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PROBLEM SOLVING 88 

and they are required to explain and justify the legitimacy of their solutions. They benefit 

from explaining and justifying their solutions because they must clarify and organize their 

thinking and often give explanations in new and different ways tailored to the needs of others 

(Good, Mulryan & McCaslin, 1992). Furthermore, these discussions will provide a chance for 

students to realize that there are choices of strategies for solving a given problem and to 

evaluate themselves which strategy should be preferred in which situations. 

To sum up for this part, Ian Stewart in the foreword to P6lya (1973) comments that 

'Mathematical problems aren't uniformly impenetrable. They have their weak 

points . .. What we need to do is to equip our students with the ability to sense 

these weak points, to know whether they are making progress or getting stuck ... 

P6lya 's heuristics help: they provide a kind of toolkit for manoeuvering about a 

problem, seeking an opening. The subtler art is to select the right tool at the right 

time and to use the tool in such a manner that you get the job finished.' (p. xxix) 

Thus classroom instruction giving strong emphasis to developing problem-solving ability in 

students will provide opportunities for the students to 

a) practice the knowledge, skills and strategies that they had learned on unfamiliar 

problems, 

b) critically reflect, monitor and direct what is known and done in solving a problem, 

c) generate connections between old and new learning, and 

d) justify and motivate new learning (Siemon & Booker, 1990). 

Such instruction also helps students to develop the correct attitude towards authority and 

source materials. Students need to break loose from the blind faith in the words of their 

teacher and textbooks, but still make the correct use of other people or other sources (Freire, 

1972). 

.-----·-- -------- -~- - - ·------~--------.-- -.-~- - - ~----- ---··-------· -------··---~- --
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PROBLEM SOLVING 89 

Chapter summary 

When problem solving is emphasized in teaching mathematics, students will be engaged in 

more meaningful learning through discovering the concept by themselves and experiencing 

some of the expert's understanding of the problem and the process of formulating the 

solution. Mathematics in the New Zealand Curriculum (1992) extols the value of the problem

solving approach, as opposed to the traditional method, which bombards students with rules 

and procedures. 

The interest and responsibility in learning shifts to the student under the problem-solving 

approach. It promotes a learning atmosphere where the student engages in an investigative 

role rather than the imitative role of the traditional didactic teaching style. 
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CHAPTER FIVE 

Literature Review: Scaffolding 

Introduction 

This section reviews the literature considered relevant to the topic of scaffolding. It will be 

presented under the following headings. 

• Theoretical rationale for scaffolding. 

• What is scaffolding? 

• The importance of scaffolding. 

• Peer-cooperation. 

• Scaffolding and instruction. 

• Section summary. 

Theoretical rationale 

There are probably a number of theoretical traditions which contribute to the emergence of 

the concept of scaffolding. For the purpose of this section, we will examine how the ideas of 

Vygotsky and P6lya have influenced the formation of scaffolding. 

Vygotsky' s school of thought probably has the most profound influence on the formation of 

the concept of scaffolding in the cognitive development of a child (Greenfield, 1984, Rogoff 

& Gardner, 1984, Stone, 1993). Vygotsky emphasizes concept formation as a major issue in 

the cognitive development of a child. As mentioned in the last section, he formulates two 

types of concept formations; these are, spontaneous or everyday concepts, which evolve from 

everyday experiences and non-spontaneous or scientific concepts, which originate from 

classroom instruction or adult conversations. These two concepts are closely related in that 

90 
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SCAFFOLDING 91 

everyday concepts should grow upward through scientific concepts which supply the 

necessary structures for their development toward consciousness and deliberate use. On the 

other hand, scientific concepts should grow downward through everyday concepts, which 

provide a series of structures for the evolution of these concepts into more meaningful 

concepts for the child. The process of concept formation should be studied by referring to the 

means by which the operation is accomplished, including the use of tools, the mobilization of 

the appropriate means, and the means by which people learn to organize and direct their 

behaviour. 

Based on this, Vygotsky conceptualizes the idea of the zone of proximal development. He 

says that children who by themselves are able to perform a task at a particular cognitive level, 

in cooperation with others and with adults will be able to perform at a higher level, and this 

difference between the two levels is the child's 'Zone of Proximal Development'. He suggests 

taking note of this capability of a child when designing instruction. 

'In the child's development, ... imitation and instruction play a major role. They 

bring out the specifically human qualities of the mind and lead the child to new 

developmental levels. . . . What a child can do in cooperation today he can do 

alone tomorrow. Therefore the only good kind of instruction is that which 

marches ahead of development and leads it; . . . instruction must be oriented 

toward the future, not the past.' (Vygotsky, 1986, p. 188) 

We will see later on in this section that this is indeed one of the vital ingredients of the 

concept of scaffolding. 

Language plays a very important role in Vygotsky's concept formation. He elaborates 

lengthily in his books on the importance of overt and covert (inner) speeches in the process of 

learning. Vygotsky comments that 

' ... learning to direct one's own mental processes with the aid of words or signs is 

an integral part of the process of concept formation.' ( 1986, p. 108) 

----------·------·-.-------·----------------------------·---· ------ -----------------
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SCAFFOLDING 92 

As a child grows older, the inner speech especially, will become the basic structure of the 

child's thinking. 

Even though active interaction between teacher and students can take the form of signs and 

gestures, students should be proficient in language before they can get the most out of the help 

provided by their teachers. With proficiency in language, students are able to verbalize their 

thinking and engage in meaningful interaction with their teachers. 

Another important factor that determines the cognitive development of learners is the 

characteristics of the task that is assigned to them. 

'The tasks with wJ:iich society confronts an adolescent as he enters the cultural, 

professional, and civics world of adults undoubtedly become an important factor 

in the e.lJlergence, of conceptual thinking. If the milieu presents no such task to the 

adolescent, makes nd new demands on him, and does not stimulate his intellect by 

providing a sequence of new goals, his thinking fails to reach the highest stages, 

or reaches them_ with great delay.' (Vygotsky, 1986, p. 108) 

In other words, the task should be based on some everyday experiences so that the learners 

have something which they are familiar with to reflect on. At the same time the task should 

not be too simple or it will not 'stretch' the thinking of the learners. 

Vygotsky claims that 

'Every function in the child's cultural development appears twice, on two levels. 

First on the social, and later on the psychological level; first, between people as 

an interpsychological category and then inside the child as an intrapsychological 

category.' (1978, p. 128) 

The process by which inter becomes intra is called internalization and involves more than the 

endowment of the child and more than the child can accomplish on his or her own, but it 

occurs within the child's zone of proximal development. Based on this argument, Vygotsky 

·~----~---- --------- ---·-··----···--·--·-
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SCAFFOLDING 93 

proposes that the cognitive development in a child is social, which involves another person 

and the society as a whole. In other words, social interaction taking the form of dialogue or 

exchange of cues or gestures, plays an important role in concept formation. It also forms the 

backbone for educators in formulating the concept of scaffolding. 

Scaffolding is implicit in P6lya's work (Holton, Anderson & Thomas, 1996). P6lya, who is 

one of the pioneers of problem solving, emphasizes strongly an active interaction between 

teacher and student in the classroom. He says that help in the form of questions and 

suggestions from the teacher is essential and should be discreet and unobtrusive. This 

purposeful strategy will eventually be transferred to the student. 

'Trying to help the student effectively but unobtrusively and naturally, the teacher 

is led to ask the same questions and the same steps again and again.' ( 1973, p. 1) 

'If the same qitestion is repeated helpfully, the student will scarcely fail to notice 

it and he will be induced to ask the same question by himself in a similar 

situation. Asking the question repeatedly, he may succeed once in eliciting the 

right idea. By such a success, he discovers the right way of using the question, 

and then he has really assimilated it.' ( 1973, p. 4) 

In order to making the transfer more efficient, he suggests that 

'The teacher should put himself in the student's place, he should see the student's 

case, he should try to understand what is going on in the student's mind, and ask 

a question or indicate a step that could have occurred to the student himself.' 

(1973, p. I) 

P6lya shares with Vygotsky the same view that those skills which are initially out of reach for 

students, will be internalized in them and will add to their stock of tools for effective problem 

solving. 

-----~--"-------·-~----------------



_, 

I, 

_, 

!( 

'~ 

' '\ 
J 

r' 

l\ 

(( 

-\ 

'\ 

~ 

,( 

J\ 

' 
·\ 

( 

·( 

,, 

SCAFFOLDING 94 

In P6lya' s four-phase model, there is a long list of general questions and suggestions for each 

phase that the teacher can use to help his student to develop the correct mental operations for 

success at a task. Since his questions and suggestions are so general, there are bound to be 

some students who cannot assimilate them. He gives many examples to show how the teacher 

should modify these questions and suggestions or even resort to explicit hints to meet the 

needs of the students. In fact, P6lya's questions and suggestions have been adopted or 

modified by modem educators as scaffolding questions. 

What is scaffolding? 

The above hypotheses proposed by Vygotsky and P6lya were the important ingredients for 

formulating the concept of scaffolding from the 1970s on. This part will analyze a few 

definitions of scaffolding by educators and hence examine its role in teaching and learning. 

Wood, Bruner and Ross (1976) introduced the word scaffolding for the first time in their 

article 'The Role of Tutoring in Problem Solving'. They believe that the acquisition of skills 

by a child is an activity in which the readily relevant skills are combined and 'bent' into 

'higher skills' to meet new, more complex task requirements. This activity can only be 

successful through the intervention of a tutor, which will result in much more than just 

modelling and imitation. 

'More often than not, it involves a kind of "scaffolding" process that enables a 

child or novice to solve a problem, carry out a task or achieve a goal which 

would be beyond his unassisted effort. This scaffolding consists essentially of the 

adult "controlling" those elements of the task that are initially beyond the 

learner's capacity, thus permitting him to concentrate upon and complete only 

those elements that are within his range of competence. The task thus proceeds to 

a successful conclusion. We assume, however, that the process can potentially 

achieve much more for the learner than an assisted completion of the task. It may 

result, eventually, in development of task competency by the learner at a pace that 

would far outstrip his unassisted efforts.' (Wood, Bruner & Ross, 1976, p. 90) 
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SCAFFOLDING 95 

They also outline six key functions of scaffolding: 

1. 

2. 

3. 

4. 

5. 

Recruitment: engaging the student in a meaningful and interesting task; 

Reduction in the degree of freedom: breaking the task into manageable components; 

Direction maintenance: keeping the students on-task and on-track to a solution; 

Marking critical features: accentuating key parts of the task; 

Frustration control: decreasing the stress of the task but not so far as to create total 

dependency on the tutor; and 

6. Demonstration: The tutor imitates attempted solution by the tutee, hoping that it will 

be imitated back by the tutee in a more appropriate form. 

Greenfield (1984) defines the scaffold for building construction as follow. 

'The scaffold, as it is known in building construction, has five characteristics: It 

provides a support; it functions as a tool; it extends the range of a worker; it 

allows the worker to accomplish the task not otherwise possible; and it is used 

selectively to aid the worker where needed.' (p. 118) 

Based on this definition, she puts forward the following idea of the scaffolding process in a 

learning situation. 

' ... the teacher's selective intervention provides a supportive tool for the learner, 

which extends his or her skills, thereby allowing the learner successfully to 

accomplish a task not otherwise possible. Put another way, the teacher structures 

an interaction by building on what he or she knows the learner can do. 

Scaffolding thus closes the gap between task requirement and the skill level of the 

learner ... ' (p. 118) 

Camboume (1988) highlights the common interactions in scaffolding as: 

Focusing on a gap to bridge in child skills/knowledge to accomplish a task. 

··-------~--- ·---------· 
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SCAFFOLDING 96 

Extending by raising the skill level: asking questions like 'What else will you (would 

you, could you) do?' when the teacher is satisfied with the performance of the child. 

Refocusing by encouraging clarification and justification by asking questions like 'Is 

this what you are trying to say (do, write) or is it something else?' when the teacher is 

confused or unclear about what the child is doing or saying. 

Redirecting by offering new resources if there is a mismatch between the child's intent 

and the message or in the expectations which the teacher holds for the child. 

Cambourne goes on to say that for effective learning, learners need: 

Immersion in appropriate task; 

Appropriate demonstrations from the teacher; 

The responsibility for making some decisions about when, how and what they do; 

High expectations about themselves as potential doers; 

High expectations about their abilities to complete the task; 

Freedom to forward their own understanding; 

Time to engage in the acts of a task; 

Opportunities to employ developing skills and knowledge to meaningful and 

purposeful context; 

Responses and feedback from the teacher which both inform and support their 

attempts; 

Plenty of opportunities to reflect upon and make explicit what they are learning. 

Bickmore-Brand and Gawned (1990) also define scaffolding as a building process which 

involves an adult and a child in a task where the child is "stretched to the next stage of 

development" under the guidance of the adult. They outline three types of scaffolding styles: 

Task focused: related to the formal requirement of the task and serving to keep the 

child on task, 

Child focused: supports the child in exploring the task, 

Multi-focused: tailored to the needs of the particular child at each point during the 

task. 

--- ------- ~- ------ ------------------------------- --~---------------~--------



-( 

<I 

I t'.i 

,\ 

~' 

( I/ 

11 

,( 

' ~) 

-I 

') 

\ 
l 
:, 

\ 
,) 

-/ 

·\ 

SCAFFOLDING 97 

Holton, Spicer, Thomas and Young (1996) suggest that students encounter three different 

barriers when they engage in problem solving. These are mathematical barriers, strategic 

barriers and other barriers such as lack of motivation, lack of belief in their own ability and 

not coping with frustration at lack of progress. Based on these, they further expand 

scaffolding into cognitive scaffolding, metacognitive scaffolding and other scaffolding. 

Cognitive scaffolding is required when students are facing difficulty 'thinking of a good 

strategy to try or an appropriate piece of knowledge, skill or procedure to bring to bear' on a 

problem. 

'Cognitive scaffolding is scaffolding that is not metacognitive and is related to the 

mathematical demands of the problem. This sort of assistance would proceed in 

successive phases just as the problem solving process does.' (Holton, Spicer, 

Thomas & Young, 1996, p. 136) 

Metacognitive scaffolding helps students with poor managerial skills such as choosing 

unwisely between possible strategies or spending too much time on an unwise decision. It is 

also a tool for teachers to test the understanding of what students had done, are doing and will 

be doing. 

'Metacognitive scaffolding is assistance offered by the teacher that is aimed at 

getting students to think about their thinking.' (Holton, Spicer, Thomas & Young, 

1996, p. 135) 

Other scaffolding is help offered which is aimed at the transfer of responsibility from teachers 

to students, aimed at clarification of the ideas raised, aimed to determine the scale of the 

assistance required, and aimed to refocus on new targets to be reached. 

No matter how one defines scaffolding, it is 'a metaphor for the temporary framework experts 

help create for novices in their attempts to solve problems' (Lehr, 1985). Scaffolding exhibits 

the following key features: 

·~----~·-------·--~ ------ ----------·---·---·~--
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SCAFFOLDING 98 

• Scaffolding has the capacity to enhance the potential of an individual within his zone 

of development; 

• It requires a meaningful and challenging task; 

• It emphasizes active participation of a learner in tackling a task; and 

• Scaffolding is developmental. 

We will now tum to discuss each of the above features in detail, which are important to the 

teaching and learning process. 

Scaffolding and the Zone of Proximal Development 

Most of the work on scaffolding has been influenced by Vygotsky' s concept of the zone of 

proximal development. 

'The zone of proximal development defines those functions that have not yet 

matured, but are in the process of maturation, functions that will mature 

tomorrow, but are currently in an embryonic state.' (Vygotsky, 1978, p. 86) 

Vygotsky further proposes that 

'Human learning presupposes a specific social nature and a process by which 

children grow into the intellectual life of those around them.' ( 1978, p. 88) 

This growth occurs in the zone of proximal development of the child. It is 'that phase in the 

development of a cognitive skill where a child has only partially mastered the skill but can 

successfully employ it and eventually internalize it with assistance and supervision of an 

adult' (Rogoff and Gardner, 1984, p. 97). Rogoff and Gardner (1984) go on to say that 

'The adult structures and models the appropriate solution to the problem, 

engaging the child in this solution, as the adult monitors the child's current skill 

level and supports or "scaffolds" the child's extension of current skills and 

knowledge to a higher level of competence.' (p. 97) 

-·---------~·--------- ------------·------·--------·-----
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SCAFFOLDING 99 

The idea is that, through guidance, a learner will develop skills and solve tasks, which are 

beyond their reach if the learner works alone. Once these skills resume as the intra-individual 

form, the learner will have a higher level of competency in solving the same task. Greenfeld 

(1984) further comments that 

'Thus, adult guidance, when it functions as a scaffold in the zone of proximal 

development, not only leads the child to solve problems collaboratively that could 

not be solved alone, but also moves the embryonic skill towards its full-blown 

manifestation.' (p. 119) 

Therefore, scaffolding rejects the metaphor that learners are 'empty vessels' or 'blank slates' 

to be filled passively. It emphasizes a more process-oriented curriculum. 

Task 

The nature of the task that we intend for a learner is another factor that needs to be 

considered. It is important for an adult to determine the zone of proximal development of a 

learner and construct an instructional context within this zone, based on what the learner 

knows. By making new information compatible with a learner's existing skills and 

knowledge, the adult is leading the learner in generalization to the new situation (Rogoff & 

Gardner, 1984, Bickmore-Brand & Gawned, 1990). 

'Without the creation of a context for interaction which is intelligible to the 

learner, given his or her current knowledge and skills, the dyad cannot 

communicate, and the teacher will not be able to lead the learner toward an 

understanding of the new information.' (Rogoff & Gardner, 1984, p. 98) 

The task should demand higher cognitive capabilities, but within the zone of proximal 

development of a learner. It should not be too 'simple', because that will add little to the 

learner's understanding. It should not be too difficult because that will result in spoon-feeding 

the learner. It must be just right and decisive for the learner so that his thinking is stretched 

and he is able to gain an insight to successfully accomplish the task (P6lya, 1973, Holton, 

Spicer, Thomas & Young, 1996). Holton and Thomas (1997) suggest that talking for 
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SCAFFOLDING 100 

cognitive gain depends on the social and cognitive demands of a task. The social demand of a 

task relates to the demands for cooperation between students with a specific activity, whereas 

a task is cognitively demanding if it is appropriately challenging so that the students have a 

reason to talk about it. They go on to say that students will engage in cognitive talk as the task 

is completed if 'the task is appropriately challenging and the students are encouraged by the 

cooperative nature of the task' (p. 10). This is consistent with Wood, Bruner and Ross (1976) 

who stress that the task had to be 

' ... both entertaining and challenging to the child while also proving sufficiently 

complex to ensure that his behaviour over time could develop and change.' (p. 

91) 

Role and responsibility 

Implicit in the use of scaffolding as a teaching strategy lies the emphasis of active 

participation or a greater degree of control from students over their learning. This is consistent 

with P6lya who stresses that 

'The student should acquire as much experience of independent work as possible. 

But if he is left alone with his problem without any help or with insufficient help, 

he may make no progress at all. If the teacher helps too much, nothing is left to 

the student. The teacher should help, but not too much and not too little, so that 

the student shall have a reasonable share of the work.' (P6lya, 1973, p. 1) 

Rogoff and Gardner (1984) share with Vygotsky and P6lya the same view on the student's 

participation in solving a problem. 

the adult must involve the child in the solution of the problem rather than 

simply solving the problem and reporting the solution to the child. Effective 

instruction may require the teacher to lead the learner through the process, with 

both involved in the activity.' (p. 101) 
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SCAFFOLDING 101 

They elaborate this point further by referring to the proleptic instruction put forth by W ertsch 

and Stone (1979) where a novice participates at "a comfortable but slightly challenging level" 

in the problem's solution. 

'In this [ instruction] a novice carries out simple aspects of the task as directed by 

the expert. By actually peiforming the task under expert guidance, the novice 

participates in creating the relevant contextual knowledge for the task and 

acquires some of the expert's understanding of the problem and its solution. 

Proleptic teaching contrasts both with explanation, where the adult talks about a 

task rather than guiding the child through the task, and with demonstration, 

where the teacher carries out the task rather than involving the child in action. 

Proleptic instruction integrates explanation and demonstration with an emphasis 

on the learner's participation in the instructional activity.' (p. I OJ, I 02) 

Bickmore-Brand and Gawned (1990) add more fuel to this argument by stressing the need for 

there to be a flexibility of roles between the child and the adult in scaffolding. 

'At times the role will be traditional with the child being the learner and the adult 

being the teacher and at others the child will take on the lead and use the 

teacher's language while the adult is more passive and non-directive.' (p. 46) 

The adult and child jointly construct the meaning of the task through the dialogue resulting 

from the scaffolding process (Bickmore-brand and Gawned, 1990). Snow (1983) proposes 

three ways for adults to achieve this objective: 

Adults will often continue and extend the topic that the child introduces. 

Adults will use a predictable structure to the dialogue in order to allow for more 

complex interactions and to reduce uncertainty. 

Adults will be aware of what the child can do and will insist on a certain level of 

perf onnance. 

In the classroom, there are at least four aspects of any mathematical activity in an interactive 

learning environment - problem, solutions, explanations and justifications (Barnes 1982, 

Cobb, Wood, Yackel & McNeal, 1992). It is explanation and justification, which constitute 
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SCAFFOLDING 102 

discussion (For a more detailed discussion on this, seep. 124). They are seldom to be found in 

a traditional mathematics lesson. By emphasizing students explaining and justifying their 

solutions, teachers are giving the students a greater degree of control over their learning. 

Hence, we are adopting 'students explaining and justifying their solutions' as one of the 

critical dimensions for successful scaffolding in this research. 

However, Stone (1993) feels that the process such as 'appropriation of meaning' is not 

' ... a simple matter of the child's literally "internalizing" the exchange between 

himself and the adult, as has been implied by some authors.' (Stone, 1993, p. 171) 

Stone stresses the need to take into consideration the interpersonal relations between 

participants and the social values attached to situations and behaviors that will influence the 

transfer of responsibility in scaffolding. Hence it is important for teachers to continuously 

assess the understanding of students so that they have a shared understanding on a matter 

before teachers tender any subsequent scaffolding. So, 'the need for teachers to 

continuously assess students' understanding' is another critical dimension for successful 

scaffolding under study in this research. 

Successful Scaffolding 

This part turns to a discussion of the measures that should be taken by teachers when 

providing scaffoldings to students, so that the messages will be successfully communicated to 

them. 

Firstly, the scaffolding should be adjusted to produce appropriate understanding of a 

particular context for a learner at a particular level of ability (Rogoff & Gardner, 1984). In 

other words, a teacher should assess the ability of the students when he or she arrives to 

provide help, so that he or she could start providing the minimum necessary scaffolding 

(Greenfield, 1984). Otherwise, the teacher runs the risk of asking questions and making 

suggestions, which will be of little help to students. P6lya (1973) emphasizes this point as he 

says that 'the teacher should help, but not too much and not too little' (p. 1). 
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SCAFFOLDING 103 

This does not mean that scaffolding can be adjusted perfectly to the task and ability of the 

learner. Errors are inevitable. But they can be constructive as they serve as indicators for the 

limits of the learner's skills, the level of difficulty of the task and the transfer of responsibility 

from teacher to learner (Rogoff & Gardner, 1984, Greenfield, 1984). In other words, it is 

important to take into consideration students' responses when devising subsequent 

scaffolding. So, 'the need to take into consideration students' perspectives' when devising 

instruction in the classroom is the third critical dimension for successful scaffolding that we 

are going to examine in this research. 

Secondly, scaffolding is developmental. The teacher should be aware of the shifting nature of 

the zones of proximal development of learners as 'yesterday's nascent skill becomes today's 

actual one' (Vygotsky, 1978), and adjust the scaffolding to suit the new situation. The teacher 

should revise the scaffolding for learning as the learner's capabilities develop, adjusting the 

support for the learner's performance to a level just beyond what he could manage 

independently. This is consistent with the self-destructive nature of scaffolding stressed by 

Bickmore-Brand and Gawned (1990). 

'A natural consequence of scaffolding which enhances the learner's potential is 

that it is developmental and therefore as the child gains mastery the scaffolding is 

taken away or no longer used - it self-destructs.' (Cazden, 1983, quoted in 

Bickmore-Brand & Gawned, 1990, p. 44) 

A teacher should reduce the level of scaffolding or take away the scaffolding to allow a 

student to participate to a greater extent, if the teacher feels that the student has achieved a 

higher level of understanding. If the student indicates a lack of readiness or fails to resume a 

larger responsibility, the teacher should quickly increase the level of scaffolding or re-erect 

the scaffolding to ensure successful accomplishment of a task. 

Lastly, one way to provide effective scaffolding is to make messages sufficiently redundant 

(P6lya, 1973, Rogoff & Gardner, 1984, Greenfield, 1984). This is important. If a student does 

not understand one aspect of the communication, the teacher can resort to other forms so that 

the meaning can be communicated successfully to the student and ensure the correct 

-----~--------·-·----- -·---~--------------------------------
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performance. As the process goes on, the student will become more and more proficient in 

tackling the same task, and the teacher can reduce the level of redundancy. In other words, 

teachers should tender scaffolding tailored to the needs of students. Hence, 'the need to 

tender scaffolding tailored to the needs of students' is the fourth critical dimension for 

successful scaffolding in this research. 

Stone (1993) suggests a limitation of scaffolding, which relates to mechanisms such as 

appropriation of meaning by which the transfer of responsibility from the adult to the child is 

accomplished. A learner is continually trying td interpret the adult's intervention whether 

verbal or nonverbal in the context relevant to him. Unless the adult and the learner have a 

shared context at that point, the implications of the intervention will not be realized. In other 

words, too often there is a predetermined structure in scaffolding, which is irrelevant to the 

existential experience of the child. This is consistent with Searle (1984) who feels that 

'scaffolding can more often become the imposition of a structure on the student' as the 

student's 'understanding, valuing, and excitement of the personal experiences were negated' 

(p. 481) when the student was led to report the experience in an appropriate form. Stone 

proposes the use of semiotic devices such as prolepsis that help the learner to construct and 

share the adult's perspective. An example of prolepsis given by him is contained in the 

following dialogue between a tourist and a guard. 

T: 

G: 

T: 

G: 

Where is the Impressionist collection? 

(Pointing to a display case in the distance) Down the hallway just beyond the 

kitchenware. 

I beg your pardon. 

Just beyond the Oriental pottery. 

In this exchange of information, the guard forced the tourist to infer 'Oriental pottery' from 

'kitchenware', which was unclear to the tourist. The subsequent clarification from the guard 

enabled the tourist to equate the intended relationship between "Oriental pottery" and 

"kitchenware". 
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Even though this case illustrates the importance of a shared context between a teacher and a 

learner, there is a clear parallel between Stone's argument and the need to make scaffolding 

sufficiently redundant in order to get the meaning through. 

Scaffolding and metacognition 

Even though most educators do not draw explicitly the similarities between scaffolding and 

metacognition in their discussions on either scaffolding or metacognition, there are clear 

parallels between these two concepts. These parallels have not gone unnoticed. 

Scaffolding, as well as metacognition consists largely of questioning, aided by body language, 

encouraging comments and active listening (Holton, Anderson & Thomas, 1996). A number 

of the discussions concerning both concepts are carried out in the light of P6lya' s four-phase 

model. There is a clear similarity between the nature of the questions being suggested for both 

concepts under each phase. For instance, while students are getting started with a problem, the 

teacher can ask 'What are the important ideas here?' which is a scaffold which will encourage 

careful reading in order to understand the problem completely (Holton, Anderson & Thomas, 

1996). Schoenfeld (1987) proposes asking questions like 'Before we try this suggestion, is 

everyone sure he understands the problem?' to cultivate the executive skill in students 

required to identify and clarify a problem. Bickmore-Brand and Gawned (1990) notice this 

similarity. They comment that 

'While scaffolding has its roots in modelling, it also has ramifications for the 

metacognitive strategies that children use. The language the adults use in the 

scaffolding context act as a good resource for a child's own reflection and 

operations.' (p. 45) 

When a learner gains mastery in tackling a task, the scaffold is removed. He becomes familiar 

with this scaffolding and begins to perform the same scaffolding on his peers and to himself 

under the same situation. For instance, when a student notices the usefulness of the questions 

that the teacher asks in eliciting a correct idea to tackle a problem, the student will be induced 

to ask the same questions of himself in a similar situation (P6lya, 1973). Scaffolding, in this 

sense, can be equated to self-regulation, or monitoring and control under metacognition. 
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'This self-questioning (self-scaffolding) is a component of metacognition.' 

(Holton, Anderson & Thomas, 1996, p. 115) 

Holton, Anderson and Thomas (1996) refer to metacognition as self-scaffolding. This is 

because 'the individual's own thinking about problem solving is metacognition' which is 

'scaffolding engaged in by the inner voice' of the individual. 

Scaffolding is usually discussed in the light of active adult-child or expert-novice or teacher

child interaction by most authors. One possible distinction that can be drawn between 

scaffolding in this sense and metacognition is that scaffolding involves a more knowledgeable 

participant such as an expert or a teacher at all times, as opposed to metacognition, which 

needs a more knowledgeable participant only when providing explicit instruction on 

metacognitive skills. 

Greenfield (1984) describes two studies, which examine the effect of scaffolding on informal 

education. She summarizes her findings, which support the concept of scaffolding as follows. 

1. A scaffold adapted to the level of the learner in both cases ensures success at a task the 

child cannot do on his or her own. 

2. The amount of scaffolding needed and provided decreases as the skill level of the 

learner increases. The teacher thus follows a moving zone of proximal development. 

3. Ultimately, the scaffold becomes internalized, enabling independent accomplishment 

of the skill by the learner. 

4. For a learner at a given level, a greater scaffold is provided as the task difficulty 

increases. 

5. Scaffolding is integrated with shaping as task difficulty is also varied as a function of 

learner skill. (p. 135) 

It is important to note that implicit to the concept of scaffolding is the assumption that the 

teaching and learning process involves willing adults on the one hand and eager learners on 

the other. Unfortunately, this is not true. 

----·--·-··----·------·- -·- ----------------·----·--------- -----
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'Where are the parents who do not see their role as one of imparting information and 

encouraging understanding? Where are the children who do not wish to learn or 

perform in the first place, or who regard as useless, what the teaching adult is 

presenting?' (Goodnow, 1990,p. 279) 

Peer-cooperation 

So far, most authors focus on the learning process through the interaction of the learner with a 

more capable participant. One should not neglect the potential of learning through the 

cooperative interaction of learners. 

According to Forman and McPhail (1993), for successful cooperation, learners must 

engage in a task which is interesting, meaningful and challenging; 

experience a conflict between their existing understanding and those required by this 

task; 

believe that they can overcome such difficulties if they persist; 

believe that understanding this task is important; 

have complementary personalities; and 

be willing to share task responsibility . 

They go on to say that 

'Over time, ... [ they J took turns to listening, observing, explaining, critiquing and 

directing their common activities.' (p. 225) 

Greenfield (1984) believes that scaffolding is closely related to the concept of cooperation. 

'It can be conceived as an asymmetric type of cooperation where one person 

takes greater responsibility than the other for the successful accomplishment of a 

task by compensating for the other person's weaknesses.' (Greenfield, 1984, p. 

137) 

----·~~ ~·-·~---· -----------~ 
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This is in line with the proposal by Thorndike (1950) that 'interstimulation' is a distinctive 

feature of cooperation. He says that the question or suggestion posed by one student can serve 

as the stimulus to other students for new and different ideas. 

Holton, Anderson and Thomas (1996) feel that metacognitive scaffolding could be anticipated 

being produced by both teachers and students as this type of scaffolding is the one which 

students might be expected to internalize and becomes their stock of metacognitive tools. 

Hence, students working together could provide scaffolding for each other. This suggests the 

concept of peer scaffolding in the classroom for group work. Since the students in a group 

will be of different cognitive abilities, the one with the higher cognitive ability will take the 

responsibility to lead the other students in the group through the task and hence plays part of 

the role of a teacher. The concept of group work will be discussed in more detail in the next 

section (seep. 126). 

During a discussion on scaffolding by a group of mathematics educators from the University 

of Otago, terms like intended scaffolding and accidental scaffolding have been used. 

Probably this is one way to classify scaffolding that is happening in a learning situation. 

When Bruner (1975) touches on the interaction between a child and the mother, he says that 

'In such instances mothers most often see their role as supporting the child in achieving an 

intended outcome, entering only to assist or reciprocate or "scaffold" the action' (p. 12). In 

other words, when a scaffold involves a more knowledgeable partner such as a teacher and a 

learner, the more knowledgeable partner works to lead the learner through to achieve an 

intended outcome. Accidental scaffolding was discussed in the light of the interaction 

between students. When students are facing difficulty in tackling a problem, they will tender 

questions and suggestions to each other that aim to rectify the situation, but not to leading the 

other through to achieve an intended outcome. Nevertheless, the student on the receiving end 

will interpret these questions and suggestions from his or her own perspective, which can 

result in coming up with new and different ideas for a solution to the difficulty. This is 

consistent with the idea of 'interstimulation' proposed by Thorndike (1950). 

Scaffolding and Instruction 

Scaffolding seems to be the teaching strategy for a teacher who is looking forward to a more 

process-oriented curriculum. 

. --·~--··---·---~----·· ------- ----------·---- - ------·---
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'If scaffolding is to have a place in mathematics instruction it will assist teachers 

who are currently unsure whether the discovery approach to learning is correct 

or the traditional didactic approach should be sustained. Most teachers today find 

this dilemma very real; they do not feel comfortable about leaving children to 

deduce the strategies and mathematical concepts for themselves, neither do they 

wish to resort to teaching concepts and strategies by direct instruction followed 

by sustained practice by the children. Scaffolding, . . . utilises components of 

each.' (Bickmore-Brand & Gawned, 1990, p. 45) 

As our society is still examination-oriented, students have little say in determining what 

counts as knowledge and how knowledge should be acquired in schools. In other words, until 

teachers are willing to give more control to students over their learning, scaffolding cannot 

function as an effective strategy for teaching and learning. The process to cultivate this 

emphasis where a student assumes greater responsibility for his or her learning 'can be a 

subtle process involving successive attempts by the participants to assay the novice's 

readiness for greater responsibility and negotiation of the division of labor' (Rogoff & 

Gardner, 1984). 

The question that needs to be addressed is how should the theoretical work and research 

findings on scaffolding be incorporated into mathematics instruction in the classroom? 

Bickmore-Brand and Gawned (1990) put forward a comprehensive account of the 

implications of scaffolding for the environment, the teacher's role, the child's role and the 

curriculum resources in mathematics instruction. These suggestions meet the notion of 

scaffolding and if pursued will improve the learning of mathematics in the classroom. 

Implications for the environment 

The concept of scaffolding has implications for the learning environment. Bickmore-Brand 

and Gawned (1990) stress the need to provide an interactive classroom context for 

mathematics. 

Encourage and model purposeful, exploratory, supportive classroom talks m 

mathematics events as in literacy events. 
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Use the language of shared contexts, by labeling, describing and comparing. 

Reflect out aloud and justify your own actions as a teacher in a mathematical event. 

Encourage other adults, teachers, parents, visitors to participate in mathematical 

activities with the children. 

Provide real life tasks that are meaningful to the children and where mathematics is 

used as a means to an end. 

Allow the children to experience independence and control and to accept 

responsibility for their action. 

Recognize that the whole class is a resource and children can seek assistance from 

many sources. 

Avoid asking children to dwell on what they already know. 

Avoid one solution to a problem and avoid having a specific answer in mind. Listen to 

responses with an open mind. 

Provide as many opportunities as you can for two to four children to work together. 

Watch that the more verbal children don't do all the talking. Match children in small 

groups with children of around the same verbal ability. 

Allow children the choice to be participant or observer. 

Encourage classroom exploratory language: 

'How do you think---?' 

'How might---?' 

'What would happen in---?' 

Reverse the usual classroom discourse rules and roles (p. 52, 53). 

Implications for the teacher's role 

The teacher who adopts scaffolding as the teaching strategy needs to be a major participant in 

mathematical activities, in scaffolding a child so that the child is extended in mathematical 

skills, and in developing children's language to handle mathematics. 

Provide tasks that facilitate co-operation between the class members. 

Develop tasks which ensure genuine involvement and direct supervision when needed. 

Develop tasks which stimulate enquiry rather than have you provide a body of 

knowledge. 
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Change your role to that of roving consultant rather than a director of learning. 

Make every child aware that you value his communication with you . 

Listen actively and not automatically. 

Model conversation 'repair' by asking clarifying questions when you don't understand 

fully, and encourage the children to do the same. 

Extend the child's utterances for him/her. 

Recast the child's utterances in a more complex way. 

Use questions to focus on the salient aspects of the task. 

Use simplification questions when a child cannot response. Lead him to the answer 

rather than failing him by moving on to another child. 

Use a variety of 'encouragers' when a child is stumbling verbally ('mmm', 'uh-uh', 

'Truly?', 'I know'), or to encourage him to extend his length of tum. 

Leave a pause after your conversational tum, to encourage the child to respond. 

Encourage the development of reflective language by modeling: 

'Think---' 

'Do you remember---?' 

'Do you know---?' 

'I wonder---' 

'I guess---' 

'I don't believe---' (Bickmore-Brand & Gawned, 1990, p. 53, 54) 

Implication for the child's role 

The child needs to participate actively in the teaching and learning process. 

Ensure the child has opportunities for interaction with: 

an adult participant, 

a capable peer, 

a group of peers and an adult participant. 

Ensure the child has opportunities to explore ideas, practise his/her new knowledge of 

mathematics and the new language of mathematics. 
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Allow the child opportunities to develop the language of mathematics, e.g. the 

metacognitive abilities: labeling, describing, comparing, reflective language, 

reasonmg. 

Children should feel free to ask 'curiosity' questions . 

Children should seek opinions from a wide variety of sources. 

(Bickmore-Brand & Gawned, 1990, p. 54) 

Implication for the curriculum activities/materials 

The concept of scaffolding has implications for the mathematical activities. The following are 

the suggestions put forward by Bickmore-brand and Gawned (1990). 

Relate mathematical activities to background knowledge of the children. 

Use experiential and interactive activities. 

Relate mathematical activities to the child's interests. 

Ensure the tasks are reasonably short to allow for achievement and practice. 

Include everyday context. 

Establish literature-mathematical links. 

Provide more open-ended activities where resolution of the task is required by a 

number of solutions. 

Use activities, materials/events where the child assumes increasing responsibility for 

the decision-making process (p. 54) . 

Holton, Anderson and Thomas (1996) believe that scaffolding is appropriate in problem 

solving situations. It consists largely of questioning, but also includes body language, 

encouraging comments and active listening. Questions should 

'be open ended, rather than directed to gain specific preconceived responses; 

encourage student to verbalise their ideas; 

give a minimum cue to the student so that the onus is back on the student to do the 

thinking (The appropriate cue level will vary from student to student, from task to 

task and from start to end of a task.); 

,-~-··------------·----··-----·--------- ------·-·------ ------ ---------------
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SCAFFOLDING 113 

be thought provoking in order to challenge and extend students' thinking.' 

(Holton, Anderson & Thomas, 1996, p. 114) 

They further propose the following questions to support stages in the problem-solving 

process. 

Scaffolding Questions Purpose 

GETIING STARTED 

What are the important ideas here? 

Can you rephrase the problem in your own words? 

What is this asking us to find out? 
What information is given? 
What conditions apply? 
Anyone want to guess the answer? 

Anyone see a problem like these before? 

What strategy could we use to get started? 

Which one of these ideas should we pursue? 

Encourage careful reading; 
Understand vocabulary. 
Bring the language to the 
Appropriate level for the student. 

Identify and clarify the problem. 

Sensible prediction may help. 
Eliminate inappropriate starting 
strategies. 
Use a similar approach or strategy 
to one previously used 
successfully. 
Use a strategy gives an entry 
point. 
Get ideas for possible ways to 
solve a problem. 

WHILE STUDENTS ARE WORKING ON THE PROBLEM 

Tell me what you are doing here? 
Why do you think of that? 
Why are you doing this? 
What are you going to do with the results once 
you have it? 
Why do you think that stage is reasonable? 

Why is that idea better than that one? 
You've been trying that idea for 5 minutes. Are 
you getting anywhere with it? 

Do you really understand what the problem is 
about? 
Can you justify that step? 
Are you convinced that bit is correct? 

Help students clarify and confirm 
their own thinking. 
Help students avoid wild goose 
chase and keep the end point 
in view. 
Identify appropriate level of 
support. 
Help students overcome barriers 
by allowing them to propose 
alternative strategies. 

Redirect back to an earlier stage. 

--··- ----·----·--------~--~~---·--·- --------------~-·--------· 
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Help students ensure their work 
makes sense. 

AFTER STUDENTS THINK THEY ARE FINISHED 

Have you answered the problem? 
Have you considered all the cases? 

Have you checked your solution? 
Does it look reasonable? 
Is there another solution? 
Could you explain your answer to the class? 
Is there another way to solve the problem? 
Can you generalise the problem? 

Can you extend the problem to cover different 
situations? 
Can you make up another similar problem? 

Help students see the full 
solution. 
Check work is logical. 
Importance of process as well 
as answer. 
Look for a better solution/ 
highlight features of a variety 
of strategies. 
Challenge early finishers to 
obtain a more powerful solution. 
Motivate students to find and 
solve their own problems. 

Even though it is not mentioned, this list owes its debt to P6lya's four-phase model. These 

questions should be put to students naturally as often as possible (P6lya, 1973). They should 

be asked whether or not students are on the right track to avoid students misinterpreting them 

(Holton, Anderson & Thomas, 1996). The problem arising in the classroom is that teachers, 

on knowing that their students cannot answer their questions, will resort to answering their 

own questions on behalf of them. This type of intervention will create limited impact on the 

learning of students. The thinking of students is not stretched to the limit. The teachers should 

reconsider their questions and pose them in another form, which may be answerable by their 

students, or reinforce their questions with indicators such as gestures and movements. 

Sometimes students can be persistent with their own attempts and tend to ignore the 

scaffolding of their teacher. This can be because the student has a method in hand to tackle 

the problem. Hence it is essential for a teacher to see that students employed his or her 

suggestions so that the students can benefit from them. The teacher then has to decide when to 

intervene and when to let the students pursue their own attempts (Holton, Spicer, Thomas & 

Young, 1996). This is consistent with Greenfield (1984) who advocates that errors should be 

encouraged in school learning. Once students realize that their methods would not lead them 

anywhere, the teacher should intervene immediately. He should approach them in a non

evaluative manner and persuade them to try his suggestion. Duncker (1945) says that 

------------- -------· ----~~ -- ---------
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'In such retrogression, thinking would naturally not be taken back to precisely the 

point where it had been before. For the failure of a certain solution has at least 

the result that now one tries in another way . ... Such learning from errors plays 

as great a role in the solution-process as in everyday life. While the simple 

realization, that something does not work, can lead only to some variation of the 

old method, the realization of why it does not work, the recognition of the ground 

of conflict, results in a corresponding definite variation which corrects the 

recognized defect.' (p. 13, 14) 

So, 'the need for students to take up or use the scaffolding' is the fifth critical dimension 

to be examined in this research. 

Chapter Summary 

Scaffolding is a teaching strategy formulated from Vygotsky' s concept of the zone of 

proximal development. It emphasizes active participation or a greater degree of control from 

learners over their learning. When the scaffolding tendered is tailored to the needs of a learner 

tackling a meaningful and challenging task, the learner will be able to accomplish the task 

which is beyond his or her reach if he or she works alone. Hence scaffolding is a teaching 

concept, which can help implement problem solving in mathematics classrooms. Finally, this 

research will examine the five critical dimensions for successful scaffolding listed below: 

1. Students explaining and justifying their solutions. 

2. The need for teachers to continuously assess students' understanding. 

3. The need for students to take up or use the scaffolding. 

4. The need to tender scaffolding tailored to the needs of students. 

5. The need for students to take up or use the scaffolding. 

·-- --------------- ---------~----- --------------------·--- ------ ------·-----·--
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CHAPTER SIX 

Literature Review: Problem Solving in the Classroom 

Introduction 

Although problem solving sounds good in the literature, unfortunately it is not easy to 

implement in the classroom. This is clear from the fact that problem solving has been talked 

about since the 1940s, but very little research was carried out on problem solving in the 

classroom before the 1980s and a large number of teachers are still teaching mathematics 

traditionally today. There is little evidence of it as an approach used in classroom 

mathematics. This section will reveal relevant literature under the following headings: 

• Research and classroom teaching, 

• The problem-solving approach, 

• Environment for problem solving, 

• The role of participants, 

• Tasks for problem solving, 

• Good practices and 

• Section Summary . 

Research and Classroom Teaching 

Sigurdson, Olson & Mason (1994) comment that 

'Although much has been written about problem solving, . ... what looks good in 

theory does not always translate directly to the classroom.' (p. 362) 

One apparent barrier is that research for learning and research for teaching are carried out 

separately, despite the fact that learning and teaching are heavily interwoven. If we regard the 

116 
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PROBLEM SOLVING IN THE CLASSROOM 117 

doing of mathematics as problem-solving processes which involve the use of heuristics and 

analyses, a certain kind of learning activity becomes appropriate. It will call for a certain kind 

of research activity (Davis, Maher & Noddings, 1990). 

A second barrier is that models are the products of a series of abstractions and formalizations 

made by researchers. They operate in the context of academic reasoning and attempt to satisfy 

the current standard of their community. On the other hand, teachers operate in the context of 

pragmatic pedagogical problem solving in which they have to make decisions in the 

classroom as they interact with students to satisfy the needs of the mathematics community 

(Cobb, Wood & Yackel, 1990). Fortunately, much progress has been made in reconciling 

these two trends by incorporating teachers as co-researchers in and by carrying out research in 

the classrooms (Carr & Kemmis, 1986, Kemmis & McTaggart, 1988, Elliott, 1991). 

Another possible barrier is that far less attention is placed on the interpersonal or social 

aspects of mathematics teaching and learning. The analyses of learning must be placed within 

the context of classroom social interactions. It is impossible to give an adequate explanation 

of learning episodes without referring to the social context (Cobb, Wood & Yackel, 1991), 

which is emphasized by social constructivists. Balacheff (1986) comments that the student is 

a practical person whose aim is 

' ... to give a solution to the problem the teacher has given him, a solution that will 

be acceptable with respect to the classroom situation.' (p. 12) 

For instance, many proposals for classroom instruction that emphasize active involvement of 

students have been discussed (seep. 31 - 32, 84 - 88 and 108 - 114). Are teachers able to 

attend to all students through such models? These models emphasize questioning techniques, 

following leads and conjecturing rather than presenting rules and procedures. They demand 

considerable mathematical knowledge as well as pedagogical skills from teachers (Noddings, 

1990). 

Another instance is research findings support the use of small groups in cooperative learning 

(Johnson, Johnson, Holubec & Roy, 1984, Slavin, 1989, Cobb, Wood & Yackel, 1991, 

----·-------····-··------------·· 
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Holton, Spicer, Thomas & Young, 1996). The difficulty faced by teachers in implementing 

group work in the classroom is how to ensure that every member of a group participates 

genuinely in deliberations which will lead to acceptable constructions (Noddings, 1989, 

1990). Furthermore, classroom conditions such as the limited time and the number of 

students, force us to think of instructional economies (Noddings, 1990). That is why 

Bauersfeld (1980) suggests that 

'Research findings, like a theory of certain classroom events, need special 

transformation into teaching practice.' (p. 25) 

The Problem-solving approach 

One major concern of teachers in rationalizing problem solving in the classroom is the 

complementarity of mathematics content and problem solving. Students need to learn both the 

content intended and the problem-solving skills required to accomplish the task given. In 

other words, there are two goals in such a mathematics class - the goal of students acquiring 

the technical skills and knowledge of the discipline, and the goal of students acquiring the 

skills and dispositions required to tackle a problem. Teachers then are faced with the dilemma 

of selecting an approach which will help to deliver these messages to students. 

Blum and Niss (1991) say that 'every piece of mathematics which in some way is or may be 

related to the real world' (p. 40) can be classified as "applied" mathematics. In contrast, 

"pure" mathematics has its defining situation entirely embedded in the mathematical universe. 

Based on this argument for mathematics, they have identified six different organizational 

schemes that can be used for problem solving in the classroom: 

• The separation approach; 

• The two-compartment approach; 

• The islands approach; 

• The mixing approach; 

• The mathematics curriculum integrated approach; and 

• The interdisciplinary integrated approach. 

---~-- -------------------- -·------------· -------~----
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The separation approach: Problem solving is introduced in separate courses devoted to it. In 

this way, the "pure" mathematics course may remain unaffected. 

The two-compartment approach: The mathematics program is divided into two parts. One 

part is "pure" mathematics and the other deals with activities utilizing mathematics 

established in the first part. 

The islands approach: The mathematics program is divided into several sections which are 

organized according to the two-compartment approach. In other words, the "pure" 

mathematics is extended all the time with activities such as application activities and problem 

solving drawing on the mathematics learned earlier or in the preceding lessons. 

The mixing approach: For this approach, problem solving is heavily intertwined with 

teaching. It is used to introduce a new mathematical concept and the newly learned concept 

and method will be used to activate new problem-solving activities. 

The mathematics curriculum integrated approach: Here, students solve mathematical 

problems related to the new content of the lesson to discover the content themselves. 

The interdisciplinary integrated approach: This approach utilizes the idea behind the 

previous approach except that it deals with extra-mathematical activities within an 

interdisciplinary framework where mathematics is not taught as a separate subject. 

Blum and Niss say that which approach or which combination of approaches is to be adopted 

for a particular mathematics program depends on the following factors: 

The arguments for problem solving in mathematics education; 

The purposes and goals of problem solving in mathematics education; and 

The characteristics and peculiarities of a particular education system. 

Even though it is not mentioned, teachers or mathematics educators with different beliefs and 

varying abilities in the subject is another important determinant of this matter. 
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Blum and Niss suggest the following as the general trend: 

In elementary mathematics, the island and mixing approaches are predominant. 

For secondary mathematics, the island and mixing approaches are also the most liked, 

but there are a few instances where the mathematics curriculum integrated approach is 

being used. 

Based on the first five approaches discussed above, Sigurdson, Olson and Mason (1994) 

propose five approaches for implementing problem solving in the classroom. These are 

• P6lya' s problem-solving strategies; 

• Strategy problems as the basis of a lesson; 

• The investigations model; 

• A teaching approach to problem solving; and 

• Problem-process approach . 

Polya's problem-solving strategies: The students are given strategy problems to work on 

with the intention of learning general problem-solving strategies. This is a case where 

problem solving is treated as only one component of mathematics education. Since a problem 

can be solved in different ways, Sigurdson et al say that teachers are faced with the dilemma 

of choosing three alternatives in using this approach. They could show students all possible 

strategies, allow students to use their own preferred strategy, or focus on a strategy that a 

particular problem illustrates well. It is through this approach and by showing students all 

possible strategies that students will become aware that there are choices of strategies for 

solving a problem. 

Strategy problems as the basis of a lesson: Strategy problems are selected and presented to 

students as a basis of a lesson. Sigurdson et al suggest that the following problem can serve as 

a basis for a lesson on simultaneous linear equations. 

In a corral, there are 30 feet and 12 heads. If there are only dogs and ducks in the 

corral, how many are there of each? 
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Since this problem has a meaningful context for the students, they enjoy seeing that it can be 

solved using different strategies and yet come to the same answer. The motivation from 

solving this problem will spill over into the whole lesson and hence create a positive 

atmosphere in the classroom. This approach is particularly useful for introducing a new topic. 

But it requires teachers to formulate suitable problems for daily lessons and hence demands 

considerable planning and coordination. 

The investigations model: This model resembles research mathematics. It entails group 

work, a longer time frame and student initiative. Students will be engaged with problem 

solving activities such as those in Holton's (1993) problem solving model (seep. 53). 

A teaching approach to problem solving: This is an approach where teachers do all their 

teaching from a problem-solving perspective. There is a balance between the mathematics 

content and problem-solving activity being introduced to students. Sigurdson et al suggest that 

teachers could: 

Encourage students to solve problems in different ways. This is followed by whole

class discussion on all different solutions. 

Teach the lesson with meaning, which is in line with the constructivist perspective. 

Model a problem-solving attitude in all teaching through interactive, far-reaching and 

probing discussions with students. 

Teach lessons in a "discovery lesson" framework. 

Focus on developing problem-solving skills (p. 365, 366) . 

They believe that this approach is difficult to implement because teachers have to rethink their 

whole approach to teaching. 

Problem-process approach: In this approach, teachers devote 10 minutes a day to problem 

solving. They will use simple problems that are related to the mathematics content of the 

lesson. These problems are solved throu~h whole-class interaction emphasizing problem

solving strategies. Since the problem-process approach uses content-related problems, it not 

only benefits problem solving qut also the learning of the mathematics content. Sigurdson et 

------·--------··----------
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al believe that this approach benefits the slower students as they are often lost in longer tasks. 

Sigurdson et al stress that they propose the above approaches based on 'how problem solving 

is conceptualized', which is 'a level more basic than organization' as stressed by Blum and 

Niss (p. 363). Nevertheless, there is a close link between the proposal of Sigurdson et al and 

that of Blum and Niss. The nature of this link depends on how a teacher implements these 

approaches in the classroom. The following shows a possible link between these two 

proposals. 

Blum & Niss 

The separation approach. 

The two-compartment 

The islands approach 

The mixing approach 

Curriculum integrated 

Sigurdson et al 

A teacher can use any of the five approaches to deliver 

the problem-solving course. 

A teacher can choose either 'P6lya's problem-solving 

strategy' or 'Strategy problem as a basis of a lesson' or 

'The investigations model' to deal with activities 

utilizing the "pure" part of a topic. 

A teacher can choose either 'P6lya' s problem-solving 

strategy' or 'Strategy problem as a basis of a lesson' or 

'Problem-process approach' to deal with activities 

which are related to the mathematics content delivered 

at any time. 

A teacher can choose either 'P6lya' s problem-solving 

strategy' or 'Strategy problem as a basis of a lesson' or 

'A teaching approach to problem solving' to deliver new 

mathematical concepts and problem-solving skills at the 

same time. 

A teacher can choose 'P6lya' s problem-solving strategy' 

or 'Strategy problem as a basis of a lesson' or 'A 

teaching approach to problem solving' for students to 

discover the new content themselves. 

r-···· ·--···-· ·-···-·-·----------·-·---- ----·-··-···--·-····-· ·····--·----~·------·-····· 
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Sigurdson et al conducted a study using the problem-process approach in the classroom, 

which showed that low achievement students benefit the most from this approach. Their 

explanation for this result is consistent with Peterson (1988) who says that 

'Perhaps lower-ability students within a class were helped by the thinking skills 

treatment more than high ability students because the thinking skills treatment 

'compensated' for or remediated aptitude processes or cognitive strategies that 

lower-ability students did not naturally have. The thinking skills intervention thus 

provided the lower-ability students with strategies and processes to use in solving 

mathematical problems and learning mathematics.' (p. 18) 

Holton, Neyland and Anderson (1997) suggest another approach to implementing problem 

solving by using a series of one-off problems, which may not necessarily be related to the 

mathematics content of the lesson. The disadvantage of this approach is that students will not 

be able to see the relevance and importance of problem solving to the mathematics content. 

There is no unique approach that will bring about success in implementing problem solving in 

the classroom. Each teacher will have to develop his own approach which can be one of the 

approaches discussed above or even a combination of these approaches tailored to the needs 

of the school community. Success in implementing this approach will depend on the teacher. 

It needs patience as it takes time for results to show up. As such, some teachers, after trying 

problem solving for some time, turn back to normal teaching and devote separate lessons to 

problem solving because they find that problem solving doesn't deliver the intended 

mathematics content. 

Environment for Problem Solving 

Having identified an approach or a combination of approaches as discussed above, how is the 

teacher going to implement this approach in the classroom? 

The process of teaching and learning mathematics in the classroom is a highly complex 

human interaction - an interaction which will change not only knowledge but also the 
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attitudes and behaviour that shape the participants' lives. Hence the following three arguments 

should be viewed seriously in teaching and learning of mathematics by teachers. 

1. Teaching and learning mathematics is realized through human interactions. Students' 

initial meeting with mathematics is mediated through parents, friends and teachers. 

Their reconstruction of mathematical meaning is achieved through social negotiation 

with their teacher and other students on what is meant and on which action gets the 

teacher's and other people's approval. 

2. Teaching and learning mathematics is realized in institutions, which society has set up 

explicitly to produce shared meanings among its members. Institutions are products of 

human interactions. They have norms and roles, which produce their own 'school 

mathematics' which they think will meet the needs of the society. 

3. Mathematics education constitutes a distinctive part of the student's life as well as of 

the teacher's. Students learn mathematics in interactive situations drawing on their 

prior knowledge of related subjects and actions. Hence, how a teacher plans lessons, 

and his or her actions and decisions in the lessons, are crucial to the learning of 

mathematics by the students (Bauersfeld, 1980). 

Social constructivists view mathematics learning as both a collective human activity and an 

individual constructive activity. In other words, there is mathematics in students' 

environments. Their major concern is how to account for the learning of mathematics in 

students' environments. As Cobb, Yackel and Wood (1992) comment 

an account of a student's mathematical learning in the classroom should 

consider the development of both the taken-as-shared, communal meanings and 

practices and the individual student's personal meanings and practices.' (p. 18) 

Mathematical activity 

Based on the foregoing arguments for teaching and learning mathematics, there are at least 

four aspects of any mathematical activity in an interactive learning environment such as 

problem solving - problems, solutions, explanations and justifications (Barnes, 1982, Cobb, 
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Wood, Yackel & McNeal, 1992). By this, we mean the following, which are implied by social 

constructivism: 

Students are given problems without being told how to get the answers, 

Students are expected to do more than find the answers. They have to write out the 

solutions to the answers. 

Students are expected to explain their solutions to the whole class, and 

Students have to verify their mathematical assumptions and the legitimacy of their 

solutions to others (Lampert, 1990). 

Corresponding to these four aspects of mathematical activity, Holton, Neyland and Anderson 

(1997) suggest a three-stage format to be incorporated into all the above approaches except 

the problem-process. These are: 

1. A whole-class format: The teacher and students discuss the problem and students 

suggest possible heuristics to tackle this problem. 

2. Students work in small groups: This provides a chance for students to solve the 

problem themselves through active discussion and individual effort. The teacher will 

move around the class acting as a facilitator. 

3. A reporting-back stage: Students are given an opportunity to explain and justify their 

solutions to the class. By doing so, not only are students made aware of different 

choices of strategies to solve a problem, but they are also given the chance to improve 

their ability to verbalize their thinking. 

A possible extension of these three stages to a fourth stage is the summing up of the learning. 

This can be done at the end of the lesson or group of lessons by the teacher according to the 

learning outcomes of the lesson and also with the aim of reconciling conflicting opinions of 

the students. As Cobb, Wood, Yackel & McNeal (1992) say 

'It seems essential that the teacher make interventions of this type in that she was 

the only member of the classroom community who could take the mathematical 

norms of the wider society as a reference and judge whether the children's 

----- ·-·-------~-------
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constructions would be productive with regard to their further learning and 

mathematical enculturation.' (p. 594) 

It is explanation and justification, which constitute discussion, that is of particular interest. 

Whether whole-class discussion or group discussion, they are seldom to be found in a 

traditional mathematics lesson. As Cobb, Wood, Yackel and McNeal (1992) say 

' ... teaching as it is typically conceptualized does not acknowledge the plurality of 

possible interpretations that students might make, and teachers do not initiate and 

guide the explicit negotiation of routines of interpretation.' (p. 590) 

By explanation, it means that the teacher and students have to elucidate their thinking 

processes involved in tackling a problem which is unclear to others. Whereas for justification, 

it means that when the solution of a student is challenged, the student is required to justify the 

legitimacy of the solution. The conflicting interpretations from different opinions and the 

mutual appropriation of meaning that occur in the course of student-student and teacher

student interactions in the classroom serve as the bases for individual student's constructive 

activities. Students reciprocally adapt to each other's and their teacher's interpretations to 

establish the negotiated meaning (Lerman, 1996) . 

For instance, P6lya (1973) emphasizes the need for the teacher to ask students the questions 

corresponding to his four-phase model. By doing so, students are guided onto the correct 

process for tackling problems. This is very important. Students, on noticing that these actions 

will succeed in eliciting the right ideas for solving problems, are induced to ask themselves 

the same questions in a similar situation. Thus they have appropriated these taken-as-shared 

practices for mathematical activities through interaction with their teachers. 

Barnes and Todd (1977) comment that the explanations which students make are frequently 

'not stable'. Students must be encouraged to provide explanations rather than just answers, 

such as numbers, to others. Both teachers and students benefit from giving explanations 

because they must clarify and organize their thinking and often give explanations in new and 

different ways tailored to the needs of those seeking clarifications (Good, Mulryan & 

---- ··-- --·--~-~·-·- "-~-
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McCaslin, 1992). In other words, the way teachers and students communicate and the way 

they reformulate the exchanges between them determine the productiveness of students' 

learning. 

Group work 

Group work is recommended to enhance problem solving in the classroom (Thorndike, 1955, 

Damon, 1984, Good, Mulryan & Mccaslin, 1992, Kutnick, 1994, Stacey, 1995, Holton, 

Anderson & Thomas, 1996). 

'[S]mall groups are arranged to enhance co-operation and allow for individual 

achievement through group incentives, with each member equally accountable for 

some part of the group's achievement.' (Kutnick, 1994, p. 13) 

We will look at the rationale for implementing group work, followed by group size, group 

membership and the advantages and disadvantages of group work. 

Rationale 

There are at least two theoretical traditions which contribute to the educational benefits of 

peer interaction. Each tradition has its unique view on how peer interaction contributes to 

development. 

First is Piaget's Developmental Psychology. This tradition emphasizes development by 

posing critical cognitive conflicts to children, that will result in contradictions with what 

children believe and what the world is telling them (Piaget, 1976, Ginsburg and Opper, 1969). 

Children on becoming aware of such contradictions, experience perturbations, which instigate 

them to look back and reorganize their ideas. In other words, cognitive conflicts trigger 

children to re-examine their existing ideas and initiate a process of intellectual reconstruction 

to come up with new ideas that fit the world better. According to Damon (1984), a child's 

peers often act as a potential source of cognitive conflict in that: 

They speak to each other on a level that they can easily understand; 
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They speak direct! y in plain language to each other; 

They take the response of another child seriously; and 

The communications between children are much friendlier as compared to the 

corrective advice from an adult, which may be emotionally threatening. 

As a result of contradictions, perturbations and reconstructions of ideas, children gain both 

social and cognitive benefits. The social benefits are the improvement in communication 

skills and the awareness of another person's perspectives. The cognitive benefits are the urge 

to reexamine one's own ideas by considering the perspectives of others. 

Second is the Vygotskian School of Learning. This tradition suggests that peer interaction not 

only triggers change, it also shapes the nature of change itself. It claims that children benefit 

from peer interaction by internalizing the cognitive processes implicit in their interactions and 

communications (Vygotsky, 1978). In other words, when children interact with one another, 

they exchange ideas and hence are exposed to new patterns of thought which will influence 

their thinking on matters such as verification of ideas, planning of strategies in advance and 

the symbolic representation of intellectual acts. Eventually, they will take on or internalize 

these procedures and improve their intellectual abilities (Damon, 1984). 

The Piagetian view emphasizes the socio-cognitive conflicts initiated by peer interaction that 

trigger knowledge construction in a child. The Vygotskian view contends that a child will 

internalize intellectual processes through peer communication. In other words, 'the true 

direction of the development of thinking is from ... the social to the individual' (Vygotsky, 

1986, p. 32). Even though these two traditions propose different views on peer interaction, 

they should be seen as complementary. When combined, they form a conceptual foundation 

for peer learning, which conveys the following messages. 

Peers motivate one another to abandon misconceptions and search for better solution 

through peer interaction. 

Peer interaction can help a child to master social processes and cognitive processes. 

Peer learning can provide a forum for discovery learning and can mediate creative 

thinking. 
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Peer interaction can lead children to the process of generating ideas in a much 

friendlier atmosphere (Damon, 1984). 

Bossert (1988-1989) notes that there are four explanations, which account for the success of 

group work in the classroom: 

1. Reasoning strategies - exchanging ideas may stimulate higher-order thinking m 

students; 

2. Constructive controversy - students are forced to accommodate the opinions of various 

members and take another's perspective; 

3. Cognitive processing - students have more opportunity to wrestle and integrate 

information, especially when they have to tender explanations for their opinions; and 

4. Peer encouragement and involvement in learning - students seek help and provide help 

during group work. 

These explanations clearly meet the messages conveyed by the two traditions proposed by 

Damon (1984). 

The nature of help tendered by students is another important determinant for the success or -

failure of group work. Webb (1989) suggests that the effectiveness of help depends on the 

following conditions: 

The help must be relevant to the particular misunderstanding or lack of understanding 

of the target student, 

It must be at a level of elaboration that corresponds to the level of help needed, 

It must be given in close proximity in time to the target student's error or question, 

The target student must understand the explanation, 

The target student must have an opportunity to use the explanation to solve the 

problem, and 

The target student must use that opportunity. 
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Webb goes on to say that students are in a better position than their teacher to realize where a 

peer needs help. They are also better in rewording explanations in their plain language or 

reformulate their explanations so that the meaning can go through easily. These are in line 

with the suggestions put forward by Damon (1984) of why a child's peers often act as a 

potential source of cognitive conflict (seep. 126, 127). 

Before group work can be implemented in the classroom, there are at least two other issues -

group size and group membership that demand decision-making from teachers. 

Group size 

There are a number of issues that need to be considered by teachers when deciding the size of 

the groups suitable for problem solving. 

First, as the size increases, the diversity in abilities, expertise and skills of students also 

increases. Thorndike (1950) feels on one hand that there will be more ideas being put forward 

to accomplish a task. On the other hand, it becomes increasingly difficult to reach an 

agreement among the members of the group on the solution of the task. Johnson, Johnson, 

Holubec and Roy (1984) support the latter. They comment that the larger the group, the more 

difficult it is to provide everyone a chance to speak, coordinate the actions of group members, 

reach consensus, summarize the material being learned, and keep all of them on task, unless 

students are taught effective group functioning skills. Holton, Anderson and Thomas (1996) 

suggest another difficulty faced by the teacher in arranging the students of a large group in the 

classroom so as to allow them to see the blackboard and to see each other's writing 

comfortably. 

Second, the nature of the task may determine the group size. Forman and Cazden (1985) 

suggest that one of the important features of group work is 'a mutual task in which the 

partners work together to produce something that neither could have produced alone' (p. 329). 

In other words, if a task for group work is too easy and can be dealt with by an individual, it 

will not promote active interaction between students. Consequently, the more complex a task, 

the better it will be dealt with by a larger group (Thorndike, 1950). Other research has 

qualified this suggestion. Thomas (1995) carried out research to study the relationship 

--~---- --·-···------ ----------·------~------~ 
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between a task and children's talk. She notes that the task must have a 'cooperative nature' 

and be 'appropriately challenging' (p. 154) to the students to ensure optimal group 

interactions. Holton, Spicer, Thomas and Young (1996) confirm that a task which demands 

cooperation mediates effective interactions among students of a larger group. In a study they 

carried out which involved groups of three students, they found that 

'The only time when the three really worked together was when they were 

working on the Towers problem ... it was easier for them to interact as the towers 

were built on a central space on the three desk tops.' (p. 71) 

Last, the time allocated for the task is another deciding factor. Smaller groups take less time 

to get organized and they can operate faster (Johnson, Johnson, Holubec & Roy, 1984). The 

findings of Thomas (1995) support this. According to her, 'social talk', which was defined as 

'talk related to the task but concerned with aspects of management or organization' (p. 92), 

'appeared to increase with the size of the group and with game-based activities' (p. 144). 

Some educators suggest that learning groups should range in size from two to six (Johnson, 

Johnson, Holubec & Roy, 1984, Damon, 1984). Johnson, Johnson, Holubec and Roy (1984) 

encourage teachers to start with groups of two or three. As students become more experienced 

at group work, teachers can increase the size of the groups. But six should be the maximum so 

as to ensure everyone in the group engages in mutual discussion aiming to achieve the group's 

goals. Holton, Spicer, Thomas and Young (1996) comment that the larger groupings 

suggested by Johnson et al seem not to be appropriate in New Zealand problem-solving 

lessons. They contend that 'two students working side by side is the best arrangement' 

(p.110) . 

Groups of two appear to be the best size mentioned in the literature. Kutnick and Thomas 

(1990) comment that 

' ... they are an optimal size to enforce joint cognitive engagement in task.' (p. 

400) 
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Groups of more than two are generally disliked in the literature. Holton, Anderson and 

Thomas (1996) comment that 

'Groups of size bigger than two may lead to the development of domination and 

dislike.' (p. 22) 

For instance, Damon and Phelps (1989) say that for groups of three, two students may work 

together against the third student. In another instance, Holton, Spicer, Thomas and Young 

(1996) report that students actually pair up in groups bigger than two, because it is easier to 

work with someone 'side-by-side' and see what each other is writing. However, Bennet and 

Cass (1988) have a different opinion on triads. They note that triads, heterogeneous in ability, 

appear to interact better than other groupings. 

Group membership 

Clearly, the dynamics of a particular group and consequently the degree of productivity of the 

group will be determined by the mix of students within the group. There are a number of 

issues that need to be addressed. 

The first issue is whether groups should be homogeneous or heterogeneous. Johnson, 

Johnson, Holubec & Roy (1984) emphasize heterogeneity of students within the same 

learning group. They feel that more elaborative thinking, more frequent giving and receiving 

of explanations and greater perspective in discussing material will occur in heterogeneous 

groups. Good and Marshall (1984) find that homogeneous low-ability groups do not perform 

well in the classroom because they are prone to interruptions and are very passive in the 

learning process. As a result, they spend less time on-task. Webb (1989) shares this same 

view. She says that homogeneous low-ability groups have little stimulus for high-order 

elaborative interactions. Neither do homogeneous high-ability groups display any high-order 

elaborative interaction because they want to work as individuals. In the same study, she found 

that heterogeneous/mixed ability groups tend to use high-order elaborative interactions 

leading to problem-solving achievement. However, Bennett (1994) has a different view. 

High-ability children perform well irrespective of the type of groups they are in. They provide 

most of the explanations and these explanations do enhance the understanding of others. 

--------~-----------·----- ------·--------~----·--·----- ... - ----~----~------ ------------·---------·------·-···--------------
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The second issue concerns students choosing their own group members. One common 

criterion used to group students is friendship. There is no doubt that students like to work with 

someone whom they like and trust. Holton, Spicer, Thomas and Young (1996) confirm this 

through their stimulated recall interviews with students. One of the students interviewed 

preferred choosing their own partners and said that 'they would probably talk more' (p. 62) 

during group work. Rosen and Rosen (1973) are clear in their commitment to friendship 

groups. 

a freer flowing of children allowing them to form their own groups for 

working together does at least create the conditions for greater cooperation, for 

joint effort in a common enterprise, and more important still, the possibility of 

nurturing empathy and understanding between them.' (Rosen & Rosen, 1973, 

quoted in Bennett & Dunne, 1992, p. 115, 116) 

Kutnick (1994) cautions against the use of friendship to group students. On the one hand, it 

'does not allow for the integration of 'loners' (those who are not liked by anyone in the 

classroom)' (p. 27). On the other hand, it 'may polarize group membership - boys not 

wanting to work with girls, bright students not wanting to work with slow learners' (p. 27). 

When students choose their own members, the groups formed tend to be homogeneous in 

nature. There is less on-task behavior in student-selected groups compared with teacher

selected groups (Johnson, Johnson, Holubec & Roy, 1984). 

'Friends may 'muck about' and draw the child away from the work at hand. ' 

(Kutnick &Rogers, 1994, p. 7) 

However, Kutnick and Rogers (1994) say that children are also 'aware that friends may not be 

the best group partners' (p. 7). 

Last is the question of whether or not the mix of students in a group should be changed. There 

are different arguments on this issue. Some prefer to change group membership as this will 

foster pro-social behaviour among students within the whole class (Damon, 1984). Others 
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suggest allowing the same membership for a group as long as they are productive (Johnson, 

Johnson, Holubec & Roy, 1984). 

Teachers should emphasize group work when implementing problem solving in the 

classroom. Group work brings about both advantages and disadvantages to the teaching and 

learning of mathematics (Thorndike, 1950, Damon, 1984, Slavin, 1989, Good, Mulryan & 

Mccaslin, 1992, Stacey, 1992). 

Advantages 

Group work bolsters students' self esteem (Slavin, 1989, Damon, 1984). Dewey (1910) feels 

that students are not confident in delivering their work to others because they are too anxious 

not to make mistakes. Group work provides the right condition for the free exchange of ideas 

and reciprocal feedback between mutually respected equals when tackling a task (Damon, 

1984). Hence when a student is asked to present a solution to the class, the student will have 

the confidence to do so as the solution represents a collective result of the group. It is often 

assumed that the presence of controversy and debate within groups hinders the learning 

process. Johnson and Johnson (1994) say that controversy and debate tend to result in higher 

academic self-esteem. This is because students will be better at coping with the stresses 

caused by interacting with others through learning to manage disagreements and conflicts 

constructively. 

Group work fosters pro-social behaviour (Slavin, 1989, Damon, 1984). Within controversy 

and debate, there are elements of disagreement, argumentation and rebuttal (Johnson & 

Johnson, 1994). In other words, students are engaged in high-order elaborative interactions. 

By learning to manage disagreement and conflicts, students develop their social and 

communication skills. As a result, there is also greater liking among participants through 

providing reciprocal support during group work. 

Group work awakens students' interest in challenging tasks. A group will bring about the 

pooling and sharing of ideas. Students have different life experiences and different ability as 

they are from different backgrounds. As a result, the group is likely to produce varied 

suggestions for dealing with a problem, as they will clarify the problem differently. Students 

will find more fun and enjoyment in mathematics learning (Thorndike, 1950, Damon, 1984). 

--- -·---·-··-------~--- -~----~--------- - ·-·----------------
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Group work enhances scholarly achievement (Damon, 1984). Students will be actively 

discussing the problem, proposing and supporting suggestions, giving counterexamples to 

refute suggestions and in the end coming out with an agreed solution. In other words, group 

work promotes high-order elaborative interactions among students. As Thorndike (1950) says 

'Interpersonal dynamics becomes a significant element. The assertive, the 

dogmatic, and the persuasive individual - each plays a distinctive role.' (p. 209) 

Another important feature of group work is interstimulation, which Thorndike (1950) 

elaborates as follow: 

'The suggestion by x, which is criticized by y, serves as the stimulus to zfor a new 

and perhaps quite different suggestion.' (p. 209) 

Cobb, Wood & Yackel (1991) describe a situation where two students worked on the question 

10x4=?. 

John: It's five more sets [ of 4]. Look. Five more sets than 20. 

Andy: Oh! 20 plus 20 is 40. So it's gotta be 40. No? 

John: Yeah! 

Andy: No. 4, 8, 12, 16, 20, 24, 28 (keeps track on his fingers). 

John: 40. 

Andy: 40. 

John: Yeah, I know ... 'cause ten fours make 40. 

Andy: Like five fours make 20. 

John: Four sets often makes 40. Just turn it around. 

They comment that Andy's first solution was stimulated by John's first comment that "It's 

five more sets [of four]." John's final explanation was realized through reconceptualizing his 

own comment "cause ten fours make 40" which was stimulated by Andy's second counting 

explanation. Hence through continuous interstimulation, the students will be able to progress 

towards the solution, which is otherwise impossible or may take considerably longer for an 

individual. 

·------------~--···.,"-----·-··- -----~----- ·----
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When students are engaged in group work, teachers will have more time to move around the 

class paying attention to students' thinking and interactions (Cobb, Wood & Yackel, 1991, 

Holton, Spicer, Thomas & Young, 1996, Holton, Anderson & Thomas, 1996). 

' ... groups save the teachers time as they do not have to repeat the same thing to 

all students individually; 

with group situations the teacher is no longer full time director of operations and 

has time to observe and reflect.' (Holton, Anderson & Thomas, 1996, p. 53) 

Disadvantages 

Teachers face inadequate curriculum aids for group work. It is hard to develop the appropriate 

activities which benefit students working together. Many teachers rely on textbooks or a 

teacher's manual for activities. Unfortunately, most problems in textbooks are designed for 

students to work on alone (Good, Mulryan & McCaslin, 1992). 

Students face curriculum discontinuity in their learning. When teachers are left alone to 

develop activities for group work, there is often no continuity in content difficulty. In other 

words, sometimes more difficult content is introduced at lower grades than at higher grades 

(Good, Mulryan & Mccaslin, 1992). 

With an increasing size and diversity of group membership, unity and integration of effort are 

often difficult to achieve. Just as a group is likely to be more productive in generating ideas, 

so a group is likely to be more productive in criticizing ideas and rejecting them. It becomes 

increasingly difficult to reach a consensus on the solution among the members of the group. 

Furthermore, students are more likely to go off-task (Thorndike, 1950). 

Students working in a group are given inadequate time to accomplish a task. They seldom 

deliberate thoroughly on the ideas, probably because they have so many ideas to choose 

within a limited time. Even though some of them disagree with the proposal, they will 

eventually give in to those who are more vocal and influential. The lower-achievers are even 

content to allow other students to do the work. The study of Stacey (1992) shows that 'Ideas, 

both right and wrong, were often dropped or used without any discussion' (p. 273) during 

group work. 

-------------~ ----"·-------------~----·--· ···---·-·--·---
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Easy accessibility of ideas contributes to the failure in learning for group work. Those simple 

ideas which are easy to understand and will produce quick answers seem to dominate the 

discussions (Stacey, 1992). 

There is less lesson structure and accountability for group work. Many lessons end without 

sufficient time devoted to summarizing what students have learned. Students need to discuss 

what they have learned with their teacher and other students before they can be held 

accountable for a summary of the lesson (Good, Murylan & McCaslin, 1992). Bennett and 

Dunne (1992) stress the importance of reporting back the results of group work. By doing so, 

it serves to pool results from students that have gone well or badly and to revise and link 

together aspects of the whole topic. The three-stage lesson plan proposed by Holton, Neyland 

and Anderson (1997) for problem-solving lessons (see p. 124) can help in avoiding this 

problem. 

Roles of participants 

When an interactive classroom context for mathematics is emphasized, what should be the 

roles of its participants, i.e., the teacher and the students? 

Teacher's role 

In the classroom, teachers face students who have a broad spectrum of needs, abilities, goals 

and interests and who are from different racial, ethnic, linguistic and economic backgrounds. 

This complexity brings about great difficulty in making pedagogical decisions for the teacher 

which are tailored to the demands of students. The majority of a teacher's classroom decisions 

are made via common sense and intuition. 

First, teachers act as curriculum developers. Teachers use knowledge of their students to make 

instructional decisions. They develop activities suitable for delivering mathematics content as 

well as problem-solving skills through group work (Carpenter, Fennema, Peterson, Chiang & 

Loef, 1989, Good, Mulryan & Mccaslin, 1992, Simon, 1995). 

A teacher enters the classroom with a set of objectives and activities aimed at achieving 

certain curriculum goals. When the teacher interacts with and observes the students, the 

teacher finds that what is actually happening with the learning process is usually different 

------~--·····-------·--·-- --------·--------- ·-·---·---· -----
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from what has been anticipated. This difference usually modifies the teacher's perception of 

the students. As a result, there should be a continuous modification of the activities and the 

learning process which are tailored to the needs of the students (Simon, 1995). The initial 

lesson plans with their aims, learning activities and learning processes are a temporary guide 

for the teacher. The learning activities and the learning processes should be changed 

according to what the students say and do in the classroom. There will be instances where the 

teacher has to drop the whole lesson plan. The figure below shows the possible 'trajectory' of 

a mathematics lesson (Simon 1995). 

The cyclic nature of this teaching process describes the decision making of a teacher on both 

content and activity with respect to the challenges in the classroom, using a constructivist 

approach to learning. The effectiveness of this decision making depends on the teacher being: 

Teacher's 
Knowledge of 
mathematics 

Teacher's 
knowledge of 
mathematical 
activities and 

representations 

Hypothetical 
learning 
trajectory 

Teacher's 
hypothesis 
of students' 
knowledge 

Teacher's theories 
about mathematics 

learning 
and teaching 

Teacher's 
knowledge of 

student learning 
of particular 

content 

Figure 6 

Mathematics teaching cycle 

• willing to modify the lesson goals and plans in the interest of the students' learning; 

---·-·-·----·-- ·-----· -- --------~-------- -··--------~-------------
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prepared to continuously treat teaching and learning of mathematics as a problem. The 

teacher's knowledge about mathematics, the teaching and learning process, and the 

understanding of the students is constantly evolving when he interacts and observes 

his students; and 

• sensitive to students' thinking and understanding, which is the major element for 

shaping and implementing learning activities (Simon, 1995). 

Second, teachers act as facilitators, co-investigators and co-verifiers of knowledge rather than 

dispensers of knowledge. Freire (1972) says 

'The teacher is no longer merely the one who teaches, but one who is himself 

taught in dialogue with the students, who in turn while being taught also teach. 

They become jointly responsible for a process in which all grow.' (p. 67) 

To adopt such a role, teachers should listen to students and observe their learning process. 

'Observing and listening to the mathematical activities of students is a powerful 

source and guide for teaching, for curriculum and for ways in which growth in 

student understanding could be evaluated.' (Steffe & Kieren, 1994, p. 724) 

Teachers must be sensitive to each group during a problem-solving lesson. They should 

intervene at times with questions and cues aiming to scaffold the thinking processes of 

students. Von Glasersfeld (1995) comments that 

'The teacher cannot tell students what concepts to construct or how to construct 

them, but by a judicious use of language they can be prevented from constructing 

in directions which the teacher considers futile ... ' (p. 184) 

Teachers, as representatives of mathematical culture outside the classroom should bring 

mathematical tools such as language and symbols into the discussion and negotiate their 

meaning with students. This will add to the tools that students are able to use to enhance their 

thinking and engage in meaningful mathematical conversation. For instance, even though 

exponentiation entails repeated multiplication, Lampert (1990) clarifies the need to 

distinguish between exponentiation and multiplication with students through discussion, since 

the former works by different rules. So, it is during this discussion that teachers introduce the 

-----·--·--------~-----· ·-- -· ··-·- ---·-··-- ·-· ----------------~-----
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language and symbols of the exponential. Hence, it is important for teachers to capitalize on 

the outcomes of group work for more productive learning for students. 

We can also say that the teacher acts as a guide leading students in their learning 'by 

encouraging and orienting the students' constructive effort rather than curtailing their 

autonomy by presenting ready-made results as the only permitted path' (von Glasersfeld, 

1990, p. 26). 

Third, it is the role of the teacher to promote correct attitudes for an interactive classroom 

environment. According to Lampert (1990), when students respond, they use language like "I 

think" or "I don't think" in order to protect themselves from associating their sense of self 

with solutions that are later revised or refuted. It requires courage and modesty to expose their 

exploratory thinking to others in the hopes that by engaging in an exchange of ideas, they 

might end up with better ideas. Students do marshal evidence to justify their own solution and 

refute other's solutions. They seldom muster evidence to defend other's solutions. Another 

common student behaviour is to keep silent as a way of expressing disagreement, which is in 

conflict with learning mathematics through problem solving by arguing, explaining, 

challenging and justifying one's own ideas and those of others. Sometimes, when a student is 

asked to explain the solution, he or she will say "I don't know." or "I don't know how I 

figured it out." which indicates that the student might not know how to verbalize his or her 

thinking processes which led to the solution. At other times, the student might lack the 

courage to expose the thinking behind a solution to the teacher and other students for 

comments and critics or the student might not want to tell others the solution (Lampert, 1990) . 

Lampert (1990) says 

' ... the teacher represents the most expert knower of mathematics in the classroom 

and, in this role, has the potential to demonstrate the nature of expertise to those 

who seek to acquire it.' (p. 41) 

This means that the teacher should make use of all opportunities during discussions with 

students to demonstrate to them how to muster evidence to support or challenge assertions 

and how to reconcile them to achieve an agreed solution. 

-------------~-- ··-··~ 
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'If the teacher only demonstrates that she knows how to explain the rules, and 

whether or not students' answers are correct, the student will get an unfortunately 

limited picture of mathematical expertise, and it is unlikely that he or she would 

learn to walk on any but the most well-marked paths.' (Lampert, 1990, p. 42) 

Some students are stubborn as a way of saving face. They will stick to a solution, saying that 

the answer is correct because it was obtained through "my way of doing it" (Lampert 1990). 

The case cited by Lerman (1983) where a student insisted that 2/3 is a fraction between 1/2 

and 3/4 because 2 is between 1 and 3 and 3 between 2 and 4 (seep. 23) supports this. This 

happens because students' mathematical ideas make sense to them within the domain of their 

experience. Lampert (1990) comments that 

' ... every answer was arrived at by a process of reasoning that makes sense to the 

person who volunteered it.' (p. 40, 41) 

Cobb, Wood, Yackel and McNeal (1992) emphasize that teachers should not delegitimize 

students' answers in the classroom. Instead, they should ask the students to explain their 

answers. They describe a situation where students were given a task to figure out the number 

represented by two longs and eleven individual cubes under place value numeration. Michael 

initially had a wrong answer. He managed to arrive at the correct answer through explaining 

his answer to the class. 

Michael: 

John: 

Teacher: 

Michael: 

Teacher: 

Cobb et al comment that 

1 ... 30. I think it's 30 (walks to the screen) 

How can he get 30? 

Let's listen to his explanation. 

'Cause 10, 20, 21, 22, 23, ... , 31. I missed 1. 

You're just off by one. Sure, that's OK. 

' ... "Sure, that's OK." in fact explicitly legitimized (Michael's) activity.' (p. 591) 

In other words, teachers should approach all solutions presented by students in a non

evaluative way (Cobb, Wood & Yackel, 1991). Von Glasersfeld (1995) shares the same view 

as Cobb et al (1991) and Cobb et al (1992) as he comments 

... _.-~-~~--,-·- -----------------------
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'If the teacher at once reacts by saying that their ideas are wrong and tells them 

what is considered right, the students may indeed adopt the suggestion, but the 

reason why it is considered better may not be understood.' (p. 187) 

Lastly, it is the role of the teacher to motivate students. In the present schooling system, 

students are given 'extrinsic' motivations such as praise, grades and rewards. 

'This creates a temporary motivation to repeat the successful efforts, but it does 

not create the desire to learn more and to seek for themselves solutions to novel 

problem situations.' (von Glasersfeld, 1995, p. 181) 

Teachers should plan activities which stretch the thinking of their students to the limit, but 

within their 'Zone of Proximal Development' (Vygotsky, 1978). This will generate 'intrinsic' 

motivation such as enjoyment or satisfaction from successfully finding solutions to problems. 

This also promotes insight as to why a result is right, understanding the logic in the way it 

was produced and a feeling of ability and competency in solving problems in our students and 

drives them to do more mathematics. 

There are findings from research which suggest that verbal praise and positive feedback do 

enhance students' intrinsic motivation. On the other hand, tangible rewards can have a 

negative impact on intrinsic motivation if they are offered to students simply for doing an 

activity (Cameron & Pierce, 1994). 

Students' role 

In an interactive classroom context for mathematics, the role of the student changes from 

passive receiver of knowledge to co-constructor, co-investigator and co-verifier of 

knowledge. Students will be actively involved in discussion whether in whole class discussion 

led by their teacher or in group discussion, in clarifying the task, suggesting assertions, 

explaining and justifying their own assertions or providing help to justify or refute others' 

assertions. Hence they will assume greater responsibility for their work. P6lya (1973) 

comments 

'The teacher should help, but not too much and not too little, so that the students 

shall have a reasonable share of the work.' (p. 1) 

---------------------



1, 

;\ 

,., 

-i 

/ 
\ 

PROBLEM SOLVING IN THE CLASSROOM 143 

Tasks for problem solving 

As mentioned above (see p. 124, 125), one of the aspects of mathematical activity is the 

problem. The importance of the problem for problem solving has been discussed under the 

section 'Problems' (seep. 34 - 48). Its choice is important because the 'right' problem can 

engage all students in a problem-solving lesson. Lampert (1990) says 

'The most important criterion in picking a problem was that it be the sort of 

problem that would have the capacity to engage all of the students in the class in 

making and testing mathematical hypotheses.' (p. 39) 

So, what is a rich mathematical problem for a problem-solving lesson so that new learning 

can flow out of it? Neyland (1994) lists the following criteria for judging what a rich 

mathematical problem is. 

It must be accessible to everyone at the start. 

It needs to allow further challenges and be extendible. 

It should invite children to make decisions. 

It should involve children in speculating, hypothesis making and testing, proving or 

explaining, reflecting, interpreting. 

It should not restrict pupils from searching in other directions. 

It should promote discussion and communication. 

It should encourage originality and invention. 

It should encourage "what if' and "what if not" questions. 

It should have an element of surprise. 

It should be enjoyable. 

Holton, Neyland and Anderson (1997) conducted a survey of teachers on the help they need 

with problem solving. About three-quarters of the teachers responding suggested that they 

needed guidelines on resources and problems that would fit in with the content strands 

recommended in the curriculum document. Hence teachers see this as one of the areas where 

they need assistance. 

·----.------------
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Good practice 

A number of educators have proposed teaching actions as a guideline to teachers 

implementing problem solving in the classroom. Holton, Spicer, Thomas and Young (1996) 

suggests a model of good practice, the OPE-N plan: 

Observing problem solving - Students are introduced to the basic strategies or 

heuristics and how they are employed to solve problems. 

Practising problem solving - Students will experience the use of these strategies in 

different, more complicated situations. 

Employing problem solving - Students will use problem solving to learn more 

mathematics and to solve realistic problems. 

Normal teaching - The teaching of basic mathematical skills may go on in parallel 

with problem solving. 

The first three components are more or less the same as the suggestions from Hatfield (1978). 

These are 

Teaching and learning FOR problem solving - Students will learn the relevant 

knowledge, skills and strategies. 

Teaching and learning ABOUT problem solving - Students will learn the act of 

problem solving, develop mechanisms to access relevant knowledge, skills and 

strategies, and to monitor and direct their use in the course of problem solving. 

Teaching and learning THROUGH problem solving - Students will practise the 

application of knowledge, skills and strategies to unfamiliar situations. They will gain 

the confidence to reflect, monitor and direct what is known and done during problem 

solving. At the same time, this will motivate new learning and generate links between 

old and new learning. 

Barry, Booker, Perry and Siemon (1983) propose the ASK-THINK-DO model. It can be used 

by teachers in facilitating students to consciously link their conceptual and procedural 

knowledge by focusing on what is required, what is needed, how it can be obtained and how it 

relates to what is already known in the classroom. They suggest: 

--·---~~-~----
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encourage students to ASK questions such as 

What do I need to find out? 

What is the problem asking? 

What information is given? 

Is there anything else I need to know? 

What do I need to do first? ... next 

encourage students to THINK about what they know, what they can do and what they 

have found useful on previous occasions, by asking questions such as 

What do I need to know? 

How can I find out? 

What have I done before? 

What can I do that might help? 

What is my plan? 

encourage and facilitate students in their attempt to DO what is required and how to 

explain and justify what they have done to others by asking questions such as 

Did it work? 

Does the answer make sense? 

Is there another way I could do it to make sure? 

Have I thought of all possibilities? 

In doing so, students will construct new knowledge whether conceptual knowledge or 

procedural knowledge, that is, knowledge about what to do, when and how based on their 

previous knowledge and experience. 

Barry et al (1983) share the same view as P6lya (1973). According to P6lya (1973), when 

students notice the usefulness of the questions asked by their teacher, they will ask the same 

questions in a similar situation at the right moment and perform the corresponding mental 

operation naturally required to accomplish a task. 

Charles and Lester (1982) outlined ten teaching actions which can be used by teachers in the 

classroom to foster the development of problem-solving skills in students, which are shown in 

Table 2. These teaching actions are grouped according to three time periods that make up a 

problem-solving process: BEFORE, DURING and AFTER. BEFORE is the time when 

----------------~-----------------·--------------------~-------- -
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students participate in whole-class discussion on the problem in hand. DURING refers to the 

time when students are working for a solution individually or in a small group. AFTER is the 

time when students are together again, deliberating on all possible solutions. This proposal is 

consistent with the three-stage lesson plan suggested by Holton, Neyland and Anderson 

(1997) (seep. 124). 

Teaching 

Actions 

2 

3 

4 

5 
6 

7 

8 

9 

10 

Time 

Before 

Read the problem: discuss words 
or phrases students may not 
understand. 
Whole-class discussion focus on 
understanding the problem. 
(Optional) Whole-class discussion 
of possible strategies. 

During 
Observe and question students to 
determine where they are. 
Provide hints as needed 
Provide extensions as needed 

Require students who obtain a 
solution to 'answer the question'. 

After 
Show and discuss solution. 

Relate to previously solved 
problems or solve extensions. 
Discuss special features like 
pictures. 

Table 2 

Purpose 

Before 

Illustrate the importance of 
reading carefully; focus on 
interpretations 
Focus on abstracting information, 
clarifying the problem. 
Elicit ideas for possible ways to 
solve the problem 

During 
Diagnose strengths and 
weaknesses. 
Help students pass blockages 
Challenge early finishers to 
generalize. 
Require students to look over 
their work. 

After 
Show and name different 
strategies. 
Show a strategy can be applied 
to different situations. 
Show how features can influence 
approach. 

Charles and Lester's ten teaching actions 

As mentioned above, these proposals are guides for teachers who want to implement problem 

solving in the classroom. The complexity of teaching and learning through problem solving 

and the variation among teachers and students indicate that the processes involved are highly 

individualized and personalized. fu other words, the success in implementing problem solving 

in the classroom depends on the teacher's willingness to try different teaching strategies for 
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different students, to critically evaluate the effectiveness of these strategies and to modify and 

discard ineffective strategies (Bell, 1978). 

Chapter Summary 

When wise decisions on matters like size, membership and task are made for group work, it 

will help in realizing the educational aims of teachers for the teaching and learning process of 

mathematics in the classroom. These decisions coupled with other wise decisions on issues 

like the approach or a combination of approaches for implementing problem solving in the 

classroom, motivation etc will ensure success in using a problem-solving method to teach 

mathematics. Students will then be engaged in more meaningful learning. They will discover 

the concepts and procedures by themselves and experience some of the expert's 

understanding of the problem and the process of formulating the solution. It also helps 

students to develop the correct attitude towards authority and source materials. Mathematics 

in the New Zealand Curriculum (1992) extols the value of the problem-solving approach, as 

opposed to the traditional method, which treats the students as 'blank slates' or 'empty 

vessels'. 
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CHAPTER SEVEN 

Methodology 

This chapter is organized into six sections. Following a brief introduction on the purposes of 

this research is the second section, which reports on the pilot study that was carried out in 

August 1996. The third section touches on the research approach for this research, which 

incorporates the different features of both naturalistic inquiry and action research. The fourth 

section concerns the sample of this research. The fifth section describes the method of data 

collection and the last section deals with the methods of data analysis. 
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Purposes of the Research 

Many curriculum documents such as Mathematics in the New Zealand Curriculum extol the 

value of the problem-solving approach to the teaching and learning of mathematics. While 

problem solving as an approach to the teaching and learning of mathematics has a strong 

theoretical rationale, there exists little research on how the theoretical issues on problem 

solving can be translated into effective classroom instruction. 

The purpose of this research had gone through a process of change before the final research 

questions were determined. In 1996, before getting in touch with the school and the 

participating teacher for the pilot study we decided to investigate the following areas: 

(1) To use a problem-solving approach to teach calculus to sixth form students 

(2) To determine the 'best' size to promote the optimum collaboration between sixth 

form calculus students. 

(3) To determine which students will benefit from problem solving and 

(4) To determine what heuristics and metacognition are relevant to this level of 

mathematics. 

The pilot study managed to stimulate the interest of the participating teacher in problem 

solving and he invited the researcher to conduct the main research in his school. From the 

results of the pilot study, the researcher and the participating teacher decided to adopt the 

following as the purpose of the main research project: 

To use a problem-solving approach to teach mathematics to sixth form students: 

More specifically, the research will address the following four questions: 

(1) What training should our teachers undergo in order to be able to teach through 

problem solving? 

(2) Do we need to teach our students problem-solving skills before they are engaged 

in problem-solving lessons? , 

(3) Can we cover the whole syllabus by using a problem-solving approach to teach 

mathematics? 

__ . __________________ ,. ____ - -
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(4) Can/should we teach everything in mathematics through problem solving? 

As the main research proceeded, the researcher and the participating teachers identified 

'Activity', 'Interaction' and 'Classroom context' as the three critical determinants to the 

success or failure of problem-solving lessons. It was not until near the end of the research that 

the purpose was finalized. 

Our research investigated how problem solving can be used effectively to teach different 

secondary school mathematics topics. It examined the assistance required by teachers using 

problem solving as an approach to the teaching and learning of mathematics. It also examined 

the learning-enhancing interaction between students during group work and how this 

interaction can help teachers to realize their educational aims by using a problem-solving 

approach . 

More specifically this research addressed two questions: 

I. How do teachers learn to teach mathematics effectively using a problem-solving approach? 

a) What assistance do teachers need in order to teach using a problem-solving approach? 

b) What assistance do teachers need in order to reflect on the classroom outcomes? 

2. How should students interact during group work in problem-solving lessons so that the 

educational aims of teachers can be realized? 

a) What is the nature of the social and mathematical interactions between students that 

are most productive for mathematical learning? 

b) How could the interactions between students aid in realizing the educational aims of 

teachers? 

·-··-----~-·· ---·--·------·---------------- ---- --··---------·- -
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Pilot Study 

A pilot study, named 'Problem-Solving Approach to Teaching Calculus' was conducted 

during the month of August 1996. One mathematics teacher from a Dunedin high school was 

invited to participate in this study. Two informal discussions were held with the participating 

teacher before the start of the study. During the first informal discussion, issues like the topic 

and the students involved were decided. This was followed by a brief discussion on matters 

like group work and the pedagogical skills required of a problem-solving lesson such as the 

three-stage lesson plan proposed by Holton, Neyland and Anderson (1997) (seep. 125) and 

the teacher's intervention in students' work. Calculus was the topic selected. The teacher was 

interested to see how problem solving could be employed to teach such a theoretical topic. A 

class of sixth form boys aged around 16 years of age, taught by the teacher, was targeted for 

observation. However, the teacher was sceptical about problem solving as a teaching strategy. 

He allowed a three-week time limit for this pilot study to cover 'differentiation'. 

Ethical procedures were then followed with consents from the principal, the care-givers of 

participating students and the students themselves. The second informal discussion focused on 

devising a range of activities thought to be suitable for the different lessons on differentiation. 

The purposes of this study were to trial data collection procedures and to investigate the 

feasibility of a problem-solving approach to the teaching and learning of mathematics in high 

school. It was decided that two lessons per week would be video-taped and informal 

discussions between the teacher and researcher would be held whenever necessary. Prior to 

the first video recording, the researcher visited the class involved on two occasions. During 

the first visit, the researcher gave a short briefing to the students on the nature of problem

solving lessons. In the second visit, the researcher tried to familiarize the students with the 

video camera and also attended to those students requiring help, by using the techniques of 

problem solving such as questioning. 

The main sources of data for this study were the video-taped lessons, the taped informal 

discussions with the teacher, the taped formal interviews with the teacher and a few of the 

- ---·------------
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students, and the running records of the observations in the classroom and the discussions 

with the teacher. Both the videotapes and audiotapes were fully transcribed. 

Both the video and audio recording techniques were established through this pilot study. An 

external microphone attached to the shirt of each student of a chosen group was used during 

group work to improve the clarity of the conversation. When the attention turned to the 

teacher or the presenting student during the reporting-back stage, the external microphone was 

removed so that the camera microphone could pick up as much as possible of the 

conversations going on in the classroom. During the audio-recording sessions, the researcher 

held on to the audio-recorder to improve the clarity of the sound. 

Comparisons between the transcripts and tapes were made to eliminate inconsistencies. These 

transcripts were read over carefully and episodes containing evidence of learning-enhancing 

conversations were identified (Schoenfeld, 1983). 

The teacher felt very uncomfortable with problem solving during the first week. He was 

worried about the students not moving in the direction intended by him for these problem

solving lessons and the amount of off-task behaviour of the students. However, he tried to 

spend more time on group work and refrain from telling the students what to do. The 

following are four such episodes, which support problem solving as an approach to the 

teaching and learning of mathematics. 

Episode 1 (see Table 3 on p. 153) ·contains the conversation between the teacher and two 

students working together tackling the following activity during the second week of this pilot 

study. 

A farmer has 400 m of fencing material available to form a rectangular enclosure. 

One side of the field is alongside a straight river, and does not need to be fenced. Find 

the maximum possible area of the field. 

The aim of this lesson was to apply derivatives and stationary points to practical situations 

such as maxima and minima. The teacher did not tell the students that the above problem was 

-~-------~···---------
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a calculus problem. The two students drew a diagram of the field and started solving the 

problem by using a table. They got the answer in less than five minutes before their teacher 

intervened (see Table 3). 

Teacher-student discourse 

The students solve the problem in around 
5 minutes by using a table . 
T: Are you sure of your answer? 
S: ... (most probably can't understand 

the question) 
T: Can you draw a graph? 
S: (Drawing the graph) 
S: (one of them) Ah! it's sort of a parabola, 

... it's calculus. 
Teacher walks off after noticing that they 
are on the correct track. When he comes 
back, the students have the following 
answer. 

A=xy, (1) 
2x+y=400, (2) 
y = 400 - 2x, (3) 
A= x(400 - 2x), (4) 

= 400x - 2x. (5) 
A'= 400 - 4x, (6) 
400 - 4x = 0, (7) 
X = 100, (8) 

They get the area= 20,000. 
T: Why did you equate that to O? (referring 

to step 7) 
S: ... (They can't give an answer.) 
T: Refer to the parabola and mark the 

maximum area. 
S: (They do that correctly.) 
T: What point is that? (referring to 

the maximum point) 
S: (hesitating) Is it a stationary point? 
T: What characteristics does this point 

have? (The teacher doesn't respond 
directly to the question.) 

S: (one of them) Ah, I got it! 
They have the additional step, that is, 
'Turning points at A'(x) = O'. 

Scaffolding 

Request for justificati1 

Explicit hint J 

-
Request for justification 

suggestion 

Request for clarification 

Response for confirmation 
Request for information 

--

Table 3 
Episode 1. 

Reoirecting by 
offering new 
information. 

Focusing on a 
gap to bridge 
in skills. 
Redirecting 
with new 
information 

Refocusing 
since the 
student is 
unclear. 

It is clear that the two students managed to solve the problem using the method intended by 

their teacher because of the 'right' scaffolding provided by the teacher through questioning, 



•l 

\ 

' ~_\ 

I;' 

'.( 

·J 

·( 

··, 

1~ ( 

.( 

:y 

J 

"· 
,J 

,j 

•\ 

'.j 

. i, 

I 

---

METHODOLOGY 154 

asking for clarifications and justifications and giving suggestions. These questions helped to 

stimulate and lead the thinking of the students through to successfully solving the challenging 

task (Camboume 1988). Another crucial point is that the teacher, on knowing that the students 

couldn't answer his questions, reconsidered his questions and posed them in other forms and 

reinforced his questions with indicators such as gestures and movements so that the meanings 

were comprehended successfully by the students (P6lya 1973). This episode shows that when 

the participating teacher was made aware of a problem-solving approach to the teaching and 

learning of mathematics, he was able to capitalize on the classroom outcomes and scaffold the 

students through to learn the new concept as early as the second week of this pilot study. 

The teacher realized that group work, coupled with a challenging task and the correct 

intervention at the right time from him, could be very productive to the mathematical learning 

of the students. The many learning-enhancing conversations going on in problem-solving 

lessons and the positive responses from students bolstered our confidence in problem solving 

as an effective approach to the teaching and learning of mathematics. The teacher suggested 

extending another three weeks to this pilot study for 'integration'. 

The following three episodes contain the conversation between two students working together 

on the following problem during the fourth week. 

I. Find the areas enclosed by the line y = 2x and the x-axis between x = 0 and x = I and 

x = I and x = 2. Find the anti-derivative ofy = 2x. Can you use this to find the above 

areas? Find the area enclosed by the line y = 2x and the x-axis between x = -1 and x = 
I. 

2. Find the area enclosed by the line y = 2x + I and the x-axis between x = -1 and x = I. 

The students had no difficulty in finding the answers to the first three parts of (1). But there 

was disagreement between them for the method of getting the correct answer for the fourth 

part. Their conversation on this disagreement is contained in the following episode . 

SI: 
S2: 
SI: 
S2: 
SI: 
S2: 

... for the second one you come up with 2, using the anti-derivative? 
Um. 
That can't be right. 
Yeah, it's unusual [the answer is O instead of2]. 
Negative I, I hate, I hate [referring to x = -1]. 
Negative I is peculiar. 

. - ---·--~---··----·------
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Or negative 1 ... 
Technically you should do it [the anti-derivative] for um 1 to O and then 
double it. 
No, you should do it from 1 to O and then for O to -1. 

The students were confused when their answer came to zero by using the anti-derivative, 

whereas from their diagram, they were sure that the answer should be 2. They went on to 

solve activity 2 by using their conclusions above. 

SI: 

S2: 
SI: 
SI: 

... ifwe try it the long way [taking the anti-derivativesfrom -1 to O and Oto 1], 
we go ... for negative 1 to O is ... negative 1 squared, is negative 1, no it's 1 
minus 1 ... zero ... equals ... comes out 2 either way. I don't like that, it's nasty 
... comes out it's 2 either way [ the other way is taking the anti-derivative from 
-1 to 1]. 
Yeah. 
Which is NOT what I like. 
... that is definitely 1, 2 and a half. 

They found that their answer was 2 because when they considered O to 1, the answer is 2 and 

they got O by considering -1 to 0. The answer should be 2 and a half by using triangles, as S 1 

said 'that is definitely 1, 2 and a half. Then Sl suddenly noticed that this line no longer 

intersects the x-axis at 0, but at -1/2. That is why the areas from -1 to -1/2 and -1/2 to O cancel 

out. 

SI: Oh, I know why, It's ... yeah, it's because it no longer ah ... intersects at zero. 
Alright, so um ... you take that ... those two cancel out in this. 

S2: Yes. 
SI: If you want to get the right thing, you've got to take the area from there to 

there and then from there to there [referring to -1 to -1/2 and -1/2 to 1] . 
S2: Why? 
SI: Because ah ... it no longer goes [through zero] ... before it went through zero 

[ referring to the previous question] ... and we could take this area here and 
this one down here. 

S2: [indistinct] 
SI: ... we go here, and this one [ referring to the areas between -1 to -1/2 and -1/2 

to OJ ... 
S2: Yeah. 
SI: ... just cancel out with itself, so it comes out [to be 2]. 
S2: Try it from ... 
SI: OK. 
S2: ... negative a half. So what is it? Negative ... 
SI: Negative 1 to negative a half and from negative a half to 1. Yow! Negative a 

half from negative a half [(-1h/ J is one quarter. Ah ... because it's negative we 
have to do addition, yeah? 
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S2: No, you don't ... 
SI: .. . because the anti-derivative comes out as a negative, but you are subtracting 

S2: 
SI: 
S2: 
SI: 

a negative. 
OK, subtract ... yep, right. 
So it actually works that way. 
Yes. 
It's just a bit of darting around. 

These two students concluded that when they calculate the area under a graph by using the 

anti-derivative, they should consider the part below the x-axis and the part above the x-axis 

separately. Otherwise, the area they got would be the difference between the two. 

By structuring the lesson in this manner, the teacher was giving his students their share in the 

work. They were engaged in active discussion, helped each other through discovering the 

concept themselves and enjoyed the lesson. The above three episodes show that the two 

students were engaged in interaction that was productive for mathematical learning. What was 

left to the teacher was to find a suitable time after the reporting-back stage to introduce the 

word 'integration' and its notation to the class. 

The students interviewed were very positive about problem solving. When asked to comment 

on the benefits they got from working with other students, one of the students said that 

'You are working on the same thing at the same time. So, if you come to different 

answers, you can compare and you have time to compare and see where you 

differed. And you can have a.fight over who's right. It allows you ... allows your 

idea to be shown to the person. Cos you're not actually having to say to the whole 

class and explain, so you don't have to like ... can you explain it to them in simple 

words?' 

The teacher also felt that many students enjoyed these problem-solving lessons. He 

commented that 

'I think the students themselves are seeing it as a different learning procedure and 

one of the boys did say to me how um ... he's really enjoyed it and felt as though 

he's got a better understanding. The only disadvantage he felt is he hasn't got his 

notes or something to go back on.' 
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He also identified several important aspects of problem-solving lessons. 

• Problem solving is good for introducing new mathematical concepts. In order to get 

the best out of it, the teacher must try to formulate appropriate problems related to the 

life experience of students and make sure that the students have the basic 

mathematical skills to tackle the problems . 

• It is beneficial to teach the application of new concepts through problem solving. The 

students will formulate their own methods and come to an agreed strategy through 

whole-class discussion on their methods with their teacher acting as a facilitator. 

• The students have to be given textbook problems for them to practise and master the 

procedure so that they will be able to tackle those examination problems . 

• The activity for a problem-solving lesson needs to be divided into sub-problems which 

take around 15 minutes for them to formulate a solution. After students work on each 

sub-problem through group work, they should report their solutions to the whole class. 

The reason for this 15-minutes sub-lesson is that there is less opportunity for the 

students to go off task. If they are given a long problem, sooner or later they will get 

bored and go off task. 

At the end of the pilot study, the teacher said 

'I've enjoyed [problem solving] and I think I have enjoyed it as much as the 

students, and for that reason, um ... I'd be looking forward to do what I can to 

build on that.' 

This was a crucial stage in this research. If this pilot study could not stimulate the interest of 

the participating teacher in problem solving, the main research might not have occurred in the 

same school. We decided to conduct a study on problem solving as an approach to the 

teaching and learning of high school mathematics in the same school for 1997. It was timed to 

start from May 1997 until the end of the year. 
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Research Approach 

This research is predominantly qualitative. As the participating students were involved in a 

common test or a test across all classes of the same form for each topic, there was some 

quantification based on the results of these common tests. The methodology for this research 

was formulated by incorporating features of naturalistic inquiry (Lincoln & Guba, 1985, 

Patton, 1990) and action research (Kemmis & McTaggert, 1988). 

In this section, we will clarify the different features of naturalistic inquiry and action research, 

which shaped the methodology and their importance to this research. 

Naturalistic Inquiry 

Lincoln and Guba (1985) present five key axioms, which are given in the following table, that 

shape the naturalistic paradigm. 

Axioms About Naturalist paradigm 

The nature of reality Realities are multiple, constructed and holistic. 

The relation of knower to the Knower and known are interactive, inseparable. 

known 

The possibility of generalization Only time- and context-bound working 

hypotheses are possible. 

The possibility of causal linkages All entities are in a state of mutual simultaneous 

shaping, so that it is impossible to distinguish 

causes from effects. 

The role of values Inquiry is value-bound . 

Table 4 

Naturalistic axioms. 
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These key axioms have implications on actual research operations. Lincoln and Guba (1985) 

describe fourteen characteristics of naturalistic inquiry. These are, 

Natural setting, 

Human instrument, 

Utilization of tacit knowledge, 

Qualitative method, 

Purposive sampling, 

Inductive data analysis, 

Grounded theory, 

Emergent design, 

Negotiated outcomes, 

<;:ase study, 

Idiographic interpretation, 

Tentative application, 

Focus determined boundaries, and 

Special criteria for trustworthiness. 

It seems that a naturalistic study cannot assume its definite shape before the study is 

undertaken. But it does have a pattern of development, which is illustrated in Figure 7 (see p . 

160) by taking into consideration its characteristics. 

Naturalistic inquiry is carried out in a natural setting. Lincoln and Guba (1985) say that 

naturalistic ontology suggests that realities are wholes that cannot be 

understood in isolation from their contexts, nor can they be fragmented for 

separate study of the parts ... ' (p. 39) 

In this research, the classroom context was the natural setting. It was an important factor 

which determined the success or failure of the teachers implementing problem solving as an 

approach to the teaching and learning of mathematics. 

-~------- --- ·----------. ·-~-~------ ----------------
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As fieldwork is the central mechanism of naturalistic inquiry, it requires 'humans as the 

primary data-gathering instruments' (Lincoln & Guba, 1985, p. 39). The researchers must 

enter the field to have direct and personal contact with the people involved in their own 

contexts in order to understand and interpret the happenings (Patton, 1990). The researcher, 

the participating teachers and the students involved were the human instruments for this 

research . 

Naturalistic Inquiry 
Carried out within 
problem, evaluand 
or policy option 
determined 
boundaries 

NATURAL SETTING 

demlnds 

HUMAN INARUMENT • 
buildi~g on usibg 

All testing for: 
*Credibility 
*Transferability 
*Dependability 
*Confirmability 

TACIT KNOWLEDGE QUALITATIVE METHODS 

engaing in 

___.-. PURPOSIVE 

----- SAMPLING~ 

EMERGENT illll iterted lillo INDUCTIVE 
DESIGN until DATA ANALYSIS 

' redunlancy / 

~GROUNDED/ 
THEORY 

I 
involving 

NEGOTIATID OUTCOMES 

lea't'gto 
CASErPORT 

which 't both 

IDIOGRAPHICALL Y INTERPRETED 
TENTATIVELY APPLIED 

Figure 7 

The flow of naturalistic inquiry (Lincoln & Guba, 1985, P. 188). 

------·---------~ 
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Tacit knowledge is one of the bases on which the human instrument develops understanding. 

It is 'what we know, but can't articulate' (Patton, 1990, p. 72). Naturalistic inquiry recognizes 

tacit knowledge as an indispensable part in making decisions during the research process. But 

knowledge that is not shareable is of little value. That is why Lincoln and Guba (1985) 

emphasize converting tacit knowledge to propositional knowledge so that the human 

instrument can think about it explicitly and share it with others. In this study, there were many 

instances where tacit knowledge was involved in making decisions. For instance, during one 

lesson when a student was presenting his solution to the class, he used m = (y2 - Y1)/(x2 - x1) 

to find the gradient of a line joining two points. Immediately after this presentation, the 

teacher highlighted this formula and told his students that he was going to come back and use 

this formula to discuss with them another formula to find the equation of a line, that is, y - Y1 

= m(x - x1). He seldom touched on this formula in previous years. When asked why he 

decided to teach this formula, he said that the idea came suddenly to his mind on listening to 

the student's presentation and he grasped this opportunity to negotiate the formula with his 

students. 

The naturalistic paradigm stresses qualitative methods because 'qualitative methods come 

more easily to the human-as-instrument' (Lincoln & Guba, 1985, p. 198). These methods are 

extensions of human activities such as looking, listening, speaking and reading. In this 

research, video-recordings and audio-recordings were used to provide a qualitative record of 

the research. This is consistent with the suggestion put forward by Altrichter, Posch and 

Somekh (1993). 

video-recordings can make the context and causal relationships more 

accessible than other methods of data collection. Behaviour patterns become 

visible, including the relationship between verbal and non-verbal behaviour ... ' 

(p. 100) 

Naturalistic inquiry focuses on sampling being done purposively such as 'what you want to 

find out, why you want to find it out, how the findings will be used and what resources you 

have' (Patton, 1990). This inquiry is 'not to focus on the similarities that can be developed 

into generalizations, but to detail the many specifics that give the context its unique flavor' 
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(Lincoln & Guba, 1985, p. 201). So this research chose a small sample that could yield 

information-rich cases, and bring in-depth information to the purpose in hand. 

Lincoln and Guba (1985) say that inductive analysis may be defined as 'a process for 

"making sense" of field data' (p. 202). It begins with 'specific observations and builds 

towards general patterns' (Patton, 1990, p. 44). In this research, the first attempt was to 

identify information-rich cases from the transcriptions. These cases were then content 

analyzed, looking for general patterns across cases. A full understanding of each case was 

required before cases were combined to form a coherent picture for each pattern. For instance, 

the transcriptions of this research were analyzed initially for areas of weaknesses shown by 

the teachers in teaching through problem solving. Then these areas became the patterns and 

themes which guided the entire analysis of this research. In the end, episodes and 

interpretations of the transcriptions were selected to develop an overview of the progress of 

the teachers on these areas (see Section on Data Analysis, p. 177). 

There is no predetermined course formulated for any naturally occurring event or program 

under naturalistic inquiry. The program can change as the researchers learn what works and 

what does not work and as they progress and change their priorities. Naturalistic inquiry 

makes explicit the importance of the actual happenings in the research process and their 

impact on a program over a time frame (Patton, 1990). In other words, the research design 

must be emergent rather than predetermined. 

' ... the design of a naturalistic inquiry (whether research, evaluation, or policy 

analysis) cannot be given in advance; it must emerge, develop, unfold ... ' 

(Lincoln & Guba, 1985, p. 225) 

In this research, the research questions changed. The final version gradually emerged through 

discussions with the teachers and the supervisors of this research, and through analyzing the 

data. The patterns and themes emerged in the course of the research. These patterns and 

themes also guided the formulation of the framework for studying the teaching and learning 

process involved in each research question (see Section on Data Analysis, p. 177). 

-·----··---····-------·---- -····-· ··-·-----------·---------------------·------- ----------------·---
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This research design must emerge from grounded theory, that is, 'theory that follows from 

data rather than preceding them' (Lincoln & Guba, 1985, p. 204). This theory posits multiple 

realities that the human instrument will encounter in the field which influence the 

interpretations of data. In this research the participating teachers and the researcher jointly 

decided a few issues such as the purpose of the research, the sampling, the timing of data 

collection, the timing of meetings and the interpretation of the information collected through 

discussions. The decisions were made in the light of the current theories, ideas and research 

findings informed by the researcher concerning these issues during these discussions. The 

schedule for recordings and meetings was changed a few times in response to the data 

collected and to the changes in the mathematics program. For instance, the fortnightly 

meeting between the researcher and the teachers were replaced by the informal discussion 

held during a lesson or after a lesson. Another instance is the themes which guided the 

discussion on the progress of the teachers for the second research question emerged from the 

transcriptions and the literature review in Chapter 5 and 6 (see p. 178). From the 

transcriptions we saw that students explaining their solutions had a great impact on the 

teacher tendering scaffolding and hence on the productiveness of students' learning. The 

literature review on 'Scaffolding' emphasized active participation or a greater degree of 

control from students over their learning when scaffolding is adopted as a teaching strategy 

(seep. 100). We agreed that insisting on students explaining and justifying their solutions is a 

way to emphasize active participation from students. Hence 'the need to explain and justify 

solutions by students' was adopted as one of the critical dimension to ensure successful 

scaffolding and to analyze the data. 

Naturalistic inquiry requires the outcomes to be negotiated. Lincoln and Guba (1985) say that 

' ... both facts and interpretations ... must be subjected to scrutiny by respondents 

who earlier acted as sources for that information, or by other persons who are 

like them.' (p. 211) 

This is one of the reasons for conducting stimulated recall sessions with students. 

Unfortunately, the stimulated recall sessions for this research were unable to be carried out. It 

was hard to find a time for this session in order not to disturb the study of the students 
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involved as they had a tight programme for each day in the school. Hence, in this research, the 

data and interpretations were only discussed with the teachers involved. Opinions from the 

teachers were sought. Any difference in opinion was discussed and negotiated until the 

outcomes were agreed upon. These negotiated outcomes were again discussed with the 

supervisor of this research and finally found their way into a case report. A case report is 'an 

intensive or complete examination of a facet, an issue, or perhaps the events of a geographical 

setting over time' (Lincoln & Guba, 1985, p. 214). It seeks to describe a unit such as a person, 

an event or a program 'in depth and detail, in context, and holistically' (Patton, 1990, p. 54). 

Lincoln and Guba (1985) maintain that a case study is suited to the reporting of data for the 

naturalistic paradigm. In this research, a case report was presented for each of the 

participating teachers based on the classroom setting involved (seep. 217). This is consistent 

with the idiographic interpretation advocated by naturalistic inquiry as the interpretation has 

meaning only for that particular context at that time (Lincoln & Guba, 1985). 

Another emphasis of the model proposed by Lincoln and Guba (1985) is the trustworthiness 

of the research process of naturalistic inquiry. They list four criteria to assess this 

trustworthiness. 

1. Credibility: How can one establish confidence in the "truth" of the findings of an 

inquiry for the respondents with which, and the context in which, the inquiry was 

carried out? 

2. Transferability: How can one determine the degree to which the findings of an inquiry 

may have applicability in other contexts or with other respondents? 

3. Dependability: How can one determine whether the findings of an inquiry would be 

4. 

consistently repeated if the inquiry were replicated with the same (or similar) 

respondents in the same (or similar) context? 

Confirmability: How can one establish the degree to which the findings of an inquiry 

stem from the characteristics of the respondents and the context and not from the 

biases, motivations, interests, and perspectives of the inquirer? (Lincoln & Guba, 

1985, p. 218) 

-··· ---------· ------·--"-------"---·-·-·--------- -·---------·-·-·-·----------------·-·-------- - --·-~---· 
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In this research, credibility was achieved through discussions on the data and interpretations 

with the respondents for negotiated outcomes (see p.184). In order to establish 

transferability, 'similar information must be available for both sending and receiving 

contexts' (Lincoln & Guba, 1985, p. 217). A detailed description of the natural setting for this 

research is supplied so that the person seeking to make the transfer has a basis for judgement 

of the similarity. Dependability was addressed since this research was carried out in the 

classroom and following the normal mathematics program and opinions from the participating 

teachers were frequently sought. Confirmability of the findings was achieved through the 

researcher adopting a stance of neutrality to every unique case under study. The researcher 

was not imposing any ideas on the teachers. This relationship was a partnership which 

produced negotiated outcomes. The diagram in Figure 10 (see p. 260) illustrates the process 

of change in this research. The circles representing the researcher and the teachers are of the 

same size. This signifies that the researcher and the teachers assumed the same responsibility 

in making decisions for the research. The confirmability of the findings was further enhanced 

by using a variety of data sources in this research, giving a detailed description of each 

classroom setting, involving the participating teachers in interpreting the data and identifying 

findings and consulting other researchers and mathematics educators. For instance, the 

conclusions of this thesis were drawn from a set of primary data consisting of transcriptions 

and interpretations of the taped lessons and a set of supplementary data coming from the 

running records of observations in the classroom and the taped discussions with the 

participating teachers and students. 

Action Research 

This research advocated a process of change for the human instrument through a form of 

intervention. This led to the incorporation of many features of action research in the 

methodology. Action research finds its origins in the work of Kurt Lewin who developed and 

applied this concept to social experiments (Kemmis & McTaggert, 1988). According to 

Lewin (1946), action research proceeds in a spiral of steps, each of which is made up of 

planning, action and evaluating the result of the action. Two ideas, group decision and 

improvement, which we discuss below from Levin's work make up the ingredients of action 
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research for educational change. Kemmis and McTaggert (1988) emphasize the importance of 

group decisions when they say that 

'Action research is participatory, collaborative research which typically arises 

from the clarification of some concerns generally shared by a group. People 

describe their concerns, explore what others think, and probe to find what it 

might be possible to do ... Group members plan action together, act and observe 

individually or collectively, and reflect together.' (p. 9) 

Group work provides the opportunity for those involved in action research to share and 

communicate ideas. This is essential because: 

It makes it clear from the outset that the action research process involves explicit 

investigation of the relation between individual action and the culture of the group. 

It helps to clarify unforeseen consequences and ramifications of the work. 

It makes defining the issues easier because explaining the project to others demands 

each individual's own thinking. 

It helps to get moral support and to see the limits of support. 

It aids reflection by providing a variety of critical perspectives on the effects of action 

and the constraints experienced. (Kemmis & McTaggert, 1988, p. 21) 

The process of reflection is vital in improving practice, which is the fundamental aim of 

action research. Elliott (1991) says that 

'Action research improves practice by developing the practitioner's capacity for 

discrimination and judgement in particular, complex, human situations. It unifies 

inquiry, the improvement of performance and the development of persons in their 

professional role.' (P. 52) 

Teachers often feel threatened by theory. Elliott (1991) suggests three reasons why this is so. 

·--------·---·---~-· ------------· 
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Theory is produced by researchers who operate in the context of academic reasoning 

and to satisfy the current standard of their community, and this has little resemblance 

to the way teachers process information in school. 

• Theory is presented in the form of generalizations about teachers' practices. Not only 

does it ignore the importance of the contexts to practice, it also denies the experience 

of teachers operating in one particular context as an adequate basis to generate 

professional knowledge. 

• Some theories are derived from some ideal of society or the human individual. 

The teacher-researcher model of action research that emerged in the context of school-based 

curriculum reforms in England in the 1960s can be viewed as a resolution of the theory

practice problem in education (Elliott, 1991). This model argues the appropriateness of 

employing teachers as researchers on the ground that teachers are the ones who know the 

problems and the needs of educational practice in the light of local contexts. It also stresses 

the need for teachers to reflect on their beliefs if the aims of action research are to be realized. 

Elliott (1991) says that 

'The major problem any cultural innovation 'from within' faces is the failure of 

the innovators to free themselves from the fundamental beliefs and values 

embedded in the culture they want to change.' (p. 48) 

This is consistent with Ahmed (1987) who comments that 

' ... even though the material teachers are using in the classroom may be different,. 

their approach will be essentially the same. Hence if changes in teachers' 

behaviour are to be brought about, the teachers themselves must be involved in 

challenging their beliefs and assumptions.' (p. 33) 

Elliott (1991) contends that professional development will take place if teachers participate 

actively in planning action, reflecting on the action and implementing changes to their 

practice. By doing so, teachers' capacity for discrimination and judgement will develop. The 

findings of Thomas (1995) support this. She comments that 

-------------··-----------~~--------.. ----~-----~---
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'The teachers were committed to optimising learning in their mathematics 

programmes and used the comprehensive data provided by the video tapes to plan 

and implement and sustain changes in their programmes.' (Thomas, 1995, p. 160) 

The teacher-researcher model is becoming increasingly popular in educational research. It has 

been the guiding model for many projects in England from the 1960s such as 'The Humanities 

Curriculum Project 1967', 'The Ford Teaching Project 1973 - 1975' and 'The Teacher

Student Interaction and Quality of Leaming Project 1981 - 1983' (Elliott, 1991). Many of the 

current teacher development projects funded by the New Zealand Ministry of Education are 

also using this model (Frampton 1993). 

This research was undertaken with the understanding that it should benefit the researcher, the 

teachers and the students. When confronted with a difficulty in the research process, it was 

jointly resolved either in the lesson or after the lesson or during a discussion session. The 

video taped lessons were transcribed and the teachers were asked to help in interpreting the 

transcriptions. Differences in these interpretations were discussed and the outcomes agreed 

upon. Changes were tendered, discussed and agreed upon before being implemented. 

In summary, this research methodology was based on the reading of the literature on research 

methodology, on consultation with the thesis supervisors and the participating teachers, and 

on suggestions from other mathematics educators. 

The design 

The design of this research was formulated around a time frame which complied with the 

mathematics programs of the schools involved (see Table 5). The three-stage lesson plan 

proposed by Holton, Neyland and Anderson (1997) was adopted. Students were paired for 

group work. If they were already paired in the seating plan before this research commenced, 

they were encouraged to stay in the same positions. There were two changes made for this 

research as a result of the pilot study. Firstly, we decided to extend the three-stage lesson plan 

to a fourth stage which included the summing up of a lesson or a group of lessons by the 

teacher. Secondly, it was agreed to have a fortnightly discussion with the researcher and the 

participating teachers. We felt that any controversial issue arising from a lesson needed to be 

------ -------~~~-- ~--------·- ----------·-------- ------- ---------------
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dealt with immediately for an agreement to be implemented in the next lesson. Furthermore, 

we could not recall fully the incidences happening in the foregoing lessons. So, the 

discussions were held either during the lesson, or after the lesson or whenever necessary. The 

information obtained during a lesson, the negotiated outcomes on the interpretations of this 

information and any suggested change acted as the action for the succeeding lessons. 

1996 August 

1997 May to November 

1997 December 

1998 

Table 5 

Research phases. 

Pilot Study 

Main research 

Write thesis 

Write thesis 
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Sample 

Teachers 

In this research, the same school participating in the pilot study was involved. Letters were 

sent to the Head of the Mathematics Department of the school asking him to nominate 

teachers who were willing to participate in this research. Ethical procedures were followed 

with permission obtained from the principal, Board of Trustees, the care-givers of the 

participating students and the students themselves. 

The participating school had a population of around 800 students in 1997. A majority of these 

students appeared to come from families with above average incomes. The school has a team 

of very experienced and dedicated teachers. It is renowned for its achievements in both 

academic and extra-curriculum matters in Dunedin. The school passing percentages compared 

with the national passing percentages in the mathematics papers for the School Certificate 

Examination and the University Entrance and Bursaries Examination are as follow. 

School Certificate Bursaries 

Year School National School National 

1995 60.8 53.8 57.5 55.6 

1996 65.2 54.8 61.5 55.5 

1997 64.2 55.1 61.4 55.8 

Two teachers from this school accepted the invitation to participate in this research. Michael 

had twenty years' teaching experience in mathematics, whereas Simon had eight years. Both 

teachers had produced excellent results in mathematics for the classes they taught. They 

achieved these results through teaching the subject traditionally, which one of them said was 

'the way [he] was taught mathematics in a school similar to this, which was -

would be notes, examples and working problems.' 

A typical lesson consisted of either reviewing or introducing a new concept through 

examples, during which the teacher presented students with step-by-step instructions. This 
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was followed by other activities such as giving notes, assigning working problems in the 

textbook and monitoring students while they were working on those problems . 

When asked for their experience in problem solving, one of the teachers said that 

'Nothing that um ... I have pursued. I'm sure at the various courses and 

conferences that you go to it's been mentioned and you've sat there and you've 

looked at it and you think it's a good idea and ... it's easy ... you might go back 

and try it for a week or two, but it's very easy to go back to the methods that you 

are accustomed to and you best understand.' 

Michael was the teacher involved with the pilot study. He felt that he had done something like 

problem solving in the past as he commented 

Well, from we've done I feel that and I would like to think that I've done this in the 

past when we introduce topics, and that you try and do it by leaving or introducing 

by way of questions, rather than by just instructions: "This is what you need to 

know". You would say, "Well, look, this is a problem ... what can you do to 

answer it?" 

Students 

Initially, we decided to conduct this research in sixth forms in the participating school which 

have students around sixteen years of age. There were four classes in the sixth form taking the 

same mathematics program. The two classes that were taught by Michael and Simon were 

involved in this research. The 26 students from Simon's class were high-achievers among the 

four classes and the 22 from Michael's class were of middle ability. After a month into this 

research, Michael proposed that this research be extended to include one of the two third form 

classes taught by him, which had 31 students of around thirteen years of age. These students 

were high-achievers compared to the other third form classes in the school. Michael was 

implementing what he learned from his sixth form class in this third form class and was 

anxious to get feedback and to discuss controversial issues arising from his lessons with the 

third form class. 

--· ------·--·-·-----· -~---- ------------ --·---
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Data Collection 

The fieldwork for this research consisted of observing the teachers and students in the 

classroom and discussing the work with the participating teachers. Three formal methods of 

data collection were used: 

1. Video recording of the lessons; 

2. Running records of observations and discussions in the classroom; and 

3. Audio taping of the discussion sessions and interviews with students. 

Video Recording 

A video camera with an external sound box and microphones was used to tape the lessons in 

the classroom. The researcher, who had gained some experience in video recording during the 

pilot study, handled the video recording. The external microphones were used to increase the 

clarity of the sound of the interactions between targeted students when they were involved in 

group work. The sixth form had four mathematics lessons per week. As the two classes (6M 

and 6S) involved, had the lessons at the same time, we agreed to tape two lessons for each 

class per week. The third form (3Ml) had three lessons every week. It was decided to record 

as far as possible all of the three lessons. The following table shows the weekly recording 

schedule. 

Day 

Monday 

Wednesday 
Thursday 

Friday 

Time 

9:00- 10:00 
11:20 - 12:20 
14:20 - 15:20 
9:00- 10:00 
11 :20 - 12:20 
13:20 - 14:20 
14:20 - 15:20 

Table 6 
Recording schedule. 

Class 

3Ml 
6S 
6M 
6S 
3Ml 
6M 
3Ml 

We started videotaping the lessons from 12/5/97. However, the taping was stopped after a 

week because of ethical issues involving the participating students. We resumed taping from 

the middle of June 1997 for Simon's class and the end of June 1997 for Michael's class. The 

taping of the third form started from the second week of September 1997. 

-------~ ----·-··--·~----
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The tables below were the mathematics programs for the sixth and third forms from May 

1997 to the end of 1997. 

The week starting 

May5 

May12 

May 19 
May26 
Jun2 

Jun9 

Jun 16 
Jun23 

Jun 30 
Jul 21 

Jul 28 

Aug4 

Aug 11 

Aug18 

Aug25 

Sep 1 

Sep 8 
Sep 15 
Sep 22 

Oct 13 
Oct20 

Topic 

Special angles (i.e., multiples of 30° & 45°). General angles. 
Radian measure, arc length, area of sector and segment. 
Trig graphs and solving trig equations. 
Test 5: Trigonometry. 
Exam revision. 
Exam. 
Sequences defined by: formula for the nth term and recursive 
formula. 
Sigma notation and series defined by this notation. 
Arithmetic sequences and series. 
Geometric sequences and series. Sum to infinity. 
Slope, length, mid-point of straight line segment. 
Test 6: Sequence and series. 
Parallel and perpendicular lines. Collinear lines. 
Gradient-intercept and point-slope equations. Intersection of: 
2 lines, a line and a curve. 
Limit of a function. 
Differentiation by first principles. 
Test 7: Geometry. 
Differentiation by rule. dy/dx notation and higher derivatives. 
Slope and rate of change. 
Turning points of functions. Increasing, decreasing, slope of 
tangent. Graphing parabolas and cubics using turning points 
and intercepts. 
Antidiff erentiation. 
Test 8: Calculus. 
Indefinite integral and definite integral. 
Applications of calculus: area under graph and distance, 
velocity and acceleration. 
Maximum and minimum applications 
Test 9: Integration. 
Simple probability. Sample spaces and Venn diagrams. 
Tree diagrams. Use of normal tables. 
Probability using standard normal distribution. 
Test 10: Probability. 
Exam revision. 
Exam. 

Table 7 

Mathematics program for sixth form. 

--------~--~~---------~-~-----
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May12 
May26 
Jun 16 
Jun30 
Jul 21 
Aug4 
Aug25 
Sep 15 
Oct 13 
Oct27 
Nov 10 

Measurement 2: 
Number 2: 
Algebra 2: 
Exam. 
Geometry 2: 
Statistics 2: 
Number 3: 
Geometry 3: 
Algebra 3: 
Statistics 3: 
Exam . 

Table 8 
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Measuring, Perimeter, Area, Volume. 
Integers . 
Graphs . 

Transformations. 
Investigation, Data display. 
Fractions, Decimals, Percentages. 
Mapping. 
Equations. 
Investigation. 

Mathematics program for third form. 

As we adopted the three-stage lesson plan proposed by Holton, Neyland and Anderson 

(1997), the recording for each lesson was guided by this plan. It started off focusing on the 

teacher when the teacher and the students were engaged in the whole-class format, discussing 

the problem. It then turned to the target pair for group work. During the reporting back stage, 

the focus was on the students who gave the presentations. For the whole-class and the 

reporting back stages, the external microphones were disengaged so as to pick up, as much as 

possible, the interactions between the teacher and the students. There were occasional 

instances where some students refused to be taped and some pairs spent too much time on off

task talk. We decided to focus on students who seemed unaffected by the presence of the 

camera. 

Transcription 

Video provides the researcher with two kinds of data: the conversation between the 

participants and rich non-verbal events that can assist in interpreting the conversation. Video 

data is also relatively raw, in that it is not categorized or quantified. The researcher viewed the 

tapes thoroughly and sections of interest to this research for each tape were identified and 

time-annotated. The tapes were then sent to a transcribing assistant employed by the 

university. The transcriptions consisted of the time for the sections, the sequential 

conversation of the participants and non-verbal events, which could assist in interpreting the 

interactions between the participants. Upon the return of the transcriptions, the researcher 

viewed the tapes again to check their accuracy. 

--~-----·-------------------
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The process of transcription took a lot of time. Because of a technical problem involving the 

pay of the transcribing assistant, the transcription of a tape was only available for 

interpretation and discussion about a month after the actual lesson. This resulted in the human 

instruments of this research being unable to recall the incidents fully when interpreting an 

issue. 

Observations 

As mentioned above some groups were affected by the presence of the camera. So one of the 

shortcomings of using video recording is that sometimes you could not identify any 

information rich case from the target group. It was annoying to notice that groups that were 

not targeted were discussing the problem actively. We decided to take a running record of 

such cases, which included student-student or student-teacher interactions. Such on-site 

observations could be biased as they had been filtered through the eyes of the researcher and 

were constrained by the purposes of this research. In order to avoid such deficiencies, the 

researcher verified the observations and their interpretations with the teacher during or after 

the lesson. 

As mentioned above (seep. 171), Michael proposed to extend the research to include one of 

his third form classes after one month into the research. However, Michael invited the 

researcher to observe and tender comments on the problem-solving lessons of this class since 

the beginning of the research. Hence the researcher also kept a running record of these 

observations. 

Audio Recording 

As mentioned earlier, we were unable to carry out the fortnightly discussions because of the 

tight commitments of the participating teachers. Thus these discussions were held during 

lessons or at the end of lessons when issues arose or whenever the teachers were free. As the 

discussions during lessons and after lessons were not planned beforehand, it was not always 

possible to record such discussions. Some of the negotiated outcomes were recorded in the 

note-book of the researcher. Some of these discussions, which were carried out in the offices 

of the teacher, were audio-taped. There was no fixed agenda for such discussions. Any issue 

of concern arising from the lessons could be the topic for discussion. 

----------- -------------
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Some students were interviewed to get feedback for issues concerning the research. Open

ended questions were put by the researcher to the students so that natural discussions could 

flow from them. These interviews were audio-taped. 
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Data Analysis 

This section details the two methods used to analyze the data collected: qualitative analysis 

and quantitative analysis. Before going into details of these two analyses, we wish to define 

the following conceptual elements that are being used in this thesis. 

Definitions 

1. Activity: It carries the same meaning as a problem which has been discussed in Chapter 3 

(seep. 34). The participating teachers of this research started a problem-solving lesson by 

posing an activity to the students (see Appendix III). The nature of this activity was an 

important determinant for the success or failure of the lesson. Hence we decided to adopt 

the criteria proposed by Neyland (1994) to investigate the assistance required by the 

teachers in formulating rich mathematical activities. 

2. Pattern: The researcher and the participating teachers identified 'Activity', 'Interaction' 

and 'Classroom context' as being the three critical determinants for the success or failure 

of problem-solving lessons in the course of this research. For 'Interaction', we mean 

teacher-student(s) interaction and student-student interaction. Within 'Activity' and 

'Interaction', we found behaviours that were of concern to us. These behaviours we called 

patterns. The six patterns that we discuss here are listed in Table 9. We will discuss the 

reasons of the choice of these patterns in the section under 'Initial Analysis' (seep. 179). 

These patterns were adopted to guide the initial analysis of the transcriptions of the taped 

lessons. The classroom context refers to the concept of the teaching and learning of 

mathematics, group work and the role of teachers. We will discuss this in Chapter Nine. 

Critical Determinants Pattern 

Activity Challenging and extendible 
Alternative solutions 
Promote discussion 
Problem text 

Teacher-student(s) interaction Whole-class discussion 
Group work (teacher) 

Student-student interaction Group work (student) 

Table 9 
_ ratter_Ils_f Qr _analysis 
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3. Themes: Two of these patterns were quite large and hence were difficult to analyze by 

themselves. These were 'Whole-class discussion' and 'Group work'. These large patterns 

we had broken down into smaller units called themes. We show this reduction in Table 

10, where they are all listed. Again the discussion on the choice of these themes can be 

found in the section under 'Initial Analysis'. All of these themes were adopted to guide 

the episode-by-episode analyses. 

Patterns 

Whole-class discussion/ 
Group work (teacher) 

Group work (student) 

Themes 

1. The need to explain and justify solutions by students. 
2. The need for continuous assessment of students' 

understanding by teachers. 
3. Scaffolding should be tailored to the needs of students. 
4. Students need to take up or use the scaffolding of 

the teachers. 
5. The need to take into consideration the 

students' perspectives. 

6. The help from a student must be relevant to 
the misunderstanding or lack of understanding of 
the targeted student (Relevant help). 

7. The help must be elaborated at a level that corresponds 
to the level of help needed (Level of elaboration). 

8. The help must be given in close proximity in time to 
the needs of the target student (Timely help). 

9. The target student must understand and have an 
opportunity to use the elaboration to solve the problem. 
(Understand and use the help) 

10. A student reformulates the help for a target student. 
(Reformulation) 

11. Communication in other then complete sentences. 
(Communication) 

12. The helper benefits from tendering help (Benefit for 
helpers). 

13. Progress made through exchanges of help. 
(Interstimulation) 

14. Teachers capitalizing on classroom outcomes. 
(Capitalizing on outcomes) 

Table 10 
Themes for analysis. 

--·-----·--··-
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4. Episode: This word was adopted from Schoenfeld (1983). It simply means a section of a 

lesson which is a cohesive whole, having some, more or less well defined beginning and 

ending. The episodes that we report here involve a pattern or patterns and/or a theme or 

themes of interest (for example, seep. 183, 184). 

Qualitative 

One impediment to the analysis of data attacking each research question was the lack of a 

conceptual framework for studying the teaching and learning processes involved in each 

research question. This research entailed the development of such a framework that 

represented something of an amalgamation of the work of educators such as Schoenfeld 

(1983), Cobb and Whitenack (1996), Webb (1989), Neyland (1994) and Holton, Neyland and 

Anderson (1997). There were three phases in the analysis of the data. These were: initial 

analysis, episode-by-episode analysis and comparative analysis. 

Initial analyses: As mentioned above, the researcher and the participating teachers identified 

'activity', 'interaction' and 'classroom context' as being the three critical determinants for the 

success or failure of problem-solving lessons in the course of the research. Patterns of interest 

were identified for each of these determinants, as shown in Table 9 (see p.177). 

For 'activity', we decided to adopt 'challenging and extendible', 'alternative solutions', 

'promote discussion' and 'problem text' to analyze the activities posed to students for this 

research. These were the criteria that needed critical attention, which determined the success 

or failure of engaging students in a problem-solving lesson, as compared to the other criteria 

proposed by Neyland (1994) (seep. 143). 

As we adopted the three-stage lesson plan proposed by Holton, Neyland and Anderson (1997) 

(see p. 125), we decided to utilize the 'whole-class discussion' and 'group work' as the 

patterns to initially categorize the transcriptions on teacher-student(s) and student-student 

interactions. These transcriptions were then separately analyzed for the scaffolding process 

from the teachers. 

----~-·-------------- ---
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Finally, the students had the potential to scaffold the learning of their group-mates during 

group work. The nature of the scaffolding in the form of help, was a critical determinant for 

productive learning (see Peer Cooperation, p. 107 and Group Work, p. 127). Hence, we 

decided to analyze the interaction between students during group work based on 'group 

work'. Initially, help from students during group work was classified under three patterns: 

'seeking help', 'giving help' and 'receiving help'. As the three patterns always happened 

together, it was impossible to separate them. Hence, we decided to categorize student-student 

interaction under 'group work'. 

Segments of videotapes where these patterns were observed were transcribed throughout this 

research. These transcriptions together with the running records of the observations in the 

classroom were grouped under the various patterns. If a transcription or a record involved two 

or more of the patterns, it would appear under different patterns. Consider the following two 

activities: 

Activity 1: 

1. Draw a neat graph ofy = 2x-1, 

a) What is the slope of this line at x = 1 and at x = 2. 

b) Does the slope of this line change as x changes? 

2. Complete the following table for y = x2. 

X -1 -0.75 -0.5 -0.25 0 0.25 

y=x2 

1.75 1.8 1.9 1.95 2 2.05 2.1 

0.5 

2.2 

0.75 1 1.25 

2.25 2.75 3 

3. Using a scale of one square to represent 0.2 draw a neat graph ofy = x2. 

1.5 

4. Using the fact that the slope of a line between two points (x1, y1) and (x2, y2) is 

given by slope= (y2 - y1)/(x2 - x1), then find the slope of the line between 

x = 1 andx = 3, 

----~-·---·-- -----··- ------ -----·----------~------~~----·--------------
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x = 1.25 and x = 2.75, 

x = 1.5 andx = 2.5, 

x = 1.75 andx = 2.25, 

x = 1.8 and x = 2.20, 

x = 1.9 and x = 2.10, 

x = 1.95 andx = 2.05, 

x = 1.99 and x = 2.01. 
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5. Describe in your own words what is happening in question 4. 

Activity 2: 

(a) Your class has 4 pizwsfor a pizza lunch. If each student (28 in the class) wants an 

equal share, how would you cut the pizzas? 

(b) If 2 more students were in your class (i.e., now 30 students), how will you cut the 

pizzas? 

The first activity, with the method to find the derivative given, did not challenge the students. 

For the second activity, the students suggested 'Cut each pizza into 15 pieces and each student 

receives 2 pieces.' and 'Each students receives 48° of a pizza.' as the answers to part (b). 

This activity could have been extended to other activities such as 'How to write 48° of a pizza 

in fraction form' and 'Is this equal to 2/15, and why?' So these two activities appeared under 

the same pattern 'challenging and extendible' (see table 9, p. 177). In other words, the 

activities under 'challenging and extendible' included those that were (1) challenging and 

extendible, (2) not challenging and (3) extendible, but not being extended. As the first activity 

could not promote discussion between students, it also appeared under the pattern 'promote 

discussion'. 

A total of 6Z mathematics lessons were video-taped in this research. Due to the poor clarity of 

the sound of the conversation between the participants and the poor response from the 

students, only 40 of the taped lessons were transcribed. The reasons for poor response were: 

either the target students did not like to be taped, or the students seldom talked because of the 

nature of the problem such as the method to the solution was given, or they were always 

engaged in off-task talk. 



\' 

'I 

/'.\ 

I'{ 

'l 

·\ 

·\ 

'\ 

J 

-1 

1 
\ 
1' 

METHODOLOGY 182 

Episode-by-episode analyses: As the majority of this research was conducted within the 

tradition of qualitative research, an interpretative stance guided the analyses. The 

transcriptions of the segments of videotapes and the running records of the observations were 

the source of the episodes for. interpretations. The analysis of each episode was guided by the 

themes in Table 10 (seep. 178). 

Again these themes were jointly decided by the researcher and the participating teachers to be 

the critical areas that needed attention for effective scaffolding and group work. In the course 

of the research, we encountered numerous, either unanticipated responses from students or 

occasions where students could not continue solving a problem, through the scaffolding 

process from the teachers. We decided that themes 1 to 5 (see p. 178) were the critical 

dimensions for successful scaffolding. These themes were derived in line with the literature 

review in Chapter 5 and 6 (seep. 102, 103, 104, 115). As mentioned above (seep. 180), the 

nature of the help tendered by students was a critical determinant for their productive learning 

during group work. Hence themes 6 to 9 (seep. 178) proposed by Webb (1989) (seep. 129) 

were adopted for analyzing student-student interaction from the transcriptions. 

In the process of analyzing the episodes for student-student interaction under the four themes, 

we also identified five other themes that were important for productive group work in this 

research (for an example, see episode 34.2, Appendix ill). These themes were 

'reformulation', 'communication', 'benefit for helpers', 'interstimulation or accidental 

scaffolding' and 'capitalize on outcomes' which had been discussed in the literature review 

(seep. 108, 126, 127, 129, 135, 139, 140). 

The following is an example (see activity 29, Appendix III) of the transcription of an episode 

and its interpretation when the students of the third form class were tackling the following 

problem. 

You are about to purchase mini Moro bars for a party and like to buy the most 

economical item. 

a) If you find you can buy them in small bags (5 bars for $1.40) and large bags (12 

bars for $2.75), which bag is the best buy? 

--~-----~----·------ -----
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b) You have 14 friends arriving to your party and wish to have 3 bars for each ( and 

yourself of course), how will you buy your bars? 

Episode 29.2 (Whole-class) 

Tom, explain what you've done. 
[Indistinct. His answer on the board 
Is 5 bars for $1.40, $1.40 +5 = 28 c, 
12 bars for $2.75, 28 c x 12 = 3.36.J 
So what can you conclude? 
That there is more expensive by 61 c. 
Okay, more expensive by 61 c. Now 
the only thing that I would prefer to 
see is not what you've got there, but 
also some more explanation. So do 
you think you could put some more 
word statements in? ... You put some 
extra word statements in so if somebody 
walks in, they'll be able to make sense 
of what's on the board. Sam's going to 
explain his method. 

)\{/.:.: ... 

[5 and 12 go into 60] Times the small bag 
which is $1.40 by 12. If you times the big 
bag $2.75 by 5, the small bags cost 16.80 
for 60 and the big bags only cost 13. 75 
for 60. 
Right, can I ask you ... because what 
you've got is a correct statement 12 times 
1.40 equals 16.80. But you just told us 

Interpretation/Comment 

Request for explanation/Focusing on 
developing explaining and justifying 
skill in students/Student's solution is 
unclear; doesn't make sense to other. 
Request for confirmation/focusing on a 
gap to bridge in writing complete 
solution - Theme 1 

Explicit help for writing good solution -
Theme2 

Request for explanation - Themel 

Chance for teacher assessing student's 
understanding. 

Request for clarification/Difference 
between written and verbal solutions -
Theme 1, 2, 3, 5 
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something else about 16.80, that 16.80 is 
for ... 
60 bars. 
Where do you get the 60 from though? 
Okay, and Michael's [ one of the students J 
got answer which I've seen several people 
have. Would you explain? 
That's my explanation there [referring to 
his solution on the board]. And I just found 
out [2 small bags cost $2.80}, and that 
means you can have ten bars that way. 
The large bag, which is $2. 75 is 5 c cheaper 
and has two more bars. 
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S5 could not understand the solution. 
Acknowledge/Focusing to encourage 
students/Clarification didn't meet the 
need of S5 - Theme 3 

You still need two more bars though. Oh, Suggestion for further clarification -
sorry, you get two more bars ... Okay, well Theme 1, 3 
done Sam, well done Michael. Does anybody 
else have a different method whatsoever? 

The interpretations of these episodes were discussed with the participating teachers. Their 

opinions were sought. Any difference in opinion was discussed and negotiated until the 

outcomes were agreed upon. Consider the following episode (see activity 21, Appendix III): 

T: 

S3: 
T: 

S3: 

T: 

Episode 21 (Whole-class) 

Okay, it was two. What happens when 
we try and find the anti-derivative, sorry, 
when we try and.find the area using the 
anti-derivative as part of the sum of the 
curve? 
Wrong answer. 
You get the wrong answer. How wrong 
is the wrong answer? 
Very [ many students laughing at this 
answer] . 
What's happening? Why is it the wrong 
answer in terms of the area? 

Interpretation/comment 

Teacher got disturbed/Couldn't focus on 
good questioning/Request for further 
clarification/Explicit hint-Theme 1, 3, 5. 

Questioning didn't meet the need of S3. 
Unanticipated response: Theme 2, 3 
Request for clarification/Poor 
scaffolding 
Unanticipated response. 

Suggestion/Redirecting with additional 
hint: Theme 3 

During the discussion on interpreting this episode, the researcher suggested to the teacher that 

it is important to pose the right questions to the students so that these questions convey our 

meaning to them. The answer 'Very' from S3 to the question 'How wrong is the wrong 

answer?' gave the students a chance to laugh. The teacher said that he actually meant 'Why is 

the answer wrong?' He commented that problem solving demands continuous thinking from 

him throughout the lesson. As it was coming to the end of the lesson, he felt exhausted. There 
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were occasions when his mind went blank and he was unable to respond exactly to students' 

answers. These episodes and their interpretations were then grouped under the different 

themes indicated alongside the interpretations. Again one episode and its interpretations could 

appear under more than one theme as it could involve two or more themes. For instance, the 

episode of the first example appeared under the pattern 'Whole-class discussion' and Theme 1, 

2, 3 and 5. 

When this phase of the analysis was completed, there was an enormous amount of data. It was 

impossible to include all of this in the thesis. After discussion with the supervisors of this 

research, we agreed to have at least two episodes to support a pattern or a theme in the 

discussions in Chapter 8, 9 and 10. We decided to select 'information-rich episodes' (seep. 

162) that would serve as illustrative excerpts. The following are four tables. The first table 

contains the number of taped lessons, the number of recorded observations, the number of 

taped discussions and the total number of episodes selected as evidence for this research. This 

whole set of episodes in Appendix III (see p. 344 - 434) represents the data on which the 

conclusions of this thesis are based. The other three tables contain the numbers of selected 

episodes relevant to the three results chapters, which acted as the data on which the 

conclusions were drawn for each research question. 

Issue Number 

Taped lessons 62 
Recorded observations 26 
Taped discussions 18 
Transcribed tapes 40 
Number of activities 36 
Episodes selected as evidence 62 
Episodes for whole-class discussion 26 
Episodes for Group work (teacher) 13 
Episodes for group work (student) 23 

Table 11 

The whole set of evidence for this research. 

------------~- --·---··--··-·-·----
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Patterns Number 

Challenging and extendible 6 
Alternative solutions 3 
Promote discussion 4 
Problem text 2 
Whole-class discussion 5 
Group work (teacher) 4 

Table 12 
The set of evidence for Chapter Eight. 

Patterns/Themes Number 

Challenging and extendible 5 
Alternative solutions 6 
Promote discussion 6 
Explain and justify solutions 8 
Assessing students' understanding 4 
Students' needs 9 
Students' employing the scaffolding 3 
Students' perspectives 5 

Table 13 
The set of evidence for Chapter Nine. 

Themes Number 

Relevant help 5 
Level of elaboration of help 4 
Timely help 5 
Understand and use the help 5 
Reformulation 3 
Communication 5 
Benefit for helpers 3 
Interstimulation 4 
Capitalize on outcomes 5 

Table 14 
The set of evidence for Chapter Ten. 

-------- -----·----- -- -~------~-----···-------- -------- ---- -------------·--·----------- ···------·-----------, 
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Comparative analysis: The last phase of this analysis involved a meta-analysis of the 

selected episodes and their interpretations to develop an overview of the progress on the 

various themes that occurred during this research in chronological order. In other words, these 

episodes and their interpretations were constantly compared and contrasted. Any change or 

progress for the various themes was identified. Those chronological analyses, which featured 

the progress made by the human instruments of this research served as the bases for the case 

studies in Chapter Nine. 

This analysis involved at least two assumptions about the relationship between individual 

psychological processes and classroom social processes in problem-solving lessons. First, this 

analysis attempted to account for the participating teachers' professional development and the 

participating students' mathematical learning in problem-solving lessons as they occurred in 

the classroom context. We assumed that there was a close relationship between individual 

psychological processes and classroom social processes. In other words, social interaction 

would stimulate individual development, which is advocated by both Piaget' s Developmental 

Psychology and the Vygotskian School of learning. Second, the obligations and expectations 

that the participating teachers and students attempted to fulfil in problem-solving lessons, 

were assumed to be consistent across episodes for this analysis, even though there were 

dramatic differences in the nature of the interactions between them, both within and across 

lessons. By doing so, we were then able to combine episodes to form a chronological 

development of patterns, which showed the progress made by the participating teachers and 

students. 

As an episode could include the activity of a lesson, whole-class discussion and group work, it 

could appear in different chapters. In other words, an episode could be used (1) in the 

discussion on the assistance required by the participating teachers at the beginning of this 

research, (2) in developing the case studies, and (3) in the discussion on group work. 

Finally, we will present a table describing the characteristics of the episodes selected as 

evidence from these analyses relevant to Chapter Eight, Nine and Ten at the beginning of 

these chapters, before engaging in a discussion of the conclusions for each of them. 

------------~------, 
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Quantitative 

The participating students were given common tests on a topic or a number of topics. These 

tests were intended to cover the curriculum contents of the topics. The marks of all the 

students taking these tests were collected. With the help of Dr David Fletcher from the 

Department of Mathematics and Statistics, University of Otago, we decided to conduct an 

analysis of covariance on these marks, looking for any significant improvement in the 

performance of mathematics for the participating students due to problem solving. We 

adopted the static group comparison design proposed by Manly (1992) which is represented 

as 

X 01 

02 

It is 'a simple comparison between an experimental group which receives a treatment (X) and 

a control group with no treatment, with 0 1 and 0 2 indicating measurements on the 

experimental units taken after the treatment has been applied' (Manly, 1992, p. 138). In this 

research, the participating students of this research formed the experimental group. They 

received a treatment, which was 'a problem-solving approach to the teaching and learning of 

mathematics'. The other sixth form students who took these common tests, which were the 

indicating measurements, formed the control group for this analysis. The detail of this 

analysis is presented in the Chapter Eleven. 

-------···----------
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CHAPTER EIGHT 

Assistance for Teachers 

Introduction 

This is the first results chapter. It mainly addresses the first research question by describing 

the assistance required by the two mathematics teachers who participated in this research in 

order to teach mathematics effectively using a teaching approach to problem solving proposed 

by Sigurdson, Olson and Mason (1994). As mentioned in the chapter on methodology, we 

were also adopting the three-stage format of a problem-solving lesson proposed by Holton, 

Neyland and Anderson (1997). 

The diagram in Figure 8 illustrates the dependence of students' learning on the three aspects 

of 'activity', 'interaction' and 'classroom context'. 

Activity 

i 
Interaction ..,, Learning 14 Classroom 

Context 

Figure 8 
The impact of activity, interaction and classroom context on students' learning. 

By activity, we mean the problems posed to students in a lesson. For interaction, we are 

considering the social and mathematical interaction between students and their teacher during 

whole class discussions and group work. Finally, the classroom context refers to the concept 

of the teaching and learning of mathematics, group work and the role of the teacher. This 

chapter consists of two sections, with each section dealing with one aspect of activity, and 

with interaction. The third aspect of classroom context will be dealt with in Chapter Nine. 

189 
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We will start with stating briefly the conclusions of this chapter. A table showing the number 

of activities and episodes selected as evidence for each pattern for 'activity' and 'teacher

student(s) interaction' and describing the characteristics of this evidence follows. Then we 

will discuss two of the episodes selected in detail before engaging in discussing each of the 

patterns where the conclusions for the first section are drawn. The first section ends with a 

discussion on the probable reasons for the assistance required by the teachers. The same 

occurs in the second section on 'interaction'. 

Conclusions 

The first section presents evidence supporting the conclusion that the participating teachers 

needed assistance in formulating activities for problem-solving lessons in this research. There 

were times when the activities formulated by them (1) were not challenging and extendible, 

(2) restricted students from searching in other directions, (3) did/could not promote 

discussion, and (4) did/could not engage students in the way intended by the teachers because 

of the way they were worded. 

In the second section, we identified a few weaknesses in the interaction between the 

participating teachers and their students during whole-class discussion and group work in this 

research. These were ( 1) the teachers seldom insisted on students explaining and justifying 

their solutions, (2) the teachers seldom assessed students' understanding before providing 

scaffolding, (3) the teachers were reluctant to take into consideration students' perspectives 

when devising instruction and providing scaffolding, and (4) the teachers seldom gave 

students a chance to employ the suggestions from them. As the research proceeded, the 

teachers acquired great changes in these four aspects of the teaching and learning process, 

which will be examined in detail in Chapter Nine. 

Evidence 

The following table contains the number of activities and the number of episodes selected as 

evidence for each pattern which guided the initial analysis of the data and a description of the 

characteristics of this set of evidence from which the conclusions of this chapter are drawn. 

-----·------ -·---~·-----··------ --------~---
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Patterns Number of episodes 

Challenging and extendible 7 -Activity 5.1, 5.2, 15, 17.1, 
17.2, 27, 28. 

Alternative solutions 3 -Activity 8, 15, 16. 

Promote discussion 3 -Activity13, 15, 16. 

Problem text 3 -Activity 1.1, 1.2, 2. 

Whole-class discussion 5 - Episode 3, 7.1, 14, 21, 26.1 

Group work (teacher) 3 - Episode 12.3, 16.3, 18. 

Characteristics of evidence for Chapter Eight: Activities with methods given; 
not challenging; led to the intended solutions; little need for, discussion; students 
engaged in off-task talk. 
Open-ended activities: (1) too tough without additional hints; teachers led through 
discussion to the intended end; (2) not extended for new learning; (3) wrong use 
of words: defeat the purpose. 
Didn't insist on explaining and justifying solutions; led students through or 
elaborated what teachers supposed students meant. 
No chance for students to employ the suggestion; didn't rephrase questions. 
Not taking students' perspectives; questions couldn't meet the needs of students. 
The selected evidence supported that the teachers showed weaknesses to formulate 
rich mathematical activities and tender scaffolding. 

Table 15 

Characteristics of evidence for Chapter Eight 

Episodes 

We will now discuss two of the episodes selected as evidence for this chapter in detail. 

Episode 3 (see Appendix III, p. 347, 348) 

The following is the transcription and interpretation of this whole-class discussion episode. 

T: Before we get started I want you to think 
back to the topic we did on graphing, ... 

Telling the method/Not giving students 
chance to express their thinking, to 

- ~-----------~-·--·· 
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SI: 
T: 

S2: 
T: 

S3: 
T: 

if at the start of the topic on graphing 
I had said to you I want you to draw me 
a picture of that, most of you, not all of 
you, but most of you would have quickly 
drawn up a tables of values, plotted 3 
or four points whatever until you would 
have got an idea of what it would look 
like and drawn it. Now we have got 
some techniques which enable us to 
sketch because we're only interested in 
perhaps - of intercepts and the general -
roughly what this look like. What effects 
Mr. Erickson does this minus have on the 
graph? 
Shifts it up and down the y-axis. 
It does, and since it's a minus two it's 
going to shift it what way? 
Uh. Up two. 
Not bad. Down two. The plus one inside 
the brackets Mr. Edgar, had the effect of 
shifting the y where? 
Makes it steeper or stationary. 
And so we've got a technique now that 
enables me to quickly sense that without 
a table of values. What you're going to 
deduce today, through a series of exercises 
that are going to require you to draw a 
graph where you have a table of values 
and I'm going to find a clue that I'm going 
to get you to do 30, 60, 90, 120 etc., using 
your calculator . .. . After you have done and 
spent 40 minutes on this, you will then 
hopefully be able to sketch me that graph 
without a table of values ... You'll graph 
each one of these and hopefully when you 
get down here we will be able to comment 
on the graph ... without drawing it you can 
tell me that it's going to be a normal size 
curve, but it's going to be squashed up, 
spread out, shifted or whatever. Right, 
are there any questions about what you're 
going to do? 
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suggest strategies - Theme 1, 2, 5 

Questions from teachers related to 
minor issues for tackling the problem/ 
Questions didn't promote thinking -
Theme3 

Explicit hint on the choice of axes. 
Theme 1, 2, 5 

Discussion would be more productive 
with questions like 'Can anyone suggest 
how we could get started with this 
problem?' for a start and 'Does anyone 
have a different suggestion?' for more 
responses. 
More challenging for students to choose 
their own axes and have a discussion on 
the different choices. 
Discussion dominated by teacher. 
Questioning not tailored to students' 
needs/Didn't assess students' 
understanding - Theme 3 

------- -------------- - -~--- ·-- ------------------·-
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In this episode, the teacher started the whole-class discussion by telling the students explicitly 

to draw up 'a table of values, plot three or four points' to get 'an idea of what [the graph] 

would look like' before drawing it. He did not ask the students for suggestions on how to get 

started and insist that they explain and justify their suggestions. This was followed by asking 

for clarification from students for the effect of the 'minus' and 'the plus one inside the 

brackets' on the graph. This could be left to students to conjecture and explain and justify 

their conjectures during the reporting back. By doing so, he ignored the prior understanding 

of students on graphs. As he did not assess the understanding of students, the scaffolding 

was an imposition of his method on the students. It was not tailored to the needs of students, 

as the starting point was not from the understanding of students. This discussion ended with 

the teacher telling the students the axes for the graph, that was, 'I'm going to get you to do ... 

30, 60, 90, 120 etc using your calculator' and to comment that 'The graph is going to be a 

normal size curve ... to be squashed up, spread out, shifted or whatever'. As the strategies to 

tackle this activity were identified during this whole-class discussion, there was little need 

for discussion from students during group work. 

Episode 18 (see Appendix Ill, p. 385,386) 

The following is the transcription and interpretation of this group work (teacher) episode. 

T: 
S: 
T: 
S: 
T: 

S: 
T: 

S: 
T: 
S: 

T: 

S: 
T: 

Right, can you start? 
No. 
What's the question asked you to find? 
A tangent. 
The equation of the tangent. What sort 
of curve is the tangent? What sort of line 
is the tangent? 
A straight line. 
Straight line. So you're really finding the 

. .-r ') equation o1 a .... 
Straight line. 
Straight line which passes? 
Which touch that at that point [ referring 
to touching the curve y = x2 

- 2x + 4 at 
(-2, 12)]. 
At that point. So what do you need to find 
the equation of a straight line? 
A slope, a gradient. 
A slope and a ... ? 

Request to clarify the problem/Help to 
get started - Theme 1 
Request for further clarification 

Request for further information -
Theme2 

Request for further information 
Directing S through to the answer/ 
Didn't assess student's understanding/ 
Didn't request student to explain what he 
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T: 

S: 
T: 
S: 
T: 

S: 
T: 

S: 

An intercept. 
An intercept. 
But the slope could be anything, couldn't 
it? 

ASSISTANCE 194 

would do. 

Scaffolding didn't meet the need of S/ 
Couldn't understand - Theme 3 

No. What determines the slope? Have we Refocusing with more information/ 
found anything recently that determines the scaffolding redundant. 
slope? What did we do just earlier on? 
[Indistinct J 
That graphs here [ referring to the earlier Redirecting with explicit hint/Scaffolding 
work where S drew the graph of a quadratic redundant. 
function and the graph of its derivative 
underneath it] ... so if you want to find the 
slope of any particular graph, what do you 
do? 
Draw a graph of that. 

How did you get that equation? How did 
we get this equation in this case? By 
doing what? 
I wouldn't have a clue. 
What was it related to? 
The slope of that [referring to the curve]. 
Which was the starting point, wasn't 
it? So how can we find the slope for 
this equation? What is it going to be 
related to? What did we do to this to get 
down to there? 
Take the derivative. 
What are we going to do to this to get 
the slope equation? 
Take the derivative. How, I can't 
remember. How do you take the 
derivative? 

Couldn't understand/Scaffolding couldn't 
bridge the lack of understanding. 
Request for clarification. 

Confirm the importance of assessing 
student's understanding - Theme 3 

Refocusing with more information -
Theme3 

Redirecting for confirmation. 

The teacher started off by asking the target student 'Right, can you start?' which served to 

focus him on his work. This was a strategy employed by him to negotiate the expectations 

and obligations of students engaging in group work, such as discussing actively for a 

solution and justifying the solution. Then he immediately tendered questions to lead S to the 

features of a tangent. As he did not assess the student's understanding on the activity, the 

scaffolding could not meet the needs of S. It could not help to bridge the lack of 

understanding of S on the activity. This is evidenced by S saying 'But the slope could be 

anything, couldn't it?' At this point, the teacher sensed that the lack of understanding of S was 

in finding the slope of the tangent. That was why he asked 'What determines the slope? Have 

we found anything recently that determines the slope?' He did make his scaffolding 

-------··------·-·----••---~s-
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redundant and with the aid of referring to the previous activity to ensure that the message 

could be conveyed successfully. However this scaffolding still could not satisfy the needs of 

S. It could have benefited the student if the teacher had asked him to employ his suggestion 

and give an explanation of how he managed to find the slope for the previous activity. 

Now we will present the two sections of this chapter. 
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The Activity 

Introduction 

The activity that students are engaged in is obviously an important determinant of the success 

or failure of a problem-solving lesson. As the starter of a lesson for this research was an 

activity, it was important for teachers to formulate rich activities so that the educational aims 

of these problem-solving lessons could be realized. The findings generated from this research 

indicated that the two teachers involved needed assistance in this research in the following 

features of a rich mathematical activity: 

Challenging and extendible: The problem needs to be challenging and extendible. 

Alternative solutions: The problem should not restrict students from searching in other 

directions. 

Promote discussion: The problem should promote discussion and communication. 

Problem text: The problem demands a careful use of words, especially for word

problems, so that the aims of the lesson can be realized. 

We will discuss each of these features with illustrative excerpts. 

Challenging and Extendible 

There is a common consensus among educators that mathematical activities for problem

solving lessons need to stretch the thinking of students within their zones of proximal 

development. These activities should be able to be extended to further activities so that new 

knowledge flows from tackling them (seep. 142, 143). The following activities illustrate the 

need for the two teachers involved to get assistance in this research (1) to formulate rich 

activities, so that students were challenged and (2) to see how these activities could be 

extended to provide further learning. 

In activity 27 (see p. 410), one of the teachers was aiming to introduce ratio to a class of 

students in the third form. The teacher expected his students to take more than ten minutes to 

solve this problem using ratio and algebra, which was the objective of the lesson. A statement 

similar to '12/1 = 270/x', where x is the fuel in litres required, was expected to be included 

somewhere in their solution. 

----·--- ---------------
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The result puzzled him as his students took less than a minute using calculators to give him 

the answer 22.5. When he asked a student to explain how he got 22.5, the student said 'The 

calculator told me'. The teacher was wondering what problem should be posed to students so 

as to engage them with what he intended. He also commented that he would not face such a 

situation if he taught using the usual way, as he would be the one to introduce ratio and 

algebra followed by the students practising this method through exercises. One of the things 

that contributed to his difficulty was that many students were satisfied with getting an answer 

like 22.5. If they could write down the steps leading to the answer, they would probably be 

engaged on this problem for a longer time. Assistance such as rewording this problem is vital 

to teachers so that the concept flows from tackling the problem. Otherwise, they will feel 

more comfortable with their usual way of teaching this concept. 

We had a brief discussion on this issue at the back of the classroom during the lesson and 

decided to pose activity 28 (seep. 411). The teacher made the following intervention before 

leaving this problem to his students to discuss and find a solution. 

T: Your are not wrong, nothing is wrong with what they had got here (referring to 
the answer for the first problem) ... Ok, You realise, you have the ability to 
realise ... What I am trying to do [is] hopefully [you can] set up algebraic 
[equation] to solve. [Your answer should be such that] anybody [reading it] 
can make sense of what you got. 

By saying 'You are not wrong, nothing is wrong with what they have got here', the teacher 

legitimized the answer of the students, even though he made it clear to them that it was not the 

method that he wanted them to use to tackle these problems. He in fact gave an explicit clue 

to the method through this intervention. Obviously, the teacher was not satisfied with the 

answer of the students. 

This time the students spent a much longer time tackling this problem. One student presented 

the following answer to part (a) of the second problem. 

385-=- 43.5 = 8.85. 8.85 equals the amount of km/litre. 

So 270 -=- 8.85 = 30.5 litres for the car journey. 

This answer definitely made more sense to somebody reading it, even though the student was 

still not using the ratio and algebra method intended by the teacher. Anyway, the intervention 
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from the teacher had forced students to use their own words to explain and justify their 

answers. At this point, the teacher decided to lead a whole-class discussion to negotiate a 

solution with his students using the ratio and algebra method, as his second problem and 

intervention still failed to lead his students to solve the problem using it. In other words, the 

teacher's instructions were geared to fulfilling his objective for this lesson . 

In activity 15 (seep. 373), the method for getting a solution is given. Obviously, this activity 

is well structured. It tells the students the method to find the derivative of a function. It could 

be much more challenging to the students if they were just asked to find the gradient of a 

· curve at a point. 

After a discussion on the solution of this activity, the class agreed that the gradient of a curve 

at a point was approximately equal to the gradient of the line joining two points very close to 

the point and equidistant from it. This is not the usual way of finding the gradient. 

T: 
S: 
T: 

S: 

So how can you find the slope? 
Just a little bit either side. 
Just a little bit either side. I need two points to find the slope ... can't give you 
one point and say find the slope. But he's decided I just go a little bit either 
side. Does it have to be the same bit either side? 
Yes. 

This activity was extended to the following question . 

Repeat the above questions but use y = x3 instead of y = x2
. 

The other teacher participating in this research started off with activity 17 .1 (see p. 383), 

which just asked the students to find the gradient of a curve at a point. Most of the students 

drew the tangents to the curve at the point x = 1 and x = 2 and estimated the gradients using 

the formula gradient= rise/ run. In the process of formulating the solution, the students sensed 

that their method could not be the correct method to find the gradient. That was why one of 

them said ' ... there should be another more accurate way'. They could not figure out the more 

accurate way without any additional hint. So the teacher decided to pose activity 17 .2 (see p. 

384). 
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These two activities are more open-ended. The first activity invited the students to use their 

own method to find the gradients. It triggered the students to think of a more accurate method 

as their answers differed. Even though the teacher did make explicit a more accurate method 

for them to find the gradients in the second activity, it still invited them to conjecture and 

prove their conjectures. 

In activity 5.1 (seep. 350), the students were able to get the answer, that is, 'Cut each pizza 

into 7 equal parts and each student receives one seventh of a pizza'. This was followed by 

activity 5.2 (seep. 350), which was more complex and stretched the thinking of the students 

more. Besides coming up with the solution 'Cut each pizza into 15 equal pieces, and each 

student receives 2 of the 15 pieces of a pizza', there were a few students who could relate this 

problem to circles, which they studied before fractions. They gave their answer as follows: 

Each pizza has 360° [ at the centre]. 

4 pizzas has 4 x 360°. 

So, each student receives 4 x 360° -:- 30 = 48° of a pizza. 

The teacher did extend the problem by asking the students to use equipment to solve activity 

5.2. They cut sectors of 48° from a circle and found that they got 28 pieces of 48° and 4 

pieces of 24 °. In the end, these students confirmed their answer by saying that the 4 pieces of 

24 ° made up 2 pieces of 48°. Each student still received 48° of a pizza. This activity could be 

further extended by questions such as 'How to write 48° of a pizza in fraction form?', and 'Is 

this equal to 2/15, and why?' to cover 'simplification of fractions', which was planned for the 

next lesson. 

The teacher involved in activity 15 laid a well-marked path for the students to follow. He was 

aware that students had the potential to come up with their own method of tackling a problem 

using what they knew. But he worried more about being able to finish what he intended for 

the lesson as he thought it would take a longer time if the students were left to figure out their 

own method. The two activities on pizzas are more open-ended and invite different solutions. 

During the discussion between the researcher and the teacher after the lesson on the solutions 

of the students, the researcher pointed out the potential of students relating what they are 

learning to what they had learned. Besides being unaware that these problems provided a 

charice for his students to notice the interrelatedness of different topics of mathematics, the 

--- ------- ---···--··--·----------------------------·- --·-----------------·----·--·--------- -------------
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teacher was also not aware that they could be extended further to meet new learning such as 

simplification of fractions. By doing so, he could have covered more in this lesson than he 

had intended. 

Alternative Solutions 

Students' ability in reorganizing their prior experience to come out with their suggestions for 

a solution of an activity should not be overlooked. A rich mathematical activity should invite 

students to search in other directions. 

For activity 8 (seep. 354), one of the students, Richard had the following answers: 

Tl = 1000 x 1.07 

T2 = 2070 x 1.07 

T3 = 3214.90 x 1.07 etc. 

The teacher was hoping that his students could figure out a pattern and hence generalize to 

n 

Tn = 1070I.J.Oir-1). 
r=l 

On realizing that his students could not come up with the above generalization, he intervened. 

T: Has anyone got the same result with a slightly different explanation? Because I 
really need to keep things moving here, what I was wanting to do without 
trying to take Richard' s ... is try to present what he's done in a slightly different 
manner. 

The rest of the lesson was occupied with the teacher explaining how Richard's answers could 

be generalized in the form that the teacher wanted. This chance for the students to investigate 

by themselves and to come up with the generalized form or any other form was lost. With 

some hints or by asking questions like 'Could you express Richard's answers in a general 

form?' the students could probably have come up with their own solution. The teacher 

commented that he could pose an additional question to this problem to ask the students to 

investigate further for the general form, but it would probably take them the whole lesson to 

discover the form. In order to ensure that he could convey the message of 'what is a geometric 

·----------~----- .----- ··---··--··------------·-.,-----·-
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series' to the students in just this one lesson, he resorted to leading them through to the 

general form. 

Activity 3 (seep. 347) is an example where the method for the solution is given. The method 

led the students through to the intended outcome of the lesson, that was, to find the slope of a 

curve at a point by taking two points 'just a little bit either side' of the point. By doing so, a 

chance was lost for the students to make use of their prior knowledge and search for a strategy 

in all directions. 

Activity16 (seep. 379) was posed to the students of a sixth form class during their first lesson 

on limit. During group work, one of the students in the target group proposed that the limit for 

the third question could be found by simplifying the function. 

SI: James, you know here, there's a commonfactor, (x-3). 

S2: No. 
SI: Yes. There's x here, there's minus here, so (x-3). 

This proposal ended here and was not actively discussed. In fact, another student suggested 

this method in finding the limit to the teacher during the whole-class discussion on the 

solutions of this activity. But the teacher stopped him. He lost a chance proposed by students 

to extend this activity which could have led them to new learning. When the teacher was 

asked why he did not give the student a chance to explain his method, he said that he wanted 

to reserve the method for the next lesson that he planned, on limits. As a beginner to problem 

solving lessons, he needed to be made aware of the importance of considering students' 

perspectives when coming up with their solutions. In other words, students' suggestions 

should be attended to and discussed. By doing so, they will understand the concept better as 

the understanding is a result of reorganizing some of their prior experiences. 

Promote Discussion 

There is general agreement among educators that a rich mathematical activity is one that 

promotes discussion and conversation (Ahmed, 1987, Neyland, 1994, Holton, Neyland & 

Anderson, 1997). Many of the activities designed by the two teachers involved in this 

research were well structured. The method to the solution of the activity was given. Hence 

there was little need for discussion. 

----~- .. ·-·- -··- ~-· 
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For activity 3 (see p. 347), the t'arget students were involved in off-task talk from the very 

beginning of the lesson. Even though the students were involved largely on non-task related 

talk, they were able to keep pace with their work. This was largely due to the nature of the 

problem, with the method given, which was of no challenge to the students. When they 

completed the second part of the activity, they were engaged in the following dialogue. 

SI: What is this? I've done it wrong I think. 
S2: You can't. You're in front of the cameras. Everything must be perfecto. 
SI: Oh, lees, that's a bit harsh. We could have done all that at a supermarket ... 

doing the thing and got paid for it. 

This was the only time when they looked at each other's work to verify that they got the 

correct figures in the tables. After this, the student, S 1 appeared so bored with his work that 

he did not do anything from there on. At one stage, he made the following comment to his 

friend. 

SI: Oh, do you have to do that ... definitely what we have in our notes. 

The situation in activity 16 (see p. 379) was a bit better than this. They were engaged in 

conversation related to the activity, such as clarifying the activity. But there was no discussion 

relating to possible strategies to tackle the activity. That was why one of them said 'I don't get 

it, can you explain it to me?' But the other student did suggest trying a few values, instead of 

calculating all the values given by their teacher, as he said 'Don't waste your time ... it's 

obvious ... Let's do a few test values. It's made to be easy.' In the end, the student, Sl also 

suggested another strategy to look for a limit (see p. 201). But because of the nature of the 

activity, with the method which was intended by the teacher being given, the suggestion was 

not discussed. 

In the next activity 13 (seep. 369), the target students were involved in low level task-related 

talk which was insufficient for productive group work. They did not explain and justify their 

suggestions. Furthermore they spent much of their energy plotting the three pairs of lines. By 

the time they intended to answer the second part of the problem, they were bored and started 

engaging in off-task conversation. 



l 

\ 

. .\ 

'( 

~ 

L 

i, 

,. 

v 

11 

·\ 

,, 

~ 

'1 

4 

\ 
\ 

( 

'I 

I 
) 
·1 

,1 

ASSISTANCE 203 

The teacher intervened half way through the lesson saying 'Okay, some people or most people 

should be at the stage with [their work] of writing out the gradients of these lines and then 

looking at them and realizing [the connection]'. When S5 said 'Except us' after the remark 

from their teacher, he admitted that they were behind time. In fact, these two students had not 

started to tackle parts (4) and (5) when the whole-class discussion on the solution for this 

activity started. 

It is clear that the nature of the above activities deprived the students of a chance to discuss 

and come up with their own strategy for a solution. They communicated only when there was 

a need to further clarify an activity or verify their answers. These activities promoted low

order elaborative mathematical interaction and interaction on matters not related to the 

activities between students, rather than explanation and justification. The teachers were not 

aware that they were laying 'well-marked paths' for their students to follow through these 

activities. For instance, the above activity (activity 13) denied the students an opportunity to 

investigate, conjecture and prove or refute the conjecture. This activity could have benefited 

the students more if they had been asked to plot one pair of the lines and conjecture and prove 

the relationship between these lines. By doing so, the students would be well into the task of 

finding the relationship after spending five or ten minutes plotting the pair of lines. 

Problem Text 

The words that are used to state a problem is another issue that needs serious consideration if 

we want our teaching and learning goals to be realized (Cronbach, 1955). A wrong use of 

words can lead the students to wrong formulations, and defeat the purpose of the problem. 

The following two activities illustrate the need to provide assistance to the two teachers at the 

beginning of this research. 

Activity 1.1 (seep. 344) was given to a sixth form class. Many students were unable to figure 

out the Reuleaux triangle because of the word triangle. To them, a triangle is a figure with 

three straight sides. This difficulty could be avoided if the teacher had used the word 'figure' 

instead of 'triangle' in the problem. After all, the aim of this lesson was to find the length of 

an arc, the area of a sector and the area of a segment. On noticing this difficulty faced by the 

students, the other participating teacher reworded the activity and gave this to his class: 

-------~~~----------------------- ·---·---------··------------
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Construct an equilateral triangle with side 6 cm. 

From each vertex of the triangle draw arcs with radius 6 cm. These arcs should meet 

and encase the equilateral triangle. This is the 'Reuleaux Triangle'. 

What is the perimeter of the Reuleaux triangle when the length of the side of the 

triangle is 6 cm? 

What is the perimeter of a Reuleaux triangle when the length of the side of the triangle 

is d? 

Find the area enclosed by a Reuleaux triangle when the length of the triangle sides is 

6cm? 

What is the area enclosed by a Reuleaux triangle when the length of the side of the 

triangle is d cm? 

Find the area trapped between the equilateral triangle and the Reuleaux triangle. 

This time the students did not face any difficulty in identifying the Reuleaux triangle and were 

able to be engaged in finding the perimeters and the areas after spending a few minutes on 

drawing the diagram. 

In activity 2 (see p. 346), one of the teachers was teaching 'circumference' of a circle to a 

third form class. He brought to the class different sizes of flat and round objects and asked the 

students to measure the diameters and the circumferences of these objects. The students were 

also expected to find a pattern, which would relate the circumferences to the diameters. 

The students measured the diameters, but some of them computed the circumferences using 

the formula nd by calculators. The word 'circumference' helped many students recall the 

formula nd, which they were told about in the previous year. If the teacher used 'the length 

around the curved surface' instead of 'circumference', his students might have continued with 

measuring the lengths around the curved surfaces and computed the ratio c/d, as anticipated 

by him. 

Discussion 

Both the teachers involved in this research are very experienced teachers in teaching 

mathematics. They certainly have all the mathematical knowledge and pedagogical skills 

-------·------·-----~-·-·----, 
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required for good teaching. The nature of the weaknesses of the two teachers in formulating 

rich activities for problem-solving lessons can be attributed to the following. 

First, there was the teachers' belief that it would take them a longer time to convey a concept 

to their students by using a problem-solving approach to the teaching and learning of 

mathematics. Both teachers had been teaching mathematics using the traditional approach for 

years, which was commented on by one of the teachers as 

'the way I was taught mathematics in a school similar to this, which was ... would 

be notes, examples and working problems.' 

They were sceptical about leaving students with an open-ended problem where they had to 

discuss actively to come up with a strategy to solve the problem and hence learn the new 

concept. Even though students were able to do so, they would have to struggle through a 

longer time for a solution, which the teachers could not afford as they had a tight schedule to 

follow. Furthermore, both teachers also believed that this would mean more work for them, as 

they had to rethink their lesson plans. One of them commented that 

' ... I had thought that I was going to sit down and [ come] up with great ideas in 

an area which I had no resources.' 

Secondly, the teachers were not in control of their problem-solving lessons. As the students 

started searching in all directions for a solution, the teachers felt that they were no longer in 

control of their work. They felt very uneasy. One of them commented 

'It often happens with problem solving, it takes you down different avenues ... you 

could easily get side tracked into lots of good mathematics but not necessarily 

where you wanted to head and you just have to be careful of that ... you know 

especially if you're constrained by an external exam or whatever, you've got to be 

aware of that.' 

-------------------~-----·-~-~---- --- ·--·-------·----·-~~---
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This is one of the reasons why the activities designed at the beginning were well structured. 

Furthermore, it requires experience for teachers to come up with rich activities on the spot for 

students when they 'side track' into unanticipated 'good mathematics'. 

Last, but not least, self-awareness is a prerequisite for reflection. This was one of the major 

difficulties faced by the teachers at the beginning of this research, as they were not aware of 

some of the consequences of what they were doing in the classroom. As one of the teachers 

commented 

'I am sure experienced teachers likewise are using problem-solving techniques 

without realising that they are actually using problem-solving techniques. 

However, when you're making a greater effort to use problem-solving techniques, 

the number of times problem solving is used becomes more frequent.' 

'Prior to this research, problem solving was only occurring incidentally whereas 

now [I am] making a greater or more conscious effort to use problem solving as a 

means to introduce new work and develop ideas.' 

For instance, the teachers were not aware that their activities could be extended to new 

learning, which they had planned for subsequent lessons (see p. 199). They were satisfied 

with leaving their students tackling exercises in the textbook for the rest of a lesson after they 

had achieved the objective of the lesson. If their activities were extended to new learning, they 

could have achieved the objectives of subsequent lessons in this lesson. This calls in question 

some teachers' belief that it takes a longer time to teach a new topic through problem solving. 

·------------ ···----· -----------------.. --·----~--------------
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Interaction 

Introduction 

An important feature of problem-solving lessons is that it is student centered. In order to 

encourage active involvement from students, the role played by the teacher shifts from 'the so 

called sage on the stage' for the traditional chalk and talk lessons to 'the guide by the side' for 

problem-solving lessons. The comment from one of the participating teachers is in line with 

this. He said that one needs to change from saying 'This is what you need to know.' to 'Well, 

look, this is a problem ... what can you do to answer it?' In other words, active interaction 

between students and teacher plays a vital role. The diagram in Figure 9 shows the two types 

of interaction that have a great impact in students' learning. 

Student
Student 

+ 

Interaction 

/~ 
Teacher
Student(s) 

I \ 
Group work Whole class Group work 

Discussion 

Figure 9 
Different types of interaction. 

For the purpose of this section, we will only touch on the interaction between the teacher and 

his students. The interaction between students will be dealt with in detail in Chapter Ten. 

This section will describe the assistance required by the teachers so that the interaction 

between the teachers and their students could lead to the successful accomplishment of a task 

by the students. The interaction in the form of help which is referred to as scaffolding in the 

literature review (seep. 90 - 115) will be discussed in the light of whole-class discussion and 

group work. 

Whole-class discussion 

The first stage of the three-stage lesson plan proposed by Holton, Neyland and Anderson 

(1997) is the whole-class discussion. During this stage, a teacher leads a whole-class 

·------------- - ----·~-------·-- --~---~·---·--" ~------
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discussion with the students on issues like understanding and clarifying an activity and the 

probable strategies that can be used to tackle the activity (Charles & Lester, 1982, Holton, 

Neyland & Anderson, 1997). This is essential in order to help students to get started with the 

activity . 

Episode 3 (see p. 347) is the whole-class discussion which took place before the students of a 

sixth form class were engaged in group work on sketching the graphs of trigonometrical 

functions and listing their features during their first lesson on trigonometrical functions. In 

this episode, the teacher started off by telling his students what they would probably do if they 

were asked to sketch the graph of a function. He also did not ask the students to explain and 

justify their answers to his questions. Obviously, this discussion did not stretch the thinking of 

the students. In fact, he explicitly told his students to use '30, 60, 90, 120 etc' for the angles of 

the graph and to expect the graph to be 'squashed up, spread out, shifted or whatever'. He 

could have started off by asking questions such as 'Can anyone suggest how we could get 

started with this activity?' Once a student suggested a strategy to tackle the activity, he could 

follow up with another question such as 'Does anyone have a different suggestion?' Such 

open-ended questions invite multiple answers. Not only do they create a chance for students 

to recall a strategy, they also provide a chance for students to notice that there are different 

choices of strategies to tackle an activity. This activity would be more challenging to the 

students if they were left to choose the axis for the angle and to write down their own features 

of the graphs. These could be followed by another whole-class discussion on the different 

solutions of the students for an agreed solution. 

The teacher in episode 26.1 (see p. 406) decided to conduct a whole-class discussion to make 

sure that his students could get started during group work. In this episode, the teacher 

dominated the discussion. He suggested an expression for s(t) and to differentiate the 

expression to obtain velocity and acceleration. The chance for the students to put forward 

their suggestions was lost. Furthermore the responses from students were confined to brief 

phrases such as 'Put 4 in t' and 'Velocity' with the teacher elaborating on what he supposed 

the students meant. It would be much more beneficial for the students if the teacher started off 

by asking them to suggest expressions for s(t) and to suggest and justify how to deduce the 

expressions for velocity and acceleration from these expressions. Then, this could be followed 

by asking the students to suggest and justify how to deduce an expression for distance from 

-------- "----·.,·------ ---------~--· 
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velocity. The part to find the value for c could be an issue for another whole-class discussion 

after the reporting-back stage, if the students faced a difficulty in this. 

However, there were some improvements in the teacher's orchestrating of the discussion in 

the second episode. First, he gave the students a chance to respond to his questions, whereas 

there were many instances where he resorted to answering his own questions before this. 

Second, on knowing that he did not convey his messages to the students, he reworded his 

questions. For instance, S 1 of episode 26.1 (see p. 406) could not understand his question 'if I 

ask you to find me the distance moved after four seconds, then what will you do?' The teacher 

rephrased the question to 'I'm asking you how far has this thing gone in four seconds, what 

will you do?' and then he was successful in conveying the meaning to SL 

The last stage of the three-stage lesson plan is reporting back on their solutions by the 

students. In this research, there was often a whole-class discussion on the solution of a 

student. The aims of this discussion were (1) to justify the legitimacy of a solution, (2) to 

discuss alternative solutions, (3) to reconcile different solutions from students with an agreed 

solution and (4) to introduce new notation to students. 

One of the participating teachers posed the activity 'Find the sum of the series 1, 2, 3, ... , 

100.' to his students during the first lesson on 'arithmetic progressions'. Episode 7 .1 (see p. 

352) is the whole-class discussion on students' solution during the reporting back stage. Three 

different answers had been suggested, these were, 49 x 100 + 50 + 100, 100(49 + 1/2 + 1) and 

50 x 100 + 50. Again the teacher dominated the discussion. Students' responses were 

confined to numbers and brief phrases with the teacher explaining the methods used by the 

reporting students. 

By saying 'It's okay', the teacher in fact legitimized the answers of his students. Even though 

he questioned 'the logic behind' their answers, there was no active deliberation on this. 

Instead, he kept on mentioning 'There's another way of doing it'. He was more anxious to get 

the formula Sn= n/2(a + L), where n is the number of terms, a is the first term and L the last 

term across to his students. In the end, he related explicitly to his students the method for the 

solution. If the teacher led his students to discuss in detail the three answers suggested by the 

students, they would have arrived at the same answer 100 x 1/2(1 + 100), which was what he 

~-------~----------~----·---·-----------------------·-·----------
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intended. Instead of telling the students the method, he could have asked them. questions such 

as 'Can we pair these terms up so that nothing is left?' His students would have noticed that 

they could get 'a nice batch of pairs with nothing left'. 

Again there was some good scaffolding too. For instance, the teacher said that 'Now why are 

we doing this? ... If it does work, What is the logic behind ... where does the 1/2 come 

from.?' He was trying to lead the students to think to justify their answers. The scaffolding 

was posed in three different questions so that the message could be successfully 

communicated to the students. 

The other participating teacher was also teaching 'arithmetic progressions' to his class. After 

discussing the solutions of the reporting students and coming to an agreement on the formulas 

Tn =a+ nd and Sn= n/2(a + L), the teacher decided to lead another whole-class discussion 

(see episode 6, p. 351) to negotiate a second formula to find the sum. of an arithmetic 

progression, that is, Sn= n/2{2a + (n - l)d}, where n is the number of terms, a, the first term. 

and d, the comm.on difference. 

By saying 'Is there anything else that we can label L to be? L is representing what term. 

here?', the teacher was hinting to his students to make use of L for a second formula. This 

scaffolding became the imposition of a method on the students and hence neglected the 

students' understanding. Furthermore, this scaffolding did not demand the students to think 

through to the solution. That was why S3 said 'What are we doing?' because either he did not 

follow the discussion or he could not see the point of substituting L. It would stretch the 

thinking of the students more if the teacher posed to them. questions such as 'How can we 

write the formula for the sum. in another form?' Such open questions would invite multiple 

suggestions from. students' own understanding. In this episode, it was obvious that Sl noticed 

that L in the formula Sn could be substituted by a + nd. But he was not given a chance to 

explain how he could do it. It would help the students more if S 1 was asked to write out his 

explanation on the blackboard. 

Episode 21 (seep. 393) is a whole-class discussion on students' responses. The students did 

not face much difficulty in getting a solution to question 1 of the activity involved in this 

episode and they managed to agree that they should consider the areas above and below the x-

---------~--.. - ·-·---- -------- ---~ 
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axis for part (c) separately in order to get the correct answer. The students faced a difficulty in 

coming to an agreed answer for question 2, part (c).They had 2, 2.25 and 2.5 for the answer. 

When S 1 suggested 'It's two and a half', the teacher could have given him a chance to explain 

and justify his answer. In other words, instead of the teacher telling the students that 'It's a 

quarter above and a quarter below and then you've got your two. So it's two and a half', S 1 

could have explained that to the whole class. In fact, S4 could provide a better explanation 

since he noticed that the line passes through x = -1/2 and 'the two quarters cancel out' since 

'one's negative, one's positive'. So the teacher could have asked Sl to explain his answer and 

followed by asking the class 'Does anyone have a different explanation?' He might not have 

to refer back to question 1, part (c) if S4 provided the above explanation. During the 

discussion after the lesson, the teacher said that he could have led a much better whole-class 

discussion on the issue if it was at the beginning or middle of the lesson. First, he was rushing 

to finish the activity since it was coming to the end of the lesson. Second, he felt tired and 

could not respond exactly to students' action. When he questioned 'You got the wrong 

answer. How wrong is the wrong answer?', he actually meant 'Why is the answer wrong?' 

Group work 

The second stage of the three-stage lesson plan proposed by Holton, Neyland and Anderson 

(1997) is group work, which forms the core of a problem-solving lesson. In this research, 

even the students who were familiar with problem-solving strategies and were able to employ 

a problem-solving framework, encountered all sorts of difficulty when tackling an activity. 

When the students were engaged in group work, their teacher moved around the class 

providing help to them, whenever necessary. The nature of the help tendered by their teacher 

determined the success or failure of their problem-solving activity. 

The teacher in episode 12.3 (see p. 368) started attending to the target students by offering 

explicit hints. He could have started by assessing the understanding of the students on 'the 

connection between the gradients' before offering the hints. As S2 did conclude that 'They are 

all reciprocal ... [Do we say they are] inverse and they are reciprocal of each other' during 

group work, there is a chance that the students would notice that the product of the gradient is 

-1. In other words, the scaffolding was not tailored to the needs of the students, as it was not 

---~~·--------· ·-·- ·---- - ····---·-·-- -··-
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tendered based on students' understanding. If the students could not figure out the connection, 

then the teacher could tender the hints such as 'focus on the operation' . 

In episode 16.3 (seep. 381), the teacher in fact told the student explicitly what a limit is. The 

teacher did most of the talking and the student just said yes or no or provided number 

answers. The student was not given any chance to verbalize his own understanding of limit at 

that moment and to think through the questions posed by his teacher aiming to help him. The 

teacher could pause for a time to give the student a chance to react to his question 'What is 

happening to the value when you plug numbers into this?' before tendering his help in a more 

explicit form. If the student still could not understand the concept, then he could suggest the 

alternative strategy 'If you think of a number line, what is happening to the value I get out?' 

for him to think through. 

For episode 18 (seep. 385), the teacher attended to one of the students of the targeted group 

who faced some difficulty in getting started. Obviously, he led S on to the right path to a 

solution through the conversation. But it would be more beneficial for S if the teacher could 

assess his understanding of the equation of a straight line before going into details of the 

tangent for this case. This was because the students in this class learned two formulas to find 

the equation of a straight line, these were, y = mx + c and (y - y1) = m(x - x1). The teacher 

could have asked S for the general equation of a straight line. If S suggested the second 

formula, then the above scaffolding would not be suitable for him. In other words, the teacher 

should continuously assess the understanding of the student so that any scaffolding tendered 

would be tailored to the needs of the student. 

The scaffolding could not meet the needs of S. This is evidenced by S saying 'But the slope 

could be anything, couldn't it?' At this point, the teacher realized that the lack of 

understanding of S was from finding the slope of a tangent. That was why he asked 'What 

determines the slope? Have we found anything recently that determines the slope?' He recast 

the questions several times using verbal and non-verbal techniques to ensure that the message 

would be conveyed successfully. Unfortunately, this scaffolding still could not bridge the lack 

of understanding of S. S could be given a chance to employ the scaffolding on the spot. When 

the teacher referred to the earlier work for the slope of a tangent, S could be asked to explain 
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how he got the slope of that curve. By doing so, the scaffolding towards the end of this 

teaching episode might not have happened. 

Discussion 
The participating teachers made a great effort to shift from traditional teaching to using a 

problem-solving approach to the teaching and learning of mathematics. There were a few 

issues that needed to be polished by the teachers in order for the interactions between them 

and their students to be more productive. In other words, they needed assistance on 

scaffolding techniques so that their scaffolding could benefit the students more. 

First, the teachers seldom insisted on students explaining and justifying their solutions at the 

beginning of this research. They were satisfied with a correct answer. This confirms 

Schwartz's ( 1994) claim that it is difficult for teachers who 'cover' mathematics to shift gear 

to lead students through to 'discover' mathematics in mathematics classes. For instance, when 

the student answered 'It's two and a half in episode 21 (see p. 211), he was not asked to 

explain and justify his answer. Instead, the teacher gave the explanation for him. In other 

words, students' responses were confined to brief phrases, or in single disconnected 

sentences, and the teachers then amplified what they supposed their students might have 

meant. By doing so, the teachers dominated the conversation, which is why Dewey (1910) 

says that 

' ... instructors would be surprised if informed at the end of the day of the amount 

of time they have talked as compared with any pupil.' (p. 185) 

The teachers had to learn to be aware of the importance of giving their students a chance to 

explain and justify their answers. Not only do such practices provide opportunities for 

students to verbalize their understanding, they encourage consecutiveness of thinking and 

language and thereby promote systematic reflection on an issue for students. By doing so, 

students take up a greater degree of control over their learning, which is one of the emphases 

for successful scaffolding from teachers (seep. 100). 

Second, the teachers seldom assessed the understanding of their students before scaffolding 

them through an issue at the beginning of this research. As a result, the scaffolding tendered 

by them was often irrelevant to the misunderstanding or the lack of understanding of the 

-·------------··--··----··--·--··-·- ----- ·-------·---·----- ----------
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students. In the end, either the scaffolding could not help to clarify the doubts of the students 

or the students just memorized what they were doing. For instance, the student of episode 18 

(see p. 212) was scaffolded through to find the gradient of the tangent at x = -2, with the 

teacher not knowing that he had no clue on how to find the slope of the curve. 

Another instance is, when S3 of episode 6 (see p. 210) said 'What are we doing?', the 

discussion obviously had not benefited him. Toe teacher could have asked his students for the 

two formulas and followed by a question such as 'How can we write the formula for the sum 

in another form?' He could also ask 'What information do we have and how can we use it to 

derive a second formula for the sum?' 

By assessing students' understanding, the teacher and students will have a shared 

understanding before the teacher tenders the subsequent scaffolding. This is another 

requirement for successful scaffolding (seep. 103). 

Third, the students were not given a chance to take up the suggestions from the teacher on the 

spot. In other words, the students should be encouraged to explain or write out their 

understanding when the teacher provided the scaffolding. By doing so, not only can it avoid 

students forgetting the earlier part of the scaffolding, it also provides the targeted students a 

chance to notice the significance of the scaffolding and move on to solving the problem. For 

instance, when the scaffolding ended for episode 18, the student still had no clue of finding 

the equation of the slope of a curve. Since the teacher knew that the lack of understanding of 

this student was from finding the slope equation, he could have referred back to the earlier 

work again and asked the student to explain how he found the derivative for the equation of 

the slope in his earlier work. This could be followed by asking the student to write down the 

equation of the slope through differentiating the equation of the curve of the activity in hand. 

Toe following 'invented' scaffolding serves to illustrate this. 

S: 
T: 
S: 

T: 
S: 

Take the derivative. How, I can't remember. How do you take the derivative? 
Look at your earlier work, how did you get the derivative? 
[He should be able to explain how he got the derivative since he did it before 
this. If he can't, the teacher can lead him through to the derivative.] 
Now, can you do the same thing for this curve? 
[The teacher should see that he writes out the correct derivative before going 
away.] 

-----·----··-------·-----···-··.--·------·------ ---·-------------·-------··--·-------------- --------· ---··· -·----~--------
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Last, but not least, the teachers were reluctant to take into consideration students' perspectives 

at the beginning of this research. Even though they were aware that students 'could get side 

tracked into lots of good mathematics' in problem-solving lessons, they were more conscious 

of the need to 'cover' the tight mathematics programme. As a result, more often than not, the 

scaffolding became the imposition of the method for a solution on students. As it is mentioned 

above, the teacher of episode 6 (seep. 210) was hinting to his students explicitly to make use 

of L to deduce the second formula. By doing so, he overlooked the importance of taking into 

consideration students' understanding. In the end he did not convey his message across to S3. 

That is consistent with Searle (1984) who suggests that 'scaffolding can more often become 

the imposition of a structure on the student' as the student's 'understanding, valuing, and 

excitement of the personal experiences were negated' (p. 481) when the student was led to 

report the experience in an appropriate form. This is another emphasis for successful 

scaffolding that had been dealt with in the literature review (seep. 103). 

The participating teachers did sense the inefficiency of some of their scaffolding, especially 

when coming to the end of a lesson. For instance, when the teacher of episode 21 (seep. 211) 

said 'How wrong is the wrong answer?', he actually meant 'Why is the answer wrong?' 

During the brief discussion after the lesson, he commented that 

'Problem solving demands continuous thinking from the students, as well as from 

the teacher. On more than one occasion, the mind went blank, especially at the 

end of a lesson, and you said something which you didn't intend to.' 

The other teacher commented that 

'I couldn't come out with ... an example that would contradict [students'] 

thinking. Or show that yes, they could do it their way, but my way was going to be 

a lot quicker or something ... Again that's something that until you did it ... and 

saw what the kids were thinking and what they might go, it was difficult to go in 

there knowing I could use this to block that pathway ... [Furthermore], there are 

days when you've been under pressure for whatever reason ... outside things 

happening or other jobs there to be doing around the school and you might find 

that you haven't had the time to prepare like you should have.' 



.\ 

.\ 

;' 

,( 

c/ 

·! 

·J 

·> 

:( 

'( 

,( 

. \ 
.i, 

·( 

:'t 

,'( 

·,( 

( 

·i 
,, 

ASSISTANCE 216 

Chapter summary 

The first section of this chapter identified the weaknesses of the participating teachers in 

formulating activities for problem-solving lessons in this research. The activities (1) were not 

challenging and extendible, (2) restricted students from searching in other directions, (3) 

could not promote discussion, and (4) could not engage students in what were intended by the 

teacher because of a wrong use of words. These weaknesses can be attributed to the following 

reasons: (1) The teachers' belief that it would take them a longer time to teach a concept to 

their students by using a problem-solving approach; (2) The teachers were not in control of 

their problem-solving lessons; and (3) The teachers were not aware of some of the 

consequences of what they were doing in the classroom. 

In the second section, we identified a few weaknesses in the interaction between the 

participating teachers and their students during whole class discussion and group work at the 

beginning of this research. These were (1) the teachers seldom insisted on students explaining 

and justifying their solutions, (2) the teachers seldom assessed students' understanding before 

providing scaffolding, (3) the teachers were reluctant to take into consideration students' 

perspectives when devising instruction and providing scaffolding, and (4) the teachers seldom 

gave students a chance to employ the suggestions from them . 

-------- -------------------------------··- -·--···-- - -----------~---------------------- - -- -----------------------··- ----···-----------
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CHAPTER NINE 

Classroom as a Learning Site 

Introduction 

This chapter is the second chapter attacking the first research question. We will start with two 

case studies, which document the changes that occurred in the pedagogical practice of the 

participating teachers in this research. This is followed by another section, which clarifies 

how the classroom outcomes helped to motivate the teachers to carefully consider the correct 

classroom context required of a problem-solving approach to the teaching and learning of 

mathematics. 

Case Studies 

Here, we present case studies for both Michael and Simon. These case studies, which 

document the progress achieved by them in the classrooms, are necessary to illustrate how 

they capitalized on the classroom outcomes for a better classroom context for problem solving 

as an approach to the teaching and learning of mathematics. 

Prior to the teachers participating in this research, they taught mathematics by the traditional 

method, which one of them described as 

' ... the way [he] was taught mathematics in a school similar to this, which was -

would be notes, examples and working problems.' 

A typical lesson consisted of either reviewing or introducing a new concept through 

examples, during which he presented students with step-by-step instructions. This was 

followed by other activities such as giving notes, assigning working problems from the 

textbook and monitoring students while they were working on those problems. 

217 

----~--------------·--- -----·------------ ------ ----- ----·-------------·-·---- -----------



,:, 

·\ 

\ 

i 

> 

'{ 

1 

,,1 

;, 

'( 

'( 

,( 

<.( 

~ 

,\ 

-\ 

'\ 

j, 
' ) 

C\ 

"· 
'\ 

l 
I ' 

·\ 

'\ 

CLASSROOM: A LEARNING SITE 218 

After the research commenced, the teachers felt that they had been using problem solving to 

introduce topics to students in the past. One of them said that 

'Well, from [what] we've done, I feel that and I would like to think that I've done 

this in the past when we introduced topics, and that you try and do it by leading 

or introducing by way of questions, rather than by just instructions.' 

Assistance 

As mentioned in the last chapter, the participating teachers needed assistance in devising rich 

problems and in tendering scaffolding to help students at the beginning of this research so that 

the problem-solving lessons were more productive for the mathematical learning of the 

students. 

Besides the discussion sessions, during which we discussed issues such as 'rich problems' and 

'scaffolding techniques' required for a problem-solving approach to the teaching and learning 

of mathematics before this research commenced, the teachers also attended a one-day problem 

solving work shop organized by the Otago Mathematics Teachers' Association during the first 

week of July 1997. Other than this, the assistance that they got for problem solving came from 

informal discussions with the researcher, both in the classroom and outside the classroom. 

There was no fixed agenda for such discussions. Any issue of concern arising from the 

lessons could be the topic for discussion. During these discussions, the researcher informed 

the teachers of current theories, ideas and research findings required to resolve the issues. The 

negotiated outcomes were then implemented in the subsequent lessons. However, the teachers 

became more confident in using a problem-solving approach and required less assistance as 

the research proceeded. This is reflected in the comment made by one of the teachers during a 

discussion session. 

'I think it's just the changes have occurred because of the fact we have been 

problem solving and these much through talking things out and we've been 

developing greater awareness on this whole principle of problem solving by way 

of discussion and by way of observing students and sensing situations and the 

- ------·------------·------~--~ 
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problem solving has created at least an awareness of other aspects of teaching 

that I most likely would not have had drawn to my attention.' 

We will now present the case studies . 

We will start with stating briefly the conclusions of each case study. This is followed by a 

table for each case study, showing the number of activities and episodes selected as evidence 

under the patterns and themes of interest relevant to the case study. The patterns and themes 

are the critical dimensions being examined for rich activities and successful scaffolding. Each 

table also describes the characteristics of this whole set of evidence from which the 

conclusions of each case study are drawn. Then we will discuss two of the selected episodes 

for each case study before engaging in a discussion on the change acquired by both teachers 

based on the critical dimensions for rich activities and successful scaffolding. 
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Case Study 1: Simon 

Introduction 

Simon was the teacher having eight years' experience in teaching mathematics. He joined this 

research from early May 1997. The videotaping of the lessons started from 12/5/97. However, 

we managed to tape two lessons only before we stopped the research for a month (seep. 172). 

Conclusions 

This case study concludes that Simon improved significantly in formulating activities that 

were challenging and extendible, invited students to search for different solutions and 

promoted discussions between students in this research. 

In the course of this research, he often stressed that students should explain and justify their 

solutions. He often took into consideration students' responses when devising instructions and 

tendering scaffolding. Furthermore, he often tailored scaffolding suitable for the needs of 

students such as making his scaffolding sufficiently redundant so that the messages would be 

successfully conveyed to students. In other words, by the end of the research, Simon was able 

to tender scaffolding which was productive for students' learning . 

Evidence 

The table in the next page contains the number of activities and the number of episodes 

selected as evidence for each pattern and theme connected with this case study which guided 

the analysis of the data. It also contains a description of the characteristics of this set of 

evidence from which the conclusions are drawn. 
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Pattern/Theme/Issue Activity/Episode Date 

Challenging and extendible Act7 19/6/97 
Act 15 28/7/97 
Act 19 21/8/97 
Act22 3/9/97 

Alternative solutions Act3 12/5/97 
Act7 19/6/97 
Act 19 21/8/97 
Act22 3/9/97 

Promote discussion Act 15 28/7/97 
Act 19 21/8/96 
Act26 11/9/97 

Theme 1 (Explain and justify solutions) Episode 7.1 19/6/97 
Episode 19 21/8/97 
Episode 22.1, 22.2 3/9/97 

Theme 3 (Students' needs) Episode 7.2 19/6/97 
Episode 11 21/7/97 
Episode 15.2 28/7/97 
Episode 16.3 4/8/97 
Episode 26.1 11/9/97 

Theme 5 (Students' perspectives) Episode 19 21/8/97 
Episode 22.2 3/9/97 
Episode 26.1 11/9/97 

Characteristics of the whole The activities contained the methods during the earlier part 
Evidence for case study 1: of this research. They were not challenging; led students to one 

answer; could not promote discussion. There were a few times 
where the words were wrongly used and so defeated the purposes 
of the activities. In the next phase the activities were open-ended, 
but Simon told students the methods in whole-class discussions. 
This still meant that the activities were not challenging. Simon 
improved significantly in devising rich activities in the end. 
Activities - challenging, extended for new learning, encouraged 
students to search for different solutions and promoted discussion. 
The interactions between students and Simon were tailored to 
Simon's needs at the earlier part of this research. It led to the 
imposition of a method on students. Students were not given a 
chance to express their thinking. 
Simon improved significantly in orchestrating this interaction 
so that it was more productive for the learning of students. He 
insisted that students explain and justify their solutions, tendered 
scaffolding tailored to the needs of students, and took into 
consideration students' responses when devising instruction. 

Table 16 
Characteristics of evidence for case study 1: Simon 
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Episodes 

We will now discuss two of the episodes selected for this case study, highlighting the 

characteristics that are used to draw the conclusions. Alongside the transcription of each 

episode we present our interpretation of the discussion. We present in bold type the theme that 

is represented. 

Episode 22.2 (see Appendix III, p. 397, 398) 

T: 

S3: 
T: 

S3: 
T: 

S3: 
T: 

S4: 
T: 

SI: 

T: 

What do you get the derivative here this 
max volume [ asking the student who 
presented solution 3 J? 
[Indistinct] 
You should have written ... but a lot of 
you not written ... We got the derivative, 
why do we use the derivative? Because 
you want to know when the derivative 
is equal to ... 
Zero. 
Zero. So how many of you do actually 
written down in your book the maximum 
and minimum volumes will occur when the 
derivative is O? ... You need to write down 
what you're doing ... You must ... explain 
what you 're doing ... How do I know 
[the values x = 2 and x = 6] are maximum 
or minimum? And you got ... 
Graph it. 
. . . That will be okay ... That will be one 
method ... Graph will be okay. 
[Put 2 and 6 into the volume]. 
Yeah, plug 2 into the volume, plug 6 into 
the volume and see what's the maximum ... 
Mr. Walker, your reasoning was ... 
Ah, if x = 6, then 12 - 2x will equal to 0, 
leaving no volume or suiface area. 
Therefore it must be minimum ... 
Everyone is pretty happy at this stage. I 
am interested in the argument that you 
had used to come out with which one of 
these gave maximum volume, and so far 
we got 5 arguments. Now I am happy to 
accept. First one was to say since the 
original function here is a positive cubic 

Request for justification/Reason for 
first derivative = 0 not given - Theme 1 

Refocusing with information/insisting 
explanation and justification - Theme 3 

Redirecting with clarification for 
complete justification/Insisting 
explanation and justification - Theme 3 

Suggestion . 
Legitimize the suggestion/Taking 
Students' perspective. 
Suggestion. 
Elaborate on what S4 supposed to mean/ 
Legitimize the suggestion/Taking 
students' perspective/Request for more 
strategy - Theme 5 

Confirm & legitimize suggestion/Taking 
student's perspective. 

Summing up this part of lesson. 
Legitimize all suggestions from students/ 
Taking on students' perspective. 
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and we know that all positive cubics have 
got this sort of shape (pointing to a cubic 
graph on the board), that smaller number 
on the x-axis will be the maximum and 
the bigger number will be the minimum . 
As long as you wrote that explanation out, 
therefore this will be the maximum. I am 
quite happy to accept that. Other people 
said that if x equals 6, this side will be 
zero (pointing to 12-2x). So the box will 
have volume zero. Therefore x = 2 must be 
maximum. I will accept that . ... So, there's 
a lot of ways you can go as long as you 
can clearly say what you're doing and 
draw your conclusion. That's fine.' 
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A chance for students to notice different 
choices of strategies/Clear and complete 
explanation and justification - Theme 5 

One of the reporting students, S3 gave the following as his solution. 

Solution 3: 

~ == ~:i..-1:Lf · ~ At ~~b. lhi1 \Jcllt~ 
~ = (100 - a£:i, 1-lb-"--\:iv ;; 0-® (p,-J.(c)J ;t.b .. 
¥t : lLlD-:L - W6:x,1- -t ~:,:_ '.1. ~ 'o . . 
~ -=- 11+4 .-· 9~~ t ~ )"J_cL . " .A~ cl-=-2 1h& uolur(\_Q_ 1~ 
\~~ ~ =0 ~ -c:: IY'C~ QG~ 11',L(). 0J.. - J._, 2J ~ x:2__ 

~ I 7'.75 · u nd 
0 = I LJL\ - q 6:J., t Jl:Jv i 
0.::: /~0 ~ - ~CL~ 0C'0 
(J ::: l-i(~ 2. -&~ 4- '\) 

0 -:::: ,i(:x-.-~)@--·2.) 
~~r.~)2~ ·. 

0'\.0_ 2h1{~1Ju-C) fOL(,~ &t- :X.,_;;, b 
.J.·~2. 

wt (U(gJ\ U) cut c-z) _ _t· 1cf'Yl5ic\({~t. 

[_]:-u 
\S-1.::x... 

During the whole-class discussion on the solutions, Simon started off asking S3 to justify the 

statement A'= 0. On seeing that the message was not comprehended by S3, Simon tendered 

additional clarification tailored to the need of S3. That was why he said 'You should have 

written . . . but a lot of you not written . . . We got the derivative, why do we use the 

-------··----.---- - ------ ----
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derivative?' S3 understood the message and added the statement 'O = max and min' to his 

solution. Simon constantly negotiated the obligations and expectations of students 

explaining and justifying the solutions. In this episode, he said ' ... So how many of you do 

actually written in your book the maximum and minimum volumes will occur when the 

derivative is O? ... You need to write down what you're doing ... You must ... explain what 

you're doing ... ' By doing so, he also took into consideration student's response when 

devising instruction. 

Simon legitimized the '5 arguments' presented by his students for the maximum volume. He 

took into consideration students' perspectives, whereas in the past he would have insisted 

the students to use the second derivative of the expression for volume to justify the value of x 

for maximum volume. This whole-class discussion ended with a summing up by Simon on 

the arguments presented by students. This gave the students a chance to notice that ' ... there's 

a lot of ways you can go about as long as you can clearly say what you're doing and draw 

your conclusion.' 

Episode 16.3 (see Appendix III, p. 381) . 

SI: I don't get this [referring to the second Request for help. 
part of the question]. 

T: What we're asking is, the limit as x gets Clarifying the question - Theme 2 
closer to 2 of this thing [ referring to 
(x2 

- 4)/(x - 2)). What is happening to the Request for clarification with new 
value when you plug numbers into this? information. 

SI: Um ... The question could not clarify the lack 
T: What is happening to the value you of understanding/Rephrase the question/ 

get out as x is getting closer to 2? As x More information/Scaffolding redundant. 
is approaching 2 ... what is happening -Theme 2, 3 
to the number I get out? What is it 
approaching? 

SI: 4. 
T: So the limit is? Request for information - Theme 2 
SI: 4. 
T: Because as I approach 2 from the other Tender new information to confirm -

direction, if you think of a number line, Theme3 
what is happening to the value I get out? 

S2: If you can never reach 4. 
SI: 4 is the limit because that's what the Unsure of the answer. 

estimate is? 

-----~-------···------
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T: 

SI: 
T: 

S2: 

4 is the limit because it only takes what 
it has to be ... it may not ever reach that. 
In fact here [referring to (x2 -1)/(x-1)}, 
the limit as it approaches 1 is 2. Can you 
put 1 in and get out an answer of 2? 
No. 
Thefunction is undefinedwhenx = 1. It 
has no answer but the limit exists. The limit 
is 2. 
So if you were to graph that graph, [there 
would be a break in the graph at x = l]. 
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Refer to Table 1 for confirmation/ 
Scaffolding redundant - Theme 3 

Sl didn't understand the question 
completely initially/Better understanding 

In this episode, Simon started of by asking S 1 to explain 'What is happening to the value 

when you plug numbers into [(x2 
- 4)/(x - 2)]?' By doing so, he was assessing the 

understanding of Sl on this question. However, the message was not successfully conveyed 

to S 1. That was why he rephrased the question tailored to the need of S 1. Simon was able to 

lead S 1 to the limit for the above expression. He tried to enhance S 1 's understanding of limit 

by tendering help redundantly. That was why he said ' ... if you think of a number line, 

what is happening to the value I get out?' and 'In fact here [referring to (x2 
- 1)/(x - l)], the 

limit as it approaches 1 is 2. Can we put 1 in and get an answer of 2?' S2 benefited from this 

scaffolding. He had a better understanding on limit. That was why he said ' .. .if you were to 

graph that graph [referring to (x2 
- 1)/(x - l)], there would be a break in the graph at x = 1'. 

The change 

By the end of the research, Simon had progressed significantly in the teaching process. This 

section will discuss these advances, referring to the evidence given in Table 16 (seep. 221) 

based on 'activity' and 'interaction'. 

Activity 

As mentioned in Chapter Eight, there were various weaknesses in the nature of the activities 

or problems formulated by Simon and Michael at the beginning of this research. These were: 

Either the problems were not challenging and extendible or they were not extended for 

new learning. 

-·----------·----------··· 
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The problems, with the methods given, restricted students from searching in other 

directions. 

The problems could not promote discussion among students. 

The first question of activity 7 (see p. 352) invited three solutions from the students, where 

the 'pairing' strategy was clearly the strategy intended by Simon. Even though the students 

were not given a chance to investigate the 'pairing' suggested by Simon to get 'a nice set of 

pairs with nothing left', the whole-class discussion on the solutions for question 1 was 

extended to the formulation of the formula Sn = n/2(a + L) for finding the sum of an 

arithmetic series. 

The same thing happened in activity 15 (seep. 373). Even though the method for the activity 

was given, it did prompt the students to suggest that they needed two points 'just a little bit 

either side' of a given point in order to find the slope of a curve at the given point. They also 

conjectured that the relationship between y = x2 and the slope at a particular x value was 2x. 

This problem was extended to the curve y = x3
, where S7 conjectured that the relationship 

could be 3x. They then continued to prove or refute this conjecture by taking two points 'just 

a little bit either side' of a given point on y = x3
. 

For activity 19 (seep. 387), some students suggested that a condition for a point of inflection 

was f'(x) * 0 and f"(x) = 0, while others conjectured that both f'(x) and f"(x) were 0. On 

noticing this, Simon decided to ask the students to find the turning points of the curves y = x3 

and y = x4 to refute their conjectures. 

In other words, these problems were often extended, either for correcting the 

misunderstanding of the students or for new learning. During a discussion on challenging and 

extendible activities, said Simon, 

'You either keep [students] going on [the path suggested by them] or put up a 

wall in that path. And that's difficult because sometimes you can't think of one 

and you need to think of an example. I know this doesn't work ... I need to think of 

an example that I know will work so I can give it to the students. They will go 

_____ ._ __________________ "-··- , ________ _ 
--~------------------
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away do it and find out for themselves that it doesn't work. Because me saying 

'No, won't work', they might accept it but they won't understand why. Whereas at 

least if I can give them an example that contradicts their thinking. That's difficult 

and I think probably the more you do the better you get at it. 

He further commented that 

'I'll go into discussion with [ students any idea suggested by them that is going to 

be touched on in a later lesson] and if I think it's worthwhile maybe put the idea 

onto the board. For example, the very first lesson we did on slopes along the 

curve, we ended up getting into maximum and minimum points ... and I though 

that was worthwhile even if only five or six of them were following the idea. It 

meant that when we did get to it, they already had an understanding of it.' 

At the beginning of this research, Simon often formulated activities with the methods given 

such as activity 15 (p. 373), which would prevent the discussions among students being 'side

tracked' into something 'not necessarily where [he wanted] to head'. This was because he was 

'constrained by an external exam or whatever'. After three months of the research, he was 

able to overcome this and formulate open-ended activities which did not restrict the students 

from searching in all directions. For instance, activity 19 (seep. 387) invited two methods to 

decide whether a point is a maximum or a minimum. These were 'By looking at the graph' 

from SS and 'Choose two values of x on each side of 2' and investigate the slopes at these 

places by S6. 

Another instance is activity 22 (see p. 395). The students came up with three different 

methods to show that the box has a maximum volume when x = 2. When asked to comment 

on this, Simon said that he was aware of the potential for students coming up with 'good 

mathematics' during discussion. 

'[During the lesson on graphs], I didn't say what is the amplitude. I said what's 

the key features you were to tell somebody about this graph. I thought there were 

only three, but [the students] came up with four key features. So they actually 

--·-·---·--"-•--•-a------~~·--~------------• 
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came up with a feature that I wasn't looking for. It was the even or odd to 

functions ... They picked up that the sine graph was an odd function which I had 

forgotten about . . . So they actually came up with an additional feature that I 

hadn't thought of.' 

As Simon became convinced that students were able to come up with 'good mathematics' 

during discussion, most of the problems he posed to his students were open-ended and 

challenging. As such, these problems promoted discussion among the students. By doing so, 

they came up with different strategies to obtain a solution (see activity 19 and 22). 

In summary, Simon improved significantly in formulating activities that were challenging and 

extendible, invited students to search for different solutions and promoted discussion among 

the students. However, even toward the end of the research period there were still times where 

the method required of an activity was given in the activity. Simon said, 

'You do get better at [formulating challenging problems]. Like the more you do it, 

the better you get at it. So I think it's easier now. But still for some topics, I found 

it easy and for other topics, I found it difficult. But they may be as a result of my 

understanding of the topic itself.' 

Interaction 

In the section 'interaction' of Chapter Eight, we identified a few weaknesses in the interaction 

between the participating teachers and their students during whole-class discussion and group 

work, at the beginning of this research (seep. 213 - 215). These were: 

The teachers seldom insisted on students explaining and justifying their solutions. 

The teachers seldom assessed students' understanding before providing scaffolding. 

The teachers were reluctant to take into consideration students' perspectives. 

The students were not given a chance to take on or employ the suggestions from the 

teachers. 

·--·--~·--·--·-·-----
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As mentioned in the section on 'Data Analysis' (see p. 177 - 187) under the chapter 

'Methodology', the analysis of each episode on 'interaction' was guided by the following five 

themes which reflected the above weaknesses. 

The need to explain and justify solutions by students. 

The need for continuous assessment of students' understanding by teachers. 

The need to take into consideration the students' perspectives . 

The need to give students the opportunity to take on or use the suggestions from the 

teachers . 

The need to tender scaffolding tailored to the needs of students. 

Hence we will discuss the changes in 'interaction' by Simon based on the following: 

The need to explain and justify solutions by students. 

The need to take into consideration the students' perspectives. 

The need to tender scaffolding tailored to the needs of students. 

• Explain and justify solutions 

At the beginning of this research, students' responses were often in the form of numbers or 

brief phrases, such as '100' and 'Divide by 2' of episode 7.1 (seep. 352). Simon did stress to 

the students the need to explain and justify their solutions. That was why he said 'Now why 

are we doing this? ... If it does work, what is the logic behind ... where does the 1/2 come 

from?' in episode 7.1. But S2 was not given a chance to defend his suggestion. 

After two months of the research (we stopped the research from mid May to mid June due to 

an ethical problem, see p. 172), Simon began to emphasize that his students should explain 

and justify their solutions. 

In episode 19 (seep. 387), Sl was given a chance to explain his solution to the class. In doing 

so, he realized that he needed to find the y values of the coordinates of the turning points. 

That was why he said 'I could have find they values for the coordinates'. Simon noticed that 

many students did not justify the nature of the turning points. He said 'most of you said ... 

,-,----·-·------------·-~ 
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since this is smaller than this [O is smaller than 4], this must be the maximum and this must be 

the minimum. How have you justified that?' This prompted the responses 'By looking at the 

graph' from S5 and 'Take two points on each side of each one' from S6 in justifying the 

natures of the turning points. This whole-class discussion continued with S 1 justifying that 

there is a point of inflection at (2, -16) 'because it's not max nor min by looking at the graph'. 

In the end, S6 suggested that (2, -16) is a point of inflection because the slope at this point is 

not 0. The lesson continued with students investigating the nature of the turning point(s) of 

the curves y = x3 and y = x4
. They noticed that the suggestion by S6 was not legitimate. 

The same occurred in episode 22.1 and 22.2 (see p. 395, 397). Simon stressed the need to 

explain and justify the solutions to his students. He said 'I'm interested in you justifying 

which one is max and which one is min' and ' ... obviously there is a lot of English in there, 

and if I read your explanation and say yes I can follow what you have done. If you have to 

draw a diagram and with the aid of the diagram show what is going on, that's fine. It doesn't 

have to be just words.' He illustrated this by leading a discussion on the solution of S3, who 

did not explain why he equated the first derivative to 0. Simon said ' ... how many of you do 

actually written down in your book the maximum and minimum volumes occur when the 

derivative is O? ... You need to write down what you're doing ... You must ... explain what 

you're doing'. After Simon took his students to task about explaining and justifying their 

solutions, the solutions were more complete and flowed smoothly. The three solutions of 

activity 22 (seep. 396, 397) and the solution for activity 26 (seep. 408) supported this. 

• Students' perspectives 

Simon also improved significantly in taking into consideration students' responses as the 

legitimate solutions to a problem and when devising instructions. 

In episode 19 (seep. 387), he accepted the justification 'By looking at the graph' and 'Take 

two points on each side of each one' to determine the nature of a turning point. He took into 

consideration these responses when devising subsequent scaffolding. That was why he asked 

'Say we're looking at this point here [referring to (2, 4)], what do you want me to do?' and 

'So you say choose 1.9 and choose ... '. In the end of this episode, he did not delegitimize the 

suggestion of S6 for a point of inflection, that was the slope at a point of inflection is not 0. 
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Instead, he took into consideration this response and asked the students to investigate the 

nature of the turning point(s) for the curve y = x3 and y = x4
. By doing so, the students could 

see for themselves that the suggestion by S6 was not the correct condition for a point of 

inflection. Said Simon 'Because me saying 'No, won't work', they might accept it but they 

won't understand why. Whereas at least if I can give them an example that contradicts their 

thinking'. 

For episode 22.2 (see p. 397), the three strategies, 'Graph it' by S3, 'Put 2 and 6 into the 

volume' from S4 and 'if x = 6, then 12 - 2x will equal to 0, leaving no volume or surface area' 

from Sl were all considered to be legitimate. This was different from Simon's preferred 

approach, which was by using the second derivative of a function (see question 5 part b of test 

8, Appendix I). Again he took into consideration students' responses in devising instruction. 

For instance, he said 'If you write down that and explain that, so therefore that will be right ... 

if I read your explanation and say yes I can follow what you have done. If you have to draw a 

diagram and with the aid of the diagram show what is going on, that's fine' after the response 

from S 1. Simon was negotiating the expectations and obligations of students explaining and 

justifying their solutions with the class. 

Another example of Simon taking on board students' responses is when he noticed that the 

students were confused on the signs of distance and velocity of episode 26.3 (seep. 409). He 

led a whole-class discussion to clarify this issue and reinforced it at the end of the discussion. 

That was why he said 'So, initially it was 7 m away, and because it was a +7, was it 7 m to the 

left or right?' 

• Students' needs 

At the beginning of this research, the participating teachers often imposed their methods on to 

the students, if the responses from them were not what the teachers expected (seep. 210). For 

instance, Simon related to the students the pairing 'to get a nice set of pairs with nothing left' 

of episode 7 .2 (seep. 353) after listening to the solutions tendered by them. He did so because 

he needed this as a starting point to discuss for the formula Sn = n/2(a + L). However, there 

was significant improvement in Simon's scaffolding of students' learning throughout this 

research. 

_, ___ ,, s------~~-----
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In episode 11 (seep. 365), Simon started off by asking 'How many points do you have?' to S. 

This was followed by 'If we consider other lines, does it have to be two all the time?, 'How?', 

and 'Is that all?' which induced S to notice that there are lines which touch the curve y = x2 at 

one point. 

For episode 15.2 (seep. 375), Simon led a whole-class discussion using questions to negotiate 

with the students a method to find the slope of a curve at a point. The questions such as 'What 

am I doing to the two x coordinates? Getting closer and closer around what point? If the slope 

is the same, what sort of lines are these lines?' led the students to notice that all the lines are 

parallel, with the point (2, 4) as the midpoint. They would also get a line which is parallel to 

these lines and cuts the curve in one place. In the end, they suggested taking two points 'just a 

little bit each side' of the point (2, 4) to find the slope of the curve at x = 2. 

On noticing that some questions could not induce the correct responses or help the students to 

overcome the misunderstanding or the lack of understanding of an issue, Simon rephrased the 

questions so that the messages were successfully conveyed to the students. For instance, S 1 of 

episode 15.2 (seep. 375) did not realize that the line with x1 = 0 and x2 = 3 is parallel to the 

other lines. On seeing this, Simon said 'Why? From the graph you should be able to see that 

that slope between there and there is going to be the slope of that line, whereas before we 

were looking at the slope of this line ... Is it different? ... What's different about this pairing 

of xs as opposed to the ones that gave us the 4? What is different about them?' which induced 

S2 to notice that these lines have the same slope. 

Another instance is when Simon gave an analogy and referred to a previous question in 

episode 16.3 (seep. 381) to help Sl overcome his lack of understanding on 'limits'. That was 

why he said 'if you think of a number line, what is happening to the value I get out?' and 'In 

fact here [referring to the first question], the limit as it approaches 1 is 2. Can I put 1 in and 

get out an answer of 2?' 

However, there was inconsistency in tendering scaffolding to students by Simon. In other 

words, there were times when he did the job well, and other times when he resorted to telling 

the students the method. For instance, he told the students how to use the pairing strategy to 

1--------~ --~--------~~-----·· ...... ··-·--····---~-~~~---------·-··· 
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'get a nice set of pairs with nothing left' in episode 7 .2 (seep. 353). Another instance is when 

Simon led a whole-class discussion to get the students started for the problem of episode 26.1 

(seep. 406), he told them to differentiate or integrate the velocity expression in order to get 

the expressions for the acceleration and the distance covered. When they integrated, that 

would 'bring in a plus c'. When asked to comment on this, Simon said 

'I couldn't come up with ... when I was doing section series I needed to come up 

with an example that would contradict their thinking. Or show them that yes, they 

could do it their way, but my way was going to be a lot quicker or something ... I 

think ... obviously next time round when doing points of inflection, I'll know those 

two examples in the back of my mind and I can use those. And maybe next time 

round with section series, I will know a couple of examples I can use as well. 

Again that's something that until you did it . . . and saw what the kids were 

thinking and what they might go, it was difficult to go in there already knowing I 

could use this to block that pathway. ' 

He further commented that 

there are days when you've been under pressure for whatever reason ... 

outside things happening or other jobs there to be doing around the school and 

you might find that you haven't had the time to prepare like you should have ... ' 

To sum up, Simon improved significantly in tendering scaffolding to students. He stressed 

that students should explain and justify their solutions. By doing so, he could continuously 

assess the understanding of students and tender scaffolding tailored to the misunderstanding 

or the lack of understanding of the students. On noticing that the students did not benefit from 

the scaffolding, he made the messages sufficiently redundant so that the students could 

comprehend these messages. He took into consideration students' solutions as the legitimate 

solutions to an activity when devising instructions or tendering scaffolding. However, there 

were times when he did not do the scaffolding well, but tendered scaffolding leading to the 

imposition of his methods on the students. 

------------------------------ - -------------
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Case Study 2: Michael 

Michael was the teacher involved from the pilot study of this research. As mentioned in the 

section on 'sample' (see p. 170), Michael had twenty years' teaching experience in 

mathematics. Clearly, he had all the mathematical knowledge and pedagogical skills required 

for teaching through problem solving. 

Conclusions 

This case study concludes that Michael improved significantly in formulating activities that 

were challenging and extendible, invited students to search for different solutions and 

promote discussions between students in this research. 

Michael often emphasized students explaining and justifying their solutions. He continuously 

assessed the understanding of the target students before tendering scaffolding to assist them. 

On noticing that the messages were not conveyed to the target students, he would rephrase his 

questions tailored to their needs. He often took into consideration students' responses when 

devising instructions and tendering scaffolding. Furthermore, he insisted on students 

employing his scaffolding to ensure that the messages were conveyed to the target students. 

Otherwise the scaffolding might be ignored by the students if they had a method in hand to 

solve the problem. In other words, by the end of the research Michael improved significantly 

in tendering successful scaffolding to students. 

Evidence 

The table in the next page contains the number of activities and the number of episodes 

selected as evidence for each pattern and theme connected with case study 2 which guided the 

analysis of the data. It also contains a description of the characteristics of this set of evidence 

from which the conclusions are drawn. 

----~----------- -·- -·------·· ------------------------
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Pattern/Theme/Issue Activity/Episode Date 

Challenging and extendible Act 5.1, 5.2 27/5/97 
Act20 21/8/97 
Act25 8/9/97 
Act33 16/10/97 

Alternative solutions Act 9 3/7/97 
Act 31 13/10/97 
Act33 16/10/97 
Act35 23/10/97 

Promote discussion Act 9 3/7/97 
Act 30 22/9/97 
Act32 13/10/97 
Act33 16/10/97 

Theme 1 (Explain and justify solutions) Episode 9.1 3/7/97 
Episode 10.1 4/7/97 
Episode 28.1 15/9/97 
Episode 29 .1, 29 .2 18/9/97 
Episode 33.3 16/10/97 

Theme 2 (Assess students' understanding) Episode4 14/5/97 
Episode 14 25/7/97 
Episode 23.1 4/9/97 
Episode 28.1 15/9/97 

Theme 3 (Students' needs) Episode 9.2 3/7/97 
Episode 10.4 4/7/97 
Episode 23.2 4/9/97 
Episode 29.2, 29.3 18/9/97 

Theme 4 (Students' employing the scaffolding) Episode4 14/5/97 
Episode 10.3 4/7/97 
Episode 14 25/7/97 
Episode 35.2 23/10/97 

Theme 5 (Students' perspectives) Episode4 14/5/97 
Episode 9.1 3/7/97 
Episode 10.2 4/7/97 
Episode 35.3 23/10/97 

Characteristics of the whole evidence for case stud:y 2: 
The activities were not challenging, could not encourage alternative solutions during the earlier 
part of this research; then came open-end activities, but not extended for new learning. 
Michael improved: activities were challenging, extended for new learning, encouraged alternative 
solutions and promoted discussion. Michael used to dominate the discussion in his interaction 
with students; resulted in the imposition of a method; students seldom expressed their thinking. 
Michael_ improved significantly in handling these interactions. He insisted students explain and 
justify their solutions, continuously assessed students' understanding, took into consideration 
students' perspectives and tendered scaffolding tailored to the needs of students. He also insisted 
on students employing his scaffolding. Hence he often succeeded in scaffolding students' learning. 

Table 17 
Characteristics of evidence for case study 2: Michael 
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Episodes 

We will discuss two of the episodes selected for this case study, highlighting the 

characteristics that are used to draw the conclusions. Alongside the transcription of each 

episode we present our interpretation of this discussion. We present in bold type the theme 

that is represented. 

Episode 29.2 (see Appendix III, p. 416) 

T: 
S3: 

T: 
S3: 
T: 

S4: 

T: 

Tom, explain what you've done. 
[Indistinct. His answer on the board is 
5 bars for $1.40, $1.40 +5 = 28 c, 12 
bars for $2.75, 28 c x 12 = 3.36.J 
So ·what can you conclude? 
That there is nwre expensive by 61 c. 
Okay, more expensive by 61 c. Now the 
only thing that I would prefer to see is 
not what you've got there, but also some 
nwre explanation. So do you think you 
could put some more word statements in? 
... You put some extra word statements 
in so if somebody walks in, they'll be 
able to make sense of what's on the board. 
Sam's going to explain his method. 

[5 and 12 go into 60} Times ihe small 
bag which is $1.40 by 12. If you times 
the big bag $2. 75 by 5, the small bags 
cost 16.80 for 60 and the big bags only 
cost 13.75 for 60. 
Right, can 1 ask you ... because what 

Request for explanation/Focusing on 
developing explaining and justifying 
skills in students/Student's solution is 
unclear; doesn't make sense to other. 
Request for further information/Focusing 
on bridging a gap in writing complete 
solution - Theme 1 

Explicit help for writing good solution/ 
Assess student's weaknesses/Tailor help 
to student's need - Theme 2, 3 

Request for explanation - Theme 1 

Request for clarification/Difference 

--------, 
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S4: 
SS: 

T: 

S7: 
T: 
S7: 
T: 

you've got is a correct statement 12 
times 1.40 equals 16. 80. But you just told 
us something else about 16. 80, that 16. 80 
isfor ... 
60 bars. 
Where do you get the 60 from though? 

Okay, well done Sam, well done Michael ... 
I was very keen for what Sam had written 
here ... because on its own if somebody 
was just to take a look at $16.80, $13.75, 
it doesn't really explain what he is dealing 
with. Whereas now, he is pointing out that 
$16. 80 is for 60 bars. Per haps he should 
have had this being the large bag and 
this being the small bag. So it's clear to 
somebody what your summary is. Now what 
I was hoping for back here is that I could 
have got Tom to come up with an extra 
statement as well. What is this 28 c he is 
ref erring to? 
Cost of a bar. 
... It's 28 c per bar or it's the cost per ... 
bar. 
Okay and this is the method I was actually 
wanting us to focus on today. If you recall 
last time I saw you, we worked on the ratio 
method of making a comparison. There's 
another way we can go about it. They 
refer to it in your textbook as the arithmetic 
method. I would call it myself as a unit 
price method. The price for one unit for the 
small bag ... the price per unit for a small 
bag is 28 c per bar. You're reducing 
everything to a unit price. One bar is 28 c, 
so therefore 12 bars are going to be 12 
times your unit price. Unit price is of 
course 28 c, so therefore this is the price 
for your 12 bars ... So based on that, and 

CLASSROOM: A LEARNING SITE 237 

between written and verbal solutions -
Themel, 2, 3, 5 

SS couldn't understand/Explanation 
couldn't bridge the lack of understanding. 
-Theme3 
Encouragement/Recognizing student's 
contribution/Indicating students' ideas 
respected - Theme 1, 3 
Focusing on encouraging student 
explaining and justifying solutions. 

Suggestion for better solution. 

Introducing new mathematical language/ 
Taking student's response for new 
instruction - Theme 5 

I think we've all seen it, which is the best buy? 

In this episode on whole-class discussion, Michael started of by asking S3 to explain his 

solution. However, the solution was incomplete. By saying 'Now the only thing that I would 

prefer to see is not what you've got there, but also some more explanation ... You put some 

extra statements in so if somebody walks in, they'll be able to make sense of what's on the 

-·-------~--·--
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board', he was insisting that students explain and justify their solutions. He was giving an 

explicit hint tailored to the needs of the students in writing complete solutions. This 

expectation and obligation from students with their solutions were constantly negotiated 

during whole-class discussion. 

As the target students explained and justified their solutions, this gave Michael a chance to 

assess their understanding. By doing so, he could tender questions tailored to the needs of 

students. That was why he asked' ... can I ask you ... because you just told us something else 

about 16.8, that16.80 is for ... '. However, this still could not bridge the lack of understanding 

of S5 as he said 'Where do you get the 60 from though?' 

Michael often gave encouragement to students. By saying ' ... well done Sam, well done 

Michael ... ' not only did he indicate to students that their ideas were respected, but would 

also motivate students to verbalize their thinking to others. Finally, Michael made use of 

student's response as a start to introduce new mathematical language to the class such as the 

'unit price method'. 

Episode 10.3 (see Appendix III, p. 363). 

T: 

S3: 
S4: 
T: 

S4: 
T: 
S4: 

T: 
S4: 
T: 

S4: 
T: 
S4: 
T: 

Now what process did you use to find it? 
[ referring to finding the midpoint] 
We just used the graph. 
We just took the midpoint. 
Took the midpoint? Now in terms of the 
x and y's, how could you interpret the 
midpoint. What's they height? 
Seven. 
What's its lowest? 
Oh, yeah, we've done this ... it's half ... 
it's in the middle. 
It's in the middle of the? 
y. 
y, the range of y values and this is in the 
middle of? 
xs. 

Request for clarification/ Assessing 
understanding - Theme 2 

Request for more information/Question 
based on students' responses/Question 
Redundant - Theme 3 

More information. 
Questions satisfied the needs of students. 

Refocusing with more information 

Refocusing with more information. 

xs. Now, what are the numbers? Seven and? Refocusing with more information. 
-2. 
Now, how can you get your height of 2.5 
from 7 and -2? 

Request for clarification. 
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S4: Take the range and divide by 2 and minus it. 
T: You said take the range and divide by 2 Request for alternative method. 

S4: 
T: 
S4: 
S3: 

and minus it. How could you go directly 
from the 7 and -2? 
You just take the average. 
You're right ... 
I'll try ... It's right. Oh, good. 
You're smart. 

Students employing the suggestion -
Theme4 

For this group work (teacher) episode, Michael started off assessing the understanding of S3 

in finding the midpoint. The target students had a method to find the midpoint, but could not 

articulate it. Michael tendered questions tailored to the needs of the students and managed to 

lead them to explain their method. However, the method 'Take the range and divide by 2 and 

minus it' was not the method the students were going to learn. That was why Michael 

suggested 'How could you go directly from the 7 and -2 [to get 2.5]?' S4 suggested taking the 

average of the two values. He employed the suggestion as he said 'I'll try ... it's right. Oh, 

good.' and adopted this method for the other activities on midpoint. By doing so, Michael was 

laying the foundation for future learning. 

The change 

Obviously, there had been great changes in Michael's teaching since the research began. This 

section will discuss these changes, referring to the whole set of evidence for this case study, 

based on 'activity' and 'interaction'. 

Activity 

The "Pete' s Pizzas" of activity 9 (see p. 355) invited two solutions from the class. The bar 

graph was unanticipated by Michael as he commented 'It's not what I expected, but really, it 

displays what's happening'. They discussed continuous and discrete data because of these 

solutions, which was not intended by Michael. As the discussion 'side tracked' to continuous 

and discrete data, the teacher sensed the inadequacy of this activity as a starter to introduce 

'straight line equations'. That is why he said 'I was perhaps a little bit inaccurate. I think you 

said it has a constant slope. I could say, you can't talk about a constant slope because there 

isn't a line drawn, it's a series of bars.' When asked to comment on this remark at the end of 

the lesson, he said that he should have formulated an activity using 'taxi fares' where you can 

~~~~~~~~.~--~~---
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have the fare for 1.2 km, whereas you cannot have the cost of making 1.2 pizzas. However, 

this activity was challenging to the students and invited different solutions. And it was 

extended to a discussion on continuous and discrete data . 

Activity 20 (see p. 392) was extended to deal with 'expansion and factorization of 

expressions' which was planned for the next lesson because of the answer 4(p + 4). In this 

lesson, all answers from students were actively discussed before reaching an agreed answer. 

The agreed answer was again challenged pending further justification. When asked to 

comment on this lesson, Michael said that he was more sensitive to students' answers and 

more aware of letting the lesson flow from students' answers. He was happy to cover what 

was planned for the next lesson in this lesson. 

Michael said that when you had a 'greater awareness on this whole principle of problem 

solving', you would be engaged in continuous thinking throughout a lesson on issues such as 

extending the problem of the lesson and scaffolding students' learning. When the students 

were discussing a solution for activity 25 (see p. 405), Michael moved around the classroom, 

listening to students' discussion, observing students' work and occasionally interacting with 

them. He said that he overheard a group of students discussing the areas under the graph from 

t = 0 to t = 1, t = 1 to t = 2, and so on. This prompted him to think of extending the activity to 

find the distance covered each second. In the process of formulating this additional activity, 

he suddenly realized that the distances formed an arithmetic series. They could make use of 

the arithmetic sum to find the total distance covered. That was why the additional activity was 

How far does the skydiver fall each second? 

Can you use another method to find the total distance? 

This also provided a chance for the students to see that there are different choices of strategies 

to solve a given activity. Michael did the calculations on the board to confirm that he was not 

wrong with the additional activity. 

The swimming pool activity 31 (see p. 420) was interesting and challenging. One of the 

targeted students commented 

------·--------·------·-· ---···-··-·-·--------
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' ... the swimming pool one ... I enjoyed that one ... I can just imagine an old man 

digging up to try and get the swimming pool right.' 

It invited four different solutions from the students, even though Michael said that 'It's quite 

surprising that you all come up with the same answer to the problem, but there's three 

different approaches you could use to get the answer'. 

This activity was extended to the 'extension pool' activity 33 (see p. 426). Again it was 

challenging for the students. It demanded (1) a careful understanding of the activity, (2) 

recalling the relationship between litre and 'metre cubed' and (3) recalling the methods they 

used to solve the swimming pool activity. As such, the students were engaged in active 

discussion for a solution. 

To sum up, Michael progressed from formulating activities with the methods given at the 

beginning of this research that were not challenging and extendible, which restricted students 

from searching for different solutions and which could not promote active social and 

mathematical interaction between students, to formulating activities that satisfied all the 

criteria for judging them to be rich activities proposed by Neyland (1994) (seep. 142) towards 

the end of this research. 

Interaction 

We will discuss the changes in 'interaction' by Michael based on the following themes: 

The need to explain and justify solutions by students. 

The need for continuous assessment of student' understanding by teachers. 

The need to take into consideration the students' perspectives. 

The need to give students the opportunity to take on or use the suggestions from the 

teachers. 

The need to tender scaffolding tailored to the needs of students. 

• Explain and justify solutions 

As mentioned earlier, at the beginning of this research, students' responses were confined to 

brief phrases, or in single disconnected sentences, and the teachers then amplified what they 

---···-····------ ---------·---~"-----------
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supposed their students might have meant. After about six weeks into the research, Michael 

started to emphasize the need for students to explain and justify their answers. 

In episode 9.1 (see p. 356), he started off by saying 'Tim, you're first, please explain your 

graph'. The answer from Tim was 'Ah, I don't know'. S 1 of episode 10.1 (see p. 362) refused 

to verify that c = 1/4 was correct, even though it had been discussed. In other words, Michael 

faced great difficulty in encouraging students to explain their answers as they were often 

being given examples, notes and exercises. Michael could not refrain from doing the 

explanation for the students at the beginning of this research. But later, he was able to do so. 

Instead, he led them to the points using questions. In one of the discussion sessions, he 

remarked 

'When you waited for responses from students, and you sensed that they were not 

with you, it was so difficult to hold back and not step in to explain for them.' 

Michael frequently reminded the students of the need to explain and justify their solutions. 

For instance, in episode 28.1 (seep. 411), he said '[Your answer should be such that] anybody 

[reading it] can make sense of what you got' before leaving the problem to the students to 

discuss in order to obtain a solution. In response to his call, Sl had 'a nice written answer', 

that was, 

Besides being wrong with the units, the writing-up of the solution could be improved. 

Many of the students began to accept the challenge of explaining and justifying their answers 

without being urged by Michael. For instance, in episode 29.1 (see p. 414), by saying 'I 

reckon that the large pack is more economical 'cos I divided $1.40 by five and I found out 

that each bar costs 28 cents. And I timesed 28 by 12 and that's 3.36. So instead of buying 12 
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bars I used the 5-bar money it costed $3.36', S 1 straight away explained his decision. S2 did 

the same thing as he said 'You can just look at it, 5 bars for a $1.40 timesed by 2 is 10 bars for 

$2.80. It's already cost ... 5 c more for 2 less bars'. 

However, the solutions written by the students were often different from what was said by 

them. For instance, the written solution by S4 (seep. 415) was different from his explanation 

to the class. When S4 explained his answer, he said '[5 and 12 go into 60.J Times the small 

bag which is $1.40 by 12. If you times the big bags $2.75 by 5, the small bag cost 16.80 for 

60 and the big bags cost 13.75 for 60.' That was why Michael said 'But you told us something 

else about 16.80, that 16.80 is for ... ' and S4 added 'for 60 bars' to the last two statements of 

his solution. Michael made use of this solution to stress the importance of explaining one's 

answer to the students. He said 'I was very keen for what Sam had written here ... because on 

its own if somebody was just to take a look at $16.80, $13.75, it doesn't really explain what 

he is dealing with. Whereas now, he is pointing out that $16.80 is for 60 bars.' By saying 

'Perhaps he should have had this being the large bag and this being the small bag. So it's clear 

to somebody what your summary is', he pointed out to the students how this solution could be 

further improved. 

The following is the solution of the target group for activity 33 (see p. 426): 
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When one of the students of the targeted group was asked to present his solution, the 

following was the solution he wrote on the board. 
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This student tendered the following explanation to the class: 

S: 

T: 
S: 

Yesterday, oh, sorry, Monday, we worked out that, this section here, which I 
call it section A, has 62,500 litres. And we wanted to get this total here of 
135,000 litres, we had to add extra 72,500 litres. And to get that [ referring to 
the average] I, err, me and Peter ... 72,500 divided by JO divided by 5 equals 
1450. And you've got to divide that by I OOO to get litres. So we got one ... oh, 
sorry, got to divide that by I OOO ... 
Because you're working in litres, not metres. 
Yes. The area we got 1.45 metres is the average area and so if one end is I m, 
then the other end will be I. 9. 

This student reorganized the solution so that it flowed smoothly and made more sense to 

somebody reading it. Clearly, as Michael emphasized students explaining and justifying their 

solutions, the students were more willing and had improved drastically in explaining and 

justifying their solutions as compared to the beginning of this research. By doing so, Michael 

and the students often had a shared understanding on an issue. Hence Michael's success in 

scaffolding students through to the solution improved during this research. 

• Assessing students' understanding 

Another weakness discussed in Chapter Eight was that participating teachers seldom assessed 

students' understanding before tendering scaffolding during the early part of this research. As 

a result, the scaffolding tendered was not tailored to the misunderstanding or the lack of 

understanding of the targeted student (seep. 213). 

In episode 4 (see p. 349), Michael assessed the understanding of the student by asking the 

question 'Can you mark the answer on the graph?' From the response of the student, he knew 

the lack of understanding of the student, which resulted in him missing the other answer. By 

tendering the suggestion 'Draw the line y = -0.5' and the student drawing the line, the student 

noticed that the line intersected the curve twice. That was why he said 'Oh, there's another 

answer'. 

The same thing happened for episode 14 (seep. 371). Michael assessed the understanding of 

the targeted student on the formulas for finding the equation of a straight line and the features 

of the perpendicular line by asking the questions 'Which formula are you using?', 'What is 

------ ------.--------------- -----
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the other formula?' and 'What do you know about the perpendicular line?' before tendering 

his suggestion 'Can't you just plug them into the formula?' By doing so, he tendered the right 

scaffolding tailored to the need of the student. The student employed the suggestion and he 

noticed the usefulness of the second formula for such a situation. 

In episode 23.1 (see p. 399), Michael assessed the understanding of Sl by asking him the 

question' ... do you agree that the answer ... is two?' before tendering help to lead him to the 

concept of 'resulting area'. 

In episode 28.1 (see p. 411 ), the 'nice written answer' of S 1 had the correct calculation, but 

wrong units. By asking the questions 'Now, what did you divide [385] by?' and 'Now what 

would that give you?', Michael went over the solution with Sl again to assess his 

misunderstanding. When Sl responded with 'Equal 8.8505 litres', Michael tried to draw his 

attention to the units by saying 'Litres?' Sl sensed that he was wrong with the units. 

Unfortunately, he was again wrong with the new units. On seeing this, Michael decided to 

help S 1 through to the correct units. In the end, S 1 realized that the unit was kilometres per 

litre, even though he said 'Miles per litre'. 

As Michael became more aware of the need to assess the understanding of the students, the 

effectiveness of the scaffolding provided by him to help the students improved greatly. 

• Students' perspectives 

The participating teachers were reluctant to take into consideration students' perspectives, 

when devising instruction or tendering scaffolding at the beginning of this research. So, more 

often than not, scaffolding became the imposition of a method on the students. 

In episode 4 (see p. 349), the students used the graphs they sketched to solve the 

trigonometric equations. On seeing this, Michael kept to this method for the whole topic, 

including solving the other trigonometric equations, which involved cosine and tangent. 

Michael said that this was the first time he had let students use graphs to solve trigonometric 

equations, instead of using the quadrant method. He commented that this is a better method. 

Not only would students get the correct number of answers from the graph, they could also 



"' 

\ 
. } 

,1 

•"I 

; 

£.\ 

V 

~ 

~, 
., 

/' 

" 
'\ 

'r 

,1 

"I 

·\ 

··1 

', 

CLASSROOM: A LEARNING SITE 247 

get the estimates to the answers from the graph, whereas they would miss some answers if 

they forgot to change the range when using the quadrant method. This was the first instance 

when Michael took students' perspectives into consideration for devising instruction in the 

classroom, rather than forcing the quadrant method on therp. . 

Clearly the bar graph of episode 9.1 (seep. 356) was a solution which was not anticipated by 

Michael. He was looking forward to a straight-line graph that he could use to lead a whole 

class discussion on gradient, intercept and the formula to find the equation of a straight line. 

Nevertheless, he did not brush aside the bar graph. Instead he led a discussion on continuous 

and discrete data. In the end, he admitted that he was 'a little bit inaccurate' in talking about a 

constant slope for Tim's graph. 

In episode 10.2 (seep. 362), Michael made use of the student's solution as a starting point to 

negotiate the formula (y - y1) = m(x - x1). After the lesson, he said that this was the first time 

he had taught the formula to find the equation of a straight line to his students. He suddenly 

got the idea that it was the right moment to engage the students in discussing the formula. It 

was successful because the starting point and the process of finding the gradient were familiar 

to the students. 

The same thing occurred in episode 35.3 (see p. 433). Michael made use of student's 

response, that was, 'reflect the fish in the line y = x' for a whole-class discussion. In the end , 

the students noticed that 'the fish is turning down' and 'you have a dead fish. 

As Michael became more willing to take into consideration students' perspectives, the 

unanticipated 'good mathematics' from group work was often discussed and taken as a 

starting point for a whole-class discussion. He often managed to scaffold the students through 

to the new concept as the starting point was something familiar to them. 

• Students' employing the scaffolding or suggestion 

Michael did not insist on students employing his suggestions or questions during the 

scaffolding process at the beginning of this research. As a result, the targeted student forgot 

the issues discussed at the earlier part of the scaffolding process. Michael left thinking that he 

----------------- -~---- "-----------· 
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was successful in leading the student through to the solution, but he was surprised to see that 

the student still could not solve the problem. 

In episode 4 (see p. 349), the student employed the suggestion 'Draw the line y = -0.5' from 

Michael. Michael only left when he saw the student draw the correct line and noticed that 

there was another answer. This scaffolding could not have been successful if the student had 

drawn a shorter line cutting the curve once or he did not know that the points of intersection 

provided the answers. In that case the scaffolding process would have to be continued. 

S4 of episode 10.3 (see p. 363) explained that to find the y-ordinate of the midpoint you 'Take 

the range and divided by 2 and minus it'. On seeing this, Michael suggested 'How could you 

go directly from the 7 and -2?' which S4 reacted to by saying 'You just take the average'. 

Michael stayed to see that S4 tried this suggestion, which he did and noticed the significance 

of taking the average as he said 'It's right. Oh, good'. It was possible that S4 would stick to 

his way of finding the coordinates if Michael did not insist on him trying the suggestion. 

The same thing happened in episode 14 (seep. 371). The student was led to the formula y - y1 

= m(x - x1) and 'Gradient is 1/2 passes through (1, 3)' through questioning from Michael 

before tendering his suggestion 'Can't you just plug them into the formula?' The student 

employed the suggestion and noticed the significance of using the second formula in finding 

the equation of a line with its gradient and a point on the line given. 

So far, we have not come across the issue 'students employing the scaffolding or suggestion 

on the spot' or the like in the literature on scaffolding. We think that this is an important issue 

to be considered by teachers if they want their messages to be conveyed successfully to the 

students during the scaffolding process. If the suggestion is left to the student without 

employing it, it is likely that the suggestion will be ignored, especially if he has a method in 

hand to tackle the problem. 



', 

\ 
,\ 

'/ 

~r 

,, 

}' 

.\ 

,1 

t, 

t\ 

'.) 

,\ 

\ 

" 

'r 

J, 

:A, 

:1 

•1 

-'1 

{ 

'¥ 

'l 

CLASSROOM: A LEARNING SITE 249 

• Students' needs 

At the beginning of this research, students' responses were confined to numbers and brief 

disconnected phrases, with the teachers amplifying what they supposed the students meant. 

The teachers would answer their own questions if the students could not respond to these 

questions. In other words, the scaffolding from the teachers often resulted on the imposition 

of their methods on students. In the end, students just memorized and reproduced them 

mechanical! y. 

In episode 9.2 (seep. 358), Michael led a whole class discussion to negotiate the formula m = 
(y2 - YI)/(x2 - xI). Michael started off by asking the scaffolding question 'what do you know 

about the slope of a straight line graph?' which induced the answer 'constant' from S5. This 

was followed by three other questions, 'What else do you know about it? What else can you 

tell me about the slope? Can anyone recall another way of interpreting rise over run that 

maybe something you learnt this year?' which led the students to think through to 'y over x'. 

These questions are in fact similar to the questions alongside P61ya' s four-phase model, which 

he claims will enumerate 'mental operations typically useful for the solutions of problems' 

(seep. 52, 61, 93). 

On seeing that those questions could only induce the answer 'y over x' from the students, 

which was 'almost right', Michael decided to refer to the graph of Pete' s pizzas. By 

rephrasing his questions and asking questions related to the data of the graph, he was 

successful in inducing the answer '10 over 2' and 'because the difference between the number 

of pizzas' from S8. This is in line with the suggestions from educators such as P61ya (1973), 

Rogoff and Gardner (1984), and Greenfield (1984) that one way to provide effective 

scaffolding is to make messages sufficiently redundant (seep. 103). 

However, Michael resorted to explicit instruction at the end of a good discussion. In the 

episode, by denoting the costs of making one pizza and four pizzas as CI and C4, S9 was able 

to answer 'C4 - CI' to Michael's question 'How do you get 15 from 25 and 40?' From there 

on, Michael said 'So if this wasn't C this was YI and a y4 and this was a XI and a x4 instead of 

C4- CI, it could be a y4 - YI· Change, delta y could also be written as y2 - YI or y4 - YI· And it 

could be the same change in your x values below, x2 - XI '. Instead, Michael could have 

-------------------·----··----.---·-·-------·-------
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denoted two points on the graph by (x1, y1) and (x2, y2) and asked the students 'How can we 

get the slope from these two points?' That was why one of the participating students 

commented 'we didn't take [problem solving] to the conclusion'. When asked to comment on 

this, Michael said that he felt he had run out of questions after thinking and questioning the 

students throughout the lesson. During a discussion session, he said 

'Problem solving demands continuous thinking from the students, as well as from 

the teacher. On more than one occasions, the mind went blank, especially at the 

end of a lesson, and you said something which you didn't intend to.' 

The same thing occurred in the whole-class discussion of episode 10.4 (see p. 3363). Michael 

resorted to direct instruction to negotiate the formula y - y1 = m(x - x1) at the end of the 

lesson. This was probably because it was the end of the lesson and he was rushing through to 

finish it. 

In episode 23.2 (seep. 401), Michael was more patient in scaffolding students' learning. The 

questions 'How can it be related to the area on the graph?' and 'how do we see that we can 

get two from the red shaded areas of the graph?' from Michael led to the answer '[Those little 

bits cancel out]' from S3. This was followed by 'how else can we interpret this positive 

aspect?' which led to the response of positive area above the x-axis and negative area below 

the x-axis from S4 at the end of this whole-class discussion. 

The same thing happened in episodes 29.2 and 29.3 (seep. 416, 417). Michael successfully 

led the reporting students through questions such as 'So what can you conclude?' and 'Can I 

ask you ... because what you got is a correct statement ... But you just told us something else 

about 16.80 ... ' to solutions with 'more word statements in so if somebody walks in, they'll 

be able to make sense of what's on the board'. fu the whole-class discussion to negotiate the 

'unit price method' that followed, S7 answered 'Cost of a bar.' to the question 'What is this 

28 c he is referring to?' from Michael, which was what he wanted. So what was left to him 

was just to introduce the words 'unit price' to the students. This is consistent with the 

suggestion from educators such as Lampert (1990) who says that it is the role of teachers, as 

representatives of a mathematical culture outside the classroom, to bring mathematical tools 

------------- - ----------------- --- --------
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such as language and symbols into the discussion and negotiate their meanings with students 

(seep. 139). 

Michael improved significantly in tendering scaffolding tailored to the needs of students. He 

would tender questions that would enumerate 'mental operations typically useful' for tackling 

an activity to students until the result was achieved. In order that the students could 

successfully apprehend his messages, Michael often rephrased his questions and posed them 

with non-verbal assistance. Finally, he made use of students' responses to introduce new 

symbols and mathematical language to students. 

To sum up, the effectiveness of the scaffolding tendered by Michael to students improved 

greatly. Michael would assess the understanding of the target student before tendering 

scaffolding tailored to his need. Then he would make sure the student employed his 

scaffolding so as to benefit from it. The students were given a chance to explain and justify 

their solutions and Michael took into consideration students' solutions when devising 

instructions and tendering scaffolding. 

--~~~---
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The Classroom as a Learning Site 

As mentioned earlier, prior to the teachers participating in this research, they had taught 

mathematics the traditional way. Occasionally, they had been using problem solving to 

introduce new topics. This is reflected in the comment made by one of them. 

I feel that and I would like to think that I've done this in the past when we 

introduce topics, and that you try and do it by leading or introducing by way of 

questions, rather than by just instructions: "This is what you need to know". You 

would say, "Well, look, this is a problem ... what can you do to answer it?" 

The participating teachers did attend courses and conferences on problem solving. But one of 

them commented 

' ... you've sat there and you've looked at it and you think it's a good idea and ... 

it's easy ... you might go back and try it for a week or two, but it's very easy to go 

back to the methods that you -are accustomed to and you best understand. ' 

When this research began, they encountered numerous situations that conflicted with their 

previous practice, but which were very productive in the mathematical learning of their 

students. These spurred them to express concerns on their previous practice as a way to teach 

mathematics and motivated them to develop problem solving as their approach to the teaching 

and learning of mathematics. In other words, the conflicts and dilemmas the teachers 

encountered in the classroom as they tried to teach through problem solving and the 

discussions in the classroom or outside the classroom to resolve them, created a context for 

them to learn. These brought about changes that were discussed in the last section, which 

evolved over the course of this research. One of the teachers commented 

'I also think that within my teaching, [problem solving sharpens] my awareness 

of what the students are doing and it's made me think ... I actually have had to go 

away and be a little bit more prepared for. And . . . it's made me come up with 

some new ideas to introduce topics and I've been able to share some of these with 
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the staff I'm thinking of the way we introduced volume the other day and I'm 

thinking we did the hexagonal fish tank and the volume ... and just change the 

structure of the questions around to challenge the students and the fact that we 

see the students eagerly coming up with answers and it was a bit of a race to 

come up with the right answer. It sort of encourages you to keep working to come 

up with the ideas.' 

The teachers' learning and subsequent changes did not occur as isolated incidents, but 

consisted of connected continuous constructions and transformations. For instance, the 

teachers changed from frequently answering their own questions to the students to giving the 

students a chance to answer their questions and emphasizing that students should explain and 

justify their answers. As the teachers emphasized students explaining and justifying their 

answers, the responses from students evolved from 'brief phrases' or 'single disconnected 

sentences' to explanations which 'make sense' to anybody (see p. 229, 230, 241 - 245). 

Another instance is the teachers changed from imposing a method on the students to taking 

students' perspectives in devising instruction in the classroom (seep. 230, 246, 247). 

These changes motivated the teachers to carefully consider the appropriate classroom context 

required of a problem-solving approach to the teaching and learning of mathematics. The 

features of the classroom context that are going to be discussed below include the teaching 

and learning process, group work and the role of teachers. 

Reconcepetualizing the teaching and learning process 

In the course of this research, the teachers learned that the discussions in which they imposed 

their methods by directing students through a set of procedures were less productive for 

students' mathematical learning than the discussions that flowed from students' responses. 

Any conflict in solutions could also be resolved through discussions. On top of these, they 

also realized that the introduction to a new concept could flow naturally through the students' 

solutions. By doing so, the students could understand the new concept better as they went 

through the process of formulating their solutions based on their prior knowledge before being 

introduced to the new concept. For instance, the students came up with three different 

solutions for activity 22 (see p. 396). These solutions were discussed and legitimized by the 
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teacher. By doing so, the students noticed that there were different choices of strategies to 

solve a problem and were able to choose themselves the strategy that best suited them. 

The whole-class discussion of episode 9.2 (seep. 358) flowed from the straight-line graph of 

S3 and led to the formula m = (y2 - y1)/(x2 - x1). The three answers of activity 20 (see p. 392) 

were discussed until the students agreed that the answer 12(2x + y) is the best answer because 

12 is the biggest number that could be taken out. Another instance is the concept of 'unit 

price' of episode 29.3 (seep. 417), which flowed naturally from the response 'Cost of a bar' 

from S7 to the question 'What is this 28c he is referring to?' from the teacher. 

As the teachers took seriously the students' responses in the discussions, they realized that 

their prior goals for the teaching and learning of mathematics needed to be changed. In other 

words, the teachers reconceptualized the teaching and learning process of mathematics as a 

social process of negotiation rather than imposition. This social process of negotiation 

facilitated the students' personal construction of mathematical meaning. Hence the teachers 

were taking on the 'social constructivist view' of learning mathematics, which is backed by 

Piaget' s Developmental Psychology and the Vygotskian School of learning, rather than the 

'transmissive view' (see p. 17, 28, 29). This is reflected in the comment by one of the 

teachers. 

'Well, I think problem solving forces {flexibility}, because like I say, you've 

written your notes out, and the students get them whether they like it or not. 

Whereas problem solving . . . like today we were doing conversions and I would 

have thought that they would have no problem doing conversions and I actually 

had to go away and get the [instrument] and change the structure of the lesson 

and it took a bit more time by actually setting up that cubic metre so they could 

see. 

At one time, the teachers were 'walking a tightrope' in allowing students to pursue their 

personal mathematical constructions. On the one hand, they needed to listen and be sensitive 

to students' responses so as not to make interventions that would inhibit their thinking. On the 

other hand, they wanted their students to develop the taken-as-shared mathematical meanings 
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of the wider society. In order to resolve this conflict, they introduced mathematical language 

and symbols into the whole-class discussion and negotiated meanings, which form the bases 

for mathematical communication of the wider society, with students (seep. 250). 

For the students, it is one thing to think through a solution privately but quite another to 

express their thinking to others. That was why Sl of episode 9.1 answered 'Ah, I don't know.' 

and S 1 of episode 10.1 refused to verify that c = 1/4. Unless the students are willing to 

express their thoughts and the methods they use to solve a problem to others and are willing to 

listen to the solutions of others, they will miss the opportunity to reflect on their work and 

reorganize their current conceptual level of thinking. Hence, another dilemma, not 

encountered by the teachers in their previous practice, was to find ways to encourage students 

to express their thinking during discussions and the reporting back of solutions. As their 

thinking will be subjected to evaluations and criticisms, the students need to feel 'safe' in 

expressing their thinking to others. One teacher said that 

' ... with problem solving, it's making the students quite vulnerable because often 

you're getting them to present something that you're not sure that they've got it 

right. So they've to be prepared to take the knock, like Josh the other day. Now he 

hadn't made the mistake, but somebody else had and the kids were laughing. 

You've got to be a little bit more aware of the sensitive nature of students and so 

for that reason I've only kept to and encourage students who I think have got it 

right or I've got a good idea or I've checked it or possibly have the confidence not 

to be knocked.' 

This placed the teachers under the obligation of approaching the students' solutions in a non

evaluative way and to not impose their ways of tackling the problem on the students. For 

instance, the teacher appreciated the suggestion made by S6 of episode 19 (see p. 387) that the 

slope of a point of inflection is not 0. That was why he said 'Very good, not bad, not bad', 

even though it is not a valid condition for a point of inflection. 

The same thing happened in episode 9.1 (seep. 356). The teacher led a discussion on the bar 

graph of Sl, even though it was not what he intended. By saying 'but really, it displays what's 

... ---------~------------ -------~--· 
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of the wider society. In order to resolve this conflict, they introduced mathematical language 

and symbols into the whole-class discussion and negotiated meanings, which form the bases 

for mathematical communication of the wider society, with students (seep. 250). 

For the students, it is one thing to think through a solution privately but quite another to 

express their thinking to others. That was why Sl of episode 9.1 answered 'Ah, I don't know.' 

and S 1 of episode 10.1 refused to verify that c = 1/4. Unless the students are willing to 

express their thoughts and the methods they use to solve a problem to others and are willing to 

listen to the solutions of others, they will miss the opportunity to reflect on their work and 

reorganize their current conceptual level of thinking. Hence, another dilemma, not 

encountered by the teachers in their previous practice, was to find ways to encourage students 

to express their thinking during discussions and the reporting back of solutions. As their 

thinking will be subjected to evaluations and criticisms, the students need to feel 'safe' in 

expressing their thinking to others. One teacher said that 

' ... with problem solving, it's making the students quite vulnerable because often 

you're getting them to present something that you're not sure that they've got it 

right. So they've to be prepared to take the knock, like Josh the other day. Now he 

hadn't made the mistake, but somebody else had and the kids were laughing. 

You've got to be a little bit more aware of the sensitive nature of students and so 

for that reason I've only kept to and encourage students who I think have got it 

right or I've got a good idea or I've checked it or possibly have the confidence not 

to be knocked.' 

This placed the teachers under the obligation of approaching the students' solutions in a non

evaluative way and to not impose their ways of tackling the problem on the students. For 

instance, the teacher appreciated the suggestion made by S6 of episode 19 (see p. 387) that the 

slope of a point of inflection is not 0. That was why he said 'Very good, not bad, not bad', 

even though it is not a valid condition for a point of inflection. 

The same thing happened in episode 9.1 (seep. 356). The teacher led a discussion on the bar 

graph of Sl, even though it was not what he intended. By saying 'but really, it displays what's 

... ---------~------------ -------~--· 
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happening', he gave credit to this solution. Another instance is that S2 of episode 10.1 (seep. 

362) refused to elaborate further on the way to check c = 1/4 after tendering the explanation 

for his solution. By saying 'One thing I was pleased that Daniel has got is this here, (y2 - y1) 

divided by (x2 - x1)' (see episode 10.2, p. 362), the teacher recognized the contribution made 

by S2. These are consistent with the suggestions proposed by educators such as Lampert 

(1990), Cobb et al (1991), Cobb et al (1992) and von Glaserfeld (1995) (seep. 140). As the 

students realized that their thinking and ideas were respected and accepted, they felt obliged 

to reconstruct their solutions and to explain and justify them to others. As a result, they 

improved in doing so and gained confidence in themselves and their ability (seep. 229, 230, 

241 -245). 

As the students felt obliged to express their thinking to others during discussions, this created 

a great deal of uncertainty for the teachers as it became increasingly difficult to anticipate the 

responses from the students. But the teachers realized the importance of this instruction. Not 

only did the discussions start off from something familiar to the students, they also created a 

chance for students to notice that they could tackle a problem using a variety of strategies. 

Hence, there were many instances where the teachers were willing to take on students' 

perspectives, rather than imposing their methods on the students (seep. 230, 246, 247). When 

asked to comment on this, one of the teachers remarked 

'I think because you're interacting with the students, it allows you ... the students 

can direct you as much as you directing them, and you can seek opportunities to 

[bring in the concept].' 

Group work 

As we adopted the three stage lesson plan proposed by Holton, Neyland and Anderson (1997) 

and the literature on group work suggested that groups of size two are 'optimal size to enforce 

joint cognitive engagement in task' (seep. 130), we decided to pair students in group work for 

a start in this research. If they were already paired in the seating plan before this research 

commenced, they were encouraged to stay in the same positions. 

-----·------··-----···-·---~-------
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In the course of this research, the teachers learned that group work was very productive in the 

mathematical learning of students. For instance, the two students in the second example of the 

pilot study (see p.154 - 156) were able to conclude that they had to consider the area below 

the x-axis and the area above the x-axis separately in finding the area of a graph by using anti

derivative. So, the task left to the teacher was to find a suitable time after the reporting back 

of solutions by students to introduce the word 'integration' and its notation to the class. The 

students were able to come up with two methods to determine the nature of a turning point in 

episode 19 (seep. 387). These were 'By looking at the graph' of S5 and 'Take two points on 

each side of each [point]' of S6. Another instance is the group work to obtain a solution for 

activity 31 (seep. 420) produced four different approaches. This created a chance for students 

to notice that there were different approaches to solving a problem and to decide themselves 

the best approach for the problem in hand. 

Many of the students worked well in groups. One of the students commented that 

'You are working on the same thing at the same time ... So, if you come to 

different answers, you can compare and you have time to compare and see where 

you differed ... And you can have a fight over who's right.' 

Hence group work was taken as a strategy to implement problem solving in the classroom and 

it became the core of our problem-solving lessons. 

However, there were some students who were often engaged in off-task talk during group 

work. They knew that they would be given notes at the end of the lesson. The teachers were 

quite frustrated with the amount of off-task talk from these students. Not only did the off-task 

talking make the teachers worried about the work of those students, but they also disturbed 

the teachers' concentration on facilitating other students' learning. But they realized that it 

was important to get students to accept greater responsibility for their work through group 

work. They decided to constantly remind the students of their work, ask them to present their 

solutions to the class, attend to them and ask them questions related to the task when they 

sensed that the students were off task. By doing so, the teachers made clear to the students 

their expectations for them to discuss a solution during group work and to explain and justify 

-~~-----~--------·-----
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the solution to the class during reporting back. During discussions and reporting back, the 

teachers often approached the explanations or solutions of students in a non-evaluative way. 

As the students realized that their explanations or solutions were respected and accepted, they 

were very keen to work in groups and the amount of off-task talk decreased. Hence reciprocal 

obligations and expectations were negotiated implicitly during the discussions and reporting 

back sessions. 

Reconceptualizing the teacher's role 

As mentioned earlier, the participating teachers previously taught mathematics as a 

procedure-oriented subject, during which they presented students with step-by-step 

instructions. Then they assigned activities for students to complete individually. The students' 

solutions were evaluated and indicated whether they were right or wrong by the teachers. In 

the end, the students were given notes, 'whether they liked it or not'. In other words, the 

teachers were the sole source of knowledge in the classroom. 

As the teachers learned from the conflicting situations in the classroom and changed their 

practice in teaching mathematics in this research, they started questioning their role as the sole 

source of knowledge in the classroom. They were more inclined to lead a lesson from 

students' responses. 

'[Problem solving] made me more aware of [the students'] side of the classroom 

if you like. They're sitting there. I'm up front raving. They're not learning much 

. . . You know, what are the students doing? ... If I was one of them, what am I 

going to do during this period? ... What sort of active participation am I going to 

be taking in the lesson? And so it's made me think a little more about that. I guess 

that's sort of involved with their development of ideas. You're more interested 

with what way they may take of this. Not which way I want them to go or not 

which way might I take it, but what they may pick up. And you can't know until 

you actually get into the lesson and suddenly someone comes up with a sort of 

tangent idea and you think I haven't thought of that, but that's actually quite good 

and you'll go with that. Whereas before ... I'd say, well that's a good idea but 

that's not where I want you to be going, so we won't go down that path.' 

--------~-----·---------·· 
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When the teachers encountered students' misunderstanding, they seldom tried to impose their 

methods on them. One of the teachers said 

'[You] either keep them going on that path or put up a wall in that path. And 

that's difficult because sometimes you can't think of one and you need to think of 

an example. I know this doesn't work ... I need to think of an example that I know 

will work so I can give it to the students. They will go away do it and find out for 

themselves that it doesn't work. Because me saying 'no, won't work', they might 

accept it but they won't understand why. Whereas at least if I can give them an 

example that contradicts their thinking.' 

This is in line with the suggestion proposed by educators such as Ginsburg and Opper (1969), 

Piaget (1976), Lerman (1983), von Glaserfeld (1995) that students construct knowledge 

through mental 'disequilibriums' (see Chapter 2). 

In other words, the teachers reconceptualized their role in the classroom as facilitators in the 

development of their students' mathematical constructions rather than the sole source of 

mathematical knowledge. 

As mentioned in Chapter One, the researcher started as a novice in problem solving. By 

working through the ideas of problem solving, the mathematics lessons in the school and 

talking with many people, he reached the present level of achievement. In other words, the 

researcher and the participating teachers had experienced very similar changes throughout the 

research. In summary, the diagram in Figure 10 illustrates the impact of talking, reading, prior 

knowledge on problem solving and classroom outcomes on the numerous discussions between 

the researcher and the participating teachers. By talking, we mean talking with other people 

such as educators, teachers and students, whereas reading means the reading of books and 

articles on problem solving and mathematics education. These discussions overcame conflicts 

and dilemmas arising from the problem-solving lessons, which resulted in deeper 

understanding by the researcher and the participating teachers of problem solving as an 

approach to the teaching and learning of mathematics. This insight became their prior 

knowledge for the subsequent discussions. 

----~-------·-----------·---- . ~--~·----· 
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Talking 

Figure 10 

Reading 

Teacher 

Prior 
knowledge 

Teaching 
in the 

classroom 

The process of change. 

Chapter Summary 

The first section of this chapter presents two case studies, which documented the progress 

achieved by the participating teacher in this research. Both of them progressed from 

formulating activities with the methods given at the beginning of this research to formulating 

activities that were challenging and extendible, encouraged students to search for different 

solutions and promoted active discussions between students. They also improved in tendering 

scaffolding to students. Students were asked to explain and justify their solutions. These 

solutions were accepted as the legitimate solutions to a problem and taken into consideration 

by the teachers when devising instructions and tendering scaffolding. The teachers also 

assessed the understanding of the students of an issue before tendering scaffolding so that it 

was tailored to their needs. On top of these, they also emphasized students employing the 

scaffolding so as to benefit from it. 

However, Michael had improved more substantially than Simon. In other words, there were 

many instances when Simon resorted to explaining his method for finding a solution to a 

problem to the students or tendered scaffolding leading to his method throughout the research. 
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There are two possible reasons for this. First, Michael had been involved with this research 

since the pilot study in August 1996, whereas Simon began in May 1997. Second, Michael is 

much more experienced in teaching mathematics. Clearly, he has all the pedagogical skills 

and mathematical knowledge required of a problem-solving approach to the teaching and 

learning of mathematics. 

The second section touches on how the classroom outcomes motivated the participating 

teachers to carefully consider the appropriate classroom context required of a problem-solving 

approach. At the end of this research, they emerged with different beliefs about mathematics 

education. First, the teachers reconceptualized the teaching and learning process of 

mathematics as a social process of negotiation rather than imposition. Second, group work 

was taken as a strategy to implement problem solving. Last, their role in the classroom 

changed from the sole source of mathematical knowledge to facilitators in the development of 

the students' mathematical constructions. 

--------------·--------·-···· --------------~---------·-~ 
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CHAPTER TEN 

Group Work 

Introduction 

This chapter is the results chapter which addresses the second research question. As 

mentioned in Chapter Eight, there are two types of interaction that have a great impact on 

students' learning: these are the interaction between students and the interaction between 

teacher and students. This chapter deals with the interaction between students during group 

work. It consists of two sections. The first section deals with the nature of interactions 

between students that are productive for mathematical learning. The second section clarifies 

how the participating teachers capitalized on these productive interactions to aid them in 

realizing their educational aims when using a problem-solving approach to the teaching and 

learning of mathematics. 

Student-student interaction 

As mentioned earlier (see p. 256, 257), the students were paired for group work and group 

work was adopted as a strategy to implement problem solving in the classroom. Hence it 

became the core of our problem-solving lessons. In Chapter Nine, we considered how the 

participating teachers made clear to the students their expectations for them to discuss a 

solution during group work. However, the nature of the exchanges that occurred between the 

students during group work needs to be addressed with great care. It was these exchanges that 

determined the extent to which the students benefited from the problem-solving lessons. 

We will start with stating briefly the conclusions of this chapter. This is followed by a table 

showing the number of episodes selected as evidence for the four themes (see Table 10, p. 

178) and the other five themes of interest (seep. 178) connected to this chapter. The table also 

describes the characteristics of the whole set of episodes. Then we will discuss three of the 
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selected episodes in detail before engaging in a discussion of the conclusions of the first 

section of the chapter. Finally in the second section, we will consider how the participating 

teachers adopted group work as a strategy to implement problem solving in the classroom. 

Conclusions 

The first section of this chapter concludes that the nature of the help tendered by students 

during group work determined the productiveness of their mathematical learning. Even 

though students always communicated in incomplete sentences, the ideas were successfully 

conveyed to between students. This help was often tendered through reformulating the help 

and by the use of non-verbal aids. However, the help given needed to be relevant and at a 

sufficiently high level of elaboration so that the target student could benefit from it. If the help 

was timely and the target students employed and understood it, then not only would the target 

student overcome the present difficulty, but would also have the foundation laid for future 

learning. The helpers also benefited from giving help as they often reorganized the material 

and tendered it tailored to the needs of the target students. Finally, the questions and 

suggestions from one student could stimulate new questions and suggestions by another 

student, which would enable them to move on to solving a problem. 

The second section concludes that group work is an .. effective strategy, which can help 

teachers to realize their educational aims in teaching mathematics through problem solving. 

The participating teachers capitalized on the outcomes of group work to realize these aims . 

They divided the problem of a lesson into sub-problems to give students more chances to 

verbalize their thinking to others and to keep them on task. This work was focused by a 

reporting-back stage, followed by a whole-class discussion on the solutions of each sub

problem. By doing so, the students noticed that there were choices of strategies to tackle a 

problem and decided themselves the best strategy to tackle the problem. The outcomes of 

group work were extended with new problems aimed to correct any misunderstandings or to 

stimulate new learning of students. Finally, we extend the three-stage lesson plan proposed by 

Holton, Neyland and Anderson (1997) to a fourth stage, which includes the summing up of 

the learning for the students. 

-----·--------------
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Evidence 

As mentioned in the section on 'Data Analysis', we decided to select at least two information

rich episodes as the evidence for drawing each of the conclusions of a chapter. The following 

table shows the number of episodes selected for the nine themes which guided the episode-by

episode analyses. It also contains a description of the characteristics of these episodes for this 

chapter. The conclusions of this chapter are drawn from this whole set of episodes. 

Themes Number of Episodes 

Theme 6 (Relevant help) 5 - Episodes 12.2, 16.2, 24.2, 30, 33.3. 

Theme 7 (Elaboration) 4 - Episodes 12.2, 32.2, 33.3, 35.1. 

Theme 8 (Timely help) 5 - Episodes 12.2, 16.4, 24.2, 30, 32.2. 

Theme 9 (Employ and use) 5 - Episodes 12.1, 16.1, 24.2, 30, 34.2. 

Theme 10 (Reformulation) 3: Episodes 24.2, 32.1, 35.1. 

Themel 1 (Communication) 5 - Episodes 24.1, 26.2, 32.3, 33.3, 34.2. 

Theme12 (Benefit for helper) 3 - Episodes 26.2, 30, 32.1. 

Theme13 (lnterstimulation) 4 - Episodes 26.2, 33.3, 34.2, 35.1. 

Theme14 (Capitalize on outcomes) 5 - Episodes 9.2, 19, 28.2, 29.3, 35.3 . 

Characteristics of evidence for Chapter Ten: The transcriptions and interpretations 
of these episodes are contained in Appendix III (seep. 344 - 434). There was more off-
task talk in group work in the early part of the research. The teachers made clear to 
students their expectations and obligations during group work. Students improved in 
in group work, engaged in more productive exchanges in the form of help. However 
there was sWl much social talk at the start of group work. Generally, this productive 
help has the following features: (1) Either relevant or not relevant; (2) Either the right 
level of elaboration or not; (3) Either timely or at a later time; (4) Either employed or 
neglected; ( 5) Tension when messages not understood; ( 6) Reformulate help to ensure 
messages conveyed; (7) Help quite often conveyed in incomplete sentences; (8) Helper 
benefited from tendering help; (9) Stimulate new suggestions through tendering help. 
Teachers capitalized on outcomes for new learning, to introduce new symbols and 
mathematical language. All episodes support conclusions. 

Table 18: 

Characteristics of evidence for Chapter Ten 

----~~-----------------·--·--·----~··---
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Episodes 

We will now discuss three of the episodes selected, and highlight the characteristics that are 

used to draw the conclusions of this chapter in detail. Alongside the transcription of each 

episode, we present our interpretation of this discussion. We present in bold type the theme 

that is represented. 

Episode 1: episode 24.2 (see Appendix III, p. 403,404). 

The following is the transcription and interpretation for this episode. 

-1 

SI: ... that is definitely 1, 2 and a half. 
Oh, I know why, It's ... yeah, it's 
because it no longer ah ... intersects 
at zero. Alright, so um ... you take 
that ... those two cancel out in this 
[Pointing to A and BJ. 

S2: Yes. 
SI: If you want to get the right thing, 

you've got to take the area from 
there to there and then from there 
to there [ referring to -1 to -1/2 and 
-1/2 to 1]. 

S2: Why? 
SI: Because ah ... it no longer goes 

[through zero] ... before it went 
through zero (referring to the 
previous question) ... and we could 
take this area here and this one 

y 

C 

Y = 2x + 1 

1 

Area (A) = 1/4 

Area (B) = 1/4 

Area (C) = 2. 

X 

Sudden insight/Tender new explanation/ 
Non-verbal aid-Theme 11 

Not quite understand/Request further 
explanation. 
Tendering further explanation with non
verbal aid by referring to the graph -
Theme 11 

Couldn't understand/Explanation not at 
the right level/Couldn't bridge the lack of 
understanding/Time! y help - Themes 6, 7 
Rephrase help with new information/help 
redundant/Timely help - Themes 8, 10 



\' 

down here. 
S2: [indistinct] 
SJ: ... we go here, and this one [referring 

to the areas between -1 to -1/2 and 
-1/2 to OJ ... 

S2: Yeah. 
SJ: .. . just cancel out with itself, so it 

comes out [to be 2]. 
S2: Try itfrom ... 
SJ: OK. 
S2: ... negative a half. So what is it? 

Negative ... 
SJ: Negative 1 to negative a half and 

from negative a half to 1. Yow! 
Negative a half from negative a half 
is one quarter. Ah ... because it's 
negative we have to do addition, 
yeah? 

S2: No, you don't ... 
SJ: .. . because the anti-derivative comes 

out as a negative, but you are 
subtracting a negative. 

S2: OK, subtract ... yep, right. 
SJ: So it actually works that way. 

GROUP WORK 266 

Redirect with more explicit non-verbal 
aid/Timely help. 

Understood and use the suggestion -
Theme9 

Request for help/Discover discrepancies 
In understanding. 
Tendering suggestion - Theme 13 
Request for confirmation - Theme 9, 12 

In this episode, the helper, Sl, often tendered help in incomplete sentences. For instance, he 

said ' ... yeah, it's because it no longer ah ... intersects at zero. Alright, so um ... you take that 

... those two cancel out in this.' The message was successfully conveyed to S2 with non

verbal assistance. For instance, S 1 pointed to the triangles A and B. However S2 could not 

understand the suggestion put forward by S 1 of finding the area by using the anti-derivative. 

The help was not elaborated at the right level to bridge the lack of understanding of S2. S 1 

reorganized his understanding and reformulated the explanation. That was why he said ' ... 

it no longer goes [ through zero] ... before it went through zero ... and we could take this area 

here and this one here'. S2 tries to understand and use the explanation as he said 'Try it 

from ... '. In the end, the explanation was successfully apprehended by S2. The help tendered 

was timely to the needs of S2 throughout this episode. 

In the course of tendering explanation to S2, S 1 discovered a gap in his own understanding. 

That was why he said ' ... because it's negative we have to do addition, yeah?' The 
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subsequent exchanges between them stimulated new suggestions. So S 1, being the helper 

also benefited from tendering explanation to S2 . 

Episode 2: Episode 34.2 (see Appendix III, p. 430) 

SI: 

S2: 

SI: 
S2: 

SI: 

Cut it up like this. Look at that 
drm-ving ... look at this, section 
A, section B. 

[After 1rvorking on his own for 
some time] Hey. Look, this is how 
much the swimming pool ... look, 
look, that's 30 cm across, 22 
cm that way, 70 deep and 60 deep. 
We can get the average across 
there or something [S2 is turning 
his drawing to the following 
position]. 

[That'll be 65]. 
How did you get that? Oh, yeah, 
[ average then up]. 
I'm sticking to my way. 

Tender additional explanation with diagram 

S2 ignored the help/busy with his own method/ 
Tender additional help with diagram -
Communication, Theme 9 

More suggestion based on swimming pool 
strategy. 

I 
I 
I 

I 170cm I 
I 
I 
I 

-..... I 
..................... --l 

', ', ', :::,.. 

Clarification - Theme 1, 13 
Request for explanation/reach solution through 
-Theme 13 
More comfortable with own strategy. 

In this episode, the explanation tendered by S 1 was neglected by S2. It was not relevant to 

the lack of understanding of S2 as he was trying to figure out the similarities between this 

---·-------·-----~ 
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problem and the swimming pool problem. Furthermore, S2 did not try to understand and use 

the explanation. This situation created a tension between the two students. That was why they 

resorted to working on their own. When S2 recognized the similarities of this problem and the 

swimming pool problem, he tendered his explanation to SL The message was successfully 

conveyed to SI with non-verbal assistance, that was, by rotating the paper. The subsequent 

exchanges between them stimulated the suggestion' ... average them up' from S2. 

Episode 3: Episode 28.2 (see Appendix III, p. 412). 

The following is the transcription and interpretation for this episode. 

One student suggested the following answer to a part of the problem for this episode. 

385/43.5 = X/7, 

So X = 385 x 7/43.5 km. 

On seeing this, the teacher took the opportunity to lead a whole-class discussion to negotiate 

the diagonal cross multiplication rule. 

T: Ah, what was Sam's doing is a little bit of 
trick that I am going to introduce to you 
before too long ... as Sam is starting it now. 

Recognize the contribute of students -
Focusing on encouraging explaining and 
justifying solutions/Instruction based on 
outcome -Theme 3, 14 

The teacher used 6/4 = 3/2 as the analogous number equation to negotiate with students the 

above rule. 

T: 

SI: 
T: 

SI: 
T: 

How can I rearrange those numbers, 
starting with 3 equals? ... "What would 
happen to those numbers ... 
3 equals 2 times 6 over 4. 
OK! 6 from here, put it on top 2 ... The 
term on the bottom could go to the? 
Top. 
Top. Suppose I want to apply the same 
rule to 3, the term can go from the bottom 
to the top. Can the term go from the top 
to the bottom? Or can I in fact swap them 
around? ... 

Request for clarification/Questioning 
redundant/Message conveyed - Themes 
1, 3 

Request for more information - Theme 4 

Request for more clarification - Theme 3 
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Yes. 
Could I take this from the bottom to the top 
(pointing to 2) and this from the bottom to Request for more information/ 
the top (pointing to 4) and get nothing on confirmation. 
the bottom. What would happen when 6 goes 
up to 2, is 2 x 6. What would happen 4 to 3? 
(writing 2 x 6 = 4 x 3 ). Are they correct 
statement? 
Yes. 
This idea of multiplying ... Any term can be Introduce new mathematical language. 
transferred from one side of an equal sign to 
the other by travelling on the diagonal ... 
we call [ diagonal cross multiplication rule]. 

In this whole-class discussion episode, the teacher started off recognizing the contribution 

made by Sam. This was one of the strategies he employed to negotiate the expectations and 

obligations of students engaged in group work. The teacher planned to discuss the diagonal 

multiplication rule in a later lesson. As Sam initiated it, the teacher seized this opportunity to 

lead students to learn this rule, as many of them were already thinking about it at that time. 

That was why he said ' ... I am going to introduce to you before too long ... as Sam is starting 

it now.' In other words, the teacher was prepared to modify his lesson plan and capitalize on 

classroom outcomes for devising his instruction. He would introduce new symbols and 

mathematical language after the students had understood the concept. 

Discussion 

We will start with a discussion on the exchanges between students based on reformulation and 

communication. 

Reformulation: As the participating students were working on the same problem at the same 

time for this research, they were 'well tuned' into each others' problem-solving processes in a 

way that the teacher might not be during group work. They could understand better where the 

other members of their group went wrong or where there was a misunderstanding. In other 

words, the students were often in a better position to tender help than the teacher. Moreover, 

when the help given to a target student was not successful, the helper tried to formulate the 

help in new or different ways. By doing so, they were tendering help redundantly so that the 

messages could be successfully communicated to the target students. 

-------·---------
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For instance, S2 of episode 24.2 (see p. 403) could not understand the explanation given by 

S 1 in taking the areas from -1 to -1/2 and -1/2 to 1. On noticing this, S 1 referred to the 

previous question where the line y = 2x passed through zero and they could take the areas 

from -1 to O and O to 1. This time, the line y = 2x + 1 passed through x = -1/2, the areas from -

1 to -1/2 and -1/2 to O would cancel out if they took the area from -1 to 0. That was why he 

said ' ... before it went through zero ... and we could take this area here and this one down 

here ... we go here, and this one ... just cancels out with itself'. 

Another instance is when Sl of episode 35.1 (seep. 431) disagreed with S2 that reflection 

was a way to transform one fish to the other. S2 explained further by saying ' ... pretend 

there's an axis here and you can turn, flip it around'. This time, S 1 agreed with his suggestion, 

even though it was wrong. The above supports the suggestion made by Damon (1984) that a 

child's peers often act as a potential source of help (seep. 127, 128). 

The second case also supports the view of Stacey (1992) who says that group work can lead to 

incorrect solutions (seep. 137). Episode 32.1 (seep. 422) is another case that supports this. SI 

suggested ' ... if you get the area of this [rectangular side], times it by six, so you get the area 

all round there, times by [52]' to find the volume of the fish tank. This suggestion was readily 

taken up by S2 without any discussion. He thought that he had got a 'quick answer' for the 

volume. 

Communication: There were many instances when the students did not speak in whole 

sentences. For instance, By saying 'negative 1, I hate, I hate', S 1 of episode 24.1 (see p. 402) 

meant that the difficulty for question 2 was from x = -1. It seemed that S2 understood what he 

meant. That was why he responded with 'Negative 1 is peculiar'. 

Another instance is when S3 of episode 32.3 (seep. 425) said 'What's that ... the top?' and 

'You got to find the distance . . . down the middle to the centre point'. The message was 

successfully conveyed to SI, who responded with 'that's 30' and 'To the centre ... It's 52 

across, half of 52, it's 26'. The following diagram can help to clarify what they meant. The 

hexagonal cross section ABCDEF consists of six similar triangles with base 30 cm and height 
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26 cm. S3 helped S 1 to identify the base of each triangle to be 30 cm. The height of each 

triangle is 26 cm, which is half of '52 across'. 

B 30cm C 

A D 

However, the messages 'So we've got to go 10 x 5 x ... , so it'll be ... average is 1.45 ... 10 x 

5 x 1.45, we've got it' and '1.9, it's got to be 1.9 in the deep end' from Sl of episode 33.3 

(see p. 427) were not apprehended by S2, who responded with 'Shut up'. The same thing 

happened in episode 34.2 (see p. 430). S2 could not understand the explanation 'You've got 

to cut it up. So you find how much is in there ... And then you work out there's another 10 

cm there' tendered by SL That was why he counter-suggested 'Why don't we find the 

average ... find the average of one side? It's the same as the swimming pool though'. 

One of the possible explanations for the successful apprehension of meanings through 

exchanges in incomplete sentences is that the students were at the same stage in the process of 

solving a problem during group work. In other words, the explanation or suggestion tendered 

by the helper on an issue triggered off a response on the same issue in the process of solving a 

problem by the target student. However, there were many occasions when the messages were 

conveyed successfully to the target students with the aid of non-verbal means from the 

helpers. For instance, S 1 of episode 26.2 (see p. 407) noticed that S2 had an incomplete 

answer for part 2. By Sl pointing to the answer, S2 immediately realized that he missed the 

'+c'. 
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Another instance is when S2 showed the similarities of the problem of episode 34.2 (see p. 

430) with the swimming pool problem of activity 31 to Sl. The explanation was aided by S2 

orienting his diagram differently. 

As mentioned in the section on 'Data Analysis' in the chapter on Methodology, the analysis 

of each episode on 'student-student interactions' was guided by the themes in Table 10 (seep. 

178). Hence we will continue to discuss the nature of student-student interactions in the form 

of help that is productive for mathematical learning based on 'relevant help', 'level of 

elaboration of help', 'timely help', 'understand and use the help', 'benefit for helpers' and 

'interstimulation'. 

Relevant help: Students become stuck on a problem because of a misunderstanding or a lack 

of understanding of the problem. We have discussed the importance for teachers of assessing 

the understanding of students before scaffolding them through to the solution, so that the 

scaffolding tendered would be tailored to the needs of the students. The same occurred when a 

student offered help to another student seeking help. If the help was not relevant to the 

misunderstanding or the lack of understanding of the target student, he or she would not be 

able to correct his or her difficulty. 

For instance, S 1 of episode 33.3 (seep. 427) got the average depth of 1.45 m through trial and 

error, which S2 could not understand. That was why he asked 'How did you get a step from 

1.25 to 1.45? How did you work that out?' The response '10 x 5 x 1.45 equals 72.5' from Sl 

could not satisfy S2, who resorted to working it out on his own. It would have benefited S2 

more if Sl had shown how he had made use of '10 x 5 x 1.25 equals 62.5' to come up with 

'10 x 5 x 1.45 equals 72.5'. 

Another instance is when S 1 of episode 16.2 (see p. 380) could not understand the problem 

and asked S2 to explain it to him. In episode 16.1, he seemed to understand better after 

listening to the explanation tendered by S2. As he said 'I don't understand them all' at the end 

of episode 16.2, it was clear that he had not benefited from the explanation from S2. It could 

have benefited him more if S2 made use of one of the questions to show S 1 that the function 

approaches the same value at the point from both sides. 

~~·------~~---· --------···-·---- - . 
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The same thing occurred in episode 12.2 (seep. 367). Sl had the correct gradient for the line 

3x + 4y = 12. He tendered the explanation 'It intersects y at 3. If it says 3x, then it's 3 over 1' 

to refute S2' s answer, which was ignored by S2. This showed that the explanation did not 

help S2 to overcome his misunderstanding . 

In episode 24.2 (seep. 403), S2 could not understand the suggestion put forward by Sl in 

taking the areas from -1 to -1/2 and -1/2 to 1. That was why S2 asked 'Why?' Then Sl 

explained that the line y = 2x passes through zero and they could take the area from -1 to 0 

and Oto 1. The line y = 2x + 1 does not pass through zero. So if they took the areas from -1 to 

0 and O to 1, the areas from -1 to -1/2 and -1/2 to O would cancel out. This time S2 benefited 

from this further explanation . 

Sl of episode 30 (seep. 418) did not know how to take the 10 litres 'down till it equals 8'. 

The response '8 divided by 10 ... there's 8 divided by 10 times 4 equals 3.2 litres for the next 

one and then 8 divided by 10 times what is it? One, .8, total them up' from S3 helped him to 

overcome this lack of understanding. 

Hence it is important for the help to be relevant to the misunderstanding or the lack of 

understanding of the target student during group work, in order to enable them to overcome 

their difficulty. 

Level of elaboration of help: Another determinant for the success or failure of group work is 

the level of elaboration of the help tendered to the target student. For the purpose of this 

thesis, low level elaborations of the help included answers and simple, but appropriate 

responses, such as '10 x 5 x 1.45 equals 72.5' of episode 33.3 and '10 times 8 divided by 10' 

of episode 30. High level elaborations of the help consisted of explanations or descriptions of 

how to solve a problem or part of it. For instance, ' ... this is how much the swimming pool ... 

look, look, that's 30 cm across, 22 cm that way, 70 deep and 60 deep. We can get the average 

across there or something' (see episode 34.2, p. 430). 

In episode 33.3 (seep. 427), Sl worked out the average depth of 1.45 m and the depth of the 

new deep end of 1.9 m on his own. His responses ' .. .it's got to be 1.9 in the deep end' and 

"-------------- -~---~-··--
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'10 x 5 x 1.45 equals 72.5' could not clarify the lack of understanding of S2, who was unable 

to get these answers. If S 1 could relate his thinking process in getting these answers to S2, S2 

might have agreed to the answers instead of having to work them out on his own. 

The explanation tendered by SI of episode 12.2 (seep. 367) was at a level of elaboration that 

did not satisfy the need of S2. It was possible that S2 could not see the relevance of 'If it says 

3x, it's 3 over 1'. If S 1 continued the explanation with the x-intercept and the gradient as rise 

over run after 'It intersects y at 3', S2 might have overcome his misunderstanding. 

SI of episode 35.1 (see p. 431) responded by drawing the dotted line for y = x to the 

explanation' ... pretend there's an axis here [referring to the line y = x] and you can tum, flip 

it around' from S2. He benefited from this explanation of the method to get one fish to the 

other, even though both students did not realize that the image was not in the same position as 

the fish in the diagram at that moment. 

In episode 32.3 (see p. 425), S 1 faced a difficulty in finding the base area of the fish tank. S3 

helped by asking S 1 to draw the six similar triangles using the hexagonal base and find the 

base and height of each triangle. This explanation led S 1 to the method of finding the volume 

of the fish tank. That was why he sought clarification from S3 on the method by asking 'And 

when you have done all that, times by 80?' 

From this research, it seemed that receiving low level elaborations of the help such as answers 

and simple, appropriate responses was not always sufficient for learning. The target students 

could not overcome their misunderstanding or the lack of understanding through such 

exchanges during group work. Furthermore, this inadequate help contributed to the target 

students' level of frustration and consequently led them to tackle the problem on their own. 

For instance, S2 of episode 33.3 (see p. 427) retaliated by saying 'That's dumb' to the 

response '10 x 5 x 1.45 equals 72.5' from SI and continued to tackle the problem on his own. 

Another instance is the lack of understanding created by the inadequate help tendered by both 

students of episode 35.1 (seep. 431) resulted in a tension between the two students. That was 

why SI said 'Shut up' to S2. 
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Timely help: Students had the potential for giving timely understandable explanations to their 

partners. As teachers could not always be present at the precise moment of students' needs, 

they were less likely to provide timely help. For instance, Sl of episode 24.2 (see p. 403) 

tendered the explanations for getting the correct area by using the anti-derivative, immediately 

on request by S2. 

Another instance is when S3 of episode 30 (seep. 418) provided the help '8 divided by 10' 

and ' ... there's 8 divided by 10 times 4 equals 3.2 litres for the next one and then 8 divided by 

10 times what is it? One, .8, total them up' to Sl when Sl was working on the same thing. 

The target students for these two cases were able to overcome their difficulty. Whereas S 1 of 

episode 12.2 (seep. 367) tendered the explanation 'It intersects y at 3. If it says 3x, then it's 3 

over 1' to correct the gradient of the line 3x + 4y = 12 to S2 at a time later than when S2 was 

finding the gradient. It was possible that S2 did not take up this explanation as he was 

occupied in clarifying whether or not the gradients were inverse or reciprocal at that time. 

Sl of episode 32.2 (seep. 424) did not take up the suggestions 'No, that's not going to work' 

and 'We need to find the base ... The base area of the hexagon' from S 1. These suggestions 

were tendered at a time when S2 was calculating the volume of the fish tank using the first 

suggestion from SL Furthermore, S2 thought that he got the correct answer after comparing it 

with the answer of the group in the front. That was why he said 'Oh, so it could be right'. If 

these suggestions were tendered at the beginning, they might have solved the problem. 

The above is also supported by episode 16.4 (seep. 381). Sl tendered a new strategy to find 

the limit of a function. This suggestion was not taken up by S2 as it was tendered at a later 

time after they have a strategy to find the limit. Even a further clarification from S 1 could not 

pursue S2 to discuss with S 1. 

From this research, it seemed that the help would not be of much use to the target students if it 

was not offered at an appropriate time. At a later time, the students of a group would be at 

different stages in the process of solving a problem. So, either the target students no longer 
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remembered what processes led them to the answers, or they had a method for the answer, or 

they were occupied with other processes . 

Understand and use the help: No doubt, the students had the potential for giving timely, 

relevant explanations. The target students would only benefit from these explanations 

however if they understood them and used them to solve the problem correctly. For instance, 

S2 of episode 24.2 (seep. 403) followed the explanation tendered by Sl through and used it to 

find the areas from -1 to -1/2 and -1/2 to 1. This was followed by employing the suggestion 

' ... because the anti-derivative comes out as a negative, but you are subtracting a negative' 

from S 1. That was why he said 'OK, subtract ... ' and he got the correct answer. 

The same happened in episode 30 (seep. 418). Sl employed the help tendered by S3. That 

was why he said '8 divided by 10 equals .8' and he did the calculations using the calculator 

suggested by S3. In the end, he agreed with S3 that 'that's the way to do it'. 

For episode 16.1 (seep. 379), Sl followed the explanation tendered by S2 through, but he did 

not understand the explanation as he said 'I don't understand them all' towards the end of the 

second episode. If he had used the explanation to tackle question 1, he might have noticed that 

there was no value for f (x) when x = 1, but the function approached 2 as x got closer to 1 from 

both sides of the table . 

Another instance is when S 1 of episode 34.2 (see p. 430) tendered the explanation 'Cut it up 

like this. Look at that drawing . . . look at this, section A, section B ... '. S2 did not try to 

understand and use this explanation as he was overwhelmed with identifying the similarities 

between the problem and the swimming pool problem. 

The above examples clarify the importance of the target students in understanding and using 

the help in order to overcome their difficulties. 

Benefit for helpers: So far, we have discussed the benefit acquired by the students receiving 

help. We will now tum to discuss the benefit acquired by the helpers. 
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In episode 30 (seep. 418), S3 got the correct answers 4, 3.2 and .8 to the problem by 'Times it 

by 8', which was not quite right. When he helped S 1 through to the answers, he was able to 

reorganize his understanding and tendered the explanations '8 divided by 10' and 'there's 8 

divided by 10 times 4 equals 3.2 litres .. .' to Sl. 

In episode 32.1 (seep. 422), Sl suggested finding the volume of the fish tank by calculating 

'the area around the side' and 'times by [the depth]'. The response ' ... 52, yeah, 52, not the 

depth' from S2 led S 1 to realize that his suggestion would not give the volume of the fish 

tank. That was why he said 'No, that's not going to work ... We need to find the base ... the 

base area of the hexagon'. The same thing occurred in episode 26.2 (see p. 407). S5 benefited 

in tendering explanation to S6. In understanding the explanation tendered by S5, S6 noticed 

the mistake made by S5, that was, 'At t = 0, isn't 10 m. It's after lsecond.' 

A number of processes accounted for these exchanges. In explaining and justifying to group

mates, the helpers needed to clarify, organize their thinking and often reorganize the material 

tailored to the needs of those seeking help (see p. 126). In doing so, the helpers discovered 

gaps in their own understanding or discrepancies with their previous understanding. To 

overcome these gaps or discrepancies, the helpers searched for new information, reorganized 

their understanding and thereby learned the material better (seep. 241 - 246). 

Group work provided a chance for students to discuss actively on an activity. If the students 

worked individually, they seldom have a chance to verbalize their thinking to others. Hence it 

was unlikely that they would acquire the benefit they got from group work. 

lnterstimulation or accidental scaffolding: Another important feature of group work is 

'interstimulation' (seep. 135). In episode 33.3 (seep. 428), Sl started off by saying 'How did 

we do the first one? We did 10 x 5 x 5'. This stimulated S2 to recall that' ... what we did we 

do instead of we could have just gone like that and made a box. But we averaged it'. This in 

tum stimulated Sl to remember '1 m 25 the whole way' and '10 x 5 x 1.25 to get the volume 

62.5'. From there on, S 1 used guess and check to find the new average depth to be 1.45 m. 
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Sl of episode 35.1 (seep. 431) suggested rotating the top fish clockwise to the other fish in 

the diagram. This stimulated S2 to think whether or not the top fish would then be in the same 

position as the lower fish in the diagram. The subsequent exchanges stimulated S2 to look 

back on his previous suggestion to reflect the fish in the line y = x to the other fish and to 

realize that the image would be in a different position. That was why he said 'Then reflection. 

No, reflection doesn't work'. Hence these students were able to progress towards the solution 

through continuous interstimulation, which was otherwise impossible or might take a 

considerably longer time for any single individual. The exchanges between Sl and S2 of 

episode 34.2 (see p. 430) is another case of interstimulation. That was why S2 was able to 

suggest 'Oh, yeah, [average them up]' in the end. 

These three examples also serve to support the accidental scaffolding experienced by students 

during group work, which was discussed in the literature review (seep. 108). The students in 

a group tendered questions and suggestions to each other that aimed to rectify the situation, 

not to lead the other through to achieve an intended outcome when they faced difficulty in 

tackling a problem. However, the student on the receiving end interpreted these questions and 

suggestions from his own perspective, which resulted in coming up with new questions and 

suggestions that enabled them to move on to solving the problem. 

To sum up this section, even though students often communicated in incomplete sentences, 

they often acted as a potential source of help to their group mates during group work. The 

messages were successfully conveyed to the target students as the helpers tendered help 

redundantly and with the aid of non-verbal means. However, the target students would benefit 

most if the help tendered was (1) relevant to the target students' needs, (2) at a right level of 

elaboration, (3) timely, and (4) understood and employed by the target students. The helpers 

also benefited through these processes. They often discovered their own misunderstanding or 

lack of understanding as they reorganized the material in order to tender help tailored to the 

needs of the target students. This provided them the opportunity to reflect on their work, 

search for new information and reorganize their current conceptual level of thinking, which 

sometimes resulted in a deeper understanding of the material. 
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Group work: a strategy to implement problem solving 

As mentioned in Chapter Nine, the participating teachers were frustrated with the amount of 

off-task talk during group work at the beginning of this research. This was because the 

expectations and obligations for the students were quite different from their previous 

experiences in the mathematics classroom. They did not have the skills to work in groups and 

were constantly looking forward to receiving step-by-step instructions from the teachers. So 

the first concern of the teachers was to negotiate with the students the classroom norms that 

would encourage them to work productively in groups and make them feel 'safe' and obliged 

to express their thinking to others. As the students improved on working in groups, group 

work became more and more productive in their mathematical learning (see p. 241 - 245, 

Episode 22.1, p. 395 - 397). 

This section will discuss how the participating teachers capitalized on the outcomes of group 

work to realize the educational aims of their problem-solving lessons. 

First, the problem for a lesson was usually posed in three or four sub-problems. The students 

were engaged in group work for each sub-problem and they would be asked to present the 

solutions they obtained during group work to the class. Furthermore, the participating teachers 

made clear to the students their obligation to explain and justify their solutions to others. This 

provided the students more chances to verbalize their thinking to others. By doing so, on the 

one hand, the students gradually improved in verbalizing their thinking processes in tackling a 

problem to others, because they usually reorganized the solution and presented it in a form 

understandable to others (seep. 241 - 245). On the other hand, they spent more time on task 

as it took them about ten to fifteen minutes to tackle each sub-problem. This was, in fact, one 

of the strategies employed by the participating teachers to overcome off-task behaviour from 

students. One of the teachers said 

'You've got to be prepared to structure your lesson and take breaks for ten to 

fifteen minutes and don't let [the students] get too far just doing their own thing 

... I did put those breaks in and I did get kids to come up, like the graphs, kids 

coming up and drawing the graphs to help the other ones to get on task ... [It is 

r------ ---- ---··--. ---------·-·--- ···----·-·-· ·---·-··-·-·- -----··-- -·--- ---------·--·-·-----------·-------··- ---- - ----------------------· -·---··-----·- -- ------·-·-- ----- ----~----- --~----------·---·---· - -- --·- --



' \ 

\ 

.( 

.\ 

,' 

. \ 

-( 

V 

![ 

'I 

,,, 

-{ 

" 

\ 

'7 

\ 

:x 

. ,\ 
,\ 

.i._ 

), 

~ 1 

;1 

·\ 

·\ 

. ) 

·, 
"\ 

;\ 

GROUP WORK 280 

one way] to put a little pressure on them to be presenting something. So they feel 

that they couldn't get away with perhaps letting one of the groups, even though 

we've got them working in pairs. They have to present what they've found to the 

class or something like that, perhaps making a little responsible. ' 

Second, the solutions from students were actively discussed to determine their legitimacy . 

The participating teachers tried their best to approach each solution in a non-evaluative way 

(seep. 255). The whole-class discussion of episode 35.3 (see Appendix III, p. 433) is another 

instance that supported this. The wrong methods 'two translations' and 'reflecting the fish in 

the line y = x' were discussed in a way that benefited everybody in the class. By doing so, not 

only were many students able to realize that the image was in a wrong orientation, either 'it's 

facing the wrong way' or 'it's a dead fish', they also realized the importance of checking their 

solutions. When asked to comment on this, the teacher said 

'[Problem solving] made me aware of the turning around a wrong situation of 

something that's good. Otherwise, if a student has made a mistake in their book 

when they were working and you say you're wrong, it depends on how you do it 

because you 're often picking up the wrong ... when it's public if the student is in 

front of the room, so therefore you keep it a lot more positive and so ... well look 

this part is good, or get somebody to help him if he's almost there.' 

This is consistent with the proposal from Duncker (1945) and Greenfield (1984) that errors 

should be encouraged. 

'[Learning] from errors plays as great a role in the solution-process as in 

everyday life. While the simple realization, that something does not work, can 

lead only to some variation of the old method, the realization of why it does not 

work, the recognition of the ground of conflict, results in a corresponding definite 

variation which corrects the recognized defect.' (Duncker, 1945, p. 14) 
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By discussing students' solutions, the teachers were giving their students a chance to notice 

that there were choices of strategies and hence to determine themselves the best strategy to 

solve the problem in hand. 

Third, the teachers capitalized on the outcomes of group work to formulate new problems to 

correct the misunderstanding of the students or for new learning. For instance, many students 

agreed with S6 of episode 19 (seep. 391) that a condition for a point of inflection was f'(x) i:-

0 and f"(x) = 0 during a lesson on turning points. The teacher asked them to work on the 

graph f(x) = x3
• They found that there is a point of inflection at x = 0, but f'(x) = 0 and f"(x) = 

0. After this, many of them proposed that the condition should be f'(x) = 0 and f"(x) = 0. They 

were asked to work again on f(x) = x4 for turning points. This time, they found that there is 

one turning point at x = 0 and those who agreed that the condition for points of inflection was 

f'(x) = 0 and f"(x) = 0 suggested that it was a point of inflection at x = 0. Others disagreed 

with this and said that the point was a minimum point by graphing it. In the end, the students 

agreed that (a) when f'(x) = 0, the turning point can be a minimum, a maximum or a point of 

inflexion, and (b) when f"(x) = 0, there might be a point of inflection. When asked to 

comment on this, one of the teachers said 

'I know this doesn't work ... I need to think of an example that I know will work 

so I give it to the students. They will go away do it and find out for themselves that 

it doesn't work. Because me saying 'No, won't work', they might accept it but 

they won't understand why. Whereas at least if I can give them an example that 

contradicts their thinking. ' 

There were many instances where the teachers capitalized on the outcomes of group work for 

new learning· (see p. 230, 246, 247). Episode 28.2 (see Appendix III, p. 412) is another 

example that supports this. During this lesson on ratio, the teacher sized an opportunity to lead 

a whole-class discussion to negotiate the 'diagonal cross multiplication rule' from the 

outcome of group work. He actually planned to discuss this rule in a later lesson. Since a 

student initiated it, it was worthwhile to take this opportunity to lead students to learn this 

rule, as many of them were already thinking about it at that time. When asked to comment on 

this, one of the teachers said 
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'I will go into discussion with [the students any worthwhile idea suggested by 

them] ... For example, the very first lesson we did on slopes along the curve, we 

ended up getting into maximum and minimum points on the first day ... I think 

that most of the class could see from the first lesson that the slope was zero at 

these places and so it was worthwhile bringing it to everyone's attention ... The 

fact that that happened was really a bonus. And that happens sometimes and it's 

good when it happens.' 

In fact, this was one of the strategies employed by the participating teachers to their teaching 

so that they could be up to date with their mathematics programs (seep. 173, 174). This is an 

example which can counter the belief of many teachers that it takes a much longer time to 

teach a mathematical topic through problem solving. 

Last, but not least, the participating teachers made use of the whole-class discussions for the 

outcomes of group work to introduce mathematical tools such as language and symbols and to 

sum up the lesson for the students (see p. 238, 250, 269). During the early part of this 

research, one of the participating teachers said 

'When I first started doing [problem solving], I was a bit concerned that students 

hadn't formalized what they had learnt in the lesson and we discussed that and 

tried to come around it by selecting ... students to write their notes on the board 

so that maybe students who didn't for whatever reason get around to formalizing 

their [learning] ... had at least something to take away ... ' 

The other teacher talked to a few students to get their reaction on problem solving at the 

beginning of this research. He commented that 

'I think the students themselves are seeing it as a different learning procedure and 

one of the boys did say to me ... he's really enjoyed it and felt as though he's got 

a better understanding. The only disadvantage he felt is he hasn't got his notes or 

something to go back on.' 
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GROUP WORK 283 

From there on, we decided to sum up every lesson for the students. In other words, there were 

a number of four-stage lesson plans in a lesson. The three stages proposed by Holton, Neyland 

and Anderson (1997) were followed by a fourth stage of whole-class discussion led by the 

teachers on the solutions of the reporting back stage for every sub-problem. During this stage, 

(1) all the solutions were actively discussed, (2) the legitimacy of every solution was justified, 

(3) new symbols and mathematical language were introduced to students, (4) the sub-problem 

was extended to new problems, and (5) a summing up of this part of the lesson was done by 

the teachers. The same occurred for the other sub-problems and there was also a summing up 

for the whole lesson in the end. This confirms the suggestion in the 'Literature Review' of 

Chapter Six that it is necessary to extend the three-stage lesson plan proposed by Holton, 

Neyland and Anderson (1997) to a fourth stage, which includes the summing up of the 

learning (seep. 125). 

Chapter Summary 

This chapter discusses the nature of the help tendered by students during group work that was 

productive for their mathematical learning. If the help was not relevant to the students' 

misunderstanding or lack of understanding of a problem or of part of it or was at too low a 

level of elaboration, the target students would not be able to overcome their difficulty. If the 

help was relevant and was at a sufficiently high level of elaboration, but the target students 

did not understand it or it was tendered much later than needed, the help would not benefit 

them. Furthermore, it was important for the target students to employ the help to solve the 

problem in order to benefit from it. The helpers also benefited from giving help as they often 

reorganized the material and tendered help tailored to the needs of the target students. Finally, 

the questions and suggestions from one student could stimulate new questions and 

suggestions by another student, which would enable them to move on to solving a problem. 

However, these interactions would be enhanced if the problems posed to students were rich 

mathematical problems satisfying all the criteria proposed by Neyland (1994) (seep. 142). 

This chapter also touches on how the participating teachers capitalized on the outcomes of 

group work to realize the educational aims of their problem-solving lessons. They divided the 

problem of a lesson into sub-problems. By doing so, the students were given more chances to 
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GROUP WORK 284 

verbalize their thinking to others and were more on task as there would be a reporting back, 

followed by a whole-class discussion on the solutions of each sub-problem. As all solutions 

were discussed actively, the students learned from their mistakes, noticed that there were 

choices of strategies to tackle a problem and decided themselves the best strategy to tackle the 

problem. At the end of the discussion, the outcomes of group work were extended with new 

problems aiming to correct the misunderstanding or to stimulate new learning of students. On 

many occasions, the teachers were able to cover the contents of other lessons in one lesson. 

Finally, we extended the three-stage lesson plan proposed by Holton, Neyland and Anderson 

(1997) to a fourth stage, which included the summing up of the learning for the students. 

The findings of this research support group work as an effective strategy, which can help 

teachers to realize their educational aims in teaching mathematics through problem solving. 

--------· ·----·-····· 
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CHAPTER ELEVEN 

Can Problem Solving Improve Performance? 

Introduction 

All the students in the sixth form were given a common test for each topic after the teachers 

finished teaching the topic. These tests were included in the mathematics program for the 

sixth form. Part of this program is given in Chapter Seven (seep. 173, 174). There was no 

common test for all the classes of the third form. But Michael did give the two classes of the 

third form he taught common tests. The results of these common tests were collected. This 

chapter details an analysis of covariance of these results to see whether or not there was any 

significance improvement in the performance of mathematics for the participating students 

due to problem solving. The analysis is presented according to the following headings. 

• The classes, 

• The questions, 

• Marking, and 

• Results . 

The classes 

Sixth form: There were four sixth form classes- 6S, 6M, 6P and 6R. 6S consisted of students 

of high ability, whereas the other three classes were of students with moderate ability. 6S and 

6M were the classes involved in this research. 

Third form: Michael took the initiative to give the two classes of the third form he taught a 

common test after finishing a topic or a number of topics. These two classes were 3Ml and 

3M2. 3Ml consisted of students with high ability and was the class involved in this research. 

285 
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PROBLEM SOLVING? 286 

Since 6S and 3Ml consisted of students of high ability, we expected these students to do well 

in any comparison. So, we decided to adjust this analysis of the performance of the 

participating students to the means of the pre-test of the classes. This would offset any effect 

due to the ability of the students. 

The questions 

There were four sixth form teachers, each teaching one class of mathematics. The questions 

for each common test were prepared by a different teacher, who was chosen at the beginning 

of the year when the mathematics program was formulated. A common test for a topic was 

intended to cover the curriculum content of the topic. It included straightforward skill 

questions, word problems based on the curriculum content and some problem-solving 

problems. Examples of these questions and problems are given below. As issues such as the 

number of questions, the style of the questions, the time allowed and the total marks for a test 

were decided by the teacher responsible for preparing the test, the nature of the questions 

naturally depended on the teacher. For instance, test 8, which was given for the topic 

"calculus" was prepared by a teacher who was not involved in this research. All the questions 

for this test were practically straightforward skill questions. A participating teacher in this 

research prepared test 9 for the topic "integration". The questions for this test included all the 

three different types mentioned above. 

For the third form, the same issues such as the number of questions, the style of the questions, 

the time allowed and the total marks for a test arose. Since Michael was the only teacher 

teaching the two third form classes involved in this analysis, he decided all the issues when 

preparing a common test for the two classes. The questions for each common test for both the 

sixth form and the third form can be found in Appendix I. 

Skill questions 

1. Solve the equation (x + 3)2 = 11, correct to 2 decimal places. 

2. The following data gives the maths test marks for 16 students; 

54 

55 

48 

59 

32 

48 

58 

37 

63 

61 

24 

82 

88 

30 

Display this information in a stem and leaf diagram. 

42 

48 
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PROBLEM SOLVING? 287 

3. Change to radians leaving 1t in your answer. 

(a) 120° (b) 225° 

Word problems 

1. A form 6 student calculated that after 4 common tests his average mark was 63 %. What 

must he score in his next common test if he is to lift his average up to 65 % ? 

2. Inflation has been running at 8% per annum for a number of years in a certain country. 

Wages in this country have been keeping pace with inflation (8%) and at the end of one 

year the average weekly wage is $165.00. 

(a) Find the average weekly wage at the end of 2 years and at the end of 3 years. 

(b) Show that these wages represent a geometric series, i.e., find a value for r. 

(c) Write down a formula that would give the average weekly wage after t years. 

(d) Find the average weekly wage after 17 years. 

(e) By solving an equation, find when the average weekly wage will first break $1000. 

(f) How much would a person on the average weekly wage have earned in total over the 

first 15 years. (Assume they get paid for 52 weeks a year.) 

Problem Solving 

1. A farmer is about to build two holding paddocks alongside a dense hedge - one for sheep, 

the other for cattle, as shown in the diagram. He only has 360 metres of fencing but wants 

to enclose the maximum possible area. 

hedge 

X X ] 

I\. B 

(a) If the width of the paddocks is x m, what is the length of AB? 

(b) Write down an expression for the total area of the two holding paddocks in terms of x. 

(c) Find the value of x for which the area is a maximum and find the maximum area in 

hectares. 



• i-

I '°' 

1, 

., .A 

PROBLEM SOLVING? 288 

2. A tightrope walker walks along a cable suspended high above the ground. Unfortunately 

he has dropped his balancing pole and is unable to move backwards or forwards - he is 

stuck! The extension ladder on a fire engine is used to rescue him. To help "model" this 

situation, x and y axes are drawn as shown, and the tightrope is represented by a straight 

line . 

(a) Find the length of the tightrope (or cable) that stretches from the tree to the opposite 

cliff. Show your working (ignore the cable used to attach the rope at either end). 

(b) The point of no return for the tightrope walker is halfway along the tightrope. Using 

the axes given, what are the coordinates of the midpoint? 

(c) While standing at the point of no return the fire crew hand up the balancing pole. The 

tightrope walker holds it at a point one metre above his feet and at right angles to the 

cable. Find the equation of the line representing the balancing pole. 

Marking 

The marks for each question were given with the question. Before each test, the teachers 

solved the questions themselves and divided the marks among important components of the 

solution such as the procedure and the answer of a question. The mark sheet of one of the tests 

is included in the Appendix II. 
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The teacher teaching a class marked the test for that class and no attempt was made to verify 

and check the results obtained. One of the participating teachers for this research related a 

dilemma faced by him when allocating marks to his students on some questions prepared by 

the teachers not involved with this research. For instance, question 5 of test 8 prepared by a 

teacher not involved in this research is as follows: 

Given the function y = (x + 4)(x - 2)2 
3 = X - J2x +J6 

( a) Calculate the coordinates of the turning points of this function. 

(b) Calculate d2y!dx,2, and state the nature of the turning point. 

( c) Find the coordinates of the x and y intercepts. 

(d) Neatly sketch the graph ofthisfunction, showing all features. [11 marks] 

This teacher stressed using the second derivative as the method required to determine the 

nature of a turning point, whereas the two teachers who participated in this research allowed 

students to use their own methods, such as the change in sign of the first derivative or the 

reasoning from the graph of the function. In other words, many of the students involved with 

this research used other arguments to determine the nature of the turning point instead of 

using the values of the second derivative. Even though these students did not follow the 

requirements of the question, the participating teachers awarded full marks to their students 

for 5 (b). 

Results 

We were fortunate in having available to us not only the marks of all the common tests after 

this research commenced (from Test 5 on for both sixth form and third form), but also the 

marks of all the common tests given before it. The following figure contains the marks of all 

the common tests for students of the four sixth form classes and the two third form classes. 

Class: 6S; Size: 26 

Std 

1 

Tl 

97 

T2 T3 

100 93 

T4 

89 

T5 

89 

MYR T6 

91 98 

n 

97 

T8 

97 

T9 EYR 

100 85 
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2 100 100 93 92 97 96 83 100 89 97 96 
L 3 92 91 88 81 86 73 88 94 97 97 93 

4 ,, 97 88 73 75 80 83 55 97 100 79 73 ,, 
5 97 100 98 89 91 96 93 100 100 97 93 
6 92 97 30 72 83 62 abs 100 86 84 65 
7 89 84 73 75 97 91 65 94 92 89 83 
8 76 59 abs 72 66 61 43 85 50 79 69 
9 76 88 70 64 83 67 73 97 92 84 80 
10 78 69 70 81 89 73 50 82 81 84 64 
11 89 78 48 78 83 81 58 82 86 97 76 

., 12 95 91 58 89 94 89 65 94 61 66 74 
13 78 88 88 75 97 84 80 94 97 95 79 
14 95 75 78 94 94 82 83 94 86 100 90 
15 100 100 98 92 100 99 95 97 100 97 95 
16 84 78 98 81 77 89 68 97 92 97 73 
17 92 94 85 86 89 90 80 91 97 97 82 
18 97 97 80 67 91 90 50 88 89 87 85 
19 86 72 73 56 91 61 68 97 78 87 72 
20 84 94 90 81 80 90 80 97 97 89 86 
21 100 100 98 86 100 98 95 100 100 100 90 
22 84 88 83 83 89 87 78 85 94 95 85 

-, 23 97 94 95 94 97 94 90 97 97 97 97 
24 95 100 85 83 91 94 83 97 97 92 90 
25 100 97 95 86 89 96 98 100 100 97 97 
26 89 94 53 75 83 86 50 91 89 68 66 

Class: 6M; Size: 22 

Std Tl T2 T3 T4 TS MYR T6 T7 TS T9 EYR 

1 51 69 42 61 63 50 45 76 61 abs 47 
2 32 38 28 86 74 

. -' 
50 63 73 44 76 45 

3 62 53 73 78 74 45 38 70 44 66 64 
4 62 53 62 67 63 59 38 97 56 58 47 
5 76 53 48 72 60 55 15 76 6 21 48 
6 95 97 95 78 97 91 83 97 97 95 88 
7 73 56 55 83 89 66 58 97 39 68 78 
8 73 56 55 75 46 47 35 91 42 58 47 
9 92 94 88 78 83 88 75 97 100 95 93 
10 86 97 80 89 83 89 80 97 89 97 95 
11 86 81 48 86 89 67 0 76 67 84 75 
12 86 66 62 72 abs 70 63 88 67 76 70 
13 86 88 53 89 69 73 35 79 58 84 62 
14 78 94 98 58 97 84 95 100 97 100 92 
15 57 72 60 61 57 60 53 82 14 76 45 
16 76 56 53 72 66 abs 40 100 56 71 47 
17 54 59 53 58 63 52 0 52 3 11 39 
18 38 72 50 78 77 64 30 85 22 84 57 
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19 62 59 48 67 66 56 30 58 67 32 59 
20 57 59 abs 58 abs 45 45 61 28 47 33 
21 abs abs abs abs abs 37 0 76 28 abs 33 
22 abs abs abs abs abs abs abs 91 100 95 68 

Class: 6P; Size: 21 

Std Tl T2 T3 T4 T5 MYR T6 T7 TS T9 EYR 
s· 

1 70 34 35 83 51 38 50 76 61 50 41 
2 81 84 83 94 63 70 60 91 89 95 78 
3 97 100 83 97 94 82 abs 97 97 92 81 

,. 4 95 84 63 81 60 67 58 94 47 61 63 
5 76 84 45 83 74 73 50 85 83 84 54 
6 62 62 50 78 66 44 48 82 81 76 43 
7 76 22 73 58 29 29 18 43 53 55 31 

' 8 68 54 70 58 77 63 50 91 50 55 49 
9 81 84 20 89 86 86 63 76 83 79 64 
10 59 34 48 53 77 55 40 67 25 55 46 
11 59 34 38 83 86 46 48 73 72 39 55 

\' 12 57 56 38 83 77 42 35 48 33 53 46 
13 76 94 78 100 94 78 75 94 97 97 81 
14 76 81 45 67 80 65 30 82 81 74 55 
15 62 31 28 72 23 34 23 43 42 13 22 
16 49 56 35 25 80 0 0 76 0 0 61 

-!, 17 65 75 abs 83 80 51 abs 88 61 71 39 
, .. 18 57 44 28 56 63 33 45 39 42 50 39 

19 86 84 38 72 34 68 60 64 78 87 65 
20 62 31 0 78 80 55 50 24 42 0 39 
21 81 75 63 92 57 66 63 73 94 71 79 

Class: 6R; Size: 22 
' f, 

Std Tl T2 T3 T4 TS MYR T6 T7 TS T9 EYR 

1 73 72 50 0 49 70 53 88 56 55 57 
2 86 91 98 94 89 86 53 94 89 97 79 
3 78 94 93 92 77 92 83 100 89 97 85 
4 97 94 88 83 89 88 90 94 92 89 85 
5 84 72 78 69 83 81 63 91 78 84 65 
6 59 72 78 72 80 80 58 82 89 76 73 
7 41 56 42 78 66 39 55 76 48 71 36 
8 51 72 73 64 74 63 abs 85 44 39 41 
9 81 66 33 47 83 55 40 70 45 58 58 
10 35 38 38 56 89 45 38 30 10 55 48 
11 43 75 60 78 46 56 30 82 69 74 52 
12 68 78 55 78 54 63 48 82 64 82 61 
13 16 62 0 64 abs 38 0 67 39 34 30 
14 97 100 98 83 97 91 95 97 100 97 95 
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15 51 75 60 67 60 53 35 70 61 58 35 
.__ 16 54 66 33 61 80 59 65 85 83 97 66 

17 41 49 18 48 43 abs 35 55 47 63 30 
l, 18 21 0 0 45 17 56 45 94 64 55 45 

"' 19 46 53 15 45 26 37 20 61 44 29 32 
20 57 81 58 78 77 70 35 73 67 79 62 
21 30 69 53 69 66 66 43 73 48 45 63 

,;I 

22 84 97 83 89 97 87 78 100 92 97 85 

"' Class: 3Ml; Size: 31 

Std Tl T2 T3 T4 MYR T5 T6 EYR 
" 

1 88 88 61 82 81 80 abs 90 
,,_ 2 65 81 57 73 64 63 abs 65 

3 78 88 57 59 70 83 abs 79 
4 90 92 64 77 79 83 95 80 

~- 5 73 85 64 68 70 60 95 80 
6 90 85 64 82 82 80 85 75 
7 45 62 21 73 65 31 75 66 

t/ 
8 75 85 43 59 74 66 75 60 
9 70 81 32 73 59 34 85 63 
10 90 100 54 64 71 66 65 78 
11 

,I 
60 58 abs 32 46 40 80 63 

12 95 81 68 64 76 69 90 79 
13 73 77 61 64 66 63 75 77 

'I' 14 83 88 71 95 91 66 95 89 
15 80 69 54 41 58 71 65 73 
16 83 88 64 86 63 80 90 73 

l>s 17 80 73 75 95 82 71 abs 81 
18 83 81 71 86 73 57 abs 71 

.J., 19 75 58 46 77 65 66 abs 64 
20 83 50 71 59 71 71 85 61 
21 80 77 50 50 68 80 abs 66 

' 22 95 88 71 95 81 abs 70 70 
\ 23 88 81 64 68 88 77 95 80 

24 83 77 64 77 84 71 95 88 
cj 

25 75 50 64 73 61 86 65 64 
26 95 85 79 82 85 74 abs 82 

!\' 27 73 54 64 41 68 40 80 70 
28 90 88 50 68 abs 80 95 80 

' 29 93 88 61 41 71 54 90 75 .., 
30 95 88 61 77 84 97 100 92 
31 90 92 75 91 90 83 100 82 

Class: 3M2; Size: 30 

Std Tl T2 T3 T4 MYR T5 T6 EYR 
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1 55 65 abs 82 56 14 35 53 
/ _ 2 48 62 39 36 22 57 abs 29 

3 48 65 46 59 51 17 65 44 
4 83 65 64 77 61 40 60 53 
5 40 54 25 50 36 20 45 42 
6 70 85 68 82 64 17 55 61 
7 85 81 68 91 83 77 abs 76 
8 88 85 75 73 76 63 60 69 
9 68 69 57 41 59 34 65 58 
10 68 65 61 55 50 60 25 44 
11 33 62 25 23 41 46 75 35 
12 38 81 36 86 59 46 70 54 

\- 13 78 73 46 73 64 63 60 51 
14 90 85 75 73 79 54 85 66 
15 70 73 29 77 44 40 80 27 
16 35 81 64 73 66 29 80 51 
17 58 81 61 73 64 57 70 61 
18 75 92 61 73 72 26 85 71 

,< 19 65 92 36 68 65 80 85 62 
20 65 62 32 45 56 23 70 50 

\' 21 78 81 50 77 68 74 90 68 
22 75 77 50 73 57 26 50 41 
23 30 54 43 23 37 10 55 36 
24 50 69 54 86 58 34 50 44 

I; 

25 58 54 46 45 54 34 60 42 
26 63 77 61 68 45 66 55 58 

I 27 48 35 46 45 42 23 65 44 
28 55 81 32 68 63 54 65 53 
29 98 81 46 82 64 66 90 71 

(, 30 abs abs abs abs abs abs 60 40 

{, 
Keys: Std: Student 

T: Test 
MYR: Mid-year exam 

1, EYR: End-year exam 
abs: Absent 

Table 19 
Marks of the common tests. 

An analysis of covariance was performed on these marks, with help from Dr David Fletcher. 

The average marks for Test 1 to Test 4 for both forms were considered as the mean marks for 

the pre-test. Whereas the average marks of Test 5 to Test 9 for the sixth form and Test 5 and 

Test 6 for the third form were considered as the mean marks for the post-test. There are two 

points to note before going into the details of this analysis. First, there were two students from 
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the sixth form (Student no. 21 and 22 from class 6M) and one student from the third form 

(Student no. 30 from class 3M2) who did not attend any of the common tests before this 

research commenced. They were excluded from this analysis. Second, as mentioned above 
286 

(seep. JH), the mean, whether it is the mean difference of the post- and pre-tests (Post-pre) 

or the mean of the post-test for a class, was adjusted to the mean of the pre-test for the class. 

This is essential to offset any effect from variables such as one class having students of higher 

ability in mathematics than students of another class . 

Sixth form 

The p-values of both the mean difference between the post- and pre-tests and the mean of the 

post-test are 0.9577. Since all the p-values are greater than 0.05, there is no evidence of an 

effect by problem solving on the performance of the participating students. However, there is 

some evidence of differences in the performance of students between classes from Figure 11. 

The class 6S had an average adjusted mean gain of 4.52. This result was significant at the 

95% confidence interval. 6R had an adjusted mean improvement of 2.91 and 6P and 6M had 

an adjusted mean loss of 2.99 and 3.97 respectively. None of these three results were 

statistically significant (at the 95% confidence interval). 
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Figure 11 

Post-pre tests for 6th form. 
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The results of the analysis of the marks of the two classes of the sixth form are shown in 

Figure 12 and Figure 13. The vertical axis represents the change in the mean mark of the post

test over that of the pre-test, whereas the horizontal axis is the mean mark of the pre-test. For 

instance, the dot at approximately (80, + 7) on the graph 6S means that a student scoring 80 

for the pre-test, scored 87 for the post-test. 

I 

I 

I 

6S 

20.0 ~·························································· .................................................................................................................. . 

15 .0 • 

• 
10.0 

• 
5.0 

0 .0 

6,.0 70.0 

.5 .0 
• -4 .4 

-1 0 .0 

• • 

75.0 + 80.0 + 85.0 90.0 

+ -4.3 

+ -7.3 

Figure 12 

Analysis of marks for 6S. 

95.0 1 OD .0 

+ -3.1 

The solid lines are lines of best fit for the graphs. As most of the students scoring between 70 

and 85 marks for the mean of the pre-test for the class 6S improved more significantly than 
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those scoring higher than 85, the line for the graph 6S has a negative gradient. This makes 

sense because students scoring high marks have little room for improvement and have a 

higher risk of slipping back. The solid line for the graph 6M (see Figure 13 below) has a 

positive gradient because more than half of the students who scored between 55 and 80 

slipped back more significantly (more than 5 marks) than those who improved. This 

concerned us. The marks for the nine students (Students No. 3, 5, 8, 11, 13. 15, 17, 19 and 20) 

who slipped back were as follow: 

6M 

20 .0 _,.................................................................... . ....................................... , 

1 5 .0 

1 0 .0 

5.0 • 
• 

0.0 + • • 
4~.0 5 0 .0 

.5 .0 -
-1 0 .0 

6 0 .0 7 0 .0 

+ -6.1 

+-8.4 +-8.1 

+ -10.4 

+ -12.8 

• 

~ 

+ -12.1 

-1 5 .0 
+ -14.0 

-2 0 .0 

-2 5 .0 

-3 0 .0 

-3 5 .0 

+ -26.7 

+ -30.2 

Figure 13 

Analysis of marks for 6M. 
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Std Tl T2 T3 T4 Mean T5 T6 T7 T8 T9 Post-pre 

3 62 53 73 78 66.5 74 38 70 44 66 -8.1 
5 76 53 48 72 62.3 60 15 76 6 21 -26.7 
8 73 56 55 75 64.8 46 35 91 42 58 -10.4 
11 86 81 48 86 75.3 89 0 76 67 84 -12.1 
13 86 88 53 89 79 69 35 79 58 84 -14.0 
15 57 72 60 61 62.5 57 53 82 14 76 -6.1 
17 54 59 53 58 56 63 0 52 3 11 -30.2 
19 62 59 48 67 59 66 30 58 67 32 -8.4 
20 57 59 abs 58 58 abs 45 61 28 47 -12.8 

The poor marks for T6, T8 and T9 affected the means of the post-test of these students. We 

found that 

(a) Student 3 was sick and missed a number of the lessons prior to test 6. 

(b) Student 5 was a seventh former. He took up this subject to fill up his time in the 

school and he was not serious in his work. 

( c) Students 11, 15, 17, 19 and 20 were absent from a number of the lessons prior to these 

tests without consent from the school. 

(d) Students 11 and 17 scored O marks for test 6 because they did not attend this test. 

(e) Student 8 did poorly for tests 5, 6 and 8 because he did not prepare well for these tests. 

However, since the 95% confidence interval includes O for each of the three classes 6R, 6P 

and 9M (see Figure 11, p. ti{i, there is also no significant negative effect on the performance 

of the participating students due to problem solving. 

Third form 

The p-values of the difference between the means of the post- and pre-tests and the post-test 

are each equal to 0. Since the p-values are less than 0.05, there is a clear evidence of a 

difference between the two classes. The results of the analysis of the marks for the two classes 

of third formers are shown in figure 14 (see next page). The class 3Ml had an average 

adjusted gain of 4.4 and 3M2 had an average adjusted loss of 10.71. These results are 

statistically significance at the 95 % confidence interval. 

,------~- --------· 
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Post-Pre 

O+ I 4 --l--

: f~;,, 
3M 2 

-4 

-6 

-8 

-1 0 

-1 2 I 
-1 4 

Figure14 

Post-pre tests for 3Ml and 3M2. 

Again the means of the differences between the pre-test and post-test are plotted against the 

mean of their pre-test (see Figure 15 on next page). The dot at approximately (75, +10) shows 

that this student in the class 3Ml scored 7 5 for the mean of the pre-test and 85 for the mean of 

the post-test. Whereas the dot at approximately (77, -10) shows that this student scored 77 for 

the mean of the pre-test and 67 for the mean of the post-test. The solid line has a negative 

gradient. This is again due to the fact that students who have the potential for gain are the low 

achievers. Students who have high scores have little room for improvement compared to those 

who have low scores. There were five students scoring above 75 for the mean of the pre-test, 

who slipped back significantly. The marks for these students were as follows: 

Std Tl T2 T3 T4 Mean T5 T6 Mean 

2 65 81 57 73 69 63 abs -6.0 
10 90 100 54 64 77 66 65 -11.5 
17 80 73 75 95 80.8 71 abs -9.8 
18 83 81 71 86 80.3 57 abs -23.3 
22 95 88 71 95 87.3 abs 70 -17.3 
26 95 85 79 82 85.3 74 abs -11.3 

·----------------------
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Apart from student 10 who slipped back for some unknown reason, the other students had low 

means for their post-test because they were absent from one of the common tests given after 

the research commenced. These students, especially students 17, 18 and 26 could have higher 

means for their post-test if they got higher marks for T6, as most students did. 

3M1 

20,0 -,-------------------------------, 

• 
15 ,0 • 

• • .. 
1 0,0 • 

5.0 

0 ,0 

91:l-O 

·5.0 • .. 
+ -6.0 

·10.0 + ·9,8 
+·11.5 +·11.3 

·15.0 

+ -17 . 

·20 .0 

+ ·23.3 
·25.0 

Figure 15 

Analysis of marks for 3Ml. 

Discussion 

As mentioned above, there is no evidence of an effect of problem solving on the performance 

of the participating students from the sixth form. This is probably due to the following: 

·--------·-··-··-----------~------~--- -------·-···--·----------------·--·----------
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First, the participating students from the sixth form were taught mathematics traditionally for 

more than three years. They were used to examples, notes and exercises. It took some time for 

them to get used to problem solving. One of the students interviewed said that 

'Usually [the teacher] gave us the notes first and we get to do the problems 

afterwards. [Now J we go to the problem first and then we would get to know it, 

then [ the teacher J would give us the notes. . . . the teacher just gives you the 

problem and he sort of doesn't really help you at the start when we are doing it 

and he just expects us to do it. And the only way is to look at the question and try 

for a long time. And that sometimes can be really frustrating. And we're thinking, 

oh why didn't he give us the notes.' 

This is consistent with the view of Schwartz (1994) who says that 

'It is difficult for students well into a school career in which mathematics has 

been an endless series of incompletely understood calculations and manipulation 

ceremonies to shift gears and to exercise in class their curiosity and inventiveness 

... to imagine mathematics classes in which mathematics is discovered rather than 

covered.' (p. 6) 

It is possible that if this program is to continue into the new academic year, there will be a 

significant improvement in the performance of these students. The findings of Holton, 

Thomas, Spicer and Young (1996) supports this. 

'Teachers should not expect students to be able to pick up "problem solving" in a 

lesson or even a term. No significant progress was made by the secondary 

students in our project over the 6 week period in which we observed them. The 

same is true for the intermediate students over a term ... For the primary 

students, it took a term of introductory lessons before they seemed to apply 

problem solving techniques naturally .. .' (Holton, Thomas, Spicer & Young, 

1996, p. 157) 
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Second, the participating teachers were in the same boat as the students. It was only from the 

month of August, three months after this research commenced, when the teachers started to 

show signs of confidence in using problem solving as an approach to the teaching and 

learning of mathematics. By then, there were only three months left for this research. Their 

students sensed this lack of confidence from their teachers at the beginning of this research. 

One of the students said 

'[Problem solving] depends whether the teacher is used to that method. If they're 

not used to that method, obviously it will be quite different. [Otherwise] it has 

obvious advantages.' 

Third, the participating teachers, especially at the beginning of this research, did not actually 

teach a whole mathematics topic through problem solving. As mentioned in the chapter on 

methodology, the researcher could only manage to be in each of the participating class for two 

lessons per week. It seemed that the teachers often went back to traditional teaching to make 

up what they were unable to cover as planned during the other two lessons. This is confirmed 

by one of the interviewed students who said that 

' ... so often if we were getting behind and there was a test coming up, often [ the 

teacher] would go back to teaching the traditional method. And often I felt that 

when we were getting somewhere in the problem solving when we got to the end 

he would start teaching us the traditional method again. So we didn't take it to the 

conclusion. ' 

Fourth there was inconsistency in the nature of questions being prepared for the common 

tests. As mentioned in the section under marking (see p. 288, 289), not only did the 

participating teachers face a dilemma in awarding marks to their students for questions such 

as 5(b) of test 8, those questions did not test any problem-solving skill acquired by the 

participating students. 

Last, but not least, the common tests for the pre and post-tests did not tackle the same topics. 

In other words, each test was meant to evaluate the performance of the students for the topic 
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being taught at the moment, and not any topic taught before that. Ideally, the students should 

be given the same questions for the pre and post-tests. As this research followed the 

mathematics program of the school, the researcher tried his best not to impose any change on 

the program. This is consistent with Schwartz (1994) who says that any new idea that wishes 

to find its way into school mathematics 'should appear to augment, rather than replace' (p. 4). 

During a discussion on the analysis of the results for the sixth form classes, one of the 

teachers said 

'I am sure that a problem solving approach has definitely not disadvantaged the 

learning of students and I am confident that it enhances their involvement and 

understanding ... [Besides the reasons we discussed], there were many other 

factors which affected the performance of these students such as their attitudes, 

their overall motivation and their involvement in other school activities and 

sports ... And there were many such activities in the second half of the year. When 

the students were away for a few days or a week for these activities, they would 

miss a number of lessons which would affect their performance in the tests . ... 

Furthermore, there were many other issues such as students' skills in writing 

their own notes, working in groups, explaining and justifying their solutions 

which we emphasized in problem solving lessons, were not being assessed.' 

For the third form, there is a clear evidence of a difference in performance of the two classes. 

We can probably attribute this to the following reasons: 

First, these students, who were in their first year at this school, were very positive about 

problem solving from the beginning of the research. One of the students said that 

'My scores probably haven't been too much better, but I understand things better 

now. And it gives me those extra marks that I needed. And I'm enjoying it more 

than I used to. And I guess that's what counts really . ... I understand it and I think 

that's the main point of it. I know how to do it and even if I don't get the final 

answer right, I still know how to do it. Hopefully I just go back over it and this 
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year's given me the confidence to perhaps work a bit harder and bump up the 

marks in those exams. ' 

They worked well in groups. When one of the students was asked to comment on group work, 

he said that 

'It's good having [Peter to work with] because Peter and me get on pretty well. 

So, it's good because we can just talk to each other and we know what we are 

trying to explain.' 

Second, the teacher was using problem solving to teach mathematics to this class (3Ml) well 

before the research commenced for the third form. He said that 

'I am using what I learned from problem solving to teach this class. It's probably 

a good idea to extend our work to this class as it might be a better approach to 

teach junior classes.' 

Third, the teacher had a much more relaxed schedule to follow for the third form. 

Furthermore, the students did not have to sit for a public examination. So, he could afford to 

allow students to spend more time searching for their own solutions. Indeed, the teacher 

practically taught every lesson of mathematics for this class through problem solving. 

Last, but not least, as mentioned above, Michael was the only teacher deciding on issues such 

as the number of questions, the style of questions, the marking and so on for the common 

tests. So there was more consistency on these issues across all the common tests. 

Chapter summary 

Even though the analysis of covariance of the results of the common tests showed no obvious 

difference in performance of the sixth form students, there was no evidence showing that 

problem solving was detrimental to their mathematical learning. In fact, the qualitative 

analyses of the taped lessons, which were reported in Chapter Eight, Nine and Ten showed 
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that problem solving benefited both the participating teachers and students. It was the positive 

interactions of these lessons rather than the results of the common tests that spurred the 

participating teachers on to emphasizing problem solving. The students had a better 

understanding on the mathematical concepts taught through problem solving and had 

improved in their ability to work in groups and to explain and justify their solutions to others. 

We believe that there would be a significant improvement in the performance of these sixth 

form students if the program was conducted for a longer time and they were given the pre and 

post-tests that could evaluate the impact of problem solving on their mathematical learning. 
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CHAPTER TWELVE 

Conclusions 

The purpose of this research was to investigate the use of problem solving as an approach to 

the teaching and learning of different topics of secondary school mathematics. We explored 

how the participating teachers learned to teach mathematics effectively through problem 

solving by examining the assistance required by them at the beginning of this research and the 

changes acquired by them through discussions and learning from the classroom outcomes. We 

also examined the interaction between students during group work that were productive to 

their mathematical learning and how the participating teachers capitalized on these outcomes 

of group work to realize the educational aims of problem-solving lessons. This chapter 

consists of three sections. The first section contributes a summary of the research findings as 

they relate to the research questions and a brief discussion on educational change. This is 

followed by a brief discussion on the limitations of this research. The chapter concludes with 

suggestions for future research. 

1 

Key findings 

How do teachers learn to teach mathematics effectively using a problem-solving 

approach? 

In this research, we identified the dependence of students' learning on the three aspects of 

'activity', 'interaction' and 'classroom context'. 

By activity, we meant the problems posed to the students in a lesson. These problems were 

often divided into sub-problems. They were working on the same sub-problem at the same 

time in a lesson, which would take about fifteen minutes for the class to go through the three 

stages of a lesson plan proposed by Holton, Neyland and Anderson (1997) - whole class 

discussion, group work and reporting back. 

305 
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This research found that the participating teachers needed assistance in formulating rich 

problems at the beginning of this research, which 

(1) are challenging and extendible, 

(2) do not restrict students searching in other directions, 

(3) promote discussion and communication and 

(4) use the correct words. 

These teachers are very experienced in teaching mathematics. Clearly, they have all the 

mathematical knowledge and pedagogical skills required in formulating rich problems for 

problem-solving lessons. It was the feeling that they needed to be in control of the class and 

that it would take them a longer time to cover a concept by problem solving that led them to 

formulate problems with the methods given. Such problems would not promote active 

discussions between students on the methods to solve the problems, other than exchanges to 

check their answers. Furthermore, the teachers were not aware of some of the consequences 

of what they had done in a lesson. These were: 

(1) a wrong use of words in a problem leading to wrong formulations by students, 

which defeated the purpose of the problem, and 

(2) the problem could be extended for new learning based on the students' solutions, 

which would cover the contents of the succeeding lessons. 

It was hard to implement problem solving in the classroom without the backing of other 

teaching strategies. Scaffolding was one of the strategies incorporated into this research. So, 

for interaction, we were considering the scaffolding provided by the teachers to the students 

during whole class discussions and group work. 

This research found that the participating teachers needed assistance in a few issues to provide 

scaffolding that was productive for the mathematical learning of their students at the 

beginning of this research. These were: 

( 1) students explaining and justifying their solutions, 
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(2) teachers assessing the understanding of the students before tendering their 

scaffolding, 

(3) students employing the suggestions or scaffolding from the teachers and 

(4) teachers taking into consideration students' perspectives. 

Students' responses were often confined to brief phrases or single disconnected sentences and 

the teachers then elaborated what they supposed their students might have meant. As the 

teachers did not assess the understanding of the students, the scaffolding tendered often could 

not satisfy the needs of the target students. Even though the scaffolding suited the target 

students, they still could not move on solving the problem when the teacher left because they 

did not employ the scaffolding or the suggestions made during the scaffolding process. 

Furthermore, the teachers were reluctant to take into consideration students' solutions. As a 

result, the scaffolding became an imposition of a method for solving a problem posed to the 

students by their teachers. 

The assistance that the participating teachers got would be 

(1) the discussion session before the research commenced, during which we discussed 

issues such as 'rich problems' and 'scaffolding techniques', 

(2) the one-day problem-solving workshop organized by the Otago Mathematics 

Teachers' Association, and 

(3) the informal discussions with the researcher during the lessons or after the lessons. 

As the research proceeded, the teachers became more sensitive to the happenings in the 

classroom. They improved greatly in formulating problems for their lessons, which satisfied 

the criteria for judging them to be rich proposed by Neyland (1994). The scaffolding tendered 

by them was very productive for the mathematical learning of the target student. They 

overcame all the weaknesses in tendering scaffolding. 

We found that it was very important for the target student to employ the scaffolding or the 

suggestion during the scaffolding process. By doing so, the message would be conveyed 

successfully to him. If the suggestion was left to the student, either it was ignored by him as 
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he had his method to tackle the problem in hand or he still could not move on solving the 

problem because he could not recall the whole process. 

The teachers encountered numerous situations in problem-solving lessons that conflicted with 

their previous practice, but were very productive in the mathematical learning of their 

students. These situations and the informal discussions with the researcher to resolve the 

conflicts created a context for the teachers to learn. These brought about the continuous 

changes in teaching through problem solving by the teachers. As a result, they 

reconceptualized the features of the classroom context so that they were appropriate for a 

problem-solving approach to the teaching and learning of mathematics. These were: 

(1) the teaching and learning process of mathematics is a social process of negotiation 

rather than imposition, 

(2) group work is essential to implement problem solving in the classroom, and 

(3) they act as facilitators in the development of the students' mathematical 

constructions rather than the sole source of mathematical knowledge. 

In summary, the above findings support the views of many educators that the areas of 

professional judgement about teaching approaches or strategies are best left to teachers. This 

research illustrates that the classroom was one of the best learning sites for the participating 

teachers in teaching through problem solving. However, keeping them informed on current 

theories, ideas and research findings enhanced the process of change. Hence the participating 

teachers were able to overcome all their weaknesses and teach effectively through problem 

solving. 

2 How should students interact during group work in problem-solving lessons so 

that the educational aims of teachers can be realized? 

Students had the potential to tender help to their group-mates as they could understand better 

where their group-mates went wrong or where they did not understand during group work. 

Furthermore, they often tried to formulate help in new or different ways so that the messages 

were successfully communicated to their group-mates. Even though they often communicated 

··---·····-------· ------------- --------·--·---· ···-
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m incomplete sentences, the apprehension of meaning by the target students was often 

possible because, either they were 'well tuned' into each others' problem-solving processes or 

the communication was aided by non-verbal means such as gestures or pointing to diagrams. 

This research found that the help that is productive to the mathematical learning of a target 

student is one that is 

(1) relevant to the misunderstanding or the lack of understanding of the target student, 

(2) elaborated at a level which corresponds to the level of help needed, 

(3) timely, and 

( 4) understood and employed by the target student. 

However, the helpers also benefited from tendering help to others as they often reorganized 

the material and explained in ways tailored to the needs of the target students. By doing so, 

they gained deeper understanding on the material. Apart from the above, the findings of this 

research also supported the reciprocal stimulation of questions and suggestions between 

students during group work, which enabled them to progress towards the solution of a 

problem. 

As the participating teachers found that group work was very productive in the mathematical 

learning of students, they employed group work as a strategy to implement problem solving in 

the classroom. 

The participating teachers capitalized on the outcomes of group work to realize their 

educational aims. They divided the problem of a lesson into sub-problems and it took about 

ten to fifteen minutes for students to tackle each sub-problem. By doing so, not only were the 

teachers able to give more opportunity to students to verbalize their thinking to others, they 

also managed to overcome off-task behaviour by students. As all solutions to every sub

problem were discussed actively after the reporting back stage, the students, as well as 

learning through their mistakes, noticed that there were choices of strategies to solve a 

problem and to decide themselves the best strategy for the problem in hand. During these 

discussions, the outcomes of group work were extended with new problems aiming either to 

--------------------·-·-·--- ----------· ·---~- ·-----·------
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overcome the misunderstanding or the lack of understanding of students or to produce new 

learning for students. New symbols and mathematical language were also introduced to 

students. On top of these, there was a summing up of this part of the lesson by the teachers. In 

other words, we extended the three-stage lesson plan proposed by Holton, Neyland and 

Anderson (1997) to a fourth stage. During this stage, 

(1) all the solutions were actively discussed, 

(2) the legitimacy of each solution was justified, 

(3) new symbols and mathematical language were introduced to students, 

(4) the sub-problem was extended with new problems, and 

(5) a summing up of this part of the lesson was done by the teachers. 

In summary, group work is a strategy that can help to implement problem solving in the 

classroom if the students are engaged in productive exchanges and the teachers capitalize on 

the outcomes of group work when devising instructions. 

Educational Change 

Reform recommendations on the mathematics curriculum had been carried out in many 

countries such as the United States and New Zealand since the late 1980s. Unfortunately, the 

changes in mathematics education in schools are still not promising. For instance, the two 

participating teachers were teaching new instructional material using the traditional method 

before this research. Stigler and Hiebert (1997) report that even though the vast majority of 

the teachers involved with their study were aware of the reform recommendations proposed 

by the Standards document (NCTM 1989), 'U.S. teachers are still emphasizing the acquisition 

and application of skills' (p. 13). These U.S. teachers had changed some features of their 

instruction, such as using real-world problems or cooperative learning. 

Teaching is a system composed of tightly connected features, which are rooted in 'deep

seated' beliefs of the teachers about the purpose of education, the nature of a subject, the way 

students learn and their role. That is why Fullan (1991) says that educational change is 

multidimensional. It involves instructional material, teaching approaches and the beliefs of the 
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implementers. Attempts to change based on one of the dimensions is a minor change at best. 

Ahmed (1987) shares this view with Pullan (seep. 164). 

In this research, the participating teachers were confronted with numerous situations that 

conflicted with their previous practice, while teaching through problem solving. The 

researcher acted as an outside agent facilitating the resolving of these conflicts and dilemmas 

through numerous discussions. As such, the teachers were able to capitalize on the classroom 

outcomes for a better approach to teach new instmctional material. These actions, in tum, 

motivated them to reconsider their beliefs and assumptions for mathematics education. In 

other words, the findings of this research confirm that the use of ,new instructional material 

coupled with developing new teaching skills and understanding conceptually what and why 

something should be done and to what end, will bring about a radical change. 

Teachers, as a group at grassroots level to the implementation of a reform have less 

opportunity to come into contact with new ideas and research findings, and less time and 

energy to follow through the reform. Therefore, it is appropriate to provide continuous 

support to them through programs such as in-service courses, seminars or workshops. 

------ ··--- ··--·------~--
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Limitations 

Firstly, the ability to generalize from the findings of this research is limited by the nature of 

the sample. As mentioned in the chapter on 'Methodology', the sample for this research 

consisted of two teachers, two sixth form classes and a third form class from a high school in 

Dunedin. The findings of this research cannot necessarily be applied to other schools or 

teachers as different schools have different contextual factors, even though they may have the 

same mathematics programs. 

Secondly, the common tests for the sixth form students were prepared by different teachers, 

which included those who did not participate in this research. Hence there was inconsistency 

in the nature of the questions being asked. Furthermore, many of the questions being prepared 

by the teachers who did not participate in this research did not test any problem-solving skill 

acquired by the participating students. As such, the scores by the participating students cannot 

reflect the success or failure of this research. 

Lastly, the obligations and expectations that the participating teachers and students attempted 

to fulfil in problem-solving lessons were assumed to be consistent across episodes for the data 

analysis, even though there were dramatic differences in the nature of interactions between 

them, both within and across lessons. For example, the structure of the lesson on Monday 

(11:20 - 12:20) was completely different to the lesson on Friday (14:20 - 15:20). The latter 

was direct instruction as it was the last lesson for a week. Both the teachers and the students 

felt tired after a week's work and were looking forward to the weekend for a break. 

-------~· -·-·-----·---~--·-- --------------------- -------~ 
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Suggestions for Further Research 

After the research, it is inevitable that areas of interest which were not envisaged during the 

design stage should arise. 

In this research we focused on different groups of students to study the nature of interaction 

that is productive to the mathematical learning of students. It may have been useful to focus 

on one or two groups and monitor their progress throughout the research. This may have shed 

some light on how factors such as students' 'Zones of Proximal Development' and their 

communication skills affect the students' participation within a group, which mediate their 

achievements and attitudes. 

The students worked in their own exercise books during group work. This seemed to be one 

of the factors which hindered discussion between students. There were many occasions when 

the communication between students during group work broke down because they were at 

different stages in the process of solving a problem. It may have been useful to ask one or two 

groups of students to work with a sheet of paper or with one exercise book, and monitor their 

progress. This may shed some light on whether or not the students in a group will often be on 

the same phase or very close in their mental operations when tackling a problem. 

Many teachers claim that it is hard to teach certain topics such as calculus through problem 

solving. So, another area for research is to investigate whether or not every mathematical 

topic can be taught through problem solving. 

>-----~-- --·--·--- ---------------- ~-----~--
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Common Tests: Sixth Form 

FORM 6 MATHEMATICS (Level 3). 
TEST 1 

1. Solve the equation (x + 3)2 = 11, correct to 2 decimal places. 

2. Simplify the expression; 
_j_ + _A_ 

2x x-2 

3. Solve for x and y; 2x - y = -3 
3y + X = 2 

4. Solve for x; 
( a) x....±..1 - X = 2x.Ll_ 

4 2 

(b) 3x2 - 12 = 0 

(c) 6x2 - x = 2 

APPENDIX I 

21/2/97 

(3 marks) 

(3 marks) 

(3 marks) 

(9 marks) 

5. (a) By finding the discriminant (ie b2 - 4ac), determine the nature of the roots of 2x2 + Bx - 3 = 0. 
(b) Calculate the solutions (if they exist) of; 3x2 + 16x - 6 = 0 to 2d.p. 

Recall: 

6. Write x2 + 12x - 3 in the form' (x + a)2 + b. 

7. Solve the quadratic inequality (2x + 1)(1 - x) > 0. 
Giaph the solution on a number line and express the solution in set builder notation. 

8. Expand (x - 3)(x - 1 )(x + 3). 

9. (a) Show that (x - 2) is a factor of p(x) = x3 - 6x2 - 4x + 24. 
(b) Using the above method (Factor theorem) or long division to find the other factors. 

(5 marks) 

(2 marks) 

(3 marks) 

(2 marks) 

(5 marks) 

10. The sides of a rectangle are x + 6 and x + 4. The area of this rectangle is twice that of a 
square of side x. Find the area of the rectangle. 

(3 marks) 

TEST TOTAL: 37 Marks 
NB: This test paper must be handed in with your solutions! 
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Form 6 common Test 2 - Functions & Graphing 
Qucslion 5 ':I 

/ 14(1/97 Thcp.raphisofr (X. !f I' 

Questions I to (i arc rvt11ltichnicc. 
For questions I lo 6, write dow11 the best answer. I. I Mark each I 

,, · · •Ix I 7 

The 1lt,mai11 of !Ill' f1111clin11 b I(. 
The ian~e uflhc- t11nc1i11n i~: 

--0 X 

1. (Mullichoice) The <linnram shows the ornph of 
a polynomial function p. Which is its equation? 

p (x) 

-2 
- 4. 

-z-.. 2 3 4 X 

(Al p(x) = ( 1 ·I xl(2 - x)(3 + x) 
(£ll p(x) c (x + l)(x - 2)(x + 3) 
(C) p(x) = (x - l)(x I 2l(x - 3) 
(D) p(x) = -(x I· l)(x - 2)(x + 3) 
(El p(x) = -lx - ll(x + 2)(.Y - 3) 

Quc\lic,n 1 
\\'hich rclnliou i~ '"'' n funclion·~ 

(a) R (h) x"' 0 (cl x ,• 2 (<I) y ,- J h'I )' '' 7 

Qucslinn 6 
The ~mph of g1.1·) ~ (x + 2)'(.r - 3) is: '"~:t. <'> toM . 

IC) 

For questions 7 - 11 consider the J"unction f (x) 

7. rind where the graph or f(x) cuts the x-axis. 

_ 4x+ 12 
- 2x-3-

(c) 
gli<l 

J •• 

,,, \fl. ,,,, *'· ,,, Q:ill (d) ((2,l).0.ll.t4.2)) tc) ,\' r. x' + 3x 8. rind where the graph or f(x) cuts the y-axis. 

[!) 

[I] 

[ 1] 

[I] 

[2] 

Question ) 

{ 

1 for ,. > ., 
f: t -• __ , ; 1 rl,1 , :,; J ~ i:r. hcs1 r~prcsc111cd hy 1hc giaph: 

(al 'f' fix) (h) -t llx) (c:) r fix) 
(d) ,}l(x) 

3 

"21--0 <2~/ ,/ 0-~ 21" / 

2 

2 X 2 X ./-1 
-I ."" -·1 

Q11cs1ion 1. 
If lhc broken curve rcprcscn1, 1hc graph of 1hc f11nc1ion f(x) = x'. 

1hc solid curve would hcsi rcprcscn1 lhc ~raph of the f11nc1ion: 

(a) g(t) = 2(x + ))' (h) gt.1) = ..!...1.1· + 3)' 
2 

(c) g(x) R 2(r - ])' 
I 

(d) r,(.1) = -2(x - W 

(cl ~I•) = 2x' + J 

f 
-,... _,.. 

~ ',-
..- 'I'- -

9. For whal value or x is lhc runc1ion u1u.lcl"incd'/ 

I 0. Wrile an equation for 1he horizontal asymplolc (the y-asymptotc). 

11. Draw a neat graph or f(x). show all key points. 

(ol t fix) 

~ '2 

DR/\ WA NEAT SKETCll OFTllE rOLLOWING RELATIONS, YOU 
DO NOT NEED TO USE GRAP!l PAPER, INDICATE SHAPE AND 
ANY AXIS INTERCEPTS. (lt is 1101 ncccssriry to plot points.) 

2 X ~ 7 X 
-· 1 ' 12. y = It -21 + I 

t r j' 13. Y = c, -2)' - 4 ,-
\ t. "' \ kl' ' 14. y = - fu4 ell ' 2 ' -

' I I' ., 0 
' , ·'· y ~ 3 -' , - - '> 

0 ---, • • 
rs1 I ,J, I _, 

'J, 

1-
Y. 

+

,-
~ 

~ :.. 
.. -, 

-,.. 
~ 

t· 

• 
,. 

"#. >--
r ?-

+ )- " "r· 
-- 1 ~. 

' ! 
I 

hugjo28p
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16. Dete1mine the centre and radius for the circle (x-1)2 + ( y+3)2 = 25 [2] 

1 7. Sketch the function y :,) 9 - x 2 

range using set builder notation 

and clearly state its domain and 

18. Given that y = 3x + 2 
4 

Find an equation for the inverse. 

19. Give the equation of the follmving piecewise function. 

--11;/ 
J X 

·3 

-2 

[2] 

[2] 

[2] 

l 20. Sketch a graph of the piecewise function 

,., .. 
/; 

.. 

"\ + 

•\ 

\ 
\ . 
i 

'\ 

;/ 

"" A 

'l 

"\ 

·1 

-3 

f (x) X 

-2x +4 

21. Sketch an odd function. 

X < -1 

-1 ~ X < 1 

l<x~2 

22. Give the equation of the following hyperbola. 

{

YA; 

' ' : 
' - . 
·:···;:-:- X 

' 

I 2 i t 

TOTAL 

[2] 

[l] 

[l] 

[32] 

..•; 

_,/./ 

··~--~-----



(1) 

(2) 

(3) 

(4) 

(5) 

( TC-"' T ::: ) 
6 Form Malhemalics Level 3 lncficies . Surds and Logarithms 

Simplify anrt express wilh positive indicies 
(a) a7 h2 (b) y ·3 ( 3x5) 

-ati-.r 

(a) Simplify 7J5 + 4"'5 - J5 
(h) Simplify vB + J1 B 

(c) x5-2a 

x·B 

(c) Remove brackets and simplify ( J7 - 1 ) ( J7 + 1 ) 
(d) Rationalise Iha denominator and simplify (i) __§_ 

(a) Write 128 = 2 7 in logarithmic form. 
(h) Evaluate lhe following (i) log 2 1 

Simplify J~g~ 
log 125 

(ii) log 2 16 
(iii) log 21 

4 

Express as the logarithm of a single number 
(a) log 9 + log 4 - 2 log 3 
(b) 3/2 log 4 • 112109 16 

,/J 
(ii) 2 

3+V2 

Total 40 

Pl 

[9] 

[4] 

[2] 

[4] 

(6) Shown below 1s lhe graph of y = 3 x 4,,,) " 
(a) Copy and then sketch the graph of the inverse of y = 3 x 
(h) Wrile the equation of the inverse of y = 3 x [2] 

(7) By rewriting lhe following as exponential statements, solve to fine! x. 
(a) log 4 x = 3 
(h) log 2 (3x + 1 ) = 5 [4) 

-:, r-
-T r 'JC ';: 

._ 
~ -,.-

"'t' -/" 

', 

,.. 
~ 

~ • 

(8) 

(9) 

(a) Solve for x correct to 2 d.p. given that 4 x = 20 
(b) If I invest $500 at 7% the amount of money I have after n 

years is given by 

A = 500 ( 1 . 07 ) n 

Find how long It will take to get $700 to the nearest year. (4] 

A flu epidemic is spreading at the rate of n = 10 t where n is the 
number of people with the flu after time t. 
(a) Copy and complete the table below correct to 2 d.p. 

(b) 
(c) 

(d) 

t 0 0.5 1 1.5 i 2 
n= 101 I 
log n I 

-

Write an equation linking t and log n. 
Suppose we wish to know when we could expect 200 
people to have caught the flu virus. 
Using n = 101 write and solve an equation to find this time. 
Explain why your equation is equivalent to solving 
t = log 200. [6] 

(10) Earthquakes can be measured by a logarithmic scale called the 
Richter scale which is given by the formula 

R = 0.67 log 1 o ( 0.37 E ) + 1.46 

where E is the energy released by the earthquake in kilowi3tt hours. 
Calculate the energy released by an earthquake measuring 5 
on the Richter scale. [2) 

Exponents. 

amxa"= am+n 

am+ a"= am-n 

Logarithms. 

- r-

---

.... 

1 f y = b" then log by = x 

log bx + logb y logbxy 

X 
log bx - logb y = logb y 

•••• ..... !. 

t· -. 
-r t-

:,. 
/C " 

(a"')" a amn 

(ab]m zo ambm 

a0 = 1 (a ,; 0) 

If y = e• then x = lny (= log, y) 

log bx 

log, X 

)a 

:og,b 
9, 

2,3026 X l09toX 

l--
'r 

-,

~ 

;i., 
"'d 
"'d 
rn 
'./, 
0 
~ 
,_,, , .., 
-1 
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6MAT3 COMMON TEST #4 • STATISTICS 2 / 5 / 97 

( 1) Tile following rlilta gives tile maths lost mnrks for 16 students; 
54 48 32 58 63 24 88 42 
55 59 48 37 61 82 30 48 

Display this information in a stem and teat diagram. 

(2) The heights of a sample of 50 pine trees were measured after one year of 
grow1h. The following results were obtained; 

lower quartile= 27.1 cm, median= 34.1cm, mean= 31.7cm, 
tallest tree= 42.2cm, range= 23.7cm, interquartile range= 11.3cm 

[2] 

(a) What type of data is this? [1] 
(b) Dmw a box and whisker plot to represent this data. [2] 

(3) The full set of data from question (2) above was grouped into a frequency 
table as shown below; 

.b_~)g~!J_g_f!!}_ ~~ency_ 
15 - 1 
20 - 5 
25 - 11 
30- 19 
35- 12 
40 - 45 2 

(a) Display this data as a histogram. [3] 
(b) Use your calculator to find the standard deviation and variance of 

this ctata. [2] 

(4) Two standard 6-sided dice were rolled together and the sum of the 
uppermost numbers found. The following results were obtained by 
performing this 20 times; 

5 8 8 6 11 10 3 7 8 6 
4 9 8 5 7 12 8 5 6 9 

Using the data above, calculate; 
(a) the median 
(b) the range 
(c) the mode 
(d) the lower quartile [4] 

... _.. 
..._ _,. ·-:, \- ;.-.-

J>-
4- r "-_.. .. y 

1- '-

NAME 

(5) A canoe polo team recorded the number of goals they scored each game 
for the season in the following table; 

no.o· · I ooats x treouencv, f x.f 
0 2 
1 3 
2 4 
3 6 
4 3 
5 0 
6 0 
7 2 
8 1 

(a) How many goals did the team score in total during the season? (1) 
(b) Calculate the average number of goals scored per game. [1) 
(c) Complete the rest of the table and use one of the following formulae 

to calculate the standard deviation, s. Show all working. [4] 

~ I(x - xf t ~ Ix2.f - (I~.f)

2 

S= n S= -

(6) The following scores were obtained by 7 students in a test; 
35 32 36 29 41 85 34 

(a) Calculate (i) the mean mark 
(ii) the median mark (2] 

(b) Explain which of your answers to (a) is the more suitable. to use 
for this data, and give a reason why. [1] 

(7) A form 6 student calculated that after 4 common tests his average mark 
was 63%. What must he score in his next common test if he is to lift his 
average up to 65%? [1] 

(8) The weights of 10 sixteen year-aids and their respective body fat 
measurements are given; 

weig~ 61 49 64 66 66 64 45 53 49 54 
body fat (%) 20 18 16 25 26 23 10 19 20 18 

(a) Plot a scatter diagram for this data. (Plot weight on x axis.) [2] 
(b) Comment on the relationship between weight and body fat. (1) 

P.T.O. for Question (9) 

·· .... 
·······-... ,. 

)., 
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ANS'1VER THIS QUESTION ON THIS SHEET 

A small dairy open 5 days a week (Mon - Fri) records the number of loaves of bread 
they sell each day for a period of 3 weeks. 

Wk1 M 
T 
w 
Th 
F 

Wk2 M 
T 
w 
Th 
F 

Wk3 M 
T 
w 
Th 
F 

no. of I s pt. moving 
loaves average 

21 
10 
12 
22 
33 
19 
11 
12 
27 
32 
22 
13 
14 
27 
34 

19.6 
19.2 
19.4 

(a) Graph this data on the axes provided below. 
(b) Describe clearly what this graph shows about 

(i) seasonal trends 

(ii) long term trends 

(c) Complete the 5 point moving average column on the table. 
(d) Explain the purpose of the moving average column in a time series problem. 

;·{ 
; 

; 1 ·:' ,·· ;-

!" 

i : 
i': 

I!, ... 
, Ii! 
: j, I: 

[3] 

[1] 

[i] 

[3] 
[1] 

. i.. 

I · 1 

I 

I 

I 

. i: i 
· 1 

I 

I•• 

[TOTAL MARKS : 36] 
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FORN _ 6 _ LEVEL 3 __ TEST_ ii 5_:-_ TRIGONOMETRY 

-.._ 
,.. 

16/5/97 

Change lo rac1ians leaving 11 tn your answer. 
(;I) 120· (h) 225" (2 marks) 

Change the following radian measures to c1egrees. 
(a) 511 (b) 2.5 

6 

Draw a triangle to show tan60° =13. 

Copy and complete the following table leaving all answers as exact values: 
. ____ o: __ 30·. __ 'l5"._60°_so~ 
sine ... _o___ 1 
cose_ 1_ o 
lane _0 _____ 1 ____ _ 

Evaluate the following leaving your answers as e)(acLvalue:.. 
(a) s1n225" (b) cos 411 

3 

C 

~16.2cm 

A~~dB 
25cm 

(a) Use the sine rule lo show !he angle ACB is 65.1 o• (2dp). 
(b) Use th,s result. and the cosine rule, to find the length of AC to 2dp. 
(c) Calculate the area of the triangle BCD. 

(2 marks) 

(2 marks) 

(3 marks) 

(2 marks) 

(7 marks) 

7. The Pac Man has a cliarncter of 1 metre, 
and its mouth is open at 60". 

A 

' 
DI <l._ OU ',R . 

·c 

(a) Write 60° in radians. 

>- .,. 

B. 

9 . 

j._ r .!.. -; ,.,_ .. -. ~ 

"" 
7"-. ;,. 

;.> > 

(b) Calculate the length of the arc ARC in metres and allill the circumference of the 
sector ADC in metres. 

(c) Find the area of the Pac_Man figure (with correct units) either by using the formula 
A = Y,r2e or any other method. 
You may leave your answer as a multiple of 11 rather than use a calculator. 

(a) Draw the graph of y = sin2x, O,; x .; 360°. 
(b) What is the period of y = sin2x? 
(c) From the graph or otherwise solve: 

sin2x = Y,, for O ,s; x ,; 360°. 

Draw the following graphs over the interval O ,; x,; 360° 
(a) y = 2cosx (b) y = cos(x - 60°) 

(6 mar~s) 

(5 marks) 

(6 marks) 

TEST TOTAL 35 marks 

SQME...!.!SEE!JUQBMUL.AE: 

_a__ 
sin A 

_IL_ 
sin B 

Area of triangle = Y,absin C 

Arc length; S = re. 

·····,, 

' 

~ 
sin C 

a2 

Area sector; A = Y,r2e 

b2 + c2 - 2bccosA 

;i.. 
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Form 6 Sequences & Series (7EST6) 2/7/1)7 
Total Marks 40 

The following formula may he useful. 

T(n) =a+ (n-l)d 

a 
S.=~ 

S(11)= a(l-r") 
!-r 

lrl < I 

T(n)= ar"·1 

S(11)=i [2a-H11-1)t1] 

a(r"-1) 
S(11)= ·-----

r-1 

I. List the first four terms of the following sequences 

a) T (n) = 3n1 
• I 

b) T (n+ 1 ) = 3 .T(n) + n 

2. Evaluate the following 

' l:(111-1) .. , 

andT(1)=2 

J. Express the ft11lowing partial sum in sigma notn1ion. 

12+1Rt24iJOl ........ •60 

4. For the sequence 4, 7, 10, 1 l, .............. .. 
a) Calculate the value of the 30 '" term. 
h) Calculate the sum of the first 50 terms. 

Id ;, 

5. lnOalion hns heen running nl 8% per annum for II numher ofyenrs inn certai11 country. 

[4] 

121 

121 

[4] 

Wages in this country have been lteeping p11ce with inllntion (8%) 1111d at the end of one yenr the 
Average ,vceldy wage is $165.00 

a) Find the average weekly wage al the end of2 years and at the end of3 years. 
h) Show that 1hese walles represenl a geomelric series, i.e. find a value for r. 
c) \Vri1e down a formula th~t would give 1he average weekly wage aller I years. 
d) Find lhe average weekly wage afier 17 years. 
e) By solving an eq11a1io11, find when the average weekly wage will first break $1000 
I) I low mudt would a person on 1he average weekly wage have earned in total over the 

firs! 15 years. (Assume lhey gel paid for 52 weeks a year) 

... ~ ... ~ 

""" 
-r-

' y ,:- '>- --- "1' 

1111 

--r- .. ,.. ... 

6. A swingina l'endulum was observed to move lhrough the following successive di~tanccs (cm) 
32, 28, 24.5, .............. .. 

Calculale the lot al dis111nce 1hro11gh which 1he Pendulum travels before coming 10 rcsl.(answcr to 2 d p) 

7. An Arithmetic Sequence has a fifteenth term of50 and a sixtieth tenn of185. 
foind the firsl term and common difference. 

8. Bruce hns been employed by the forest service to plant trees at Berwick. He is new to this work 
nnd st11rts by planting 500 trees in his first day. Each working day he is able to increase this by 
25 triecs per dny until he decides tbnt 1225 trees per day is enough. 

a) Write down a formula in terms of 11, for the number of trees planted on the,, .. day. 
b) How many trees will Bmce plant on his 19 tl, day? 
c) By solving an equation find out which day he reaches his maximum target of 1225 

Trees per day. 
d) Jlruce gets paid 8.5 cents for every tree he plants. How much money will he receive in 

Total for 35 days work? (round to the nearest cent) 

9. If the firsl 1hree terms of a Geometric sequence are 2x. 4, x + 13, and x +;, find the value(s) of 
x, and hence find the first lhree terms. 

(2} 

[3] 

[8] 

(4] 

Total 40 

..... -11111- • ""-- ,.. l!'ll ">-
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APPENDL~ I 3.32 

( /E.fT 7) 

1. 

2. 

') 
._; 

TEST COORDINATE GEOMETRY 8/8/97 

P is the point (-1,4) and O is the point (3,7) 

(a) Find the length of PO 

(b) Find the gradient of PO 

(c) Find the equation of PO 

(d) Find the equation of the line passing through (2.-2) perpendicular to PO 
[9] 

Match the lettered graphs to the numbered statements. There are two 
statements for each graph. 

A. B. C. 

y y 
y 

.. ~- ... .:. 
..... -·~ l 

~??t~ 
X 

:·:·;'.,"· X ·~ -. 

1. x+y-2=0 2. The gradient is -1 3. y=_1 X + 3 
3 

4 The y intercept 5. The line cuts the x axis 6. X + 3y + 3 = 0 
is (0. 3) when x =-3 

(i) The points (4,5) . (8.3) and (-2, k) all lie on the same straight line. 

(a) Find the slope of this line. 

(t) vVrite tl1e equation for this line leaving your answer in the form 
ax + by+ c = O 

(c) What is the value of k? 

[6] 

[5] 



APPEJ\DIX I-'-~-' 

4. Calculate the point(s) of intersection for the circle x2 + y2= 1 and the line 
y = x+ 1. 

5. 

Draw a sketch to illustrate your answer. 
[6] 

A tightrope walker walks along a cable suspended high above the ground. 
Unfortunately he has dropped his balancing pole and is unable to move backwards 
or forwards - he is stuck! The extension ladder on a fire engine is used to rescue 
him. To help "model" this situation x and y axes are drawn as shown, and the 
tightrope is represented by a straight line. 

Sm 

X 
1Cm 6m 

a) Find the length of the tightrope (or cable) that stretches from the tree to the 
opposite cliff. Show your working. (Ignore the cable used to attach the rope 
at either end). 

b) The point of no return foi the tightrope walker is halfway along the tightrope. 
Using the axes given, what ars the coordinates of the midpoint? 

· c) While standing at the point of no return the fire crew hand up the 
balancing pole. The tightrope walker holds it at a point one 
metre above his feet and at right angles to tile cable. 
Find the equation of the line representing the balancing pole. 

Distance. 

d =J(x 1 -x 2 )~+(y,-y2 )
2 

Gradient. 

Lines. 

rn 
Yi - Y 1 

X2 - X \ 

y = m;( .,. C 

y-y 1 = m(x-x 1 ) 

Division c! I nte01al. 

miC-:aint ( ~ 2 ~"2) 2 ' 2 

F~"=!:'r.Cic:.:lar and oarallel. 

y = m I x + c I and y = rr. 2 x + c z are 

~orai:e! if r:1 1 = m 2 

r(l•:-:,..r:~ir::1i.1r if r.i, rr, 7 -· 1 

---~~------------~--- - ------ ------
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(TESTS) 
.:. 

/ 

.T 

> ,l. ~ ...,_ 
.1 

§MAJ~_ CALCULUS TEST 5_/ 9 /97 

(1) Find tho limits of ench of the following; 

(a) lim (x + 2)(.r - 4) 
X -> 4 

(b) tim x 2 - 2r 
X -> 2 ~ 

(c) lim 3/J + 1 
/, ·>OO h~ 

(2) Difforentiato /(x) = 3x2 - 4 from first principles 
ie. using the formula 

f'(x) = lim /(x + h) - f(x) 
h -> 0 h 

(3) Use general rules lo differentiate the following; 

(a) /(x) = 6x4 - x3 + 5x - 2 

(b) y = (3 - x)(3 + x) 

(c) y=h +.2. 
2\6 

(4) Difforenti.ile /(r) 3 

4.D leaving your answer in the same form. 

(5) Givon the function y = (x + 4)(x - 2)2 

= .r3 - 12r + 16 

(a) 

(b) 

(c) 

Calculate the coordinates of the turning points of this function. 

C iv I . . alculate ----'2 , and state t 10 nature of the turning points. 
dt 

Find the coordinates of the x and y intercepts. 

(d) Neatly sl<etch the nraph of this function, showing all features. 

[4] 

[5] 

[5] 

[3] 

[11] 

;.. 'I" 
.... J._ 

" ~ 
~ 

r ~ ~- ,-.!._ 

9. + y> 

" y-

(6) A tangent is drawn which touches the curve y = 2x2 - 3x at the point (2,2). 

· (a) Find the slope of this tangent. 

(h) Find the equation of this tangent. 

(7) The fuel consumption, f. of a car (in litres / 100 km) is related to the 
velocity, v (in metres/ second) by the formula; 

f = 16 - 0.2v + 
2
6

0 
v2 

(a) By first differentiating, find the velocity at which fuel consumption 
is a minimum. 

(b) What is this minimum fuel consumption in litres/ 100 km? 

[4] 

[4] 

[TOTAL MARKS : 36] 
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FORM 6 LEVEL 3 TEST #9 - INTEGRATION 

Integrate the following: 

(a) J1sx2 + 8 dx (b) J2x(2x + 1) dx (c) frxdx 

19/9/97 

(7 marks) 

2. Find the exact equation for f(x) if; f
1
(x) = 4x + 2 and f(2) = -2. 

3. 

4. 

5. 

6. 

7. 

(3 marks) 

Calculate the following definite integrals: 

(a) f2
3x2 - 2 dx (b) f 12

ix3 dx 
1 -1 

~/l-
(6 marks) 

1 

(a) Evaluate\ 2x - x2 dx. 
"0 

(b) Calculate the area shaded in 
the diagram. 

11 
I 

~· 
11 

( a) Draw a diagram to show the curve f(x) = x2 - 1. 

y::.x. 
/\ ,.., 1 

1,/'7- ;.,';c.' X. 

1 :c. 

(You may need a table of values or use the zero/zero method.) 
Shade in the area bounded by the lines x = 0, x = 2, the x axis and the curve f(x). 

(b) Calculate the total area shaded in part (a) above. 

A missile fired from an elevated launching pad has velocity v(t) = 250 - 10t (m/s) after t 
seconds of flight. 
(a) Write an expression for the acceleration of the missile. 
(b) It is known to reach a height of 505 metres above ground level in just 2 seconds. 

Find an equation for its height after time t. 
(c) Determine the maximum height reached by the missile. 

(4 marks) 

(5 marks) 

(6 marks) 

,A, farmer is about to build two holding paddocks alongside a dense hedge - one for sheep, the 
other for cattle, as shown in the diagram. 
He only has 360 metres of fencing but wants to endose the maximum possible area. 

HEDGE 

X r ... . :· ---- I X 

A B 

(a) If the width of the paddocks is x m, what is the length of AB? 
(::i) Write cown an expression for the total area of the two holding paddocks in terms of x. 
(c) Find the vaiue of x for which the area is a maximum and find the maximum area in 

hectares. (7 marks) 

TOTAL 38 marks 

------ -------------
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1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

Common Tests: Third Form 

3BL MATHS TEST 

{ Tt:~T J) 
Write a sentence ( or two) to explain something you know about the Mathematician 
"Eratosthenes". 

Write out the first 10 Fibonacci numbers. 

Write out all the Prime Numbers between 2 and 43. 

Write the set of factors for; (a) 6 (b) 10 (c) 32 

Write the following as decimals: 
(a) 7/10 (b) 23/1000 (c) 250/100 (d) 5/9 

Write as fractions; 
(a) 0.57 (b) 0.003 (c) 12.1 

Perform the following calculations carefully setting out the question correctly. 
(a) 3.056 + 34.89 + 0.049 (b) 45.87 - 16.93 (c) 24.3 x 0.03 (d) 38.24 + 0.4 

Round the following numbers as instructed; 
(a) 6. 54 correct to 1 decimal place. 
( c) 2756 correct to 1 significant figure. 

(b) 6.5493 correct to 2 decimal places. 
(d) 0.0583 correct to 2 significant figures. 

Find the next three terms in each of the following sequences; 
(a) 1, 3, 4, 7, 11, ... , ... , .... (b) 3, 7, 11, 15, ... , ... , .. . 
(c) 3, 9, 27, 81, ... , ... , ... (d) 1, 4, 2, 8, 3, 12 .... , ...... . 

10. The diagram shows rectangular tables. (eg. Six people can sit at one table.) 

~qi,a,,f ~""ni@""p 
~ c._; ~ C..D c.;.; c...; 

(a) How many people can sit when two tables are placed end to end? 
(b) Draw a diagram to show how mar;y people can be sea:ed when three tables are placed end to 
er;c. 
(cj How many people can be seated when 4 tables are placed end to end? 
(c) 1: 1Q tables were placed end to end. how many people cculd be seated? 
(e; \.\'-;tea rule, in words, to explain how you obtair.ed your answer in (d) above. 
(') 1/;~::e a formula which would enatle you to calculate the r.umber of people seated at T tables: 

ie. no. of people = ....... T .......... 
(g) If seating was required for 150 pecpie, how many tables (end to end) would be required? 

28/2/97 
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1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

3MN MATHS TEST 
( TEST .2.) 

Write your estimate (in cm) for the width of the classroom door. 

Which of the units mg, g, kg would be best used for; 
(a) a packet of biscuits (b) your school bag 

In your test books copy and complete these statements: 

(c) your desk? 

.-\PPEl'iOLX I 337 

26/3/97 

(a) 1 kg = ......... g (b) 1 m = .......... mm (c) 1 cm= ........ m 

Convert each of the following to the units indicated. 
(a) 8.5m to cm (b) 2.85m to mm. 
(d) 1200mm tom (e) 4500g to kg 

(c) 1.25km tom 
(f) 750ml to litres 

(a) How many glasses of lemonade can be poured from a 1 litre container if each glass 
holds 150 ml? 
(b) How much lemonade will be left in question 5(a)? 

John has realised that in 1997 Christmas Day (25th Dec) falls on a Thursday. If his parents 
inform him they are leaving for a holiday 12 days after Christmas Day, what will that date be 
and on what day of the week is it? 

Michael normally arrives home from school at 3:40pm. 
(a) What is this time in 24-hour clock notation. 
(b) If Michael then does homework for 50min then cleans his room for 35min, what will the 
time be then? 
(c) Michaei usually has his evening meal at 6:15pm. How long (in hours and minutes) must 
he wait for evening meal time from the time he gets home from schoof? 

Michelle has a cousin living in Darwin, Australia. If Darwin is currently 3112 hours behind 
New Zealand; 
(a) What time should Micheile call her cousin if she wants to speak to her at 6:30pm in the 
evening? 
(b) The cousin calls Michelle just as she is leaving for schoor at 8:15am one morning. What 
time was it in Darwin? 

9. Tina was getting prepared to go tramping. She was curious to know the weight of her pack 
anc: its contents. She therefore weighed the empty pack and everything before she put it in. The 
e:.,~ty pack 'Neighed 8.5kg, clothing weighed 9.4kg, food 7.8kg and the tent along with other 
necessary items were 9.4kg. She then realised that she would be wearing 2.6kg of clcthing and a 
frier.d would carry half of her feed. Set out carefully a calculation to show the final we;ght in her 
pack 1 
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3- MATHS TEST PROBABILITY 
( TEST 3) 

1. List all the ways you can get a total of 8, when 2 dice are tossed together. 

2. What is the probability of getting; 
(a) a head when a coin is tossed? 
(b) a 7 when a die is tossed? 
(c) an even number when a die is rolled? 

3. Ben shuffles a pack of 52 cards and then deals one card. 
What is the probability that this card is: 
(a) an Ace (b) a black card (c) a red queen 
(d) an Ace, King or Queen (e) the joker? 

4. A die is rolled twice and both times a six comes up. What is the probability of getting 
another six if the die is rolled again? 

5. Two coins are tossed together. 
(a) List the possible outcomes (ie the sample space). 
(b) Find the probability that you get a head and a tail. 
(c) What is the probability of getting at least one tail? 

2/5/97 

6. A jar contains 4 green jelly beans and 5 black jelly beans. One jelly bean is removed and 
then another, without the first jelly bean being replaced - it was eaten! 

(a) Draw a tree diagram to show the possible outcomes of the 2 jelly bean choices. 
(b) By adding probabilities to the tree diagram, find the probability that both je!ly beans 
removed are black. 
( c) Find the probability that the 2 jelly beans are of different colours. 
<Hint: Draw a probability tree!> 

7. Ted's family own a lunch bar. Ted did a survey on the number of items customers bought. 
He coliected the data on this taily chart. 

(a) How many customers did Ted survey? 
(b) What is the relative frequency of a customer 
buying 2 items? 

Numbe::- of items Tally 
ti-!-it/+!.11 

2 "1ffi. "tH-!- itl-1- -:-++I. 1111 

3 "1+!-l-t/+!.IJJI 

4 $ t:++- tJ+!. 11 l 

5 or more 7i+I- 11 

8. The percentage that pass an examination is 60%. If 150 students sit the exam, how many 
would te expected to fail? 

9. From a focd survey of 60 stuc'ents, the following numbers of students ate at these fast food 
restaurants in the last month: 35 McDonald's, 25 Pizza Hut and 20 at both restaurants. 

10 

(a) 
(b) 
( !"' \ ~1 

Draw a Venn diagram tc illustrate this data. 
How many did net eat at either? 
Find the probabiii(; that a randomly chcsen student ate only at McDonald's. 

P.. s.Jr1ey of 100 students 1=,ocuced the following results: 

Senior 
Junior 

Buy L•s.c:. 
~c: --
15 

Bring Lur.ch from home 
"~ L:J 

25 

(a) How many juniors were ir. the survey? 
(!J) \,\hat is the probabilit:; that a ranc'omly chosen student buys lunch? 
(c) Find the probability cf choosing a senior student who does QQ..t buy his lur.ch. 

------~--------· ·-.. 
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3BL MATHS TEST - PERIMETER & AREA 

{ TE~T 9--·) 16/6/97 

NB: Take care to set your working out neatly - you may find it helpful to draw diagrams for 
some questions! 

1. Find the perimeter of this shape. 

2. If a room has a length of 6.95m and a width of 365cm, what is its perimeter? 

3. Find the circumference for each of these circles; (Remember: C = 1Jd or C = 21Jr.) 
(a) Circle with diameter 25cm. (b) Circle with radius 7.5m. 

4. If the minute hand of a clock is 6.5cm long, how far does the tip travel in 12hours? 

5. What units of area would be the most suitable to measure the top of your desk? 

6. Convert the following: 
(a) 2m2 to cm2. (b) 600mm2 to cm2. 

7. If a school playground is 125m long and 60m wide, calculate its area. 

8. Calculate the area of this shape; 
3m 

em I · I am 

7m 

9. Find the area of this triangle; 
A 

~ v35mm 

50mm 

10 Find the area of this figure: 
2CCmm 
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3MN MATHS TEST - ALGEBRA 
(TEST£) 

SHOW.ALL WORKING where possible! 

1. Explain this mathematical statement in words; 3n + 5 = 29 

1-·a·a..,. , ,_1_, 

2. Write a mathematical statement to represent; four less than three times a number is sixty . 

3. Simplify the following by collecting like terms; 
(a) 3a + 6b - a+ 2ab + 4b (b) 3x2 + 3x + 2y + x - y + x2 

4. Simplify (ie. write without brackets) the following; 
(a) 3(2a+4) (b) 5(2x-3y+4) (c) n(3n + 1) 

5. Factorise (ie. write with brackets); 
(a) 5g + 10 (b) 5p2 + 7p 

6. 

7. 

8. 

9. 

Solve each of the following and be sure to show your steps of working; 
(a) p-6=8 (b) Y/5=12 (c)2t+4=10 

(d) 3(2x + 1) = 15 (e) 4(3p - 4) = 8 (f) 9 - 2x = 5 

(g) 3(2x+4)+4(x-2)=24 

Solve each of the following and show your solution on a number line graph. 
(a) x < 5 xew (b) 3y+4 < 10 yel (c) 3m-2 >7 rnel 

An equation frequently used in Physics is; v = u + at 
(a) Calculate v when u = 25, a = 10 · and t = 15. 
(t) Wh_at is the value for t when v = 500, u = 100 and a = 5? 

For t:-ie rec:tangle shown: 

4x 

2x 2x Perimeter is 120m 

4x 

(:: \'/rite an ec;uation using 4x, 2x anc: the perimeter. 
(::· Find x by solving your equation and hence the length of each side. 

1 •J I: 5 is added to Jchn's a·;e and then doutled, the answer is 44. v\/rite an equation for this 
t:-,:::i sol 11e it to find John's age. 

-----··----~-·~-·---
--~~-~-~-------·-·--·---~------~---~---------·----
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3 MN MATHS TEST -Volume and Units 
( TEST 6) 

Answer all questions in the spaces provided in this sheet. 

1. Five litres is how many cm3? 5 litres = ................. cm3 

2. Change the following quantities to the units stated; 

(a} 250 ml = ............... litres (b) 2500 litres = ............... cm3 

24/10/97 

(c} 1.25 m3 = ............... litres (d) 0.025 Jitres = ............... cm3 

3. Calculate the volumes of these cuboids, leaving your answers for each in cm3; 

(a} (b) 

osJ,-
20cm SOcm . 

,~,.-====-
frea end = 450cm• j 

~ ·-----....•..... 

Working: Working: 

Volume= Volume= 

4. Calculate the volumes for each of these prisms: 

(a} 

Working: 

Volume= 

radius= 10cm 

height= 20cm 

(Area= 'l(r") 

(b) 

-6:1 
60cm 

15cm 

Working: 

Volume= PTO. 

5 A rectangular fish tar.k is 30cm wide. 65 cm long and 45c:n high. If it is filled with 
water to within 3cm of the top. how many litres does it hold? 

Working: 

••·. 
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APPENDIX III 

The Selected Episodes as Evidence 

Activity 1: 

The following 'Reuleaux' triangle was given to a sixth form class 5/5/97. 

Activitv 1.1 Interpretation/comment 

A Rezileaux triangle is constructed by drawing 

three circular arcs with their centres at the vertices 

of an equilateral triangle. The radius of the arc is 

6cm, equal to the sides of the equilateral triangle. Challenging problem/Utilizing a number 

Find the area enclosed by the Reuleaux triangle. 

"What is the perimeter of the Reuleaux triangle 

irhen the length of the side of the triangle is 6cm? 

1,Vhat is the perimeter of the Reuleaux triangle 

H·hen the length of the side of the triangle is d? 

Find the area enclosed by the Reuleaux triangle 

when the length of the side of the triangle is 6cm. 

Find the area enclosed by the Reuleaux triangle 

i•.:hen the length of the side of the triangle is d. 

Find the area trapped between the equilateral 

triangle and the Reuleaux triangle. 

Observation 

of skills/Promote discussion on locating 

Releaux triangle - Challenging, Promote 

Discussion, Problem Text 

J\'fany students could not locate Reuleaux triangle. Difficulty caused by the word triangle/ 

They enjoyed working on the questions once they (A triangle has three straight sides)/Could 

Loc:.itcd the Reuleaux triangle. 

344 

be a\·oided by changing 'triangle' to 

'figure'. 



EPISODES 3.+5 

In a brief discussion to clarify this difficulty faced by the students, the other participating 

teacher decided to reworded the problem and gave this to his class: 

Activity 1.2 

Construct an equilateral triangle with side 6 cm. 

From each vertex of the triangle draw arcs with 

radius 6 cm. These arcs should meet and encase 

the equilateral triangle. This is the 'Reuleaux Triangle'. 

What is the perimeter of the Reuleaux triangle 

when the length of the side of the triangle is 6 cm? Well-structured problem. 

What is the perimeter of a Reuleaux triangle 

when the length of the side of the triangle is d? 

Find the area enclosed by a Reuleaux triangle 

when the length of the triangle sides is 6 cm? 

Students didn't faced any problem in 

locating the Releau.,x triangle/ Able to 

do so in less than 5 min. 

Confirm importance of problem text for 

What is the area enclosed by a Reuleaux triangle engaging students with a problem -

when the length of the side of the triangle is d cm? Problem Text 

Find the area trapped between the equilateral 

triangle and the Reuleaux triangle. 

---- ---------------------·-----------·-----------------------------
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EPISODES 3-1-6 

Activity 2: 

One of the teachers was teaching 'circumference· of a circle to a third form class on 8/5/97. 

He brought to the class different sizes of flat and round objects and asked the students to 

measure the diameters and the circumferences of these objects. The students were also 

expected to find a pattern, which would relate the circumferences to the diameters. 

Observation 

Students measured the diameters; some of them 

computed the circumferences using the formula 

1td by calculators. 

Interpretation/comment 

Students recalled they were told about 

circumference (1td) the previous year in 

their primary school. 

Might be avoided if 'the length around 

the curved surface' was used/Evidence 

that problem text is important to get 

students engaged with a problem -

Problem Text 



EPISODES 3-1-7 

Activity 3: 

The following is the transcription and interpretations of the whole-class discussion which took 

place before the students of a sixth form class were engaged in group work on sketching the 

graphs of trigonometrical functions and listing their features during their first lesson on 

trigonometrical functions on 12/5/97. 

T: 

SI: 
T: 

S2: 
T: 

S3: 
T: 

Episode 3 (Whole-class) 

Before we get started I want you to think 
back to the topic ive did on graphing, ... 
if at the start of the topic on graphing 
I had said to you I want you to draw me 
a picture of that, most of you, not all of 
you, but most of you i,rould have quick!)· 
drawn up a tables of values, plotted 3 
or four points whatever until you would 
have got an idea of what it would look 
like and drawn it. Nmv we have got 
some techniques i,,.:hich enable us to 
sketch because we 're only interested in 
perhaps of intercepts and the general 
roughly what this look like. What effects 

Mr. Erickson does this minus have on the 
graph? 
Shifts it up and down the y-a:xis. 
It does, and since it's a minus two it's 
going to shift it what way? 
Uh. Up two. 
Not bad. Down two. The plus one inside 
the brackets Mr. Edgar, had the effect of 
shifting the y where? 
Makes it steeper or stationary. 
And so we've got a technique now that 
enables me to quickly sense that without 
a table of values. What you're going to 
deduce today, through a series of exercises 
that are going to require you to draw a 
graph i,rhere J'Oll hm:e a table of values 
and I'm going to find a clue that I'm going 
to get you to do 30, 60. 90, 120 etc., using 
your calculator . .. . After you have done and 
spent 40 minlltes on this. you will then 
hopefully be able to sketch me that graph 
H·ithout a table ofralues ... You'!! graph 

Interpretation/comment 

Telling the method/Not giving students 
chance to express their thinking, to 
suggest strategies - Theme 1, 2, 5 

Questions from teachers related to 
minor issues for tackling the problem/ 
Questions didn't promote thinking -
Theme 3 

Explicit hint on the choice of axes. 
Theme 1, 2, 5 
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each one of these and hopejitlly when you 
get down here we will be able to comment 
on the graph ... without drawing it you can 
tell me that it's going to be a normal size 
curve. but it's going to be squashed up, 
spread out. shifted or whatever. Right, 
are there any questions about what you're 
going to do? 

EPISODES 3-1-S 

Discussion would be more productive 
with questions like 'Can anyone suggest 
how we could get started with this 
problem?' for a start and 'Does anyone 
have a different suggestion?' for more 
responses. 
More challenging for students to choose 
their own ax.es and have a discussion on 
the different choices. 
Discussion dominated by teacher. 
Questioning not tailored to students' 
needs/Didn't assess students' 
understanding - Theme 3 



EPISODES 3-+9 

Activity 4: 

Durin2: the lesson on 14/5/1997, Michael was teachin2 tri2onometric functions to his sixth 
~ ~ ~ 

form class 6M. The students were asked to draw the graph of a trigonometric function, list the 

key features of the graph and use it to solve a trigonometric equation. Three of the activities 

were as follow. 

(1) 

(2) 

(3) 

Activitv 

a. Graph y = sin.x, (0° < X < 360°). 

b. List keyfeatllres. 

c. Solve sinx = - 0.5. 

a. Graph y = 2sinx (0° < x < 360°). 

b. List keyfeatures. 

c. Solve 2sinx = ~ 0.5. 

a. Graph y = sin2x (0° < x < 360°). 

b. List keyfeatures. 

a. Solve sin2x = - 0.5. 

Interpretation/comment 

Related to previous lesson, plotting 

graphs/Method not given/Could come up 

with different strategies - Challenging, 

Alternative solutions, Promote 

discussion. 

One group of students gave 210° as the answers for question 1, part c. The following is the 

observation made in the classroom on the interaction between Michael and a students and its 

interpretation. 

T: 
S: 
T: 
S: 
T: 
S: 

Observation 

Episode 4 (Group work/teacher) 

Can you mark the answer on the graph? 
[Showing the correct point on the graph.] 
How do you get that? 
It's the point. I don't knov.:. 
Draw the line y = -0.5. 
[Dra.ving the line] Oh, there's another 
answer. 

Interpretation/comment 

Request for clarification/ Assessing 
understanding/Questioning following 
from student's understanding/Tailored 
to the need of student - Theme 2, 3 
Refocusing with new information/ 
Scaffolding redundant/Insisting on 
employing the suggestion - Theme 3, 4 
S didn't face any difficulty in locating 
the other angles for (2) and (3). 
Teacher kept to this method for solving 
trigonometric equations/Instruction from 
students' response - Theme 5 
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EPISODES 350 

Activity 5: 

The following problems were posed to introduce fractions to a third form class on 27 /5/97. 

Activity 5.1 

Your class has 4 pizzas for a pizza lunch. If 

each student (28 in the class) wants an equal 

share, how would you cut the pizzas? 

Response/Observation 

Interpretation/comment 

Related to students' experience. 

Students' answer, that is, 'Cut each pizza into 7 Students took 5 minutes to get their 

equal parts and each student receives one seventh answer/Not challenging but interesting 

of a pizza'. to them/related to their life experience. 

Activity 5.2 

If 2 more students were in your class (i.e., now 30 Extended for new learning/More 

students), how will you cut the pizzas? 

Response/Observation 

Students' solutions: (1) 'Cut each pizza into 15 

equal pieces, and each student receives 2 of the 

15 pieces of a pizza', and (2) 

'Each pizza has 360° [at the centre]. 

4 pizzas has 4 x 360°. 

So, each student receives 4 x 360° + 30 = 48° of 

a pizza.' 

challenging/stretch students' thinking. 

Challenging, Alternative solutions 
Promote discussion 

Relate to circles, studied before this. 

Request to justify the solution/Hint for 

a strategy to check it/Students enjoyed 

in justifying it. 

Asked to use equipment to solve the problem: cut Should extend to questions like 'How to 

sectors of 48° from a circle; found that they got 

28 pieces of 48° and 4 pieces of 24'1; confirmed 

that the 4 pieces of 24° made up 2 pieces of 48°. 

write 48° of a pizza in fraction form' and 

'Is this equal to 2/15, and why?' for 

new learning/Cover 'simplification of 

fractions'. Teacher comment: planned for 

the next lesson. 

~----·---------- --------------- ----------·----~- ---
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Activity 6: 

One of the other participating teachers was teaching 'arithmetic progressions' to his class on 

18/6/97. After discussing the solutions of the reporting students and coming to an agreement 

on the formulas Tn = a + nd and Sn = n/2(a + L), the teacher decided to lead another whole

class discussion to negotiate a second formula to find the sum of an arithmetic progression, 

that is, Sn= n/2{2a + (n - l)d}, where n is the number of terms, a, the first term and d, the 

common difference. The following is the transcription and interpretations of the discussion: 

T: 

SI: 
T: 

SI: 
S2: 

T: 

SI: 

T: 

S3: 
T: 

S3: 

Episode 14 (\\'bole-class) 

a always stands for the first term. What is 
the new term that we have introduced into 
this equation [ referring to Sn]? 
L. 
L. Is there anything else that we can label 
L to be? L is representing what term here? 
Last. 
250 [the last term of the A.P. of the problem 
at hand is 250]. 

Interpretation/comment 

Request for information - Theme 1, 
2 

Response not exact. 
Refocusing with new clarification -
Theme2 

Have we got a rule that defines the last term? Rephrase question/More direct hint. 
... other than L. 
Substitute it in [ referring to substituting 
L =a+ nd into Sn= n/2(a + L)]. 
Make the L to equal [ a + nd]. I would like 
you to replace in here that Lis the last 
term expression. 
What are we doing? 
What are we doing, somebody said? I 
am suggesting that or asking you take 
term L which is defined as a + nd, 
because this defines any term, doesn't it? 
[ referring to the formula Sn = n/2( a + L)] 
Yes. 

Could request S 1 to explain in detail. 

Imposition of a method/Didn't assess 
students' understanding/Pose question 
like "Can we write a new formula?" 
S3 couldn't understand what they're 
doing - Theme 3 
This discussion didn't stretch students' 
thinking. 
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EPISODES 352 

Activity 7: 

On 19/6/97, the following questions were posed to the students of the class 6S during their 

first lesson on 'arithmetic progressions'. 

Activitv Interpretation/comment 

I. Findthesumoftheseries I, 2, 3, ... , JOO. No method given/Promote discussion, 

conjecturing/ Alternative solutions 2. Find the sum of the series 2, 4, 6, ... , 50. 

The following is the transcription of the discussion going on after a student presented his 

solution to the class. 

T: 

SI: 
T: 

S2: 
T: 

52: 
T: 
52: 

T: 

Episode 7.1 ("Vhole-class) 

So are you happy with what he's done? 
Another way of saying what he's done ... 
another way of saying what he's done is 
he's taken the I and he's paired it up 1rvith 
the 99. He's taken the two and he's paired 
it up with the 98. What do they equal? 
JOO. 

Answering his own question/Could 
have ask S 1 to explain his understanding 
Theme 1 

JOO. So somewhere in here you're going to Could have asked another student to 
have 51. So if he pairs up the 3 with the 
97 and the 4 with the 96, he can pair up 
the 49 with the 51. But he hasn't paired up 
the 50 -with anything. So what he got was 
I, 2, 3, 4, ... , 49 lots of JOO which is that 
plus his 50 plus his I 00 [ referring to 
49x JOO+ 50 + JOO] and he's going to get 

explain what the reporting students meant 
I Assessing students' understanding -
Theme2 

a sum of ivhat? Now there's another way of Good questioning/Request for alternative 
doing that. strategy. 
Take the I 00 ... divide it by two. 
That's good. lVhat he's done is good. Now, 
you said. take the I 00 ... 
Divide by 2. 
Divide by two and got 50. 
Yeah, add a half and multiply by I 00 
[referring to I 00( 4 9 + 112 + I)]. 

Didn't give a chance to S2 to finish his 
explanation/Led S2 through to explain 
his suggestion - Themel 

Now why are ire doing this? ... If it does Request for further justification/Good 
work, what's the logic behind ... ii-here does questioning/redundant/Didn't request 
the 1/2 come from? It could be right. There students to clarify/Didn't assess 
is another irny of doing it similar to irhat understanding/Request for New strategy. 
Tim's done. 

---··-------~-·-·-··-----·· - -·-------~-·-----



EPISODES 3.53 

S3: Yeah, it's like that. Take the middle 
nwnber. Suggesting alternative method. 

T: Take the middle number. ,4 

S3: Multiply it by the number of numbers. ,L 

T: Multiply it by the number of numbers ,. 1 

which in this case is 100. So we take 50 
~i 

and we multiply it by 100. 
S3: And add the middle number to it -1-

[referring to 50x 100 + 50}. -1( 

T: And add the middle number to it. Now if 3 different methods being suggested/ 
~ \,, 

this works, that's fine. How are we getting Request for justification, but students 
this sum? I can see the logic of what's in were not requested to explain - Theme 1 'r 

here ... I can see that this will give us the ,,.. 

right answer, hut where's the logic coming 
from. 

'r ' S3: The average ... ,,. 

Episode 7.2 (Whole-class) 
\( 

,._ 

T: It's okay. There's another way of doing Teacher legitimized the solutions/Telling 
it. Try and end up instead ... if l paired the intended method to get the formula 

. ~-

one with the last one and two with that Sn = n/2(a + L)/Imposing his method on \_ 

one, each sum is what? students - Theme 5 
S4: 101. 
T: 101. I'm going to get a nice batch of pairs Anxious to get 100 x 1/2 (1 + 100)/If 

;<I 

there. Right, I'm going to be pairing the students solutions were actively ~ 

49 with the 52, and I'm going to be deliberated, could come to this answer. +"' 
pairing the 50 with the 51. So I'm going ),; 

to get a nice set of pairs with nothing left Could initiate a discussion with questions 
(' 

later on. How many pairs do I got there? like 'Can we pair these terms up so that 
S4: 50. nothing is left?'/Could lead discussion to /. 

T: 50. How many terms did I have? 'a nice set of pairs with nothing left. e-- r 

S4: 100. 
T: 100. So what did I do? I looked at the 

f 

number of terms that I've got, cut it in ~ 

half and I've got 50 and times it by 101. Teacher dominated discussion/Students I' 

Nmv where does the 101 comes from? needed to talk more to improve their 'r > 
S5: The first term [ and the last term]. communication skills and reasoning 
T: The first term and the last term. Now can skills. 

)'-

anyone come up with some sort of formula J,. 

about first and last term, and the number I-

of terms that's going to think about the 
~ ,\ 

logic of what we've done here? 
,-
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EPISODES 35-+ 

Activity 8: 

The following problem was given to sixth form students with the intention of introducing 

geometric series to them on 26/6/97. 

Activity 

Consider the previous problem of investing 

Interpretation/comment 

challenging/interesting/related to student 

$1,000.00 at 7% p.a. ( compounded yearly). what experience/Probably too tough to get the 

is the sequence of total amount ( at the year-end) general form if no hint given -

if each year an additional $1,000.00 is in.-ested? Challenging, alternative solutions, 

Promote discussion 

. Response 

One of the students, Richard had the following 

answers: 

Tl = 1000 x 1.07 

T2 = 2070 x 1.07 

T3 = 3214.90 x 1.07 etc. 

T: 

Episode 8 (Whole-class) 

Has anyone got the same result with a 
slightly different explanation? Because 
I really need to keep thing moving here, 
,.,vhat I }rns wanting to do ii:ithout trying 
to take Richard's .. .is try to present what 
he's done in a slightly different manner. 

Correct response/Not fully satisfying the 

teacher. 

Teacher hoped that students could figure 

out a pattern and generalize to 

11 

Tn = 1070I,1.0ir-1). 
r=l 

Students could not do so/Not given a 

chance/no scaffolding given. 

Recognize the contribution of Richard/ 
Encouragement/Hint for a different 
method - Theme 3, 5 
The rest of the lesson: explaining the 
generalization/If hint like 'Could you use 
Richard's answers to get a general form?· 
given; students could investigate and 
might find the form. Teach er comment: 
could take a \vhole lesson; had only this 
lesson to cover 'what is a geometric 
series·. 

-------·--~---~------~-
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Activity 9: 

On 3/7/1997, Michael was giving the following problem tn the same class 6M who were 

going to study 'straight line equations'. 

Activitv 

"Pete'spizzas" determined the cost of making pizzas to be 

No. of pizzas (n) I I 2 3 4 

Cost of making (C) I 25 30 35 40 

What is the relation ben,·een the cost (C) and the 

number of pizws (n)? 

What does each number value represent? 

Di.splay the data on a graph. List the key features of 

your graph. 

5 

45 

Interpretation/comment 

First lesson on graph, related to 

students' experience -

Challenging, Promote 

discussion, Alternative 
solutions 
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EPISODES 356 

Two solutions were presented, these \Vere, the bar graph by S 1 and the straight line graph by 

S3. They touched on discrete and continuous data in their explanation to the class, which were 

unanticipated by Michael. 

The follov..:ing is the transcription and the interpretation of the lesson. 

T· 

SI: 

T: 
SI: 

T: 

SI: 
T: 

SI: 
T: 

Eoisode 9.1 (Whole-class) 

Well done, Tim. You're first, please explain 
your graph. 
I did a bar graph, which shows discrete 
data. 
Good, and it shows ... 
It shows the nllmber of pizzas verslfs the 
cost of making them . 
. . . Perhaps we sholl!d give Tim a chance 
to explain. W'hat do you consider the key 
features of yolfr graph to be. 
Ah. I don't knm\'. 
You said it's a bar graph of discrete data. 
A bar graph sho,rs discrete data. H'7zat 
sorts of trends are there? 
Ah. that's gro,l'ing at a constant slope. 
Right. it's grml'ing ar a constant slope. 

Interpretation/comment 

Request for justification - Theme 1 

Suggestion/Not intended for this lesson. 

Request for more information. 

Request for further explanation - Theme 
1 

Difficulty in verbalizing thought/General 
characteristics of students at beginning. 
Refocusing with more information/ 
Leading SI to explain. 
Encouraging improvement. 

------------~---- ·- -------------------~ -·--·----~---



S2: 

T: 
S2: 
T: 

S3: 

T: 

S3: 
T: 

S3: 
T: 
S3: 
T: 

S3: 
T: 

S4: 
T: 

S3: 
T: 

S3: 
T: 
S3: 
T: 
S3: 

Is that worth noting? I mean, you 're 
going to tell me Prien's graph groH'S at a 

EPISODES 357 

constant slope, I would think.Isn't Tim's Redirecting with suggestion - Theme 2 
graph doing the same? 
The arrow doesn't show it [Prien's graph. 
which is a straight line ends with an arrow, 
shows that it can be extended. Tim's graph, 
which is a bar graph, stops at n = 5}. 
It doesn't show it? 
The other one ... the arrow that you can see. 
. . . I'm happy with what you've done you Acknowledge the contribution, even 
two. It's not what I expected, but really, though not what intended/Sign of 
it displays what's happening. I'm going to questioning leading to what was intended 
discuss it further in a minute. What is yoZLr /Imposing a method/Willing to take on 
graph up here? student's response - Theme 5 
Starting at 20 [ and when you go up 5, yoZL 
go right l}. 
So, it's key features are ... it starts at 20. Request for more information. 
What else? 
[Gradient is 5, because 5 up and right I.} 
And how does that feature in terms of your 
graph. The fact that it goes up in five. 
what does that tell us? 
It's the cost of each pizza. 
In terms of your graph? 
It's a slope. 
It's a slope, okay. The fact that it goes up 
in fives is a feature of your graph, and also 
it starts at 20 and what sort of graph is it? 
Straight line. 
Straight line. Now does your graph show 
continuous data or discrete data? 
Continuous. 

Request for information/Question 
redundant. 

Unanticipated response/Message not 
conveyed/Rephrased with more hint -
Theme 3 

Request for clarification with more 
information. 

Related to the first solution. 

It shows continuous data and from that Teacher realized that this was not a good 
graph you can read the cost of a 1.2 pizzas? problem/Later he suggested a better one 
11-'hat should it be ideally? For this actual with taxi fares. 
question, what can we determine ... do we 
want to determine the cost of 1.2 of a pizza? 
Ideally it should be ... What happen between 
here and here? [between O and 1 I 
[ Indistinct J 
No, this is one pizza. Should there be any 
data value shown benreen O and 1? 
No. 
Then ire should ideal!)· have ... 
1. 
Then at nro should have ... 
2. 

Refocusing with more information -
Theme 3 
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T: Well done. Now just going back to H'hat 
\\'e were saying about Tim's graph. I H·as 
perhaps a little bit inacrnrate. I think you 
said it has a constant slope. I could say, 
you can't talk about a constant slope 
because there isn't a line drmrn, it's a 
series of bars. But now on Prien's graph, 
we talked about constant slope. That slope 
is 5 because there's a line drmrn here. 

EPISODES 35R 

Even though this response not intended: 
willing to investigate further/Instruction 
based on student's perspective. 
Evidence realizing it was not a go(1d 
problem - Theme 5 

After the reporting back of solutions by students, the teacher decided to lead a whole-class 

discussion to negotiate the formula m = (Y2 - y1)/(x2 - x1). The following is the transcription of 

this discussion. 

T: 

S4: 
T: 

S4: 
T: 

S5: 
T: 

S5: 
T: 
S5: 
T: 

Episode 9.2 (Whole-class) 

Look, what sort of graph has been Request for information - Theme 2 
represented here? 
A straight line graph. 
It's a straight line graph. Mat's another Request for more information. 
name for a straight line graph? 
Linear. 
Linear. Ok, it's a straight line or linear 
graph. I used the word before; it's a 
linear relation; steps up in equal amounts ... 
Now, I'm really asking you to think back to Looking back. 
last year. We 're looking at the features of 
a straight line graph ... If it's a straight 
line graph, what do you know about its Request for clarification. 
equation? [There was no response from 
the students.] If we're dealing with a Redirecting with more information/ 
straight line graph and the straight line Questioning redundant/Message 
graph has a slope, what do you kn01v about conveyed - Theme3 
the slope of a straight line graph? 
Constant . 
It's constant. Mat else do you know 
about it? 
It's a slope. 
What else can you tell me about the slope? 
That it's rise over run. 
Can anyone recall another way of 
inre,preting rise over run that maybe 
something you met this year? 

Request for more information. 

Request to think back for more 
information. 

S6: y oi·er x. 
T: y m·er x. almost right. 
S7: x a\·er y. 



T: 

S7: 
T: 

S7: 
T: 

S8: 
T: 

S8: 
T: 
S8: 

T: 

No, that's a little bit further a.ray. y oi·er x, 
but how do we talk about y oi·er x? Is it just 
a y value over the x value? Do I just go to 
this coordinate here and say that um, what 
is this coordinate going to be? 
[ Indistinct] 
Can I just take this point here? Look, 
here's y over x, or in this case Cover n. 
Do I just take a value and go 35 over 3, 
does that give me my slope of 5? Is that 
what y over x is telling me? Just choose an 
x value, just choose a y value and divide 
them? Is it in fact y over x? I think we agree, 
do we, that the slope of this line is 5. Is it 5? 
Yes. 
How could you have got a slope of 5 from 
this data here without even drawing the 
graph? Some of you recognized it straight 
a.ray ... 
The difference. 
The difference, the way it steps up. 
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More hint/Questioning redundant -
Theme 3 

Refocusing with non-verbal aid -
Theme3 

Redirecting with more information. 

Suppose you didn't have that value there ... Redirecting to induce clearer explanation 
Jw,.r would I get my slope of 5 difference - Theme 3 
there? The difference here is JO now. So 
all of a sudden does this graph have a slope 
of JO? 
JO over 2. 
Whr JO oi·er 2? 
Because the difference between the number 
of pizzas. 
The difference between the number of Elaborate what students supposed to 
pizzas and also the difference between the mean/ Could insist student for more 
cost. So we've got to consider the difference complete explanation - Theme 1 
for both and in mathematics, we use this 
sort of symbol here delta for the difference 
or change. Difference, change both mean 
the same. We take the difference of a y 
mlue and a comparable difference of a 
x value and we use to do that by drawing 
a sloped triangle. The change in the 
number of pizzas and the change in the 
cost delta y owr delta x. I give it to you 
like that because it's going to also come 
up like that in another situation. It's not 
ahrays going to be delta y over delta x. 
In physics. for example, you might see 
delta d orer delta t. Change of distance 

Introduce mathematical language and 
symbols -Theme 14 

o,·cr change cif' time gives you a measure of ... 
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S8: Speed. 
T: Speed, doesn't it? Could be i·elocity if it 

H'as not distance but in fact displacement. 
S8: Something different. 
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T: Now can anyone think of another way of Request for suggestion - Themes 2, 3 
H'riting the change of y and the change 
ofx? How else can I label that, hovv· else 
can I label this? Perhaps we could go back, 
what value is this [referring to the cost of 
I pizza]? 

S9: First. 
T: First what? In terms of sequences or series Explicit hint. 

I could call term one. What's this one here 
[referring to the cost of 4 pizzas]? 

S9: Tenn 2. 
T: Term 2. Suppose this time with all the End of lesson/Explicit instruction/ 

data that Pete had, somebody went and Rushing through to finish the lesson. 
smudged it. "What would we be looking at Teacher comment: Students looking 
if fifteen change from here to here? forward to break; not paying attention/ 

S9: Fifteen. Teacher facing the same thing/Wanted to 
T: It' sfifteen. Well, it's fifteen dmvn there, finish off the lesson/Couldn't think of 

S9: 
T: 

isn't it? C1 and C4. vVhat would J'OU do to the right questions to induce students' 
get fifteen from that? How do you get fifteen thinking - Direct instruction 
from 25 and 40? 
C4 - C1. 
C4 - C1. So if this wasn't C this was y1 and 
a )'4 and this was a x1 and a x4 instead of 
C4 - C1, it could be a Y4 - y1. Change, delta 
y could also be written as )'2 - y I or )'4 - y I· 
And it could be the same change in your x 
values below, x2 - x1. The second value 
minus the first. 

-~---~~~-------~-----· 
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Activity 10: 

During a lesson on coordinate geometry on 4/7/97, the students of 6M were given the 

following problem: 

Activitv 

Consider the points ( I, -2) and (-3, 7). 

( a) What is the equation of the line passing through 

these points? 

(b) Find the midpoint ( coordinates) of points (I, -2) 

and (-3, 7). 

(b) Calculate the distance between points(], -2) and (3, -7). 

A student S 1 \vas asked to present his answer to the class. 

Interpretation/comment 

Related to previous lesson -

Alternative solutions, 

Promote discussion 

The follO\ving is the transcription and interpretation of the com·ersation going on after this: 
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T: 
SI: 

T: 

SI: 
T: 

52: 
T: 

S2: 

T: 

T: 

S: 
T: 

S: 
T: 

Episode 10. 1 (\Vhole-class) 

Etplain what you ·ve done. 
To H'ork out this part of the equation is 
the slope. So you get your points up here 
,vhich is y = 7, put dmrn here -2, so you've 
got YI and y2, so you can find the slope. 
So you've got that part of the graph and 
that part of the equation and plot your 
graph and just use that (referring to the 
intercept on the graph). 
But, hang on, I thought you told me 
there was another way to check it 
[During the discussion benveen Michael 
and the group of SI before this, they 
told Michael how to get c = 1/4 through 
substitution]. 
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Interpretation/comment 

Request for explanation - Theme 1 
Improved in tendering explanation. 

Request for further explanation. 

Suggestion from S2 

No [Students near to SI and S2 laughing]. Refused to elaborate further/Possible S 1 
Is there any way you can in fact check that hadn't understood the suggestion of S2. 
that is correct [referring to c = 1/4]. 
[Indistinct, S2 is the partner of SI] 

Request for clarification. 

Go up and show if the calculations are right. 
I J..now you did it. Theme 4 
[Indistinct. Writing downy = -9/4x + 1/4, Evidence that they had done it, but 
y = -9/4xl + 1/4, -2 = -9/4xl + 1/4.J refused to explain in front of the class. 
What Ryan's done is actually what he said Elaborate further for confirmation. 
he was going to do, just put in one of these 
values. Um, I think you can see, let x = 1 ... 
What he's doing is using one of the points 
that you know the line passes through ... 
x = 1, y = -2 and solve for c = 1/4. 

Episode 10.2 (Whole-class) 

One thing I was pleased that Daniel has got 
is this here, (y2 - y1) divided by (x2 - x1). Encouragement/Recognize contribution 
What is that a measure of? of S 1. 
Slope. 
Slope. vVhat did H'e represent the slope to 
be? 
m. 
m. We're going to come back to that at a 
later date. 

Taking on students· response for 
instruction - Theme 5. 14 

Michael quickly drew a rectangle encasing the fomrnla (y:: - y1)/(x:: - x1) = m to highlight it 

and told the class that they would come back to discuss this formula at a later stage of the 

·---·----------~·--·-



EPISODES 363 

lesson. He used this formula as a starting point to negotiate with the students another formula 

to find the equation of a straight line, that was, (y - y1) = m(x - x1). 

The following was the conversation going on between Michael and one of the targeted 

students when they were tackling part (b) of the problem. 

T: 

S3: 
S4: 
T: 

S4: 
T: 
S4: 

T: 
S4: 
T: 

S4: 
T: 
S4: 
T: 

S4: 
T: 

S4: 
T: 
S4: 
S3: 

Episode 10.3 (Group work/teacher) 

Now what process did you use to find it? 
[referring to finding the midpoint] 
We just used the graph. 
We just took the midpoint. 
Took the midpoint? Now in terms of the 
x and y's, how could you interpret the 
midpoint. "What's they height? 
Seven. 
1Vhat's its lowest? 
Oh, yeah, we've done this ... it's half ... 
it's in the middle. 
It's in the middle of the? 
y. 
y, the range of y values and this is in the 
middle of? 
xs. 

Request for clarification/ Assessing 
understanding - Theme 1, 2 

Request for more information/Question 
based on students' responses/Question 
Redundant - Theme 3 

More information. 
Questions satisfied the needs of students. 

Refocusing with more information 

Refocusing with more information. 

xs. Now, what are the numbers? Seven and? Refocusing with more information. 
-2. 
Now, how can you get your height of 2.5 
from 7 and -2? 
Take the range and divide by 2 and minus it. 

Request for clarification - Theme 3 

You said take the range and divide by 2 Request for alternative method. 
and minus it. How could you go directly 
from the 7 and -2? 
You just take the average. 
You're right ... 
I'll try ... It's right. Oh, good. 
You're smart. 

Students employing the suggestion -
Theme 4 

In the end, Michael led a whole-class discussion to negotiate the formula y - y1 = m(x - x1). 

T: 

Si: 

~-----~----·-----

Episode 10.4 (Whole-class) 

If I wanted you to ... asked you to change 
this to rational expression ... what would 
you do? [referring to (y2 - y1)/(x2 - x1) = 111] 
[ Multiply horh sides. J 

Request for explanation/Redirect with 
more hint. 
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T: 
SI: 
T: 

S2: 
T: 
S2: 
T: 

S2: 
T: 

S2: 
T: 

Multipl_v both sides by? 
[x2 - x1] 
[The bell rings and students ready to 
leave the class] Nmr if you can just wait 
20 seconds to listen to this. What does 
(x1, y1) refer to? What is x1 and y1 referring 
to? 
First point. 
What's m referring to? 
Slope. 
What could you call x2 and Y2? Somebody 
said it was the first point, and we refer to 
this as the second point? 
Another point. 
Another point. Well done. Suppose I call 
this any other point, if I call (x2, y2) any 
other point, would you agree if I ,rns to call 
this (x2, y2) any other point, I can label it 
more generally ... ? 
Any other point (x, y) . 
Just x and? 

EPISODES 36-t 

Students couldn't concentrate/End of 
lesson. 

Didn't give chance for students to 
express their thinking/Led using 
questions to the intended end - Direct 
instruction 

S2: v . 
T: In other words, if I consider (x1, Y1) to be Telling students directly \'vhat' s needed to 

a point on my line and m to be a slope and be done/Evidence of poor scaffolding at 
let's rethink of (x2. y2) as any other point, the end of lesson/Many students didn ·t 
this [y2 - y1 = m(x2 - x1)] can be then rewritten understand this formula. 
[writing downy - Y1 = m(x - x1)l as a more 
general equation of a straight line. In other 
words, ifwe knoH' the slope of a line and any 
points that sits on that line, then we can put 
the information on here and you can come up 
with the equation. 

~---~~~~·-~------ ·--··-·---------------------~ ------·-·-·-··-·--·- --.- - -·-- -··-----~···-.-·- ----~---·---~· 
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Activity I I : 

Durirrg the lesson on 21/7 /97, the students were given the following problem: 

Activity 

Sketch the graphs ofy = x2 and y = x + I. Give 

the approximate coordinates of the point(s) of 

intersection of the two graphs. 

Interpretation/comment 

The students did not face much difficulty in getting the answers. The following is the 

transcription and interpretation of a brief conversation between the teacher and one student: 

T: 
S: 
T: 

S: 
T: 
S: 
T: 
S: 

T: 

Observation 

Episode 11 (Group work/teacher) 

How many points do you have? 
Two. 
If we consider other lines, does it have 
to be two all the time? 
Um ... can be one? 
How? 
(Pointing to the x-axis.) 
Is that all? 
... Can be any line like this? (figuring a 
line touching the curve.) 
Ah, good. 

Request for clarification - Theme 2 

Request for clarification with more 
information/Not connected with the 
problem/helpful for subsequent lesson. 
Request for further clarification/ Assess 
understanding/Response with non-verbal 
aid/Refocusing for other possibilities. 
Response with non-verbal aid/Insist S 
employing the suggestion/Message 
conveyed successfully - Theme 3, 4 
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EPISODES 366 

ActiYity 12: 

The following problem was given to the students of a sixth form class to investigate the 

relationship between the gradients of perpendicular lines on 23/7/97: 

Activity Interpretation/comment 

Plot the following pairs of lines on three separate Students spent too much time plotting 

sets of axes. the lines/Could have asked students to 

I. y = 3x - 4, and y = -x/3 + 2 plot a pair and conjecture the connection 

2. y = 2x/3 - I, and y = -3x/2 - I and prove the conjecture - Challenging, 

3. 3x + 4y = 12, and 3y - 4x = 3. Alternative solutions 

Questions: 

I. What do you notice about the pairs of lines graphed? 

2. Write down the gradient for each line graphed. 

3. Is there any connection benveen the gradients? 

4. Write a note sununari::,ing your finding (use heading 

"GRADIENTS"). 

The following is the transcription and interpretation of the conversation between the targeted 

students during group work after they had plotted the lines: 

SI: 
S2: 
SI: 
S2: 

SI: 

S2: 
SI: 
S2: 
SI: 

Episode 12.1 (Group work/student) 

They all cross nearly at right angles. 
They are almost perpendicular. 
Fine ... fancy language. 
You've got to hare fancy language ... 
They all intersect each other. 
They all form Xs. nearly cross at right 
angles. 
They all cross each other. 
They all cross each other. 
Yeah. 
Gradient is three m·er one. 

S2: What else hare 1\'e got ... negative 
one third. Mo third. negarfre one 
and a half What ·s rhe gradient of 

______ .,, _____ ,_,,_, __ 

Interpretation/comment 

Suggestion/No explanation. 
Suggestion/No explanation. 
Off-task talk. 

Social talk/asking for method; 
Confirmation of answers. 



SI: 
S2: 
SI: 

S2: 
SI: 

S2: 

SI: 
S2: 

SI: 

S2: 

SI: 

S2: 

these ones? 3 over 4 or 4 oi·er 3? 
For which one? 
Three ... 
There's nvo lines there. So 1i·hich line 
do you want? 
The first one, 3x + 4y = 12. 
That's the one we missed out. eh? 
So it'll be .. . 
4 over 3 ... can't remember how to 
simplify that ... 
[Indistinct] 
Yeah, I'm just going the other irny. 
And this one will be 3 over 4. n11·s 
looks like x over y . 
. .. negative 3 over 4 [referring to 
the gradient of 3x + 4y = 12]. 
They are all reciprocal. Are they 
reciprocal of each other? If the top 
and the bottom were changed orer, 
so reciprocal? 
This one is 4 over 3, isn't it [referring 
to the gradient of 3y - 4x = 3 J? 
Yeah. 

EPISODES 367 

Social talk . 

Suggestion/Request for confirmation. 

Suggestion for previous question. 
Theme 8 

The students conjectured that the pairs of lines were almost perpendicular. They found the 

gradients of all the lines. At this point, S 1 checked his answers with S2, and found that his 

answers for the third pair differed from the answers of S2. S 1 was not sure which answers 

were right. After a while, the following conversation resumed: 

SI: 

S2: 
SI: 

S2: 

Episode 12.2 (Group work/student) 

Wait, wait, wait. This is not negative 
[4 over 3]. 
Why not? It's negative 4 over 3. 
It intersects y at 3. If it says 3x. then 
it's 3 over I. 
[Do we say they are] inverse and they 
are reciprocal of each other? 

Request for confirmation. 

Request for justification. 
Tender explanation. 

Request for help for the earlier part/Not 
taking on the explanation by S 1/ 
Untimely - Theme 6, 7, 8 

S 1 sensed that his answer was right and tendered the explanation for it to S2. Unfortunately 

S2 ignored it. The teacher intervened and discussed with them the meanings of inverse and 

reciprocal and left them with the following hint, \Vhich led S 1 to discover that the product of 

the gradients of each pair of lines was -1. 
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T: 

SI: 

S2: 
SI: 

Episode 12.3 (Group work/teacher) 

H'ell. I H'ould like us to focus on 
that H·ord and then focus on the 
operation. 'What tt•ould happen if you 
relate on multiplication in these 
terms. what would you get each time 
we talk about division being the 
inverse of multiplication? ... 
[Multiplying the gradients of the lines} 
So you would get a -1 all the time. 
Would you? 
Yeah, this times this is -1. 
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Refocusing with more information/ 
Focusing to bridge a gap in 
understanding the problem - Theme 3 

After a while the teacher intervened again and led them to their conclusion. 

T: 

SI: 
T: 

SI: 
T: 
SI: 
T: 

SI: 
S7· 
SI: 
S2: 

SI: 

Did you find out how you can add, 
subtract, multiply and divide? 
Multiply that by that and you get -1. 
In other words, if you multiply the 
two you get ... 
-1. 
'What sort of lines were you getting? ... 
Perpendicular lines. 
Perpendicular lines and [you deduce 
the product of the slopes of the lines 
to be} ... 
-1. n'7wt's that supposed to mean? 
Nothing. 
So, it's just a big waste of time. 
Product of the gradients of each of both 
lines is ... negative one. 
[For perpendicular lines, the product 
of their gradients is -1}. 

Request for information - Theme 2 

Tendering explanation. 
Request for confirmation - Theme 2 

Request for information/ Assess 
understanding. 
Request for confirmation. 

Request for further clarification. 
Refuse to clarify. 

-------- ·---·--------~-----~~---·----
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Activity 13: 

J.. 

The following activity was given to the students of a sixth form class investigating the ;. 

relationship between the gradients of perpendicular lines on 24/7 /97. ,.. 1 

Activity Interpretation/comment 

I. Plot the following pairs of lines on three separate 

sets of axis. 

(a) y = 3x -4 and y = -1!3x + 2, 

(b) y = 2/3x - I and y = -3/2x - I, 

(c) 3x + 4y = 12 and 3y - 4x = 3. 

Open-ended questions/Students searched 

in all directions/Made conjectures/ 

Insisted on explanation and justification -

2. What do you notice about the pairs of lines you Promote discussion, Alternative 

have graphed? 

3. Write down the gradient or slope of the six 

lines you have drawn in part (I). 

4. What is the connection benveen your ansH·ers 

to part (2) and (3)? 

5. Write a note clearly explaining 1rvhat you have 

found. 

S5: 
S6: 
S5: 
S6: 
S5: 
S6: 
S5: 
S6: 

S5: 
S6: 
S5: 

S6: 

Episodes 13.1 (Group work/student) 

If x is zero ... 
x is zero ... 
Y equals three. 
Y equals three. 
So where do we put that? On they axis. 
Oh, you 're so dumb, x is four. 
It just fits. 
Ah, no. I've labe!ed the axis wrong ... They 
can't all be wrong. 
I put those two on the same one. 
I think I have done these all wrong. 
That means I've done ... Oh. you hai·e too. 
How the hell did you cock it up? That 
means I've done it wrong. 
I stuffed up. I changed the x·s around. 

solutions 

Students spent a lot of time plotting the 
graphs which didn't contribute to their 
learning of the concept of this lesson/ 
No discussion on the strategy or 
conjecture/Exchanges were low level 
elaboration; checking of number answers. 
One pair of lines would produce better 
result; could be asked to come out with 
Pairs of lines that could justify their 
conjecture(s) - Social talk 
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T: 

S5: 
S6: 

S5: 
S6: 

S5: 
S6: 
S5: 

S6: 
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Episode 13.2 (Whole-class) 

Okay. some people or most people should Keeping students on task/Hint to 
be at the stage irith [ their H"ork] of writing conjecture and justify. 
out the gradients of these lines and then 
looking at them and realizing [ the connection]'. 

Episode 13.3 (Group work/student) 

E-i:cept us. 
.. .I'm just a bloody genius. What do 
you notice about the pairs of lines you 
have graphed? They are straight. Write 
down the gradient slope of which you 
have drawn. Oh, no . 
... Did you put that they just intersect? 
·what do you notice about the pairs of 
straight lines? I just said they're straight. 
They are straight and they intersect. 
And they intersect, okay. Intersect once . 
. . . Are you playing? Are you going to 
practice tonight? 
No, no. A.re you not going to basketball 
practice? 

Evidence of spending too much time 
plotting the graphs; not attending the 
vital parts of this problem. 
Further clarifying the question. 

Further clarifying the question. 
No explanation and justification. 

Getting bored/Start to get engaged in 
off-task talk/Problem not interesting . 
The students hadn't tackled 4 and 5 
when the whole-class discussion on 
solutions started/Defeat the purpose of 
group work/Could move on faster if 
working individually. 

---- ·----------·-·-· 
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Activity 14: 

During a lesson on 25/7 /97, the following problem was posed to the class 6M. 

Activity 

Consider the straight line given by the equation 

y + 2x = 7. 

( a) i-vhat is the gradient, or slope of the line 

y + 2x = 7? 

(b) Find the equation of the line that goes through 

the point (I, 3) and is perpendicular to the line 

y + 2x = 7. 

Interpretation/comment 

Extension problem to previous lesson/ 

Practising the skills learned. 

One of the students has the following as his solution for (b). 

112 = (y - 3)/(0 - 1), 

112=-y+3, 

y=2112. 

So, the equation of the perpendicular line is y = l/2x + 2112. 

This student used the gradient of the perpendicular line to find its y-intercept. On seeing this, 

Michael intervened. The following was the conversation going on which led this student to a 

deeper understanding of the second formula. 

T: 
S: 
T: 
S: 
T: 
S: 
T: 
S: 
T: 

Observation 

Episode 14 (Group work/ teacher) 

iVhichformula are you using? 
y = mx + c. 
What is the otherformula? 
[He is not sure.] 
(Pointing to theformu!a in the work sheet). 
OK. 
What ism? 
Gradient. 
Gradient. What is x1 and yz? 

Interpretation/comment 

Request for clarification/ Assessing 
understanding - Theme 2 
Request for further information. 

Non-verbal hint/Scaffolding redundant -
Theme 3 
Request for information. 

Request for information. 
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S: 
T: 

S: 
T: 
S: 

... ls it a point on the line? 
What do you know about the perpendicular 
line? 
Gradient is Vi. passes through { I, 3 ). 
Can't you just plug them into the formula? 
(Work on the formula, simplify and get the 
same ansH:er) Oh, I see. 
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Request for information/ Assessing 
understanding - Theme 2 

Su££estion/Scaffoldin£ tendered from -- -
student' s responses/Tailored to his 
needs/Insist on employing the suggestion 
Teacher comment: need to help at the 
Right moment; shouldn't force through/ 
had to observe students' work to get such 
chance - Themes 4, 5 

------·------------, 
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Activity 15: 

). 

The students were asked to work on the following problem on 28/7 /97 during_ their first lesson ,1. 

on calculus. " 

Activity Interpretation/Comment 
1. Draw a neat graph ofy = 2x-1, 

( a) What is the slope of this line at x = I and at x = 2. 

(b) Does the slope of this line change as x changes? 

2. Complete the following tab! e for y = x2 

X -1 -0.75 -0.5 -0.25 0 

y=x2 

1.75 1.8 1.9 1.95 2 2.05 

3. Using a scale of one square to represent 0.2 

draw a neat graph ofy = x2. 
4. Using the fact that the slope of a line between 

two points (x1, y1) and (x2, y2) is given by 

slope= (y2 - y1)!(x2 - x1), then find the slope of 

the line between 

x = I and x = 3. 
x = 1.25 and x = 2.75, 
x = 1.5 and x = 2.5, 
x = 1. 75 and x = 2.25, 
x = 1.8 and x = 2.20, 
x = 1.9 and x = 2.10, 
x = 1.95 andx = 2.05, 
x = 1.99 and x = 2.01. 

5. Describe in your own \\'orcls 11·hat is 

happening in question 4. 

6. Choose some points on either side ofx = 3 

and use the same technique used in question 4 to 

0.25 0.5 0.75 1 1.25 1.5 

2.1 2.2 2.25 2.75 3 

Well structured problem/Method to find 

the solutions given/Laid a well-marked 

path for students to follow. Teacher 

comment: no confidence with students to 

come up with this method by themselves/ 

take a long time for students to get this 

by themselves/can't finish in one lesson. 
Challenging, Alternative solutions, 
Promote discussion 
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estimate the slope of the cuJTe y = x2 at the 

point x = 3. 

7. What do you think the slope of_',' = x2 :i,vi[l 

he when x = 4?Check out your estimate. Is 

there a relationship between y = x2 and the 

slope at a particular x value? 
. . 1 

8. Repeat the above questwns but use y = x 

instead ofy = x2
• 

Episode 15.1 (Group work/student) 

SI: He called you Eddie. 
S2: He does ... does it? 
SI: Go smack him. 
S2: No ... does it. Hey, lre're being recorded 

now Stu. 
SI: Do do do do. 
S2: Yeah, we 're going hard nmr. This is just 

the beginning. We'!! be hm:ing offers. 
Beverly Hills, Melrose Place . 

SI: Those ... Tmgoing to tllrn those down. 
Yeh, I want my privacy. 

EPISODES 37-+ 

Extension of the above 7 questions. 

Interpretation/comment 

Off task talk/didn't discuss anything 
concerning their work. 

After working for about ten minutes on this problem, the teacher intervened by saying 

T: You should have almost finished number 
one by now. 

Focusing to keep students on task. 

The students continued with their conversation as follows: 

S2: 

SI: 
52: 

SI: 

Oh, I did number two first. But that's just my 
crazy. But that's just my crazy megamix Off-task talk. 
method. I can't work li:ith all these wires. 
I need a vest. I need police protection 

What is this? I've done it ,-.:rang I think. 
You can't. Yoll're in front of the cameras. 
£1:erything must be pe,fecto. 
Oh, lees. that's a bit harsh. We could have 

Even though so much off task talk, they 
could do their work/Due to the nature 
Of the problem/The method given/Filling 
in the tables using calculator. 

done all that at a supermarket ... doing the Getting bored/Not interesting/Not 

-~--------~------------



S2: 
SI: 

S2: 
SI: 

SI: 

T: 

S3: 
T: 
S3: 
T: 
S2: 
T: 

S2: 
T: 

S3: 
T: 
S3: 
T: 
S3: 
T: 

S2: 
T: 

S3: 

thing and got paid for it. 
What do ),'Oil mean? 
Because that's what they do in 
supennarkets. 
Yeah. 
And got paid for it. Instead we did it for 
nothing. 
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enjoyable. 
They did look at each others' work; just 
to verify the figures. 

Oh. do you have to do that ... definitely what Halfway into the lesson: Decided not to 
we have in our notes. Do anything; wait for the notes. 

Episode 15.2 (Whole-class) 

I'm now looking at a straight line benveen 
these nvo. And most people saying you 're 
getting about 4 again. What have I done 
with my next set of x values that I've asked 
you to look at the slope? 
2.25 and 1.75. 
1.75 and 2.25 and the next pair? 
Lower again, 1.8 and 2.2. 
What am I doing to the Mox coordinates? 
Getting closer together. 
Getting closer together and closer together 
around what point? 
Around 2. 

Request for clarification - Themes 1, 2 

Response not accepted. 

Refocusing with more information/ 
Message successfully conveyed - Theme 
3 

x = 2, and it appears that the slope seems Request for more clarification. 
to be 4 ... What is going to happen if I choose 
now my x 1 to be O and my x2 to be 3? ... 
The slope's going to be smaller. 
What's going to happen to the slope there? Refocusing with more information. 
[Indistinct] 
Is it going to be 4 or something different? Explicit hint. 
It's going to be lower than 4. 
Why? From the graph you should be able Asking for justification. 
to see that that slope benveen there and 
there is going to be the slope of that line, 
whereas before we were looking at the 
slope of this line ... Is it different? ... 
What's different about this pairing ofxs 
as opposed to the ones that gave us the 4? Theme 3 
What is different about them? 
The same. 
Someone here know that I'm talking about Request for more clarification. 
all those ones that gave you a slope of 4, 
what are we getting closer and closer to? 
2. 

T: And you think about the number 2 [x = 2] 
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and that pair and rhe number 2 and that 

.~ 

pair. and we were getting 4 in the number 
2 of that pairs. what's different? ... Where's Request for clarification - Theme 3 

c~ the number 2 compared to this pair? 

" Where's the number 2 compared to this 
. ? 

~ ~ 
pmr . ... 

S3: In the middle. 
T: ... So maybe you think of 2 as always in Request for confirmation with more 

1 the middle. then I'll get the slope 4 out. So information. 
:i let's choose the number x = -1, that's here 

. '" and 2 is going to be in the middle, what's 
the other x value going to be? ... That's 5, 

>-' isn't it? 
+ S3: Yeah. 

~ 
T: Now I might not even need to have to find Refocusing with more hint/confirmation. 

-'. I.) 

the slope because it might be able to see Themes 2, 3 
the slope from here ... Does it look like it 

J, could be the same? 
i.,, S3: Yeah. 

.. T: lvf aybe, check it. I 1rvant you to be able to 
find the slope for x = -1, x = 5 and tell me 

~ 

what you get ... VVhat do you get for the 
slope? 4? 

.. S3: Yep . 

~ 
T: If we've got a slope here .. ive've the 2 in Request for clarification with more 

the middle ... The slope is 4 for them. If information - Theme 3 

"" the slope is the same, n:hat sort of lines 
i A are these lines? 

·\ 
S4: Parallel. 
T: They're parallel. vVhat's happening is 

• we've got parallel lines here ... All the 
1 slopes are 4. These lines cut the curve in Request for clarification with more 

. " how many places? information. 
S4: 2. 

"I' 
T: This line between I and 3 cuts in how 

A many places? 
q{ S4: 2. 

\ " T: vVhen I've got down to the bit 1;vhere x 

:.>I 
is slightly below 2 and x is slightly above 
2, how many places does this line cut the Request for clarification \vith more 

'i czm1e? Is there a point ii-here I can find information - Themes 2, 3 
l the line that is parallel to one of these 

' ~ 
rhat only rnts the rnrve in one place? 

S..f.: Yes. 
T: Yes. And ii-hat's the slope going to he ... ? 
S..f.: 4. 
T: It's going to be 4. So ire 'i·e figured out Justification for this method. 

the slope. Because if I gii·e you just one 

-----· --~--~-



S4: 
T: 
S4: 
T: 
SI: 
T: 
S4: 
T: 

S4: 
T: 

S5: 
T: 

S5: 
T: 

point. 1fl say to you x1 is 2 and YI is 4, can 
yo11ji11d the slope of the curve at a point? 
If! saJ· to you, here's a point here,find out 
what the slope of the curve is at that point, 
ha,:e you got (x1, y1)? 
Yes. 
Hm·e you got an (x2, y2)? 
No. 
So how can we find the slope? 
[Indistinct] 
Just ... 
A little bit either side. 
Just a little bit either side. I need two 
points to find the slope. Can't give you 
one point and say find the slope ... But 
he ·s decided I just go a little bit either 
side. Does it have to be the same bit 
either side? 
Yes. 
Yes. We ·ve discussed that if I don't go the 
same bit either side, I'll get a different 
slope noH·. So we might want to ... I'm 
looking at -2 here. Looking at -2, added 
on to that maybe .OJ, is that enough? 
Enough. 
And take .OJ off so that we look at -1.99 
and -2.01 and that's now going to give me 
-2 points [the two points for x = -2] to find 
the slope here and you would think that 
the slope between that and that will be the 
same as the slope at -2. 
Yep. 
And now we've got some technique for 
finding the slope at a particular point. 
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Request for confirmation. 

Correct response/own initiative/the 
scaffolding was a success for S4. -
Theme 5 

Request for further clarification. 

Confirmation. 

Led students through to the method by 
questioning/questioning based on 
students' responses/Rephrased questions 
so that messages were conveyed 
successfully/Scaffolding redundant. 
Imposing the method on students/Not 
Giving students a chance to express their 
thinking. 
Teacher comment: need this method for 
the next lesson and limit - Theme 5 

The students continued to work on the other questions. The following conversation occurred 

towards the end of the lesson. 

T: 

S6: 
T: 
S6: 
T: 
S6: 
T: 

Episode 15.3 ('Whole-class) 
Tim, ivhat have you got for a slope around ... 
what's .vou slope around 3? 
6. 
You get 6. And what's your slope around 4? 
Ah. hcn:en 't done that. 
Hm·en 't done that yet? 
It should be 8. 
Okay. and so you can ansH·er question 7 

--------------------

Request for clarification. 
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part 2. Did there appear to be a 
relationship between the [ y = x2

} and the 
slope in particular ... ? 
[ Indistinct} 
What is it? So it is? Louder. 
2x. 
It's 2:c. So [if! ask you] what's the slope 
ofy = x2 at x = 100, it's going to be? 
200. 
200. Now we'll need to check out ... it 
seems to be 2x. So you might think/or 
question 8 ... what do you think your 
answer might going to be for question 8? 
3x. 
You think it might be 3x. Use a similar 
technique you used ... 

EPISODES 378 

Questions extended for new learning/ 
Students made conjectures. 
Students were not asked to explain/ 
responses were numbers or brief phrases/ 
extended by teacher on what he thought 
students meant - Theme 4 

Teacher dominated the discussion. 
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Activity 16: 

,,( 

The students of a sixth form class were tackling the following problem for the start of a lesson ",,_ 

on 'limit' on 4/8/97: 

Activitv 

Complete the table of values of thefunctionf(x) 

in each of the following problems. Hence state 

whether or not the function has a limit as x 

approaches the value specified below the table, 

and if the fllnction has a limit, state the value of 

this limit. 

Interpretation/comment 

Method given/restricted students to 

search in other directions - Challenging, 

Alternative solutions, Promote 

discussion 

1. I ;x) I O I 0.5 J 0.9 I 0.9910.9991 11.00T OTJ 11.5 I 2 I 

2. X 

f(x) 

f(x) = x2 -1 
x-1 

1 1.5 1.9 

f(x) = x2 -4 
x-2 

1.99 

limx2 -1 
x~l x-1 

1.999 

limx2 
- 4 

x~2x-2 

2.001 2.011 2.1 2.5 3 

I 

3. I ;(x)J-/ J-0.5 I-O/ i-O.OJJ-0.001 I 
1
0.001/°0l I 0.1 I 0.5

1
1 I 

? 
f(x) = x- - 3x l

. ? 

zmx- -3x 
X x-..0 X 

Episode 16.1 (Group ,vork/student) 

SI: I don't get it. can you please explain it 
to me? 

Request for help 

52: I don't knmr. I think it means there's 

~ .. 
·~ 

• 1 

' 
.. 

"· + 
f 

~ 

+-

,. 'I-

-~ 

~ ' 

.~ 
.. l 

,. 

/-

~ ~ 

t 

'{ r-

I' 

.. 
w 

,I:. f 

I" 

.. 



_,._ 

--'-> 

,, 

~:; 

;,1,,. 

:, 

·~ 

./ . 
t 

-~ 

~" 
I>' 

.. 
t .. 

~ 

I> 

-, 
~ . 

'\ 

\ "1 

<\ 

.,, 

"' 
I• 

·r 

'l 

Si: 
S2: 

Si: 
S2: 
Si: 

S2: 
SI: 
S2: 
Si: 
S2: 
Si: 
S2: 

Si: 

a limit. That ,neans that this rnlue. 
theoretically equal at zero. but you can't 
get zero because there's only one point so 
that value ·would be the same as it would 
he if there was a value here. 
How come there isn't a value here? 
Because then there H'mt!d be only one 
point if they ... 
Trying to find that value of that point. 
You can't find the slope of a point. 
So you get as close as possible to the 
point you 're tlying to find the slope of 
I think if there is a limit ... 
On the ·slope ... 
Yep. 
Of the point X. 
Yep. 
Oh, I see. 
I think if there is a limit that means that 
this ... this actually equals . 00 I, then ... 
I was going to say then ... that would be 
the same if that H·as 0. but you can't 
measure O because then you'd only have 
one point . 
Math gets more interesting as you go 
along. 
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T endcring help, even though uncertain. 

Request for further clarification/ Above 
help could not help to eliminate the lack 
of understanding - Theme 6 

Clarification with more information. 
Request for confirmation. 

Further clarification to help the lack of 
understanding. 

Level of help seemed to be relevant -
Theme9 

When they were tackling the second question, the discussion continued: 

52: 
Si: 
52: 

Si: 
5 1 · 

SI: 

52: 

S 1: 

Episode 16.2 (Group work/student) 

Don't waste your time ... it's obvious. 
I'm trying to show the [working]. 
Let's do a few test values. It's made to 
be easy. 
That doesn't approach 2. 
What? 

Tender suggestion/Not happy with the 
Question/Spent too much time working 
on the tables - Social talk 

Request for confirmation. 

It doesn't approach 2. It doesn't approach Showing that he had not understood the 
it. It's asking if there is a limit. And is that's explanation tendered by S2 in episode 1/ 
right it's asking ... is there a limit as x gets Help could not satisfy the need of S 1. 
closer to tH'O? Did S 1 understand the question? 
Yeah ... yeah as ... looks at those rnlues too, 
is there a limit? 
I don't understand them at all. Was there Theme 6 
something done ,rlzile I .i·as mrny? 

52: They didn't talk about limits. No. it's the 
first I've heard about limits. 

------·------
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Episode 16.3 (Group work/teacher) 

SI: I don't get this [ referring to the second Request for help. )_ 

part of the question]. 
1-).. 

T: What we're asking is, the limit as x gets Clarifying the question - Themes 1, 2 
closer to 2 of this thing [ referring to 4 

(x2 
- 4)/(x - 2)]. What is happening to the Request for clarification with new ., ' 

value when you plug numbers into this? information. .. 
SI: Um ... The question could not clarify the lack 
T: What is happening to the value you of understanding/Rephrase the question/ < ' 

get out as x is getting closer to 2? As x More information/Scaffolding redundant ' 
is approaching 2 ... what is happening -Theme 3 ' ; 

to the number I get out? What is it 
+ 

approaching? 
SI: 4. ~ \. 

T: So the limit is? ~ 

SI: 4. ~ , 

T: Because as I approach 2 from the other Tender new information to confirm -
direction, if you think of a number line, Theme 2, 3 

/. 

what is happening to the value I get out? ,,. I-

S2: If you can never reach 4. q 

SI: 4 is the limit because that's what the Unsure of the answer. 
estimate is? 

1 ' 

T: 4 is the limit because it only takes what Refer to Table 1 for confirmation/ 
it has to be ... it may not ever reach that. Scaffolding redundant - Theme 3 ·• 
In fact here [referring to (x2 -1)/(x -1)], " ~ 
the limit as it approaches I is 2. Can you 
put I in and get out an answer of 2? f1 

SI: No. ~ 

T: The function is undefined when x = I. It ~ 

has no ansvv·er but the limit exists. The limit 
4 /. 

is 2. 
S2: So if you were to graph that graph, [there f' 

would be a break in the graph at x = I]. Better understanding for S2. .. 
SI: How can a limit exist if it doesn't [have an 

>-
answer]? I hate all this theoretical stuff. 

S2: It has no value because it's like a one point More clarification to help. rt 

which you can't have. ,.. 

SI: So you can but you can't. Request for confirmation " 
S2: That sounds right. Confirmation. 

I( 

SI: No. it isn't. So what happens on [one] side Conclusion/Undefined at x; Limit is the 
happens on the other side . value the function approaches from both ( f 

S2: . . . Goes in one side, approaching I comes sides/Better understanding - Theme 7 '/-

out the other approaching 2. .. 
SI: ... It's decreasing towards it on both sides. 

Episode 16.4 (Group work/student) 

SI: James. you know here. there's a common Tender suggestion/New strategy for an 
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factor. (x - 3 ). 
S2: No. 
SI: Yes. There's x here. there ·s minus here, 

so (x-3). 

--------·-------· 

EPISODES 3S2 

Answer. 
Not entertained by S2/ Has a strategy in 
hand for the answer/If discussed, could 
have a better strategy/problem with group 
work - Theme 9 
Observation: This strategy was proposed 
by another student during whole-class 
discussion; stopped by teacher; reason: 
planned for the next lesson - Theme 8, 9 



EPISODES 383 

Activity 17: 

One of the teachers participating in this research started off with the following problem for 

calculus, which just asked the students to find the gradient of a curve at a point on 8/8/97. 

Activitv 17. l 

Draw the graph of y = . ../. 

Explain and show clearl_v how you will find the 

gradient of the cwTe at x = I. 

At again x = 2. 

Interpretation/comment 

Open-ended problem/no method given. 

Students draw the tangent at x = 1 and 

X = 2/ estimate the gradient using 

Rise/run - Challenging, Alternative 

Suggest an answer for x = 3. Justify your answer. solutions, Promote discussion 

Most of the students drew the tangents to the curve at the point x = 1 and x = 2 and estimated 

the gradients using the formula gradient = rise/ run. In the process of formulating the solution, 

the following conYersation was going on between the targeted students. 

SI: 

S2: 

S2: 
T: 
S2: 

Episode 17.l (Group work/student) 

Justify your answer! Don't we justify it 
by doing it? 
. . . There must be another way of doing 
it too. 

Episode 17.2 (Group work/teacher) 

Is there another way of doing it? 
That's i,rhat I want you to consider. 
There should be another more accurate 
Way. 

Interpretation/comment 

Request for help to clarify the problem/ 
not entertained by S2 . 
Noticed they have different, but close 
answers/Request for help. 
Request not entertained: Both busy 
thinking about their own problem/Not at 
the same phase in their problem-solving 
process/Problematic for group work. 

Request for help. 
Scaffolding not tailored to the need/S2 
could not continue on - Themes 1, 3 

The students were unable to figure out a more accurate way of finding the gradient of a curve 

at a point. So the teacher decided to pose the following problem: 
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Activity 17.2 

Draw the graph ofy = x2
• 

Find the gradient of the line joining the point x = I 

andx = 2. 

Investigate the gradients of the lines joining the 

EPISODES 3~-+ 

Method is given/Invited students to 

point x = I to other points x, where x is between I investigate and make conjectures/ 

and 2 (say x = 1.5, x = I.I etc). Required to prove conjectures/ Promote 

What happened to the gradients of the lines? discussion as students came up with 

Can you suggest a meaning to the "last" gradient different conjectures and arguments. 

you found? 

Now find the gradient of the line joining x = 2 and 

x = 3. What happens to the slope as your slope line 

approaches x = 2? 

vVithout doing any slope calculations can you 

suggest an answer for the slope at x = 3? Justify 

your answer? 

-~---~~-----··· 
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Activity 18: 

The following problem was posed to the students of a sixth form class on 15/8/97, who had 

learned 'derivative', 'what is a tangent to a curve?' and 'how to find the equation of a straight 

line·. 

Find the equation of the tangent to the curve y = x2 
- 2x + 4 at the point (-2. 12). 

The following is the transcription and interpretation of some of the conversation going on in 

the lesson. 

T: 
S: 
T: 
S: 
T: 

S: 
T: 

S: 
T: 
S: 

T: 

S: 
T: 
S: 
T: 
S: 

T: 

S: 
T: 

Episode 18 (Group work/teacher) 

Right, can you start? 
No. 
What's the question asked you to find? 
A tangent. 
The equation of the tangent. What sort 
of curve is the tangent? What sort of line 
is the tangent? 
A straight line. 
Straight line. So you 're really finding the 

. ,-r ? equation oJ a .... 
Straight line. 
Straight line which passes? 
Which touch that at that point [ referring 
to touching the curve y = x2 

- 2x + 4 at 
(-2, 12)]. 
At that point. So what do you need to find 
the equation of a straight line? 
A slope, a gradient. 
A slope and a ... ? 
An intercept. 
An intercept. 
But the slope could be anything, couldn't 
it? 

Interpretation/comment 

Focusing to keep student on task 

Request to clarify the problem/Help to 
get started. 
Request for further clarification -
Themes 2, 3 

Request for further information. 

Request for further information 
Directin2 S throu2:h to the answer/ - '-

Didn't assess student's understanding/ 
Didn't request student to explain what he 
would do - Theme 2 

Scaffolding didn't meet the need of SI 
Couldn ·t understand - Theme 3 

No. H1hat determines the slope? Have we Refocusing \Vith more information/ 
found anything recently that determines the scaffolding redundant. 
slope? What did we do just earlier on? 
[ Indistinct J 
That graphs here [referring to the earlier Redirecting \Vith explicit hint/Scaffolding 
H·ork \rhere S drew the graph of a quadratic redundant - Theme 3 
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S: 
T: 

S: 
T: 

S: 
T: 

S: 
T: 

S: 
T: 
S: 
T: 

S: 
T: 
S: 
T: 

S: 
T: 

S: 

jimction and the graph of its derivatii·e 
underneath it] ... so if you want to find the 
slope of any particular graph. what do you 
do? 
Draw a graph of that. 
If you want to find the slope of this 
[ referring to the earlier lrork} at x = -2, 
for example, what could you do? You 
would put -2 and come down here. How 
could you [find the slope}. 
Put in the equation [ of the slope}. 
Yes, put the number in the equation. So if 
you've got an equation of the slope. how 
can you find the slope at any point? 
Just put in whatever value. 
How do you know what x value you will be 
dealing with. 
Well, 12. 
What x value are you going to be dealing 
with. 
12. 
Is that the x value? 
Oh, no, -2. So you need the equation. 
How did you get that equation? How did 
we get this equation in this case? By 
doing what? 
I wouldn't have a clue. 
·what was it related to? 
The slope of that [ referring to the curve}. 
Which was the starting point, wasn't 
it? So how can we find the slope for 
this equation? What is it going to be 
related to? What did we do to this to get 
down to there? 
Take the derivative. 
What are we going to do to this to get 
the slope equation? 
Take the derivative. Hmr .. I can't 
remember. Hmv do you take the 
derivative? 

~·------ -·-----·--------·---·---· ------

EPISODES 3S6 

Couldn't understand/Scaffolding couldn · t 
bridge the lack of understanding -
Theme 3 
Refocusing with more information/ 
Should insist student employ the 
suggestion and give an explanation. 

Request for clarification/Didn · t request S 
to explain how to get the equation of a 
slope - Theme 1 

Request for clarification. 

Wrong response. 
Refocusing with more information. 

Message not conveyed. 
Refocusing with explicit hint - Theme 3 

Request for clarification. 

Confirm the important of assessing 
student's understanding - Theme 3 

Refocusing with more information -
Theme3 

Redirecting for confirmation. 

I 



EPISODES 3~7 

Activity l 9: 

,!-

On 2 l/8/97, the students were having their first lesson on determining the n:iture of turning ~ .<_ 

points with the following probkm. _,. 

Activitv Interpretation/comment 

Find the turning points on the curve y = x1(x - 6) First activity on nature of turning point/ 

and determine their natures. Open-ended - Challenging, Alternative 

solutions, Promote discussion 

The following is the transcription of the reporting back and the \vhole-class discussion after 

the students worked on the problem for about fifteen minutes. S 1 wrote the following on the 

board: 

Eoisode 19 (\\bole-class) Interpretation/comment 

T: ... could you come up and explain 1i:hat Request for explanation - Theme 1 
you 'i·e done. I don't k1101r if any of you 
hm·e done anything dzfferent. hut there's 
anotha method 1\'hich 1roulcf he okaY. 
You coulcl explain ... H·hy did you do these 

---~~--------
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SI: 

T: 

S2: 
T: 

SI: 
T: 

SI: 

T: 
SI: 

T: 

S3: 
T: 

S4: 
T: 

S4: 

EPISODES 3SS 

things? 
I wrote the explanation about the first 
derivative because ... put the stationcuy Loose explanation/Didn't give the 
points the first derivative will equal zero.- Reason why first derivative= 0 . 
Then I put that times the x values I found 
that when x was O and 4 the first derivative 
was equal to 0. I could have found they 
values for the coordinates. 
He said he found the where the first Request for justification for first 
derivative of 0, ·which is ... what is the first derivative = 0/Should give S 1 a chance 
derivative in terms of the graph? to employ this suggestion/Refocusing 
Slope. with more information - Theme 4 
Slope. So he's found the points on the Didn't ask for clarification on why 
graph with a slope of 0. And he's found first derivative= 0. 
the x coordinates. And he's said he could've 
found they ones. How could you have 
found they ones? 
Substituted back into the first equation. 
Back into the original equation. You 
could've put x equals O back into the 
original equation and got out a y 
coordinate, x is 4 back into the original 
equation and got out a y coordinate. He 
then has the coordinates of stationary 
points. Correct ... carry on. 
I also had the point of inflection, but 
didn't have time to write it up. But the 
point of inflection, the second derivative 
is equal to 0. 
And so you're now going to find that point. 
Yeah, and then as I said, that has a slope 
of O [referring to second derivative is OJ, 
but wasn't stationary point . 

Request for more clarification 

Confirmation. 

Didn't ask for clarification for second 
derivative = 0/Explain and justify -
Theme 1 

And so how is he going to decide whether ... Request for more clarification/Rephrase 
so if he found that that happened when x question with more information -
equals 3, how is he going to decide whether Theme 3 
the slope is Oat that point? How is he going 
to decide that? Put it into what? The first 
derivative or the first equation? 
First equation. 
If he gets x equals 3 and he puts it back into Refocusing with more information. 

_ the first equation, lrhat is he finding? 
He'sfinding they coordinate. 
He'sfinding they coordinate. He'sfincling 
the point on the rnrve. Is that H·hat he 
1rnnts to knmr? 
No. slope. 

Refocusing with more information. 



T: 

S4: 
T: 

S4: 
T: 

SS: 
T: 

S6: 
T: 

S6: 
T: 
S6: 
T: 

S6: 
T: 

He wants to find the slope. So what's he 
supposed to be plugging into? 
The first derivative. 
The first derivative. That's fine. Has 
anybody done anything different? Now 
I'm interested in a lot ... a lot of you here 
found that x = 0 and x = 4, and a lot of 
you have got out (0, 0) and you've got out 
4, what ... 
-32. 

EPISODES 389 

Request for clarification. 

Request for alternative method/Guide 
students by questioning through to the 
intended answer/Teacher dominated 
discussion/Students' response: brief 
phrases and numbers - Themes 1, 3 

-32. A lot of you got that. Now I'm interested 
in ... most of you said oh. since this is smaller 
than this, this must be the maximum and Request for justification for the nature of 
this must be the minimum. How have you the points - Theme 3 
justified that? Has anyone justified it? 
By looking at the graph. 
By looking at the graph would be okay. 
I've to accept that. If you sketch the graph, 
you would be pretty happy that this point is 

Justification. 
Legitimize the strategy/Not what teacher 
intended/Didn't insist student explain 
in detail/Elaborate what he thought 

this point here [ referring to the origin for students meant - Theme 5 
(0, 0) on the graph]. If you'd sketch it, and Questioning based from students' 
that would be okay. If you hadn't sketched responses/Taking students' perspectives. 
it, has anybody got a method that would 
enable them to find out if this H'as a local 
maximum, or a local minimum or point of 
inflection, because all we've decided so far 
is that there's some sort of a stationary 
point? Anybody got a method other than Request for alternative strategy/ 
graphing ... "What I'm saying is, that if you Refocusing with more information/ensure 
haven't drawn a picture and you get these message conveyed successfully/ 
points here ... You've no idea "vvhat the scaffolding redundant-Theme 3 
graph looks like, but you've fozmdfour pairs 
of stationary points [writing out (-I, 10), 
(2, 4), (3, 20) and (4, 7)] ... how are you 
going to decide which is the local max and 
which is the local min? 
Take nvo points on each side of each one. Suggestion/New strategy. 
Say we're looking at this one here [referring 
to (2, 4 )], what do you irant me to do? Elaborate/Refocusing with more 
[Choose nro values ofx on each side of 2]. information. 
So you say choose 1. 9 and choose ... 
Choose 2.1. 
Choose 2.1. We knmr H·hen we put 2 in H'e 
get 4 and you' re saying that if I put 1.9 in 
and I get 3.9 and I put 2.1 and I get out 3.8. 
you're pretty confident that this is a ... 
1vl ax i mum. 
A maximum. Does that make sense? 

Could give S6 a chance to explain 
himself. 
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SI: 
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SI: 
T: 
SI: 
T: 

SI: 
T: 
SI: 
T: 
SI: 
T: 

SI: 
T: 
SI: 
T: 

SI: 

T: 

S6: 
T: 

S6: 
T: 

S6: 
T: 
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Yes. 
Okay, has anyone got any other method Request for alternative strategy/ 
they could deploy to find out 1rrhat these 
are doing?: .. Mr. Flat's come up with a Encouragement: recognizing the 
reasonable idea, and I think most of you contribution - Theme 5 
are happy with that. Has anyone completely 
finished this and hasfound ... [referring to 
the point of inflection] 
Yes, (2, -16). 
One is 2 and -16. How did you find it? Request for justification - Theme 1 
What have you done? 
[/ made] the double derivative equals 0. 
So what's the double derivative? Request for further clarification. 
Ah, 6x - 12. 
Because this is the first derivative and 
I'm going to get 6x - 12 to be the double 
derivative. 
And you make it equals 0. 
Make it equals O and x equals ... 
2. 
What did you do with x = 2? 
[substitute into the original equation]. 
Back up to they and so y equals what is 
x equals 2. 
-16. 
So you now think what? 
[There's a point of inflection at (2, -16)). 
And how do you know it is an inflection 
point? 
Because it's not max or min by looking 
at the graph. 
Right, ifwe have the luxury of having a 
graph drawn ... 
Or take points to the side. 
Or take points to the side maybe, then 
you're saying I can be pretty sure I know 
what sort of maximum, minimum I'm 
looking at. Okay, ... so because you've 
drawn a graph, you're pretty happy at 
this point here (2, -16) is in fact point of 
inflection ... 
Could you put it in the first derivative? 
You could put it in the first derivative ... 
irhat are you finding? When you put 2 into 
the first derirntive. what are you finding? 
Slope. 
You 're finding the slope at that point. and 
that's saying ... that slope at that point of 

Could request to explain how to get 
6x - 12. 

Request for information. 

Themes 1, 2 

Request for information. 

Request for justification. 

Could have request for alternative 
justification. 

Elaborate on what students supposed to 
mean - Theme 1 

Suggestion. 
Redirecting with more information/Could 
ask student to explain the purpose instead 
of leading him through to 'the slope is 
not o· -Theme 3 



inflection is -12. 
S6: [That shows that] the point is not maximum 

or mmtmum. 
T: 
S6: 
T: 

S6: 
T: 

Because the slope is not ... 
0. 
0. So you 're saying look at the slope of our 
point of inflection? 
Yeah. 
Very good, not bad, not bad. 

Observation 

The teacher asked them to work on the graph 

f(x) = x3
• They found that there is a point of 

inflection at x = 0 as f"(x) = 0, but f'(x) = 0 at 

this point. Then many of them proposed that 

the condition could also be f' (x) = 0 and 

f"(x) = 0. At this point they were asked to work 

again on f(x) = x4 for turning points. They found 

that there is one turning point at x = 0 and some 

said that it should be a point of inflection since 

f' (x) = 0 and f" (x) = 0 at this point. 

EPISODES 391 

Confirmation of the strategy. 
Decided f'(x) :t- 0 and f"(x) = 0 

Encouragement. 

Use examples to contradict conclusions/ 

learn by 'blocking students' path'/ 

Uncertainty promote discussions, 

explanation and justification. 

Theme 5, 14 
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EPISODES 392 

Activity 20: 

During the lesson on 2 l/8/1997 (example 12), Michael was teaching 'simplification of 

expressions' to the class 3Ml. One of the problems posed to the students by Michael was to 

simplify p + 4 + p + 4 + p + 4 + p + 4. Most of the students gave the answer as 4p + 16. But 

there were two students who came up with 4(p + 4). One of the students was asked to explain 

this answer. 

T: 
S: 

Observation 

Episode 20.1 (Whole-class) 

How do you get this? 
I see that as 4 lots of (p+4). 

Interaction/comment 

Request for explanation - Theme 1 

On seeing this, Michael decided to go on to 'expansion and factorization of expressions', 

which he planned to teach in the next lesson. He asked the class 'How are you sure that 4(p + 

4) and 4p + 16 are the same?' and led a whole class discussion so that the students agreed that 

4(p + 4) = 4p + 16. The students continued on to tackle another question, that was, simplify 

6x + 12y + 18x. This time, there were three different answers. 

1. 6(4x + 2y), 

2. 4(6x + 3y), and 

3. 12(2x + y). 

Again Michael led a whole-class discussion on these three answers, and the students finally 

a2:reed that the third answer was the best because 12 is the bi2:2:est number that could be taken 
~ ~~ 

out. On reaching this consensus answer, one student proposed 32(p + 1 Viq) as the answer to 

the next question, which was, 32p + 48q. 

T: 
S: 

T: 

Episode 20.2 (vVhole-class) 

Can 1-ve accept this ans,rer? 
No. This complicates it. It is much easier 
with whole numbers. 
Usually you go for whole numbers, 
unless you have to separate the variables. 

Request for justification. 

Legitimize student's explanation. 
Willing to take students' responses for 
instruction. 
\Villing to modify lesson plan/\Villing to 
Investigate further 'side-tracked· 
respl)nscs from students - Themes 3, 5 

-~------·-~---~·---------··----------

. ! 
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Activity 2 l: 

The following problem was posed to a sixth form class on 1/9/97 with the intention of them 

learning anti-derivative and applying anti-derivative to find the area enclosed by a curve and 

the x-axis. 

Activitv Interpretation/comment 

1. Draw the graph ofy = 2x. Calculate the area First activity on anti-derivative -

enclosed benveen the graph and the x-a.xis and 

(a) benreen x = 0 and x = 1, 

(b) benreen x = 1 and x = 2, 

(c) benreenx = -1 andx = 1, 

(d) benreen x = 10 and x = 15. 

Determine the anti-derivative of y = 2x. 

How may the anti-derivative be related to the 

above activity. 

2. Do the same as in question I for y = 2x + 1. 

Promote discussion, Challenging 

The students did not face much difficulty in getting a solution to question 1 and they managed 

to agree that they should consider the areas above and below the x-axis for part (c) separately 

in order to get the correct answer. The students faced a difficulty in coming to an agreed 

answer for question 2, part (c). They had 2, 2.25 and 2.5 for the answer. On seeing this, the 

teacher decided to lead a whole-class discussion on this part. The following is the 

transcription and interpretations of the discussion going on towards the end of the lesson. 

T: 

SI: 
T: 

SI: 
T: 

Episode 21 (Whole-class) 

ivhat has happened? What's happening? ... 
is he going to get 2.5? Is it nro and a 
quarter or is it nro and a half? 
It's Mo and a half. 
I have the feeling that it could well be nro 
and a half 
It's Mo quarters. 
Yes, it's r.ro quarters. It's a quarter below 
and a quarter above and then you \:e 

---~~----- --------·-

Request for clarification/confirmation -
Themes 1, 2 

Didn't request S 1 to explain and justify 
his choice - Theme 1 

Teacher explained \vhat he supposed S 1 
meant - Theme 1 
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EPISODES 39-+ 

got your two. So it's two and a half We' re 

-\ 
coming back. What would we have to say 
if we 're talking about the anti-derivative Request for clarification/Good question/ ~, giving us a meaning of finding the area? sufficientiy redundant - Theme 3 

!. What happens when the graph is below 
.j. the x-axis? Does it give us the area then? 

;I 
Come on, there is only I O minutes left of Students no paying attention; prepare to 
the period. You might think a bit more by go for break. 

•'i then. What happens if x is one and x is 
lY negative I [ referring to question I, part 

.. ( c)J? What did we decide the overall area 
was? 

J, S2: Two. 
T > T: Okay, it was two. What happens when we Teacher got disturbed/Couldn't focus on 
!• try and find the anti-derivative, sorry, good questioning. 

when we try and find the area using the Request for further clarification/explicit 
anti-derivative as part of the sum of the hint - Theme 1, 3, 5 

f curve? 
( •. S3: Wrong answer. Unanticipated response. 
,.._ T: You get the wrong answer. How wrong is Request for clarification/Poor scaffolding 

the wrong answer? 
f 

S3: Very [ many students laughing at this Unanticipated response - Theme 2, 3 
answer]. 

T: What's happening? Why is it the wrong Sm1:£estion/Redirectin£ v:ith additional .__ '-' \ 

I I" 
answer in terms of the area? But why is it hint - Theme 3 
I knew there has to be 2.5 here? Here's 

I'\' the diagram we're talking about. Let's Non-verbal aid. 
e,, focus on this. This is what we 're looking 

'\ 
at that here, that shaded bit is two. That's 
a quarter. That's a quarter. H1hy did I Request for clarification. 

', + know that when I looked at this answer 
"\ here and I didn't know that 2.25 has to 
... be wrong? 

"I 
S4: [Pointing out that the graph cuts the x-ax:is 

at X = -J/2.j 
'4 T: Negative a half. All right, hmv does this Request to justify/Rephrase questions to 
1' relate to the areas? Why is the numerical ensure message conveyed. 
,, value when we do the anti-derivatives tH·o? 

'°< 
Why is it the actual area is 2.5? 

S4: The t.vo quarters cancel out. 
\;, T: ~Vhy do the t.vo quarters cancel out? Request further clarification - Theme 1, 2 
lo\ 54: One's negative, one's positii-e. Effectiveness of questioning depend on 

" 
T: So what's this numerical value )'OU give the time of a lesson. 

me? The overall area ivhich is abo\·e the 
x-axzs. 

-··-----------------·--·---
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Activity 22: 

On 3/9/97, the students of a sixth form class were asked to solve the following problem: 

Activity Interpretation/comment 

A 12 x 12 cm piece of paper is folded into an First activity for applying turning points/ 

open box after squares are cut from each corner. Open-ended - Challenging, Alternative 

Use calculus to find what size of square should be solutions, Promote discussion 

cut out to give a box of maximum volume. (Hint: 

Find an expression for the volume of the box with 

squares of side length x cut out of the 12 x 12 cm 

piece of paper.) 

The students did not face much difficulty finding an expression for the volume in terms of x 

and its first derivative. They got x = 2, and x = 6 by equating the first derivative to 0, even 

though many students did not state their reason for equating the first derivative to 0. The 

following is the transcription and interpretation of part of the lesson: 

T: 

SI: 

T: 

S2: 

T: 

Episode 22.1 (Whole-class) 

Now ... ifwe get two answers and then we 
don't know which one is maximum, so I 
got to figure out which one is maximum 
and which one is minimum. I'm interested 
in you justifying which one is max and 
which one is min. 
Because, well, if x is 6, that means it is 
nothing [referring to 12 - 2x, which is the 
expression for the length and breadth of 
the box]. 
If you write down that and explain that, 
so therefore that ivill be right ... 
6 is 0, therefore [the maximum volume is 
atx=2]. 
... So, obviously there is a lot of English 
in there, and if I read your explanation 
and say yes I canfo!!oH' what you have 
done. If you have to drmv a diagram 
and ivith the aid of the diagram show 
irhat is going on, that's.fine. It doesn't 
hai·e to be just words.' 

----·--·-··-

Interpretation/comment 

Request for justification - Theme 1 

Suggestion/incomplete. 

Request for complete justification -
Theme 3 
Suggestion/incomplete. 

Refocusing for complete justification/ 
Explicit hint for complete justification/ 
Insist on explaining and justifying -
Theme 3 
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Tlm~e different solutions from students were discussed . 

Solution l: Solution 2: 

t{lff_ !Jiu ::: r12 - 2.~ r].. · Be.\ x A ~ ( f 2. - 2 :x. ) "L 

Y.:: (tz.-1.::e)z,x;x, 

J!(ftf ::: ..x. . 

1/cl/umt ~ ( 12 - Lt) L, { )<-) I 

,:-- { I 2.. - Z ;:.'...)( \'2 - 2 .:l.) x ;x_ 
. c:- ::(_ (tLf'-f - Lf-%· X t" 4x'l) 
:: l44x. - lt-l?.x i.-r 4x 1 

~~.:~~ = (41- 4Sx_ t 144) Ge). 

f(Jl}.:: 11 ~ 16:f 1- l44x . 

/01

aj w,11 . ()C~t1! i~v1h c. n 
A f111Jf cle 1;· v1t1 le == a . 

/Ff;_) ~ /l.J._L - qb.J.. . -f f4.t/-, 

0 ?- (J,lJ. - q b.x_ + 14-4 
o =~ X ) 
U :. I 2.()-2. - 8.x_ t- 12 j 
0 -= IL lX- -· b Xx. -. 1-) 

X ~l0 2] 
I . 

J11Jct f (x.),- Cl /jO;:J1/J~ 
c u bi( /Ae 77 !t)11dl x 
u a I en_ 1)11 I/ #It_ p; f1 Nrlf.!('11 
o 'I! cl !h l ~e (u1 o Jl va lrn 
t2 I h f ,11,,r1 ) tl! 10 m . 

Jo r1!4 ,VrrJ t1J(li fJ 01'htn JC=: 2 

jo IA a ;J[! 1;rc11l /11 ze Oct f 

I ,. . 

oi'= Jlflt -J.f 4fx + 12x'" 
&y-r:- (2_ (t-z...- e-~ +-x-z.) 

'1 / X D~::12..(x-,-b :r.:.-z.) 

Y-f. (C:r 2), 
,,.,.. . . ' 
· l\u.. o\iD lom.-e. \1.6.-~ q r'f\.:1,..~ Ov v'ilfl\ 

\J'- k<.i\. (/ 1 
( ::lC ) :: Q 

0

, 

-:t.: r 2 ::> ' 4 S t 7 
{:;: D J ~ ~ -3( ~~i. D ,c 

3L~f e / - ". <;. (.,,,.,, 
r \. - / 

IY'~e>., X (Y\ ,·" 

: · \\, t rr<-cc\ \-o (.i.)~ c,.,lr 1..c.'Y' S"';'-Qrc:.,. 

of CO((ll( c ;J/Jt1t1!r) f) t 
____LLvi./l__ ..J ___ 7 r vVl -, ---·-----~ 



Solution 3: 

. ~ == ~~ -D-t . ~ 
M = ( 1L.1u - ~ ~-lr:A'L) ~ 
: ~ :: ll..lD::c - l.\>6:x,1- -t L\..:C 
f4' -: I 4-4 .-· 9~;:t t Q: 17_-:f 
\~ ~ ~ ~o !2, -=:: ffCy( 
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At ::f_;~ b. iht dcluri),l 
I~ QJ.@C:: cg~J.(c)J f( 

J - At cc=-2 1h& uolurru_ i~ 
Qr,(A 'rr1ll1. (\;)..- J._ x_ 2J°: ·X2-. 

I-

-4.. l. 

A 

~ ' 

, 
t ·-

... 

L. 
0 = J LH_\ - q b:J__ t J1:l 
0 .::: I ~cl -;i__ - ~ cc ~ Z>C'0 

(J ~ 1,-( J:. "- -EC' ~ '\ ~ 
0 -::: 1.1.(::x- -~) Gx--·1-) 

~ I )._'f5 u n\i· ~ 
l)c., (LQ®\ to Q_,l_, t C---CLt ?..cyY") Si L\C{~h f 

C ~i:i--n. ' 

~f~~iJd poc;,i tt- =x..~ b 
--,· ./1 

.J_:=:.J...__ 

I! -~,.. 
\ s- ).,:x._ . 

The following was the whole-class discussion after the reporting back: 

T: 

S3: 
T: 

53: 
T: 

53: 
T: 

Episode 22.2 (vVhole-class) 

What do you get the derivative here this 
men volume [ asking the student who 
presented solution 3}? 
[Indistinct} 
You should have written ... bw a lot of 
you not written ... We got the derivative, 
1rvhy do we use the derivative? Because 
you want to know when the derivative 
is equal to ... 
Zero. 
Zero. So how many of you do actually 
written dmrn in _',·our book the maximum 
and minimum volumes ,rill ocrnr 1,,;lzen the 
derivcztfre is O? ... You need to ,,;rite dmrn 
n-fzat you're doing ... You must ... explain 
.vhat you 're doing ... Ho1,; do I kno1i-
[the valul!s x = 2 anJ x = 6] are ma.timum 
or minimum? AnJ _....-ou got ... 
Graph it. 
. . . That will be okaY ... Thar .i-ill be one 
method ... Graph 1n"ll be okay. 

Request for justification/Reason for 
first derivative = 0 not given - Theme 1 

Refocusin2: with information/insistin2: .... .... 
explanation and justification - Theme 3 

Redirecting \Vith clarification for 
complete justification/Insisting 
explanation and justification - Themes 1, 
3 

Suggestion . 
Legitimize the suggestionff aking 
students· pcrspectiw - Theme 5 

~---- -----·---------·-----------~ 
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S4: 
T: 

SI: 

T: 

[ Put 2 and 6 into the voluml!]. 
Yeah. plug 2 into the volume. plug 6 into 
the volume and see what's the maximum ... 
Mr. Walker, your reasoning H·as ... 
Ah, if x = 6, then 12 - 2x will equal to 0. 
leaving no volume or surface area. 
Therefore it must be minimum ... 

EPISODES 3% 

Suggestion. 
Elaborate on what S4 supposed to mean/ 
Legitimize the suggestion/Taking 
students' perspective/Request for more 
strategy - Themes 1, 5 

Confirm & legitimize suggestion/Taking 
students' perspective. 

At the end of the whole-class discussion, the teacher summed up by saying 

T: 

Episode 22.3 (Whole-class) 

Everyone is pretty happy at this stage. I 
am interested in the argument that you 
had used to come out rvith which one of 
these gave maximum volume. and so far 
we got 5 arguments. Now I am happy to 
accept. First one was to say since the 
original function here is a positive cubic 
and we know that all positive cubics have 
got this sort of shape (pointing to a cubic 
graph on the board), that smaller number 
on the x-ax:is will be the nunimwn and 
the bigger number will be the minimum. 
As long as you wrote that explanation out, 
therefore this will be the maximum. I am 
quite happy to accept that. Other people 
said that if x equals 6, this side will be 
zero (pointing to 12-2x). So the box will 
have volume zero. Therefore x = 2 must be 
maximum. !will accept that .... So, there's 
a lot of ways you can go as long as you 
can clearly say what you' re doing and 
draw your conclusion. That's fine.' 

Summing up this part of lesson. 
Legitimize all suggestions from students/ 
Taking on students' perspective. 

A chance for students to notice different 
choices of strategies/Clear and complete 
explanation and justification. 

~~-------. ------- - -- -·---- ---------·--------·-~---- - --------- ---·--·-------
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Activity 23: 

On 4/9/1997, the class 6M was having the second lesson on integration. The teacher posed the 

following problem to his students: 

Activity Interpretation/comment 

I. Draw the graph y = 2x + I (-2 ~x ~2). Second activity for 6M to relate area to 

2. Consider each of the following and relate the anti-derivative (see activity 21)/open-

solutions to the graph above ended - Challenging, Promote 

2 

(a) }2x + I) dx 
0 

1 

(b) }2x + l)dx 
-1 

? 

( c) Ji ;x + I )dx 
-2 

3. vVhat is the area between the curve and the 

x-cu:is with these intervals 

(a) x = -I to x = I. 
(b) x =-Ito x = 2. 

discussion 

The following is the transcription and the interpretation of the conversation going on between 

Michael and the target group: 

T: 
SI: 

S2: 
Si: 
S2: 

Episode 23.1 (Group work/teacher) 

So. what did you get for part b [ of Q. 2]? 
Part b, two. There's nothing like that, 
is it? 
Tiro. 
That's wrong. 
Ah, it's irrong. I don't knmr. it's not. 
Because it cuts in half: doesn't it? Yeah. 
The line cuts the x-cLtis at -0.5. Well. nm. 
So. the positive half and the negative half 

Interpretation/comment 

Request for information - Theme 1 

Didn't request for justification/ 
Improve in readiness to tender 
explanation. 
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T: 

SI: 
T: 
SI: 
T: 

SI: 
T: 

SI: 
T: 

SI: 
T: 

SI: 

T: 
52: 
T: 

52: 
51: 

T: 
SI: 
T: 

51: 
52: 
T: 

51: 
T: 
51: 

cancel out and you just have two. 
Okay, ... do you agree that the answer ... 
is two [asking SI]? 
Yeah. 
Okay ... 
[I didn't expand and cancel out properly]. 
It's only units ifyou ca/rnlate area. Did 
it ask you to calculate the area? 
No. 

EPISODES -400 

Request for confirmation/ Assess 
understanding before tender scaffolding -
Theme 2 

Request for clarification with more 
information - Theme 3 

Same up here. It's only if.vou try and relate Request for clarification. 
it to the graph butis it in fact the amount 
of the area between the rnrve and the x-axis? 
No. 
If you were to count up the units, that's two 
there. 
Ah, what is it? ... probably ... 
It }Vould be two and a half and what could Request for clarification - Themes L 2 
you deduce? All it is the ... 
Derivative. oh, I mean the area here, total Justification. 
area, positive area . 
And how much is the total area? Request for more information. 
Three. 
I believe it's more than two there 
[talking to SI]. 
It's three. 
I don't get what you mean. Oh, okay, 
veah. 
So, what would you say? 
I'd say, ah ... 
You say total area would be three. So how 
does this relate? 
Those two cancel out and that's it. 
Positive area take away the negative area. 
All right. So, it's the resulting ... So 
what would the positive area take away 
the negative area give you? 
Two. 
In terms of a general description. 
Total area, resulting area. 

Request for help/Questioning didn"t 
bridge the lack of understanding -
Theme3 

Request for justification. 

Justification . 
Further justification. 
Request for more clarification/More 
information/Questioning redundant -
Theme 3 

Explicit hint. 

Thr,)ugh the scaffolding from Michael, both students agreed that the 'resulting area' was the 

·positi\·e area take a\vay the negative area·, \vhich should be two and a half, even though S2 

said ·it's three·. After this discussion. i\Iichael decided to lead a whole-class discussion on 

'resulting area': 

. ------- --- ... ----------------------- ·--- -------~------------ ·-~-----------··------·--------



T: 

S3: 
T: 

S3: 
T: 

S4: 
T: 

S4: 
T: 

Episode 23.2 (\Vhole-class) 

I want to share some of the points that 
I've discussed with some people. First 
of all. the numerical value you get here 
is two. How can it be related to the area 
on the graph? ... Well, we've been focusing 
on areas. if we were to look at the area 
between the curve and the graph [shade 
the areas red], how do we see that we can 
get two from the red shaded areas of the 
graph? 
[Those little bits cancel out]. 
This little bit here cancels out that bit 
there. Because when you count up the 
squares. you have got a whole square 
there. and I think 1rvith carefit! observation, 
you notice that that little bit is identical 
to that bit there ... In this case. the two 
doesn't actually represent the total area. 
Is it the total area that is in red here? 
No. 
No. it's only the positive area. If the area 
is positive. we don't have positive and 
negative area ... It's like time. We don't 
have negative time. So, hOlv else can we 
inte1pret this positive aspect? 
It's above the x-axis. 
It's above the x-axis and negative area in 
effect is a }Vay of saying it's actually ... 
belo.r. 
BelOli:. You're saying it's the positive area 
so therefore it's the area above the x-axis, 
the resulting amount of area above the 
x-ccds. Okay, if you want an analogy, think 
of a business. This represents a loss period 
where they've made a loss. This represents 
a period where they've made a profit. 
Overall, what's the profit going to be? 
This amount takes away that amount, 
isn't it? So it's a resulting area above the 
X-CL'CiS. 

EPISODES -W l 

Request for justification/Referring to 
diagram/Non-verbal aid/Scaffolding 
redundant - Themes 3, 5 

Further clarification based on student· s 
response - Themes 2, 5 

Request for information. 

Introduce positive area/Use 'Time· as an 
analogy to ensure message conveyed -
Theme3 
Request for alternative explanation. 

Request for further clarification with 
more information - Theme 3 

Request for confirmation. 

Refocus with more information to ensure 
message conveyed. 

----~--------~ -----
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EPISODES -+02 

Activity 2-+: 

The following is the transcription- and interpretation of the conversation between two sixth 

form student<; working together on the following problem on 5/9/97. 

Activity 
I. Find the areas enclosed by the line y = 2x and 

the x-cu:is between x = 0 and x = I and x = I and 

x = 2. Find the anti-derivative ofy = 2x. Can you 

use this to find the above areas? 

2. Find the area enclosed by the line y = 2x and 

the x-axis between x = -I and x = I . 

3. Find the area enclosed by the line y = 2x + I and 

the x-axis between x = -I and x = 1. 

The students had no difficulty in finding the answers to the first question: With the anti

derivative of y = 2x to be F(x) = x2
, they found that the areas for (1) were F(l) - F(O) and F(2) 

- F(l). But there was disagreement between them about the method needed to get the correct 

answer for the second question. Their conversation during this disagreement is contained in 

the following episode. 

Episode 24.1 (Group work/student) 

SI: .. .for the second one you come up 
with 2, using the anti-derivative? 

S2: Um . 
SI: That can't be right. 
S2: Yeah, it's unusual [F(I)- F(-1) = 0, 

rvhereas the area should be 2]. 
SI: Negative I, I hate, I hate [referring 

to X = -]}. 
52: Negative I is peculiar . 
SI: Or negative I ... 
52: Technicall_v you should do it for um 

I to O and then double it. 
SI: No. you should do it from I to 0 

and then for Oto -1. 

Interpretation/comment 

Request for confirmation. 

Suggestion/Communicate in incomplete 
sentences - Theme 11 
:rviessage conveyed/Were tuned into each 
others· problem solving process/ At the 
same phase. 
Tendering suggestion. 
Disagree/Counter-suggest. 

---- - -------· ------------~-~------ -- ----------------~~--- - -"·-·- ---- ---------·-
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The students were confused when their answer came up to be zero by using the anti-

derivative, whereas from their diagram, they were sure that the answer should be 2. They ,,. ~ 

went on to solve question 3 by using their conclusions above. .:-'-

Episode 24.2 (Group work/student) 

SI: ... zfwe try it the long way, we go ... 
for negative I to O is ... negative 
I squared. is negative I, no it's I 
minus I ... zero ... equals ... comes 
out 2 either way. I don't like that, 
it's nasty ... comes out it's 2 either 
way [the other way is from -I to I]. 

S2: Yeah. 
SI: Which is NOT what I like. 

Tendering suggestion/Communicate in 
incomplete sentences/Justifying the 
answer - Theme 11 

Message convey: Suggestion/explanation 
at the right level for S2. 

They found that their answer was 2 because when they considered O to 1, the answer is 2 and 

they got O by considering -1 to 0. The answer should be 2 and a half by using triangles. Then 

one student suddenly noticed that this line no longer intersects the x-axis at 0. That is why the 

areas from -1 to -1/2 and -1/2 to O cancel out 

SI: 

52: 

-1 

.. . that is definitel_v I, 2 and a half 
Oh. I know why. It's ... yeah. it's 
because it no longer ah .. .intersects 
at zero. A/right. so um ... you take 
that ... those nvo cancel out in this. 
Yes. 

y Y = 2x + 1 

Area (A) = l/4 

Area (B) = 1/lf. 

Area (C) = 2. 

X 

Sudden insight/Tender ne\v explanation/ 
Non-verbal aid - Theme 11 

Not quite understand/Request further 
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SI: If_vou want to get the right thing. 
you've got to take the area from 
there to there and then from there 
to there [ referring to -1 to ~ 1/2 and 
-1/2 to l] . 

S2: Why? 
SI: Because ah ... it no longer goes 

[ through zero J ... before it went 
through zero (referring to the 
previous question) ... and we could 
take this area here and this one 
down here . 

S2: [indistinct] 
S 1: ... ive go here, and this one [ referring 

to the areas between -1 to -1/2 and 
-1/2 to OJ ... 

S2: Yeah. 
SI: ... just cancel out with itself so it 

comes out [ to be 2]. 
S2: Try it from ... 
SI: OK. 
S2: ... negative a half So what is it? 

Negative ... 
SI: Negative 1 to negative a half and 

from negative a half to 1. Yow! 
Negative a half from negative a half 
is one quarter. Ah ... because it's 
negative we have to do addition, 
yeah? 

S2: No, you don't ... 
SI: ... because the anti-derivative comes 

S2: 
SI: 
S2: 
SI: 

out as a negative, but you are 
subtracting a negative. 
OK, subtract ... yep, right. 
So it actually works that way. 
Yes 
It's just a bit of darting around. 

EPISODES -+0-+ 

explanation. 
Tendering further explanation with non
verbal aid by referrin{T to the araph -o o 
Theme 11 

Couldn't understand/Explanation not at 
the right level/Couldn't bridge the lack of 
understanding/Timely help - Theme 6, 7 
Rephrase help with new-information/help 
redundant/Timely help -Themes 8, 10 

Redirect with more explicit non-verbal 
aid/Timely help. 

Understood and use the suggestion -
Theme9 

Request for help/Discover discrepancies 
in understanding. 
Tendering suggestion - Theme 13 
Request for confirmation - Theme 9, 12 

These two students concluded that when they calculate the area of a graph by using anti

derivative, they should consider the part below the x-a.xis and the part above the x-axis 

separately. Otherwise, the area they got would be the difference of the two . 

----- --·---.~--------~--------"- ------------------------
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Activity 25: 

In another lesson on 8/9/1997, Michael was introducing rate of change to the sixth form class 

6M. He posed the following problem to the students: 

Activity 

A sf...ydiver free falls for 15 seconds with a speed 

represented by V = 1 Ot. 

1. Graph. 

2. Area under the graph. 

3. Find j )dtfor t = 0 tot= 15. 

4. Conclusion. 

Observation 

While the students were busy discussing and 

arguing for a solution for each part, Michael 

did some calculations on the board before 

extending the above problem to the following 

problem: 

How far does the skydiver fall each second? 

Can you use another method to find the total 

distance? 

Interpretation/comment 

Importance of listening to students' 

discussion, observing students' work. 

Teacher able to come up with 

extension problem on the spot based on 

students' responses. 

Did the calculation to confirm he was 

not wrong/ A chance to notice a problem 

Can be solved by different strategies. 

Teacher comment: When you had a 'greater awareness on this whole principle of problem 

solving', you would be engaged in continuous thinking throughout a lesson on issues such as 

extending the problem of the lesson and scaffolding students' learning. When the students 

were discussing a solution, he moved around the classroom, listening to students' discussion, 

observing students' work and occasionally interacting with them. He said that he overheard a 

group of students discussing the areas under the graph from t = 0 tot= 1, t = 1 tot= 2, and so 

on. This prompted him to think of extending the problem to find the distance covered each 

second. In the process of formulating this additional problem, he suddenly realized that the 

distances formed an arithmetic series, they could make use of the arithmetic sum to find the 

total distance covered. That \vas why he added the additional problem. 

----- --·----- --··------ ·-·----~---- -----

.. _,_ 

~-
___ ,. 

.. ,-, 

~ -
.. ~ 
" 

,_., 

. -
.. -""' 
.. 

"'I(· 

~~ 

_,,--,-

,. 

... ). 

~' 

,._,.. 

f-

... ,,._ 

+- -

. ). 

~- l-

,.._ 

,. >--

+ 

.... 
1--

.. --. 
,,. 



-'-!, 

-" 
"• 
._ 

.. ~ 

- b 

... . 

.., . 
-~ 

..__~ 

.. 
"I(", 

,;-,,. 

"' 

,,. .. 
, ,/), 

'"'·i. 

'~ 
'°' .. 

~" 
"~ 

,.._ + 

._., 

..... 

., 

D- cl 

,, " 
~~.,,. 

·t 

EPISODES -l-l)6 

Activity 26: 

The following is the transcription and the interpretation of the conversation going on in the 

lesson when a class of sixth form students were tackling the following problem on 11/9/97. 

Activitv 

An object velocity in metres/second is given by 

v(t) = JOt - 6l It is 10 m to the right of a 

reference point after 1 second. 

(I) Find the velocity after 2 seconds. 

(2) Find an equation for the distance travelled 

after t seconds. 

( 3) Give the distance travelled after 3 seconds. 

(4) Find an equation for the acceleration of the 

object after t seconds. 

(5) After irhat time will the object he stationary? 

H17zen will the object have a maximum velocity? 

T: 

SI: 
T: 

SI: 
T: 

Episode 26.1 (Whole-class) 

We had a distance formula. So after a 
certain period of time or ... and whether 
the time was measured in hours or 
minutes or seconds is irrelevant. 
Distance might he in metres. We will 
assume that it is distance travelled after 
[sometime], sin metres and our time 
will he in seconds. That maybe look 
something like that [writing down 
s(t) = 6t - 2t2 - 3t3J and if I ask you to 
find me the distance moved after four 
seconds, then 1;1.:hat will you do? 'What 
H'ill you do Mr. Walter? 
[Indistinct] 
No. J"m asking you how far has this thing 
gone in four seconds? What will you do? 
Put 4 in t. 
Put 4 in. that's dead right. If I want to 

Interpretation/comment 

Open-ended problem/No method given . 

Challenging/Promote conjecturing/ 

Promote discussion (if left to students 

to discuss for a solution) . 

The teacher gave explicit hints for 

finding velocity, acceleration, c; didn't 

benefit students much. 

Could ask students to suggest s(t) -
Themes 11 2 
Request for suggestion/Good question 
for starting the discussion - Theme 3 

Refocusing/Rephrase question to get 
message across - Theme 3 



S2: 
T: 

S3: 
T: 

S4: 
T: 

S5: 
T: 

know a rate of change. ((I differentiate 
this thing and gets it). ll'hich will give 
me 6 - 4t - 9l I will get a ... ? 
Velocity. 
Velocity. Because we've already discussed 
that what we've got there is the derivative 
of distance with respect to time. So it 
will be a rate of change. a rate of change 
of distance with respect to time, metres 
per second. And if I differentiate again 
with respect to time, I H'ill be getting a 
change of metres per second per second 
which will give us? 
Acceleration. 
Acceleration [ writing down v(t)], 
differentiate again. Nmr remember, if 
you 're given this [ referring to v(t)], 
then you've to go back and find the 
different formula, you're going to have 
to integrate. And that lrill bring in a plus 
c, which if we've got enough information 
will be able to find a value for c, 
otherwise we won't. The word initially ... 
if I say initially how far has the object 
moved, what am I actually asking you, 
Mr. Macavoy? 
I don't have a clue. 
You wouldn't have a clue. That's all 
right. If I said how far has the object 
initially moved, Mr. Bolter, what am 
I really asking? 
Ah, finds when t is zero. 
"When t is zero. Initially is at the start, 
t is zero. 

EPISODES -+07 

Could request for suggestion how w 
velocity expression from s(t), instead 
of telling students. 

Explicit hint/Could have requested for 
suggestion on how to get acceleration/ 
Would benefit students more. 
Teacher dominated discussion/Not 
confident with students coming up \vith 
correct suggestions. 
Imposing the method on students -
Themes 

Could be left to students/c could be an 
issue for discussion on students' 
solutions - Theme 5 

No assessment of understanding. 
Interaction not tailored to students' needs 
Student couldn't understand/Didn't 
rephrase the question/Neglect the lack of 
understanding of S4 - Theme 2, 3 

When the students of the target group were working on question 2, the following was the 

conversation going on between them: 

S6: 
S5: 
S6: 
S5: 
S6: 
S5: 

Episode 26.2 (Group work/student) 

}Vhat did you get for (2j? 
~ ~ 

5r - 2r. 
[Pointing to the empty !lpace besides 2r3]. 
+c. 
How do you get c? 
Yes. okay. lre'.l put it t~11/ H·c1_~· [ Substitute 
t = 0. s = 10 111 to s = ) r - 2 r + cJ. I r 

Request for clarification 

Counter suggestion/Non-verbal help -
Themes 11, 13 
Request for justification/ 
Help met the need of S6 - Themes 6, 7, 
8 
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S6: 
S5: 
S6: 
S5: 
S6: 
S5: 
S6: 
S5: 
S6: 
S5: 

S6: 
S5: 
S6: 
S5: 
S6: 

could be negative. 
At t = 0. isn't 10 ,n. It"s after 1 second. 
One second ... it's +JO m. isn't it? 
No. it's 5l 
What am I doing? 
You're brain not working either. 
I ' 5(1)2 . h . ? h ' ? t s ... ng t, mll1llS _ ... so H' at s c. 
I got 7. 
I think you' re right. 
Thank you. 
vVhat a lot of paper I jllst wasted. + 7. 
Distance travelled after 3 seconds . 
32 is 9. 
vVhat did you get for nLLmber (3)? 
-Im. I'm probably wrong. 
I got -2. 
You're right. 

EPISODES -l-0~ 

Counter-clarification - Theme 13 
Confim1ation. 

S5 tendering hdp to S6/S6 hdped S5 to 
correct his mistake/Both target student 
and helper benefited from group work/ 
Productive interaction - Theme 12 

Friendly atmosphere/encourage each 
other. 

One of the students presented the following as the solutions to the first two questions. 

T~.:~e was some confusion for the sign of the distance and velocity. On noticing this, the 

tc:.1cher decided w lead a whole-class discussion on this 

---- . ----·-------·-·----·-- -------~-· -----~---------- - --



T: 

S3: 

T: 

S4: 
T: 

S4: 
T: 
SS: 
T: 

S5: 

Episode 26.3 (Whole-class) 

So 1rvlwt does the negative sign means in 
terms of velocity? ... -4 mls means what? 
It's moving away from the reference 
Point. 
... Is it that way or this? [ referring to 
Towards the reference point or away from 
The reference point] 
[Indicating towards the reference point] 
... if you're asking how far away it was 
from the reference point initially, how do 
we answer that question? 
t is I. 
t is I or t is O? 
t is 0. 
t is 0. So, initially it was 7 m away, and 
Because it was + 7, was it 7 m to the 
Left or right? 
Right. 

EPISODES -+09 

request for clarification - Themes 1, 2, 
14 

Request for further clarification -
Theme 3 

Request for confirmation/Focusing on 
enhancing the understanding - Theme 3 
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EPISODES ..J. 10 

Activity 27: 

One of the teachers was aiming to introduce ratio to a class of students in the third form. The 

following problem was posed to the students as a starter to introduce the concept of ratio on 

15/9/97 . 

Activitv 
If my car travels 12 km/litre of fuel, how much 

fuel is required to travel from Dunedin to 

Wanaka, a distance of 270 km? Rervrite this fuel 

consumption in litre,)!] 00 km. 

Response/Observation 

Students gave the answer 22.5/ Asked to explain: 

couldn't do so; got 22.5 from calculators/ 

Teach er frustrated: wondering what to do to get 

Students engaged with ratio and algebra. 

Interpretation/Comment 
Students expected to take more than 10 

minutes to solve this/Solution should 

include 12/1 = 270/x, where x is the fuel 

In litres required (from T) -

Challenging, Alternative solutions 

Promote discussion 

T: Never face such a situation if he 

introduces ratio and algebra and students 

practising it. 

Students satisfied with 22.5/no need 

Explanation and justification/could get 

longer if they could write the steps. 

Assistance: Rewording the problem. 

A brief discussion was held at the back of the classroom on issues such as challenging and 

explanation and justification. The teacher came up with a second problem immediately. This 

is activity 28 . 

----------------------------------------·-·--- ----~·-----



EPISODES -+11 

Activity 28: 

The teacher posed the following prooiem to the students of the same class as in example 27 on 

the same day: 

Activity Intepretation/comment 

If I have another car and after a trip of385 km, it More challenging/Students did give more 

required 43.5 litres. complete solution/didn't use the ratio & 

a. How many litres would be required for a 270 algebra method - Promote discussion 

km journey? Teacher led a whole-class discussion on 

b. How far could I expect it to travel H·hen it ·s 

warning light comes on to say there is only 7 

litres remaining? 

T: 

T: 

SI: 
T: 

SI: 
T: 
SI: 
T: 
51: 
T: 

51: 
T: 
51: 
T: 
SI: 
T: 

Episode 28.1 (Group work/teacher) 

Ok, You realize, you have the abiliry 
to realize ... l{,'hat I am t1)·ing to do 
[is] hopefully [you can] set up algebraic 
[ equation] to solve. [Your ans1rer should 
be such that] anybody [ reading it] can 
make sense of what you got. 

How are you guys going? You've got 
30.5. Excellent. 
Yeah, I've got 30.5 as well. 
You've got a nice written ans1rer. 
What does it say? ... NoH', what did you 
divide [385] by? 
Divide 385 by 43.5. 
Yeah. Now what would that give you? 
Equals 8.8505 litres. 
Litres? 
Per I 00 kilometres. 
What's your ... you've got there [poinring 
to 385]? 
Kilometres. 
Divided by? 
Litres. 
So hmi: would that encl up? 
Aliles per litre. 
Kilometres per litre. It's kilometres Jinled 

using ratio method/ imposing the method 

on students/ not allowing other methods -

Alternative solutions 

Interpretation/Comment 

Intervention intended to lead students on 
to the correct method/Imposing method -
Themes 
Request for explanation and justification 
-Theme 1 

Encouragement - Focusing to keep 
students on task. 

Request for clarification/ Assessing 
understanding - Theme 2 

Noticed that the units were wrong/T 
started to scaffold S 1 through for the 
correct units/Intended to draw attention 
to the units - Theme 3 
Failed/Refocusing with non-verbal aid 
and questions to lead S 1 through to the 
correct units. 
Made scaffolding redundant - Theme 3 

Refocusing with more information 
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SI: 
T: 

SI: 
T: 

by ... because. remember 11·hen we divide 
the number n-/1en it's on the top. the number 
H'e diride br is on the ... 
Bottom. 
If you \·e got kilometres per litre. it really Confirmation. 
means the kilometres on the top and litres 
on the bottom. So you've worked out how 
many kilometres per litre. So you've worked 
out you get 8.85 kilometres per litre. 
Then you ·re dividing that into? 
270. 
So your calculation's pe1fect, your units Encouragment. 
Are v.-rong. 

EPISODES 412 

During this lesson, one student suggested the following answer to (b). 

385/43.5 = X/7, 

So X = 385 x 7 /43.5 km. 

On seeing this, the teacher took the opportunity to lead a whole-class discussion to negotiate 

the diagonal cross multiplication rule. 

T: 

Episode 28.2 (\\'hole-class) 

Ah, what was Sam's doing is a little bit of 
trick that I am going to introduce to you 
before too long ... as Sam is starting it now. 

Interpretation/comment 

Recognize the contribute of students -
Focusing on encouraging explaining and 
justifying solutions/Instruction based on 
outcome - Theme 3, 14 

The teacher used 6/4 = 3/2 as the analogous number equation to negotiate with students the 

above rule . 

T: 

SI: 
T: 

Si: 
T: 

HoH· can I rearrange those numbers, 
starting 11·ith 3 equals? ... vVhat would 
happen to those numbers ... 
3 equals 2 times 6 over 4. 
OK.' 6 from here. put it on top 2 ... The 
term on the bottom could go to the? 
Top. 
Top. Suppose I 1rant to apply the same 
rule to 3. the term can go from the bottom 
to the top. Can the term go from the top 
to the bottom? Or can I in fact swap them 
around? ... 

Request for clarification/Questioning 
redundant/Message conveyed - Theme 1, 
3 

Request for more information - Theme 4 

Request for more clarification - Theme 3 



S2: 
T: 

S2: 
T: 

EPISODES -1- 13 

Yes. 
Could I take this from the bottom to the top 
(pointing to 2) and this from the bottom to Request for more information/ 
the top (poiming to 4) and get nothing on confirmation. 
the bottom. What H·ould happen when 6 goes 
up to 2. is 2 x 6. What would happen 4 to 3? 
(writing 2 x 6 = 4 x 3 ). Are they correct 
statement? 
Yes. 
This idea of multiplying ... Any term can be Introduce new mathematical language. 
transferred from one side of an equal sign to 
the other by tra.·elling on the diagonal ... 
we call [ diagonal cross multiplication rule]. 

The teacher planned to discuss this rule in a later lesson. Since Sam initiated it, it was 

worthwhile to take this opportunity to lead students to learn this rule, as many of them were 

already thinking about it at that time. 
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EPISODES -1-14 

ActiYity 29: 

On 18/9/97, the class 3M 1 got the following problem. 

Activity 

You are about to purchase mini Moro bars for a 

party and like to buy the most economical item. 

a) If you find you can buy them in small bags 

(5 barsfor $1.40) and large bags (12 bars for 

$2.75), which bag is the best buy? 

b) You have 14 friends arriving to your party 

and 11,·ish to have 3 bars for each ( and yourself 

of course), how will you buy your bars? 

Interpretation/comment 

Related to students' experience/Open

Ended - Challenging, Alternative 

solutions, Promote discussion 

The following is the transcription of the explanations and interpretation of the conversation 

going on during the lesson. 

T: 
SI: 

T: 
S2: 

Episode 29.1 (Group work/teacher) 

So what are you guys doing? 
!reckon that the large pack is more 
economical 'cos !divided $1.40 by five 
and I found out that each bar costs 28 
cents. And I timesed 28 by 12 and that's 
3.36. So instead of buying 12 bars I used 
the 5-bar money it costed $3.36. 
So the 5 is a better deal? 
You can just look at it. 5 bars for a 
$1.40 timesed by 2 is JO barsfor $2.80. 
It's already cost ... 5 c more for 2 less bars. 

Interpretation/comment 

Expecting to do the problem. 
Justifying the solution without being 
asked 

Confirmation. 
Justifying solution without being 
asked . 

The reporting back of solutions by three students, S3, S4 and S6 followed: 

---·----·---------~-~------··- ----------·-------
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T: 
S3: 

T: 
S3: 
T: 

S4: 

T: 

S4: 
S5: 
T: 

S6: 

T: 

Episode 29.2 (\.Yhole-dass) 

Tom, explain what you 'i·e done. 
[Indistinct. His answer on the board is 
5 bars for $!.40, $1.40 +5 = 28 c, 12 
bars-Jar $2. 75. 28 c x 12 = 3.36.J 
So what can you conclude? 
That there is more expensive by 61 c. 
Okay, more expensive by 61 c. Now the 
only thing that I would prefer to see is 
not what you've got there, but also some 
more explanation. So do you think yoZt 
could put some more word statements in? 
... You put some extra 1-vord statements 
in so if somebody walks in, they'll be 
able to make sense of what's on the board. 
Sam's going to explain his niethod. 
[5 and 12 go into 60] Times the small 
bag which is $1.40 by 12. !fyou times 
the big bag $2. 75 by 5, the small bags 
cost 16.80 for 60 and the big bags only 
cost 13.75 for 60 . 
Right, can I ask you ... because what 
you've got is a correct statement 12 
times 1.40 equals 16.80. But you just told 
us something else about 16. 80, that 16. 80 
is for ... 
60 bars. 
Where do you get the 60 from thoZtgh? 
Okay, and Michael's [one of the stZtdents] 
got answer which I've seen several people 
have. Would you explain? 
That's my explanation there [ referring to 
his solution on the board]. And I just 
found out [2 small bags cost $2.80], 
and that means you can have ten bars 
that way. Th.e large bag, which is $2. 75 
is 5 c cheaper and has two more bars. 
You still need two more bars thoZtgh. 
Oh, sony, you get two more bars ... 
Okay, well done Sam, well done Michael. 
Does anybody else have a different method 
irhatsoever? 

EPISODES -+16 

Request for explanation/Focusing on 
developing explaining and justifying 
skills in students/Student's solution was 
unclear; couldn't make sense to other. 
Request for further information/Focusing 
on bridging a gap in writing complete 
solution - Theme 1 

Explicit help for writing good solution/ 
Assess student's weaknesses/Tailor help 
to student's need - Theme 2, 3 

Request for explanation - Theme 1 

Request for clarification/Difference 
between written and verbal solutions -
Themel, 2, 3, 5 

SS couldn't understand/Explanation 
couldn't bridge the lack of understanding. 
Acknowledgement/Focusing to 
encourage student - Theme 3 

Suggestion for further clarification. 

Encouragement/Recognizing student's 
contribution/Indicating student's idea 
respected - Theme 1, 3 

Then :tviichael decided to lead a whole-class discussion on the solutions of the students to 

negotiate the concept of unit price: 



T: 

S7: 
T: 
S7: 
T: 

Episode 29.3 (Whole-class) 

I ,rns very keen for what Sam had HTitten 
here ... because on its mm if somebody 
was just to take a look at $I 6.80. SI 3. 75, 
it doesn't really explain what he is dealing 
with. Whereas now, he is pointing out that 
$16.80 is for 60 bars. Perhaps he should 
have had this being the large bag and 
this being the small bag. So it's clear to 
somebody what your summary is. Now what 
I was hoping for back here is that I could 
have got Tom to come up with an extra 
statement as well. What is this 28 c he is 
referring to? 
Cost of a bar. 
... It's 28 c per bar or it's the cost per ... 
bar. 
Okay and this is the ,nethod I was actually 
,vanting us to focus on today. If you recall 
last time I saw you, we worked on the ratio 
method of making a comparison. There's 
another way we can go about it. They 
refer to it in your textbook as the arithmetic 
method. I would call it myself as a unit 
price method. The price for one unit for the 
small bag ... the price per unit for a small 
bag is 28 c per bar. You 're reducing 
eve,ything to a unit price. One bar is 28 c, 
so therefore 12 bars are going to be 12 
times your unit price. Unit price is of 
course 28 c, so therefore this is the price 
for your 12 bars ... So based on that, and 

EPISODES -l 17 

Acknowledging student's contribution/ 
Focusing on encouraging student explain 
and justify solution - Theme 1 

Suggestion for better solution - Theme 3 

Introducing new mathematical language/ 
Taking student's response for new 
instruction - Theme 5, 14 

I think we've all seen it, which is the best buy? 
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EPISODES 4 I 8 

Activity 30: 

During a lesson on ratio, the students of 3Ml were tackling the following problem on 22/9/97: 

Activitv 

You are making 8 litres of punch from lemonade, 

fruit juice and pepsi in a ratio of 5:4:1. How much 

of each one do you need? 

The following is the transcription and the interpretation of the conversation between the 

students of the target group, which led them to a correct solution: 

Episode 30 (Group work/student) 

SI: 8 litres of punch, how much for each 
one? 

52: ... Hov..· do you do it? 
SI: How do you do it? Oh ... 
52: 5, 4, I equals I 0. 
SI: Yep ... 
52: You've to take all those down till it 

equals 8. You think it's 4, 3.2, .8 
[talking to S3]. That would be wrong 
because ... if you' re taking away 8.4 
then you're not going to take mvay 
2.1 ... It's making sense to my brain, 
but it's not making sense the way I send 
it out ... Times it by 8. 

53: That's what I did. I'm wrong, aren't I? 
52: Yes. 
SI: It could be in litres. That wouldn't work 

'cos it would be ten litres. 
52: ... I O times by 8 divided by I 0. 
53: 8 litres divided by I 0. 
SI: You mean 12.5. No, hang on, JO divided 

by irhat? 
52: 8. 
S3: 8 di,·ided by 10. 
SI: 8 dfrided b.v 10 equals .8, 
S3: Yeah. 
S2: 
53: 

Or you can just go 10. 
... there's 8 Jii·ided by 10 rimes 4 equals 
3.2 !irres {or rhe next one and then 8 

Interpretation/comment 

Understand the problem 

Request for suggestion. 

Tendering suggestion. 

Refocusing with new information. 

Tendering explanation - Theme 11 

Level of elaboration couldn't meet the 
need of S3 - Theme 7 

Suggestio~ 
Suggestion 

S3 reorganized his understanding/ 
Suggestion to help SI/Timely - Theme 8 
Employ the suggestion - Theme 9 

Tender further suggestion/Low level. 
Refocusing with more information/ 
help redundant, hut too explicit-Theme 8 



SI: 

S2: 

SI: 

divided by JO times what is it? One .. 8, 
total them up. 
Yep, that's the }Vay to do it. That's the 
way. No, Josh, It's just 8. 
It works. Exactly 8 litres, 8 litres. smack 
on the head. 
You need a smack on the head. 

EPISODES -1-19 

Reorganize understanding - Theme 6, 12 

Understood the process/Level of help 
right for S 1. 

S2: You'i-e got to turn JO into 8 and you can't Confirmation. 
just go ten ... eight. You've got to work 
out a way. 

SI: I've got a really good way. 
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Activity 31: 

During the lesson on 13/10/1997, the class 3Ml got the following problem as a starter to 

studying the formulas for finding volumes. 

Activity Interpretation/comment 

I wish to build a swimming pool in my back yard. Students could form a representation of 

The pool is to be 5 m wide, 10 m long, 1 m at the the activity/Open-ended - Challenging, 

shallow end and 1.5 mat the deep end. Alternative solutions, Promote 

( a) How many cubic metres of soil will I need to discussion 

remove? Write a sentence or nro explaining your 

method. 

(b) How would you describe the shape of your pool? 

(c) Write a general statementforfinding volume. 

The following is the transcription and the interpretation of the reporting back stage of 

solutions by four students: 

Episode 31 (Whole-class) 

SI: I found the average of nm boxes, one 
with a depth of 1.5 m and one with a 
depth of 1 m. And I then average those 
two. 

T: 

SI: 
T: 

SI: 
T: 

SI: 
T: 
SI: 

Okay. So what you 're saying is that 
you found a pool ... the pool was one 
metre uniform depth and we have a 
volume of ... 
50. 
50. lf it was 1.5 m deep all the lvay 
through, it would hare a volume of ... 
75. 
And if.vou add those nm together and 
dii'ided by nm lrhich is [62.5}. Now is 
this the method you used or is this the 
other method? Can you think of another 
method? 
Yeah. 
lust e.lplain to us. 
(indistinct) 

Justifying the solution/Suggest the 
strategy/Incomplete solution -

· Theme 1 

Request for more information. 

Request for more information. 

Elaborate what student meant/Could have 
asked student to explain in detail -
Theme 1 
Request for altcrnati ve strategy. 

Encouragement. 

~-~----·- ----- --"'---·----- -----~---~--------" ----~---~----



T: 

S2: 

T: 

S2 

T: 

S3: 
T: 

S4: 
T: 
S5: 

T: 

S6: 

T: 

EPISODES 421 

No, it's a/right. Somebod_y else explain. Acknowledgement/Focusing to motirntc 
This is really good. It's quite swprising students to explain and justify solutions/ 
that you all come up with the same ans\ver Legitimize all three approaches - Theme 
to the problem, but there's three different 5 
approaches you could use to get the answer. 
lf'hat I did was, instead of taking the 
average of the two shapes, I took the 
midpoint of this which would be 1.25 m 
and then I worked out [the volume]. 
Ah, would you just rub that out and makes 
it three times as big [ referring to 1.25 m]. 
So instead of making tvvo, doing two 
cubes, [\ve took the average and found 
the volume]. 

Justifying solution. 

Justifying solution. 

So you're saying that the overall body of Request for confirmation. 
the pool would be the same as what's in 
the pool. 
Could you rephrase that? 
Mike was talking about the pool when the 
average depth being 1.25 m. Okay, 
perhaps [he was really saying] this pool 
here \vould be the same volume as the pool 

Couldn't understand/Explanation could 
not bridge the lack of understanding of 
S3 -Theme 3 

that was 1.25. Okay, has anybody else got a 
method they would like to share? Andy? 
No. 
Josh? 
That's ten metres. And this is five. So Suggesting a new strategy. 
that's 1 m up to that dotted line up there and 
that's [0.5 m up to that, and 1 m up to the 
top there]. Andyou put the two on top 
of each other. [He was actually drawing I 1.5 m 
another pool on top of the existing pool 
to make the cross section a rectangle of 
2.5x5.J 

Okay, right. So you double the shape. 
Ah. Sam, [ would you like to explain your 
method?] 
[Indistinct. He was splitting the cross 
section of the pool into a rectangle and a 
triangle.] 
You ,\plit the pool up into a umform shape 
of 1 x 10 x 5 and then you have a lredge ... 
Well done. 

Im existing pool 

Request for confirmation. 
Request for explanation. 
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Activity 32: 

The Swimming pool problem was extended to the following problem for a third form cla.ss on 

13/10/97. 

Activitv 

I have a fish tank which has a hexagonal cross 

section with dimensions as shown. How many 

litres of water does it contain? 

Interpretation/comment 

Extension activity to swimming pool 

activity (see activity 31) 

80cm 

I 
I 
I 
I 

I 
I 
I 

.:;;7 cm 1 
-- I 

I 
I 

I 
I 

I 
I 

I 
I 
I 

I 
I 
I 

cm 

J-------.--,,,,,,,,,,,, 

I 
I 
I 
I 
I 
I 
I 

-----l... 
' ' ' ' ' 

The following is the transcription and the interpretation of the conversation between the 

students of the targeted group: 

SI: 

52: 

Episode 32.1 (Group work/student) 

You get one side of it and 
you times it by eight or six. 
Yeah. six. 
No, no. you get ... Drmi· 
the thing on the desk. 

Interpretation/comment 

Tender suggestion/Get the area of one vertical 
multiply hy six, the number of sides/Wrong 
.strategy. 
Disagree 

~------ -------·-·--- -·-- ------------~.-- - ---~·-·-------·- --~-------·--·-- -------- ------~-- ---~ --------~--·--
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SI: I, 2 .. 3, 4, 5, 6 [counting Further clarification of the suggestion. 
the si.'.: rectangular sides]. 

S2: If we could get that in there, Not taken up/Counter-suggestion/Right .. ~ 
there. Then we couid just ha/re strategy - Theme 6, 7, 9 (" 

that there, there. Get the 
,1.-

average, then you'd have the 
length [ see the figure on next "' 
page; find h1 and h2; length ~-
across hexagon= 30 + (h1 + h2)/2]. 

"I. -

SI: No. Disagree/Couldn't understand. .. -

4 

Top 
_.,._,;--

.. -

,._ 

S2: Yes, you do. 
41l~. 

SI: Okay, what I'd ... if you get the More clarification to convince S2 - Problematic '" ~ 

area of this [ referring to the area group work t' -
of one of the rectangular sides], 

,.( 

times it by six, so you get the area 
all round there, times by [52). ;-~ 

S2: Alright, it's 30 times 80 ... equals Taking up the suggestion/An example showing /- I 

2400. Then you do 2400 times 6. group work can get thing wrong. I 
.._J 

Yeah. 
SI: 14400. Area around the side, that's 

,._ 

around the side. r-;-

S2: Times that by what? Request for clarification. re SI: Depth. 
-;...•..J 

S2: But we haven't done ... 52, yeah, Tender suggestion 
52, not the depth. 

SI: But that's not the same all the way Sense the strategy is wrong/Request clarification 'c"-j 

round. Is it? Hang on, so would - Theme 12, 13 ;> 

that be the same across there as it 
would be over there? It H'ould be 
the same there would it? 

,,,. 

S2: Yeah, ll'e're only got that Not taken up seriously., 
measurement there [referring to 52 
cm]. 

SI: We've got this meas11re111e11f here. 

--------------···~------ ·----------------~---- ---·-----
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S2: 
Si: 
S2: 

Yeah. so it's not a diagonal. 
Would it be the same? 

Further explanation. 

EPISODES -+2-+ 

No, it wouldn't be the same. That's Explanation not tailored to the need/Readily 
irhy we timesed it by :six:... taken up a suggestion for a quick answer. 

S l realized that his suggestion for the solution would not lead them to the correct answer. 

This time he was right with the method to find the volume, but unfortunately he did not know 

how to find the area of the hexagonal cross section. 

Episode 32.2 (Group work/student) 

Si: No, that's not going to work. Sure that the strategy is wrong. 
S2: Yeah. 
Si: We need to find the base. We Suggest new strategy . 

need to find,the base. The base 
area of the hexagon. What's the 
base ofit ... 

S2: That would be in millitres. How Not listening to S 1/Busy getting the answer with 
niany mi/litres in a litre? A the wrong strategy/Out of tune into each other's 
thousand? problem solving process - Theme 8 

Si: Yeah. 
S2: A. thousand. So we go, 74 litres. 

Oh, so it could be right [ after 
comparing this answer with the 
answer 73.56 of the group in the 
front]. 

Si: It could be, but it's not. 
S2: It could be. 
Si: Look, we need to find the base Refocusing with clarification 

ofit, okay. 
S2: Yeah. 
Si: So it's 30 across that lvay. Hang Redirecting with further clarification. 

on, where's my notes about it? 
S2: 74.88 litres. It could be but we 

have to get the average ... 
Si: I've lost my notes. Try and work 

out the base of it ... 
S2: The base? You've already worked Couldn't understand - Theme 6, 7 

out the base. 
Si: No, H'e haven't. The area of the Redirecting with further clarification. 

base. then times it b_v the height 

For this episode, S2 would not listen to whatever explanation tendered hy S. He was satisfied 

with the method in hand which gave him a quick answer. S 1 could not get the area of the 

hexagonal hase. In the end, S3 helped them and kd SI to the solution. 

--- ----------·------ -~ __ , -·--- ------· ----------------------



S3: 

SI: 
S3: 

SI: 

S3: 

Episode 31.3 (Group work/student) 

[Askino SI to draw 6 trianofes o . o 
using the hexagonal base}. H'hat's 
that ... the top? 

... that's 30. 
You got to find the distance ... 
down the middle to the centre point 
[referring to the height of each 
triangle]. 
To the centre ... It's 52 across. 
half of 52, it's 26. And then }rhen 
you have done all that, times b_Y 80? 
[ Indistinct J 

30cm 

EPISODES -1-25 

Tender suggestion/Further suggestion/ 
led S 1 to draw the base and saw that it 
consists of 8 similar triangles - Theme 7 

Explicit help to find the height of a 
triangle - Theme 7 

Request for confirmation/Both dictn·t 
speak in whole sentences, but could 
understand each other/Well-tuned into 
each others' problem solving process -
Theme 11 
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Activity 33: 

The follO\\·ing problem was posed to the students of 3}.11 who were studying volume on 

16/10/1997. 

Activitv Ime·rnretation/comment 

After .t·inning lotto, I decided to enlarge the pool. Extension problem of the previous 

I can only extend it long ways (by I O m) by adding problem/Invite different strategy -

to the shal!o11· end. What would the depth at the Challenging, alternative solutions, 

deep end of the new part be if when the new pool Promote discussion. 

was filled. it required 135, OOO litres of water? 

The follo\ving is the transcription and the interpretation of the discussion between the targeted 

students: 

Enisode 33.1 (Group work/student) Internretation/comment 

SI: It said you could only extend Clarifying the problem. 
it one 1ray by I O m by adding 
ro the shallmv end. 

S2: You made it deeper again, 
so the middle is the shallowest. 

SI: lfhat 1rould be the depth of 
the ne,r part? 

S2: IOm. 
SI: No. 
S2: 10 m. Ten byfive. 
SI: Oh. is that the one, what was 

the rolwne of that? 
S2: 62.5 metres. 
SI: Is that cubed? 
S2: No. litres. 
SI: Into litres. just times it by 

I 000. 11·hatever. 
S2: !fit's in cm you divide by 1000. 

If it's in metres ... 
Si: Metres. Divide by a millionth. 
S2: 

SI: 
S2: 

H7zat? You're not going to he 
time sing it a million. You times 
it b,· 1 OOO. 62.500. 
So 11·e ·re extending it by ten. 
62.500 ancl ,re 

0

\'€ got to 

Clarifying the problem/Make suggestion . 

Request for help. 

Wrong response/hasn't understand the problem
Theme 6, 7 

Couldn't get an answer/Further clarifying the 
problem -Theme 13 
Social talk. 

Wrong help/group \\·ork can get thing wrong . 

Has partially understl1od the problem/Partial 

--···----·----·-- ·-·-----------~ ·--- -··------·----~--~------~---------·-·------- ··--------·---- ------



SI: 

add another 70.000. It's got 
to he slightly bigger. 62.5 ... 
135,000 - 62.500 ... we've got 
to add 72.500 ... Now 1ve 've 
got to add to the shallow end. 
And we're going to make it 
deeper. How much are we 
going to add? 
Shallow end deeper than 1.5. 

EPISODES -+27 

representation/S2 at a more advance phase of 
the problem-solving process. 

Couldn't figure out the correct diagram. 

These two students faced a difficulty in understanding the problem, which was resolved with 

help from their teacher. 

SI: 
T: 
SI: 

T: 

S2: 
T: 

S1: 

T: 

S2: 

Episode 33.2 (Group work/teacher) Interpretation/comment 

Request for help. That's impossible becaitse so far ... 
It's impossible as it is. 
So far we've got 62,500 litres and 
then we've got to add another 
72,500 and we can't make it any 
shallower. 
What I'm saying is that it doesn't 
have to be that shallow. We said 
it has to be [ shallow] at that end 
[referring to the middle]. If you 
read the question, the deep end 
of the new part. 
Oh, the deep end of the new part. 
That's the question. How deep is 
the deep end of the new part. 
So, you mean the depth of the new 
shallow end. 
No, it turns out the shallowest part 
is going to be ... 
In the centre. 

Rephrase the problem/Tendering understanding 
of the problem/Help teacher assess 
understanding. 

Explicit hint/Request to further clarify the 
problem - Theme 3 

Scaffolding couldn't meet the lack of 
understanding - Theme 3 
Refocusing with new suggestion/Message 
conveyed successfully. 

After they clarified their doubts with their teacher, they were engaged in the following 

discussion: 

S2: 

Episode 33.3 (Group work/student) 

It has to be deeper than 1.5 then. 
If it's a new deep end, it's going 
to have to be deeper than the old 
one. 

Interpretation/comment 

Completely understood the problem. 

SI: Now. wait on. hmr many metres Recall swimming pool problcmff endcring help. 
Squared is that 72.5? Now how do 
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S2: 

SI: 
S2: 
SI: 
S2: 

SI: 

S2: 
SI: 
S2: 
SI: 

S2: 
SI: 

S2: 

SI: 
S2: 
SI: 

we get that? HO\r do ,re work ollt, 
hoH· to get that? How did H'e do 
the first one? We did I Ox 5 x 5. 
Yep, then ,ve ,rent ... 
No ,re didn't ... what we did we 
do instead of H·e could have just 
gone like that and made a box. 
But ,re averaged it. Where 1t·as it 
in my book. It's in my book. 
I m 25 the whole way. 
Yeah, lre halved this. 

EPISODES 428 

1.25. Then we went JO x5 x 1.25. Recall the strategy to get the answer for 
Times five times ten. That equals the swimming pool problem -Theme 13 
what? Productive group w.ork . 
Now we've got to work out how Using the swimming pool strategy to get the 
deep. So we've got to go I O x 5 x .. . , answer by trial and error-. Theme 11 
so it'll be ... average is 1.45 ... 
JO x 5 x 1.45, we've got it . 
We need to show our workings. 
Im .. average ... Im ... average ... 
Watch this. 
1.9, it's got to be 1.9 in the deep 
end. Do it. 

Request for justification/Couldn't understand the 
explanation of SI/Were not tuned into each 
other's problem solving process/Problem for 
group work - Theme 6, 11 

Shut up. Frustrated/Couldn't follow the explanation . 
Just do it. Drmv the new one. It's Lack communication skill in group work/ 
got to be 1.9 at one end. Assume S2 should understand - Theme 7 
HO\r did you get a step from 1.25 Request for clarification. 
to 1.45? HO\\' did you work that out? 
10 x5 x 1.45 equals 72.5 . 
That's dumb. 
But it H·orked. Do it. 

Couldn't understand the explanation/Not the 
right level of elaboration - Theme 7, 
Frustration 

S2 refused to follow what S 1 suggested. He continued to \vork on his own. After some time 

the following conversation started again: 

S2: 

SI: 

Episode 33.4 (Group work/student) 

Look. look, look, 72.5 divided by 
I O dirided by 5 equals 1.45. 
Hm·en ·t I already got that? 
Peter'sfeeling a little empty in 
the head today. It's got to be an 
arerage. You knoll' how it 1t·as 
1.25. It ·s got to be an m·erage of 
1.45. So. it's 1.9 at one end and 
I m at the other. It ·s got to he 
1.9 m deep at one end and I 111 

at the other. 

Different way to get the answer/Couldn't 
understand trial and error. 
Frustrated with S2 taking so long to get the 
answer/Example countering claim that group 
work promotes friendship - Frustration 



EPISODES 4.29 

Activity 34: 

The following is the transcription and the interpretation of the conversation going on between 

the target students of a third form class \vhen they were working on this problem on 

20/10/1997: 

Activitv Interpretation/.comrnent 

Find the volume of the fol!mring shape. The last activity for volume/Related to 

Swimming pool activities -

Challenging, Alternative solutions, 

Promote discussion. 

60cm 

I 

I ----30 am ;---------

SI: 
S2.' 
SI: 

S2: 

SI: 

52: 

/ 
/ 

/ 
/ 

/ 

/Ucm 

Episode 34.1 (Group work/student) Interpretation/. comment 

How do you know how long it is? ... Seeking help. 
What face? Request for more information. 
That line there[Referring to the 
slanting side]. 
I don't know. You ·w got to find 
the area of that end [Referring to 
the trapezium end]. 
You've got to cut it up. So you 
find how much is in there ... 
And then you work our there's 
another I O cm there. so you've 
got to ... [Referring to cut the 
trape:Jum end into a rectangle 
and a triangle J. 

Why'don'twefind the m·erage ... 
find the average cf one side? 
It's the same as the sH·imming 
pool though. 

Tendering help: suggestion. 

Counter-suggestion - Theme 7, 9 

I 
I 
I 
I 
I 
I 
110 cm 
I 

SI didn't take up the suggestion from S1/ 
Explanation could not clear his lack of 
understanding. 
S2 couldn't understand S 1 's explanation/. 
Counter-suggestion/.Recall swimming pool 
strategy - Theme 7, 9 
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The two stutknts ignored the suggestions as they could not understand the explanation 

tendered. Thev CL)ntinucd to \\"Ork on their own. with S 1 drawin~ his dia~ram and S2 trvin£! to ... . ..... .... ., ..... 

figure out the similarities bctm~en this problem and the swimming pool problem. Alkr a 

while, the following conversation resumed: 

SI: 

S2: 

SI: 
52: 

Si: 

Episode 3-t-.2 (Group work/student) 

Cut it up like this. Look at that 
drawing ... look at this, section 

Tender additional explanation with diagram 

A. section B .. 

{After 1rnrking on his oHnjor 
some time] Hey. Look. this is how 
much the swimming pool ... look, 
look. that's 30 cm across, 22 
cm that 1ray, 70 deep and 60 deep . 
We can get the average across 
there or something [52 is turning 
his drmring to the follmring 
position]. 

i 

S2 ignored the help/busy with his O\Vn method/ 
Tender additional help with diagram -
Theme 9, 11 

Another suggestion based on swimming pool 
strategy. 

I 
I 
I 

I 170cm I . 
I 
I 
I --- I ------------..!_, 

[That"!! be 65]. 
Holl· JiJ you get that? Oh. yeah, 
[m·erage then up]. 
rm srickin° TO 171\' \\'{/\'. 

~ . . 

', ', 
', 

:::,.. 

Clarification - Theme 1, 13 
Request for explanation/reach solution through 
- Theme 13 
i\fore comfortable with own strategy. 

·-------··-----------



EPISODES -+31 

Activity 35: 

During a lesson on 'transformations', the students of 3M 1 were given the following problem 

on 23/10/97: 

Activitv Interpretation/comment 

Describe in words (fully), hmv you may transform Re~ated to what they had learnt before 

(using reflection, rotation, translation) one fish to this/Method not given/ Many solutions -

the other in the diagram. Challenging, Alternative solutions, 

Promote discussion. 

y 

([YJ 

---------------------x 

D<J) 

The following is the transcription and the interpretation of the conversation going on between 

the students of the target group: 

SI: 
52: 
SI: 
S2: 
SI: 
52: 

Episode 35.1 (Group work/student) 

So you can do it this way. 
I can do it that way. 
This way as 1,1,1ell. 
That's i,vhat I said. 
Shut up. 
And you can do it ... reflection. 
Two ways. You can do it ... 
reflection ... that way and that's 

another way. And you can de it 
that H'a\'. 

SI: No. you can't. 
52: 
SI: 
52: 

No. you can't. 
That ·s HTong. 
Then you can do ... prctrnd there ·s 

------------ ---------- ------------------

Interpretation/comment 

Suggestion 
Counter-suggestion/No justification. 
Suggesting the same strategy of S2/ 
No real interaction. 
Unpleasant situation - Frustration 
More suggestions/No justification. 

Unpleasant situation because no 
explanation and justification. 
Suggestion with justification - Theme 6. 
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an axis here [referring to the line 7, 10, Problematic Group 

..... y = x] and you can turn, flip it work 
around. 

~ 

SI: Oh, okay: Comfortable with explanation. .... S2: Do you get me? 
/1- SI: Like that [ drawing the dotted line Understand the explanation; at a level 
,._ for y = x]. right for S 1 - Theme 9 

S2: Then you can do that two ways. Further suggestion . 
• Two i,vays, top and middle 
,-.- [ referring to rotating the top fish 

anti-clockwise and reflecting it in 
the line y = x to the other fish]. 

SI: And you can do that H'ay as well. The suggestion from S 1 stimulated these 
You can go both lrays [referring suggestions from S2 - Theme 13 

,., to rotating the top fish clochrise 
to the other fish]. 

Si· The fish still has to be in the same Above suggestion probed S 1 to discover 
-' 

position. Does it work like that? discrepancies in his understanding -
"' SI: Same place. Yeah, but it's just the Theme 12 
,,.,. other way around. 

r S2: Flip it around. 
SI: Yeah, then that 01.·er and around. 
S2: I mean turn it like that so that the Confirm reflection wrong -

• tail's like that. So that's alright. Theme 10 
"- That's two ways. Then reflection. 

..., No, reflection doesn't ll'ork . 
SI: Yeah, reflection. One way, nvo ways ... Couldn't understand/Confirmation did 
S2: But will that end up being there? not meet the need of SI/Request for 

., Si: Tail. If you do opposites, maybe. clarification with more information . 
S2: Four ways. No, no, no. 

"' SI: Over here, over here. I'll draw it Understand and use the suggestions -
" each individual way [SI taking the Theme 9 

workbook and doing the work on his 
IJ,., own]. 

~ 

Episode 35.2 (Group work/teacher) 

r How're you guys doing? Expectation/Focusing to remind students 
S2: Alright. to do their work. 

j,, SI: Vlhich way was that? 
T: Ah, now, are you saying ... can 

I just ask you to explain some of Request for explanation/Focusing on 
these? What is this one meaning? insisting explanation & justification -

SI: Oh, that's not anything. That's just Theme 1 
H'orking out ways 1re could do it. 

S2: I H'as sort of thinking if you had Request for help on reflection. 
another axis you can turn it upside 
dOH'/1. 

T: Hoit· could ,·ou check it. Suggestion: Focusing on checking 

----------------·-"-~·---··------------------- -----·-- -·--------··---------------



Si: How do you mean, check it? 
T: If I was to fold the page on the 

dotted line. ,vould that not be the 
same effect of reflecting it? 

Si: Yeah. 
T: What's happened to it? 
Si: It just swaps over. So, that's one 

way of doing it, isn't it? 
T: Where is it heading? 
Si: Down. 
T: What's it doing here? 
Si: Across. 
T: So does that work. 
SI: No. 
T: What about this one here? vVhat 

are you talking about? 
SI: Oh, that ... that won't work either. 
S2: So what happens if you just got 

this fish and flipped it over there 
and then got it go up over there? 
You would have to flip the tail so 
that it looked like that. Turning ... 
like folding it. So reflect it. 

SI: Transferring it, translation. 
S2: One, two. 
SI: Three. 
S2: Three, four. Four ways. It's aflozmder. 
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solution - Theme 3, 5 
Redirecting \vith more information/ 
suggestion redundant - Theme 3 

Request for information. 
Scaffolding couldn't bridge gap of lack 
of understanding. 
Redirecting with more information -
Theme 3 
More information. 

Request for confirmation. 

Scaffolding process tailored to the need/ 
Bridged the gap of misunderstanding -
Theme 3 

Suggestion. 

The following is the transcription of the whole class discussion on the students' solutions: 

T: 

53: 
T: 

S3: 
T: 
S3: 
T: 

53: 
T: 

S4: 

Episode 35.3 (Whole-class) 

Somebody else with another model. 
Yes, Sam. 
Um, you reflect one fish across ... 
Now where would you reflect 
across? Where ,vould you put your 
mirror? 
Middle of the wave. 
Middle of what? 
On the ,vave [referring to the y-axis]. 
On the ware and that takes the fish 
over to here. And then ... 
Reflect it down the mirror ofx-axis. 
Okay, that takes it there. Somehody 
else [,rith another ans.rer]. 
Flipped it over right and then you 

Request for alternative method- Theme 1 

Request for more information/Focusing 
on bridging gap in explanation skill -
Theme 3 

Questioning based on student's response 
-Theme 5 

Request for more methods - Theme 1 
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T: 

S3: 
T: 
S3: 
T: 

S5: 

T: 

S6: 
T: 
S6: 
T: 

S7: 
T: 

S8: 
S7: 
S8: 
T: 

S3: 
T: 

Jlipp1:d it down. 
What causes the flip? ls it reflection 
that causes the flip? Well, that's the 
other thing I was n·anting you to 
consider. A slight rnriation of using 
the n·ord flip ... lrhich I think 1rvould 
achieve the same result. What could 
we have done though instead of flipping 
it to get from there to there? Do we 
actually have to flip it in the nature 
of the diagram? Could we have done 
something else? 
Translated. 
Translated. Sam, by doing what? 
S tiding him down. 
Sliding him down. He doesn't have to 
be flipped down. doesn't he? So, we've 
put reflected across. [translated dmvn]. 
Why can't you use translated there and 
translated down? 
Could we have done Mo translations? 
Could we have translated him across 
and then translated him down? ... 
No . 
Whv not? 
He's facing the wrong way. 
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Request for further clarification/ 
Introduce mathematical language -
Theme 3, 5 

Questioning redundant to ensure 
message conveyed - Theme 3 

Request further clarification . 

Couldn't understand/Suggestion -
Theme 3 
Request for clarification with more 
information. 

Request for justification. 

He's facing the wrong way. We've got to Confirmation. 
do something that will cause the fish to 
face the opposite direction. Are there 
any other processes that we could have Request for more methods - Theme 1 
got? Are there any other transformations 
that we could have got to get our result? 
Warwick? 
[Indistinct. Reflect the fish in the line y =x.J 
Now, you are not the only person who's Request for clarification with more 
considered this. Can we reflect the fish information. 
in this line if he had crossed over there? 
No. 
Yes. 
The fish is looking down. 
Somebody dreH· the diagram and they 
folded the piece of paper on that line. By 
folding the piece of paper _vou get the same 
effect as reflection. What happens 1f you 
do that? If you reflect this fish in that 
mirror, lrhat happens to the fish? 
The fish is turning dmi-n. 
Right, unfortunately you have a dead fish. 

Telling students a way to check/Could 
have asked students to suggest ways to 
check their methods - Theme 3, 5, 14 

Confirmation. 




