes all the knowledge about a system of
processes by a particular decision-maker. The framework deals with information that
is subjectively perceived by a single decision-maker. Subjectivity, however, is
constrained by a reality check. Actual observations of past and ongoing processes
either confirm or refute the assumed view. Inconsistencies—when observations
contradict the assumed knowledge— requires the decision-maker to up-date his or her
knowledge of the process. In both cases, when observations confirm or refute the
assumed knowledge, the outcome of measurement assures that the extant knowledge
is fully consistent with the empirical data. The tensor representing the processes’
system of interest is shown to yield a consistency measure1 that will be referred to as
the process state measure.
Tensors are identified in a very particular way with T-accounts. However, since
tensors encode knowledge about processes, they cannot be interpreted as claims to
physical resources, as with asset T-accounts in Chapter 5. Rather, they are claims of a
higher order: the tensor T-account claims resources to be part of an economic process,
as in Willett’s (1991) axiomatic system wherein accounting measurement is a
procedure that classifies resources by reference to processes2.

1

In mathematical analysis, a measure is a function from an underlying set to the real numbers
satisfying axioms that assure additivity (Halmos, 1950, chapter 2 §7). Extant accounting theories refer
either to measure or to measurement (Willett, 1987, footnote 1). This thesis relies on both concepts.
2 Therein, assets are unfinished processes; equities are finished; and liabilities are called ‘funds’.
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Willett’s (1991) classification procedure results from an accountant’s matching
inputs to outputs after a process has been observed. The basis for his classification
approach is causality. In this thesis, however, classification is subjectively constructed
by a decision-maker and is justified on teleological grounds. Since consistency
demands that observed, causal relationships be reflected in the resulting classification
scheme, Willett’s approach and the present one are not mutually exclusive. With
respect to costing, the former approach supports activity-based costing on historical
data while reference to the latter makes it easier to accommodate future-oriented cost
concepts, such as budget standard costing, life-cycle costing, target costing, etc.
Identifying tensors with T-accounts requires an idea that goes beyond Willett’s
(1991) axiomatic system. This idea is best understood by reference to production
processes rather than trading ones. As explained in Chapter 5, no income arises when
production takes place and, in such context, the proper representation is the
multiplicative one, not the additive one discussed by Willett (1991). Accounting
measurement is framed herein using a multiplicative representation. The values of
physical inputs and outputs are set equal and the accounting equation takes the form
of a ratio expressing the number 1.
The chapter’s first two sections provide context before its main topics are addressed.
Section 1 argues that the accounting equation plays the role of a solution concept, as
defined in Game Theory. Section 2 compares production processes with production
functions. The former concept supports Willett’s (1991) and this thesis’ discussion of
measurement, while the latter is the production concept in economists’ analyses.
The sections thereafter develop the framework in ways that support the thesis
approach to process-based measurement. Section 3 introduces the mathematical
concept of a tensor by reference to the stock-taking process discussed in Chapter 5.
Section 4 reviews the accounting concept of matching by reference to Willett’s (1991)
axiomatic system. Section 5 develops the foregoing concepts such that a set of linear
equations obtain. Section 6 re-expresses the equations using a general approach to
tensors. They are encoded into a symmetric operator. Section 7 concludes with the
multiplicative T-account. In the multiplicative representation, Ellerman’s (1985) two
requirements hold: (i) T-accounts are elements of an algebraic group; (ii) the identity
T-account embodies the accounting equation.
Page | 92

6. Third essay

1.

The Solution Concept

A preliminary topic is addressed before dealing with the main issues in this chapter:
the need for distinct solution concepts that arise in Game Theory, the branch of
economics that deals with interactions among agents. Different games require
different formal frameworks (i.e., syntactic rules) that determine the nature of the
players and how they play (i.e., semantic interpretation). Each particular framework
is completed only when the applicable solution concept is formally stated.
For example, when modelling the market economy as a competitive game, the
applicable solution concept is called competitive equilibrium and requires that
demand equals supply in all markets. The actual solution is given by a single price
vector that assigns values to all commodities. This particular solution concept has been
shown, however, to be too restrictive in the context of Nash Equilibria.
Several solutions concepts have been introduced to deal with a growing range of
game theoretical frameworks. For illustration purposes, a possible hierarchy of
solution concepts follows, although this is not a comprehensive list: competitive games
may call for strategy dominance, pure Nash strategies, mixed Nash strategies,
subgame perfect equilibrium, backward induction, or forward induction; and
cooperative games may call for the stable set, the core, or the Shapley value.
Production in this thesis is framed as a game by two players, nature and the
decision-maker. Nature is a player without a strategic interest in the outcome of the
game and as such its inclusion is to incorporate randomness into the formalism. This
randomness is restricted by the laws of physics and by engineering constraints such
that the associated probability distribution accounts for the variations that take place
in production. Production does not provide a typical context for Game Theory, since it
is a setting that consists of a single strategically oriented player. However, the
formalism can be extended to a setting with multiple players.
The applicable solution concept is one whose formal characteristics describe the
solution to the problem of encoding production information in ways that are
appropriate to accounting measurement. Given the need for consistency—when
performing measurements aligns subjective beliefs to empirical data—the proper
solution concept is one that models learning by the decision-maker.
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Accounting numbers are required to provide decision-makers with confirmation
that their beliefs about production—and later, about other agents’ behaviour as well—
hold true. The related solution concept satisfies the criteria for a self-confirming
equilibrium (Fudenberg & Levine, 1993) that requires players (i) to choose their
strategies with the view of reaching their pre-defined goals, (ii) based on their beliefs
about what the other players will choose, and (iii) based on the prohibition that their
beliefs contradict any available empirical evidence including any evidence gained as
their chosen process unfolds. This implies consistency between beliefs and any
available empirical data arising out of observing the process of interest.

2.

The Production Function

No formal differences between trading and production are proposed. Semantics makes
trading and production different. Syntactic rules and elements defined within the
framework are given different interpretations depending on whether trading or
production is considered. This section avoids a narrow view of the formalism, when
one semantic interpretation is preferred over the other.
The fundamental idea in Chapter 4 is the equivalence relation R under which traded
bundles have equal values. This relation also holds when production is considered:
inputs have the same accounting value as outputs. However the accountants’ usual
terminology calls for the term (historical) cost rather than value.
In Chapter 5 reference is made to another idea: a bundle consists of dimensionally
distinct resources, each being measured in its applicable unit. There is a need for a
common unit of measurement, value, which is constructed by means of p-numbers.
A third idea is also introduced in Chapter 5: linearity. Accounting measurement is
framed by means of linear transformations, an approach whose rationale can be traced
all the way back to Pacioli’s seminal book on proportions and geometric perspective.
These three ideas are combined in this chapter to show that p-numbers provide the
means for a measure of totality. When resources are part of a single production
process, their values add up to 1. This property is the basis for interpreting p-numbers
as necessary elements in the formalism, by means of which the set of active resources
may be partitioned. The p-numbers are required in order to deal with aggregation.
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Aggregation is an intractable issue within economic theory (e.g., the Cambridges’
controversy3). This issue is intractable in view of how the concept of production
function is presented. Economists conceive the production function as the formal
construct that expresses physical outputs as a mapping of physical inputs. This
definition introduces the production function independently of any concurrent
discussion about aggregation and the measurement of value.
In contrast, the concept of a production process as introduced by Willett (1991), and
about to be discussed herein, addresses physical transformations, aggregation, and the
measurement of value simultaneously. Tensors are shown to be the mathematical
objects that encompass and extend the economists’ concept of a production function.
Tensors are linear transformations. Production functions are typically non-linear4.
However, linearity does not restrict the formalism’s ability to deal with any set of data.
The argument takes two steps: First, accounting measurement takes place ‘atop’ of
physical measurements. Decision-makers are assumed to know what resources are
required for a desired output. They then use this knowledge to identify the quantity
vectors deemed to be relevant at each instant for their accounting analyses.
Next, whatever the relevant quantity vectors at some earlier time, qi, and at some
later time, qj, a linear transformation T can always be constructed to represent the
physical productive transformation taking place between the two moments, qj = Tqi.
The only exception is when the initial quantities are all zero—a case that does not limit
the formalism since it can be ruled out that an output is obtained without any input.
This follows because the equation qj = Tqi implies m2 unknowns (i.e., the number of
elements in T, given an m-dimensional Q-space) that are restricted by m equations.
3

Cambridge in the USA vs. Cambridge University in the UK. The following quote illustrates the
issue: “… the production function has been a powerful instrument of miseducation. The student of
economic theory is taught to write Q = f(L, K) where L is a quantity of labor, K a quantity of capital and
Q a rate of output of commodities. He is instructed to assume all workers alike, and to measure L in
man-hours of labor; he is told something about the index-number problem in choosing a unit of output;
and then he is hurried on to the next question, in the hope that he will forget to ask in what units K is
measured. Before he ever does ask, he has become a professor, and so sloppy habits of thought are
handed on from one generation to the next.” (Robinson, 1953)
4 For example, the Cobb-Douglas function Q = aLK , which has been referred to by accounting
theorists (e.g., Christensen & Demski, 2002). This is a function with appealing mathematical properties:
it is easy to differentiate such that finding the marginal costs of labour and capital is straightforward.
However, the problem with it is that it has no grounds in physical reality—it lacks micro foundations—
nor (quite surprisingly) does it inform anything about aggregate production, despite a long history of
econometric data (Felipe & McCombie, 2005). Zerner (2016) proves that the Cobb-Douglas function is
a necessary, purely mathematical, consequence of an accounting identity.
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The m(m-1) degrees of freedom are sufficient for the solvability of the equation, except
when qt = 0. Notice the solution T is not unique.
In summary, the key ideas for a production process are: (i) by construction, total
value remains constant; (ii) the set of active resources is partitioned into time-indexed
inputs and outputs and values assigned to resources add up to 1 at all times; (iii) the
mathematical object representing production is the linear transformation T that maps
quantity vectors in the input space to quantity vectors in the output space. T is the
counterpart of the production function in economics; (iv) tensors are introduced in
order to represent the production process, which do not account for just the physical
transformations but also for value consistency and for the teleological nature of
production. The first two ideas relate to aggregation. The third one is this section’s
concluding remark. The fourth idea is developed in the rest of the chapter.
Production processes are typically many-to-many (Willett, 1988); there are many
inputs to many outputs. This is not how the production function is conceived by
economists who usually assume a many-to-one approach: inputs yield a single output.
Thus, they are able to define, for example, marginal cost, a concept that cannot be
applied to many-to-many correspondences5. The present framework does not limit
production processes to the many-to-one case. The output quantity qj represents many
physically distinct outcomes to production encoded by T. Thus, for example, the
standard problem of joint product costing is inherently embedded in the framework.

3.

Tensor

A tensor generalises the concept of vector, which in turn generalises the concept of
scalar (i.e., a number). It may be expressed as a multidimensional array of numbers.
A formal definition requires rather abstract concepts. To avoid dealing with a high
level of algebraic abstraction, the forthcoming discussion introduces tensors by
appealing to accountants’ intuition in ways that justify the mathematical structure
wherein the tensors T-accounts are embedded. To that effect, recall Littleton’s views6
that, at its most fundamental level, accounting is a procedure to classify resources.

5

In economics, a correspondence is the generalization of a function and may be referred also as a
multivalued function. Given the sets A and B it is a map f:A→P(B) from A to the power set of B.
6 Littleton’s views were reported by de Roover (1938, pp.145-146). See also Johnson (1972).
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A resource quality being identified (e.g., apples) the representational quantity space
accounts for that quality as one of its dimension. A quantity vector qi is such that each
of its components expresses a resource quality. Further, it is shown in Chapter 5 that
under certain circumstances the term quality may also apply to time such that, for
example, velvet at t = 1 is of a distinct quality from velvet at t = f. The notation qj
indicates that the index j refers to a later time than the index i. Furthermore, a
production process relates qi to qj as input to output. The solution concept is that there
is a need for a measure of consistency, such that the known input-output relationships
reflect the empirical evidence. This is referred to as the process’ state measure.
One simple way to define a tensor is by reference to a calculation procedure whereby
it is shown to act as an “index-eater” (cf. Jeevanjee, 2011, p.3). Earlier resources are
indexed by i and identified by their quantities, qi. Later resources are indexed by j and
identified by their p-numbers, pj, which account for the process’ purposes. The
applicable tensor in this context is a bilinear operator that ‘chews’ these indices ‘up’
and ‘spits out’ a single number, namely the process’ state measure.
The tensor will be shown to embody the accounting measurement procedure
because it controls knowledge by reference to resources being aggregated within a
process. What follows provides an intuition for this “index-eater” definition.
3.1 Taking stock
Before a decision-maker may initiate a production process, a preliminary task to be
completed is taking stock of the available resources. If one is about to bake an apple
pie, one must check that the required ingredients are available in the kitchen. This
initial step calls for a qualitative appraisal first and a quantitative measurement next.
Qualitative appraisal means that the decision-maker considers the resource set and
is able to recognise qualitatively distinct resources, say apples, flour, etc. Let this be
formally accounted for by a qualitative vector (1|7 set equal to (1, …, 1)1×m. This vector
lives in the m-dimensional Q-space and conveys that a qualitative partition of the
resource set has been completed and each of its components stands for one resource.

7 Henceforth, horizontal vectors are associated with the initial time of a process and are represented
by lower case bold letters within a left semi-bracket.
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An intuitive justification for using 1 as the entry in all the vector’s components is
that 1 conveys the ideas of totality and identity. The dimension apple identifies one
resource that is independent from other resources, say oranges. Appreciate the term
totum to be a symmetric opposite to quantum, since quantum is also associated with
unity. The difference is that the term quantum conveys indivisible unities that can be
combined while the term totum conveys the whole that may only be partitioned.
Next, consider quantitative measurement. Each of the resources is measured in a
convenient unit. It is now posited that resources call for extensive measurements. For
example, temperature is not a resource on such grounds, but energy is. The
quantitative measurement of resources is a given such that accounting measurement
is constructed ‘atop’ of the given quantity numbers. Representing these quantities
from the accounting perspective is addressed next.
For expositional purposes, consider a Q-space that is 3-dimensional. Generalising
to a higher dimensional case is straightforward. Consider (1| = (1, 1, 1) (i.e., m = 3).
The physical measurement being completed, the resulting set is {q1, q2, q3}. Let this
measurement outcome be represented by the 3×3 matrix Qt=1 such that

Qt=1 =

q1 0 0
0 q2 0
0 0 q3

and (1, 1, 1) ×

q1 0 0
0 q2 0
0 0 q3

= (q1, q2, q3)

This illustrates the following formal requirement: all actions or activities that are
interpreted as a step along the process are formally represented by a matrix. In
particular, the activity of physically measuring quantities is given by the diagonal
matrix Q being multiplied by the quality vector (1|. In the terminology of linear
algebra, this requirement reads as follows: the physical measurement at t = 1 is
represented by a linear operator Q that maps the qualitative vector space, wherein (1|
lives, to the quantitative space, wherein qi lives, such that (1|Qt=1 = (qi|.
A point worth noting is that the Q operator is represented by a diagonal matrix. The
measurement of a particular resource is independent of the measurement of any other
resource. Vector multiplication by a diagonal matrix is such that each output results
from just one input.
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3.2 Valuing the Stock
Recall the discussion in Chapter 5 such that a process of stock-taking is modelled as
being instantaneous and both indices i and j refer to the same time t = 1. What is known
from such instantaneous process is that all resources make up a totum, that is, the
resources under consideration are part of a single set, the set of active resources. This
is the sole basis for valuation at this stage.
At t = 1 and upon concluding the valuation process, the decision-maker assigns
subjective values to the previously identified and qualitatively distinct resources.
These values are expressed by means of p-numbers (i.e., v = q×p) and add up to 1, a
consistency condition that admits many solutions. In the particular 3-dimensional
case, the result is a set of three p-numbers {p1, p2, p3} such that q1p1 + q2p2 + q3p3 = 1.
Let the qualitative vector associated with the index j be given by |1)8 such that

|1) =

1
1
1

Valuation is represented by the 3×3 matrix Pt=f=1 such that

Pt=1 =

p1 0 0
0 p2 0
0 0 p3

and

p1 0 0
0 p2 0
0 0 p3

×

1
1
1

=

p1
p2
p3

While the physical measurement is represented by the quantity operator Q that acts
on the i-indexed quality vector (1|, valuation is represented by the P operator that acts
on the j-indexed quality vector |1). By putting both representations together, the result
is (1|QP|1) = 1 or (1|V|1) = 1, where V is defined as QP. This is the stock-oriented
(i.e., at single time t = 1) version of the accounting equation.
Physical quantities indexed by i account for assets while the subjective
measurements indexed by j relate to process outputs. Based on this, the accounting
equation was presented in Chapter 5 as qi∙pi = 1 = qj∙pj.

8 Henceforth, vertical vectors are associated with the final time of a process and are represented by
lower case bold letters within a right semi-bracket.
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(1| accounts for the qualitative vector before the stock-taking process while |1) is
the outcome expression at its conclusion. Thus, V = QP is the multidimensional ratio
that imposes the solution concept’s consistency condition of value being 1.
Consider the mathematical properties of (1|QP|1) = 1. In particular, the fact that
matrix multiplication is associative. This supports several, complementary
interpretations of this equality. A straightforward one considers the initial quantities
(i.e., (1|Q = (q|) and interprets the stock-taking process as ascertaining that they are,
indeed, parts to a whole (i.e., (q|p) = 1). Other interpretations follow.
Quality is first quantified, (1|Q); then quantity is valued, (q|P); and, values are
shown to be consistent, (v|1) = 1. This places the stock-taking process within time as
it runs from past to present. Equivalently, p-numbers are assigned to final resources,
P|1), as part of the decision-maker’ accounting for a future purpose. The purpose is
feasible if there is a set of consistent quantities, Q, that yields a process measure equal
to 1, (1|QP|1) = 1. This gives the sense in which taking stock can be called a teleological
procedure, as it maps a future event to a present one.
By implication, if p-numbers are subjectively chosen, so are the quantities, since the
ratio scales of physical extensive measurements may be adjusted to yield any set of
numbers—one meter is also 100 centimetres or a thousandth of a kilometre. The
arbitrariness of p-numbers and quantities is, however, restricted by consistency. V,
which combines Q and P, is a scaling operator of quantities and values such that it
yields consistent measurement numbers.
To enable the structural features of (1|V|1) = 1 to be further appreciated, consider
Ijiri (1965b, pp.85-88) who called the qualitative vectors (1| and |1) the ‘totalizers’. In
Ijiri’s analysis they are a purely notational artifice to express the grand sum of a matrix
as a single multiplication. However, Ijiri’s approach suggests that the grand sum
carries accounting meaning. Indeed, the totalizers are herein given a qualitative
interpretation. In the present stock-taking context, they represent the fact that each
resource is assigned a percentage value of the whole. This is subtly different from the
first interpretation above: since actions or activities are represented by operators, V
encodes the activity of assigning percentage values to the resources while (q|p) = 1
informs the activity’s result whereby the assigned values are found to be consistent.
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In the present stock-taking context, wherein V is a diagonal matrix, the expression
(1|V|1) = 1 is another form for expressing the trace of V (i.e., the sum of its diagonal
elements). Trace is important because when dealing with square matrices that are
operators (i.e., endomorphisms), the trace is invariant to changing bases. This
mathematical property supports the following: interpret the attribute of interest as
applying to processes, not resources. Then value is not a fundamental measure
inherent to resources. Rather, it is constructed as a measure derived from the process’
state measure. The state of a (well-defined) process must be time-independent.
Different times may imply that different values are associated with resources.
However, if the process is the same, its state is a dynamic constant.
Finally, consider the stock-taking process represented by V in the (P×Q)-space.
(P×Q) is a tensor space9 with an orthogonal (but not orthonormal) basis given by the
pairs (qi, pj)10, satisfying (qi|I|pj) = (1|QP|1) = 1 where I is the identity matrix. The
state measure is 1 and obtains when measurement is associated with projections of the
operator V onto the basis of its space. The Q- and P- vector spaces are now projections
of the more general tensor space V = |P; Q|. Q is the operator that projects value onto
the present vector-basis while P is the operator that projects value onto the future
vector-basis. The following discussion explain this by reviewing the matching concept.

4.

Matching

Matching is a traditional accounting principle. Historically, the concept evolved from
accountants’ actual practice. As a traditional principle, it provided a rationale for
accounting’s approach to income measurement. Along with other traditional
principles (e.g., prudence, going concern), it is part of GAAP (Generally Accepted
Accounting Principles).
“Matching [is the principle] that expenses should be aligned with the revenue to which
they relate, and in the same period in which the revenue is recognised.” (Atrill, McLaney,
& Weil, 2013, p.56).

9 This definition

implies that tensors herein are of order 2.
Lower and upper indices are introduced herein as a notational convention such that the tensor
space—which qualifies as a vector space as well—is associated with a (i+j)-dimensional basis consisting
of ordered pairs (qi, pj). Further, this notation is consistent with Einstein’s summation convention.
10
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Willett (1991, p.49) refers to matching when introducing his axiomatically
constructed production structures. He expresses the view that this principle supports
decision-makers relating “… costs to economic activities, classifying them into ‘assets’
and ‘profits’,” (emphasis added). Further, the basis for such classification is the “…
accountant’s perception of the physical and social chain of cause and effect taking
place in economic production.”
Willett’s (1991) axiomatic framework relies on a set theoretical analysis. Production
is interpreted as a relation—being denoted ‘pr’—that involves two sets of resources at
different times: the input resources Ai are seen to cause the output resources Aj and
causality is denoted by means of an arrow “→” connecting both sets, Ai → Aj. A visual
representation of the cause-and-effect relation pr is shown is Figure 6.1:

Input set

pr i→j

Ai

Output set

Aj

Figure 6.1: The cause-and-effect relation in production by means of sets.
Willett (1991) proceeds with the analysis by noting that certain production relations
may be separable, that is, when both the input and the output sets are partitioned and
production is associated with two cause-and-effect relations, as in Figure 6.2:

Ai,1
Ai,2

pr i,1→j,1
pr i→j

Aj,1

pr i,2→j,2

Aj,2

such that
pr i→j = pr i,1→j,1∘ pr i,1→j,1

Figure 6.2: A separable production relation by means of sets.
Willett (1991) notes that some production relations are not separable but joint.
When baking an apple pie, the ingredients are pooled together and there is no basis in
fundamental measurement for relating one of the ingredients to a slice of the final pie
because one ingredient cannot yield the pie independently of the other ingredients.
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The complementary concepts of separability and jointness are incorporated in
Willett’s (1991) framework by means of an axiom: production relations are either
separable or joint. Production is defined as a time sequence of joint relations ‘pr’. This
yields an accounting-oriented classification scheme such that resources are labelled by
reference to the production sequences they pertain to rather than by reference to their
intrinsic nature (i.e., their quality and quantity), as illustrated in Figure 6.3:
Ai
inputs

Ai,1
inactive

Ai,2 Ai,2,1
wood

pri→k

Aj,1

pri,1→j,1
pri,2→j,2 Aj,2
pri,2,1→j,2,1

prj,2→k,2

t=1

Ak,2

Aj,2,1
Ak,2

pri,2,2→j,2,2

Ai,2,3
oven

Ak,1

prj,1→k,1

Ai,2,2
active ingredients

Ak

pri,2,3→j,2,3

Aj,2,2

Aj,2,3

t=2

Ak,3

t=f

Figure 6.3: Resources are labelled by reference to the ‘pr’ they pertain to.
To interpret Figure 6.3, consider baking an apple pie. Resources are available in the
kitchen at t = 1, being denoted by Ai. Certain subsets of Ai are evident at t = 1, say the
oven, which is accounted for by Ai,2,3. Certain subsets may require further analysis
about how the resources relate within the baking process. For example, there may be
a bucket of apples, but the recipe requires just three apples. If so, the resource set is
partitioned with the unused apples being accounted for by Ai,1 while all the active
inputs are accounted for by Ai,2 (i.e., the active apples, sugar, etc.). Ai,2,1 accounts for
the wood to be burned when baking the pie. At time t = 2, the ingredients are combined
and accounted for by Aj,2,2. At t = f, there is a pie (i.e., Ak,2), an used oven (i.e., Ak,3),
and fresh apples that did not enter the baking process (i.e., Ak,1).
Matching yields a process-based classification scheme. Resources are identified by
labels expressing input-output relationships. Physically indistinguishable apples may
be labelled differently. And physically distinguishable ingredients (e.g., sugar, flour,
etc.) may bear the same label if they enter as a single input (or output) in the process.
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Further, matching and its associated classification scheme are constructed by a
sequence of process-based partitions. This means the whole process must first be
conceived before the decision-maker is able to proceed with classifying resources. The
process is partitioned by time (i.e., a set of indices i, j, k, etc. is introduced) and then
by the perceived input-output relationships among subsets of resources.
Figure 6.3 illustrates how the partitioning of the resource set results from a
corresponding partition of the production process. This supports the view that ‘prs’
(i.e., production relations) are the objects of fundamental measurement. Henceforth,
the matched input-output pair is assumed to be a primitive notion in the framework.
Accordingly, resources are derived objects. This view deviates from Willett’s (1991),
such that resources are the primitives and ‘prs’ are objects constructed from resources.
The union of sets being the operation on sets, Figure 6.3 suggests the corresponding
operation on ‘prs’ is aggregation: Ai,1 ∪ Ai,2 ⇔ pri,1→j,1∘ pri,2→j,2
A consequence of having the ‘prs’ as primitive objects that may be aggregated is that
the concept of homogeneity is understood from a process-based perspective.
Resources are homogeneous when they belong to the same matched input-output pair.
If so, they are assigned the same label and have the same measure. The resulting
fundamental measurement scale in this thesis is not the ratio scale, since this scale is
defined on the resource set without consideration to underlying processes.
In summary, Willett’s (1991) approach to matching yields a classification scheme
that expresses the decision-maker’s perception of economic processes. The
interpretation in this thesis views production as existing subjectively, as a mental
construct reflecting a perceived reality. Accounting measurement is about consistency
such that values reflect input-output relations within a process over a time interval.
When reality is observed, the input-output relations are found to hold, or not, such
that the updated p-numbers inform of knowledge gained by the decision-maker.
This section provides an intuition for using the concept of tensors. This is a
mathematical object defined over a time interval representing the production process.
It exists within a time interval and yields information about resources at particular
moments. Observations provide dynamic updates of the decision-maker’s perception
of reality.
Page | 104

6. Third essay
Willett’s (1991) analysis of matching provides the basis for introducing tensors as
mathematical objects representing production and any economic process, including
trading. However complementary ideas are necessary to support the additional
structure required by tensors. They are as follows: (i) it is possible to partition a
production process into separable ‘prs’ (i.e., one input to one output); (ii) production
is part of an economic process, to be called a strategy; (iii) a sufficiently long time
interval exists such that cost allocations during production are not arbitrary; (iv) the
steps along a strategy are represented by linear transformations mapping vector
spaces at earlier times to vector spaces at later times.

5.

Matching’s Linear Equations

Tensors were defined in the context of stock-taking as “index eating” devices that act
as bilinear operators. Linearity defines the concept of ratio. For example, assume a set
of resources consisting of one apple and two oranges. If one apple trades for two
oranges, the trading ratio is 1:2 and the apple will account for half of the set’s value
while one orange will account for a fourth. Valuation was introduced by reference to
fractions. This is the starting point of the present analysis.
5.1 A digression: Cooperation
Consider three individuals, each controlling a single resource. For example, the first
individual controls a bag of tea, the second a pot of hot water, and the third a set of
cups. Should they cooperate, each of them would drink tea in a cup. The issue is: how
much tea may each of them drink? This answer is addressed within a single
mathematical framework and two alternative interpretations are possible.
The problem may be approached from a valuation perspective. All resources are
pooled together and a percentage of the resulting pool is assigned to each individual
by social agreement. A social coalition is formed that shares the resources, with each
member in the coalition entitled to the agreed percentage. Since each individual
controls a single resource, the percentage can be assigned to the resource as its value:
value is thus set by social agreement.
Alternatively, the problem may be seen as making a decision. Decision-makers opt
to trade their initial resources for a share of the output based on certain trading ratios
and the realisation that the output is available only through cooperation.
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Both interpretations rely on the equivalence of trading ratios to percentages of the
final totum: this is the key for process-based valuations. Setting p-numbers that yield
values as percentages of the whole determines the trading ratios between two
quantities. Conversely, setting trading ratios among all quantities determines the
applicable percentages of the whole, the values, from which the p-numbers may be
derived: {pi : qipi = 1} ⇔ qr/qs = ps/pr, ∀ r, s;  ≤ r, s ≤ m (see next section 5.2).
When production is modelled as being carried out by a single entity, cooperation is
not applicable. Resources are pooled together and a rationale for valuation or
exchanging ratios is missing. The applicable concept in lieu of cooperation is
allocation. Allocation by a single decision-maker is an arbitrary procedure.
Arbitrariness in allocation can be dealt by the following reasoning. The ultimate
purpose of a decision-maker in a production process is that the end product is either
consumed or traded. Production is part of a strategy that satisfies consumption needs
directly or indirectly through trade. Since the value of the output is set within a given
strategy, this limits the scope of cost allocation.
When a strategy including production is modelled as a combination of several,
separable strategies (i.e., a sequence of one-to-one inputs to outputs) the value of each
input is comparable to a single, corresponding output value being set by social
agreement. With the consistency requirement above, this yields a non-arbitrary
allocation in which all separable values are determined by reference to one-to-one
relationships and social agreement.
Adding cooperative activities to Willett’s (1991) axiomatic system permits (i)
production to be framed as a collection of one-to-one production relations (ii) as part
of a strategy (iii) whose outcomes have values set by social agreement. The next section
develops the idea that all production relations are linear transformations.
5.2 Linear equations
Consider a production process that consists initially of three resource subsets and
then, when completed, of two subsets. For example, a tea bag, hot water in a pot, and
an empty cup, all available initially; and hot tea in the cup along with an empty pot,
when completed. The aim is to represent this process using accounting measurement.

Page | 106

6. Third essay
Initial observation informs the distinct resources that are available. The process
proceeds by means of two transformations: The physically distinct resources are
pooled together such that they become a single whole. This whole is conceptualised as
an indefinite11 resource set that exists while the process takes place. Between the initial
and final times all that can be accounted for is a set of pooled resources whose physical
form is, by construction, indefinite. Indeed, since resources cannot be observed within
the interval, distinctions cannot be made. In the second transformation, the indefinite
resource set is partitioned into distinct outputs.
The process-based valuation procedure is constructed by matching fractions of the
initial quantities to fractions of the final ones. Each of the resulting pairs of matched
resources defines one subset of the indefinite process’ totum. There is an equivalence
between the ratios by means of which the initial resources are transformed into totum’
subsets and the proportion of these subsets’ values to the value of the whole.
Symmetrically, there is an equivalence between the proportion of these subsets’ values
to the value of the whole and the ratios by means of which the totum’ subsets are
transformed into the final resources. These equivalences determine the values of both
the initial and final resources by reference to a set of linear equations.
In general, with i distinct initial resources and j distinct final ones, the foregoing
construction’s algorithm calls for i×j linear equations. Consider the transformation of
the initial quantities in Figure 6.4: the blue resource set at t = 1, the green resource set
in t, and the red continuous lines connecting the initial and the totum subsets.
Denote by vij, i = 1, 2, 3, and j = 1, 2, the six subsets of the totum. The notation vij
conveys a multidimensional array of numbers (herein, a matrix) and embodies a
representational statement: each of the totum’s classes is scaled to a number between
zero and one such that ij vij = 1 holds true12.
Consider the second transformation whereby the six subsets of the indefinite totum
are converted into the distinct final quantities. This is illustrated by the green resource
set in t, the purple resource set at t = f, and the brown dotted lines connecting the
totum’ subsets to the final quantities.

11
12

Indefinite, here, is dichotomous to distinct (cf. Ellerman, 2013).
ij vij = 1 may be written with Einstein’s notation as 1ivij1j = 1, the grand sum of the vij matrix.
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t = (1, f)
v11 v12

Ai

s21

Aj

r12

i=1,2,3

i×j=1,2,3,4,5,6

j=1,2

Figure 6.4: Process-based valuation requires i × j linear equations.
The first process’ transformation requires that each of the initial quantities be
multiplied by two converting ratios denoted rij for j = 1, 2, respectively. These ratios
define the red continuous lines in Figure 6.4. Further, the result defines each of the
totum’ subsets vij. Thus, six equations obtain: qi⨯rij = vij for i = 1, 2, 3, and j = 1, 2. The
converting ratios’ units are the inverse of the quantities’ units and multiplication yields
a pure number, a result consistent with value expressing a fraction of the totum.
The second transformation requires that each of the totum’ subsets be matched to
a fraction of the final quantities. This is achieved by a teleological approach whereby
the final quantities are converted ‘back’13 to the totum by means of three converting
ratios denoted sji for i = 1, 2, 3. These ratios define the brown dotted lines in Figure
6.4. Six other equations obtain: vji = sji⨯qj for j = 1, 2, and i = 1, 2, 3. The converting
ratios’ units are the inverse of the quantities’ units such that vji / sji = qj is interpreted
as a percentage of the totum’s value converted to a final quantity.
Figure 6.4 illustrates how valuation is constructed by means of a process-based
approach to accounting measurement. The approach relies on the traditional principle
of matching for its structuring idea. The resulting process-based valuation scale
satisfies the following relationships.
First, the resource set is a single totum. Its elements are defined by means of a
partition. The scale maps resources to numbers that add up to 1. This ‘parts-to-whole’
relationship was addressed in previous Sections 3.1 and 3.2 and is illustrated by either
the first or the second transformations.

13 The ‘forward’ notation calls for vij; the backward one calls for vji. This notation anticipates the
result in Section 6 showing vij = vji, that is, vij is a symmetric operator in the tensor space.
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Second, resource sets observable at different times relate to each other as input to
output. Fractions of each input are matched to chosen fractions of each of the outputs
such that the scale maps these fractions to the same number. This matching
relationship is framed as a linear transformation from the input to the output spaces
such that the representing scale is a measure defined in such spaces. In Section 6, the
set of linear equations is shown to determine a single operator. Here, the matching
relationship allows the two sets of six equations to be combined into a single set of six
equations, namely qi⨯rij = vij = vji = sji⨯qj (cf. footnote 12).
Third, the two previous relationships are not independent. Valuation can be
approached from either a stock-oriented or from a flow-oriented perspective. Both
perspectives yield the same result as is mathematically shown next.
On one hand, the units of the rij and the sji are the inverse of the quantities’ units.
On the other, rij and the sji convert fractions of resource quantities into fractions of the
whole. This supports a change of variable with which to re-express the rij and the sji:
First, introduce the p-number with the purpose of addressing the dimensionality issue.
The p-number expresses a unit of quantity in terms of value (i.e., fractions of the
totum) and is unique to each resource quality (i.e., p-numbers do not vary with the
chosen matching fractions). The second variable addresses the need to express the
matching subsets as fractions of the ith input and the jth output. When associated with
rij, the second variable is denoted fij; and when associated with sji, the second variable
is denoted gji. Since j fij = 1, i gji = 1 and changing variables rij = pifij and sji = pjgji, the
six equations become qi⨯pifij = vij = vji = pjgji⨯qj. It is now straightforward to show that
the two perspectives are not independent. The stock-oriented approach determines
the pi and the pj. The trading ratios are derived from fij / gji = pj⨯qj / qi⨯pi, in addition
to j fij = 1 and i gji = 1. Conversely, the flow-oriented approach determines fij and gji.
The ratios of the p-numbers are derived from pi / pj = gji⨯qj/ qi⨯fij and qipi = 1 = qjpj.
5.3 Commentary
These equations are an instance of the tautology that requires the measure of flows
to be consistent with the measure of stock differences if the attribute is invariant under
the transformation defining the flow. In the current setting, the state measure is
constant and equals 1 and the difference in the value of stocks is zero. The following
comments provide additional insights into the nature of accounting measurement.
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The flow-stock tautology and the equations hold true only when expressing the
solution concept of a cooperative game. The use of resources is modelled by reference
to people or socially constructed entities that cooperate. In the case of production,
where only a single entity exists, it applies to resources that ‘cooperate’ in producing
output. Cooperation is a semantic term to interpret the formal structure of the theory.
Cooperation takes place when the p-numbers are consistent in the sense of the
solution concept. P-numbers that are not consistent means that the game does not yet
have a solution, cooperation is absent and the problem of accounting values is open.
Fundamental measurement in social sciences is not a physical operation, but a
theoretical property of the measurement framework (Luce & Tukey, 1964). Accounting
relies on the accounting equation to convey two statements: inputs cause outputs;
accounting processes are teleological such that outputs identify with the process’ goals.
The accounting equation holds true in the aggregate: the value of assets is equal to
the value of liabilities. Knowledge is gained by means of partitions, with finer
partitions providing a deeper understanding of the process at hand. This view supports
the information content approach to accounting (Christensen & Demski, 2002).
Finer partitions are obtained from a coarse partition by means of the matching
procedure. For example, given a coarse partition with five resource subsets, if there
are three inputs and two outputs, a finer partition consists of six resource subsets. This
finer partition requires analysing a time interval. The time requirement is not explicitly
acknowledged in the information content approach to accounting as it is here.
The pi are p-numbers associated with qi. The several pifij become the p-numbers
applicable to the resource set’s finer partition. The partitioning procedure yields a
resource set such that by construction the finer p-vector is a measure: the p-numbers’
underlying structure is that of probabilities’14. Accounting measurement requires a
multiplicative operation. Addition is not sufficient. Multiplication partitions the
resource set such that the finer p-numbers convey the process in more detail.

14

In probability theory, the event universe is partitioned and each subset is assigned a p-measure;
the p-measures add up to 1; each subset may be further partitioned; another p-measure obtains, say p’;
the combined measure associated with each subset in the finer partition is given by multiplying p by p’.
For example, in a roulette the probability of black is ½ and there are 18 black numbers with equal
probabilities; the probability assigned to each black number is ½ × 1/18 = 1/36.
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Once a solution is found for a particular time, the p-numbers applicable to that time
are determined and each resource is assigned a value. Values are additive. The
tradition in accounting is to rely on addition only and to work with vectors, not with
tensors; for an example, see Cruz Rambaud et al. (2010). This approach misses the
valuation procedure and is limited to the solution concept.
The difference between a solution (i.e., the existence of a p-vector) and the solution
concept (i.e., the framework wherein the solution is embedded) helps to relate the
present approach to the work of Debreu (1959). Consider a universe of resources
consisting solely of two apples and one orange. Mr. A owns the apples and Mr. O owns
the orange. Should they agree to exchange half an apple for the whole orange, the
trading ratio is 1:2 and the price of an apple in units of oranges is two. The whole set
is worth five units of oranges. In economics, the relative prices are fixed once the
equilibrium is reached. Thus, if an extra orange is introduced, its price does not change
and the value of the resulting resource set is increased accordingly to six units of
oranges. Here, in contrast, an additional orange reduces both the prices of apples and
oranges such that the value of the set remains equal to one. Originally, the apple’s price
was 2/5 and the orange’s was 1/5; subsequently, the apples’ price is reduced to 1/3 and
the orange’s to 1/6; the ratio 1:2 remains constant. Debreu’s commodity space is
Euclidian. The tensor subspace that represents accounting measurement, in contrast,
is bounded and admits curvature. An example of an economist taking a non-Euclidian
approach to measurement is Fullbrook (2002).
Matching imposes a consistency condition on the values of the partitioned resource
subsets (i.e., the classes of the totum). However, consistency is not sufficient to
uniquely determine the p-numbers, the quantities, and the fractions fij and gji.
Accounting measurement being teleological, the final p-numbers are chosen by the
decision-maker to express the purpose in completing the process. Once this is chosen,
all other numbers can be derived by reference to consistency in matching.
A final comment addresses the issue of the dimensionality of the tensor space.
Although there are i⨯j classes in the totum, the dimension of the space is i+j. With
three inputs and two outputs there are six rij and six sji to be determined, since five
quantities can be observed. The set of linear equations qi⨯rij = sji⨯qj is constructed
with the following constraints.
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Choosing ri1 determines ri2, which reduces the degrees of freedom by three. The
totum constraint applies such that ij qi⨯rij = 1 and 1 = ji qj⨯sji and two other
degrees are eliminated. Choosing sj1 determines sj2 reducing freedom by another two
degrees and such that the number of degrees of freedom remaining is five. These are
used to choose the five final p-numbers. Tensor notation by reference to indices is not
convenient to establish, in general, that the dimensionality is i+j. This motivates the
following alternative notation.

6.

The Symmetric Value Operator

The equations qi⨯rij = sji⨯qj are not linearly independent. When considered in tandem,
they define a linear transformation that can be represented by a matrix once a basis
for the space is chosen. In this section, matching is couched in the notation of linear
transformations. Matching is shown to be embedded within an operator that can be
represented by a matrix. The matrix is required for numerical applications. Further,
by observing how quantities’ flow during a process, decision-makers define the classes
of resources applicable at the beginning and the conclusion of the process. This
provides support for Activity-Based Costing. Matching yields a symmetric operator.
This is an operator that can be diagonalised, a fact which establishes that there are i+j
degrees of freedom in the matching equations. Earlier p-numbers are shown to be
derived from later p-numbers and the teleological nature of accounting measurement
is given a mathematical expression.
6.1 The input-output matrix M
Consider the matrix M that encodes observations of quantities flowing during a
given process. M is constructed as an input-output matrix whose elements are actual
physical quantities (observed or observable). Its elements cannot, in general, be
added: apples cannot be added to oranges.
With three inputs and two outputs, M accounts for six outgoing and six incoming
streams. A stream is a subset of the overall flow. In Figure 6.4, the outgoing streams
are represented by the continuous red lines while the incoming ones are shown by the
dotted brown lines.
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M =

0
0 0 m1 4
0
0 0 m24
0
0 0 m 34
4
m 1 m4 2 m4 3 0
m51 m52 m53 0

m1 5
m2 5
m 35
0
0

5⨯5

Each mkk’ encodes a flow of quantities such that it is an expression of the matched
initial and final quantities’ pairs. For example, m14 is 1 and informs that the initial, one
tea-bag becomes part of the hot-tea-in-a-cup resource subset existing at the later time.
Since there is only a single tea-bag in this example, m15 is zero and shows that no
tea-bag is part of the resource subset classified as an empty-pot at the later time. The
six elements in the right-upper corner of the matrix account for the incoming flow at
the later time. The consistency requirement on quantities requires that the resource
subset, indexed initially by k = 1, be partitioned into two subsets, {m14} and {m15}, a
subset containing the tea-bag and an empty subset. This partition allows the resource
subset indexed at the later time by k’ = 4 to be given by {m14} ∪ {m24} ∪ {m34}, a subset
containing one tea bag, the hot water, and the originally empty cup.
The six elements in the left-lower corner of the matrix account for the outgoing flow
from the earlier time. The initial subset containing the tea-bag is partitioned into two
subsets, {m41} showing that a tea-bag is reclassified to become part of hot tea in a cup
and {m51}, an empty subset. M is symmetric.
M encodes the observable empirical data. This is a translation of the idea that
motivates Willett’s (1991) axioms of production structures, an idea neglected by
economic theorists discussing the production function. As in Willett (1991),
information is interpreted by reference to sets since there is no physical factor that
converts the quantities to a common unit denominator. Next, an operator V is
constructed using the information encoded within M.
6.2 The operator V
In the multiplicative representation, resources at different times are different, even
when they are physically homogeneous. The initial velvet bundle in Chapter 4 is
different from the final one, even when both bundles are physically indistinguishable.
To accommodate this feature, an undated tensor space |V| is introduced.
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The multiplicative process-based valuation is modelled in a i+j-dimensional space
that represents the single resource set being partitioned by time. In such partition,
there are two classes of resources, inputs and outputs. A finer partition follows by
reference to physical characteristics at t = 1, indexed by i, and at t = f, indexed by j. The
resource set ends up containing i+j resources. A linear transformation from a vector
space to itself is called an operator. An operator on |V| is introduced and discussed.
Let the matrix V be constructed using the empirical data encoded in M. Each
element in M is multiplied by a p-number, yet to be determined. For example, m24 is
multiplied by p4. In general, the mkk’ is multiplied by pk’ such that the elements in V
are mkk’pk’. These elements are a-dimensional numbers expressing values. This
construction rule is encoded by the equation V ≝ MP.

V ≝

0
0 0 m1 4
0
0 0 m24
0
0 0 m 34
m4 1 m4 2 m4 3 0
m51 m52 m53 0

m1 5
m2 5
m 35
0
0

5⨯5

p1 0 0 0 0
0 p2 0 0 0
0 0 p3 0 0
0 0 0 p4 0
0 0 0 0 p5

=
5⨯5

0
0
0
0
0
0
v 41 v 42
v51 v52

0
0
0
v 43
v53

v14
v24
v 34
0
0

v15
v25
v 35
0
0

Given that V is constructed using the quantities in M, and M accounts for matched
inputs to outputs, the elements vkk’ in the right-upper corner of V correspond to the
elements vij discussed in Subsection 6.2. The elements vkk’ in the left-lower corner
correspond to the vji. The results in 6.2 hold and are reproduced here.
The first totum constraint, ij qi⨯pifij = ij vij = 1, now reads as (1i|V|1) = 1, whereas
(1i| = (1, 1, 1, 0, 0| is the initial qualitative vector at t = 1. The second totum constraint,
1 = ij vji = ji pjgji⨯qj, now reads as (1|V|1j) = 1, whereas |1j) is the final qualitative
vector |0, 0, 0, 1, 1). When both constraints are combined, the accounting equation
obtains, (1i|V|1) = 1 = (1|V|1j). It informs that the initial resources are consistent with
the process’ final outcomes. This is a qualitative consistency in which the initial and
final classification schemes are consistent. The quantities arise out of the matching
procedure which partitions the resource subsets further. Henceforth, this is the
preferred presentation of the accounting equation with the initial values on the left
side of the equality referring to assets and the outcome values on the right side
referring to liabilities.
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The operator V is not diagonal, unlike the V in Subsection 5.2. However, symmetric
matrices can be diagonalised by changing the basis of the space. With changing basis,
the matrix elements in the original matrix may be different from the new one but both
matrices will be expressions of the same underlying input-output relationships. V is
well-defined in both contexts because it is a symmetric operator.
In the current context, V can be diagonalised either by right-multiplying |1) or by
left-multiplying (1|. For example, by left-multiplying: (1|V = (v1, v2, v3, v4, v5|. The five
elements in the resulting vector are the desired diagonal elements of the diagonal V.
They are the eigenvalues of the operator V.
One important consequence of a symmetric V is the algorithm that shows how to
determine initial p-numbers given observed quantities and chosen final p-numbers.
Initially, V|1j) = |v1, v2, v3, 0, 0) = |vi). Replace vkk’ for vk’k, by symmetry, to re-express
V such that V|1j) = |v41+v51, v42+v52, v43+v51, 0, 0). By direct comparison, v1 = v41+v51,
v2 = v41+v51, and v3 = v41+v51, such that the initial p-numbers are determined. For
example, v1 = q1p1 = m41p4+ m51p5 and p1 = (m41p4+m51p5)/q1.

7.

Conclusion: Multiplicative T-Accounts

The procedure of accounting measurement developed in this thesis yields values that
are associated with subsets of the resource set. These subsets are defined by reference
to a process, not the resources’ physical characteristics, although these may contribute
to defining the subsets. Process-based resource subsets are not observable. The
observables are physical quantities existing at chosen times. Thus, it is necessary to
convert results encoded in V to results encoded in quantities. This yields the
multiplicative version of T-accounts.
Continuing the previous example, the quantity space is a 5-dimensional Q-space:
the three inputs and two outputs are distinct elements in a single resource set. The
applicable P-space is also 5-dimensional. A vector in Q is denoted by (x1, x2, x3, y4, y5|
such that, for clarity, the various ‘x’ account for the initial quantities and the ‘y’ account
for the final ones. Symmetrically, p-vectors are |x1, x2, x3, y4, y5). In order to transfer
the information from |V| to P⨯Q, the |V| space is partitioned along the time
dimension as |V| = |V(i)| ⊕ |V(j)| by projecting the matching V operator into the
two time valued basis, V|1j) = |v1, v2, v3, 0, 0) = |vi) and (1i|V = (0, 0, 0, v4, v5| = (vj|.
Page | 115

6. Third essay
Consider the initial values; the totum constraint reads (1i|vi) = 1. Re-express it as
(1i|Vii|1i) = 1 such that Vii is the diagonal matrix whose elements are the values
assigned to the initial resources. When time is unambiguous, the index i is dropped
and the notation is consistent with that used in Subsection 5.2.
Since the diagonal elements are initial values (i.e., vii = xixi) and Vii is diagonal, it
follows that Vii = XiXi, where Xi and Xi are diagonal with the initial quantities and the
initial p-numbers as their entries, respectively. The same holds at t = f and Vjj = YjYj.
Finally, the totum constraints are modified: (1i|XiXi|1i) = 1 is expressed as
(1i|Xi|xi) = 1; and (1j|YjYj|1j) = 1 is expressed as (yj|Yj|1i) = 1. Thus,

(1, 1, 1)

x1 0 0
0 x2 0
0 0 x3

x1
x2
x3

1
(y1,y2) y 02
0 y

1
1

= 1, s.t.

x1
x1y1 x1y2
x2 (y1, y2) =
x1y1 x1y1
x3

The multiplication |xi)(yj| is the outer product of |xi) by (yj|, the result of which is
the matrix above. The input quality vector lives in a three dimensional space while the
output one lives in a two dimensional space. The outer product is sandwiched within.
This is the mathematical device that allows their being ‘inner-multiplied’ to yield a
measure of matching, 1 in this case.
The outer product |xi)(yj| is the multiplicative representation of a T-account. By
focusing on the vectors (x|, |x), (y|, and |y), the consistency solution concept requires
the total value of resources to remain constant and equal to one: (x|x) = 1 earlier; and
(y|y) = 1 later. This is a stock-oriented interpretation. Focusing on |x)(y| provides the
flow-oriented interpretation. |x)(y| is the group’s multiplicative neutral element,
similar to the zero T-account in an additive representation15. |x)(y| encodes the
accounting equation.
Indeed, a typical process consists of several transformations, each represented by
an identity T-account. A process with three transformations will be encoded by three
T-accounts, say |x)(w|, |w)(z|, and |z)(y|. If so, (x||x)(w||w)(z||z)(y||y) = 1 is the
applicable accounting equation. Associativity yields (x||x)(y||y) = 1.

15 Addition and multiplication are structurally the same; they require the axioms of group. They are
made distinct by the distributive axiom required by fields (cf. Chapter 5).
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Multiplicative T-accounts are defined by the group structure. The accounting
equation is encoded within the identity T-account, consistent with Ellerman’s (1985)
requirements discussed in Chapter 5, in the context of additive T-accounts.
Multiplicative T-accounts, being tensors, “eat indices”. Given observable inputs and
outputs, the T-account ‘chews up’ the input and output indices i and j respectively and
‘spits out’ the state measure of the process which, if 1, confirms that the accounting
equation holds and the process is known: resources are classified and quantified
consistently. The “eating indices” feature of tensors handles aggregation.
A multiplicative T-account may be further interpreted as a projection operator that
transforms p-numbers and quantities during the process’ timeframe. Given earlier
quantities (x|, the T-account |x)(y| transforms (x| into the later quantities (y|:
(x|x)(y| = (y|. Symmetrically, given the later valuation |y), the T-account transforms
its associated p-vector into the earlier p-vector |x): |x)(y|y) = |x).
As constructed, the multiplicative T-accounts’ structure supports two concurrent
interpretations. First, it encodes a causal relationship whereby earlier quantities are
transformed into the later ones. As such, |x)(y| is the representation of the production
function discussed in Section 2 of this chapter. Second, the multiplicative structure
also encodes a teleological relationship defined by the process’ purposes.
As with additive T-accounts, multiplicative T-accounts rely on non-negative
rational numbers only. However, they are not constructed by reference to debit and
credit numbers, but rather by reference to two vectors, the p-vector |x) and q-vector
(y|. Measurement is structured by the accounting equation that matches the present
inputs to the future process’ outputs.
The process timeframe is partitioned into observation moments. Each moment is
assigned an index; for example, with two moments i is assigned to the initial and j to
the final moment. The resource set is partitioned at each such moment in view of what
is observed. Each of the resulting resource subsets is assigned two numbers, qi and pi,
i = 1, …, m, where m counts the number of resource classes (qualities); qi expresses the
extensive measurement of the ith resource (quantities); and pi is the p-measure
associated with the ith resource (dimensional valuation). Their product gives the value
of the resource subset.
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Axioms
Anyone who doesn't receive the Kingdom of God like a child will never enter it.
Mark 10:15 (New Living Translation)
_________________________________________________________________________________________________________________________

The thesis’ conclusion is that the set of SACA axioms, as expressed by Willett (1991),
should be revisited with the purpose of having accounting measurement couched in
the metrically richer language of linear spaces and linear transformations. The original
set theoretical notation should be replaced accordingly.
Replacing SACA’s axioms does not imply the present axiomatic system is ‘better’1:
both systems are equally consistent from a logical perspective. Logical consistency is
the single requirement for a system’s validity. However, changing SACA’ system is not
a matter of preferences either. The axioms being presented in this chapter are more
useful, both theoretically, when deriving theorems, and for practical applications.
The claim is that the original axioms for production structures and the revised ones
herein are equivalent2. For example, partition is derived as a theorem by Willett (1991)
while here it is an axiom. Conversely, Willett’s (1991) axiom requiring that a pr
(production relation) be either joint or separate can be derived as a theorem in the
revised system by imposing on the pr that it represent a physical transformation.
The usefulness of the present axioms arise out of 200 years of mathematical work
on algebraic structures. This has provided mathematics with the branch currently
known as Linear Algebra and its applications to engineering, economics, and science
in general. The claim is that the higher the level of mathematical abstraction used in
the measurement framework, the more powerful the resulting formal language and
the greater its impact on accounting theory and practice. For clarity, three instances of
this are presented next.

1 An anonymous examiner raised the incompleteness issue of axiomatic systems to ask whether
choosing between SACA’s and the revised system is a matter of preferences. Indeed, any axiomatic
system is incomplete but two system may be logically equivalent, all results derived in one system being
also derived in the other. Further, undecidable statements would exist in both systems.
2 The interesting point is that they are not equivalent to Debreu’s. This is a topic which cannot be
addressed here.
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Conceptual clarity. Asserting that accounting measurement is teleological and is
embedded within the accounting equation does not contradict SACA’s axioms. The
purely formal account of SACA by Willett (1991) does not explicitly consider this point.
However, the basic support for SACA discussed by Willett (1985, 1987, and 1988),
indicate that income measurement is possible only when economic activities are
completed. The need for an outcome can mean that one waits until the process is
finished before realising income and thus accounting is backward-looking, or one is
capable of anticipating the future such that accounting is forward-looking and income
is based on expectations. The power of abstraction is revealed when both
interpretations are made possible within a single framework.
Representational (i.e., numerical) clarity. Willett’s (1991) set theoretical notation is
precise but awkward. Some issues with the representational formalism have been
addressed by Falta (2005) and by Turner (2007), who in particular represents the flow
of time more conveniently. This thesis requires working at an axiomatic level before
addressing how SACA may be used in applications. Specifically, it requires additional
axioms that can support linearity and the logic of partitions. For example, time is
modelled as a continuous parameter of the non-partitioned matching tensor V in
(1|V|1) = 1. It is only when a decision-maker partitions a process that the equation
(1i|V|1) = 1 = (1|V|1j) obtains, along with a finite set of instants. Any application of
the theory will have to refer to the second equation rather than the first.
Formal clarity. The formal structures that underlie linear algebra are well
understood. This is a body of knowledge being used herein to avoid ad hoc adjustments
to SACA’s measurement framework. It also provides accounting measurement with a
number of interesting analogies which relate it to physics. These analogies are likely
to benefit the SACA theory and its applications.
The thesis’ conclusion is that additional axioms be introduced. The resulting set of
axioms should retain the ideas, intuition, and basic facts that have supported the
original development of SACA while extending the theoretical reach of the current
framework and ‘empowering’ the formal language. The purpose is to make the concept
of a process-based economic measurement clear and to show that double-entry
accounting is the natural approach to such concept.
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1. Linearity
This section discusses linearity and suggests a representational framework wherein
both addition and multiplication have a role to play. The need for both operations is
justified by reference to dimensional analysis:
“It is widely agreed that physical quantities combine additively within a single dimension
(at least when that dimension is extensively measurable) and that different dimensions
combine multiplicatively; that the multiplicative structure is very much like a finitedimensional vector space over the rational numbers; that the existence of basic sets of
dimensions in terms of which we can express the remaining dimensions corresponds to
the existence of finite bases in the vector space; and that numerical physical laws are
almost always formulated in terms of a very special class of functions defined on this
space.” (Krantz, Luce, Suppes, & Tversky, 1971, p.459)
Previous axiomatizations of accounting measurement gloss over the obvious fact
that the set of economic resources is multi-dimensional. Consequently, they rely on
addition only. This is true of the original SACA axioms whose stated purpose was to
provide a basis for the additivity of costs. This is also true of the axiomatization put
forth by Cruz Rambaud et al. (2011). Multi-dimensional accounting is difficult.
Ellerman (1982; 1986) mentions multiplication within a multi-dimensional vector
accounting. However, he drops the issue and does not develop any implications. Most
accounting theorists seem unprepared to approach measurement from a process
perspective (e.g., Tippett, 1978). The prerequisite for introducing multiplication in the
accounting framework is a process-based approach to measurement.
1.1 The underlying set A
Measurement theory is predicated on the view that there is an underlying relational
system, say (A, R, ∘), that requires being mapped by means of a homomorphism to a
representational, numerical system. The discussion about production in Chapter 6
argued that the underlying set A applicable to accounting measurement is the set
containing pairs of inputs to outputs.
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These pairs of inputs to outputs have dimensions since they express a rate of
conversion; they are dimensional ratios. Their units are given by the inverse of the
input quantity unit to the output quantity unit. If an apple is traded for an orange, the
unit of the ratio is given by units of oranges divided by units of apples. This ratio was
denoted xayo. For intuition, the set A consists of streams (i.e., subsets of the total flow)
represented numerically by converting ratios. A is represented by the operator |x)(y|3.
The dimensional xiyj ratios cannot be added. The accounting equation was
introduced as a law in the representational vector space such that it converts
dimensional numbers in pure numbers, (x||x)(y||y) = 1. This representational
statement, inputs yield outputs, does not rely on the physical attributes of resources.
1.2 The set of quantities
Chapter 6 further argued that the physical, observable quantities in accounting
measurement are accounted for in the representational system as derived objects
arising out of projecting strategies onto the time dimension.
To represent an observable homogeneous quantity at some initial time ti = 1,
proceed with partitioning the set A by reference to an ‘instantaneous’ time interval
such that tf = 1 = ti. The applicable ratio is one; the ratio at which a certain resource
converts into itself is one. Since accounting measurement is ‘atop’ of physically
extensive measurements, the quantity at t = 1 is a given, say five apples. Thus, a ratio
of one implies that the matching of five apples with themselves yield a valuation that
is accounted for by the p-number 1/5 and such that 5⨯1⨯1/5 = 1.
To represent an observable inhomogeneous resource subset, take an infinitesimally
longer interval. The equality of times, tf = 1 = ti, still holds but now the five apples are
seen to pertain to a bundle of resources at t = 1. The applicable ratio is no longer one
but rather a fraction, fa, the apples matched to the bundle. When all resources are
considered, matching inputs (i.e., the separately available resources) to outputs (i.e.,
the single bundle) requires a valuation procedure such that qa⨯fa⨯pa = fa.

3

This operator must be defined by reference to an un-partitioned (i.e., infinite-dimensional) space
whose dimensions are the qualitatively distinct resources. The thesis does not work out this definition.
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P-numbers evolve dynamically with changing intervals. In isolation, the apples are
assigned the p-number 1/5. As part of a bundle, they are assigned fa/5. The p-numbers
evolve by multiplication, as required by probabilistic structures out of partitions.
From a representational perspective, the set of quantities is not the underlying set.
The focus is on accounting measurement, not on physical measurements of quantities
of resources. Quantities must be derived from the set A. The relevant resource subsets
for accounting measurement may not be physically homogeneous. In baking an apple
pie, for instance, the set of ingredients is inhomogeneous. Accordingly, accountants
bundle the physical ingredients together and represent them by reference to a single
T-account called ‘ingredients’ or, more generally, ‘in-process inventories’.
1.3 Derived measurement and ‘lifting’ the formal language
In line with the view that the input-output pair, not quantity, is the object of
accounting measurement, assigning monetary numbers to quantities is a derived
measurement procedure. This thesis claims that costs, prices, values, etc. are
determined after a representational structure is in place.
The foregoing view provides a counter-argument to Vickrey’s (1970)4 claim that
accounting is not about measurement at all. He approaches accounting from a
fundamental perspective and assumes the applicable procedure to be the assignment
of monetary values to quantities. The foregoing view requires Vickrey’s ideas to be
replaced by Ellerman’s (2013) ‘lifting’ the set formalism to linear algebra’s formalism.
Chapter 2 established the existence of a bijection between vectors and diagonal
matrices. Chapter 6 showed that quantities at a given time are represented by diagonal
matrices defined over an interval. By means of the measure consistency requirement,
Chapter 6 also showed how to derive quantities from matching operators—typically,
non-diagonal matrices—projected onto a time oriented basis of the representational
space. These results are summed up here by reference to two intertwined structures,
one for fundamental measurements while the other for derived measurements.

4

Vickrey (1970; 1978) provides an example, other than Ijiri’s, of the risks that befall those who try
an excessively rigorous approach to a body of knowledge that has not yet been intuitively understood.
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The first structure relates to physical quantities and is now denoted X. The second
is the relational system of ratios whereby inputs are matched to outputs. It refers to
strategies and is denoted S. The two are intertwined by means of two mappings, ǭ from
X to S and v from S to ℚ (i.e., the set of rational numbers); and by requiring that ǭ lifts
the scale f, which is the derived measurement mapping from X to ℚ. Lifting means that
v[ǭ(x)] = f(x), for any x in X. Figure 7.1 illustrates the lift concept: ǭ is introduced as
the morphism5 that maps resources in X to ratios in S; v is the probability measure
that maps ratios to ℚ. Once the condition f(X) = 1 is set, v is a probability measure.

S
ǭ

X

v
f

ℚ

Figure 7.1: ǭ is the morphism that lifts the scale f
Requiring that ǭ lift the scale f not only establishes f as a derived measurement in
terms of S, it takes the framework beyond basic extensiveness. A part of accounting
measurement is classifying resources; ǭ expresses the nominal part of the scale f.
Physical resources are subsets of X. Accounting measurement classifies resource
subsets according to a process-based perspective. The set S is the result and the
elements in S are called claims. All claims are pairs of inputs-outputs. Strategies are
defined as collections of input-output pairs that pertain to a continuous time interval.
Further, with classified resources, p-numbers are assigned to claims such that the scale
v obtains. This embodies the quantitative aspects of accounting measurement.
Chapter 6 shows that the scale v is given by an inner-product defined over a tensor
space. The measurement framework is endowed with sufficient structure to address
the concept of strategy in a mathematically rigorous fashion. A strategy is a purposeful
process which exists over time. Its representation requires a mathematical object
defined in terms of a time interval. The tensor V, as in (1|V|1) = 1, is one such object.
5 ǭ is a

correspondence, not a function; it maps inputs to outputs by reference to the several ratios.
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It yields time-dependent values that accountants work with when its space is
expressed in a time-dependent basis. The representation of values evolving
throughout time is accounted for by changing the applicable bases.
Accounting values are probability measures, subjectively determined, applicable to
claims, and are up-dated with new information. Each decision-maker is associated
with a tensor space wherein an accounting equation may be expressed.

2. Weak Order
Accounting measurement applies to input-output matched pairs. Chapter 4 illustrates
a setting wherein those pairs are readily observable by reference to barter. That
chapter conveyed two important points: The value of inputs is set equal to the value of
outputs because the input-output relationship was assumed to be an equivalence
relation satisfying reflexivity, symmetry, and transitivity. Further, no other observable
relation or operation was discussed in that chapter. The two views taken together
suggest that the relation R, one of the constitutive elements in the underlying
relational system (A, R, ∘), might be an equivalence and is not an order.
The extant approaches to accounting measurement are predicated on the view that
the relation R is an order (e.g., Willett, 1991, ‘cost structures’; Vickrey, 1970, p.737).
This thesis suggests a departure from that stream of literature by going counter to the
generally accepted view of what accounting numbers mean. Their representational
structure is obviously ordered. Costs, prices, or values are commensurable (i.e., bigger,
smaller, or equal) and with commensurability economic and accounting numbers gain
meaning. A fundamental ratio scale seems therefore natural. However, this view is
challenged by the argument that ratio scales can be derived from weak order relations.
2.1 Commensurability
It is not possible to derive a ratio scale when the underlying relation R is
equivalence. However, it is possible to derive a ratio scale when the relation R is a strict
weak order. Accordingly, the observable input-output relation is now framed as a weak
order, not equivalence. Roberts (1984, pp. 122-131) shows that a ratio scale may be
derived from an underlying relational system whose relation R is a strict weak order.
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A strict simple order satisfies three properties, transitivity, asymmetry and
completeness. In contrast, a strict weak order does not satisfy completeness. It satisfies
only two properties, asymmetry and negative transitivity. For all a and b in A, the
former means not aRa (anti-reflexivity) and if aRb, not bRa (anti-symmetry) while the
latter means if not aRb and not bRc, then not aRc, for all a, b, c in A. These properties
are all consistent with the barter relations in Chapter 4.
When the merchant trades velvet for wool, the two resources relate as input to
output and the following interpretations hold: Velvet is the input; therefore, it is not
the output; the relation is anti-reflexive. Further, wool is not the input to velvet; the
relation is anti-symmetric. Finally, if the merchant cannot trade apples for bananas
and neither bananas for carrots, then he cannot trade apples for carrots. This implies
that a set of unrelated, incommensurable resources may exist in the economic barter
system. This does not imply that all resources are incommensurable. The weak order
states a weaker condition on the underlying order such that, depending on the context,
any resource still may be tradable for any another resource.
Figure 7.2 illustrates a relational system (A, R) wherein not all objects are
commensurate. Assume an object in Figure 7.2 relates to another object under the
relation R if it is at the head of an arrow that starts with that other object (e.g., cRa).
a

d
c
b

Figure 7.2:

z

A relational system (A, R) with incommensurate objects

Figure 7.2 provides evidence for dRa and zRa, but says nothing about the
relationships involving the pairs (d,z), (d,b) or (a,b). R is a strict weak order and some
pairs of objects are incommensurate. However, Roberts (1984, pp. 122-131) shows that
with additional axioms, an extensive representation follows and commensurability
holds, despite it not holding in the underlying empirical realm.
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This can be accomplished by endowing the relational system with an operation ∘
such that the resulting system (A, R, ∘) is required to satisfy the Archimedean axiom.
This axiom imposes on any objects a and b in A the condition that, by arranging a
sufficiently large combination of replicas of b, the combination is valued more than a,
no matter the value of a. Figure 7.3 expands on Figure 7.2 to illustrate the argument.
Despite lacking direct means to compare b with a (i.e., by means of R), reference to
the Archimedean axiom implies the combination nb being comparable with a (i.e., an
additional arrow is introduced). Further, since extensive structures are uniquely
represented by an f ratio scale (Roberts, 1984, p.129, theorem 3.7), f(nb) = mf(a),
whereas m is an appropriate scaling factor, and thus f(b) = m/n f(a). This establishes
the commensurability of a and b, even in the absence of aRb or bRa.
a

d
c
b

Figure 7.3:

z

nb

The resulting system (A, R, ∘) is extensive such that all
objects can be compared.

Organising input-output relations in a time sequence implies a net of processes that,
if long enough, makes all resources commensurate. Further, when purposes are
attached to processes such that they can be called strategies, the valuation procedure
in Chapter 6 determines values in terms of trading ratios set by social agreement.
Accounting measurement thus obtains.
The representational system herein is not Archimedean. It requires a ‘curved’ vector
space wherein values are bounded. This results from partitioning the input-output
underlying set by the matching procedure. Whereas the Archimedean axiom refers to
replicas, a fact that translates into an integer n being multiplied by a, partitioning the
resource set yields a representation that relies on multiplication by fractions.
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2.2 The inherent uncertainty of accounting measurement
The attribute that yields the accounting values, including costs, is purely relational.
It depends on where the matched pairs of inputs-outputs are placed in the accounting
classification scheme. The classification scheme is predicated on the existence of a
time interval that typically includes an unknown future.
For a naïve account of what this entails, imagine an older brother and a younger
sister. A doll is present in the room where they are playing. Playing with the doll yields
no satisfaction to the boy but he believes his sister’s playing with it provides her with
pleasure. He takes the doll with the sole purpose of preventing her from playing.
Should she complain, he obtains evidence the doll is valuable to her. The satisfaction
the boy derives from preventing the girl from playing determines the value that he
assigns to the doll. If she does not complain, the doll is worthless to him.
When choosing among his own toys, the boy considers the relative pleasure that
they provide him. This is the logic of traditional economic valuations. When choosing
his sister’s toys, he considers her displeasure as a measure of his own satisfaction. This
requires a game theoretical approach to measurement whereby values are inherently
uncertain, and remain so, until an observation reveals the outcome of a strategy.
A language that encodes an inherent uncertainty is needed for the representation of
strategies. Quantum physics has shown that linear algebra is such a language. Thus,
analogies with quantum physics, based on the structure of this common language,
should be used to support interesting developments in accounting theory.
2.3 The nature of the accounting attribute
The relational system is inherently uncertain because it is the expression of
subjective views by a decision-maker. The accounting attribute is information about
input-output relationships. Performance measurement is accounted for by a
consistency measure. It confirms if subjective views by the decision-maker reflect the
objective facts, theoretical statements known to hold or empirical results from actual
observations.
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Mattessich (1995) made a case for the subjective nature of the accounting attribute.
Christensen & Demski (2002) criticised the understanding that accounting numbers
are representations of economic value. This is the result of a collective bargaining
process involving consumers, based on their preferences. When accountants rely on
this concept, they run into theoretically intractable issues (Sterling, 1975). Examples
of these issues are the controversies opposing historical versus market value
accounting (Falta & Kumarasinghe, 2012) and the arbitrariness and incorrigibility of
allocations (Thomas, 1969; 1974).
This thesis avoids the economic value concept. It focuses on the mathematical
definition of value (i.e., a scale), and reconciles this definition with the information
content perspective of accounting (cf., Christensen & Demski, 2002). Interpreting
knowledge as the accounting attribute is consistent with the views of Krantz et al.
(1971, pp.123-124) and Roberts (1984, p.129) whereby subjective probabilities are
extensive fundamental measurements in the social sciences. Accounting numbers are
framed as the fundamental measurement of a subjective view on economic processes.
This fundamental approach to measurement relies on p-measures. The results of
measure theory, derived from -algebras, underpin these measures. They have been
justified in this thesis by partitions. Following Balzer & Mattessich (1991), accounting
has an empirically void ‘structural core’ based on subjective probabilities. With such a
core, decision-makers are given the means to frame their view of reality.

3. Partitions
The formal structure of accounting measurement requires a probability measure. The
valuation scale v: S ↦ ℚ was introduced. To justify using v as a probability measure,
Chapter 6 requires that a partition axiom be added to the SACA axiomatic system.
Tippett (1978, table 4) offers a set of axioms that provides the basis of a p-measure.
Based on Kolmogorov’s probability axioms, he frames accounting measurement in
probabilistic terms. The axioms, however, do not address the process oriented nature
of the accounting attribute. Consider Tippet’s (1978) Axiom of Quantities. It requires
the existence of ‘simple resource sets’, singleton subsets of the resource set. These are
primitive notions in his system, but they are not primitive herein.
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Indeed, Chapter 6 relied on partitions to establish accounting measurement. The
resource set was partitioned by matching inputs to outputs, with quantities at any
given moment being classified accordingly. The probabilistic nature of accounting
resulted from having the concept of partition as a primitive notion6.
Consider an egg that is broken in two. Once broken, it loses its substance and
hatching chicks is no longer possible. From the teleological perspective that aims at
future chicks, an egg is indivisible. The claim to the egg, however, is always divisible,
as when two persons own it jointly. The chick that eventually hatches may also be
claimed jointly, the owners’ sharing the eggs the grown up chicken lays over its life.
Physical conditions empirically limit the ability to separate processes: this is at the
basis of Willett’s (1991) concept of a separable production relation. The proper
ingredients are needed, in proper quantities, to bake an apple pie of a desired quality.
Accounting, however, in the form envisaged here requires a set of axioms that allows
separating processes beyond physical limits, with a new limit determined by social
convention. Thus, Tippett’s (1978) set of axioms does not qualify.
3.1

The dual logic of partitions

Ellerman’s (2014) dual7 logic of partitions is a logic that models a universal set with
indefinite elements becoming definite as distinctions are made. Partitioning this
universal set is represented by a direct sum decomposition (Ellerman, 2013) of the set.
The partitioning procedure that yields block diagonal matrices (cf. Chapter 2), is
derivable his partition logic. A naïve rendering of the dual logic of partitions follows.
[…] the common-sense view of reality […] is expressed at the logical level in Boolean
subset logic. Each element in the Boolean universe set is either definitely in or definitely
not in a subset, i.e., each element either definitely has or does not have a property. Each
element is characterized by a full set of properties, a view that might be referred to as
"definite properties all the way down." (Ellerman, 2013, p. 3)

6

Tippett’s (1978, footnote 45) ‘simple resource sets’ constitute a partition of the property set. This
is a theorem, however; it has been derived from the axioms.
7 The term dual refers to categorical logic: “Partitions on a universe set are dual to subsets of a
universe set in the sense of the reverse-the-arrows category-theoretic duality–which is reflected in the
duality between quotient objects and subobjects throughout algebra.” (Ellerman, 2014)
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We can now describe how the dual logic of partitions captures at the logical level a vision
of reality with objectively indefinite (or indistinct) entities. The key step is to interpret a
subset S as a single objectively indefinite element. (Ellerman, 2013, p. 11)
Meta-physical notions of substance and form illustrate the conceptual duality of
partitioning in terms of the two lattices in Figure 7.4, adapted from Ellerman (2013).
{{a}, {b}, {c}}

{a, b, c}
Substance
increases,
always fully
formed.
Start with zero
substance.

{a, b}

{a, c}

{b, c}
{{a, b}, {c}} {{a}, {b,c}} {{b}, {a, c}}

{a}

{b}

{c}
{{a, b, c}}

∅
Subset lattice

Partition lattice

Substance
increasingly
in-formed by
making
distinctions.
Start with all
substance but
no form.

Figure 7.4: Conceptual duality between the Subset and the Partition lattices
(adapted from Ellerman, 2013)

The progress from bottom to top of the two lattices could also be described as two
creation stories. Subset creation story: “In the Beginning was the Void”, and then
elements are created, fully propertied and distinguished from one another, until finally
reaching all the elements of the universe set U. Partition creation story: “In the
Beginning was the Blob”, which is an undifferentiated “substance,” and then there is a
"Big Bang" where elements are created by the substance being objectively in-formed by
the making of distinctions (e.g., breaking symmetries) until the result is finally the
singletons which designate the elements of the universe U. (Ellerman, 2013, p. 14)
By extension, physical resources are classified within accounting by reference to
strategies. The universal set S consists of strategies, teleological processes relating
inputs to outputs. The state measure of S is set equal to 1. This is encoded within the
accounting equation defined in the aggregate, by reference to S. When S is partitioned
by the matching analysis, a classification scheme obtains, the distinct input-output
relationships in-form the elements in the resource set. This information is encoded
within the morphism ǭ that maps the resulting in-formed set X to the universe set S.
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If a matched input-output pair is partitioned, the state measure of the parts adds up
to the measure of the whole; S qualifies as a -algebra and the resulting function v is a
ratio-like8 scale. By construction, the state measures of strategies in S are additive. A
strategy being defined within a coarser partition may be conveyed, alternatively, as the
superposition of strategies defined within a finer one.
Accounting valuation is framed by the structure of S. Chapter 6 describes the
valuation algorithm. It requires observable quantities to be inserted as known
parameters into the accounting equation, imposing a constraint on the state measure
of the strategy. The algorithm then requires a set of p-numbers as well, which are
chosen to express the strategy’s desired outcome. The solutions are earlier p-numbers,
which in turn define the values of the resources.
The ratio nature of the scale v is uncontroversial, given its p-measure structure.
However, the derived measurement f: X ↦ ℚ requires an interpretation of what the
morphism ǭ is supposed to mean.
3.2

Taxonomic partitions

The concept of partition derives from matching. Appreciate that the structure of the
balance sheet is based upon partitions. The resulting taxonomic structure is shown in
Figure 7.5. Partitions are embedded within accounting at the axiomatic level.
Kay (1971) provides two axioms that support a taxonomic structure of the type
shown in Figure 7.5. They imply that the process oriented classification scheme
discussed in Chapter 6 qualifies accounting as a language that frames economic reality.
In Figure 7.5, the features that characterise the balance sheet as a taxonomic
structure are as follows: there is a hierarchy; the hierarchy is derived from partitions;
the applicable partitioning yields a partial order; the logic underlying the partitioning
is time-oriented; assets T-accounts are not matched to liabilities T-accounts on an
individual basis, but only on the aggregate.

8 v is bounded, the maximum value being 1. The maximum is arbitrary by means of re-scaling,
however, the function v embodies a ‘curvature’ characteristic such that one may multiply it by fractions
of the maximum, as with any true ratio scale, but one cannot use multiples thereof.

Page | 131

7. Conclusions and Discussion

Assets
Current Assets
Bank
Petty Cash
Accounts Receivable
Fixed Assets
Office Equipment
Motor Vehicle

1-000
1-100
1-101
1-102
1-103
1-200
1-201
1-202

Liabilities
Current Liabilities
Bank Overdraft
Credit Card
Accounts Payable
Long Term Liabilities
Bank Loan
Motor Vehicle Loan

2-000
2-100
2-101
2-102
2-103
2-200
2-201
2-202

Equity
Capital
Drawings

3-000
3-100
3-200

Income
Services
Materials
Bank Interests

4-000
4-101
4-102
4-103

Cost of Goods Sold

5-000

Expenses
Advertising
Bank Fees
Telephone
Subscriptions

6-000
6-100
6-200
6-300
6-400

Figure 7.5: The taxonomic structure of the balance sheet

The resulting structure is mapped onto a set of numbers that have a quotient
structure such that 1-101 can be interpreted as 1-100 being divided by 10 or as 1-100
being divided by 100.
Kay’s (1971) axioms support the concept of contrast sets C(Si). In the present
context, these account for those T-accounts Sj that are immediately preceded by Si,
that is, Si is 'just above' the Sj under the hierarchy9. Kay’s (1971) two axioms translate
as (i) the accounting hierarchy is such that there is a unique beginner T-account10; and
(ii) the hierarchy is a taxonomic partition11. He derives terminal T-accounts, 1-202 in
Figure 7.5, which strictly include no other and are such that they collectively span the
universal set S12. In using vectors and matrices to represent accounting numbers,
reliance is typically place on terminal T-accounts because they provide a basis for the
applicable vector space (e.g., Cruz Rambaud et al., 2011).

9 C(Si) = {Sj

: Sj ∊ S, Si ⊃ Sk and there is no Sk ∊ S such that Si ⊃ Sk and Sk ⊃ Sj}
∄ ≠ : S k ⊃ S i,  S i ∊ S
11  Si ∊ S, C(Si) is either empty or is a partition of Si
12 T = {Sk : Sk is terminal} defines a partition of S1 (Kay, 1971, Appendix – T.20)
10

Sk

S1

Page | 132

7. Conclusions and Discussion

For an intuition, consider the matryoshka doll, the Russian nested doll. One
matryoshka doll is not a single doll but a set of dolls of decreasing size placed one
inside the other. Accounting measurement requires a similar multi-dimensional
property such that on opening any of the dolls, many dolls may follow.
Kay’s (1971) analysis of contrast helps understanding process-based measurements:
“[c]ontrast is obviously a relational term” (Kay, 1971, p.872). Kay identifies five types
of contrast relations that help with “making sense” of objects within a taxonomic
structure. The examples that follow relate to Figure 7.5.
The inclusion contrast is such that, given two different T-accounts, one is subsumed
within the other. For example, motor vehicle is but one of the fixed assets.
The direct contrast is such that, given two different T-accounts, they share the same
immediate predecessor. For example, office equipment and motor vehicle.
The indirect contrast is such that, given two different T-accounts, by working up
the hierarchy it is always possible to identify their predecessors that are either in
inclusion or in direct contrast. For example, vehicle loan and credit card.
The terminal contrast is such that, given two different terminal T-accounts, which
pertain to different hierarchical sequences, they nevertheless relate to each other
through the unique beginner. For example, accounts payable and capital.
The final contrast is the generic contrast that determines the T-accounts seen to be
relevant. This captures the discontinuities in the classification scheme. For example,
for most firms, ‘petty cash’ is subsumed under ‘bank’. However, this distinction arises
in Figure 7.5 because the firm therein is, presumably, small in size.
Kay’s (1971) linguistic analysis of taxonomic structures clarifies the accountants’
approach to processes and how they attribute meaning to the words they use.
Accounting terminology, with accounting numbers being assigned accordingly, is
meaningful because it represents an underlying relational system and its meaning is
based on contrasting terms within the representational classification scheme.
This system is composed of subsystems which may not exist on their own. They may
exist only within the system. It thus becomes possible to conceptualize emergence.
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With emergence, it is possible to conceptualise allocation and goodwill T-accounts.
These are not directly observable transformations, separately and within a ‘short’ time
interval, yet they support the overall observable matching procedure.
3.3

Taxonomy

Resources are ‘embedded’ with meaning, encoded within ǭ. However, ǭ is not just a
taxonomic structure; it is a taxonomy. This explains why accounting terms may be
ambiguous and sometimes support conflicting views about a given, single process.
Kay’s (1971) concept of taxonomy requires a set of names (lexemes) and a mapping
l from the taxonomic structure to the names’ set. T-accounts are the elements in the
taxonomic domain consisting of strategies. The mapping l yields the lexical realization
of T-accounts and strategies. They are identified by two numbers and two indices, xiyj.
Kay’s (1971) S-MM-UC axiom13 is now introduced in the accounting framework. The
axiom’s acronym S-MM-UC refers to synonymy (more than one lexeme per account),
multiple meaning (more than one account per lexeme), and unnamed categories
(unidentified accounts from lexically unmarked or covert strategies).
[…] taxonomy is defined in terms of a mapping involving a taxonomic structure and a
set of lexemes. Synonymy is accounted for by partitioning the set of lexemes into cells,
each of whose member lexemes realize the same [T-account or strategy]; the cells of this
partition, rather than individual lexemes, form the converse domain of the mapping.
Covert categories are accommodated by taking as the domain of the mapping, not the set
[S of strategies], but a subset [S'] of [S]. Finally, polysemy [multiple meaning] is
incorporated in the model just to the extent that, if a single lexeme is the image of more
than one [T-account], then all the [T-accounts] of which it is the image can be arranged
in a chain of immediate precedence [under the taxonomic structure]. (Kay, 1971)

13

Let taxonomy be defined as a ternary relational structure T = (S, L, l) such that
a) S = (S, ⊃) is a taxonomic structure;
b) L is a finite, non-null set of lexemes on which a partition  is defined, of which each cell 
is non-nul;
c) l is a mapping of S’ onto , S’ ⊂ S, which satisfies the S-MM-CC axiom.
S-MM-CC:  Si, Sj ∊ S’, Si ≠ Sj, if l(Si) = l(Sj) = ,  ∊ , then
a) either Si ⊃ Sj or Sj ⊃ Si
b) ∀ Sk ∊ S, if Si ⊇ Sk ⊇ Sj or Sj ⊇ Sk ⊇ Si, l(Sk) = 
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Figure 7.6 illustrates the morphism l defined by the S-MM-CC axiom mapping the
taxonomic structure (S, ⊃) to the taxonomy (, ⊃).
S
S’

l



multiple meaning
covert

synonymy

strategies
unambiguous meaning

Figure 7.6 – An illustration of the morphism l between (S, ⊃) and (, ⊃)

Notice that the partition  of the set of names (illustrated by the stars) is matched
to the hierarchical partition of the set of strategies (i.e., the set of T-accounts depicted
by triangles). The important consequence of considering a taxonomy rather than a
taxonomic structure is that the valuation function v may no longer be defined over S
but rather requires  as its domain.
Figure 7.7 illustrates this final point whereby the lift diagram 7.1 is updated and
shows ǭ being a composite of a taxonomic structure, ts, and a mapping l such that ǭ
qualifies as a taxonomy.

S
ts

l



ǭ
v

X

f

ℚ

Figure 7.7: ǭ is the composite morphism that lifts the scale f
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4. Final Remark
This conclusion elaborates the thesis theory. SACA’s axioms need to be organised in
four structures: (i) the underlying relational system (S, R, ⊃); (ii) the derived system
(X, R, ⊃); (iii) the taxonomy (, ⊃); and (iv) the representational structure given by
tensor spaces (T, ℚ, +, ×). The tensors T are operators in the value space V that encode
information about the strategies defining the economic system. The mathematical
procedure of projecting V onto chosen vectors in the space’s bases, say qi or pj, is the
measurement procedure. This procedure yields additive values at each moment in
time and multiplicative p-numbers over a time interval. It also implies the economic
system is in a state that cannot be observed and thus cannot be measured.
Measurement may, however, contradict an assumed state, in which case knowledge is
gained. Whenever knowledge is gained, p-numbers are updated and the consistency
solution concept requires that the state measured be one. The resulting formal
language of accounting is probabilistic.
It was Littleton who first emphasised the ‘statistical nature’ of accounting measurement:
‘… the subject matter of accounting is inescapably economic and its basic methodology
is unquestionably statistical in character.’ Littleton, Structure of Accounting Theory.
New York: American Accounting Association, 1953, p.8. (Tippett, 1978, footnote 51)
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